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Abstract

In the present study, a novel defect-driven topological fatigue (TopFat) optimisation approach is proposed. The
influence of defects on the fatigue strength is modelled by using the Murakami formulation to consider the defect
distribution in the material. The fatigue strength is taken into consideration by introducing a stress constraint in the
minimum compliance topology optimisation problem in addition to the von Mises stress and volume constraints. The
algorithm has been effectively validated on several literature cases, providing optimized topologies with maximised
stiffness under the prescribed quasi-static and fatigue strength requirements.
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1. Introduction

In the last decades, metal additive manufacturing (AM) technologies together with topology optimisation
(TO) have revolutionized the design and the production of mechanical components. Indeed, AM processes
allow the production of complex geometries [1-4] with fewer manufacturing constraints compared to
traditional processes as reported by [5] (“The additive method is unlike traditional mass production
manufacturing methods in many ways, creating new possibilities for designers to realise new and different
design ideas previously impossible to manufacture.”) As an example, the complex optimised geometries by
TO [6,7] or the lattice structures [8] can be manufactured with AM technologies, while they would be
almost unproducible with traditional technologies such as drilling, milling or turning. Therefore, this
enhanced manufacturing freedom can be hardly fully exploited with the traditional design methodologies.

On the contrary, TO provides an ideal tool for the design of optimized components [6,9-12] to be produced
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with AM processes. TO basically permits to find the ideal material distribution to optimize one or more
properties (e.g., stiffness) under various constraints [13]. Many approaches have been developed for solving
the TO problem (see [14] and references there in). Commonly, the objective of TO is to maximise the
stiffness of the structure under a volume constraint. However, in this case the maximum allowable stress in
the structure is not considered and the optimized topology can hardly be used since it probably does not
meet the safety requirements. For this reason, limits on the allowable stress, depending on the application,
must be included in the TO problem formulation. Generally, when a component is designed with a TO
algorithm, the stress is limited by considering the quasi-static material strength (i.e. von Mises stress [15] or
buckling stress [16]). More recently, algorithms also capable to consider the fatigue strength have been
proposed [13-24]. For example, in [17] a fatigue driven TO algorithm where the fatigue constraint is
substituted by multiple stress constraints according to traditional high-cycle fatigue design methodology
[29] is proposed. Similarly, in [18] the equivalent static stress approach has been employed for the high-
cycle fatigue stress assessment considering the Sines method and a modified Goodman criterion. In [27] the
dynamic fatigue failure constraints according to Crossland’s criterion are included. In [19] a TO algorithm for
finite-life high-cycle fatigue damage using a density approach and analytical gradients is proposed. In [26]
random fatigue loads are analysed with different methodologies, such as narrow-band solution, the
Wirsching and Light method, the Ortiz and Chen method, and the Dirlik method and taken into account in
structural TO.

It is therefore clear, according to the literature results, that the research of TO algorithms capable of
considering the fatigue constraints is of utmost interest.

However, the fatigue limit inserted as a constraint in TO algorithms is generally extrapolated by classical
fatigue theory (e.g., the asymptote at the end of the S-N curve for steel materials), which is surely effective
for a large of real applications but can miss the crucial influence of defects inside the material. Indeed, it is
well-known that in many practical applications and in-service conditions, the fatigue response of
components is controlled by defects (e.g., inclusions, porosity) which form during the manufacturing
process. In this case, the fatigue strength is smaller than the fatigue strength of a component free of
defects, according to [30]. Therefore, the TO algorithm as a design tool must include this defect-driven
constrain for the fatigue response in order to avoid premature failures in the optimised components. For
example, it is well-known that the fatigue response of AM parts is critical and the main reason is the
presence of large defects that originates during the production process [31-35]. The influence of defects
therefore cannot be neglected to ensure a safe and appropriate design. It must be considered when the
component is designed through TO algorithms, thus permitting to define the topology which ensures the
best material exploitation while guaranteeing the structural safety.

To the authors’ knowledge, the influence of defects on the (lowered) fatigue response has not been

included in the TO yet. Interestingly, in [36] the influence of porosity on structural safety is included in the



TO algorithm. However, the parameters related to the porosity size and shape of the holes are not fitted
with experimental data and a direct link with the fatigue response of the optimised part is missing.
Moreover, the defect size is a priori or randomly assumed and the dependence between the defect size and
the material volume is not considered. Moreover, an arbitrary choice of the defect size could not be
effective, since the defect size and its influence on the fatigue response depend on many factors (e.g., the
material microstructure) and must be properly assessed for each material. In the present paper, a new TO
formulation and corresponding solution algorithm is proposed (TopFat) for considering the influence of
defects on the fatigue response. The fatigue limit of the component is assessed by considering the
Murakami formulation [30]. In order to take into account, the presence of defects with different
morphologies and chemical composition, an equivalent defect size is considered, according to [30]. In order
to model the dependence between the defect size and the material volume, the distribution of defects size
is assumed to follow the Largest Extreme Values Distribution (LEVD). Indeed, according to [30], the largest
defect within the material controls the fatigue response. Therefore, the size of the largest defect, rather
than the defect density, controls the fatigue response. For example, the fatigue response of a component
with a large number of small defects (higher defect density) is larger than that the fatigue response of a part
with a small number of defects, but with larger size. This experimental evidence [30,37] justifies the use of
the LEVD for the estimation of the defect size [37]. All the information about the Murakami theory and its
application in the TopFat algorithm is detailed in the following section. The analytical formulation of the
proposed algorithm is firstly defined, by considering concurrently quasi-static and fatigue stress constraints,
when the component is subjected to load cycles with minimum stress equal to O (i.e., stress ratio equal to
0). The proposed algorithm is finally validated with literature benchmarks, proving its effectiveness and the
importance of considering the presence of defects to guarantee the overall structural integrity of the part.

The rest of this paper is organized as follows: in Section 2 the fatigue model in presence of defects is
described; in Section 3 the TO problem and its solution are reported; in Section 4 the test cases employed
for the validation of the proposed algorithm are illustrated. Concluding remarks are finally made in Section
5. The hybrid stress element model employed for the test cases in detailed in Appendix A. The sensitivity

analysis is provided in Appendix B.

2. Fatigue response in the presence of defects

The influence of small defects on the fatigue response of components has been widely investigated in the
literature and the well-known Murakami formulation [30] is generally considered to assess the fatigue

strength, 7, in presence of defects:
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where C; is a constant parameter depending on the defect location, HV is the Vickers hardness of the
material accounting for the influence of the microstructure, va is the square root of the area of the defect
measured in a plane perpendicular to the maximum applied stress and R is the stress ratio From a physical
point of view, Eqg. (1) states that the fatigue strength of the material in presence of defects depends on the
material hardness, correlated to the microstructure, on the defect size and on the stress ratio. In particular,
an increment of the Vickers hardness has a positive effect on the fatigue strength. On the other hand, the
larger the defect size, the smaller the fatigue strength. Since different defects (i.e., with different chemical
composition and morphology) could form during the manufacturing processes, especially for AM processes,
an equivalent defect size can be considered for Va, according to [30]. Moreover, for Va, positive stress
ratios R lower the fatigue response. According to [30], Eq. (1) is obtained by equating the Stress Intensity
Factor (SIF) associated with the defect to the SIF threshold of the material and permits to assess the stress
amplitude below which a crack does not propagate from a defect with size equal to va. Accordingly, in
order to prevent fatigue failures originating from defects, the most critical defect in the component volume
should be reliably known. The critical defect corresponds the largest defect present in the material:
according to Eq. (1), the larger the defect size, the smaller the fatigue limit. Therefore, the largest defect is
the “critical defect”. It is clear that the size of the critical defect is not known when a component is
designed, since the defect population depends on a large bulk of different factors and mainly on the
manufacturing processes. For example, for parts produced through AM processes [31-35], the process
parameters strongly affect the defect population.

In order to clarify this aspect, Fig. 1 shows the steps that are generally followed for the design of
components with topology optimisation algorithms (e.g., AM parts). After setting the design domain and
the optimisation parameters, the TO algorithm provides the topology that minimizes the compliance under
the volume constraint. The component is finally manufactured and, depending on the manufacturing
process, it may contain manufacturing defects, highlighted in Fig. 1 with yellow circles, which significantly
affect the fatigue response. Material defects can be detected with non-destructive techniques: however, the
assessment of the defect population once the component has been manufactured prevents any possible

modification.
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Figure 1 — Qualitative component flow from the initial design domain to the realisation. a) The optimisation
process is set out, b) the algorithm provides the minimum compliance topology under volume constraint, c)
the component is realised, and the material presents a defect distribution.

Therefore, for a proper fatigue design, the possible presence of defects must be taken into consideration
when the component is designed. In particular, the defect size distribution in the material and, accordingly,
the critical defect size (i.e., the size of the largest defect within the material volume) must be reliably
assessed. According to the literature, the defect size is a random variable and is assumed to follow the
Largest Extreme Value Distribution (LEVD). The related Cumulative Distribution Function (CDF), P of the

LEVD is given as follows:
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where p 7 and g are the location and the scale parameters of the distribution, respectively. From a
physical point of view, Eq. (2) permits to compute the probability P, ; of having a defect with size
smaller than v/a. The parameters KUa and O yar that depends on the material, the production process
and on possible post treatment, can be estimated experimentally by assessing the largest defect within
samples with a defined volume V,, (reference volume in the following). Different methodologies are
employed in the literature for the parameter estimation, like defect sampling on polished metallurgical
samples or by considering the defect originating the fatigue failure in fatigue tests. According to the
properties of the LEVD, Eq. (2) can be also rewritten to predict the size of the largest defect in a volume
V, n times V. Indeed, the defect size is dependent on the material volume, i.e., the larger the volume,
the larger the probability of defects with larger size. Therefore, the parameters u 7 and o, estimated
for a material volume equal to V,,, can be used to predict the size of the largest defect within a larger
volume V,, by exploiting the properties of the LEVD distribution. The largest defect size, \/En, in a
material volume n times V; can be obtained through Eq. (3) by shifting the original distribution in Eq.

(2); for more details on the LEVD and on its properties for the assessment of the defects in the material,



the reader can refer to [30].
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Eg. (3) permits to assess the probability of a defect wit size \/Hn in a volume V,, or to assess the P
percentile of the defect size in the volume 14,.
Therefore, estimated the constant coefficients i 7 and g, ; and for a probability P, the fatigue strength

in the component volume V,, can be reliably predicted by combining Eq. (1) and Eq. (3):
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Eq. (3) can therefore be used for assessing the fatigue strength in a volume where defects are present and
could originate the fatigue cracks. The fatigue strength in Eq. (4) can be used as stress limit when
components are to be designed. In the proposed methodology, Eq. (4) is implemented in a TO algorithm in

order to consider the influence of defects on the fatigue response.

3. Topology optimisation in presence of defects: analytical formulation
In this section the analytical formulation of the TO algorithm is provided. In Section 3.1, the optimisation
function and the constraints are defined, whereas in Section 3.2 the numerical implementation is described.

Finally, in Section 3.3 the solution algorithm is outlined.

3.1 Optimisation function
The finite element method (FEM) is employed for the optimisation. The design domain is discretized by
finite elements and the final material distribution is achieved by varying the density of each element,
according to the SIMP (Solid Isotropic Material with Penalization) interpolation model [13,38]. The density
of the e'" element, p,, is in the range [0,1]. Therefore, the final material distribution corresponds to the set
of elements where the density is equal to 1. On the contrary, those elements with null density are
considered as void material. During the optimisation process element densities can assume intermediate
values between 0 and 1 describing the so-called ‘grey’ zones. However, the final topology must be described
only by black and white zones, i.e. a clear distribution of full and void material. Following the SIMP
approach, the relationship between the variable density and the mechanical properties of the element is
given by:

K. = plK ()

where K, is the stiffness matrix of the e element, K is the stiffness matrix of the element with solid



material and p = 1 is the penalty factor. The exponent p is usually set equal to 3 and is used in the SIMP
method to force the element density to either 0 or 1 at the end of the optimisation process, since elements
with intermediate density have no physical meaning. Indeed, the power function penalizes the intermediate
density, forcing the solution to converge to the desired binary distribution.

Eq. (6) shows the proposed TO formulation, which involves the minimization of the component compliance

with defined volume and stress constraints (i.e., von Mises and first principal alternate stress):
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where p = p, (e = 1,2, ..., N,) are the design variables, i.e. the densities. N, is the total number of
elements, C is the global compliance, F is the vector of the global forces, U is the vector of the global
displacements, K is the global stiffness matrix, I/ is the volume of the component, V/ is the upper volume
limit, J;’M is the von Mises stress for the e element, 6°is the von Mises upper bound, ael is the first
principal alternate stress for the e™ element, 6/ is the upper limit of the first principal alternate stress

defined in Eq. (4), 61 is the first principal stress for the e element and p is the minimum density of the

element. The complete expressions of o/M, 6} and 67 are reported in Section 3.2 in Eq. (7) — (11) and

properly described. The parameter p is usually set in TO problems in the range [0.0001,0.001], in order to

avoid singularities in the global stiffness matrix [38].

The solution that minimizes the compliance under the volume constraint and no other stress or fatigue
constraint, provides the optimized material distribution, but stress peaks are likely and are not controlled.
This would be detrimental for the structural integrity of the optimized topology and would prevent the use
of the TO algorithm for components. For this reason, the stress constraints are included in the formulation.
In particular, the formulation defined in Eq. (6) permits to assess the optimized topology for a component
subjected to a cyclic force in the range [0, Fyqx], Fnax being the maximum applied force in the load cycle,
corresponding to a stress ratio R equal to 0. In order to prevent failures from defects that are randomly
distributed within the material volume, the first principal alternate stress in each element is limited by the
first principal alternate stress upper limit, 6/, corresponding to the fatigue strength defined in Eq. (4).
Indeed, the first principal alternate stress is responsible for the crack propagation from defects. However,
the first principal alternate stress is always a positive term but it must be limited only in the elements with a

positive first principal stress (i.e., if 62(p) > 0in Eq. (6)), since only positive first principal stresses permit



the crack propagation up to failure. For the sake of clarity, only positive 61 permits the crack propagation, if
a defect is present. On the other hand, if the element is subjected to a compression stress, the crack will
not propagate, according to [29,30]. As the volume constraint will be active, the fatigue limit is computed
by considering V;, = V. Accordingly, it is conservatively assumed that a defect with the same size of a defect
that can be statistically found in a volume corresponding to V/ is present in each element In other words, the
fatigue stress constraint is applied to each element, as if the largest defect is found in each element. This
assumption is rather conservative, but it permits a rapid convergence of the method (see Section 3.2 and
Section 4). On the other hand, it is worth to note that the fatigue crack does not propagate in regions of
material subjected to a compression state during the load cycle. However, if a stress limit is not considered
for elements in compression, the optimized component could fail due to possible peak stresses in these
elements (e.g., the stress in the element could be larger than the quasi-static strength of the material). For
this reason, a second stress constraint is introduced to ensure that the von Mises stress for each element is
below an admissible stress (e.g., the yield strength divided by an appropriate safety factor). This second
stress constraint is verified for each element: it is worth to note that, for elements subjected to a positive
first principal stress and therefore at risk of crack propagation in presence of defects, the most restrictive
stress constraint prevails in the optimisation process. This simplifies the numerical implementation of the

proposed methodology

3.2 Numerical implementation

In this Subsection, the numerical details employed to guarantee valid TO results are presented. In
Subsection 3.2.1, a brief description of the employed hybrid stress element model is provided. In
Subsection 3.2.2, the relaxation method, the stress aggregation function and the STM-based correction
scheme used to provide stress constraint esteem are detailed. Finally, in Subsection 3.2.3 the continuation,
filtering and projection techniques considered to obtain clear black-and-white domain and avoid local

minima are described.

3.2.1 Hybrid stress element model

The proposed methodology has been numerically implemented for bidimensional cases. In the literature,
for bidimensional cases, density-based TO is commonly carried out using bilinear quadrilateral four-node
elements. The main reason lies in the low computational cost of this element model. However, when an
explicit stress evaluation is required, these elements may produce inaccurate results due to the shear
locking effect, especially in bending dominated regions [39]. To overcome this issue and improve the
accuracy of the results, a four-node hybrid stress element model is employed in this study. In this model,
both the displacement and stress fields are approximated by means of interpolation functions. The basic

idea behind this method is to make the element less sensitive to geometrical distortions and improve



therefore the stress accuracy evaluation. This result can be achieved by adding additional nodes too, but
this would increase remarkably the computational cost. It has been proved that this method can produce
more accurate results, at the same mesh discretization, with respect to classical bilinear quadrilateral four-
node elements [40].

All considered, the element stress vector @, in the hybrid stress element (Voigt notation) and the SIMP

framework is given by:

0.(p,&n) =[0ex OTey Texy]” = pl®d(&,n)B. (7)

where 0y, 0y and T, are the element stress components, y is a scalar parameter which value depends
on the type of stress interpolation employed (detailed in the following section), @(&,n) is the geometrical
interpolation matrix depending on the element natural coordinates £ and 1, 8, is the stress parameter
vector. The first term modifies the stress according to the local density dictated by the TO approach. The
second term defines where the stress is evaluated within the element according to the natural coordinates
& and 7. The third term f, relates the displacement fields with the stress considering the material elasticity,
the strain-displacement matrix and the structure thickness, similarly to the classical finite element model.
All the details related to the Eq. (7) and how the term S, is numerically evaluated are reported in appendix
A. In all the further analysis, it has been chosen to evaluate the stress element vector @, in the element
centre, i.e. ©(0,0), according to [39]. In order to simplify the notation, the stress element vector evaluated

in the element centre a,.(p, 0,0) is renamed as .. (p) in the following.

3.2.2 Stress constraints: relaxation method, aggregation measure and correction scheme

When the stress constraint is considered in the TO problem formulation, some issues must be managed in
order to obtain a clear convergence and a correct final topology. Firstly, the stress constraint is for its own
nature a local constraint and during the optimisation it is likely to be discontinue within the domain, leading
to singular optimum. This problem is so-called stress singularity and it belongs to the set of singularity
problems in structural optimisation, well-known and widely described in the literature from many decades
[41].

In this study, the stress singularity is avoided through the gp-relaxation strategy [42], which uses two
different penalization factors for the stiffness and the stress. This strategy consists of penalizing the element
stiffness in Eq. (5) with the parameter p while the stress in Eq. (7) is penalized with another exponent, gq.
Therefore, the discontinuity in the constraints is smoothed by relaxing the penalization applied to the stress
measure. Namely, the predefined parameter y in Eq. (7) is equal to g, whose value has been set equal to 0.5
as done in [39]. Some other relaxation approaches are also available in the literature: e.g., the e-relaxation
method [43] or the stress penalization method [44]. However, it has been decided to employ the gp-

relaxation strategy since it has been found to be one of the most effective and straightforward technique to



solve the stress singularity [39].
Given the element stress vector properly penalised and evaluated in the element centre a..(p), it is
possible to calculate the von Mises and first principal alternate stress. In particular, the von Mises stress for

the et element can be evaluated as follows:

M T 1 (8)
O-g (P) = (a'cevo'ce)2
where:
1 —-1/2 0
V=]-1/2 1 0] (9)
0 0 3

The first principal alternate stress, under the plane stress hypothesis for bidimensional structure, is, in

matrix notation:
1 1
Ucle = o'gevl + E (aZeVZO'ce)Z (10)

where the two matrices are respectively:

V1=[— = o] , Vo=[-1 1 o0 (11)
2 2 0 0 4

In the analysed optimisation problem, where the stress ratio R is set equal to zero, the value of 82 is simply
twice the alternate stress o2. A second problem related to stress constrained TO comes into account when
looking at the number of equations involved. Indeed, if the domain is discretised by a large number, n, of
elements, the stress constraint must be checked for each element, leading possibly to 2n constraints, n for
each stress constraint. In this case, aggregation functions are used to reduce the number of constraints to a
single value and improve the computational efficiency of the TO. The most employed are the P-norm
aggregation function [45] and the Kreisselmeier-Steinhauser (KS) aggregation function [15,46—48]. In the
presented study the K-S function is employed for both the constraints on von Mises stress and the first
principal alternate stress. The aggregation functions are evaluated following Eq. (12) and Eqg. (13) within the
domain 2 and the subdomain 2! respectively. This last sub domain is defined as the portion of the domain
where the elements undergo traction stress, i.e. the first principal stress is positive as already stated in Eq.
(6). It can be defined analytically as 2 = {e € 2| 62(p) = 0}.
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where pu, is the stress aggregation parameter and it controls the approximation of max(ag’M) and
max(o2) which are the parameters to be effectively constrained. For lower values of pu,, the approximation
is poor and the final mismatch between the real maximum and that evaluated through the aggregation
function raises. For higher values, the accuracy increases but the induced non-linearity in the problem also
rises. It must be balanced properly to achieve the best compromise. A more detailed discussion about this
term and the K-S aggregation function is provided in [49].

Whereas the aggregation functions solve the high number of constrain problems, they induce
approximations and higher non-linearities in the TO problems. These K-S related issues can be overcome by
means of the STM (stability transformation method)-based stress correction scheme [50]. In all non-trivial
cases, the approximations induced by the K-S aggregation function overestimates the actual maximum of

element stress. Therefore, two stress constraint functions, fVM and fl, are computed by scaling down the

vM, KS S

termo and ¥, according to the STM-based stress correction scheme which reads:

va — C;’VM CgMKS < 58 (14)
fl=ckt gt <gf (15)
I,vM

The complete expressions of the correction factors in the STM-based stress correction scheme ¢y’ and

11
¢~ are reported as below:
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where [ is the iteration index of the tOpO ogy optlmlzatlon proceaure, g = W, as; = W

and sy € [0,1] is a relaxation parameter for avoiding possible oscillations. From the whole set of possible
methodologies to solve the stress constraint related issues, the gp-relaxation strategy, the K-S aggregation
function, and the STM-based correction scheme have been selected. This choice is justified by previous

studies [16,39] which proved the effectiveness of the presented solution.



3.2.3 SIMP convergence improvements: continuation, filtering and projection

It is worth noting that the SIMP approach suffers from other criticalities, as reported in [51]. The most
relevant shortcomings are briefly detailed in the following. Firstly, in order to obtain a black-and-white final
topology, the penalisation factor p must be sufficiently great (usually set equal to 3). However, increasing
the penalization factor forces the problem to be much more non-convex and the solution is likely to fall into
local minima [38,51]. To overcome this issue, the continuation method is typically employed, whose
effectiveness has been verified in several studies [50][52]. The penalization factor p is set to 1 at the
beginning of the optimisation and then slowly increased up to 3 during the process. In this way, the solution
is not forced to fall into local minima in the early stage of the process. Secondly, the so-called checkerboard
effect must be tackled. It consists of a final structure where the distribution is black or white, but some
elements are connected only by corners, like in a checkerboard. Numerically, the structure results to be
stiffer in presence of this checkerboard-like fashion due to erroneous FE modelling with low order elements.
Indeed, it is a numerically induced artificial stiffness which does not simulate correctly the real structural
behaviour. Checkerboard can be avoided by using higher-order elements or employing a linear filter of the
density variables [53][54]. This second option is generally preferred since it does not increase the
computational effort. The density variable is substituted with the value of the linear average of the element

densities in its neighbourhood. The filtered density variable g, is evaluated as follows:

~€ _ Zleﬂe eiPiVi (18)
Yien, WeiVi
The set of elements in the neighbourhood (2, is determined by a circle with radius R:
Qe = {i|llx; — x|l < R} (19)

where x; and x, are the coordinate vectors of the element centre. The linear weight function w,; is defined

as:

wei = R — |lx; — x|l (20)

Lastly, the use of a filter may foster the presence of ‘grey’ zones in the final material distribution. To avoid
intermediate densities in the final topology, a non-linear projection is applied to the filtered density p, [55].

The non-linear projected density 3, is defined as:

— _ tanh(Bpo) — tanh(B(Fe — po))
®  tanh(Bp,) + tanh(B(1 — po))

(21)

where 8 is the projection parameter which controls the effect of the projection and p, is the threshold



parameter which is generally set to 0.5. The projection erases the ‘grey’ zones, fostering the “black or
white” solution (i.e., black elements corresponds to element with density equal to 1, whereas element with
density equal to O corresponds to void elements). In the present work, the above described filtered and
projected density has been employed. Moreover, the continuation method has also been applied to the
parameters 8 and R to avoid local minima [39].

Finally, the Method of Moving Asymptotes (MMA) [56] has been adopted to numerically solve the
optimisation problem. This method is a first order-programming solver and it requires the evaluation of the

first derivatives: the complete sensitivity analysis is provided in Appendix B.

3.3 Solution algorithm

To check the convergence of the MMA, the following two criteria have been used:

l6® - 001, <,

[c® — -1 (22)
< é&

cD

where [ is the iteration index, and &, and &pare predefined tolerances [39].

The flowchart of the proposed solution algorithm TopFat is reported in Fig. 2, the numbers indicate the
various steps of the method. It can be split into two main different phases. The first phase (1) consists of
the evaluation of the defect population and related stress limit according to Murakami theory. Then the
second phase (2), where the proper topology optimisation is carried out considering the defect distribution.
The defect population analysis in TopFat starts with the optimisation model definition (1.1), i.e. the design
domain, the application of the boundary conditions and the material model. In this step, the solution
parameters are defined too. Step 1.2 consists of the defect population estimation according to LEVD, the
evaluation of the size va of the most critical one. In step 1.3 the information about the defect population
is converted in the admissible first principal alternate stress following the Murakami theory. After that, the
topology optimisation phase starts, and it begins with the filtering and the projection of the density
variables (2.1). Step 2.2 consists of the finite element analysis and therefore the evaluation of the
compliance, the volume and the stress functions within the domain. The sensitivity of these quantities with
respect to the density variables follows (2.3). The updating of the new distribution of the density variables
by means of the MMA method is carried out in step 2.4. Finally, in step 2.5 the convergence is checked, and

step 2.1-2.4 are repeated in case it is not verified.
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Figure 2 — Flowchart of the TopFat solution algorithm

4. Numerical examples

In this section, the proposed methodology is validated on literature benchmarks. In Sections 4.1, 4.2 and 4.3
the optimized topology of an L-shape structure, a cantilever and a corbel structure are assessed,
respectively. For all the examples, steel is considered as constituent material, with Young’s modulus E =
2.1 x 10% MPa and Poisson’s ratio v = 0.3, respectively. Initial designs with a uniform material distribution
have been considered and all the initial values of the densities are set equal to 0.3. In Table 1 the values of

the optimisation parameters are detailed.

SIMP parameter Value and/or continuation scheme
Material interpolation p, Eq. (5) p= min{l + floor((l — 1)/3) -0.1, 3}
Stress aggregation measure u, ,Egs. (12) & (13) Us =10
Relaxation parameter s, Egs. (16) &(17) So = 0.618

R/1, = max{R, — floor((I — 1)/10) - 0.1, R\, }
Ro = 4; Rypyn = 1.2

Linear filter radius R, Egs. (19) & (20), [39]




0.1 if 1 <400
Nonlinear projection £, Eq. (21) B =

min{0.1 + floor((I/10 — 40)),20}  if I = 400

Convergence tolerance parameters ¢, €,, Eq. (22) g = 0.01;¢, =0.01

Table 1 — Values of optimisation parameters
Note: I is the iteration index, floor is the function getting the highest integer less than or equal to the argument, 1, is the length of

the side of the element e, R,,,;;,, and R are the minimum filter radius and the initial one.

Table 2 lists the parameters related to the defect distribution and fatigue strength [30]. C; has been set
conservatively to 1.41 (worst condition in [30]). A Vickers hardness of 290 HV, consistent with the
employed material, has been considered. The stress ratio R is set equal to 0. The volume 1}, for each case is
conservatively set equal to V, the volume of the final topology, supposing that all the elements could
contain the most critical defect. The reference volume for the LEVD is equal to 8.8 x 10~3 mm?3, which is
reasonably the inspection volume for defect sampling on the metallographic polished sample with an
inspection area of about 0.5 mm? [30]. The probability P has been set to 0.5 (i.e., the median quantile of
the defect size in the final volume was considered). It is worth to note that a more conservative quantile can
be chosen. However, since other conservative assumptions were made for the validation benchmarks (i.e.,
fatigue limit for surface defects and the presence of the critical defect in each element), the choice of the
median quantile was considered appropriate. In addition, reasonable values from the literature have been
considered or have been assumed, in order to show the effectiveness of the proposed methodology and the

need of taking into account the material sensitivity to defect in the topology optimisation process.

Fatigue parameter Value
Defect location parameters C; C; =141
Vickers hardness HV HV = 290
LEVD location parameter . r; [um] tyg = 16.96
LEVD scale location parameter o, z[um] oz = 2.389
Probability P P=0.5
Stress ratio R R=0
Reference volume Vy[mm?3] V,=8.8-1073
L—sh
Vv, TSP = 6400
Initial volume V; [mm?3] ycantilever — 20000
Vscorbel =17700
Upper limit volume, V V=03"1

Table 2 — Values of defect and fatigue parameters




4.1 L-shape structure design

In the first example, the optimized material distribution within a classical L-shape structure, shown in Fig. 3,
is assessed. This domain geometry has been fairly employed in the literature and it is largely used for testing
the effectiveness of stress-constrained TO algorithms [48][15]. The material volume is constrained to 30% of
the design domain volume (i.e.,V = 0.3 - VL_Shape). The design domain is discretized into 6400 square
four-node elements with the edge length 1 mm. To avoid the artificial stress concentration, the
concentrated load F = 800 N is distributed equally over the closest five nodes around the vertical-right
corner. The fatigue strength of the material, computed according to Eq. (4) by considering a volume
corresponding to 0.3 - VL_Shape, leads to a limit of the first principal alternate stress of ¢/ = 255 MPa.. For
the von Mises stress constraint, an admissible stress 5 = 580 MPais considered (e.g., yield strength

divided by an opportune safety coefficient).

100 mm

40 mm

100 mm N

l<
€ >

Figure 3 - L-shape design domain and geometrical dimensions.
The optimized topologies of the L-shape domain are obtained by considering four different constraint
conditions (Fig. 4). Fig. 4a shows the optimized topology with only the volume constraint, Fig. 4b shows the
optimized topology with the volume and the von Mises constraint, Fig. 4c shows the optimized topology
with the volume and the fatigue constraint on the first principal alternate stress and Fig. 4d shows the
optimized topology with all the constraints. In the figure, C is the compliance, o, is the maximum von

Mises stress, o}, = max(al) is the maximum first principal alternate stress within the final domain.
e



(a) (b)

C = 0.825 Nmm C =0.998 Nmm

oM = 876.95 MPa oM = 579.49 MPa

O}y = 481 MPa O}hax = 303 MPa
(c) (d)

C =1.060 Nmm C =1.080 Nmm

oM = 1569.37 MPa oM =579.87 MPa

Ohax = 252 MPa Ohax = 252.5 MPa

Figure 4 - Optimisation results for the L-shape structure under different constraints. (a) only volume constraint; (b)
volume and von Mises stress constraint (no fatigue constraint); (c) volume and fatigue constraint (no von Mises
constraint); (d) volume and both stress and fatigue constraints.

As shown in Fig. 4 the solution to the classical compliance minimization problem under volume constraint
(Fig. 4a) provides the minimum compliance compared to the other topologies. This represents the topology
with the highest stiffness (C is the smallest), but both the von Mises stress and the first principal alternate
stress are significantly larger than the material limits, compromising the structural integrity. Indeed, the re-
entrant corner is still present in the design obtained, even if it is the most critical part of the entire domain
since it is characterised by high and detrimental stress peaks. If the von Mises stress constraint is added
(Fig. 4b), the final topology changes and the corner is smoothed, with the von Mises stress below the limit
but the first principal alternate stress above the fatigue strength. The compliance, on the contrary, increases
by about 20%. The topology in Fig. 4c, obtained by considering the constraints on the first principal
alternate stress (fatigue constraint) and on the volume, is quite similar to the one showed in Fig. 4b.

However, the members close to the corner are thicker, and thinner far from it, ensuring a first principal



alternate stress below the prescribed fatigue strength, but with the von Mises stress significantly larger than
the limit. In these three cases (Figs. 4 a-c), therefore, the structural integrity of the component is not
guaranteed. Finally, Fig. 4d shows the topology of the fully constrained problem, i.e. under all the
constraints on volume, von Mises and first principal alternate stress. It is useful to see these final topologies
as an assembly of trusses. Indeed, the comparison of the thickness, location and orientation of these
trusses in the final topologies can foster the understanding of their differences and peculiarities. The
topology shown in Fig. 4d is qualitatively similar to those shown in Figs.4b and 4c, but the trusses
dimensions are significantly different. In this case, both the maximum von Mises stress and the first
principal alternate stress are below the limits, ensuring the structural integrity of the component. The
compliance increment, about 29%, is compensated by a significant reduction in the stress level to
completely satisfy the structural requirements, which is the most important aspect when a component is
designed. Fig. 5 shows stress distributions in the topology obtained by considering all the constraints (Fig.

4d): Fig. 5a shows the first principal alternate stress, whereas Fig. 5b shows the von Mises stress.
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Figure 5 - Stress distribution of the optimized L-shape design under all types of constraints: (a) first principal alternate
stress; (b) von-Mises stress

As shown in Fig. 53, the first principal alternate stress in the lower trusses is close to 0 (blue colour), while it
is close to the fatigue strength along the trusses close to the corner. For this reason, the lower trusses are
thinner compared to the trusses close to the corner. The peak of the von Mises stress (Fig. 5b), on the
contrary, is in the lower truss of the optimized domain. Fig. 5 confirms that both the stress constraints in the
presented topology are respected.

Fig. 6a and Fig. 6b show the trend of the most meaningful quantities during the optimisation process. In
particular, Fig. 6a shows the compliance and the stress with respect to the number of iterations (the
compliance, the K-S fatigue function and the first principal alternate stress are shown); whereas Fig. 6b
shows the material volume ratio and the stress with respect to the number of iterations (the K-S stress
function and the maximum von Mises stress). As it can be noticed, the K-S aggregation function
overestimates the real maximum in the structure. This is the reason why the STM-correction scheme is

needed, as explained in Subsection 3.2.2. Overall, the combination of the aggregation function and the



correction scheme reduces the number of constraints but guarantees that the real maximum value is set to

the imposed limit.
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Figure 6 - Iteration histories for optimisation of the L-shape structure considering all types of constraints: (a)
Compliance, K-S fatigue function and first principal alternate stress; (b) material volume ratio, K-S stress function and
maximum von-Mises stress

As shown in Fig. 6a, the K-S fatigue function, the first principal alternate stress and the compliance share
almost the same trend. A maximum appears around iteration number 100 and then these quantities rapidly
decrease to their prescribed convergence values with few slight oscillations. The same considerations can
be done for the von Mises stress and its K-S aggregation function (Fig. 6b). As for the volume ratio, it is
almost constant during the process, mainly because the initial values of the design variables are set to the
selected volume fraction, speeding up the convergence process of the volume constraint. Fig. 6 confirms

therefore that the proposed algorithm rapidly converges to the prescribed values.

4.2 A cantilever structure design

A modified cantilever structure, shown in Fig. 7, is also considered for the validation of the proposed TO



model and solution algorithm. As for the other examples, the prescribed material volume fraction is 0.30.
The design domain is divided into 20,000 square four-node elements with of unit edge length. A
concentrated load of F = 1.0 kN is distributed over thirteen neighbouring nodes along the right edge to
avoid stress concentration. The fatigue strength 6/, computed according to Eq. (4), is equal to 253 MPa. As

for the von Mises stress constraint, in this case it is set to 65 = 620 MPa.

100 mm

F
Y

200 mm

< N
)

Figure 7 - Cantilever design domain and geometrical dimensions

As for the first example, four TOs with different constraints are carried out and the designs obtained are
presented in Fig. 8. Fig. 8a shows the optimized topology with only the volume constraint, Fig. 8b shows the
optimized topology with the volume and the von Mises stress constraints, Fig. 8c shows the optimized
topology with the volume constraint and the fatigue constraint on the first principal alternate stress and

Fig. 8d shows the optimized topology with all the constraints.

(a) (b)

C =475 Nmm C =516 Nmm
M = 842.21 MPa oM = 619.93 MPa

Jmax -

Ohax = 446 MPa Ohax = 328 MPa

(c) (d)




C =524 Nmm C =5.38 Nmm

oM = 1054.05 MPa oM = 620.00 MPa
Otax = 252 MPa Ohax = 252 MPa

Figure 8 - Optimisation results for the cantilever beam structure under different constraints. (a) only volume
constraint; (b) volume and von Mises stress constraint (no fatigue constraint); (c) volume and fatigue constraint (no
von Mises constraint); (d) volume and both stress and fatigue constraints.

According to Fig. 8, similar observations as for the L-shape structure can be made. The topology obtained by
considering only the volume constraint is characterized by the maximum stiffness, but both the stresses
(first principal alternate and von Mises) are larger than the admissible stresses. On the other hand, by
considering only a limit on the von Mises stress (Fig. 8b) and a limit on the first principal alternate stress
(Fig. 8c), one of the two stress constraints is violated. The fourth topology where both stress constraints are
active (Fig. 8d) permits to respect both the material limits, with a compliance increment of about 13%,
smaller than the increment in the L-shape structure.

Fig. 9 shows the stress distribution in the topology obtained by considering all the constraints (Fig. 8d):

Fig. 9a shows the first principal alternate stress, whereas Fig. 9b shows the von Mises stress.
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Figure 9 - Stress distribution of the optimized cantilever beam design under all types of constraints: (a) first principal
alternate stress; (b) von-Mises stress.

By analysing Figs. 9a and 9b, the asymmetry induced by the fatigue constraint could be explained. Indeed,
according to Figs. 8a and 8b, the final topology is vertically symmetric if constraints on the first principal
alternate stress are not applied. On the contrary, the topologies in Figs. 8c and 8d, obtained by applying
constraints on the first principal alternate stress, are not symmetric. Indeed, the von Mises stress is higher
in the compressed trusses, whereas the first principal alternate stress prevails in the trusses subjected to
traction, forcing them to be thicker and inducing a non-symmetric topology.

Figs. 10a and 10b show the trend of the most meaningful quantities during the optimisation process. In
particular, Fig. 10a shows the compliance and the stress with respect to the number of iterations (the
compliance, the K-S fatigue function and the first principal alternate stress are shown); whereas Fig. 10b
shows the material volume ratio and the stress with respect to the number of iterations (the K-S stress

function and the maximum von Mises stress).
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Figure 10 - Iteration histories for optimisation of the cantilever beam structure considering all types of constraints: (a)
Compliance, K-S fatigue function and first principal alternate stress; (b) material volume ratio, K-S stress function and
maximum von-Mises stress

The trends highlighted in Figs. 10a and 10b show that feasible designs are achieved in about 600 iterations

and the convergence process is effective, with very little fluctuations. This means, as for the L-shape, that

the proposed algorithm provides a smooth and clear method to find the optimal topology.

4.3 Corbel structure design

In the third example, a corbel structure [47] is considered (Fig. 11). The prescribed material volume fraction
is 0.30. The design domain is meshed by 17700 square four-node elements of unit edge length. A
concentrated load of F = 3.5 kN is distributed over eleven neighbouring nodes along the top edge to avoid

stress concentration. A fatigue strength G/ of 253 MPa and a von Mises stress constraint 6° of 660 MPa

are considered.



(a)

50 mm 60 mm ‘
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Figure 11 - Corbel design domain and geometrical dimensions

As for the other benchmarks, four cases are considered. Fig. 12a shows the optimized topology with only

the volume constraint, Fig. 12b shows the optimized topology with the volume and the von Mises

constraint, Fig. 12c shows the optimized topology with the volume and the fatigue constraint on the first

principal alternate stress and Fig. 12d shows the optimized topology with all the constraints.

C =16.96 Nmm

o™ = 1309.00 MPa
Ohax = 718 MPa

(b)

C =19.79 Nmm

()

oM = 659.75 MPa

Ohax = 333 MPa

C = 2098 Nmm

oM = 1753.96 MPa
Ohax = 252.5 MPa

(d)

C =21.33 Nmm
oM = 659.01 MPa
Ohax = 252.5 MPa

Figure 12 - Optimisation results for the corbel structure under different constraints. (a) only volume constraint; (b)
volume and von Mises stress constraint (no fatigue constraint); (c) volume and fatigue constraint (no von Mises

constraint); (d) volume and both stress and fatigue constraints.

This example further confirms the effectiveness of the proposed methodology. An increment of the

compliance is compensated by the possibility to ensure the structural integrity of the optimized component.

In the topology obtained by considering both constraints, the first principal alternate stress and the von



Mises stress are below the corresponding admissible values.
Fig. 13 shows the stress distribution in the topology obtained by considering all the constraints (Fig. 12d):

Fig. 13a shows the first principal alternate stress, whereas Fig. 13b shows the von Mises stress.
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Figure 13 - Stress distribution of the optimized corbel design under all types of constraints: (a) first principal alternate
stress; (b) von-Mises stress.

As for the other two cases, where the von Mises stress is higher, the first principal alternate stress is smaller
and vice versa, highlighting the importance of considering both stress constraints.

Fig. 14a and Fig. 14b show the trend of the most meaningful quantities during the optimisation process. In
particular, Fig. 14a shows the compliance and the stress with respect to the number of iterations (the
compliance, the K-S fatigue function and the first principal alternate stress are shown); whereas Fig. 14b
shows the material volume ratio and the stress with respect to the number of iterations (the K-S stress

function and the maximum von Mises stress).
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Figure 14 - Iteration histories for optimisation of the corbel structure considering all types of constraints: (a)
Compliance, K-S fatigue function and first principal alternate stress; (b) material volume ratio, K-S stress function and
maximum von-Mises stress

As for the other two examples, the algorithm rapidly converges (less than 200 iterations) with limited

fluctuations, further proving the efficiency of the proposed TO algorithm with fatigue constraints.

Future works will be focused to fully consider more complex loading cases [57—60] by means of local

approaches [61-63] also fully including three-dimensional effects [8,64—67].

5. Conclusions

In the present paper, a topology optimisation algorithm able to include the presence of defect as a fatigue
limit is proposed. This defect-driven TO is able to provide safely optimised components and prevent from
possible fatigue collapse in working conditions due to the presence of large defects which are generally
neglected when components are designed. Indeed, material and manufacturing defects are the cause of
fatigue failures in many components, especially in those produced through AM processes and generally

designed with topology optimisation algorithms. In order to model the influence of defects on the fatigue



response, a stress constraint on the first principal alternate stress is introduced in the topology optimisation
algorithm. In particular, the first principal alternate stress, responsible for the crack nucleation and
propagation from defects, is limited to a stress amplitude corresponding to the fatigue strength computed
according to the well-known Murakami formulation. The dependency between the defect size and the
material volume is also considered with the Largest Extreme Value Distribution (LEVD). A second stress
constraint is introduced in order to limit the stress in elements subjected to compression stress and,
therefore, not critical for the fatigue response. The proposed algorithm is validated with three literature
benchmarks (L-shape, cantilever and corbel structures), evidencing its effectiveness.

The main results can be summarized as follows:

1. The proposed methodology provides a final topology with maximised stiffness under volume, quasi-
static and fatigue constraints.

2. The fatigue constraint is defect driven, which is a fundamental aspect especially when designing
components to be produced through Additive Manufacturing processes, characterized by a fatigue
behaviour worse than that of components produced through traditional processes due to the
presence of large manufacturing defects.

3. The main issues related to the density-based topology optimisation process and stress-constraints
are considered and combined, guaranteeing smooth convergence.

4. The validation with three benchmarks confirms that the proposed algorithm permits to obtain a
final topology with the first principal alternate stress below the fatigue strength in presence of
defects and a von Mises stress below an admissible stress (e.g., yield stress divided by a safety

coefficient) with a rapid convergence.

The proposed topology optimisation algorithm permits therefore to design fatigue resistant structures by

taking manufacturing defects into consideration.

Appendix A: Hybrid stress element model definition
In this Appendix, the hybrid stress element model is formulated, and the related meaningful expressions are
reported. The reader can refer to [40] for the full formulation and complete model analysis.

The expressions of the element vector stress and the displacement read:

0.(§,n) = [Tex Oey TexJ/]T =D&, n)B. (A1)

u(§,m) = [Uex  Uey]" = N(§,m)d, (A2)

where 0y, 0y and T,y are the element stress components, ug, and u,,, are the element displacement



components, @(&,n) and N(&,n) are the geometrical interpolation matrices depending on the element
natural coordinates ¢ and 7 for the stress and displacement respectively, 8, is the stress parameter vector
and d, is the element nodal displacement. As for the displacement field, the same interpolation scheme of
bilinear quadrilateral four-node elements is used. As for the stress field, following [40] it is possible to

express the stress parameter vector Be as:

Be = H_lade (A3)
where the two matrices read:

1,1
G=f f @B t,|]|d¢ dn (A4)

-1J-1

1,1
H=f f¢Tso¢t0|]|d§dn (A5)

-1J-1

The terms reported in Eqg. (A4) and Eq. (A5) are: J the Jacobian matrix and |J| its determinant, B the strain-
displacement matrix, §, the compliance matrix, i.e. the inverse of the elasticity matrix, and t, the structure

thickness. Overall, the element stiffness matrix k, and the element vector stress o, respectively read:

k, = GTH™G (A6)

o, = PH'Gd, (A7)

Thanks to Hellinger-Reissner variational principle [39,40] it is possible to find out the dependency with the

density design variable p. The above described matrixes in the SIMP-TO framework read:

B = sz_lGde (A8)
ke=plG"H™'G (A9)
o, = plPH'Gd, (A10)

where the parameter y is a scalar parameter defined by the employed interpolation technique.

Appendix B: Sensitivity Analysis

In this Appendix, the sensitivity analysis of the first principal alternate stress is detailed For the sensitivity of
the compliance, the volume constraint and the von Mises constraint the reader is referred to Section 5 in
[39].

The derivatives of the first principal alternate stress of the e element ¢, defined in Eq. (10), with respect

to the stress components 0.y, Oey, Texy , defined in Eq. (7), are given by:



aO-el =1+1 Oex — Oey
do, 2 2
e \/(O-ex - aey)z + 4'Tgxy
aO_el _1_1 Oex — Oey
00,, 2 2 (B1)
ey \/(Jex - Uey)z + 4Tgxy
do} 2t
e exy
0Tory
“y \/(O_ex - Uey)z + 4'Tgxy
In matrix form the derivatives can be expressed as:
oot 1 Vo
—_yT e
do, Vi+ 2. . 1 (B2)
¢ (ae Vzae)z

where V; and V, are detailed in Eq. (11).
The sensitivity of the K-S stress function in Eq. (13) with respect to p; can be derived using the chain rule as:

dolKs B Z da ks < do} )T 00, (83)
ap; o dag \00c.) 0p;

In the above expression, the partial derivative of the K-S stress function with respect to the element first

principal alternate stress is detailed as below:

1
e 1 en(w)
o of

dad f ol
¢ g Zeenl exp (l"a %)
o
The sensitivity of the element stress vector with respect to p; is:
do ad B5
9 = ziaieo'ce+pg¢cH_1Ga : (85)
Pi  Pe Pi

where 6;, is the Kronecker delta. The adjoint method [15,50] is used to calculate the last term on the right-
hand-side of Eq. (B5), which contains the sensitivity of the displacement vector. Following the same
procedure as in [17] and after some rearrangements of the mathematical terms, it is possible to derive the

expression for the sensitivity:



T 0K (B6)

T
> Oce — (XLKS) —U

ap;

dg q6; 0o fS <8091

api oenl Pe aO'e1 aa'ce

where )(,'is is an adjoint vector that can be obtained by solving the following:

dal (B7)
do ..

KS q ao"lc(s -1 T
KXk = Z Pe 60'1 (d>cH G)
eent €

The derivates of all the quantities can be achieved by the chain rule if the projected and filtered density is

considered as reported in Section 6.1 in [39].
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