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Abstract

Experimental data from the recently discovered iron-based superconductor (IBS) KCa2Fe4As4F2 is analyzed within a realistic five-
band s± Eliashberg model with coupling provided by antiferromagnetic spin fluctuations. Fundamental parameters are deduced
from available angle resolved photoemission spectoscopy (ARPES) and ab-initio density functional theory (DFT) data, and several
physical properties are calculated: critical temperature, upper critical field, gap values, resistivity and superfluid density. This
procedure, usually extremely successful in IBSs, highlights the peculiar behavior of this new compound in which s and d -wave
character might coexist and where the electron band is close to vanish.

Keywords: Eliashberg theory, Iron based superconductors, multigap superconductivity, multiband superconductor.

1. Introduction

Eliashberg theory gives powerful tools for the understand-
ing of the fundamental properties of newly discovered materi-
als whose characteristics go beyond the standard BCS model
(1; 2; 3; 4). Iron based superconductors (IBSs) are character-
ized by multiple bands crossing the Fermi surface, resulting in
multiple Fermi sheets on which the superconducting gaps open
(5). A large consensus was established on antiferromagnetic
spin fluctuations (AFM-SF) being the main responsible for pair-
ing in these materials, with other mechanisms (orbital fluctua-
tions, phonons, nematicity) playing a minor role (6; 7; 8; 9).
This repulsive coupling can support superconductivity if the or-
der parameters on the regions of the Fermi surface that are cou-
pled have opposite signs. This is the case for both d-wave gaps
and for the s± picture that was identified in most IBSs (10; 11).
The typical Fermi surface (FS) of these materials involves both
hole pockets at the center of the Brillouin zone and electron
pockets at the M or X point (12). The number and size of these
pockets depends on the stoichiometry of the specific compound,
as do the fine details of their shape, despite they all roughly
share the same qualitative structure.
In this frame, KCa2Fe4As4F2 stands out for some peculiarities.
Angle resolved photoemission spectoscopy (ARPES) experi-
ments (13) and ab-initio density functional theory (DFT) cal-
culations (14; 15) both showed very small electron pockets at
the M point, almost reminding the situation of KFe2As2 where
only hole pockets survive (7). Moreover, the possible presence
of lines of nodes (compatible with d-wave superconductivity)
was suggested due to the shape of the superfluid density mea-
sured by µSR (16) and by low temperature specific heat features
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(17).
These features might stem from the very anisotropic nature of
this compound (belogning to the new ”12442” IBS family (18;
19; 20)), whose structure resembles that of cuprates for many
aspects. The Fe-As layers that support superconductivity are
widely spaced by insulating Ca2F2 blocks (21), bilayer split-
ting effects was observed (13), and resistivity (22), critical fields
(23) and London penetration depth show very large anisotropy.
The importance of the spacer layers in the determination of the
superconducting properties of IBSs stems from both its thick-
ness (24), and from its chemical nature(25).
For all these reasons, applying the typical Eliashberg approach
that has been so successful in other IBSs families (26; 27; 28;
29) can be very instructive: one could expect some features
to be well reproduced, but some failures of the model should
emerge, shedding light on the peculiarities of KCa2Fe4As4F2.
In this paper, we employ the most realistic Eliashberg s± model
(described in Sect. 2) with pairing parameters deduced by ARPES
(13) and DFT data (15) to calculate critical temperature, upper
critical field, gap values, resistivity and superfluid density. The
obtained values and behaviors are compared in Sect. 3 to exper-
imental data from the literature, and discussed in terms of the
peculiar features of this material. In Sect. 4 conclusions on the
fundamental properties and peculiarities of KCa2Fe4As4F2 are
finally drawn.

2. Eliashberg model

High-resolution laser-based ARPES measurements on sin-
gle crystals of KCa2Fe4As4F2 identified five hole Fermi sur-
face sheets around the Γ point, and very small electron pockets
around the M point (13). Two pairs of hole FSs are the re-
sult of bilayer splitting due to interlayer interorbital interaction
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between the two FeAs layers in a bilayer block. The order pa-
rameters measured on the outermost pair are extremely close,
yielding two practically identical bands that can be summed up
in the Eliashberg model (30; 31) to yield a total of four equiva-
lent hole bands and one electron band.
Therefore, in the s±-wave picture the five-band Eliashberg the-
ory consist of a set of 10 coupled equations for the five gaps
∆i(iωn) and five renormalization functions Zi(iωn) to be solved
self-consistently (32; 33; 27). On the imaginary-axis, neglect-
ing disorder-induced scattering and Coulomb pseudopotentials
that are close to zero in clean IBSs, the isotropic equations read:

ωnZi(iωn) = ωn + πT
∑
m, j

ΛZ
i j(iωn, iωm)NZ

j (iωm)

(1)

Zi(iωn)∆i(iωn) = πT
∑
m, j

[
Λ∆

i j(iωn, iωm)
]

×Θ(ωc − |ωm|)N∆
j (iωm) (2)

Here i is a band index ranging from 1 to 5, ωn are the Matsubara
frequencies, ΛZ

i j(iωn, iωm) = Λ
ph
i j (iωn, iωm) + Λ

s f
i j (iωn, iωm) and

Λ∆
i j(iωn, iωm) = Λ

ph
i j (iωn, iωm) − Λ

s f
i j (iωn, iωm), where

Λ
ph,s f
i j (iωn, iωm) =

= 2
∫ +∞

0
dΩΩα2

i jF
ph,s f (Ω)/[(ωn − ωm)2 + Ω2]. (3)

Θ is the Heaviside function and ωc is a cutoff energy. The su-
perscript s f indicates the spin-fluctuations frequency dependent
spectral function α2

i jF(Ω) while ph the phononic one, both con-
sidered to have a Lorentzian shape:

α2
i jF

s f ,ph(Ω) = Ci j
{
L(Ω + Ωi j,Yi j) − L(Ω −Ωi j,Yi j)

}
,

where
L(Ω ±Ωi j,Yi j) =

1
(Ω ±Ωi j)2 + Y2

i j

and Ci j are normalization constants, necessary to obtain the
proper values of λi j, while Ωi j and Yi j are the peak energies and
the half-widths of the Lorentzian functions, set to be Ωi j = Ω0
and Yi j = Ω0/2, based on the results of inelastic neutron scat-
tering measurements (34).

Moreover, N∆
j (iωm) = ∆ j(iωm)/

√
ω2

m + ∆2
j (iωm) and NZ

j (iωm) =

ωm/
√
ω2

m + ∆2
j (iωm). Finally, the electron-boson coupling con-

stants are defined as λs f ,ph
i j = 2

∫ +∞

0 dΩ
α2

i jF
s f ,ph(Ω)
Ω

.

2.1. Input parameters

The value of representative antiferromagnetic spin fluctu-
action energy Ω0 is known and it is equal to 16 meV (21).
Considering all the approximations discussed above (pairing
provided mainly by SF, isotropic gaps, 5 bands of which 1
with electron character, negligible scattering) we are left with
a 5 × 5 coupling constant matrix. Fortunately, the nature of

IBSs allows to largely simplify the matrix (27). We put all di-
agonal components (phononic) equal to 0.1 because the total
electron-phonon coupling in pnictides is generally small (35)
and phonons mainly provide intraband coupling, while the AFM-
SF pairing is only interband (36). Moreover, not all bands are
coupled to each other, but only those crossing the Fermi level at
different points of the Brillouin zone: Γ and M. Therefore only
the electron pocket (band 5) will be coupled to all hole bands,
and no other coupling parameter is , 0.
Finally, symmetric contributions such as Λi j and Λ ji are related
to each other through density of states (DOS) ratio on the two
bands (νi j = Ni(0)/N j(0), where Ni(0) is the normal density of
states at the Fermi level for the i-th band) that can be estimated
from the size of the Fermi surface calculated by DFT (37; 38).
The resulting coupling matrix is therefore the following:

Λi j =


0.1 0 0 0 λ

s f
15

0 0.1 0 0 λ
s f
25

0 0 0.1 0 λ
s f
35

0 0 0 0.1 λ
s f
45

λ
s f
15ν15 λ

s f
25ν25 λ

s f
35ν35 λ

s f
45ν45 0.1


(4)

Where the four coupling elements (λs f
15,λs f

25,λs f
35,λs f

45) are the only
free parameters of the model, fixed to reproduce at best the ex-
perimental critical temperature and gap values. Once this is
done, all other physical properties can be computed.

Figure 1: Temperature dependence of the five gaps values calculated from
imaginary axis Eliashberg equations (solid lines). The experimental values of
the gaps from ARPES measurements (13) are shown as crosses and can be com-
pared with the values from the analytical continuation of the imaginary axis
solutions of the Eliashberg equations on the real axis (open symbols) obtained
with the Padé approximants approach.
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3. Comparison with experimental data

3.1. Superconducting state properties
Figure 1 shows the gap values and critical temperature (where

all gaps vanish) calculated in the five-band Eliashberg model
compared to the experimental data from ARPES measurement
(13). The coupling parameters employed to obtain these val-
ues are shown in Table 1 together with the DOS ratios extracted
from ab-initio calculations in Ref. (15).

Table 1: Input parameters for the Eliashberg model: λs f
i j are the coupling matrix

elements, νi j the DOS ratios deduced from (15).

bands i, j λ
s f
i j νi j

1, 5 1.10 0.067
2, 5 0.65 0.170
3, 5 2.31 0.203
4, 5 0.24 0.285

The total average electron-boson coupling constant in the
superconductive state is λs,tot = 1.59, indicating a moderately
strong coupling with respect to other iron compounds (33). The
critical temperature value found is exactly equal to the experi-
mental one in the ARPES data and perfectly in the range usu-
ally reported for KCa2Fe4As4F2. Overall, also the calculated
gap values are satisfactorily close to the experimental ones. In-
terestingly, the band on which the worst agreement with exper-
imental data is found is the electron one. However, not much
can be done to bring it closer to the experimental values since
all hole bands are coupled to this band, and therefore contribute
to the strength of superconductivity on this FS: a better agree-
ment could be achieved only at the expense of a strong decrease
of Tc. This can be interpreted as a first warning of the great rel-
evance of the very small electronlike band in the determination
of the properties of this compound.

Once the five gaps and renormalization functions have been
calculated, it is possible to compute observable properties and
their temperature dependencies.

For the calculation of the upper critical field Bc2, the lin-
earized gap equations in the presence of a magnetic field can be
solved (40; 26):

ωnZi(iωn) = ωn + πT
∑
m, j

Λi j(iωn − iωm)sign(ωm)

Zi(iωn)∆i(iωn) = πT
∑
m, j

[Λi j(iωn − iωm)] ·

·θ(|ωc| − ωm)χ j(iωm)Z j(iωm)∆ j(iωm)

χ j(iωm) = (2/
√
β j)

∫ +∞

0
dq exp(−q2) ·

· tan−1[
q
√
β j

|ωmZ j(iωm)| + iµBHc2sign(ωm)
]

Figure 2: Comparison of the calculated and experimental (from Ref. (39))
upper critical field in the in-plane and out-of-plane configurations.

Here one additional parameter enters in the calculation. The ex-
pression β j = πHc2v2

F j/(2Φ0), depends on the bare Fermi veloc-
ities vF j of each band. However, within the same approximation
of the free-electron gas already employed, vFi ∝ Ni(0) so that
vFk = νk1vF1 for k ∈ [2,5] (26). Therefore the only new free pa-
rameter is vF1, that will have different values depending on the
direction of the applied field: parallel to the c axis or to the ab
plane. We find that the best fit of the experimental data (shown
in Fig. 2) is obtained with a vF anisotropy (vF1c/vF1ab) close to
3.75: vF1c = 0.45 · 10−5 m/s and vF1ab = 0.12 · 10−5 m/s. A
very good agreement with experimental data (39) is found for a
magnetic field applied in plane, and an acceptable one is found
also for out of plane fields.

Figure 3: Comparison of the calculated and experimental (from Ref. (16))
temperature dependence of the superfluid density.

The temperature dependence of the superfluid density can
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also be computed starting from the obtained gaps and renor-
malization functions (41). Each band contributes to the total
density with a mixing weight (related to the plasma frequency
of each band wλ

i = ω2
p,i/ω

2
p,tot) (42) that can be very roughly

approximated to wλ
i ∼ Ni(0)3/(

∑
i Ni(0)3) as in the free electron

model:

λ−2(T ) = (
ωp,tot

c
)2

3∑
i=1

wλ
i πT

×

+∞∑
n=−∞

∆2
i (ωn)Z2

i (ωn)

[ω2
nZ2

i (ωn) + ∆2
i (ωn)Z2

i (ωn)]3/2
(5)

The results are shown in Fig. 3 where they are compared to
µSR data (16). This comparison is particularly instructive since
the superfluid density can give important indications about the
presence of nodes and the symmetry of the order parameter
(5). Interestingly, we obtain a quite different behavior, although
some qualitative similarities can be found. Both the experimen-
tal and calculated data deviate largely from the typical BCS be-
havior and resemble the superposition of two separate behaviors
at lower and higher temperatures (5). However, the µSR data
has a much steeper increase of ρs just below Tc followed by a
strong flattening of the curve between ∼ 15 and ∼ 25 K. The
low temperature linear increase of ρs with decreasing T was in-
terpreted as an indication that d-wave superconductivity might
play a role (16): the best fit for the data proposed by the authors
yielded a large s-wave gap (∆s = 10.12 meV) and a small d-
wave gap (∆d = 1.84 meV). Clearly, this can not be ruled out by
our data, but we warn that unusual temperature dependencies of
the superfluid density might also originate from the fine details
of the small electron pockets that are crucial for the SF pairing,
by a superposition of small gaps contributions (very non BCS
behavior are strongly influenced by small gaps with high DOS
(43)), and (as suggested in a very similar case (44)) from sec-
ondary magnetic phases contribution. It should also be noted
that the poor agreement between calculated and experimental
data is not determined by the free-electron approximation em-
ployed to estimate wλ

i : even considering these parameters as
free the experimental behavior could not be recovered.

3.2. Normal state properties

Moreover, also normal state properties can be computed
with an approach consistent with the Eliashberg one employed
for the superconducting state. The resistivity in a multiband
system can be obtained considering the contribution of all
the different channels in an extension of the single band case
(45; 46)

ρ(T ) =

ε0(~ωp))2

~

N∑
i=1

(ωp,i/ωp)2

γi + Wi(T )

−1

, (6)

where N is the total number of the different channels con-
sidered and γi is the sum of the inter- and intra-band non mag-
netic and magnetic impurity scattering rates that are in princi-
ple present in the Eliashberg equations. It should be noted that

in our Eliashberg model we neglected these scattering contri-
butions for two reasons: the interband scattering rates are the
ones affecting the superconducting properties and are negligi-
ble in clean pristine single crystals as the ones considered here,
whilst the intraband ones, that are predominant in determining
the residual resistivity, do not affect the superconducting prop-
erties. Finally

Wi(T ) = 4πkBT
∫ ∞

0
dΩ

[
~Ω/2kBT

sinh
(
~Ω/2kBT

) ]2 α2
tr,iFtr(Ω)

Ω
, (7)

with

α2
tr,iFtr(Ω) =

N∑
j=1

α2
tr,i jFtr(Ω), (8)

where α2
tr,i j(Ω)Ftr(Ω) are the transport spectral functions, that

in the phononic case are directly related to the Eliashberg func-
tions (47).
As in the superconductive state, we set all the spectral func-
tions to be equal and to differ just for a scaling factor, the cou-
pling constant (λtr,i j, defined as in Eliashberg Theory (47).),
then α2

tr,iFtr(Ω) = λtr,iα
2
trF′tr(Ω) and λtr,i =

∑N
j=1 λtr,i j.

The specific shape of the spectral function for the antiferro-
magnetic spin fluctuation in the normal state is different from
the ones employed in the superconductive state (47), in par-
ticular for the behavior for Ω → 0, where the transport func-
tion behaves like Ω3 instead of Ω. Therefore, the condi-
tion α2

tr(Ω)Ftr(Ω) ∝ Ω3 should be imposed in the range 0 <
Ω < ΩD, with ΩD ≈ Ω0/10 where Ω0 is the representative
bosonic energy (47). Then α2

tr(Ω)F′tr(Ω) = biΩ
3ϑ(ΩD − Ω) +

ciα
2
tr(Ω)F′′tr(Ω)ϑ(Ω −ΩD) and the constants bi and ci have been

fixed by requiring the continuity in ΩD and the normalization.
In order to describe the coupling with spin fluctuations we

chose for the α2
tr(Ω)F′′tr(Ω) the functional form of the theoret-

ical antiferromagnetic spin fluctuations function in the normal
state (31) that reproduces the experimental data concerning the
normal state dynamical spin susceptibility (34)

α2
trF′′(Ω) ∝

Ω0Ω

Ω2 + Ω2
0

ϑ(Ωc −Ω), (9)

where Ωc is a cut-off energy (in these calculations Ωc = 1 eV)
and Ω0 is the energy of the peak.

When, as in this case, the Fermi surface presents several
sheets, a multi-band model is necessary to explain also the nor-
mal state properties. However, here the predominant feature
is the holonic or electronic character of the carrier. Therefore
it is sufficient to group together all the hole and the electron
bands (separately), leaving a model containing only two differ-
ent kind of carriers. Within this model, the electron-boson cou-
pling constants λ1,tr and λ2,tr, the impurities contents γ1 and γ2,
the plasma energies ωp,1 and ωp,2, the representative energy Ω0
of the transport electron-boson spectral functions and the en-
ergy ΩD are free parameters. Since the materials of the 12442
family are hole doped materials, a weaker electron mobility is
expected (48). This means that within our model the impuri-
ties are mostly concentrated in the electron band (indicated by
the index 2), i.e. γ2 � γ1, and the transport coupling is much
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higher in the hole band (49). In this way one contribution results
to be almost temperature independent and the other changes the
slope of the resistivity with the temperature. In the equation

for the resistivity just the rates
(
ωp,1

ωp

)2
and

(
ωp,2

ωp

)2
= 1 −

(
ωp,1

ωp

)2

play a role, therefore reducing the number of free parameters.
We find λ1,tr = 1.30, λ2,tr = 0.10 (λtr,tot = 0.95), γ1 = 1 meV,

γ2 = 195 meV,
(
ωp,1

ωp

)2
= 0.277 Ω0 = 25 meV and we choose, as

usual (47), ΩD = Ω0/10. We can note that there is a increase of
the typical energy Ω0 of the electron-boson coupling from the
superconducting to the normal state in agreement with inelas-
tic neutron scattering experimental data (34) and a significant
decrease of the coupling constant λtot. This behavior is typi-
cal of cuprates (48) and iron-based materials (50; 51) although
here the differences are not as large. From this point of view
this material behaves less ”unconventionally”. Finally, Fig. 4
shows an excellent agreement of the computed and experimen-
tal ((13)) resistivity, indicating that normal state properties are
less affected by the small details of the electronic structure, es-
pecially if related to the electron band that has a minor role in
the normal state transport.

Figure 4: Comparison of the calculated and experimental (from Ref. (13))
normalized resistivity. The inset shows the AFM-SF spectral functions in the
superconducting and normal states.

4. Conclusions

In conclusion, a five-band s± Eliashberg model for the prop-
erties of KCa2Fe4As4F2 was implemented and analyzed. This
approach, usually able to nicely reproduce all experimentally
observed features of IBSs, in this case is able to interpret most
experimental data (Tc, gap values on the hole bands, upper
critical fields, normal state resistivity) but highlights for this
material two critical aspects, that we attribute to features spe-
cific of this system. In particular: the value of the gap on the
electronic band is overestimated and the experimental tempera-
ture dependence of the superfluid density cannot be reproduced.
We ascribe the former to the fact that fine details of the very
small pockets play an important role in the determination of

the gap values. Regarding the latter, the presence of d-wave
superconductivity represents one possible explanation. How-
ever, we warn the reader that here the situation is complicated
by the multiband nature of KCa2Fe4As4F2, were low tempera-
ture behavior could also be determined by small gaps with high
DOS. Finally, the fact that features that are less affected by the
fine details of the small electron pockets (such as the normal
state resistance, Tc, and upper critical fields) are obtained in the
model nicely agreeing with experiment, indicate that this sys-
tem shares the major features typical of IBSs.
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vanced first-principles theory of superconductivity including both lattice
vibrations and spin fluctuations: The case of FeB4, Phys. Rev. B 97 (2018)
014503. doi:10.1103/PhysRevB.97.014503.

[2] G. Ghigo, D. Torsello, G. A. Ummarino, L. Gozzelino, M. A.
Tanatar, R. Prozorov, P. C. Canfield, Disorder-driven transition from
s± to s++ superconducting order parameter in proton irradiated
Ba(Fe1−xRhx)2As2 single crystals, Phys. Rev. Lett. 121 (2018) 107001.
doi:10.1103/PhysRevLett.121.107001.

[3] D. Torsello, G. A. Ummarino, R. Gerbaldo, L. Gozzelino, G. Ghigo,
Eliashberg analysis of the electrodynamic response of Ba(Fe1−xRhx)2As2
across the s± to s++ order parameter transition, J. Supercond. Nov. Magn.
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