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Abstract 

The brittle or quasi-brittle failure initiation at sharp V-notches under mode III loading conditions is 

investigated by means of the coupled Finite Fracture Mechanics (FFM) approach. The model is 

developed by assuming that failure is shear stress governed, and by imposing a condition of 

consistency of both energy and stress requirements. The expression for the notch fracture toughness, 

which results a function of the material torsional strength, mode III fracture toughness and notch 

opening angle, is firstly derived. This allows to achieve the dimensionless failure stress through the 

analytical shape functions presented in the literature. By considering, as a general rule, the transition 

of fracture mechanism from tensile to shear in terms of the material strength ratio, experimental data 

referring to cylindrical V-notched samples are then discussed in the static regime. Although FFM 

predictions on the failure stress are fairly accurate, thus revealing simple tools for engineering 

purposes, a linear elastic analysis results simplistic since it disregards non linear effects 

(friction/ductility) observed during tests. Finally, the approach is extended to the fatigue framework, 

where the basic assumptions are proved to be more reliable. The analysis includes a discussion on the 

material properties to be implemented, and a satisfactory comparison with a large variety of 

experimental data.  

Keywords: V-notches; mode III; Finite Fracture Mechanics; shearing stresses; fatigue limit. 

 

Nomenclature 

a notch depth 

a   dimensionless notch depth 

c crack length at the notch root 
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E Young’s modulus 

G energy release rate 

Gc fracture energy 

KI mode I stress intensity factor 

KIII mode III stress intensity factor 

KIc mode I fracture toughness 

KIIIc mode III fracture toughness 

KV
III

 notch stress intensity factor 

ΔKI,th  threshold value of the mode I SIF range  

ΔKIII,th threshold value of the mode III SIF range  

k3 dimensionless shape function for sharp V-notches under mode III 

lc crack advance 

lch,III  mode III characteristic crack length (static fracture) 

lth,III  mode III threshold crack length (fatigue failure) 

R net-section radius of a sharp V-notched bar 

RL nominal load ratio 

α proportionality coefficient between KIIIc and KIc (or between ΔKIII,th and ΔKI,th) 

III mode III linear elastic eigenvalue 

 Poisson’s coefficient 

ρ notch root radius 

c tensile strength 

 nominal shearing stress 

c torsional strength 

f critical value of the nominal shearing stress at fracture initiation at the tip of a sharp V-notch 

under mode III loading 
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Δ0  fatigue limit for plain specimens under torsion in terms of stress range 

 notch angle 

 

 

1. Introduction 

The coupled criterion of Finite Fracture Mechanics (FFM) was introduced a couple of decades ago 

[1,2] to assess the brittle or quasi-brittle failure behaviour of notched elements, thus overcoming the 

drawbacks rising from Linear Elastic Fracture Mechanics (LEFM). The approach requires for crack 

onset the simultaneous fulfilment of two conditions: a stress requirement and the energy balance. 

Accordingly, the critical distance lc results a structural parameter, depending both on the material 

properties and the geometry under investigation.  

Indeed, criteria involving an internal length and based on either stress or energy requirements had 

been proposed even before [3–6], falling in the field of Theory of Critical Distances (TCD). If, on 

one hand, these criteria allow to overcome the limits of LEFM, on the other hand they fail in 

predicting the failure stress of a notched or cracked structure with size comparable to the critical 

distance lc. This is due to the assumption that TCD critical distance lc is a material constant. With 

respect to TCD context, FFM can be seen as a step forward to the investigation of brittle fracture in 

notched elements.   

FFM had been originally introduced and applied to defects subjected to mode I loading conditions 

[1,7,8], then extended to mode II [9,10] and mixed mode I+II [11–14]. Recently, the criterion was 

assessed under mixed I+II+III loading conditions [15,16]: in a former work [15], it was found that 

the maximum value of the energy release rate (ERR) is always obtained along the V-notch bisector, 

contrary to some experimental observations. The authors concluded that ERR cannot determine 

failure initiation direction for dominant mode III loading. In a subsequent work [16], the failure 

initiation orientation was determined solely by stress considerations, and the load at fracture was 

evaluated by both ERR and stress requirements. The analysis was validated by an experimental 

campaign on three different materials: Macor, PMMA and graphene. Based on these results, the 

coupled stress-energy criterion was later applied to assess the crack front segmentation under mode 

I+III loading [17]. Through a numerical study, the authors were able to predict the crack initiation 

shape, orientation and spacing of the facets ahead of a parent crack. 
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The goals of this paper are substantially two: to extend the FFM criteria under pure mode III loading 

conditions through a semi-analytical approach involving shearing stresses; to understand under which 

circumstances the model can be applied to real practical situations, verifying its validity through a 

comparison with the experimental data available in the literature. The analysis covers both the static 

and fatigue regimes, the latter being of one of latest FFM applications [18,19]. 

Let us introduce the problem under investigation by referring to a sharp V-notched plate under 

torsional loading, Fig. 1. The FFM approach proposed by Leguillon [1] can be generalized as follows: 

 

2 2
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1
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yz c c
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III IIIc

c

x l

K c dc K
l

 







 

        (1a) 

where τyz is the shear stress field, τc is the torsional strength, KIII is the mode III stress intensity factor 

(SIF) related to a small crack of length c at the notch root, and KIIIc is its critical value i.e., the mode 

III fracture toughness. The first equation in system (1a) represents a stress requirement, whereas the 

second one describes the energy balance, linking, through Irwin’s relationships, the average energy 

release rate G=KIII
2

 / [(1)E’]2 to the fracture energy Gc= KIIIc
2

 / [(1)E’]2, where E’=E / (1-2), E 

being the Young’s modulus and   the Poisson’s ratio of the material.  

On the other hand, the FFM approach presented by Carpinteri et al. [7] can be rewritten as: 
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Both FFM approaches (1a) and (1b) are hence described by a system of two equations in two 

unknowns: the critical crack advance lc, and the failure stress τf  (i.e. the critical value of the nominal 

stress  at fracture initiation) entering the expressions for the stress field τyz and the SIF KIII.  

According to Eqs. (1a) and (1b) it is assumed that: 

1. the material behaviour is assumed as linear-elastic at failure conditions,  =f; 

2. crack initiation is driven by shear stresses; 

3. crack initiates along the bisector line;  

4. the crack length lc is small if compared to the notch depth a. 
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These simplified assumptions will be discussed more in details in Sections 3 and 4, when referred to 

a notched cylindrical geometry. Please, note that hypothesis 4 allows to justify the asymptotic 

approach presented in Section 2.  

 

It is important to underline that the two FFM criteria (1a) and (1b) differ only for what concerns the 

stress requirement, since the same energetic condition is implemented.  Particularly, the criterion (1a) 

involves a point stress (PS) value, whereas the approach (1b) involves the average stress (AS) value: 

the criteria will be henceforth named as FFM-PS and FFM-AS, for the sake of brevity. FFM has been 

recently proved to furnish close predictions to the well-consolidated Cohesive Zone Model (CZM), 

once the constitutive law is properly defined [20–22]. Indeed, FFM-PS provides close predictions to 

the CZM once a Dugdale (cohesive) law is assumed, whereas FFM-AS achieves similar results to the 

CZM implemented through a linear softening cohesive law. 

 

Fig. 1. V-notched plate under mode III loading conditions. 

 

2. Shallow sharp V-notched structures 

The notch stress intensity factor (NSIF) V

IIIK  represents the coefficient of the dominant term of the 

stress field at the notch tip and it is defined by the relationship:  

   
0

1
lim 2 III

x

V

III yzK x x


  
 


         (2) 

where III represents the eigenvalue provided by Qjan and Hasebe [23]: 

2
III 






 
          (3) 

Within brittle structural behaviour, V

IIIK  can be reasonably assumed as the governing failure 

parameter and the failure condition under mode III loading conditions can be thus expressed as:  

V V

III IIIcK K           (4) 

V

IIIcK  being the critical NSIF (or notch fracture toughness).  

In case of a semi-infinite V-notched slab (a being the notch depth) under out-of-plane shearing 

loading conditions, once the nominal stress τ has been defined (Fig. 1), we have that 
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1

3( ) ( ) IIIV

IIIK a k a            (5) 

The shape function k3 related to the geometry under investigation was evaluated by Zappalorto et al. 

[24]: in case of shallow notches, as the present one (a being the only relevant geometrical parameter), 

k3 results a function only of the notch angle . More in details, according to definition (2) for the 

NSIF, k3 varies from  for the crack case ( = 0°, V

III IIIK K a   ), to 1 for the unnotched 

geometry ( = 180°, V

IIIK  ). 

On the other hand, in order to implement the FFM criteria by Eqs. (1a,b), the stress field and the SIF 

functions for the present geometry have to be known. According to hypothesis 4 of Section 1, they 

can be approximated, respectively, by the following asymptotic relationships 
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         (6) 

and 

0.5( ) ( ) IIIV

III IIIK c K c            (7) 

An analytical expression was proposed for  in Eq. (7) by Duan et al. [25]. According to notation (2), 

it can be expressed as  
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          (8) 

The functions k3, III and  are plotted in Fig. 2 as a function of the notch angle ω, together with their 

corresponding counterparts for mode I loading conditions (β, I and μ if referred to the nomenclature 

adopted in Sapora et al. [19], respectively).  

It is worth noting that the mode III stress fields of cracks initiated either at the tip of sharp or blunt 

notches have been derived analytically by Salviato et al. [26], and by Zappalorto et al. [27], 

respectively. 

 

Fig. 2. Notch angle dependent functions implemented in the present study: III, k3 and . The dotted lines refer to the 

corresponding functions for mode I loading conditions [19]. 

Substituting Eqs. (6) and (7) into the systems described by Eqs. (1a, b), yields:  

1

,( ) IIIV

IIIc ch III cK l              (9) 
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where 
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ch III
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K
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          (10) 

and where the function ς takes on a different form depending on the FFM criterion adopted. If the 

philosophy proposed by Leguillon [1] is implemented through Eq. (1a), we have that: 

 
2(1 )

( ) 2 III

III


  


           (11a) 

On the other hand, the approach by Carpinteri et al. [7] via Eq. (1b) yields:  

2(1 )( ) 2 III

III

              (11b) 

The two functions ς according to Eqs. (11a,b) are plotted in Fig. 3: again it is shown the comparison 

with the case of mode I loading conditions, where the function was termed ξ [19]. 

 

Fig. 3. Function ς according to different FFM criteria, see Eq. (11a) and (11b), respectively. The dotted lines refer to the 

case of mode I loading conditions [19]. 

 

The second unknown of FFM systems (1a) and (1b) is represented by the critical crack advance lc. It 

takes the following form according to Eq. (1a):  

2

,

2
c III ch IIIl l 


        (12a) 

varying between 1/(2) lch,III for the cracked case ( = 0°) to 2/ lch,III  for the un-notched geometry 

( = 180°), whereas it results surprisingly constant according to Eq. (1b): 

,

2
c ch IIIl l


          (12b) 

Thus, the present geometry is similar to the Griffith crack case analysed by Cornetti et al. [2] (see 

also Sapora et al. [18]): FFM-AS reverts to the average stress criterion proposed by Taylor [4], and 

also the two critical distances coincide.  

At incipient failure (=f), upon substitution of Eqs. (5) and (9) into condition (4), one gets: 
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         (13) 

where 
,/ ch IIIa a l  is the dimensionless notch depth. 

Equation (13) can be modified to take short notches into account by inserting a parameter 
0

Va  in 

order to recover f cτ τ  as 0a , similarly to what proposed by Atzori et al. [28] for mode I 

loadings. In formulae: 
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       (14) 

where 

1

1

0,
IIIV

IIIa   
. Predictions according to Eqs. (13) and (14) are reported in Fig. 4 for different 

notch angles  by means of Eq. (11b). 

Once the angle has been set at 90°, Fig. 5 shows the comparison between the two different FFM 

criteria: as it is well-consolidated [7], the average criterion (1b) provides the most conservative 

predictions. The same figure also shows the FFM-AS results related to mode I loading conditions 

[18].  For very brittle materials, the following simplifying hypothesis can be assumed c  τc [10]. 

Furthermore, since KIc = (GcE’), whereas KIIIc = [(1)GcE’], it can be argued that: 

  IIIc IcK αK           (15) 

with 1α ν  . In Figure 5 mode I results are normalized through Eq. (15) by setting  = 0.3, and 

thus   0.84. It is important to mention that Eq. (15) holds from a theoretical point of view. From a 

realistic point of view, frictional effects and crack face asperities generally lead to higher  values 

[29]. This aspect will be investigated more in details in Section 4, when dealing with torsional fatigue.  

 

Fig. 4. V-notches under torsion: FFM-AS predictions for different notch angles according to Eqs. (13) (continuous line) 

and (14) (dotted line) coupled with Eq. (11b). 

 

Fig. 5. V-notches under torsion, ω = 90°: predictions according to FFM-PS (thin line) and FFM-AS (thick line). The 

dotted line refers to mode I predictions via FFM-AS, provided that c = τc and 1.2Ic IIIcK K .  
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2.1 Finite sharp V-notched structures 

For finite geometries, the analysis presented above still holds true, but for the shape function k3 in Eq. 

(5). Indeed, it refers to the particular structure under investigation (depending, besides on the notch 

angle, on the geometry and the size of the notched component too) and must be generally evaluated 

through a Finite Element Analysis (FEA). In Zappalorto et al. [24] the following relationship was 

proposed instead of (5): 

1

3( ) ( , / ) IIIV

IIIK a k a R R             (16) 

R being the ligament depth and τ the nominal shearing stress on the net sectional area. The shape 

functions k3 were evaluated every 30° over the range 1/20 ≤ a/R ≤ 1, and they are reported in Appendix 

A, for the sake of completeness. Note that: i) for lower a/R ratios the notch can be considered shallow, 

and Eq. (5) can be applied without loss of accuracy; ii) for intermediate notch amplitudes, a linear 

interpolation can be exploited as suggested by Zappalorto et al. [24].  

Through Eq. (16), Eq. (13) reduces to: 

1

3
III

f

c k R 

 



          (17) 

where ,/ ch IIIR R l . 

Since the experimental data considered in the next sections all refer to the notched cylindrical 

geometry (Fig. 6), the FFM energy balance in Eqs. (1a, b) should be generalized as follows (while 

the stress conditions keep unchanged): 

 2 2 2 2

0

( )2 ( ) ( )
cl

III IIIc cK c R c dc K R R l           (18) 

where R is the radius of the net section for the solid round bar. However, in case that the crack advance 

lc is sufficiently small with respect to the radius R, Eq. (18) reduces to the second condition in Eqs. 

(1a, b), and the analysis presented above still holds true without loss of accuracy.  



10 
 

Before proceeding, let us remind that the present FFM analysis refers to sharp V-notches, i.e. ρ = 0 

in Fig. 6. This assumption can be extended also to real notches (as it will be done in the following 

Sections), provided that the notch radius ρ is small compared to the critical distance lc. Under mode I 

loading condition, it was proved that, as long as ρ/lch,I < 0.1, with lch,I = (KIc /c)
2, the deviations keep 

below 2% even for the crack case [30]. Note that the influence of ρ increases as the notch angle 

decreases.  Since , ,ch I ch IIIl l , the radius of curvature under mode III can be supposed to have even 

less impact: this point has been highlighted in the very recent paper by Santus et al. [31], dealing with 

mode III critical distance determination to apply TCD approaches. Similar arguments can be assumed 

in the fatigue framework, provided that lch,III is replaced by lth,III (Section 4). 

 

Fig. 6 V-notched bar under torsion: 3D view and cross-sectional area. 

 

3. Static fracture 

It is well consolidated that, considering a round bar under torsion (Fig. 6), the fracture can be either 

along a helical path (oriented approximately ±45° to the bar axis) for a brittle material, or in a plane 

perpendicular to the axis of the bar for a ductile material [32]. The different fracture planes observed 

for these two materials witness the different fracture mechanism: brittle materials fail due to tensile 

stresses, whereas ductile materials fail involving shear stresses. 

The presence of a crack reasonably affects the structural behaviour. The transition of fracture type in 

either brittle or ductile cracked solid under mixed-mode I+III loading conditions was investigated by 

Liu et al. [32]. The authors implemented a simple point stress criterion based on the competition 

between the maximum normal stress and the maximum shear stress. Particularly, the prediction of 

the fracture type was determined by comparing τmax/max at a critical distance from the crack tip to 

the material strength ratio τc/c. It was proved that the failure mechanism depends both on the mode 

mixity, and the ratio τc/c: the results were corroborated by ad hoc experimental tests carried out on 

a brittle material (PMMA), and a ductile one (7050 aluminium alloy).  On the other hand, restricting 

the analysis to pure mode III loading conditions, the discriminant is limited to the ratio τc/c: as far 

as τc ≥ c, as it happens for very brittle materials, fracture would undergo a tensile mechanism. On 

the contrary, the shear mechanism with a flat surface dominates the behaviour for increasingly less 

brittle materials τc < c, till the (ductile) limit τc = 0.5 c imposed by Tresca’s criterion. 
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The fracture behaviour and the crack front instability under mixed mode I+III loading has been 

investigated in detail also in recent works. Lazarus et al. [33-35] attempted to explain the crack front 

rotation and segmentation by means of ‘global type criteria’, linked to the disappearance of mode III 

and consisting in maximizing the mean value of mode I SIF or the mean value of total energy release 

rate along the front over a critical distance. Despite the good matching with ad-hoc experimental data 

on PMMA, it was observed that global criteria were difficult to be extended to other geometrical 

configurations, and local approaches (such as Principle of Local Symmetry or the Maximum 

Tangential Stress criterion) should be preferred for implementation. Similar arguments hold for 

fatigue failure. On the basis of both analytical and numerical derivations, subsequent works by Pham 

and Ravi-Chandar [36,37], Leblond and co-workers [38,39] and Doitrand and Leguillon [17] 

concluded that cracks subjected to combined modes I+III loading cause fragmentation of the parent 

crack front without any threshold; mode III perturbations as small as KIII/KI ∼ 0.001 cause nucleation 

of fragmented daughter cracks, shaped as flat facets rotated towards the principal stress axis. This 

result has been corroborated also by experimental data generated by fracture tests on specially 

designed specimen geometries made of brittle materials, namely glass, Homalite H-100 and gelatin 

based hydrogel. 

Besides the above considerations it should be added that brittleness (ductility) is a structural property 

and not just a material one. Thus, also the notch or sample sizes play an important role. An interesting 

contribution in this framework is due to Zehnder and Zella [40], who tested notched circular PMMA 

rods under torsional loading letting vary the notch depth. As it increases, a transition of the overall 

fracture surface from spiral to flat was observed.  

Furthermore, generalizing the results to sharp V-notches, as the present analysis is focused on, the 

higher the notch amplitude the higher the related failure loads. Thus, notch angles different from zero 

lead lo less brittle behaviour than the cracked case. In this sense, the limit τc/c  ≥ 1 could reveal less 

strict. Further investigations are in progress.    

 

3.1 Comparison with experimental data 

Looking at the experimental data in the literature, three recent papers investigated sharp V-notched 

cylindrical specimens under pure torsion. The geometrical dimensions were identical in all tests: a = 

2 or 5 mm, once fixed the gross-section radius a + R = 10 mm. Only results related to ρ = 0.1 mm 

will be analysed in the following, satisfying the requirement of sharp V-notches. 
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The first study involves polycrystalline graphite [41], V-notches referring to ω = 30° and 120°. 

Indeed, no comments were provided on the fracture surface and the related crack path. In this work 

the SED criterion was applied for the first time to mode III loading conditions in order to estimate the 

fracture load, and theoretical predictions were in good agreement with experimental results. 

In the second one, the fracture behaviour of notched round bars made of PMMA at room temperature 

was investigated by Berto et al. [42]. As regards V-notches, only one angle (ω = 120°) was 

considered. The experimental campaign presented some drawbacks: notched specimens presented a 

large plastic behaviour during tests, and the influence of the effective resistant net area was found to 

be the predominant parameter (instead of the notch shape geometry). Due to the presence of large 

scale yielding, samples ‘exploded’ or presented irregular inclined fracture planes with partial 

detachment of the material: consequently, it was not possible to define the crack path. Note that 

besides the type of notch and the loading conditions (including the loading control and rate), also the 

material (molecular weight, additives, etc.) and the manufacturing process of PMMA can play a role 

on its nonlinear behaviour. The SED criterion was applied for theoretical results by means of a best 

fit of the experimental data. 

In the third work, Berto et al. [43] tested V-notched samples made of PMMA at 60°C with ω =120°. 

Although the low temperature increased the brittleness structural behaviour, the torque versus angle 

curves showed a marked non-linear trend. All samples with lower notch depth broke suddenly without 

evident cracking before the final failure. For reasons similar to the past ones, it was not possible to 

define precisely the actual crack path at fracture initiation: the topography of the fracture surfaces of 

the specimens which did not explode at the failure was characterised by irregular inclined fracture 

planes with partial detachment of the material in the close neighbourhood of the notch tip. With 

respect to this experimental campaign, SED criterion provides accurate results without the necessity 

of fitting. 

 

Material Ref. c  

(MPa) 

τc  

(MPa) 

KIIIc 

(MPam) 

lch,III 

(mm) 

Graphite 

 

[41] 27 30 2.42 6.5 

 [44] 30 37 1.26 1.2 

PMMA 

 

[42] 74 67 3.35 2.5 
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PMMA 

60°C 

 

[43] 128.7 153.1 6.02 1.55 

 

Table 1. Static fracture: mechanical properties of the materials tested in the literature and reported in the related 

references. 

 

The material properties related to the above materials are reported in Table 1: it is worth noting that 

the mode III fracture toughness KIIIc was evaluated experimentally for PMMA and PMMA 60°C, 

whereas it was estimated from the geometry with ω=30° for graphite. For both graphite and PMMA, 

the resulting value for lch,III is not small compared to the notch depth, thus undermining the asymptotic 

approach presented in Section 2. On the contrary, the mechanical properties of graphite were 

recalculated experimentally in a subsequent work [44], resulting in a higher value of τc, a sensibly 

lower value of KIIIc (estimated from ω = 10°) and, thus, of lch,III  (Table 2). 

The presence of non-linearity/plasticity observed during experiments [41–43], as well as the lack of 

information on the real crack path, make it difficult to state whether or not the present FFM approach 

leads to reasonable failure predictions.  

On one hand, it should be underlined that criteria based on a critical distance could be applied also 

under moderate and large scale yielding regimes, at least under mode I loading conditions [45–47]. 

This has already been proved even for the FFM approach [48,49]. A straightforward application of 

Eq. (17) to experimental data on graphite [41] (by implementing the mechanical properties evaluated 

in [44]) and PMMA at -60°C [43], for instance, show accurate predictions (see Fig. 7), FFM-AS 

providing again the most conservative predictions. Results on PMMA are less accurate: the 

experimental failure stress was higher than the torsional strength, reflecting the drawbacks faced 

during tests. 

 

Figure 7. Static fracture on V-notched structures: FFM failure stress vs. experimental data. 

 

On the other hand, although the criterion may work, in our opinion the ability of the model to reflect 

the correct crack path (and thus the correct failure mechanism) is questionable. As can be seen from 

Table 1, the material strength ratio τc/c is always higher than (or very close to) 1. According to our 
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past comments, this would suggest that the linear elastic fracture should be governed by normal 

stresses: the lack of evidence in the experimental crack path does not help to corroborate the above 

conclusion. In any case, for very brittle materials, it should be stressed that plain specimens break 

under a tensile fracture mechanism. Thus, the value of τc recorded experimentally would be affected 

by a different failure mode than that supposed for notched samples in the present analysis.  

Finally, since the observed nonlinearities could be imputable to friction between crack surfaces, this 

phenomenon should be properly taken into account in the FFM analysis. Further studies are in 

progress based on the above considerations, which imply to remove the former three hypotheses 

described in Section 1. 

It is important to underline that the Literature presents also many experimental data on V-notched 

samples subjected to mixed mode I+III loading conditions. Among the others, let us cite the 

experiments carried out on PMMA by Ayatollahi and Saboori [50] and Torabi et al. [51], and the 

interesting FFM work by Yosibash and Mittleman [16], involving tests on PMMA, graphite, and 

macor. In these studies, predominant mode I loading conditions were achieved, and the related 

modelling analyses were performed coherently through a tensile failure mechanism. Of course, in 

case of FFM, a semi-analytical investigation cannot be performed due to the difficulties in managing 

the ERR found by Yosibash and Mittleman [16], previously cited in the Introduction.        

 

4 Fatigue failure  

The FFM coupled criterion has been recently applied to predict the fatigue limit of mechanical 

components subjected to mode I loading conditions and weakened by central sharp cracks and  

circular holes [18], or by edge sharp V-notches as well as U-notches [19]. In the present section the 

FFM coupled criterion will be extended to assess the fatigue limit of notched structures subjected to 

torsional loading. It is worth noting that the crack/notch sensitivity in this framework has been 

previously investigated by Atzori and Meneghetti [52,53], Susmel and Taylor [54], and by Atzori et 

al. [55] through other theoretical approaches. 

When dealing with torsional fatigue, the extension of the FFM criteria described by Eqs (1a, b) is 

straightforward:  
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where Δτ0 represents the fatigue limit or the high-cycle fatigue strength, typically defined at NA = 2 

106 cycles, of the material under torsion loading, and ΔKIII,th is the threshold value of the mode III 

SIF range, above which propagation of long cracks occurs according to Paris’ law.  

By considering finite cylindrical notched geometries (Fig. 6), the solution of Eqs. (19a,b) coincides 

with those related to the static case (Section 2), but extended to the fatigue regime: 
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and  
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according to FFM-PS (where ς is defined by Eq. (11a)) or 
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according to FFM-AS (where ς is defined by Eq. (11b)). In the above expressions we have 
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and ,/ th IIIR R l .          

It is worth mentioning that the FFM approach under torsion fatigue loading according to Eqs. (19-

22) is valid under the following assumptions: 

1. the material behaviour is assumed as linear-elastic at the fatigue limit condition; 

2. crack initiation is driven by shear stresses both for plain and cracked/notched specimens; 

3. crack is assumed to initiate and early propagate by assuming a circumferential shape (Fig. 6);  
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4. a notch weakening behaviour is assumed, i.e. Δτf < Δτ0. 

5. lc is reduced if compared to the net-section radius R. 

Dealing with hypothesis 1, it is widely accepted in the literature that linear-elastic approaches can be 

applied with good approximation to the strength assessment of structural components at the fatigue 

limit condition, since this typically corresponds to low stress and strain amplitudes. However, the 

authors are aware of nonlinear phenomena which could affect the torsional fatigue strength of the 

material, such as plasticity at the crack tip, frictional contact and formation of fretting debris during 

the tests, also at high-cycle fatigue regime.  

Concerning hypothesis 2, crack initiation and early propagation in plain bars made of ductile materials 

tested under torsion loading near the fatigue limit are mainly mode II dominated at the specimen 

surface [54,56–58], while propagation into the material is mode III dominated [58–60]. Accordingly, 

fatigue cracks tend to initiate and propagate on material planes where shear stress is maximum, i.e. 

along either transverse or longitudinal direction. After the shear crack has reached a critical length, 

which is a function of the material and of the applied torsion load level [60,61], crack branches and 

starts to propagate along planes where the range of the normal stress is maximum, i.e. a mode I 

dominated growth. Even the presence of stress concentrators, such as in the case of cracked or notched 

bars, crack initiation and propagation are mode II dominated at specimen surface, while it is mode III 

dominated into the depth of the material. More in detail, many researchers [62–69] have analysed by 

scanning electron microscopy the fracture surfaces of notched steel bars tested under torsion loading 

near the fatigue limit and observed a number of small, macroscopically flat regions, i.e. small semi-

elliptical cracks initiated by mode III loading ahead of the initial circumferential notch tip. According 

to Ritchie [63], mode III crack advance can occur through the coalescence, by mode II shear, of cracks 

initiated at the notch tip. As for plain specimens, after the crack has propagated to certain length, it 

branches, kinks or twists and the subsequent propagation is mode I dominated, showing a transition 

to a rough failure mode consisting of peaks and valleys and giving rise to the so-called factory roof 

type fracture surface [64]. Based on hypothesis 2), the proposed approach does not account for crack 

propagation phenomena, such as branching and kinking/twisting from a shear crack to a mode I crack, 

which typically occur when the crack has already reached a macroscopic extension, as documented 

by many researchers in the literature [62,64,67,69–72]. Tschegg [62,64] tested notched bars made of 

AISI 4340 and observed that the fatigue crack continued in a macroscopically flat fracture mode up 

to a crack depth of 0.8 mm. Tanaka [67,69] tested notched bars made of medium carbon steel and 

stainless steel and observed a flat fracture surface up to a crack depth of 0.030 mm. Also dealing with 

Ti-6Al-4V notched bars, Meneghetti et al. [70,71] observed a circumferential flat crack having depth 
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on the order of 0.3-0.4 mm which was located between the notch tip and the factory-roof type fracture 

surface. 

According to hypothesis 3, only mode III radial crack propagation, i.e. towards the centre of the 

specimen of Fig. 6, is considered; while mode II circumferential crack propagation, i.e. along the 

surface of the specimen of Fig. 6, is neglected. This is a simplifying hypothesis and it is in agreement 

with the Finite Fracture Mechanics concept, which assumes the initiation of a finite-size crack 

neglecting the previous phases, i.e. the initiation of mode III small semi-elliptical cracks and the 

coalescence under mode II. It is worth mentioning that some researchers, e.g. Pokluda and co-workers 

[73,74], stated that mode III crack propagation is not possible based on dislocation movements 

analysis, whereas they believe that only mode I and mode II loadings can generate new crack surfaces, 

giving rise to crack propagation. However, this is an open point and a shared hypothesis has not yet 

been reached among the scientific community. 

Afterwards, hypothesis 4 states that the fatigue limit of a notched bar is lower than that of a plain 

specimen. While this is straightforward for notched components under axial loading condition, it 

could be not always verified under torsion. As a matter of fact, an anomalous notch-strengthening 

phenomenon has been found by mode III testing cylindrical specimens made of austenitic stainless 

steel [75], NiCrMo steel [72] and pure titanium [76]: the fatigue strength of notched components 

reveals higher than that of plain ones. This effect can be explained on the basis of the factory-roof 

type fracture surfaces found in notched specimens: the sliding contact and the meshing between crack 

surfaces, that is the interference and interlocking of the opposing fracture surface asperities [64], led 

to a retarded crack propagation [62–64]. The FFM approach proposed in this paper cannot predict the 

notch-strengthening phenomenon, being correlated to extrinsic mechanisms acting during crack 

growth. Therefore, if applied to materials prone to exhibit a notch-strengthening effect, the FFM 

theoretical predictions will be on the safe side, the estimated torsion fatigue limit being lower than 

the experimental one.  

Finally, it should be noted that the critical distance lc  under torsion is typically larger than that under 

axial loading up to five times, as observed by several researchers [54,59,71,72,77]. Anyway, the 

proposed FFM approaches according to Eqs.(19a, b) can be applied provided that lc is small if 

compared to the specimen radius R, as stated by hypothesis 5, otherwise torsion stress gradient would 

be not negligible and should be included in the right-hand side of Eqs. (19a, b). Comparing Eqs. (12a) 

and (12b) with Eqs. (21a) and (21b), the FFM critical distances in the static and fatigue regimes differ 

only for the expressions of ,ch IIIl and ,th IIIl , defined by Eqs. (10) and (22), respectively. In a future 

work, it would be interesting to compare these two quantities for the same material. Unfortunately, 
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the materials considered in the present work have not been tested both under static and loading 

conditions in the original references to derive (τc, KIIIc) and (Δτ0 and ΔKIII,th) or the equivalent tensile 

properties, therefore at the present state-of-the-art ,ch IIIl and ,th IIIl  cannot be quantitatively compared 

for the same material. 

The discussion reported above should clarify that the hypotheses behind the proposed FFM approach 

are just engineering assumptions introduced to simplify the problem, so that it can easily be treated 

in engineering design practice.  

 

4.1 Estimation of ΔKIII,th  

In order to validate the present FFM approach against experimental results taken from the literature, 

two material properties derived under torsion fatigue loading are required to apply Eq. (20): (i) Δτ0, 

i.e. the fatigue limit or the high-cycle fatigue strength of the plain material, and (ii) ΔKIII,th, i.e. the 

threshold value of the mode III SIF range of the cracked material. Whereas the former can be easily 

obtained by plain cylindrical specimens under torsional loading and it is usually available in the 

literature for several materials, it is extremely complex to estimate the latter (please, see also the 

recent work by Santus et al. [31], who have investigated in detail the procedure to determine the mode 

III critical distance, providing also numerical procedures to determine the statistical distribution of 

the material parameters and of the critical distance itself). According to several researchers 

[60,62,64,67], the practical difficulties in the experimental derivation of ΔKIII,th are mainly related to: 

 a threshold for mode III fatigue crack growth can be defined in at least two different ways 

[65]: (i) the initiation by mode II/III of small elliptical cracks giving rise to macroscopically 

small flat regions; (ii) the transition from a mode II/III macroscopically flat to a mode I factory 

roof fracture surface. The last condition occurring long before crack arrest, the corresponding 

threshold is no longer comparable to that derived under mode I, since crack does not stop, but 

continues to propagate in a different way; 

 an extensive plastic region can be generated at the tip of small cracked bars; 

 the frictional contact and interference between the crack surfaces and the load dissipation on 

crack flanks, which makes the threshold value dependent on the crack length, therefore not an 

intrinsic material property. 

 different results can be obtained as a function of the adopted specimen geometry: slit 

specimens give lower threshold values as compared to specimens pre-cracked in tension; V-
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notched bars even if with the same notch tip radius as the slit specimens, provide higher 

threshold values than those derived from pre-cracked specimens. 

To partially overcome previous difficulties, many researchers have tried to correlate in an engineering 

manner the mode III threshold value ΔKIII,th to that derived under mode I loading ΔKI,th, which can be 

measured experimentally following International Standards [78] and it is usually available in the 

literature for several materials. The resulting expression is reported below, similarly to Eq. (15): 

, ,  III th I thK K          (23) 

Concerning the coefficient α, several values based on either analytical or experimental considerations 

have been proposed in the literature. Starting from analytical investigations, Pook and Sharples [79] 

suggested α = 1.35 by considering the transition from a macroscopically flat to a factory roof type 

fracture surface as the mode III threshold condition. On the other hand, dealing with experimental 

considerations, Pook and Sharples [79] firstly put forward α =1.25 based on experimental threshold 

values derived from mild steel, while later on he recommended α = 1 as a lower bound for design 

purposes based on a larger database of experimental results [80]. Susmel and Taylor [54], taking 

advantage of previous analytical studies performed by Beretta and Murakami [81] proposed α = 0.85, 

by considering the non-propagation of mode I branched cracks as the mode III threshold condition. 

Richard et al. [82] suggested α = 1 on the basis of experimental results generated by a ferritic steel, 

which was prone to mode III crack propagation, while experimental results available on Al 7075-

T651 and austenitic steel provided α = 1.60 - 3, since they were more inclined to branch to mode I 

crack. Finally, on the basis of experimental results from steel bars [67], according to Tanaka et al. 

[69] it is necessary to distinguish between different thresholds for crack initiation (α = 1) and 

propagation (α = 2 – 2.40) under torsional fatigue. These different values were correlated to complex 

phenomena occurring under torsion loading such as extensive plasticity, frictional contact and 

formation of fretting debris at the crack tip. 

Given that there is no agreement in the scientific community, in the present work α = 1 is adopted in 

agreement with Pook’s proposal of a lower bound value useful for an engineering design purpose 

[80] and with Richard et al. [82]. Moreover, this choice reveals on the safe side in most cases. 

Even if the threshold value of the mode I SIF range ΔKI,th is easier to be measured experimentally as 

compared to ΔKIII,th and databases are available for several materials [83,84], for some specific 

materials ΔKI,th is neither reported in the original papers nor available in databases. To overcome this 

issue, Atzori et al. [84] proposed some empirical equations to estimate El Haddad’s constant a0 on 

the basis of a large database of fatigue data found in the literature. Equation (24) reports the definition 
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of the El Haddad’s constant a0, which depends on ΔKI,th, along with the expression proposed by Atzori 

et al. [84], which depends on the ultimate tensile stress σUTS (or equivalently σc) and the axial fatigue 

limit of the plain material Δσ0. The approximate expression of a0 provides a correlation factor equal 

to R2 = 0.791, based on a fitting of steel experimental data: 
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By coupling previous equations, it is straightforward to derive an equation to approximately estimate 

the threshold value of the mode I SIF range ΔKI,th, which is valid only for steels [84]. 
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It is worth noting that the dependency of ΔKI,th on the load ratio RL is accounted for by the axial 

fatigue limit of the plain material, Δσ0 which must be derived at the required load ratio RL. The effect 

of the load ratio RL on ΔKI,th can be taken into account also by Eq. (26) proposed by Taylor [83] once 

ΔKI,th,RL=0  is known: 
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In Eq. (26), according to Taylor [83], it is common practice to assume αR = 2 for RL = -1 based on 

crack closure considerations. 

 

4.2 Comparison with experimental data  

After having discussed issues about mode III threshold derivation, the theoretical predictions of the 

fatigue limit of notched components under torsional loading according to FFM approach (Eqs. 

(19a,b)) are compared with experimental results taken from the literature. Table 3 summarizes all 

collected experimental results and details about the considered notch geometries and materials, which 

include several steel categories (470 MPa ≤ σUTS ≤ 883 MPa), the austempered ductile iron ADI 900 

(σUTS ≈ 900 MPa) and the titanium alloy Ti-6Al-4V (σUTS ≈ 1000 MPa). Table 3 shows also that all 

considered experimental results are relevant to less brittle materials, having Δτ0/Δ0 < 1. It is worth 
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mentioning that, according to the model proposed by Liu et al. [32] to predict the fracture path and 

modes also in the fatigue regime, a ratio Δτ0/Δ0  < 1 would correspond to a shear fracture mode for 

a cracked bar under torsion fatigue loading, i.e. the fracture surface should be flat. 

The experimental results relevant to V-notched bars having opening angle ω = 35° were obtained by 

Quilafku et al. [85] by testing a low carbon steel (σUTS ≈ 500 MPa). The original work does not include 

any information or figures about the fracture surfaces and the crack initiation and propagation modes. 

The high cycle fatigue strengths of plain and notched bars under torsion loading were defined at 107 

cycles, whilst neither ΔKIII,th nor ΔKI,th were reported in the paper.  

V-notched bars made of ADI 900 (σUTS ≈ 900 MPa) with ω = 45° were tested  by Atzori et al. [53]. 

The original work does not include any information or figures about the fracture surfaces and the 

crack initiation and propagation modes of the plain bars, while notched bars exhibited factory roof 

fracture surfaces and SEM observations showed that crack initiation planes were oriented at 45° with 

respect to the specimen longitudinal axis. From a micromechanical point of view, crack initiation and 

short crack propagation were mode I-driven, therefore experimental results relevant to ADI 900 

violate the assumptions underlying the FFM approaches (Eqs. (19a, b)). However, they have been 

included in the present analysis to check how predictions deviate from experimental results in cases 

outside the validity range. The high cycle fatigue strengths of plain and notched bars under torsion 

loading were defined at 2·106 cycles, but again neither ΔKIII,th nor ΔKI,th were available. 

Gough [86] generated experimental results by testing V-notched bars having opening angle ω = 55° 

and being made of several steel categories (518 MPa ≤ σUTS ≤ 883 MPa). No information or figures 

about the fracture surfaces and the crack initiation and propagation modes were available in the work. 

The high cycle fatigue strengths of plain and notched bars were defined at 107 cycles, while neither 

ΔKIII,th nor ΔKI,th were provided.  

Tanaka [69] tested a carbon steel (SGV410, σUTS ≈ 470 MPa) and an austenitic stainless steel 

(SUS316L, σUTS ≈ 591 MPa) and obtained the torsion fatigue limit of V-notched bars, having opening 

angle ω = 60°. No information or figures about the fracture surfaces of plain specimens were 

available, while Tanaka [69] showed that in notched bars small shear cracks initiated vertically or 

horizontally at the notch tip, after that they turned to cross shaped cracks driven by a tensile mode 

propagation. The initial flat fracture surface turned to factory-roof type as the crack extended. It was 

also observed that the carbon steel was more prone to shear mode crack propagation than the 

austenitic stainless steel: under the same stress amplitude, carbon steel is softer than austenitic one 

and the strain amplitude at the notch root is higher, which promotes shear crack propagation. The 

high cycle fatigue strengths of plain and notched bars have been defined at 2·106 cycles, while neither 
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ΔKIII,th nor ΔKI,th were reported in the original paper. It is worth noting that the fatigue limits of plain 

materials had been derived by Tanaka in a previous work by testing hollow cylinders under torsion 

loading and they were provided only later in [87].  

Meneghetti et al. [71] tested 90° V-notched bars made of Ti-6Al-4V (σUTS ≈ 1000 MPa). Dealing with 

plain specimens, it was observed that multiple cracks initiated along the longitudinal direction on a 

plane of maximum shear stress, then crack branching occurred causing the previously parallel cracks 

to coalesce; eventually, the subsequent crack propagation generated almost flat fracture surfaces, 

where the material was completely smeared. Concerning notched bars, again multiple crack initiation 

points along the notch tip profile were noted: crack paths gave rise to a factory-roof fracture surface, 

the resulting factory-roofs were characterized by a reduced height, their peaks having been smoothed 

and polished during fatigue testing by the sliding contact, friction and meshing between crack 

surfaces. As a result, a lot of powder and debris were emanated from the notch tip. In another paper 

of the same authors [70], it was observed that the fracture surface of notched bars was initially flat 

with a depth in the range between 0.3-0.4 mm from the notch tip, after that the factory-roof 

morphology developed. Berto and Lazzarin [88] provided experimental torsion fatigue results 

generated by 90° V-notched bars and made of AISI 416 steel (σUTS ≈ 700 MPa). Again, no information 

or figures about the fracture surfaces were available. In both cases relevant to 90° V-notched bars, 

the high cycle fatigue strengths of plain and notched bars under torsion loading were defined at 2·106 

cycles, whilst only the high-cycle NSIF range ΔKI,A obtained at NA = 2·106 cycles by testing 90° V-

notched bars under axial fatigue loading was available in the original papers [71,88].  

Material Ref. σUTS
° Δσ0 Δτ0 ΔKIII,th lth,III  a 2R a/R ρ Δτf,exp 

  (MPa) (MPa) (MPa) (MPa m1/2) (mm) (°) (mm) (mm)  (mm) (MPa) 

Low carbon steel 

 

[85] 500 424 362 8.46* 0.546 35 2.54 7.62 0.67 0.400 299 

          0.200 241 

ADI 900 or 

EN-GJS 800-8 

[53] 900 - 574 18^ 0.983 45 5.00 10.00 1.00 0.100 452 

       2.00 16.00 0.25 0.100 436 

0.4% C steel 

(normalized) 

[86] 639 664 414 8.83* 0.455 55 0.51 7.62 0.13 0.005 352 

3% Ni steel [86] 518 686 410 10.12* 0.609     0.005 303 

3/3.5% Ni steel [86] 712 704 534 8.50* 0.253     0.010 367 

Cr–Va steel [86] 740 858 516 9.01* 0.305     0.011 321 

3.5% NiCr steel 

(normal impact) 

[86] 882 1080 704 8.95* 0.162     0.022 472 

3.5% NiCr steel 

(low impact) 

[86] 883 1018 648 8.72* 0.181     0.022 364 

SUS316L [69] 591 442 266+ 7.81* 0.861 60 2.65 10.70 0.50 0.220 215 

SGV410 [69] 470 436 270+ 8.88* 1.081      175 
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Ti-6Al-4V [71] 978 1014 894 21# 0.556 90 6.00 12.00 1.00 0.100 573 

        13.00 0.92  451 

AISI 416 [88] 700 697 474 22# 2.159  4.00 12.00 0.67 0.100 430 

       2.00 16.00 0.25  443 

° equivalent to σc as defined under static loading 

* estimated by Eq. (23) with α=1, where ΔKI,th has first been estimated from Eq. (25) 

^ estimated by Eq. (23) with α=1, where ΔKI,th has first been estimated from Eq. (26) with αR=2 having 

ΔKI,th,R=0.1 from [84]. 

+ experimental results derived by hollow cylinders or solid bars (elastic-plastic FE analysis) and 

reported in [87]  
# estimated by Eq. (23) α=1, where ΔKI,th has been derived by assuming the sharp V-notch case with ω 

= 90° as equivalent to the crack case under mode I loading 

 
Table 2. Experimental fatigue results under torsion loading generated by notched bars (Fig. 6) re-analysed according to 

the FFM approaches Eqs. (19a,b). RL represents the loading ratio and it is equal to -1 in all cases. For details on the 

experimental procedures and the scatter of data, see the corresponding references. 

 

Fatigue limit predictions are presented in Figs. 8-12, together with experimental results related V-

notched bars, having different notch depths and opening angles, and being made of several metallic 

materials, whose properties are reported in Table 2. Observing that FFM approaches underly many 

engineering assumptions as described in Section 4.1, and that ΔKIII,th is estimated through empirical 

equations, i.e. Eqs. (23) and (25) in most of the considered cases, the matching between FFM fracture 

strength and experimental data can be considered satisfactory. In this case, FFM-PS provides the most 

accurate predictions, whereas FFM-AS, as usual, reveals more conservative. All in all, 16 

experimental fatigue limits have been compared with the FFM-based predictions and it results that 

FFM-PS and FFM-AS provide predictions on the safe side in 11 and 13 out of 16 cases, respectively. 

Finally, it is worth noting that: i) for low carbon steel, the radius ρ = 0.4 mm is not small compared 

to the threshold length lth,III: FFM predictions thus underestimate the corresponding recorded data 

(Fig. 8); even in the case of ADI 900, which violates the present FFM assumptions, theoretical results 

are in pretty good agreement with experimental ones (Fig. 9). 

 

Fig. 8. V-notched bars under torsion loading,  = 35°: FFM fatigue limits and experimental data from [85]. 

 

 

Fig. 9. V-notched bars under torsion loading,  = 45°: FFM fatigue limits and experimental data from [53]. 

 

 

Fig. 10. V-notched bars under torsion loading,  = 55°: FFM fatigue limits and experimental data from [86]. 

 
Fig. 11. V-notched bars under torsion loading,  = 60°: FFM fatigue limits and experimental data from [69]. 

 
Fig. 12. V-notched bars under torsion loading,  = 90°: FFM fatigue limits and experimental data from [71,88]. 
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5. Conclusions 

The coupled FFM approach was applied to assess brittle crack initiation in sharp V-notched structures 

under mode III loading conditions. It was supposed that failure is shear-stress governed and that the 

fracture propagates along the notch bisector plane. These simplifying assumptions were discussed 

both in the static and the fatigue regimes by considering a large variety of experimental results on 

cylindrical structures, and focusing on the estimation of the material properties necessary to 

implement the criterion. On one hand, although the present FFM approach provides satisfactory 

predictions, the case of static fracture should be assessed by means of a different analysis, considering 

friction and plasticity and, eventually, a different (tensile) failure mechanism for very brittle 

materials. On the other hand, despite the adopted hypotheses (Section 4) are simplistic to rigorously 

account for all the physical phenomena which occur in the fatigue process zone for metallic materials, 

the model reveals reliable and promising for V-notched structures under cyclic mode III loading 

conditions. Note that the estimation of the mode III threshold value ΔKIII,th still remains an ‘open 

question’: our choice to set  = 1 in the simplifying relationship expressed through Eq. (23) leads to 

conservative FFM predictions. 
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Appendix 

 

The following are the shape functions calculated by Zappalorto et al. [24] in accordance with our 

NSIF notation (2), see Eq. (16): 
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