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Figure 8 - Strain sensors configurations: a) 2 inverse elements, b) 3 inverse elements, c) 4 inverse elements. 

To demonstrates the accuracy of the iFEM approach and the effectiveness of the increasing number of inverse 
elements used, Fig. 9 shows the comparison between the strain state obtained via FEM and three iFEM 
configurations. The influence on the results of both the number of inverse elements and the station points is 
studied. Accurate results have been obtained using a minimum number of three inverse elements and twelve 
station points. 
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The possibility to reconstruct the whole strain field allows to know other quantities such as stresses that can 
be obtained using constitutive laws. A convergence analysis has been performed to evaluate the adequacy of 
the new high-efficiency shape functions (Fig. 10).  

 
Figure 10 - Convergence diagram: average percentage difference vs. number of inverse elements. 

Figure 10 depicts the convergence of the average percentage difference according to the number of inverse 
elements used in the modelling; particularly for the discretization with four inverse elements, the error on the 
membrane strain is 0.32% while that on the flexural strain is 2.02%. 

Figure 9 - Comparison along the beam axis of iFEM solution to FEM strain state (flat land). 
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The same material properties and tunnel geometry have been adopted to model the case of a bored tunnel in 
presence of slope. In this case the first layer has a variable thickness from a minimum of 2 m to a maximum 
of 7 m (Fig. 11). 

 
Figure 11 - Geometry of the tunnel project with the soil layers (slope land). 

In Fig. 12 the accuracy of the iFEM approach in terms of strain distribution along the beam element for the 
bored tunnel with slope is demonstrated. Again, to evaluate the influence of the number of both sensors used 
and inverse elements, three different configurations have been considered (Fig. 8). 

 

 
Figure 11 - Comparison along the beam axis of iFEM solution to FEM strain state (slope land). 

Figure 13 depicts the convergence analysis of the average percentage difference according to the number of 
inverse elements used in the modelling; particularly for the discretization with four inverse elements, the error 
on the membrane strain is 0.65% while that on the flexural strain is 0.90%. 
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Figure 12 - Convergence diagram: average percentage difference, vs. number of inverse elements.  

The results obtained demonstrate the accuracy of the iFEM approach with the pseudo-inverse matrix, 
integrated with the new shape functions. Despite the problem complexity, a good agreement is reached between 
the FEM and iFEM predictions with a relatively limited number of strain sensors.  

Conclusions 
In order to establish a suitable computational method for the structural health monitoring system in tunnel 
application, a new formulation have been implemented in the inverse Finite Element Method (iFEM). The 
present shape sensing methodology has relevant implications for the monitoring of smart structures equipped 
with discrete strain sensors, resulting an enabling technology to provide feedback to the control system. The 
reconstruction of the full-field displacement allows to obtain key quantities of structural response and to 
monitor in real-time the safety level. The iFEM uses a least-squares variational principle involving membrane 
and bending deformations of Bernoulli-Euler curved beam theory. The error functional enforces the 
compatibility between experimentally measured strains and strains interpolated within the inverse elements in 
a least-squares sense.  
The Moore-Penrose inverse matrix is introduced to solve the issue in analysing singular and rank deficient 
matrix deriving by the typical configuration of tunnel structures characterized by unrestrained rigid-body. The 
pseudoinverse matrix is obtained from the Singular Value Decomposition tool, inverting all singular non-zero 
values.   
A new inverse element, having two node and twelve degrees of freedom, have been developed. The element 
shape functions are based on the analytical solution of the strain-displacement equations of the curved beam 
theory to take into account the coupling between normal and tangential displacements. The formulation shows 
effectiveness in terms of both strain and displacement outcomes by comparison with bi-quintic shape functions 
based on interdependent interpolations previously developed [21].   
The shape-sensing capability have been demonstrated simulating a case study of a tunnel in a heterogeneous 
soil and subject to an asymmetrical load. To provide the simulated and reference measurements, a finite 
element analysis has been developed using PLAXIS 2D code. The iFEM has shown to be highly effective and 
efficient in predicting the structural response.  
Future efforts will concern the assessment of the algorithm efficiency in case of noise related to real 
measurements that affect experimental data. For such purpose, a greater number of station points than the 
minimum required in iFEM formulation with a proper signal processing could be necessary.  Similar approach 
could be used in case of potential malfunctioning of sensors due to the harsh environment that can be also 
overcome with a new configuration of the inverse elements and the relative position of the station points along 
each element.  
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