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Abstract

It is well-known that fatigue failures in VHCF originate from defects present within the risk-volume.
Moreover, experimental results have shown that the larger the specimen size and the risk-volume, the
shorter is the VHCF life. This is known as size-effect and is generally due to the statistical increment of the
defect size with the material volume.

In the paper, size-effect in VHCF is critically revised. The experimental results obtained by testing specimens
with different sizes are analyzed and the methodologies proposed to model size-effect are discussed, with

the aim of guiding the future research on size-effect in VHCF.

Keywords: Very-High-Cycle Fatigue (VHCF); size-effect; risk-volume; Largest Extreme Value Distribution

(LEVD); fatigue limit.



Nomenclature

agq o: area of the initial defect size.

Qopy: Size of the ODA surrounding the initial defect.
Kip: SIF threshold.

N¢: number of cycles to failure.

P-S-N curve: Probabilistic S-N curve.

rv: random variable.

SIF: Stress Intensity Factor.

Sq: stress amplitude.

s;: fatigue limit.

VHCF: Very High Cycle Fatigue.



1. INTRODUCTION

The component design against static and fatigue failures is based on mechanical properties that are generally
assessed through laboratory experimental tests on small specimens, with sizes that differ significantly from
those of the final components. However, mechanical properties of materials can vary depending on the part
size, like the diameter or the volume. This phenomenon is called size or scale effect [1-6]. For example, it is
well-known that the High Cycle Fatigue (HCF) strength decreases with the specimen diameter [7]: the larger
the diameter, the smaller the HCF strength. This dependency must be carefully accounted when components
are designed, in order to guarantee their structural integrity [7-9].

Size-effect has also a significant influence on the Very High Cycle Fatigue (VHCF) response of materials. In this
fatigue life range, i.e., beyond 108 cycles, it is well-known that the crack mainly originates from internal
defects with mechanisms that are different from those occurring in HCF. Moreover, the fracture surface
generally shows a peculiar morphology, with a characteristic region surrounding the initial defect [10], which
is called Optically Dark Area (ODA [11]), Fine Granular Area (FGA [12, 13]), Granular Bright Facet, (GBF [14]),
depending on the measuring technique. Size-effect in VHCF is generally analysed by considering the statistical
distribution of the defects originating the fatigue failures within the highly stressed volume, which is generally
referred to as “risk-volume”. According to [8], the larger the risk-volume, the larger the probability of large
defects, with a consequent decrement of the VHCF response. Therefore, the defect size and the risk-volume
strongly affect the VHCF response of materials. More recently, a different theoretical explanation has been
provided for size-effect in VHCF, based on lacunar fractality concepts [15, 16]. These experimental
investigations point out that size-effect in VHCF is debated in the literature and a unique theory or model is
not available.

The main issue concerning the experimental assessment of size-effect in VHCF is the complexity of testing
full-scale components to validate the models developed in the literature. Indeed, tests for assessing the VHCF
of materials are time-consuming and are in the majority of the cases carried out with ultrasonic fatigue
testing machines [17, 18] working in resonance conditions and on specimens designed in order to have the
first longitudinal resonance frequency close to 20 kHz. Accordingly, tests on full-scale components cannot
be carried out with this technique. On the other hand, tests at conventional frequencies (less than 50 Hz)
may be carried out on full-scale components, but with too high testing time (e.g., at 20 kHz, 10° cycles are
tested in more than 5 months). The only strategy is therefore to enlarge the size of the specimens tested
through ultrasonic tests, but, even in this case, the specimen volume is significantly smaller than that of real
components. For this reason, the assessment of size-effect in VHCF is complex and the models developed in
the literature can be hardly validated through tests on real components.

In the present paper, the experimental results and the models available in the literature for analysing size-
effect in VHCF are reviewed. At first, the importance of properly defining the “risk-volume” is discussed. The

second part focuses on the influence of the risk-volume and of the defect size on size-effect in VHCF.



Thereafter, the influence of the specimen diameter on size-effect is discussed. Finally, the design procedures
that take into account size-effect in VHCF are described and results available in the literature are discussed,

to try to find some general rules concerning size-effect in VHCF and to guide future research.

2. SIZE-EFFECT IN VHCF

In this Section, the experimental results on size-effect in VHCF and the models available in the literature on
its influence are analyzed. In Section 2.1, important concepts regarding the Largest Extreme Value
Distribution (LEVD) that is commonly used for dealing with size-effect in VHCF are recalled. In Section 2.2,
the definitions for the risk-volume available in the literature are discussed. The influence of size-effect on the
fatigue limit and on the fatigue life is investigated in Section 2.3 and Section 2.4, respectively. Finally, in
Section 2.5, the papers that investigate size-effect in VHCF by considering the specimen diameter or the
specimen size as the most influencing parameters, rather than the specimen volume, are analyzed.

For the sake of clarity, with risk-volume, V,;¢, the authors generically refer to the volume at risk of crack
nucleation. If the risk-volume is defined by considering a specific x threshold stress ratio percentage, the risk-
volume will be called V,: for example, with Vg, the authors refer to the volume of material above the 90%
of the largest applied stress. Moreover, for the peculiar area around the defect, i.e., the Optically Dark Area
(ODA) or the Fine Granular Area (FGA) [10], the name used in the original paper is maintained in the present
paper to avoid confusion. Finally, “Authors” (with the upper-case initial letter) refer to the authors of the
original paper, whereas authors (with the lower-case initial letter) refer to the authors of the present paper.
N¢, sq, SIF, s;, HV are the number of cycles to failure, the applied stress amplitude, the Stress Intensity
Factor, the fatigue limit and the Vickers hardness, respectively. “Gage section” refer to the minimum cross-
section for the hourglass and the dog-bone specimens. For the Gaussian specimens [19], the gage diameter

is the diameter at the beginning of the part with profile described by a Gaussian function.

2.1. Largest Extreme Valued Distribution (LEVD) for the defect size

It is well-known that the mechanisms of crack initiation in VHCF are different from those in the LCF-HCF life
range. Indeed, the crack generally originates from the specimen surface in the LCF-HCF life range, whereas it
forms from defects randomly distributed within the risk-volume in VHCF. Moreover, the peculiarity of the
VHCEF failures is that the crack can form from an initial defect characterized by a SIF smaller than the SIF
threshold. The defect population, therefore, controls the VHCF response. In particular, according to [8], the
larger the defect, the smaller the VHCF strength, with the defect size being the most influencing factor, rather
than the defect shape or its chemical composition. An analysis of the VHCF response must, therefore, take
into account the defect size and its random distribution.

Defects in the material volume have different three-dimensional shapes and morphologies [8, 20], but,

according to [8], their influence can be assessed by considering the geometrical parameter varea, i.e., the



square root of the area of the defect obtained by projecting it in a plane perpendicular to the maximum
tensile stress. The characteristic defect size, varea (,/ag( in the following) is a random variable and is

assumed to follow a Largest Extreme Distribution, LEVD, with cumulative distribution function (cdf)

F\/ﬁ,o(‘/ad,o) given by:
_<JW.0-# ad'0>
e

Fm(,/ad'o) =e . ’ (1)

where H fag, and O [ag, are the location and the scale parameter of the LEVD. Equation 1 enables to

compute the probability of having a defect with size smaller than ,/a,  in the investigated material volume

Vy. By exploiting the LEVD properties, the cdf of the LEVD for the same material (i.e., with the same

coefficients H fag, and UM) but for a material volume V},, n times larger than V;, (i.e., V;, = n - V), can be

obtained by Eq. 2:
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where Hn, fago = H [aze + In(n) - O [aas" With easy passages, the a-th quantile of the defect size in a volume

V,, can be obtained according to Eq. 3:
Va, = pg+ 05 (—n(=in(a)) + In(n)), (3)

The LEVD enables therefore to model the dependency between the defect size and the material volume. It is
worth noting that not only the defect size, but also the ODA size must be considered when the VHCF response
is analyzed, according to [8]. However, the ODA size and the defect size can be correlated [21, 22], and a
proper assessment of size-effect must consider both the defect size and the ODA size. Other important terms
in Egs. 2-3 are the volumes I}, and V, i.e., the volumes of material that must be considered for the application
of the LEVD, corresponding to the specimen or the component risk-volume. For applied loads inducing a
uniform stress distribution in the material volume under test, the risk-volume is uniquely defined as the
region of material subjected to the maximum applied stress. On the other hand, if the stress distribution is
not uniform within the volume under test, e.g., in case of bending loads or in ultrasonic fatigue tests [17, 23],
the volume at risk of crack nucleation should be properly defined in order to safely adopt Egs. 2 and 3. In the
following Section, the approaches available in the literature for defining the risk-volume are reviewed and

discussed.



2.2. Risk-volume definition

The proper choice of the volume at risk, i.e., the volume characterized by a high risk of crack nucleation if a
defect is present, is of fundamental importance for the assessment of size-effect in VHCF. Its definition is still
debated in the literature, in particular for loads involving a non-uniform stress distribution within the
specimen or the component volume, since in this case randomly distributed defects are subjected to different
applied stresses. Accordingly, the largest defect may not be the most critical defect, i.e., the one from which
the crack can originate. For this reason, the defect initiating the fatigue crack will be called “critical defect”.
As pointed out in Section 2.1, if the stress amplitude is constant within the material volume, the risk-volume
is clearly the volume of material subjected to the maximum applied stress and the largest defect will
correspond to the critical defect. However, this situation is not common in practical applications. Generally,
experimental VHCF tests are carried out with rotating bending testing machines [24], or, dominantly, by using
the ultrasonic testing machines. In the latter case, the specimens work in resonance conditions, with a loading
frequency in the range [19 — 21] kHz. The distribution of the stress amplitude within the material is not
constant, even within the straight section of dog-bone specimens [23, 25]. A variable stress amplitude within
the material volume is, moreover, a common condition in real-world components and particular attention
must be posed on the choice of the volume at risk, as it could influence the results. For example, the choice
of the whole component volume as the risk-volume can be too conservative, since very large defects in less
stressed regions are not critical. On the other hand, a portion of the total volume can be considered as the
risk-volume, but the criterion for this subdivision should be properly chosen and validated.

In [8], the risk-volume is assumed as the “volume of material subjected to a stress amplitude larger than the
90% of the maximum applied stress” (Vyq). This definition is obtained by analyzing the results of a large
number of rotating bending fatigue tests obtained on steel specimens by the Authors and available in the
literature. The Authors found that almost all fatigue failures are concentrated in a region of material
subjected to a stress amplitude larger than the 90% of the maximum applied stress. This justified the choice
of the Vg for the region at risk. However, rare large inclusions were also found at the origin of the fatigue
cracks, with M > 100 pm, in the region outside the Vy,. The Authors pointed out that these very large
inclusions were found in steels tested in the past (in the 1963) and that in more recent steels these very large
inclusions are not present. The Authors also pointed out that, even if a large percentage of the stress ratio
threshold is considered (80% or 70%), the predicted fatigue limit is not strongly affected. This because the
fatigue limit estimated with Murakami’s formulation [8] conservatively refers to the nominal stress at the
specimen surface, whereas the stress amplitude involved in the crack nucleation process is the local stress
amplitude close to the defect. These results are obtained through rotating bending tests on round bars. For
the hourglass specimens, a threshold stress ratio in the range [95% - 90%] was on the other hand suggested.
It must be noted that the defects analysed in [8] are mainly found by observing the fracture surfaces of

specimens subjected to HCF rotating bending tests, with the fatigue cracks originating from surface defects



or in a material region close to the surface. Indeed, in rotating bending tests, even if large defects below the
90% threshold stress ratio are present, they can be hardly at the origin of the fatigue failures, due to the
high-stress gradient generated by a bending load. However, in VHCF tests internal defects play the most
important role, which limits the validity of the 90% threshold volume in this fatigue regime. Moreover, even
if the considerations in [8] are valid for most of the recent pure high strength steels, which rarely show
inclusions larger than 100 um, they are not valid for other materials or specific production processes, like
the parts produced by Additive Manufacturing (AM) processes and characterized by very large defects [26,
27]. Accordingly, even defects located outside the Vg, can be critical.

Murakami proposed a procedure for the estimation of the largest defect through defect sampling on limited

portions of polished surface, with size S,.The volume V;, associated to each polished surface is computed as:

Vo = ho . So, (4)

where hy is the average value of the defect size. This methodology avoids performing time-consuming and
expensive VHCF tests. However, the defect population found on polished surfaces can be different from that

originating failures in large volume, according to [8].

The approach based on the threshold stress ratio has been largely used in the literature for assessing the
influence of size-effect in VHCF. For example, in [28], a 95% threshold stress was considered, but the Authors
did not provide indications for this choice. On the other hand, the 90% threshold stress ratio proposed by
Murakami has been considered for the analysis of the VHCF test results in almost all the cases. Indeed, this
approach enables to easily compute the volume at risk and it generally works for different types of high
strength steels, for which only defects in the material region subjected to a stress amplitude close to the
maximum applied stress are critical. For these reasons, the Vg, has proved to be a good compromise for the
assessment of the volume at risk. For example, in [25], ultrasonic fully reversed tension-compression tests
have been carried out on dog-bone and hourglass specimens with different Vyy. The Authors analysed the
critical defect size location and found that all defects were within the Vy,, regardless of the material and
defect type. Fig. 1a shows, for each failure, the distance from the specimen centre of the critical defect with
respect to the applied stress amplitude in [29] and all the failures were found to be within the Vq. In [30],
size-effect is investigated by testing hourglass specimens (Voy = 194 mm3) and Gaussian specimens (Voo =
2300 mm3) made of two H13 steels (unrefined H13 steel, H13 in the following, and refined H13 steel, H13-
ESR in the following). Failure data have been analysed by considering the local stress ratio associate to each
failure, i.e., the ratio between the local stress and the maximum applied stress. In Fig. 1b, the local stress
ratio associated to each failure is plotted for each tested steel type. According to the Fig. 1b, all failures apart

from one are within the Vy,.
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Figure 1: Defect location in [29] and [30]: a) distance from the specimen center of the critical defect with

respect to the applied stress amplitude [25]; b) local stress ratio associated to each critical defect in [30].

The experimental results obtained in [29] and [30] confirmed the effectiveness of employing the Vg, for the
analysis of the experimental data, even in case of ultrasonic fatigue tests. On the other hand, in [31], the
Authors showed that the use of the Vg, as the volume at risk could not be conservative in the VHCF regime.
Experimental tests were carried out on hourglass and Gaussian specimens made of a H13-ESR steel with
Voo = 55 mm?3 and Voo = 5000 mm?3, respectively. The experimental results obtained by testing hourglass
specimens are used for predicting the VHCF response of the Gaussian specimens with Vg, = 5000 mm3. The
predicted S-N curve was found to be non-conservatively above the experimental curve. The Authors ascribed
this difference to a non-appropriate choice of the volume at risk. Indeed, a specific threshold stress ratio, as
the 90% of the maximum applied stress, does not account the influence of the stress distribution and of the
stress gradient within the nominal loaded volume. The influence of the stress gradient within the Vg, can be
more significant in ultrasonic VHCF tests than in HCF tests since, in ultrasonic VHCF tests, specimens have
non-standard geometries and are characterized by different stress distributions. In addition, the Authors
pointed out that defects subjected to a stress amplitude below the 90% of the maximum stress are not critical
in HCF tests if the SIF associated to these defects is smaller than threshold for crack propagation. On the
other hand, the same defects could become critical in the VHCF region, with the crack nucleation assisted by
the well-known mechanisms that induce the formation of the Optically Dark Area (hydrogen) or the Fine
Granular Area (FGA). For these reasons, the Authors suggested that the risk-volume should be defined by

taking into account also the stress gradient.

In [32-34], a different approach, that does not require an a priori choice of the volume at risk, has been used
for modelling volume at risk.
In [32] a probabilistic model for the VHCF fatigue life of spheroidal graphite cast iron is proposed. In

particular, a weakest-link based model for the fatigue failures from internal defects is defined: even if VHCF



tests were not carried out, the Authors pointed out that the fatigue response in the VHCF region can be safely
extrapolated. The Authors focused on the concept of “effective volume” Ve*ff, which corresponds to the

volume in which the VHCF failure can occur. It is defined as:

where V is the component volume and H[§+1 the so called “stress heterogeneity factor”, which is dependent
on the load type, on the load level, on the defect size, and on the threshold stress for crack propagation.
Indeed, the Ve*ff is equal to 0 when the applied stress is smaller than the threshold stress obtained from the
SIF threshold, whereas it is equal to V when the component is subjected to a uniaxial stress distribution.
According to the Authors, HE+1 “characterizes the effect of loading patterns on the failure probability”.
Indeed, the more uniform is the stress field, the higher is the probability of finding a critical defect, following
the definition of volume at risk. In the paper, the effective volume associated to each element with volume

V, is computed, in order to map the probability of failure associated to each element.

In [33], the experimental data are analysed by considering the “real volume”, V,..,;, associated to each defect
originating the fatigue failure. V., is defined as the “volume of material subjected to a stress amplitude
larger than the stress amplitude evaluated at the inclusion location” . This definition ensures that the inclusion
originating failure is the most critical defect within the real volume and permits avoiding an arbitrary choice
of the risk-volume or of the stress ratio threshold. This approach enables to properly assess the critical
inclusion: indeed, even if larger inclusions are present outside the V,..,;, they are not critical for the VHCF

response.

In [34], the Author pointed out that the threshold stress ratio for identifying the risk-volume could be not
uniquely defined and depends on different factors, such as the stress gradient and the material. Moreover,
depending on the selected specific stress ratio threshold (e.g., the 80% in place of the 90%), the LEVD
parameters change. However, this is not physically admissible, since the parameters for the LEVD must be a
material constant. For these reasons, an approach based on the stress ratio threshold may lead to an
inaccurate assessment of size-effect in VHCF, with possible implications on the design of components against
VHCEF failures. Therefore, in the paper, size-effect is accounted with no need of defining a risk-volume and by
applying the weakest-link principle. Moreover, with the proposed statistical approach, the stress gradient
within the highly stressed volume and the interaction between the defect size and the local applied stress
(i.e., large defects in a lightly stressed region may be less critical than small defects in a highly stressed region)
are accounted. More details about this model and its statistical formulation will be provided in Section 2.4.

According to the above analyses, a unique definition for the risk-volume is not available in the literature. The
stress ratio threshold approach has proved to work for many experimental datasets and can be easily applied.

However, this approach fails to model the interactions between the defect size, the local stress and the stress



gradient within the volume and the choice of the specific threshold stress ratio to be considered depends on
the material and on the manufacturing processes. Moreover, depending on the considered stress ratio, the
parameters of the LEVD may vary, even if this is not physical. Therefore, approaches that do not involve an a
priori choice of the volume at risk would be more effective and can better assess the probability of failure
associated to a component. However, these methodologies can be more difficult to implement, since they

are based on statistical models that can be quite complex and would require Finite Element Analyses.

2.3 Size effect in VHCF: fatigue limit

In this Section, the models developed and experimentally validated for the assessment of the fatigue limit in
VHCF are analyzed. In particular, the papers that provide a model for the fatigue limit are revised: for the
analysis of the finite fatigue life (and of the fatigue limit as an asymptote at the end of the P-S-N curve) the
reader could refer to Section 2.4.

In the HCF life range, the dependency between the fatigue limit and the risk-volume can be assessed through
the LEVD [8]. In the VHCF region, on the other hand, the estimation of the defect size distribution cannot be
sufficient. For example, if the Murakami formulation is considered for the estimation of the fatigue limit in
VHCF and the fatigue failures originate with ODA formation, the ODA size must be considered in place of the
defect size [8, 22]. Therefore, the dependency between the defect size and the ODA size should also be
considered when dealing with size effect in VHCF.

In [22] size-effect is modeled with the so-called “Master curve of ODA”. A procedure for the design against
VHCF failure and capable to take into account size-effect is proposed. This procedure will be analyzed in

Section 3.1, dedicated to design methodologies against VHCF failures.

In [29] size-effect in VHCF is experimentally verified by testing hourglass specimens (gage diameter 3 mm,
Voo = 33 mm?3) and dog bone specimens (gage diameter 7 mm and length of the straight section 20 mm,
Voo = 912 mm3), made of a JIS-SUP7 spring steel. The geometries of specimens are shown in Fig. 2a. The
specimens were subjected to two heat treatments, Heat B and Heat C, employed by the Authors in previous
works [35]. The microstructure of the specimens after the two heat treatments was the same, but the defects
at the origin of fatigue failures were found to be different in previous works (i.e., oxide-type inclusions for
Heat B and TiN, matrix defect and oxide-type inclusions for Heat C). Ultrasonic fatigue tests up to 5-10°
cycles were carried out by the Authors. The S-N plots of the experimental data are shown in Fig. 2b and 2c
for Heat B and Heat C, respectively. Regardless of the heat treatment, failures curves for dog bone specimens
were below failures curves for the hourglass specimens. The VHCF strength decrement was due to the
increment of defect size with the risk-volume according to the Gumbel plot of the critical defects shown in
Figure 2d. The specimens subjected to Heat B failed with cracks initiating from oxide type inclusions, whereas
the cracks in specimens subjected to Heat C initiated from TiN, matrix defects and oxide type inclusions. In

particular, TiN or matrix inclusions were at the origin of the fatigue failures only in small hourglass specimens



and showed a smaller size. The average oxide-type inclusion sizes in the dog-bone and in the hourglass
specimens were 50 um and 29 um for Heat B, and 29 um and 14 um for Heat C, respectively. The largest
TiN inclusion or matrix defect in Heat C hourglass specimens was 10 um, showing for Heat C also a size-effect
related to the defect type. Indeed, large oxide type inclusions were rare and were more likely to be found in
large risk-volumes. This result confirms that experimental tests on small specimens would fail to properly
assess the defect population, if multiple types of defects are at the origin of the fatigue failures. [8]. The
dependency between the fatigue limit and the Vg, for Heat B was modeled according to the fatigue limit
formulation in [8] (Eg. 6) and by considering the defect size computed with the LEVD in Eq. 3:
s = 1.56-(HV+1120) (6)
(Jaa,0)®

Figure 2e shows the relation between the fatigue limit and the Vq for the Heat B specimens: the estimated

’

model and the experimental VHCF strength at 1010 cycles are plotted. The curve is not conservative for the
hourglass specimens, whereas it is conservative for the dog bone specimen. The Authors concluded that the
model is in agreement with the experimental data. The Authors did not provide details if an ODA was found
around the initial defect and considered the initial defect size in Eq. 6 for the computation of the fatigue limit.
However, the majority of failures in VHCF shows an ODA around the initial defect: in this case, the Murakami
formulation can be applied only by replacing the defect size with the ODA size. Therefore, the results

obtained in [29] are valid only for specimens failing from defects without ODA formation.

The decrement of the fatigue limit computed by considering the experimental data for Heat B in Figure 2e
was found to be 22%. A similar decrement, about 20%, was found for Heat C by considering the smallest
runout stress amplitude for each heat treatment. These experimental results show a significant dependency

between the fatigue limit and the VHCF strength.
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Figure 2: Experimental results in [29]; a) specimen geometry; b) S-N plot of the experimental data for Heat
B; c) S-N plot of the experimental data for Heat C; d) Gumbel plot of the critical defect sizes; e) fatigue limit

with respect to Vy.

In [36], the dependency between the fatigue limit and the inclusion size is assessed, focusing on the influence
of the Vy for the prediction of the largest inclusion in components. Ultrasonic fatigue tests were carried out
up to failure or to 10° cycles on dog-bone specimens with 6 mm gage diameter and 16 mm gage length
(Voo = 486 mm3) made of 35CrMo steel subjected to quenching and tempering. A group of specimens was
nitrocarburized (treated specimens in the following), whereas another group of specimens was only
mechanically polished (untreated specimens in the following). All the fatigue failures in the VHCF region
originated from internal defects, mainly oxide type inclusions, with a fish-eye fracture morphology. The
Authors did not specify if an ODA was found close to the initial defect. The largest defect was equal to 50 um
and the \/’c?‘o for each internal failure was measured and assumed to follow a LEVD. The parameter
estimation for the LEVD was computed by applying the Maximum Likelihood Principle and by considering the

critical defects. According to Eq. 3, the expected defect in a Vo, = 108839 mmS3, corresponding to the risk-



volume of axles of the high-speed train “China Star”, was found to be equal to 111 um. Given the dependency
between the inclusion size and the Vg, the fatigue limit was predicted according to the formulation:

AK
1= = (7)

0.5 /71:- /ad,o'

where AK,y, ; is the Stress Intensity Factor (SIF) threshold for an internal failure. The fatigue limit for a surface
inclusion was also estimated by replacing AK;, ; with AK,;, ¢ and coefficient 0.5 with 0.65. AK}, ;, estimated
by the Authors in previous works, was equal to 3.1 MPa - Vm. Figure 3 plots the fatigue limit (for surface and
internal defects) with respect to the inclusion size. It is worth noting that by replacing Eq. 3 in Eg. 7 the

dependency between the fatigue limit and the defect size can be easily obtained.
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Figure 3: Dependency between the fatigue and the defect size (implicit dependency between the fatigue limit

and the Vgq) in [36].

According to Fig. 3, the decrement for the fatigue limit with respect to the inclusion size (and, accordingly,
with the Vy) is rapid for defects smaller than 60 um (Vo, = 486 mm3), whereas above 60 um the slope of
the curve tends to decrease. According to the Authors, the fatigue strength for an internal defect reduces
from 495 MPa for Vo, = 486 mm3 to 332 MPa for Vo, = 108839 mm3, with a 32% decrement. The
Authors confirmed that the predicted fatigue strength is close to that estimated in the literature by testing a
full-scale component made of 30NiCrMoV12 steel with similar mechanical properties.

As for the results in [29], these considerations are limited to cracks which originate from a defect without
ODA formation.

According to [29] and [36], the experimental tests should be carried out on specimens with the largest
possible Vyo. However, a significant increment of the Vq( in ultrasonic fatigue tests is limited, even in dog-
bone specimens, due to the non-uniform stress distribution in the gage length with constant cross-section
(i.e., the specimens work in resonance conditions and the applied stress depends on the longitudinal stress
wave propagation through the material). In order to increase the Vgy that can be tested through the

ultrasonic fatigue tests, the research group [19, 23] of Politecnico di Torino proposed a new type of specimen,



called “Gaussian specimen”. The specimen geometry is similar to that of traditional dog-bone specimens, but
the gage length has a profile described by a Gaussian function, obtained by solving the equation for
longitudinal wave propagation and imposing a constant stress amplitude [19]. The stress amplitude within
the specimen risk-volume has been validated with strain gages and through Finite Element Analyses (FEAs).
The effectiveness of the proposed specimen shape was verified in [23], showing that the Gaussian specimen
permits not only to increase the risk-volume, but also to obtain a constant stress amplitude close to the
maximum applied stress. The Gaussian specimens have been used by the research group of Politecnico di
Torino to assess size-effect on VHCF.

In [33], size-effect on the VHCF response of an H13-ESR tool steel has been experimentally assessed.
Ultrasonic fully-reversed tension-compression tests were carried out with two ultrasonic fatigue testing
machines. Hourglass specimens (gage diameter 6 mm and Vo, = 194 mm3) and Gaussian specimens (gage
diameter 11 mm and Vo, = 2300 mm3) were tested. The specimen geometry is shown in Figure 4a. In the
paper, the influence of size-effect on the VHCF response is assessed by considering the real volume, V,..4;
(Section 2.2, defined as the “volume of material subjected to a stress amplitude larger than the stress
amplitude evaluated at the inclusion location”). The dependency between the fatigue limit and V,..,; is
assessed by exploiting the statistical distribution of the marginal fatigue limit Fy, (x;), i.e., the fatigue limit

not conditioned to the defect size, defined in [33] as:

Fx,(x;) = fooo Fx”\/ﬁ_o(xl;\/ad,o) 'f\/m(\/ aq,0)dy/aq, (8)

where FXzIW(xl; ,/ad,o) is the cumulative distribution function (cdf) of the conditional fatigue limit,

cs1'Cen (HV+120)
(M)O.S—dth ’

where cg;, ¢, and ay, are constant coefficients to be estimated from the experimental data) and constant

assumed to be normally distributed with mean dependent on the defect size (uy, (Jad,o) =

standard deviation, and fm(« /ad'o) is the probability density function (pdf) of the LEVD. By expressing the

LEVD as a function of the V,.,;, the dependency between the fatigue limit and V., can be assessed.
Moreover, differently from the analyses in [29, 36], the parameter estimation was carried out by considering
the FGA size measured on the fracture surfaces. Indeed, the c; coefficient was estimated by maximizing the
likelihood function expressing the probability of having a failure or a runout for the experimental dataset,
whereas the c¢;, and a;y are estimated through a linear regression between the SIF threshold and the FGA
size. Therefore, with the proposed method, the FGA size is taken into account. In Fig. 4b, the fatigue limit

with respect to the real volume is plotted.
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Figure 4: Experimental results in [33]; a) specimen geometry; b) fatigue limit with respect to the real volume.

According to Fig. 4b, the proposed model is in agreement with the experimental data, with all the fatigue
failures except one above the median curve and no failures below the 0.025-th quantile curves. The fatigue
limit decreases with V,.q;, with a 21% decrement from the smallest V,.4; (3 mm?3) to the largest Vy.q
(1914 mm3). The model in [33] enables to properly assess the dependency between V,.,; and the fatigue
limit and the use of the V,.,; in place of the Vg, enables to accurately assess the actual volume involved in
the crack nucleation process, since the estimated model is in agreement with both the experimental results

obtained by testing hourglass and Gaussian specimens.

In [38], the model defined in Eq. 8 has been exploited to assess the dependency between the fatigue limit
and the Vy,. Experimental tests have been carried out on Gaussian specimens with the geometry shown in
Fig. 4a made of an H13 steel. The constant coefficients have been estimated by considering the SIF threshold
trend with respect to the FGA size and by minimizing the difference between the experimental and the
analytical number of cycles consumed within the FGA. The estimated fatigue limit variation with respect to

the Vyq is shown in Fig. 5. The model is agreement with the experimental data, with all the failures
conservatively above the median curve.
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Figure 5: fatigue limit with respect to the Vg, in [38].



In [39], experimental tests have been carried out on hourglass specimens with the geometry reported in Fig.
4a made of H13 and H13-ESR steels. The dependency between the fatigue limit with respect to the Vy is
obtaind according to the model in Eq. 8 and the parameter estimation has been carried out by applying the
Maximum Likelihood Principle, according to [40]. The objective of the paper was to verify if the fatigue limit
trend with respect to the V5 can be properly estimated through tests on small specimens, like the tested
hourglass specimens. The fatigue limit variation with respect to the Vy, for the H13 and the H13-ESR steels
is shown in Fig. 6, together with the experimental fatigue limit for the Gaussian specimens.
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Figure 6: Fatigue limit with respect to the Vg in [39] estimated with the experimental results of tests on

hourglass specimens.

According to Fig. 6, the predicted VHCF limits are unsafely above the experimental values for both the H13
and the H13-ESR steels. The difference is larger than 16% (73 MPa) for H13 steel, whereas it reduces to
2.6% for H13-ESR (15 MPa). These results suggest that the prediction of the fatigue limit through tests on
small specimens may not be conservative. However, for the H13-ESR the difference is limited and by
considering a quantile with high reliability, a safe prediction can be obtained. On the other hand, for the not
refined H13 steel, the difference is significant, suggesting that the steel cleanliness plays an important role

in size effect.

2.4 Size effect in VHCF: finite fatigue life

In this Section the influence of size-effect on the finite fatigue life is investigated. In [25, 41], tests are carried
out on two types of hourglass specimens, with 3 mm gage diameter (Voo = 33 mm3) and 7mm gage
diameter (Voo = 254 mm3) and on dog-bone specimens with 8 mm diameter and gage length of 10 mm
(Voo = 781 mm?3). The specimens were made of an IS-SCM440 (AISI-4140) low alloy steel, with the geometry
shown in Fig. 7a and Fig. 7b. Ultrasonic fully reversed tests were carried out: the validity of the ultrasonic
fatigue tests was also verified. The experimental results are reported in an S-N plot (Fig. 7c), that shows that

the VHCF strength decreases with the risk-volume. By comparing the VHCF strengths at 5 - 10° cycles for the



3 mm hourglass specimens and for the dog-bone specimens, the decrement was about 25%. The Authors

do not provide details about the calculation of the VHCF strength at 5 - 10 cycles.
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Figure 7: Experimental results in [25]; a) hourglass specimen geometries; b) dog-bone specimen geometry;

c) S-N plot of the experimental data.

In [40], the marginal P-S-N curves were considered for the assessment of size effect on the VHCF life. As for
the fatigue limit, they are called marginal since they are estimated by considering the LEVD, with constant

coefficients estimated by considering the critical defect sizes:

Fy|int(yi x) = fooo Fm/ﬁ_o(yi X, 4/ ad,o)f\/m(\/ ad,o)d\/ Qag,0, (9)

where Fy|in¢(y; x) is the marginal distribution of the fatigue life (y and x are the logarithm of Nf and of the
Sq, respectively), FYIM(y; x,,/adlo) the conditional fatigue life (i.e., the fatigue life for a specific defect
size), modelling a linear decreasing trend ending with an asymptote. By expressing the dependency between

the LEVD and the risk-volume (Eq. 3), Eq. 9 enables to estimate the P-S-N curves as a function of the risk-

volume.



In [30], all the experimental results on the H13 and H13-ESR steels, hourglass and Gaussian specimens (Voo =
194 mm3 and Voo = 2300 mmS3, respectively) were analyzed to assess the influence of size-effect on the P-
S-N curves. The estimated marginal 0.01-th quantile P-S-N curves are shown in Fig. 8. In the Figure, the letter
“h” refers to the hourglass specimens, whereas “G” refers to “Gaussian specimens”: for example, H13-ESR G

refers to the Gaussian specimens made of H13-ESR steel.
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Figure 8: Marginal P-S-N curves estimated in [30]: effect of the specimen volume and of the steel cleanliness.

According to Fig. 8, two behaviors are found, depending on the steel cleanliness. For the H13-ESR, the
difference between the P-S-N curve estimated by testing the hourglass specimens and the Gaussian specimen
is constant throughout the VHCF life, about 40 MPa. On the contrary, it increases with the number of cycles
for H13 steel, reaching a maximum difference of 105 MPa above 10! cycles, where the curves show an
asymptotic trend. According to these results, for materials with high sensitivity to defect size with the risk-
volume, size-effect could vary depending on the number of cycles to failure. Indeed, for the H13 steel, size-
effect has a larger influence at very high number of cycles, where the influence of defects on the VHCF
response is prevalent. Therefore, these results confirm that the enhancement of the steel cleanliness can be

an appropriate strategy to limit size-effect.

In [31], size-effect was further analyzed by testing hourglass and Gaussian specimens characterized by a
Voo = 33 mm?3 and a Vg, = 5000 mm3. The specimens were made of H13-ESR steel, but machined from a
base material with mechanical properties and microstructure different from that tested in [30]. The Authors
experimentally verified the capability of predicting the VHCF response of parts with large Vg, by considering
the experimental results obtained through tests on small specimens. Figure 9 shows the experimental and
the predicted median P-S-N curves: the V,,, = 33 mm? and the Vexp = 5000 mm?3 P-S-N curves were
estimated from the experimental data, whereas the Vj,,..q = 5000 mm3 P-S-N curve is the one predicted by
considering the test results on hourglass specimens and by applying Eq. 9 (i.e., the constant parameters in

the model have been estimated from the test results on hourglass specimens).
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Figure 9: Experimental results in [31]: a) specimen geometries; b) experimental and predicted P-S-N curves.
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As shown in Fig. 9, size-effect induces a significant decrement of the VHCF response: the experimental curve
for the hourglass specimens was above the experimental curve for the Gaussian specimens, with an almost
constant difference of 140 MPa (about 20% reduction at 10! cycles). The predicted curve is non-
conservatively above the experimental curve for the Gaussian specimens. The Authors pointed out that the
main reason for this difference is that the LEVD cannot properly predict the largest defect and that a risk-
volume defined by considering a stress threshold ratio fails to account the real volume involved in the crack

nucleation process and the influence of the stress gradient in the volume, as discussed in Section 2.2.

In [42], a weakest-link approach is employed for modelling the influence of size-effect on the VHCF life.
According to the Authors, the monotonic decreasing trend observed in the LCF-HCF region continues in the
VHCF region, with no transition stress and change in the curve slope. Basquin’s model has been employed to
model the stress-life relation, with the fatigue life, loglO(Nf), assumed to follow a Weibull distribution. The
dependency between the specimen volume, Vg, and the fatigue life is modelled with a weakest-link
approach. Indeed, the Authors assumed that large specimens (or large components) can be considered as
composed by n small specimens that are generally tested in the lab. According to the weakest-link principle,
the fatigue life distribution for a large specimen, F . (x), composed by n small specimens, is the minimum

among the fatigue life of n small specimens:



Fyu(x) =1 —[1—F(x)]™ with F(x) {(1) — e~/ i i 8 (10)

where F(x) is the cdf of the fatigue life of small specimens, 1 and k constant parameters to be estimated
from the experimental data. According to the Authors, the distribution of the fatigue life does not depend
on the specimen size. Differently from the other methods analyzed above, size-effect is modelled without
taking into account the defect size or the defect size distribution, but through a statistical approach based on
the assumption of the statistical distribution of the fatigue life and on a weakest-link approach. The model
has been validated with literature datasets [25, 29]. Figures 10a and 10b show the P-S-N curves for the dog-
bone specimens (Voo = 912 mm3). Curves are predicted by considering the experimental results of tests on
small hourglass specimens (Voo = 33 mm3) for a JIS-SUP7 subjected to the Heat B and Heat C, respectively
[29]. Figures 10c and 10d show the experimental results in [25] and the P-S-N curves predicted by considering
the experimental results of tests on hourglass specimens (Voq = 33 mm3) made of a JIS-SCM440 steel. In Fig.
10c, the model is validated by considering the experimental results of tests on specimens with Vyy =
254 mm3, whereas in Fig. 10d the model is validated by considering the experimental results of tests on

specimens with Voq = 781 mm3.

According to the Authors, the predicted curves are in agreement with the experimental results obtained by
testing large specimens, with the median curve close to the experimental failures and below data for
hourglass specimens and the curves with high reliability (i.e., the 0.001-th quantile) below all the

experimental failures.
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Figure 10: validation of the model in [42]: a) validation on the literature dataset in [29], Heat B; b) validation
on the literature dataset in [29], Heat C; c) validation on the literature dataset in [25], hourglass specimens
with Voo = 254 mmS3; d) validation on the literature dataset in [25], dog-bone specimens with Vg, =

781 mm3.

The P-S-N curves for a full-scale railway axle (V;, = 35529.5 mm3) have been predicted from the
experimental data obtained by testing small specimens (V; = 1.260 mm3). The experimental data, together
with the P-S-N curves for small specimens and the predicted P-S-N curves (for full-scale railway axle) [42] are
shown in Fig. 11. According to the Authors, the decrement is significant, with the fatigue strength of the full-
scale railway axles at 10° cycles 34% lower (50% reliability) and 33% lower (90% reliability) than that of
the small specimens (diameter of 4 mm). Moreover, the decrement predicted with the model in [42] was
found in agreement with the experimental data on full-scale railway axles [43]. It is worth noting that this
validation has been done by considering HCF results. However, since the estimated curves show a monotonic

decreasing trend, it can be assumed that this validation is confirmed also in the VHCF life range.
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Figure 11: Model in [42] and validation on full-scale railway axles: P-S-N curves predicted for full-scale
component (V, = 35529.5 mm3) by considering the experimental results obtained by testing specimens

with V, = 1.260 mm3.

In [44], size-effect on the VHCF response of AlSil0Mg specimens produced through the Selective Laser
Melting (SLM) process is investigated. In particular, ultrasonic fully reversed tension-compression tests were
carried out on hourglass and Gaussian specimens with Vg, similar to those tested in [30]. The geometries of
hourglass (Voo = 250 mm3 and gage diameter 6 mm) and Gaussian specimens (Voo = 2330 mm3 and gage
diameter 11 mm) are shown in Fig. 12a and 12b, respectively. Experimental tests were carried out on
specimens produced in horizontal and vertical direction. All the fatigue failures originated from defects that
typically form during the SLM process, like pores, improper layer bonding defect, defect due to incomplete
fusion and irregular surface defect. A significant size-effect was found for the defect size for both building
orientations: for the horizontal specimens, the largest defect in hourglass specimens was about the 60% of
the largest defect in Gaussian specimens; whereas, for vertically built specimens the largest defect in
Gaussian specimens was about twice the largest defect in hourglass specimens. The effect of the defect size
increment on the VHCF life was investigated: Figure 12c and d show the median and the 0.001-th quantile P-
S-N curves, together with the experimental data, for the horizontally built (Fig. 12c) and vertically built (Fig.
12d) specimens. In Fig. 12c and d, the first letter refers to the specimen type (“H” for hourglass and “G” for

Gaussian), whereas the second letter refer to the building orientation (“H” for horizontal and “V” for vertical).
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Figure 12: Experimental results in [44]; a) hourglass specimen geometry; b) Gaussian specimen geometry; c)
S-N plot of the experimental data and estimated P-S-N curves for the horizontally built specimens; d) S-N plot

of the experimental data and estimated P-S-N curves for the vertically built specimens.



According to Figs. 12c and 12d, a significant size effect was also found for the specimens produced with the
SLM process. The P-S-N curves for the hourglass specimens are above the curve for the Gaussian specimens,
regardless of the building orientation. If the runout N is considered, a 30% VHCF strength reduction was
found for the horizontal specimens and a 17% VHCF reduction for the vertically built specimens by
considering the median P-S-N curve. On the other hand, if the 0.001-quantile curves are considered, a 28%
VHCF strength reduction for the horizontal specimens and a large 40% VHCF strength reduction for the
vertically built specimens were found. The large reduction for the vertically built specimens and for the
0.001-th quantile is due to the large scatter of the VHCF failures, mainly associated to the large defect
increment with the Vg for this building orientation. These results confirmed that size-effect is relevant also
for AM parts and it can be even larger than that for traditionally built parts, due to the larger defect size
range. Furthermore, these results pointed out the importance of taking into account the statistical scatter

associated to the VHCF response when dealing with size-effect, especially if components have to be designed.

Finally, in [34], a model for dealing with size-effect without the need of defining a risk-volume is defined. The
model has been introduced in Section 2.2: in this Section more details on the statistical methods behind this
approach are provided. In particular, the cdf of the fatigue life introduced in Eq. 8 [40] has been rewritten by

considering a uniformly stressed volume v; subjected to a constant stress s;:

0o - i i:\/_
Fy,(y;spvy) = fo b¢ (y[ly(;—gsa)) f\/zi(\/a. v;)dva. (11)
where ¢ (M) is the cdf of the conditional fatigue life, assumed to be normally distributed with
Y

mean dependent on s; and on the defect size, Va, and constant standard deviation, and fﬁi (\/E, vi) the pdf

of the LEVD associated to the volume v;.

According to the weakest-link principle, the VHCF life of the whole loaded volume is the smallest VHCF life
among the VHCF lives related to all the uniformly stressed volumes. The cdf of the smallest VHCF life can be

computed from the product of the reliabilities associated to each volume:

Fy (y; (51, V1), ... (sns'vns)) =1- H?=51 Ryi(y; Si, Vi), (12)

where Ry, (y;s;, v;) = 1 — Fy,(y; s, v;) is the reliability related to the i-th volume v;. According to Eq. 12,
the cdf of the marginal VHCF life for the whole loaded volume depends on all the couples (s;, v;), where i =
1, ..., ng, with ng the total number of uniformly stressed volumes, that can be computed through a Finite

Element Analysis.



The proposed model has been validated on literature datasets and compared with the traditional LEVD
approach. In particular, data coming from tests carried out on specimens with different risk-volumes can be
plotted together on a Gumbel plot, provided that they are shifted according to Eq. 3 by considering the risk-
volume, and are expected to follow a linear trend. The Author validated the model by comparing the
coefficient of determination obtained with the model reported in the paper [34] (Eg. 12) and the one
obtained by considering all the data together in a Gumbel plot. Figure 13a plots the variation of the
coefficients of determination, R% and Rj—c, computed from Quantile-Quantile (Q-Q) plots of the estimated
with respect to the experimental values at different stress ratio thresholds (i.e., by considering the volume
above a specific stress ratio threshold, s/Sy,4, Where s,,,4 is the maximum applied stress). In Figure 13a,
“Traditional” refers to the traditional approach with the LEVD, whereas “New” refers to the approach
proposed by the Author [34]. The superscript Y refers to the estimated VHCF life, whereas the superscript
\/A_C refers to the defect size. The experimental data considered in this plot have been retrieved from [34].
Fig. 13b shows the Q-Q plot, obtained by considering a stress ratio threshold equal to 70%, of the critical
defect size: \/Texp is the critical defect size found experimentally, whereas \/m is the one estimated

with the model in [34].
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Figure 13: Model for size-effect in VHCF in [34]; a) coefficient of determination with respect to the threshold
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stress ratio; b) Q-Q plot of the critical defect size.

According to Fig. 13, the model proposed in [34] enables a proper fitting of the experimental data obtained
by testing specimens with different sizes. For all the investigated stress ratio thresholds, the proposed
approach is better or equal than the traditional approach. The Q-Q plot in Fig. 13b further confirms the

effectiveness of the methdology, with the experimental data close to the bisector.

2.5 Size effect in VHCF: diameter effect
This Section focuses on the investigations of papers that analyse size-effect in VHCF by considering the

specimen diameter (or cross-section) as the most influencing parameter, in place of the risk-volume. In [45],



the Authors developed a method for the estimation of the P-S-N curves in the VHCF region based on the
analysis of the crack formation and propagation stages from the initial defect. The stress-life relation is
obtained by integrating the Paris law from the internal defect to the FGA border and from the FGA border up
to the final failure. The coefficients involved in the Paris law are estimated by minimizing the differences
between the experimental and the analytical N¢. The Authors validated the model on experimental results
obtained by testing bearing steels JIS, SUJ2 and a low-alloy steel, JIS SNCM439. According to the Authors, the
model is also capable to assess the dependency between the specimen diameter and the VHCF life. Fig. 14
shows the influence of the specimen diameter on the VHCF life for an inclusion with size equal to 5.6 ym and
located at 100 um from the surface. However, the Authors do not clarify how the dependency between the
diameter and the VHCF strength is modeled, but it is probably accounted by considering the reduction of the

stress gradient with the diameter.
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Figure 14: Model for size-effect in VHCF in [45]: P-S-N curve variation with the diameter.

According to Fig. 14, the VHCF strength decreases with the specimen diameter. A larger decrement is
observed from 3 mm to 6 mm (from 858 MPa to 832 MPa, 26 MPa, about 3% at 5 - 10° cycles), whereas
it is negligible from the 12 mm to 24 mm, with the curves overlapping. This model suggests that size-effect
tends to decrease with the diameter. Moreover, the decrement is smaller than that observed for the
specimens tested in [29, 30]. However, no validation was carried out to prove the effectiveness of the model.
Xue et al. [46] carried out fully reversed ultrasonic fatigue tests on Al-Si-Cu cast alloy hourglass specimens
with different gage diameters. In particular, the experimental tests were carried out up to 10° cycles on
hourglass specimens with 3 mm and 6 mm gage diameter. The geometry of the tested specimens is shown
in Fig. 15a. Conventional fatigue tests were also carried out at a loading frequency of 35 Hz to validate the

experimental results obtained with the ultrasonic testing machines. The S-N plot of the experimental dataset



in [46] is shown in Fig. 15b. The experimental data in [46] have been retrieved from the S-N plot by using the

software Engauge.
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Figure 15: Experimental tests in [46]: a) hourglass specimen geometries (not in scale); b) Experimental data

on an S-N plot.

According to Fig. 15, the large scatter of experimental failures partially hides the influence of the specimen
diameter on the VHCF response and some data for 3 mm and 6 mm gage diameter specimens partially
overlap at stress amplitudes below 5 - 108 cycles. The difference is more evident for large number of cycles.
For example, if the runout number of cycles is considered, the difference is evident, with the smallest stress
amplitude at the runout Ny of 70 MPa for the 3 mm diameter hourglass specimens and of 60 MPa for the
6 mm diameter hourglass specimens. The Authors also investigated the fracture surfaces, with almost all the
fatigue failures originating from pores with large size. A LEVD was assumed for the defect size: the critical
defect sizes for the 3 mm were all below 400 pm, whereas for the 6 mm diameter specimens 4 specimens
failed due to defects with sizes larger than 400 um. According to the Authors, the average defect size
increases from 338 um for the 3 mm diameter to 361 um for the 6 mm diameter. The Authors, moreover,
proposed a model to estimate the P-S-N curves, by applying the weakest-link principle and by considering
the probability of failure in each infinitesimal volume subjected to an almost constant stress amplitude.
However, this model is not applied to the experimental data and a Weibull model is used for the fatigue life.
A “size effect correction” factor for specimens characterized by different sizes was also proposed. The ratio

between the fatigue strength obtained by testing specimens with larger diameter and volume, s, ;, and



specimens with smaller diameter and volume, s, , (the subscripts 1 and 2 refer to the large and the small

specimen, respectively) is given by:

1
Sa1 _ <f_;1[Gz(x)]Ka'Sz(X)'dx>KU, (13)

Saz 72 161 (01K, (x)-dx
where x is the longitudinal coordinate, with the origin at the specimen center, G;(x) and G,(x) Gaussian
functions modelling the stress variation along the x axis, S; (x) and S, (x) the cross section-areas and K, a
parameter to be estimated from experimental data. According to Eq. 13, size-effect is modelled by
considering the stress variation and the specimen cross-section, without taking into account the distribution
of defect size.

The experimental data, qualitatively digitized from the original paper by using the software Engauge, the
“modified data” (experimental data obtained by testing 3 mm diameter specimens and shifted to the
corresponding data at 6 mm diameter with Eg. 13) and the P-S-N curves estimated by considering the
experimental results and the modified data (median, 0.1-th and 0.9-th quantiles) are plotted in Fig. 16. In Fig.
16, “mod” refers to the “modified data” and to the P-S-N curve estimated by considering the modified data.

According to the Authors, the P-S-N curves estimated with the modified data are close to the experimental

P-S-N curves, confirming the effectiveness of the proposed correction factor.
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Figure 16: Experimental tests in [46]: experimental P-S-N curve and P-S-N curves estimated by considering

the correction factor in Eq. 13.

In [47], size-effect is investigated by testing hourglass and dog-bone specimens with different diameters.
Ultrasonic fully reversed tests were carried out on a low carbon steel. Figure 17 shows the geometry of the

specimens tested and the experimental results. In particular, Figs. 17a, 17c and 17e show the geometries of



the tested specimens, whereas Figs. 17b, 17d and 17f show the experimental data in an S-N plot. For the sake
of clarity, Fig. 17b shows the S-N plot of the experimental data obtained by testing the hourglass and the
dog-bone specimens with the geometry in Fig 17a. Figure 17d shows the S-N plot of the experimental data
obtained by testing the hourglass specimens with the geometry in Fig 17c. Figure 17f shows the S-N plot of
the experimental data obtained by testing the hourglass specimens with the geometry in Fig 17e. According
to Figs. 17a, 17c, and 17e the Authors focused on the effect of the specimen size, rather than on the effect
of the specimen volume. It is worth noting that thin plate and hourglass specimens were also tested, but the
results were mainly concentrated in the HCF region and, accordingly, they have not been considered. In the
original paper hourglass specimens are called “sandglass” specimens; however, to be consistent with the

nomenclature used in the present paper, they will be called “hourglass” specimens.
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Figure 17: Experimental tests in [47]: a) geometry of the specimens and b) S-N plot of the experimental
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and f) S-N plot of the experimental data.

According to Fig. 17a and 17b, the specimen size significantly affects the VHCF response, with the
experimental data for the hourglass specimens above the experimental data for the dog-bone specimens (at
10? cycles the smallest runout stress amplitude was equal to 540 MPa for the hourglass specimens, whereas
it is equal to 480 MPa for the dog-bone specimens), with a 13% reduction. However, rather than the
specimen size and type or the specimen diameter, which is the same, the VHCF decrement can be mainly
attributed to the different tested Vyy: indeed the V4, of the dog-bone and of the hourglass specimens,
computed by the authors through FEA, was equal to 94 mm? and to 42 mm?3, respectively. Accordingly, dog-
bone specimens characterized by larger Vy, showed a smaller VHCF strength.

On the other hand, according to Figs. 17c and 17d, the experimental data obtained by testing hourglass
specimens with the same gage diameter (3 mm) but with different geometries, are close each other with
limited differences and a large scatter in the finite fatigue life range. However, the data for the finite fatigue
life are mainly concentrated at Ny smaller than 10° cycles. If the data above 107 cycles are considered and,
in particular, the runout stress amplitude, type A hourglass specimens show a larger VHCF strength (at 108
cycles the smallest runout stress amplitude was equal to 1200 MPa for the type B hourglass specimens,
whereas it was equal to 1000 MPa for the type A hourglass specimens, with a 17% difference). Even in this
case, the difference is mainly due to the different tested Vg, being equal to 30 mm? for specimens A and to
9 mm?3 for specimens B. The large difference above 107 cycles can be justified by considering that the risk-
volume effect is larger at larger Nr, where the influence of defect plays a more significant role. It must be
also noted that in specimens B the stress concentration factor is larger (about 1.134) than that of specimen
A (about 1.04, according to [19]). Therefore, size-effect is partially hidden by the stress concentration in

specimens B, that could have lowered the VHCF response and contributed to the large scatter.



The experimental datapoints shown in the S-N plot in Fig. 17f were obtained by testing hourglass specimens
with different gage diameter, 3 mm for specimen C and 5 mm for specimen D (Fig. 17e). According to Fig.
17f, the data for the hourglass specimens with 3 mm diameter are above the data for the specimens with
5 mm diameter, with a 5% difference at 10° cycles (from 550 MPa to 525 MPa). Differently from the other
cases, where the gage diameter is the same, for hourglass C and D the diameter was different, with the
hourglass specimens characterized by the smallest diameter being above the data for the hourglass
specimens with 5 mm diameter. Also in this case, as the risk-volume increases (Voo = 30 mm?3 for specimen
Cand Vyy =170 mm?), the VHCF strength decreases. According to the results in [47], the volume, rather
than the diameter, seems to be more relevant for assessing size-effects in VHCF. Indeed, specimens with the
same gage diameter were characterized by different VHCF strengths, pointing out that the different V4, can
be only considered to justify this difference. If the diameter had been the most significant influencing factor,

specimens with the same diameter should have been characterized by the same VHCF strength.

In [15, 16], a different approach is followed to deal with size-effect in VHCF. In particular, size-effect is
modelled with “Fractal Geometry concepts” in order to assess scale-independent P-S-N curves. The concept
of fractality is applied to provide a theoretical explanation for the dependency between the specimen size
and the VHCF response. The disorder induced by defects is modelled by assuming that the reacting section,
or ligament, of the material is a lacunar fractal set with non-integer dimension [16]. By considering the

Weibull distribution, the expression for the probabilistic stress-life relation is given by:

AT _ @ (Moo 500\
logso Ny = f - [~ In(1 — P)]7 (Z222%) ", (14)
where P is the probability of failure, As the applied stress range, &, E the two parameters of the Weibull
distribution, Aoy 509, and n the best fitting parameters of the median curve S-N curve. In order to introduce
the fractal concept, the following scaling law has been assumed for the stress range:

As = As* - b~ 40, (15)

where As™ is the fractal stress range, b the characteristic specimen size and d, is the decrement of the

ligament due to the presence of defects. A similar scaling law was assumed for the term Agy 599:
Ado 509 = Ad*o,500 - b7, (16)

According to the Authors, by substituting Eq. 15 in Eq. 14, the P-S-N curves as a function of the specimen size
b can be obtained. On the other hand, if Eq. 16 is substituted in Eq. 14, the P-S-N curves obtained by testing



specimens with different sizes can be collapsed in into a unique fractal specimen-size independent P-S*-N

curve.

The proposed approach has been validated through an experimental dataset obtained by the Authors with

ultrasonic fully reversed tension-compression tests on specimens made of EN-AW6082 Aluminium alloy.

Hourglass specimens with 3 mm, 6 mm and 12 mm diameters were tested. The specimen geometry is shown

in Fig. 18 a (3 mm and 6 mm hourglass specimens) and 18b (12 mm hourglass specimens). The size-

dependent P-S-N curves are shown in Fig. 18c, whereas all the data collapsed in one curve are shown in Fig.
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Figure 18: Experimental tests in [16]: a) geometry of the 3 mm and 6 mm hourglass specimens; b)

geometry of the 12 mm hourglass specimens c) size-dependent P-S-N curves; d) specimen-size

independent P-S*-N curve.

According to Fig. 18c, the proposed model permits to assess the dependency between the fatigue strength

and the specimen size. The median S-N curves shift downward with the diameter. The stress amplitude

decrement at 10 cycles is equal to 13 MPa from 3 mm to 6 mm (8% decrement), whereas it is equal to



18 MPa from 6 mm to 12 mm (12% decrement). Size-effect therefore increases with the specimen
diameter, differently from [45], where size-effect seems to approach an asymptotic trend above 6 mm
diameter. However, size-effect has been only estimated in [45], without any experimental investigation. The
collapsed P-S*-N curves, moreover, properly fit the experimental data, with almost all the experimental

failures within the 0.1-th quantile and the 0.9-th quantile of the P-S-N curves.

3. DESIGN METHODOLOGIES AND DISCUSSION

In Section 3.1 the design methodologies developed in the literature for taking into account size-effects in
VHCF are analyzed. In Section 3.2 the experimental results on size-effect in VHCF are discussed, focusing on

the strengths and on the weak points of the available results and on the objectives of the future research.

3.1 VHCF design and size-effect

In this Section, the procedures developed for the design of components subjected to VHCF loads are
analysed. According to [22], the prediction of the largest defects with the LEVD, Eq. 3, is not sufficient to
ensure a safe design of components against VHCF failures. For example, when the crack starts propagating
from the ODA in VHCF, the ODA size in place of the defect size should be considered for the application of
the Murakami formulation. Indeed, the crack does not start propagating from the initial defect, but from the
border of the ODA (i.e., the SIF equals the SIF threshold at the ODA border, and not at the defect border).
Accordingly, the Murakami formulation applied by considering the defect size in place of the ODA size
provides a non-conservative estimation of the fatigue limit, according to [22].

In [22], a procedure for the design of components that takes into account the crack nucleation from defects
with ODA formation is proposed. Figure 19 shows the flow charts of the proposed methodology. The

procedure involves fatigue tests on specimens made with the component material, in order to assess the so-

called Master curves of ODA, which model the dependency between the ratio \/areaODA/\/areamax and
N¢. areagpy is the area of the ODA, whereas area, ., is the area of the largest inclusion expected to occur

(in the specimen or in the component volume). The Master curves of ODA are obtained by fitting the

experimental data on the \/areagpa//areanqy - Ny plot.
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Figure 19: Procedure for the design against VHCF failures that takes into account size-effect in [22].

According to Fig. 19, at first the fatigue life to be considered for the design, N, should be defined (step 1).

Given Np, the parameter y = \/areaODA/\/areamax can be obtained from the Master curves of ODA.
Thereafter, from the LEVD associated to the defect size (with parameters estimated from the defects
measured on the fracture surfaces or through inclusion sampling), \/m for the design volume V is
assessed (in Fig. 19, V, is the “inspection volume”, i.e., the volume considered for the estimation of the LEVD

parameters). Given y and ,/area,,,, the size of the ODA in the component volume can be easily computed
as./areapps =Yy ‘/ad'omax' Finally, according to step 5 (Fig. 19), the fatigue limit for the design N, can be

computed by applying the Murakami formulation and by considering the estimated ./areapp,. The
procedure, which requires that the Master curves of ODA are properly estimated, has been also applied for
the design of a component made of a JIS-SCM435 steel (HV = 600) [22]. N, was chosen equal to 5 - 108

cycles and ¥V = 100000 mm3. The estimated fatigue limit was equal to 441 MPa. On the contrary, if

\/m in place of \/m had been considered, the fatigue strength would have increased to
546 MPa, with a 24% non-conservative difference. This design methodology pointed out the importance of
taking into account the ODA size if the mechanisms of crack initiation involve the ODA formation.

In [32], a method for the design against VHCF failures based on FEA and on the weakest-link approach is
proposed. The model was validated on HCF data, but the Authors pointed out that VHCF response can be
safely extrapolated from HCF data with negligible errors. The Authors proposed a methodology for assessing
the effective volume, Ve*ff, which can be exploited for the design of components. The procedure for the

estimation of the effective volume has been analyzed in Section 2.2 and will not be recalled for the sake of



brevity. Ve*ff can be computed for each element of the FE model of the component that has to be designed.
Given Ve*ff, the failure stress for each element can be obtained. The procedure proposed by the Authors
involves verifying if the stress level computed through FEA at each integration point is below the failure
stress. If all the elements are characterized by a stress level below the failure stress, the component does not
fail.

In [39], a procedure for the design against VHCF failures based on the fatigue limit design curves is proposed.
The fatigue limit design curves provide the variation of the fatigue limit with respect to the Vg, according to
Eg. 6. As for the methodology in [22], the influence of the FGA size on the crack nucleation is taken into
account, since the parameters for the fatigue limit design curves are estimated by considering the FGA size.
Therefore, the proposed procedure can be applied only if the FGA sizes are properly measured on the fracture

surface. Fig. 20 shows the design procedure developed in [39].
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Figure 20: Procedure for the design against VHCF failures that takes into account size-effect in [39].

According to Fig. 20, the procedure defined in [39] involves three steps. The first one (rectangle on the left)
involves an FEA of the component in order to assess the component risk-volume, Voo, comp, and the largest
stress within the component, gy, 4. Concurrently, the fatigue limit for the Vg, comp can be easily obtained
(01,900, Comp) by considering the relation between the fatigue limit and the Vy,, estimated from the

experimental results according to the model reported in Eq. 8. The component is verified if 0,4, is smaller

than OLVooy,comp® It €N be noted that the proposed procedure can be applied also for a specific N¢, by
considering the relation reported in Eq. 9 and applied in [31]: in this case, the P-S-N curves for the component
volume can be predicted from the P-S-N curves estimated by considering the experimental data. Given the
P-S-N curves for the component volume, the limit stress amplitude can be assessed by considering the
selected Ny and is equal to OLN  comp® The component is verified if 0,4, < OLN f comp N both cases, high

reliability quantiles should be considered for the estimation of oy, . comp and OLNf comp’ in order to take into

account the possible large scatter associated to the experimental data.



This analysis pointed out that the available design procedures can be applied only if the VHCF response for
the component material is experimentally assessed and, furthermore, the importance of investigating the

failure origin, in order to assess the defect size distribution and the FGA/ODA size associated to each failure.

3.2 Discussion

In this Section, the experimental results on size-effects in VHCF are analyzed and discussed. Figure 21 shows
the percentage VHCF strength decrement with respect the risk-volume Vy. For each investigated material,
the VHCF strength is normalized with respect to the VHCF strength of the specimens with the smallest Vg,
Accordingly, the normalized VHCF strength of the specimens with the smallest Vg, is equal to 100%. The
variation corresponds to that reported in the original paper; if not available, the VHCF strength at the runout
number of cycles has been retrieved through digitization of the S-N plots reported in the original paper. For
the sake of clarity, Fig. 21a shows the experimental results obtained by testing specimens with the largest
Voo smaller than 200 mm3. Figure 21b shows the experimental results obtained by testing specimens with
the largest Vo, smaller than 3000 mm3. Figure 21c shows the experimental results obtained by testing

specimens with the largest Vg, larger than 3000 mm3.
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According to Fig. 21, size-effect significantly affects the VHCF response. However, differently from the HCF
response, a general rule can be hardly extrapolated from the experimental data. Indeed, the VHCF decrement
depends not only on the tested risk-volume, but on the material, on the manufacturing process and on the
defect size range, or better on the material sensitivity to the increment of defect size with the risk-volume.
The VHCF strength variation for the H13 steel and the AlISi10Mg, experimentally investigated through tests
on specimens with the same Vy, is 21% for the unrefined H13, 7% for the refined H13 ESR steel and is
significantly larger for the AlSi10Mg specimens [28%-40%]. These results point out the dependency of size-
effects on the material type and on the material cleanliness. On the other hand, by testing specimens with
smaller risk-volume increment [25, 29], the decrement is similar to that found in [30], further suggesting a
material dependency. It is worth noting that the scatter associated with the experimental data, due to the
randomness of the defect size, can affect the computation of the VHCF strength decrement. For example, for
tests on AISi10Mg vertical specimens in [44], the decrement is equal to 17% by considering the median VHCF
strength and increases to 40% by considering the 0.001-th quantile curve. This highlights an important
aspect: the experimental scatter associated to size-effect has been rarely investigated and taken into account
in the literature, even if the randomness associated to the defect size and intrinsically associated to the
fatigue phenomenon should be carefully taken into account, especially if the primary objective is the design
of components.

These results confirmed that the material type and manufacturing process, the defect size range (or defect
sensitivity to material volume increment) and the material cleanliness strongly influence size-effect,
highlighting the importance of properly estimating the defect size distribution and experimentally verifying
size-effect through tests on specimens with large risk-volumes. In this respect, the validity of tests on
specimens with small risk-volumes should be discussed. For example, in [29], different inclusion types were
found, and the TiN inclusion were found only in small specimens, suggesting a size-effect associated to the
defect type. If the defects found through tests on small risk-volume follow a LEVD different from that of
defects present in large volumes typical of components, the prediction of the largest defect based on tests
on small specimens may be non-conservative, with large differences. In this case, tests on specimens with
large risk-volumes are suggested in order to properly assess the defect population and the size distribution
in the component volume. On the other hand, if the defect type does not vary with the risk-volume, tests on
small specimens may permit to properly predict the largest defect and can be used for the design of
components. Even in this case, however, tests on specimens with different risk-volumes are recommended,
according to [39].

As discussed in Section 2.2, the choice of the proper volume at risk for the application of the LEVD is
fundamental, but its definition is not unique. The use of the V4, proved to be a reasonable and effective
choice in many cases and permits for a rapid assessment of the volume at risk and of the largest defect.

However, the definition of the volume at risk, especially for components with complex shapes (like those



produced with AM processes), should be more reliably assessed by considering the defect size, the stress
distribution and the defect location [34]. On the other hand, these methodologies would involve a FE analysis
and a more complex parameter estimation.

Moreover, all the analyses on size-effects in VHCF assume that the factors affecting the crack nucleation in
VHCF from defects do not depend on the defect size. However, this should be experimentally verified. For
example, if the VHCF crack originates with hydrogen assistance and with ODA formation, is the hydrogen
contribution dependent on the defect size? Are large defects characterized by larger trapping sites and higher
hydrogen concentrations that can affect the crack nucleation process? If grain refinement occurs, is this
mechanism of crack nucleation defect size sensitive? The dependency between factors affecting the crack
nucleation processes in VHCF and the defect size should be investigated, in order to fully understand size-
effects in VHCF. Indeed, if the crack nucleation process depends on the defect size, models for size-effects
must take into account this contribution.

Size-effect has been mainly investigated by considering the influence of the risk-volume. In the last years,
methodologies based on the influence of the specimen size, or of the specimen diameter or cross-section
have been proposed and proved to be effective, especially when information on the defect originating cracks
is not available. In particular, in [16], the methodology has been experimentally validated by considering
three specimen sizes. The strategy of condensing all the data in a unique curve could represent an efficient
solution for the design of components. However, the experimental results obtained in [47] seems to
demonstrate that the risk-volume is the most influencing parameter, since specimens with the same cross-
section and different Vg, are characterized by different VHCF strengths. However, both the risk-volume and
the diameter dependency should be analyzed, and more experimental tests should be carried out to assess
which is the most influencing parameter.

It must be noted that tests on specimens with different diameters were carried out in [48]. The Authors
analyzed the crack nucleation process, highlighting that it is the same and does not depend on the specimen
size. The Authors, therefore, justified the different VHCF strengths with the largest temperature increment
in specimens with larger diameters. The temperature increment in ultrasonic tests could be limited by using
appropriate cooling systems or through intermittent tests [18, 49], even in specimens with large cross-
sections [50]. Moreover, the randomness distribution of critical defects in specimens with large Vg and gage
diameter suggests that the temperature distribution is almost uniform even in large specimens. In addition,
in [47] specimens with the same diameter but characterized by different Vo, were tested, and the VHCF
strength of specimens with small Voo was larger than that of large specimens. Therefore, a temperature
dependency can be excluded, with the different VHCF strength caused by the different tested Vy,.

To conclude, size-effect is an important factor to deal with when analyzing the VHCF response of materials,

since it has significant implications when components are to be designed. More efforts should be done to



assess all the factors affecting size-effect, in order to provide high-reliability design methodologies against

VHCEF failures.

4. CONCLUSIONS

In this paper, the influence of size-effect on the VHCF response has been critically reviewed, by analyzing the

experimental literature results obtained by testing specimens with different sizes. Moreover, the

methodologies proposed for modelling size-effect in VHCF fatigue and the design procedures currently

available have been described and discussed. The following conclusions can be drawn:

Size-effect in VHCF is generally modeled by considering the statistical dependency of the defect
size with the highly stressed material volume, the so-called “risk-volume”. However, a unique
definition for the risk-volume is not available in the literature. The Vg, (volume of material
subjected to a stress amplitude larger than the 90% of the maximum applied stress) proved
effective in modeling the volume at risk. However, the Vg fails to account the stress gradient
and the stress distribution within the material volume. Accordingly, statistical methodologies for
the analysis of size-effect that do not require an a priori definition of the risk-volume and that
models the stress distribution and the stress gradient within the part volume have been also
proposed and validated.

A strong dependency between size-effect, fatigue limit and the VHCF strength in the finite fatigue
life range has been found experimentally. The dependency is mainly related to the increment of
the defect size within the risk-volume. The variation of the fatigue limit, i.e., the threshold for
crack propagation, with respect to the defect size has been modeled in the literature by
exploiting the properties of the Largest Extreme Value distribution. For steels, the decrement of
the VHCF limit was found to be above 30% from the lab specimens to real components. The
capability of predicting the VHCF limit starting from tests on small specimens was also verified,
showing that the steel cleanliness plays an important role in size-effect. Indeed, the VHCF limit
can be more reliably predicted for steels characterized by a high degree of purity.

The risk-volume was also found to significantly affect the finite VHCF life range. Even in this case,
the dependency is related to the increment of defect size with the risk-volume. Experimental
tests were carried out in the literature on high strength steels and on Aluminum alloy specimens
with a minimum Voo equal to 33 mm3 and a maximum tested Vo, equal to 5000 mm3. A
significant decrement of the VHCF strength with the risk-volume was experimentally found, up
to 40%. The VHCF decrement intensity was found to depend on the material type, material
cleanliness and manufacturing process. Therefore, size-effect in the finite VHCF life cannot be

assessed only by considering risk-volume variation, but the material type, the material
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defectiveness and the production process should be also carefully considered. A general rule for
size-effect on the VHCF strength could not be found in this research, and more experimental
results are necessary to clarify the influence of the above-mentioned factors.

The specimen diameter or the specimen cross-section also influence the VHCF response.
Experimental tests on steel and Aluminium alloy specimens have been carried on hourglass and
dog-bone specimens with diameters from 3 mm to 12 mm. The VHCF strength was found to
decrease with the specimen diameter, with decrements up to 20%. In order to model the
dependency between the VHCF strength and the specimen diameter, the fractal approach has
been used. In particular, a procedure for collapsing the experimental data obtained by testing
specimens with different sizes in a unique fractal specimen-size independent P-S-N curve has
been proposed and validated, proving the effectiveness of this alternative approach. However, it
was also experimentally found that the VHCF strength decreases in specimens with the same
cross-section but different risk-volumes. In this case, the VHCF strength decrement can be only
ascribed to the different tested risk-volumes, proving that a physical-based approach that
considers the risk-volume as the most influencing factor is more effective to model size-effect.
More experimental tests are necessary to assess if approaches based on risk-volume and
specimen cross-section must be considered together to properly model size-effect.

The design procedures available in the literature for preventing VHCF failures of components
have shown the importance of taking into account the Optically Dark Area (ODA) size and not
only the defect size. Otherwise, the limit stress cannot be conservatively assessed, thus affecting
the structural integrity of the designed component.

All the analyses on size-effect in VHCF are based on the assumption that the factors affecting the
crack nucleation in VHCF from defects do not depend on the defect size. However, this aspect
should be experimentally verified, since it could help explaining and fully understanding size-
effect in VHCF.

Tests on specimens with large risk-volumes are recommended. Indeed, the defect population
could vary with the risk-volume. In this case, the defect size distribution assessed through tests
on specimens with small volumes could be different from that of components with large volumes.
Therefore, the defect size may not be properly predicted by considering the results of tests on
small volumes.

A general rule for size-effect in VHCF has not been proposed yet. However, the experimental
results suggest that material type, manufacturing process, heat treatment, cleanliness and defect

size range (or defect sensitivity to material volume) strongly influence size-effect in VHCF.



The analyses carried out in this paper highlight the importance of experimentally verifying size-effect in VHCF.
More effort should be made to fully understand and model this complex phenomenon, since it has significant

implications on the design of components and could affect their structural integrity.
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