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Abstract

In this paper, we consider the computational model of a dynamic aerospace system and address the
issues posed by the NASA Langley Uncertainty Quantification Challenge on Optimization Under Uncertainty,
which comprises six tasks. Subproblem A deals with the model calibration and (aleatory and epistemic)
uncertainty quantification of a subsystem by means of a limited number of observations. A simple, two-step
approach based on Maximum Likelihood Estimation (MLE) is proposed to address this task. Subproblem B
requires the identification and ranking of those (epistemic) parameters that are more effective in improving
the predictive ability of the computational model of the subsystem. Two approaches are compared: the first
is based on a sensitivity analysis within a factor prioritization setting, whereas the second employs the
Energy Score (ES) as a multivariate generalization of the Continuous Rank Predictive Score (CRPS). Since the
output of the subsystem is a function of time, both subproblems are addressed in the space defined by the
orthonormal bases resulting from a Singular Value Decomposition (SVD) of the subsystem observations.
Subproblem C requires identifying the (epistemic) reliability (resp., failure probability) bounds of a given
system design. The issue is addressed by an efficient combination of: (i) Monte Carlo Simulation (MCS) to
propagate the aleatory uncertainty described by probability distributions; (ii) Genetic Algorithms (GAs) to
solve the optimization problems related to the propagation of epistemic uncertainty by interval analysis;
and (iii) fast-running Artificial Neural Networks (ANNs) to reduce the computational time related to the
repeated model evaluations. In Subproblem D, system reliability is improved by identifying a new design
point within an iterative robust optimization framework. In Subproblem E both the uncertainty model and
the design obtained are tuned using additional data. Finally, a risk-based design is carried out in Subproblem
F by neglecting “outliers” (i.e., less likely values of some epistemic parameters) in the design optimization.

Keywords: Singular Value Decomposition, Model Calibration, Uncertainty Propagation, Sensitivity Analysis,
Energy Score, Design Optimization.

1 Introduction

The quantitative analyses of the phenomena occurring in safety-critical (e.g., civil, nuclear, aerospace
and chemical) engineering systems are based on mathematical models [1]. In practice, not all the
characteristics of the system under analysis can be captured in the model: thus, uncertainty is present in
the values of the input parameters and in the model hypotheses and structure. This is due to: (i) the
intrinsically random nature of several of the phenomena occurring during system operation (aleatory
uncertainty); (ii) the incomplete knowledge about some phenomena and operating conditions, often due
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to the scarcity of quantitative data available, which may be either very sparse or prohibitively expensive to
collect (epistemic uncertainty). Such uncertainty propagates within the model and causes uncertainty in its
outputs [2]. The characterization and quantification of this output uncertainty is of paramount importance
for: (i) making robust decisions in safety-critical systems applications; (ii) optimally designing and operating
such systems; and (iii) driving resource allocation for uncertainty reduction by the identification of the
model parameters and hypotheses that contribute the most to the output uncertainty [3].

Within this framework, we tackle the issues raised by the NASA Langley Uncertainty Quantification (UQ)
Challenge on Optimization Under Uncertainty [4]. In Task (A), the mathematical (black-box) model of a
(sub)system is considered, which includes nine inputs and one time-dependent output. The inputs are
uncertain and divided into five purely aleatory variables (described by a possibly joint probability
distribution) and four purely epistemic parameters (described by intervals). The Challengers provide a
limited number (i.e., 100) of observations of the physical (sub)system (notice such observations are given
in the form of discrete time histories). On this basis, an Uncertainty Model (UM) for the (nine) input
variables/parameters to the subsystem model should be created. A straightforward, two-step (parametric)
approach based on Maximum Likelihood Estimation (MLE) is here employed to address this task. In the first
step, a multivariate Gaussian Mixture (GM) [5] is chosen as the functional form of the joint probability
distribution of the aleatory variables and the corresponding parameters are calibrated by MLE. In the
second step, the UM for the pure epistemic parameters is defined as the smallest hyper-rectangular set
enveloping their joint four-dimensional a-100% Confidence Interval (Cl) (in this paper, a = 0.99). Since the
output of the subsystem is a function of time, the approach is applied in the space defined by the
orthonormal bases resulting from a Singular Value Decomposition (SVD) of the subsystem observations: in
other words, a multivariate dynamic problem in the real domain is translated into a multivariate static
problem in the SVD space. In addition, the likelihood of the data is evaluated by Kernel Density Estimation
(KDE) technigues in the SVD space [6-8].

The Task of uncertainty reduction (B) is tackled in two ways. In the first (namely, sensitivity analysis within
a ‘factor prioritization’ setting), we rank the epistemic input parameters according to degree of reduction
in the output epistemic uncertainty, which one could hope to obtain by refining their (epistemic)
uncertainty models, i.e., by reducing the epistemic uncertainty range. A sensitivity index is adopted in
analogy with variance-based Sobol indices [9, 10]: in this view, the most important epistemic parameters in
the ranking are those that give rise to the highest expected reduction in the amount of epistemic uncertainty
contained in the model output, when the corresponding parameter values are considered constant (i.e.,
when the amount of their epistemic uncertainty is reduced to zero). Notice that the ‘amount’ of epistemic
uncertainty is here defined as the volume of the convex hull enveloping the realizations of the model output
in the orthonormal SVD space [11]. In the second approach, the use of the Energy Score (ES) (computed in
the orthonormal space) is proposed as a multivariate generalization of the Continuous Rank Predictive Score
(CRPS) to assess the probabilistic predictive capability of the subsystem model [12]. The idea is to rank the
epistemic parameters according to their capability to improve the predictive ability of the model, i.e., to
decrease the ES, when their epistemic uncertainty is reduced.

The Task (C) of reliability analysis is tackled by solving the (optimization) problem of identifying the
epistemic reliability (resp., failure probability) bounds for a given system design point. The solution of the
corresponding nonlinear, constrained optimization problems is efficiently tackled by resorting to heuristic
approaches (i.e., Evolutionary Algorithms-EAs): such methods deeply explore the search space by evaluating
alarge number (i.e., a population) of candidate solutions in order to find a near-optimal solution [13]. Notice
that the population-based nature of such evolutionary algorithms allows an efficient exploration and
characterization of abrupt and disconnected search spaces, which is the case of the present challenge.
During the optimization search, the aleatory uncertainty described by probability distributions is
propagated by Monte Carlo Simulation (MCS). Also, the original (black-box) mathematical model of the
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system is replaced by a fast-running, surrogate regression model based on Artificial Neural Networks
(ANNSs), in order to reduce the computational cost associated to the analysis [14].

In Task (D) the system’s reliability has to be improved by identifying a new design point. The problem is
here addressed within a robust design framework, where the objective is to minimize the (epistemic) upper
bound of the system failure probability. An iterative optimization algorithm (combining MCS, EAs and ANNs)
is implemented to efficiently deal with the unbounded nature of the design variables (which can range over
the entire real axis) [15].

In Subproblem (E), the UM calibrated in Task (A) and the design point found in Task (D) have to be
updated and tuned by means of (100) additional data/observations coming from the integrated system
under analysis. The model of the integrated system includes nine inputs and two time-dependent outputs.
The two-step parametric MLE-based approach of Task A and the iterative algorithm of Task D are employed.

Finally, in Subproblem F the design of the system has to be improved by accepting a small risk (namely,
risk-based design). The task is here addressed by neglecting some “outliers” in the design optimization
process [16]: in particular, portions of the epistemic parameter space with comparatively small likelihood
are ignored so as to maximize a properly defined gain in the system performance. In this paper, we seek to
maximize the relative decrease in the (epistemic) upper bound of the system failure probability.

The remainder of the paper is organized as follows. In Section 2, the main characteristics of the
mathematical system models under analysis are outlined; in Section 3, the NASA Challenge is addressed:
the approaches adopted to tackle the problems are described in detail and the results obtained are
reported; finally, conclusions are drawn in the last Section.

2 The System

The system of interest is modelled as a set of interconnected subsystems. The uncertain parameter & is
concentrated onto a single subsystem. This subsystem is modelled by the function y(a, €, t), where @ iis a n,-
dimensional vector of aleatory variables (n, = 4), e is a n.-dimensional vector of epistemic parameters (ne =
4) and t is time. The Uncertainty Model (UM) for a is denoted as f,, where fg is a joint density supported in
the set Ao = [0, 2]™°. In contrast, the UM for e is denoted as E, where E is a hyper-rectangular set included in
Eo = [0, 2]™. Hence, the UM of is fully prescribed by the pair (fg, E). The integrated system is instead
modeled by z(a, e, 8, t) = {z1(a, e, O, 1), z2(a, e, O, t)}, where 0 is an ns-dimensional vector of design variables
(ns = 9). Hence, the output of the subsystem is a function of time, whereas the output of the integrated
system are two functions of time. Each of these functions will be given as a discrete time history, e.g., y(t) =
[y(0), y(dt), ..., y(Nr-dt)], with Nr=5000 and Nr-dt=T=55s.

The (possibly competing) reliability requirements for the system are defined by ng = 3 performance
functions g(a, e, 8) = {gi1(a, e, 8), g2(a, e, B), gs(a, e, B)}. In particular, gi(a, e, @) < 0 is needed for system
stability, g.(a, e, 8) < 0 with

g2(a,e 0) = ter[rTl%fT]lzl(a. e, 0,t)| —0.02 (1)

for the settling time of z1(a, e, 8, t) to be sufficiently fast, and gs(a, e, @) < 0 with
gs(a,e 0) = trer%(a)%]lzz(a, e 0,t) —4 (2)
for the energy consumption to be acceptable.

For fixed values of 8 and e, the set of a points where g(a, e, 8) < 0 is called the safe domain, whereas its
complement set is called the failure domain. The worst-case performance function, defined as

W(a: e, 0) = i—lmelx—3{gi(a' e, 0)}' (3)
=1,..,ng=



enables defining the safe and failure domains in terms of a single inequality, i.e., the safe domain is given
by the a points where w(a, e, @) < 0. Further details can be found in Ref. [4].

3 Approaches to the NASA Langley Uncertainty Quantification (UQ) Challenge on
Optimization Under Uncertainty

The approaches used to tackle the NASA Langley UQ Challenge on Optimization Under Uncertainty
Problems are presented together with the corresponding results obtained: in particular, Sections 3.1-3.6
deal with Subproblems A (namely, Model Calibration & UQ of the Subsystem), B (namely, Uncertainty
Reduction), C (namely, Reliability Analysis of Baseline Design), D (namely, Reliability-Based Design), E
(namely, Model Update and Design Tuning) and F (namely, Risk-Based Design), respectively.

3.1 Subproblems A: Model Calibration and Uncertainty Quantification (UQ) of the
Subsystem

Given the time-dependent (i.e.,, multivariate) nature of the function y(a, e, t), the calibration and
uncertainty quantification of parameter & (fully prescribed by the pair <fs, £>) are carried out in the space
of the orthogonal basis vectors resulting from Singular Value Decomposition (SVD) of the data D; = {y"(t)},
i=1,2,..,n.=100,t=0, 1, ..., Nr [6, 7]. In particular, the following steps are performed to pre-process the
data before the model calibration and uncertainty quantification tasks:

1. Evaluate the (time-dependent) sample mean m(t) of the dataset D; as m(t) =1/n1 - Z?jly(i)(t).

2. Subtract the mean m(t) from the available time-series {y"(t)} to obtain the centered data D:* =
{0y = Y0t -m(t),i=1,2,..,n=100,t=0,dt, .., Nrdt.

3. Perform an SVD of the centered data {y*"(t)}. If D:* is the (n1 x N7) centered matrix of the system
realization, then it can be expressed as U*S*V/, where: U is the (n1 x n1) matrix of left singular
vectors; S is the (n1 x Ny) diagonal matrix of the nonnegative singular values s;, i = 1, 2, ..., ny, in
decreasing order; and Vis the (Nrx Ny) matrix of right singular vectors: in other words, the columns
of V contains Nr orthonormal Nr-dimensional (eigen)vectors v, kK = 1, 2, ..., Ny, constituting an
orthonormal basis 3 for D;*.

4. In order to reduce the dimensionality of the problem (while accounting for the overall variability of
the model output of interest), select a proper number ng(y) < Nr of basis vectors to be retained in
the analysis. In this work, na(y) is selected so that at least € = 99% of the variance associated to the
ni = 100 observed time histories is explained. In details:

ZnB(J/) s > =099 (4)
i=1 yMm 2= T
j=1°]

noting that Z;lil sz equals the overall variance of the entire dataset. In this case, the value of ns(y)
turns out to be 10.

5. Project the centered dataset D1* onto the orthonormal basis defined by the na(y) eigenvectors vk
corresponding to the ng(y) largest singular values si, k=1, 2, ..., ng(y), of matrix S. In particular, the
(n1x na(y)) matrix C1 = {ci} containing the projections of the centered data D:* onto the orthonormal

basis 3 ={vk, k=1, 2, ..., ng(y)}, is obtained as:

C1 =Dy V[Ling(y)] = Dy [v1,v5, ..., V)] - (5)
The coefficients/projections {c,i: i=1, 2, ..., n1, k=1, 2, ..., ng(y)} are equivalently expressed as:
Crik = 2ty ¥ O - dt) - v () (6)



The idea is to perform the calibration and uncertainty quantification tasks in the (static multivariate)
projected space (i.e., in the space defined by the orthonormal basis 3) rather than in the (dynamic
multivariate) time domain.

The functional form of fq (representing the Uncertainty Model-UM of the aleatory variables a) is chosen
as a multivariate Gaussian Mixture (GM). A GM model is a probabilistic model that assumes the data are
drawn from a mixture of a ng (multivariate) Gaussian distributions with unknown hyper-parameters. Such
hyper-parameters and their corresponding weights are prescribed by minimizing a measure of the offset
between the data and the prediction. The Probability Density Function (PDF) of a GM model is given by:

faGM(alwl”'l Z) = faGM(al(pa) = ?:G;L Wi 'N(ﬂl;z'l), (7)

where the /-th component of the mixture is characterized by a multivariate Normal distribution with
weight w; € [0, 1], means w and covariance matrix X; (notice that in each multivariate Gaussian distribution
N (uy, X;) of the mixture, the covariance matrix X, is able to capture and describe only linear dependences
between the aleatory variables a). For the sake of compact notation, the ensemble of calibration hyper-
parameters of the joint aleatory PDF f,is indicated as g = {w), w, £;: /=1, 2, ..., ng}. This functional form has
been chosen because of its relatively high flexibility: by adjusting the corresponding hyper-parameters, a
GM can be forced to assume different (unimodal and multi-modal) shapes and to describe a large variety of
dependence structures among the aleatory variables [5].

The calibration approach adopted is based on the evaluation of the joint multivariate likelihood of the
data in the projected space defined by the orthonormal basis B, L°M(Cy| @) = L°M(C1| g, €) = LM(Ci|wi, W,
X:1=1,2,..,nc e1, e e3, e1), where @ is a vector containing the ensemble of all the calibration parameters
(i.e., the hyper-parameters of the GM model and the epistemic parameters e). The likelihood is here
approximated by Monte Carlo Simulation (MCS) of the model y(a, e, t), SVD of the corresponding response
and finally Kernel Density Estimation (KDE) in the projected space 3. The detailed algorithm is as follows:

Inputs: @ = [¢,, €], C1
Output: L°M(Cy| D)

1. Generate Ny realizations of @ (aq, g = 1, 2, ..., Nike) by random sampling from the corresponding
PDF £,5M (a|gg) (7). In this work, N = 100000.

2. For each g, evaluate the model response y(ay, e, t), =1, 2, ..., Njke. Let Y® be the (Njxe x N7) matrix
containing such responses.

3. Subtract the mean m(t) of the dataset D1 (1/n - Y1, y @ (1)) from the simulated time-series y(a,,
e t),qg=1,2, .. Nie to obtain the model responses Y*®, “centered” with respect to the mean value
of the real data (i.e., with respect to the mean value of the “true” system response). Then, project
Y*® onto the basis 3 = {w, k=1, 2, ..., ns(y)} found above, in order to obtain the (N x ns) matrix H"
= {h"s} of the corresponding coefficients (projections) H" = Y*®-V[1: ng(y)] = Y*@-[v1, V2, ..., Vogp)).

4. Based on the (projected) model responses H = {h"4} and relying on KDE techniques, estimate the
likelihood L(;%(Cﬂd)) in the space defined by the orthonormal basis 3. In this paper, a multivariate

product Gaussian kernel is employed, so that L%%(Cﬂtb) becomes:
GM — 1 Niike [{B() 5o (CLik=Ng
LG (C11®) = TTf2, gy Sl T2 K (20, (®)
In formula (8) by, k=1, 2, ..., ng(y), are the one-dimensional bandwidths of the kernel-smoothing
windows, calculated applying the Silverman’s rule to the Ny simulated output projections H' =

1
4 } /tnp()+4)

—_ , Where &}, is the sample
(mp(¥)+2)Nyike k P

{h"a} (on the k-th basis): in particular, by = &y {
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standard deviation of the simulated output projections {h'x}, g = 1, 2, ..., Nike; and K(:) is a one-
dimensional Gaussian kernel function. It is worth noting that even if L(;%(Cﬂd)) (8) uses a product
of one-dimensional kernels, this does not imply that the ng(y) variables are independent (this is
obviously due to the fact that we employ a sum of Ny products of ns(y) one-dimensional kernels).
As a final remark, notice that the choice of the Silverman’s rule above minimizes the mean
integrated square error in the non-parametric inference, but it should be used with care. Indeed, it
may yield widely inaccurate (for instance, strongly over-smoothed) estimates if the data come from
a strongly skewed or multimodal distribution [17].

Two considerations are in order. Centering the simulated time-series y(a,, e, t) with respect to the mean
m(t) of the real data (step 3 above) should guarantee that the likelihood L%%(Cﬂtb) thereby generated
drives the calibration process to match also the true mean of the system response (besides the 99% of the
variance, as specified in (4)). Also, notice that the likelihood L(;%(Cﬂd)) (8) is here computed by randomly
sampling with replacement the dataset Ci (Neot = 25) and averaging the results: this bootstrapping
procedure should limit the problem of overfitting in the presence of scarce data.

The likelihood L%‘?’(C‘ﬂd)) (8) is employed to carry out model calibration and uncertainty quantification
by a two-step Maximum Likelihood Estimation (MLE)-based approach, which is aimed at finding: (i) the MLE
point estimates @M of the ensemble of the calibration parameters @, and (ii) the hyper-rectangular set £
representing the UM for the pure epistemic parameters e. The steps of the algorithm are the following:

1. Perform a Maximum Likelihood Estimation of the ensemble of all the calibration parameters @
=[a, €] =(w, w, Z;:1=1,2, ..., ns; e, €, es, es] as:

®MLE = grg max {log (L(;% (Cl|d>))}. (9)

MLE

2. Fixing the MLE estimates of @g at @4 ~" quantify the epistemic uncertainty in e:

a)

Build a likelihood of the data only as a function of the pure epistemic parameterse, i.e.,
LSY (C1le, @, = @HE) (notice that this function is four-dimensional). In practice,
select (deterministically or stochastically) N. possible values e, k = 1, 2, ..., Ne, of the
epistemic parameters e (in this paper, N. = 1000 samples are uniformly drawn within
the respective ranges). Evaluate the likelihood of the data in correspondence of such
realizations of the epistemic parameters to obtain LY (Cyle, @ = @), k=1, 2,
... Ne. Construct an approximation LSV (Cqle,@, = @N'E) to LSV(Cqle, @, =
@MLEY eg., by fitting a (quick-running) response surface to the discrete points
L%’(Cﬂek, Qo= OMEY, k=1, 2, .., N (in this paper, an Artificial Neural Network
regression is employed to this purpose).

Based on the approximation LSY(Cile,@,= @X*) to the real likelihood
LiY (C1le, @, = @MLE) (which is a function only of the n. = 4 pure epistemic
parameters), define the UM E as the smallest hyper-rectangle enveloping the joint four-
dimensional a-100% Confidence Interval (Cl) of e (in this paper, a = 0.99). In practice,
normalize LY (C1le, 9o = @¥“F) over the original domain of variation Eo of the
epistemic parameters, in order to provide it with the properties of a Probability Density

Function (PDF): Q - [ LSY (Cile, 9, = @X*F)de = 1, where Q is the normalization

constant. In this paper, likelihood normalization is carried out by discretization of the
epistemic space and simple numerical integration, thanks to the comparatively low
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dimensionality of the domain (in particular, equally spaced bins of 0.01 width are
adopted for all the epistemic parameters e, i =1, 2, 3, n. = 4). Once the approximation
Q- LIV (Cile,pq = @HE) to the normalized likelihood is available, the joint four-
dimensional a-100% Cl of e can be computed numerically by applying the definition
Ple € (a - 100% CI)] = a to the previously discretized epistemic domain. Notice that
also sampling-based procedures could be used to build an empirical Cl for e. In fact, the
likelihood LSV (Cyle,@q = @HLE) can be readily sampled using, e.g., Markov Chain
Monte Carlo (MCMC) methods, for which knowing Q is not required [18]. On the one
hand, this approach is useful in the presence of high-dimensional spaces, because
MCMLC does not suffer the curse of dimensionality. On the other hand, it often requires
significant computational efforts, since numerous (hundreds of thousands) model
evaluations are needed to obtain reliable PDF estimations and robust Cl evaluations.
The two-step approach presented has the advantages of being simple and based on a well-established
and sound technique for model calibration (i.e., MLE). However, notice that the separate calibration of the
aleatory distribution parameters @q (step 1) and of the intervals E for the epistemic parameters (step 2) may
lead to an issue. As indicated by the likelihood L(;IA,?’(C1|e, Qo = QMLE), the final shape and size of E is
intrinsically conditional on the (sub-)optimal (in this case, parametric) aleatory model identified at step 1:
thus, if the parametric probabilistic model fails to capture the true relationships between the aleatory
variables (in particular, their complex dependences), the resulting box £ may focus on wrong portions of
the epistemic space and/or possibly underestimate the corresponding uncertainty. In this paper, we try to
limit these drawbacks by adding conservatism in two ways: (i) during calibration, all the epistemic
uncertainty is “loaded” on e (different from classical Bayesian approaches, no epistemic uncertainty is
associated to the other calibration parameters ¢4 in step 1); (ii) a relatively large confidence level a is chosen
(i.e.,0.99), which may give us the possibility to rigorously envelop the observations, and produce a structure
that can be generalized to a probability box containing the true distribution in the aleatory space.

A GM model with new = 2 multivariate Gaussian distributions is chosen. Notice that also the option with
nem = 3 has been tested: however, in spite of the significant increase in the number of calibration hyper-
parameters (i.e., from 45 to 66, respectively), a negligible improvement in the (log-)likelihood

log (LZV(C”(D)) of the observations is registered (i.e., from 1137.2 to 1142.0, respectively). In addition,

the reader should notice that further increasing the hyper-parameter (search) space would make the
calibration process (i.e., the maximization task in (9)) hardly tractable even for global (meta-heuristic)
optimization tools. In the light of these results and considerations, additional tests with larger values of nem
(i.e., nem > 3) have not been performed. Parameters @ range in the following intervals (hyper-rectangles):
the weights win [0, 1], the Gaussian means u in Ao = [0, 2]™, the Gaussian variances g in [0.0025, 25]™ and
the Pearson correlation coefficients pj, i=1, 2, ..., ne-1, j = i+1, ..., ns (used to build the covariance matrices
X), in [-1, 1]; the epistemic parameters e are defined in Eq = [0, 2]™. The total number of decision variables
is thus equal to 45. Due to the large-sized and multi-modal nature of the parameter space, the MLE
optimization problem (9) is tackled by resorting to a population-based, heuristic optimization technique,
i.e., a Genetic Algorithm (GA) [13]. Such method deeply explores the search space by evaluating many
candidate solutions in order to find a near-optimal solution. Although GA is a global optimizer, in some
problems (characterized by massive multimodality of the objective function to be optimized), it may
converge to local optima. The performance of GA depends on its ability to thoroughly explore the search
space (i.e., to maintain a sufficient “genetic diversity” in the population of candidate solutions), while
attempting to drive the search efficiently and intelligently towards the “interesting region” of the search
space, i.e., towards the global optimum. A thorough exploration of the search space (i.e., a sufficient
“genetic diversity”) is guaranteed by the following strategies: (i) GA is repeated few times (say, five times)
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with different random seeds (i.e., different random initial populations) and only the best result over all the
simulation is retained; (ii) some of the GA parameters are properly set, mainly based on the experience of
the author in the use of GAs: for example, a relatively high population size (i.e., Npo, = 200), high mutation
rates (i.e., pmur = 0.025) and a large number of generations (Ngen = 1000) are employed [19].

The pictorial result of Step 1 of the calibration process (i.e., the PDF £,¢M (a|@¥E)) is not reported here
due to space limitations: only the final aleatory UM will be presented in Section 3.5. Instead, an overall
quantitative evaluation of the degree of dependency between the parameters a is provided by means of a
rank correlation matrix Rgspear (in particular, based on the Spearman measure). The choice of a rank
correlation coefficient is justified by its nonparametric nature and its invariance with respect to the
marginals of the dependent random variables analyzed. Notice that the Spearman correlation between two
variables is equal to the Pearson correlation between the rank values of those two variables; while Pearson's
correlation assesses linear relationships, Spearman's correlation assesses monotonic relationships (whether
linear or not). Such dependency evaluation has been made by means of a sample of 100000 realizations of
a, generated from the PDF £,5M (a|@¥LE). The Spearman rank correlation matrix Ry spear is as follows:

1 0.394 0.110 -—-0.094 0.068
| 0.394 1 —-0.162 0.229 —0.150]
Ra_spear=| 0.110 -0.162 1 0.035 0.851 | (10)

—0.094 0.229 0.035 1 —0.081
0.068 —0.150 0.851 —0.081 1 J

The sign of the Spearman correlation indicates the direction of association between variables a; and a;.
If o; tends to increase when g; increases (resp., decreases), the Spearman correlation coefficient is positive
(resp., negative). Also, the Spearman correlation increases in magnitude as a; and a; become closer to being
perfectly monotonically related (see, e.g., as and as, whose rank correlation coefficient is 0.851). It must be
acknowledged that while Rg spear (10) represents a synthetic and easily interpretable measure of the strength
of correlations, it may obviously fail to fully and accurately describe the possibly complex and nonlinear
patterns of dependence between aleatory variables.

The uncertainty model (hyper-rectangle) £ = [e;,€1] X [e3,€,] x [e3,€3] X [e4,e,] for the epistemic
parameters e chosen according to Step 2 of the calibration algorithm is as follows: [e1,e1] = [0, 0.3719],
le;, e2] =[0.1910, 0.7273], [e3, €3] = [0, 0.8543] and [e4, e4] = [0, 2]. The corresponding MLEs are 0.0704,
0.5176, 0.0411 and 1.9059, respectively. Figure 1 shows the calibrated model output against the data
provided. Let us denote this base-case, initial Uncertainty Model (UM) as “UM-0(y)”. In Figure 1 (left) we
report the time series observations (red solid lines) along with the extreme upper and lower bounds (blue
dashed lines) resulting from the propagation through the model function y(a, e, t) of 500000 configurations
(a, e), i=1,2, .. 500000 (i.e., N, = 1000 aleatory samples for N. = 500 epistemic vectors, including the
vertices of the box E); also, the overall mean of the calibrated output (averaged over the aleatory PDF

“GM (a|@MLE) and over epistemic space £) is shown as black crosses. The data is captured and enveloped
quite tightly, at most of the time steps. Finally, in Figure 1 (right) the same calibration results are
represented in the orthonormal SVD space projected on the basis pair (h'1, h">): again, the calibrated model
(blue points) envelops quite tightly the data provided (red crosses). Based on these results, we can argue
that the produced UM structure is likely to represent a probability box possibly containing (with the
prescribed confidence a) the true distribution in the aleatory space. Also, the level of conservatism injected
in the calibration process (see above) presumably allows the UM to properly withstand (i.e., “envelop”)
most aleatory and epistemic uncertainties, including unexpected and extreme events possibly occurring in
the life of the system.

A final remark is in order. The solution to (9) entails the repeated evaluation of the mathematical model
y(a, e, t) (i.e., the likelihood estimation step based on N, samples) for every possible solution @ proposed
by the heuristic optimization tool during the search. As a consequence, the total number of model
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evaluations can easily reach tens/hundreds millions, which makes the proposed approach impractical also
in the presence of mathematical models that take even only few seconds/minutes to run. In such cases, two
main options can be considered within the parametric calibration framework proposed: i) employ
approximate versions of the likelihood function, based on stochastic distance metrics computed only on
few relevant statistics, e.g., means and/or quantiles [20, 21]; ii) replace the original (possibly long-running)
system model y(q, e, t) by a surrogate (cheaper-to-evaluate) regression model, able to reproduce functional
data (e.g., time series, like in the present case) [22, 23].

0.1

y(t)

-0.051

-0.1 1

0 1 2 Time ” 5 p S 05 0 pY, 05 1
Figure 1. Left: Bounds on the calibrated model output y(a, e, t) (blue dashed lines) against experimental data (red
solid lines). Right: calibration result in the SVD space projected on the basis pair (h'1, h"2)

3.2 Subproblem B: Uncertainty Reduction

The epistemic parameters should be ranked according to their ability to improve the predictive capability
of the computational model of the subsystem. In other words, as specified by the challengers, the epistemic
parameters leading to the largest reduction in the output’s spread should be identified. Two approaches
have been developed to address this task: the first is based on sensitivity analysis within a ‘factor
prioritization’ setting in analogy with variance-based Sobol’ indices (Section 3.2.1); the second relies on the
evaluation of the energy score, i.e., a multivariate generalization of the Continuous Rank Predictive Score
(CRPS), to measure the predictive capability of a stochastic computational model (Section 3.2.2).

3.2.1 Sensitivity Analysis in a ‘Factor Prioritization’ Setting

This approach is aimed at assessing how much less epistemic uncertainty the model output of interest
(resp., higher predictive capability) would have if extra knowledge about an input were available. This can
be done by comparing the epistemic uncertainty before and after ‘pinching’ an input, i.e., replacing it with
a value without (or with less) epistemic uncertainty. Quantifying this effect assesses the contribution by the
input epistemic uncertainty to the overall epistemic uncertainty in the output of interest [24, 25].

Let U, be an indicator of the ‘amount’ of epistemic uncertainty contained in the output of the
computational model y(a, e, t). The subscript ‘e’ suggests that indicator U, is computed over all the
(epistemic) input parameters e (and over the corresponding space of variation E). The indicator U, could be
obviously measured in different ways (e.g., straightforwardly by the overall variance of y). In this paper,
coherently with the approach presented in Section 3.1, the uncertainty in the subsystem model output y is
measured by the overall spread of y in the projected space defined by the orthonormal bases 3 = {v, k=1,
2, ..., ng(y)}. Such spread is here quantified by the volume G of the convex hull able to envelop the projections
of y(a, e, t) onto 3 (i.e., G, = U,). Obviously, the larger the volume of the convex hull, the larger the spread
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of the output y, i.e., the larger the (epistemic) uncertainty in y [11]. Notice that the computational burden
related to the calculation of the convex hull volume in ng = 10 dimensions may be prohibitive. Thus, the
strategy proposed in Ref. [11] is adopted: an approximation G’ to the volume G is obtained by projecting
the full ng-dimensional convex hull onto subspaces of lower dimensionality ng (ng << ng): the smaller ng,

the smaller the computational effort. In particular, (2‘?) = (120) = 45 2-dimensional projections of the full
B

10-dimensional convex hull are here employed, which reduces the computational time by more than two
orders of magnitude [11]. For example, the 10-dimensional hull is projected on the basis pairs (h";, h"2), (h",,
h's) and so on. The corresponding 2-dimensional volumes G i, i=1, 2, ..., 45, are computed and the overall
volume G is roughly approximated by zg‘jlg ;- Further details can be found in Ref. [11].

We want to assess - by means of a sensitivity index S;(Ue) - the effect that a refinement of the uncertainty
model of the generic epistemic input e; (i.e., a reduction in its epistemic uncertainty) has on the amount of
epistemic uncertainty U, of the model output. In order to address this issue, a sensitivity index is used in
analogy with variance-based Sobol” indices [10]. Imagine that we fix e; at a particular value e* in [e;, €;]. Let
Uelei = e*) be the resulting amount of epistemic uncertainty in y(a, e-, t), taken over all parameters a and e.
i and keeping parameter e; fixed at e;* (instead, all the other epistemic parameters e, are allowed to range
in their corresponding space of variation £,). We would imagine that having frozen one potential source of
epistemic uncertainty (e;), the resulting indicator Ue(e; = e*) will be lower than the corresponding total (or
unconditional) one U.. One could therefore conceive of using Ue(e; = e*) as a measure of the relative
importance of e;, reasoning that the smaller Ue(e; = e*), the greater the influence of e.. However, notice that
this approach makes the sensitivity measure dependent on the position of the point e* for each input
factor. Thus, we take the average of the measure Ue(e; = e/*) over all the possible points e* in [e;, €;], which
removes the dependence on e*. The resulting indicator is then written synthetically as E.[Ue(e;)] and
represents the expected amount of epistemic uncertainty contained in the output y when e; is fixed to a
constant value (i.e., when the amount of its epistemic uncertainty is reduced to zero). Obviously, the lower
EeilUe(e)], the more important e;: in other words, the most important parameter is the one which on
average, once fixed, causes the greatest reduction in the epistemic uncertainty of y. Finally, the sensitivity
Si(Ue) of the output y to the epistemic uncertainty of e; can be synthesized with an expression like
Si(Ue) =1— Eei[Ue(ei)]. (11)

Ue

Index (11) is an estimate of the value of additional empirical information about the input e; in terms of
the fractional reduction in epistemic uncertainty that might be achieved in y when the input parameter is
replaced by a better estimate obtained from future empirical study. This ‘pinching’ procedure can be
applied to each input quantity in turn and the results used to rank the inputs in terms of their sensitivities
(i.e., in terms of their capability of reducing the output spread).

In this paper, the sensitivity index Si(U.) (11) related to the generic parameter e; is straightforwardly
estimated as follows [10]:

1. letting e range within the entire space of variation E, propagate the mixed aleatory and epistemic
uncertainty from the inputs @ ~ foand e, respectively, to the output of interest y(a, e, t) and evaluate
the resulting (total, unconditional) amount of epistemic uncertainty U.

2. select (deterministically or stochastically) Ne values eX, k=1, 2, ..., Ne, of the epistemically uncertain
parameter e; under analysis within its interval of variation [e;, €;]. These N, realizations of epistemic
uncertainty ef, k =1, 2, ..., Ne, should be chosen in such a way to evenly cover the corresponding
interval [e;, e;]: in this paper, a sequence of 20 equally spaced points is adopted to this aim.

3. fixingthevalueofe;itoef, k=1, 2, ..., N, and letting all the other epistemically uncertain parameters
e, vary within £, propagate the mixed aleatory and epistemic uncertainty from the inputs a ~ fq
and e, to the output of interest y(a, e, t) and evaluate the resulting (conditional) amount of
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epistemic uncertainty Ue(e; = ef) = ge(ei = el-k) in y. The propagation of the mixed aleatory and
epistemic uncertainty is carried out with N, = 10000 samples.

=ek
4. estimate the index (11) as S;(U,) = 1 —1/N, 'ZZ21@~

The total number of model evaluations required by the method is thus Ng-Ne-n. (= 800000 in this case).
The approach provides a satisfactory global indication of the overall capability of the epistemic parameters
to reduce the output spread. However, it has two drawbacks: (i) being moment-dependent (i.e., variance-
based), it does not guarantee that after pinching one parameter, the predictive capability of the model
remains acceptable (e.g., that the mean is still matched or that the corresponding p-box still envelops the
observations); (ii) it provides no direct indication on which side of the interval to refine. The values obtained
for S(Ue) are shown in Table 1, together with the corresponding parameter ranking. The author’s choice is
to refine parameters e, and es: the importance of e, is more than ten times larger than the other
parameters; also, the importance of e; is twice larger than that of e1. The side of the interval to refine is
determined as the one leading to the largest contraction of the interval, while still including the MLEs: in
this case, the lower bound of e, should be increased, whereas the upper bound of e; should be reduced.

Variance-based Sensitivity Analysis — Factor Prioritization
Base Uncertainty Model UM-0(y) (after Subproblem A)
Parameter (MLEs) Si(Ue) Ranking
e1 (0.0704) 0.0125 3
e2 (0.5176) 0.1048 1
e3(0.0411) 0.0235 2
e4 (1.9059) 7.65-10°® 4

Table 1. Ranking of the capability of the e/’s to reduce the output spread obtained using UM-0(y)

3.2.2 The Energy Score (ES) as a multivariate generalization of the Continuous Rank Predictive
Score (CRPS)

The Continuous Rank Predictive Score (CRPS) is arguably the most versatile scoring rule for probabilistic
forecasts of a univariate scalar variable. It measures the distance between the CDF of the provided data
(i.e., realizations/measurements of the real system of interest) and the CDF of the forecast data, i.e., data
generated based on the predictive model. To assess probabilistic forecasts of a multivariate quantity (like
the one of interest in the present Challenge), the use of the Energy Score (ES) (computed in the orthonormal
space ) is proposed [12]. The idea is to rank the epistemic parameters according to their capability to
improve the predictive ability of the model (i.e., to decrease the ES), when their uncertainty is reduced.

Let D1 be the available dataset in the original measurement space and C1 = {cy,: i =1, 2, ..., n1 = 100} =
{ciie i=1,2, .., n =100, k=1, 2, ..., ng} the matrix containing the corresponding projections onto the
orthonormal space B. Let y'/(a, e, t),a ~ fo, e EE, g =1, 2, ..., Ns, be a collection of Ns randomly generated
realizations of the subsystem model, whose uncertainty is prescribed by the results of Subproblem A, and
H' ={h":q=1,2, .., N}={h"e:qg=1,2, .., Ny k=1, 2, ..., ngly)) the matrix containing corresponding
projections onto the orthonormal space 3. The evaluation of the predictive capability of model y(a, e, t)
(characterized by the UM a ~ f,, e € E) with respect to the generic projected datum ¢1,, i=1, 2, ..., n1 = 100,
is:

ES((fa ENr 1) = 3 Zqmallll — evll = 532 202, Zj, Il — Y| (12)

where | ||| is the Euclidean norm. It can be demonstrated that if the number ng of dimensions equals 1,
then Eqg. (12) reduces to the well-known CRPS [26]. Also, it is straightforward to notice that the smaller (12),
the smaller the average distance between the (projected) model predictions h¥y and the (projected) datum
c1), i.e., the better the predictive capability of the model.

11



To have a global measure of the overall predictive capability of the model, an average of (12) over the
entire dataset Ci is carried out:

ES(fa E)) = - 221 ES((fa ED, €1,). (13)

To assess the capability of the epistemic parameters e to improve the predictive ability of the model (i.e.,
to decrease the ES, when their epistemic uncertainty is reduced), a procedure similar to that outlined in the
previous Section 3.2.1 is adopted. Each e; is fixed at different values ef, k=1, 2, ..., Ne = 20, within its range
of variation [e;, e;]. In correspondence of each e/ a (conditional) value of the ES is computed as
ES((fa, E_jle; = el-k )) according to (12) (for the sake of compact notation, let the conditional Energy Score
ES((fa,E_i|el~ = el-k )) be indicated as ES(el- = eik) = ES(e;). In this paper, the evaluation of (13) is
obtained by resorting to Ns = 10000 randomly generated realizations of the subsystem model (for each
epistemic value ef). Then, the parameter characterized by the highest ability to improve the predictive
capability of the computational model is the one with the minimum value of ES(e;) = ES(el- = el-k)
computed over its range [e;, €;]. In this view, the corresponding sensitivity indicator S{(£S) is computed as
the ratio between the minimum ES obtained for the “reduced” epistemic model, i.e., n;iin{ES(el-)}, and the

ES associated to the full epistemic model ES({fg, E)):
min{ES(e;)}
ES({fa.E))

Obviously, the smaller (14), the higher the capability of e; of improving the predictive capability of the
model. The total number of model evaluations required by the method is Ns-Ne:n. (= 800000 in this paper).

The evolution of quantity ES(e;) = ES(el- = el-k), i =1, 2, 3, 4, obtained using UM-0(y) (i.e., after
Subproblem A) is shown in Figure 2 for different (fixed) values of the epistemic parameters (normalized
between 0 and 1 for the sake of illustration). As for the previous approach, the author’s choice is to refine
parameters e, and es. The side of the epistemic interval to refine is determined as the one leading to the
largest contraction of the interval, while including the point value leading to the minimum ES: coherently
with the sensitivity-based approach, the lower bound of e; should be increased, whereas the upper bound
of e; should be reduced. The refined epistemic intervals provided by the Challengers are e, = [0.4064,
0.7664] and e3 = [0.0330, 0.3330] and the corresponding resulting uncertainty model is denoted as E;. The
updated epistemic box E € £; is then selected as £ = [eq,e1] X [e5,€,] x [e3,€3] X [e4,€4] = [0, 0.3719] x
[0.4064, 0.7664] x [0.0330, 0.3330] x [0, 2]. Let us denote this first refined uncertainty model as UM-1(y).

In passing, notice that the value ES(UM-1(y)) of the energy score for the full uncertainty model UM-1(y)
is 21.28, whereas the ES of UM-0(y) (i.e., the initial not refined model) turns out to be 22.49, meaning that

the refinement has led to an improvement in the predictive capability of the 5.38%.
1.2 : : ; ,

Si(ES) = (14)

0.9 ; ' ' '
0 0.2 04 €, 06 0.8 1

Figure 2. Conditional Energy Score ES(e;) = ES(el- = e%‘) obtained using UM-0(y)
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3.3 Subproblem C: Reliability Analysis of the Baseline Design

The objective is the evaluation of the (epistemic) range Ri(@) of the failure probability Plgi(a, e, @) = O]
(15) for each individual stability requirement gj, i = 1, ..., ng = 3, given the baseline system design @ = @pgse.
Also, it is requested to calculate the range R(@) of the failure probability Plw(a, e, @) > 0] (16) for all
requirements:

R;(6) = [renEiEP[gi(a, €,6) > 0], maxPlg;(ae,0) > O]], i=1,..,ny=3 (15)
R(O) = [reneigP[w(a, e,6) = 0], max P[w(a,e,0) > O]], (16)

where 0 = B4g. These problems are addressed by an efficient combination of: (i) GAs to deeply search
the epistemic space E and solve the optimization problems related to the propagation of epistemic
uncertainty by interval analysis; (ii) MCS to propagate aleatory uncertainty and estimate the failure
probabilities; and (iii) fast-running regression models to reduce the computational time related to the
repeated model evaluations required by uncertainty propagation [10].

GAs are run for Ngen = 200 generations with a population of Ny = 100 individuals; also, N, = 100000
random samples are used to estimate the failure probabilities by MCS. The regression model is constructed
on the basis of a finite set Dy, of Ny data representing examples of the input/output nonlinear relationships
underlying the original system model. The generation of this data set Dy, entails running the original system
mathematical model g;(a, e, 8) a predetermined number of times Ny for specified values {(a:, e:) t = 1, 2,
..., N7} of the input variables (a, e) and collecting the corresponding values {g:: t =1, 2, ..., Ny} of the outputs
g={gi0=1, .., ng=3}of interest. Then, statistical techniques (for example, regression error minimization
procedures) are employed for calibrating/adapting the internal parameters/coefficients of the regression
model to fit the input/output data Dy = {(as, e, gi): t =1, 2, ..., Ny} generated in the previous step and to
capture the underlying (possibly nonlinear and non-monotonic) relationship. Once built, the meta-model
can be used for performing, in an acceptable computational time, the numerous repeated evaluations
needed for an accurate estimation of the probability ranges above.

In this work, a four-layered feed-forward Artificial Neural Network (ANN) regression model is considered
[27]. From a mathematical viewpoint, ANNs consist of a set of nonlinear (e.g., sigmoidal) basis functions
with adaptable parameters that are adjusted by a process of training (on many different input/output data
examples), i.e., an iterative process of regression error minimization. ANNs have been demonstrated to be
universal approximants of continuous nonlinear functions (under mild mathematical conditions) [28], i.e.,
in principle, an ANN model with a properly selected architecture can be a consistent estimator of any
continuous nonlinear function. Further details about ANN regression models are not reported here for
brevity; the interested reader may refer to the cited references and the copious literature in the field. Notice
that the recommendation of using ANN regression models is mainly based on (i) theoretical considerations
about the (mathematically) demonstrated capability of ANN regression models of being universal
approximants of continuous nonlinear functions [28] and (ii) the experience of the authors’ in the use of
ANN regression models for propagating the uncertainties through model codes of safety systems [14].

We train four ANN regression models (one for each stability requirement and one for the worst-case
performance metric) using a set of input/output data examples of size Niqin = 150000. A Latin Hypercube
Sample (LHS) of the inputs is drawn to give the vectors (a, ), t = 1, 2, ...., Ni. Then, the original model
gi(a, e, 0) is evaluated on the inputs (a, e);, t = 1, 2, ..., Ny, to obtain the corresponding outputs g: =
g(a,e 0),t=1,2, .., Ny and build the data sets Dy.g = {(as, e, gr): t =1, 2, ..., Ny and Dew = {(@r, €, W): t =
1, 2, ..., N¢}. Finally, the adjustable internal parameters of the ANN regression model are calibrated to fit the
generated data: in particular, the common error back-propagation algorithm is implemented to train the
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ANN. In the present case study, the number of inputs to each ANN regression model is equal to njm, = na +
ne=5+4=9 (i.e., the number of aleatory and epistemic variables), whereas the number of outputs is equal
to nout = 1 (i.e., one ANN is built for each requirement). The number of nodes ny in the two hidden layers
has been set equal to 50 by trial and error. Validation data sets Dy g = {(as, €1, gi): t =1, 2, ..., Nvar = 40000}
and Dvarw = {(ar, €, we): t =1, 2, ..., Ny = 40000} (different from the training sets Diin) are used to monitor
the accuracy of the ANN model during the training procedure and to stop it in case of overfitting. The time
needed to train the ANN is approximately 5 hours on an Intel(R) Xeon(R) E5-2637 v3 CPU@3.50GHz. For a
realistic measure of the ANN model accuracy, the widely adopted coefficient of determination R? and the
RMSE are computed for each output {gi: i =1, 2, ..., ng = 3} on new data sets Diestq = {(ar, €1, g): t =1, 2, ...,
Niest} and Drestw = {(ar, €, wi): t =1, 2, ..., Niest} OF size Niesr = 20000, not used during training. The values of R?
associated to the final estimates of each output {g;: / =1, 2, ..., ng = 3} and of the worst-case requirement
metric w of interest, computed on the test set Dt are: 0.9976, 0.9968, 0.9972 and 0.9901; the RMSEs are
0.0013, 0.0051, 0.0013 and 0.0122, respectively. The large values of R? (i.e., larger than 0.99), and the small
values of the RMSEs lead us to assert that the accuracy of the ANN model can be considered satisfactory
for the needs of capturing the global behavior of the highly nonlinear and non-monotonic functions
gi(a,e, 8) and w(a, e, @) and, thus, of estimating the corresponding failure probabilities. Notice that the
use of a dedicated ANN for w(a, e, ) is not strictly necessary: the maximum of the outputs of the ANNs
built for the three g/s could be actually used. However, our choice was motivated by the advantage of
directly training an ANN using real model outputs, instead of possibly cumulating regression errors coming
from three different (approximate) surrogate models.

In order to validate a posteriori the results obtained using the ANN meta-model in the optimization
search relying on the first refined uncertainty model UM-1(y), the optimal (epistemic) vectors e thereby
found are sent in input to the real system models and the corresponding intervals R{@) and R(0) are
calculated using N, = 500000 aleatory samples drawn from the calibrated f, = £,¢M (a|@ME). Finally, in
order to take into account the statistical variability in the failure probability estimates (obtained by plain
random sampling), the upper and lower bounds of the corresponding intervals are ‘extended’ above and
below, respectively, of an amount equal to two standard deviations: the final ‘conservative’ estimates are
reported in Table 2. For the baseline design (@ = Op4se) the requirement violated with the highest probability
is g, i.e., the one related to the settling time (its upper bound is 0.2980). The same way of proceeding and
the same approaches are adopted for the estimation of the severity s(@) of each individual requirement
violation (defined as the expected value of each requirement g; conditional to failure):

5:(8) = maxElg;(a, e, 6)|gi(a,e,6) = 0] - Plg;(a,€,6) 2 0], i=1, .., n, =3 (17)
e

The corresponding values are also reported in Table 2: for the baseline design (@ = Bpese) the requirement
presenting the most severe violation is g3, i.e., the one related to energy consumption (s3(@pgse) = 0.0823).

The epistemic parameters e are then ranked according to the reduction in the length L[R(0)] of R(@) that
might result from their refinement. As before, each e; is fixed at different values ef, k =1, 2, ..., Ne = 20,
within its range of variation [e;, e;]. In correspondence of each e/ the length L[R(8|e; = ef)] of the worst-
case failure probability range is computed (for the sake of compact notation, let L[R(@ | e; = e/)] be indicated
as L[R(Gei)]). The corresponding sensitivity indicator Si(L) for parameter e; is then computed as:

Eei[L[R(6]e))]]

S =1-—Rrer

(18)
quantifying the expected fractional contraction in R(0) that would result from a refinement in e;. The

values obtained for Si(L) are shown in Table 3, together with the corresponding epistemic parameter

ranking.
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First Refined Uncertainty Model (UM-1(y), after Subproblem B)

Design | R1(0) R2(0) R3(0) R(6) 51(0) 52(0) 53(0)
Obpase [0.0577,0.1459] [0.0680, 0.2980] [0.0548, 0.0827] [0.1377,0.3318] 0.02103 0.00247 0.0823
Onew [0, 3.0404-107] [0.0134, 0.0617] [0.0018, 0.0267] [0.0155, 0.0629] 3.6636-107 1.9851-10* 0.0058
Final Refined Uncertainty Model (UM-final(yz), after Subproblem E)
Design | R1(0) R2(0) R3(6) R(6) 51(0) 52(0) s3(0)
Obpase [0.1429, 0.1954] [0.1441, 0.1771] [0.1224, 0.1393] [0.2578, 0.2950] 0.0335 0.0026 0.1458
Onew [2.522:10%, 1.559-10%] [0.0479, 0.0820] [0.0029, 0.0220] [0.0487, 0.0821] 4.4809-10°° 3.6637-10* 0.0023
Ofinai [1.6010-10*, 0.0039] [0.0246, 0.0527] [0.0091, 0.0168] [0.0280, 0.0540] 7.3870-10° 1.2187-10* 0.0028

Table 2. Reliability metrics Ri(8), R(8) and si(8), i = 1, 2, ng = 3, for different designs 6 and UMs

Epistemic parameters importance: Si{L) (Ranking)

Uncertainty Models-UMs

Parameter | First Refined UM (UM-1(y)), Obase | First Refined UM (UM-1(y)), @new | Final Refined UM (UM-final(yz)), Ofinai
e 0.4726 (2) 0.3465 (2) 0.1506 (3)
e 0.6084 (1) 0.3558 (1) 0.0502 (4)
es 0.2725 (3) 0.3209 (3) 0.4477 (1)
ey 0.0809 (4) 0.1326 (4) 0.3724 (2)

Table 3. Ranking of the epistemic parameters according to their ability in reducing the length of R(6),
for different design configurations @ and uncertainty models

3.4 Subproblem D: Reliability-Based Design

The objective is to identify a new design point B.ew to improve the system’s reliability. The optimality
criterion here chosen is that of a robust design, i.e., we seek to minimize the (epistemic) upper bound of the
failure probability for the worst-case performance function w(a, e, 9):

0w = argmein {rgl&xP[w(a, e0) > 0]}. (19)

This choice is motivated by the fact that the resulting design should be able to properly withstand all the
aleatory and epistemic uncertainties, including unexpected events possibly occurring in the life of the
system. The main drawback is that such design may be penalized by extreme (typically very unlikely) events
(worst-case scenarios) and by outliers, which may lead to an over-conservatism (and, in practice, to
excessive costs).

Since the design variables can range over the entire real axis, the following iterative optimization
algorithm is implemented to find @pew [15]:

ecurr

1. Setthe current value of the system design as G541y = Opgse-
curr

2. Define a (local) optimization search space [Q, 5] as a hypercube centered around 85%,, whose
sides has a length which is a fraction of the absolute value of the current design: in details,
[Q,a] =047 + k- |05, with k typically equal to 0.2-0.5. The value of k is progressively
reduced as the iterations proceed and the convergence to the optimum is attained.

3. Toreduce the computational cost due to the numerous model evaluations required by the (two-
level) optimization problem (19), a surrogate regression model is used. In this case, an ANN is
trained on the (local) optimization search space [Q, 5] to reproduce the relationship between
the (eighteen-dimensional) input space, made of the aleatory (a € R>), epistemic (e € R*) and
design (@ € R°) variables, and the one-dimensional worst-case performance function
w(a, e, 8). The behavior of w(a, e, 8) in the space of the design variables 0 is stepwise, abrupt,
highly nonlinear, and strongly non-monotonic, which makes ANN training difficult. Very large-
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sized training, validation and test sets Dy = {(ay, et, O, wr): t =1, 2, ..., Ny = 600000}, Dvor = {(a, €,
O, wi):t=1,2, ..., Ny =200000} and Diest = {(at, €1, Ot, We): t=1, 2, ..., Niest = 100000}, respectively,
are employed to build a four-layered ANN with 18 inputs, one output and 54 neurons for each
of the two hidden layers. In this configuration the training of an ANN may last up to 10 hours on
an Intel(R) Xeon(R) E5-2637 v3 CPU@3.50GHz. An additional consideration is in order. The
estimation of the worst-case failure probability requires the ANN to be able to accurately
discriminate between safe and failed system configurations. Such failure probability becomes
smaller and smaller as the iterations of the algorithm proceed: thus, the relative impact of ANN
regression errors may become more and more important, making the design optimization
search less effective. This issue is addressed at each iteration by generating training, validation
and test sets that lie preferably across the system failure threshold (i.e., where w(a, e, 8) = 0):
by so doing, the ANN becomes more and more specialized in mimicking these system
configurations, thus providing very accurate predictions around the failure limit, at the expense
of less satisfactory estimations in less interesting (i.e., safe) regions of the design space. The
principle is inspired by Ref. [29], but it is practically implemented according to a different (less
rigorous) empirical procedure: i) around 33% of the total (N + Nua + Neesr) = 900000 training,
validation and test patterns are obtained by uniformly sampling A,, E and [Q,E],‘ ii) the
generated patterns are sorted according to the corresponding values of the worst-case
performance function; iii) the failure points (and, in general, those system configurations
characterized by comparatively high values of w(a, e, @) close to the failure threshold) are
selected as “seeds” to start a sort of Markov chain and produce the remaining (64%) patterns;
iv) a local search is performed to produce chains of system configurations (a, e, @) by sampling
uniform (proposal) distributions iteratively centered on the elements of the chains, and with
interval length equal to twice the sample standard deviation of the seeds identified above.

Use GAs and the trained ANN to find an (approximate) updated optimal design point, i.e.,
ezgff”ed = argarerié%] {rggg{P[w(a, e0) > O]}. As before, the adoption of global, gradient-
free heuristic optimization tools is motivated by the abrupt and high-dimensional nature of the
(design and epistemic) search spaces. The number N, of aleatory samples drawn for probability
estimation is 100000; the size Npo of the GA populations used to explore the design and
epistemic spaces is 100 and 20, respectively; finally, the number of GA generations Ngen is set to

150 and 25 for the design and epistemic searches, respectively.
updated

The solution 0%, thereby identified is checked: if at least one of the design variables lies at
the boundary of the (local) search space [Q,a] (i.e., if Bfrfg‘;ted =0, or Bffgvgwd = 51-, for at

leastonei=1, 2, .., 9), then the iterative algorithm continues: set 854, = e’;iﬁ“wd and go to

step 2. Otherwise, the algorithm is stopped: go to step 6.

Set the final new design 0, = ez’gﬁ“ted

The new design vector resulting from the optimization after 8 iterations is 8,,,,. The corresponding
reliability metrics Ri(@), R(0) and si(8), i = 1, 2, ny = 3 obtained with 8,,,,, and UM-1(y) are reported in Table
2. It can be observed a considerable reduction in the upper bound of the system failure probabilities and a
substantial improvement in the requirement violation severity. R1 is reduced by four orders of magnitude,
while Rz, Rz and R are reduced by factors 3.1-5.3. Notice that the most important contributor to system
failure is still g,. The severity of the violations has been reduced by 4 orders of magnitude for g1 and by
about 1 order of magnitude for g and gs. Again, the highest violation severity is for requirement gs. The
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epistemic parameter ranking (Table 3) is the same as that of 8y,,.. However, the indicators S(L) for e1, e;
and es have now a comparable magnitude.

Finally, to highlight the relevance of the use of ANNs, the design optimization process (19) is repeated
using only the original system model. Notice however that the use of the real model with the same
parameter settings as those specified at step 4. above would obviously lead to an impracticable effort. To
carry out a relatively fair comparison, at each iteration of the algorithm the total number of system model/
evaluations and the overall computational time are kept larger than or equal to those resulting from the
ANN-based procedure (i.e., Ny + Nyg + Neest = 900000 and 10 hours on average for ANN training,
respectively). To this aim, the algorithm parameters are adjusted as follows: i) the total number of iterations
is fixed to 8 (i.e., the value resulting from the iterative procedure described); ii) Ny = 250 aleatory samples
a are drawn for each vector e of the epistemic parameters; iii) the epistemic space E is explored by N, = 100
vectors e (including the vertices of the box E) for each design solution @ proposed by the GA; finally, iv) the
GA searches the design space evolving Nyo, = 20 individuals for a maximum number of generations equal to
Ngen = 20. Notice that the maximum number of model evaluations with such settings is 107 (larger than
900000); also, the average computational time per iteration results to be 13.1 hours (i.e., larger than the 10
hours approximately needed for ANN training). The optimized upper bound of R(@,.,) turns out to be
0.1145: in spite of the larger number of model evaluations (by a factor 11) and of the higher computational
cost (by a factor 1.3), the design performance is worse almost by a factor 2 (i.e., 0.1145 versus 0.0629). This
confirms the advantage of using ANNs for reliability-based design optimization in the presence of both
aleatory and epistemic uncertainties (and of computationally intensive models).

3.5 Subproblem E: Model Update and Design Tuning

Upon finding a new design point .y, Subproblem E requires performing a final improvement to the UM
and design. After providing 8.y to the Challenge hosts, n, = 100 realizations of the responses z(t) and z,(t)

from the integrated system has been provided for calibration (dataset D, = {zl(l)(t),zél) ®})i=1,2,.,m=
100). Using the same procedure based on SVD of Section 3.1, the dataset D, is projected onto an
orthonormal basis to obtain the coefficients/projections C,. The € = 99% of the total variance of the dataset
is retained in the SVD process, which results in ng(z1) = 14 bases for z1(t) and ns(z2) = 4 bases for z,(t). Kernel
Density Estimation (KDE) is then employed to fit the likelihood LZIZI(C‘ZVD) of the data in an SVD space of
ns(z1) + ns(z2) = 17 dimensions. Since datasets D; and D (resp., C1 and C; in the SVD space) are generated
independently, the overall likelihood LZ%(CI,CZW) of the entire set of n1 + ny = 200 realizations is
obtained as Lzﬂy/’(61|d>)~ LZI‘EI(C2|¢) and employed in the two-step MLE-base algorithm of Section 3.1 to
update the UM (step (E.2) of the Challenge). Notice that in this update the epistemic space E remains fixed
to E = [e1,e1] x [e3, €3] x [e3,e3] x [e4,€4] = [0, 0.3719] x [0.4064, 0.7664] x [0.0330, 0.3330] x [0, 2]. The
resulting change in the (aleatory) UM f,°™ is also minor and is not pictorially shown due to space limitations.
Let us denote this uncertainty model as UM-1(yz). It is worth noting that the predictive capability (Energy
Score-ES) of the resulting UM-1(yz) is 21.48 with respect to dataset D, (i.e., almost the same as UM-1(y));
also, the ES of UM-1(yz) with respect to dataset D, is 30.47 (notice that the ES of the previous UM-1(y)
tested on dataset D, is 31.89).

The sensitivity analysis methods proposed in Section 3.2 are applied to request two additional parameter
refinements for E. Based on the results reported in Table 4 (variance-base sensitivity analysis) and Figure 3
(conditional Energy Score), a reduction in the upper bound of e; and e, is requested. The refined epistemic
intervals provided by the Challengers are e; = [0.5240, 0.9240] and e, = [0.4873, 0.5449]: the corresponding
epistemic space is denoted as E.

| | Variance-based Sensitivity Analysis — Factor Prioritization |
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Second Refined Uncertainty Model (UM-1(yz), after Subproblem Task E.2)

Parameter (MLEs) Si(Ue) Ranking

e1(0.1233) 2.38-10°3 2

e> (0.5035) 4581073 1

e3(0.3204) 8.60-10* 3

e4(1.6287) 1.12:10° 4

Table 4. Ranking of the capability of the ei’s to reduce the output spread, obtained using UM-1(yz)
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Figure 3. Conditional Energy Score ES(e;) = ES(e,- = eg‘), obtained using UM-1(yz)

It is evident that the range of e; does not even overlap with the one resulting from the calibration of
Subproblem A and from the corresponding update of step (E.2). The two-step calibration process of Section
3.1 is repeated in the light of this new information to obtain the final UM, denoted as UM-final(yz). Figure
4 shows the result of Step 1 of the calibration process: the marginal PDFs (histograms) of a;, i =1, 2, ..., 5,
are plotted together with the two-dimensional projections of the joint (five-dimensional) PDF
fa Finai(@l @ finar) for pairs (a, a). The final uncertainty model (hyper-rectangle) Esna = [e1, 1] X [€3, €3] X
les, €3] x [e4, €4] for the epistemic parameters e chosen according to Step 2 of the calibration algorithm is
modified as follows: e, e1] = [0.5240, 0.7202], [e,, e;] = [0.4873, 0.5449], [e3, e3] = [0.0330, 0.3330] and
les, €4] = [0, 2] (i.e., the width of the interval of e; has been further reduced).

0

1 2 0 g51 2

Figure 4. Final Calibrated aleatory model fg ¢t a1 (@l 9% finat)
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Figure 5 shows the calibrated model output z(a, e, Orew, t) against the data provided D, = {zl(l) (), Zél) ()3
i=1,2,..,n=100). We report the time series observations (red solid lines) along with the upper and lower
bounds (blue dashed lines) resulting from the propagation through the model functions zi(a, e, @new, t) (left)
and z3(a, e, @new, t) (right) of 500000 configurations (aj, e), i = 1, 2, ..., 500000 (i.e., Ng = 2000 aleatory
samples for N. = 250 epistemic vectors, including the vertices of the box E). Also, the overall mean of the
calibrated output (averaged over the final aleatory PDF fif],,i(@l@g finar) and over the final epistemic
space E) is shown as black crosses. It can be seen that the calibrated model envelops the data provided at
most time instants; however, it is also evident the over-conservatism in the assessment of the epistemic
uncertainty.

0.1

0.05

-0.05

-0.1

0 1 2 Time [s] 3 4 5 0 1 2 Time [s]é ;1 5
Figure 5. Bounds on the calibrated model output zi(a, e, @rew, t) (left) and za(a, €, Brew, t) (right) (blue
dashed lines) against experimental data (red solid lines)

It very important to notice that the resulting final model UM-final(yz) shows a comparatively satisfactory
predictive capability with respect to dataset D,: the ES is equal to 28.01, which means an improvement of
8.07% with respect to UM-1(yz). However, it presents a poor performance with respect to dataset Di: the
corresponding ES is 24.27, which is far larger than that of UM-1(yz) (in particular, the corresponding
predictive capability decreases of about 13%). This may be due to the combination of two factors: (i) the
proposed parametric aleatory model based on Gaussian Mixtures largely fails to capture the relationships
and complex dependences between variables a; (i) non-negligible discrepancies (i.e., differences between
model outputs and observation data) may affect the computational models of the subsystem and of the
integrated system provided by the Challengers. The issue of discrepancy is not addressed in this work.

For the sake of comparison, the energy scores quantifying the predictive capability of all the different
generated UMs on the two datasets D, and D, are summarized in Table 5 (notice that obviously these figures
are not suitable to quantify the absolute performance of the models). It can be seen a progressive
improvement of the UMs with respect to the data coming from the integrated system, while a worsening is
registered with respect to the observations from the subsystem.

Energy Scores (ES) — Predictive capability
Uncertainty models Dataset D1 Dataset D
UM-0(y) (initial) 22.49 /
UM-1(y) (after Subproblem B) 21.28 31.89
UM-1(yz) (after Subtask E.2) 21.48 30.47
UM-final(yz) (final, after subtask E.4) 24.27 28.01
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Table 5. Energy Scores (predictive capabilities) of the different UMs

In the light of these results, the following strategy is implemented. Since the performance of UM-final(yz)
with respect to D, (integrated system) is comparatively acceptable, the remaining tasks of the Challenge are
addressed with the identified final UM. Actually, since all the performance metrics (i.e., failure probabilities
and violation severities) are based on the model of the integrated system z(a, e, 0, t), the results obtained
in the following tasks may be meaningful (even in the presence of a globally unsatisfactory UM).

The UM-final(yz) (fa(f%nal(akp%}fna,),Efl-nal) is used within the robust design optimization approach of
Section 3.4 to obtain the final design By The corresponding reliability metrics are reported in Table 2.
There is a strong reduction in the upper bound of R1(0) (by 2-3 orders of magnitude) with respect to the
baseline design Bpgs.. Also, the upper bounds of R,(@), R3(8) and R(0) are reduced by factors 3.4-8.3, while
the violation severities s{8) are reduced by factors 450 (g1), 21 (g2) and 52 (gs) with respect to Opgse. Finally,
from the ranking of Table 3 there is radical change in the importance of the parameters, mainly due to the
final refinement in the UM: in particular, es and es are now the most effective in reducing the epistemic
uncertainty of the worst-case failure probability R(0).

3.6 Subproblem F: Risk-Based Design

In this subproblem we seek a design point that accounts for most of the final epistemic space Efina. A
portion corresponding to the r% of the volume of Egne has to be neglected, where r ranges in [0, 100) and
is called risk. In practice, by reducing the epistemic space (i.e., by neglecting a portion of it) we are accepting
that some (future) system’s configurations (i.e., scenarios) may fall outside such a set, i.e., we are increasing
the risk that the system is not able to withstand such “outliers”. However, if this risk is relatively small and
the epistemic volume to be neglected is optimally chosen, this practice might be advantageous. For
example, a design based upon an epistemic box enclosing 95% of the scenarios may show better overall
performance (e.g., smaller failure probability) than one enclosing 100% [16].

Let V(Efinar) be the volume of the final epistemic box; Esinar(r) the final epistemic space where the r% of its
volume has been neglected; V(Esna(r)) the volume of the reduced epistemic space. Coherently with the
approach of Section 3.4, the metric proposed to quantify the gain /(r, @) resulting from taking the risk r (and
pertaining to the improved performance of the retained (100 — r)% of the epistemic space) is based on the
upper bound of the worst-case failure probability R(@). In particular, /(r, @) evaluates the relative decrease
that we obtain in the epistemic upper bound of the overall system failure probability thanks to the reduction
in the volume of the epistemic space:

max P[w(ae0)=20]- max _P[w(ae08)=0]

e€E¢; €E finq1(M)
_ final €€Efinal
I(r,0) = max P[w(ae,0)20] (20)
e€L final

The portion of the epistemic space to be ignored is chosen according to the following criteria:

a) The neglected portion should be characterized by comparatively small likelihood, i.e., the
“scenarios” left out should have a low probability of occurring in the future;

b) The neglected portion should be obtained by “manipulating” those epistemic parameters that
have the strongest impact on the (epistemic uncertainty of) the performance of the system (i.e.,
in its reliability/failure probability): in that case, even small variations in the bounds of one
epistemic parameter are expected to have an important effect on (i.e., improvement in) the
overall performance of the system (i.e., on the performance gain (20));

c) To obtain the best possible reduction of the epistemic space, the variations in the epistemic
parameter bounds should be themselves optimized during the gain optimization process.
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The practical impact (and the corresponding implementation) of the criteria above is given in what

follows. Figure 6 shows four one-dimensional projections of the overall likelihood LZ%(Cl,Cﬂe,(p =
HZ

evident that according to criterion a) above, we would like to reduce the volume of epistemic space by
decreasing the upper bound of e; and/or increasing the lower bounds of e,, e3 and es (i.e., by removing the
portions characterized by the smaller “likelihood mass”). In addition, it is evident from the last column of
Table 3 (reporting the epistemic ranking obtained in correspondence of e With the final uncertainty
model UM-final(yz)) that the parameters having the largest impact on the epistemic uncertainty of the
system failure probability are es and es. Finally, the sensitivity analysis reported in Figure 7 (showing the
variation of the upper bound of R(Bjina) obtained by fixing the epistemic parameters at some values in their
ranges) demonstrates that an increase in the lower bounds of es and e, leads to a considerable reduction in
the upper bound of the system failure probability, whereas the effect of e1 and e; is less evident. Based on
these considerations, we decide to reduce the volume of the epistemic space by optimally manipulating (in
particular, increasing) only the position of the lower bounds of es and es. In practice, the lower bounds e3
and e, are optimized together with the design variables @ in the gain I(r, @) maximization process:

(py_}fnal) = L%%(Cﬂe,(p = (pf#ﬁml) LGM(CZ|e,(p = (pﬁ"_}fnal (one for each epistemic parameter). It is

pcmax P[w(a,e,0)=0]- eEmax P[w(a,e,0)=0]
[ l e i T
max {{(r, 8)} = max {— 22 Lol (21)
€3,64,0 €3,€4,0 max Pl[w(a,e,0)=0]
- - e€Efinal

The optimization problem (21) is solved by means of GAs under the following (hard) inequality constraint
that defines the risk-based design: V(Efinal(r)) = V(Efinar):[(100 — r)%] (i.e., the solutions which do not respect
the risk-based requirement are discarded during the optimization search).
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Figure 6. One-dimensional projections of the overall likelihood L(I’:ﬁ’z (Cl, Cyle, o = qﬂ,;{}fna,) asa

function of each epistemic parameter e; (top, left), e, (top, right), es (bottom, left) and e4 (bottom, right)
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Figure 7. Variation of the upper bound of R(@sina) 0btained by fixing the epistemic parameters e, e, es
and eq at some values in their range (normalized between 0 and 1 for the sake of illustration)

For 7 = 5%, the design point Bz, gisk resulting from the optimization (21) is obtained. The corresponding
performance metrics are compared to those of 85,4, in Table 6, for both the full and the reduced epistemic
spaces Efings and Efingl(T). For the full epistemic space, the upper bound of R(Bfna) is 0.0540, whereas that of
R(@7o,risk) is 0.0520: thus, the gain in performance is 3.7%. For the optimally reduced epistemic space, the
upper bound of R(@ina) is 0.0533, whereas that of R(Bpe,risk) is 0.0505: in this case, the gain in performance
is 5.25% (i.e., slightly larger than the fractional reduction in the volume). Overall, moving from the initial
configuration (characterized by e and Efingr) to the risk-based configuration (characterized by @7, gisk and
Efinai(T)), we reduce the upper bound of R(@) from 0.0540 to 0.0505, with a gain in performance of 6.48%.

Finally, in Figure 8 we compare the gains l(r, Gﬁnal) (blue dashed line) and I(r, @49, risk) (dotted red
line) for different values of r = 0.05, 0.5, 1, ..., 10. The black solid line indicates those points where the risk
taken is equal to the gain. Notice that in determining the gain for each r, the reduced epistemic space Efinar(r)
(i.e., the lower bounds of e; and ea) is again optimized. The gain increases almost linearly with the risk (no
optimal value is identified). However, we can consider advantageous to accept a risk-based design, when
the percentage gain is larger than the corresponding risk. In this case, for 8,4, acceptable risk values range
between 0.05% and 0.5%, whereas for B;q,gisk they lie between 0.05% and 2-3%.

Risk-based Design

Final Refined Uncertainty Model (UM-final(yz), after Subproblem E) — Full Epistemic space Efinal

Design | R1(0) R2(0) R3(0) R(6) 51(0) 52(0) 53(0)

Osinal [1.6010-10%, 0.0039] [0.0246, 0.0527] [0.0091, 0.0168] [0.0280, 0.0540] 7.3870-10° 1.2187-10* 0.0028

Oz, Risk [1.9025-10*, 0.0068] [0.0248, 0.0501] [0.0079, 0.0149] [0.0287, 0.0520] 8.5161-10° 1.1091-10* 0.0023
Final Refined Uncertainty Model (after Subproblem E) — Reduced Epistemic space Efinai(7)

Design | R1(0) R2(0) R3(0) R(6) 51(0) 52(0) 53(0)

Osinal [1.6010-10* 0.0039] [0.0246, 0.0517] [0.0091, 0.0167] [0.0280, 0.0533] 7.1389-10° 1.1821-10* 0.0028

Oz pisk [1.9210-10% 0.0075] [0.0248, 0.0485] [0.0079, 0.0149] [0.0280, 0.0505] 8.3659-10° 1.0613-10* 0.0025

Table 6. Performances of @zy,gisk and Opinq for the full and reduced epistemic spaces Efinai and Eginal(T)
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Figure 8. Gain l(r, Gfl-nal) (blue dashed line) and I(r, Ooypisk) (dotted red line) for different values of r

4 Conclusions

In this paper, we have addressed the NASA Langley Uncertainty Quantification Challenge on
Optimization under Uncertainty. We have proposed an efficient combination of methods to tackle the
diverse issues posed by the Challenge:

SVD to perform dimensionality reduction in the presence of high-dimensional (time series) data;
a two-step MLE-based method relying on GMs for the calibration of multivariate probability
distributions and interval sets;

KDE for the construction of (very high-dimensional) non-parametric likelihood functions;
Variance-based sensitivity analysis and the ES for uncertainty reduction and model refinement;
Flexible sampling-based strategies (MCS) for the propagation of aleatory uncertainty;

GAs as heuristic tools for solving complex, nonlinear optimization problems in the presence of
abrupt, disconnected, stepwise search spaces;

ANN metamodels for reducing the computational cost associated to uncertainty propagation
and (iterative) robust design optimization.

The following issues and findings have emerged with respect to the proposed methods:

Although flexible, sampling-based strategies are extremely computationally intensive, which can
make optimization impracticable in the presence of both aleatory and epistemic uncertainties;
Metamodel errors should be carefully controlled, in particular when they are employed for
estimating small failure probabilities and/or for mapping high-dimensional spaces;

Parametric probabilistic models likely fail to capture complex nonlinear dependences between
aleatory variables;

Robust designs may perform satisfactorily even in the presence of poorly calibrated models. On
the other hand, they may be overly conservative (i.e., driven only by “outliers” and worst-case
scenarios characterized by severe consequences but negligible likelihood).

Several issues and approaches are worth investigation in the future:

Non-sampling strategies (e.g., bounding methods) [30, 31] could be adopted to estimate small
probabilities at a manageable computational cost in optimization problems;
More advanced methods should be investigated to model complex, nonlinear dependences:
e.g., copulas [32, 33], fully non-parametric approaches based on KDE and Markov Chain Monte
Carlo within a Bayesian framework [18] or Sliced Normal Distributions [16];
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= Discrepancies between model outputs and observations from the real system should be
included in the calibration process [34, 35]: failing to do so could lead to overly optimistic results;

= Rigorous methods (e.g., Scenario Theory) [36] should be embraced to design robust systems,
while optimally controlling, selecting and possibly discarding outliers.
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