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Abstract: When a parameter quench is performed in an isolated quantum system with a complete
set of constants of motion, its out of equilibrium dynamics is considered to be well captured by the
Generalized Gibbs Ensemble (GGE), characterized by a set {λα} of coefficients related to the constants
of motion. We determine the most elementary GGE deviation from the equilibrium distribution that
leads to detectable effects. By quenching a suitable local attractive potential in a one-dimensional
electron system, the resulting GGE differs from equilibrium by only one single λα, corresponding to
the emergence of an only partially occupied bound state lying below a fully occupied continuum of
states. The effect is shown to induce optical gain, i.e., a negative peak in the absorption spectrum,
indicating the stimulated emission of radiation, enabling one to identify GGE signatures in fermionic
systems through optical measurements. We discuss the implementation in realistic setups.

Keywords: quantum quench; out of equilibrium; inversion of population

1. Introduction

The concept of quantum quench, i.e., the sudden change in the Hamiltonian parame-
ters of an isolated quantum system [1–4], has an extraordinary impact in both technological
applications and fundamental physics. Not only does it represent a basic operational tool
for quantum state manipulations, it also enables one to tailor material properties [5] and
quantum phases [6]. Furthermore, because a quench drives the system out of equilibrium,
challenging questions have intrigued many scientists in the last years: Can the system
“thermalize” in some sense at long times and, if so, what are the properties of the steady
state? The answers to these non trivial problems mainly depend on two aspects. First,
the type of quench: While early studies considered quenches of spatially homogeneous
parameters [7–16], recent works have focused on inhomogeneous quenches such as extensive
disorder potentials [17,18], e.g., in view of many-body localization [19,20], and spatially
localized perturbations [21–31], which can for instance generate persistent oscillations in
physical observables thus preventing the reaching of a steady state [17,18,29]. The second
important ingredient in the problem is the type of system. In particular, in the case of
integrable quantum systems [32], the post-quench dynamics is restricted by a complete
set { Îα} of local constants of motions commuting with the post-quench Hamiltonian [33].
This implies that, if an out of equilibrium steady state is reached, it can be described by a
Generalized Gibbs Ensemble (GGE) density matrix [7,34–41]

ρ̂GGE =
exp(−∑α λα Îα)

Tr
[
exp(−∑α λα Îα)

] , (1)
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where the Lagrange multipliers {λα} are determined by the pre-quench state and uniquely
characterize the GGE.

On the theoretical side, there is a growing consensus that the GGE hypothesis works
both for homogeneous [7,34–41] and inhomogeneous [17,18,42–44] quenches. However, only
a few experimental GGE signatures have been observed so far, mostly limited to trapped
one-dimensional Bose gases [45]. As far as Fermi systems are concerned, the proposals for
GGE detection are based on homogeneous quenches of the interaction strength [46,47] and
have not found experimental evidence yet. Different schemes are thus needed.

A particularly illuminating case where sound results concerning GGE are known is
when the post-quench Hamiltonian Ĥ is a quadratic form in the creation and annihilation
operators, i.e., a one-body operator [17,18,48–50]. In such a case, the latter can always
be brought into a diagonal form Ĥ = ∑α εαγ̂†

αγ̂α through a change of basis to suitable
creation/annihilation operators γ̂†

α, γ̂α of single particle states α and the complete set of
constants of motion { Îα} are identified as the number operators n̂α ≡ γ̂†

αγ̂α (If the n̂α

themselves are not local, as is customary in the case of homogeneous quenches, it is always
possible to construct local conserved quantities out of them, following the lines of Ref. [49]
(see e.g., Equations (18) and (19) therein)).

The analysis of these systems provides useful insights on fundamental questions. In
particular, the way quantum dynamics is described by a GGE heavily depends on the type
of inhomogeneities that are possibly quenched in the system. On the one hand, quenching
an extensively dense disorder prevents the system from reaching a strict stationarity, and
only long time time-averages of one-body observables equal the GGE statistical average over
Equation (1) [17,18]. On the other hand, recent results have shown that, if the localized
states of Ĥ are sufficiently spatially separated, i.e., if disorder is rare and weak enough,
the expectation values of local observables tend in time to the ones prescribed by the GGE
density matrix [49].

Importantly, in the case of post-quench one-body Hamiltonians, one can also quantify
the deviation of GGE from thermal equilibrium. This can be done through the single-particle
reduced density matrix stemming from ρ̂GGE, which is explicitly given by ρ̂D = ∑α |α〉〈α| fα

and is thus called the “diagonal ensemble” in the α-basis. Here fα ≡ 〈n̂α〉◦ = Tr[n̂αρ̂◦]
represent the occupancies of the post-quench constants of motion over the pre-quench
state ρ̂◦. They are in one-to-one correspondence with the {λα}, which are fixed through
the relation 〈n̂α〉GGE = 〈n̂α〉◦. In particular, for fermionic systems, this implies fα =
(1 + exp[λα])−1. Thus, while the equilibrium state at temperature T and chemical potential
µ corresponds to the Fermi distribution f eq

α = f eq(εα) = {1 + exp[(εα − µ)/kBT]}−1, or
equivalently to λ

eq
α = (εα − µ)/kBT, the out of equilibrium state is characterized by the

actual set { fα}, or equivalently by the set {λα}, and is thus quantified in terms of “how
many” occupancies fα deviate from f eq

α and by “how much”.
In this paper we focus on quadratic Fermi systems and address the following question:

what is the most elementary deviation from equilibrium that can produce observable
effects? We shall show that quenching a spatially localized potential can lead, under suit-
able circumstances, to an out of equilibrium state that (i) reaches stationarity and (ii) is
described by a GGE distribution where only one parameter λα deviates from equilibrium,
corresponding to an only partially occupied bound state lying below a continuum of fully
occupied extended states. Furthermore, we show that such condition yields a negative
absorption spectrum, also known in optoelectronics as the optical gain, thereby paving the
way to observe signatures of GGE through optical measurements.

The paper is organized as follows. After presenting the model in Section 2, we first
focus on the case of a sudden quench of a rectangular quantum well to provide the proof
of concept of the effect. In particular, in Section 3, we determine the post-quench out of
equilibrium distribution, while in Section 4 we evaluate the related absorption spectrum,
displaying the quench-induced negative absorption peak. Then, in Section 5, we generalize
these results by including realistic effects, namely a finite switching time and a smooth
quantum well potential profile. Finally, in Section 6, we draw our conclusions.
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2. Model and Post-Quench Occupancies for a Sudden Quench

In order to illustrate the effect, we consider as a pre-quench system a homogeneous
one-dimensional gas of free spinless electrons, described by the Hamiltonian Ĥpre =
−h̄2 ∫ dx Ψ̂†(x) ∂2

xΨ̂(x)/2m, with Ψ̂ denoting the electron field operator. The system is
initially at equilibrium with a reservoir, at a temperature T and a chemical potential µ.
This entails that the Fourier mode operators ĉ(k) diagonalizing the Hamiltonian, Ĥpre =∫

dk ε(k)ĉ†(k)ĉ(k), are characterized by

〈ĉ†(k)ĉ(k′)〉◦ = δ(k− k′) f eq(ε(k)) , (2)

where ε(k) = h̄2k2/2m is the pre-quench spectrum. Then, the system is disconnected
from the reservoir and, at the time t = 0, a localized attractive potential V(x) < 0 is
switched on near the origin x = 0, so that the post-quench Hamiltonian is Ĥpost = Ĥpre +∫

dxΨ̂†(x)V(x)Ψ̂(x). For the moment, we shall focus on the case of a sudden quench,
while the effects of a finite switching time will be considered in Section 5. Notably, while
Ĥpre has a purely continuous spectrum, Ĥpost also displays a discrete set of bound states,
spatially localized around the origin, and with energies εn < 0 (n = 0, 1, 2 . . .) lying below
the continuum branch ε > 0.

The post-quench dynamics of this isolated system is intriguing in view of two oppo-
site expectations. On the one hand, because the quenched potential is local, the energy
change experienced by the entire system is vanishingly small in the thermodynamic limit,
suggesting that even the post-quench distribution should remain a thermal one, just like
the pre-quench state. In particular, if the initial state is the pre-quench ground state, one
might expect the system to fall into the post-quench ground state, with all the bound
states fully occupied. On the other hand, the Anderson orthogonality catastrophe [51,52]
ensures that, precisely in the thermodynamic limit, the many-body ground states of the
pre- and post-quench Hamiltonians are orthogonal, suggesting a different post-quench
distribution. In order to characterize the out of equilibrium dynamics, we first bring the
post-quench Hamiltonian, quadratic in the fermionic fields Ψ̂ and Ψ̂†, to its diagonal form
Ĥpost = ∑

∫
α εαγ̂†

αγ̂α through a unitary transformation. Here the symbol ∑
∫

is a compact
notation indicating a summation over the discrete spectrum branch and an integral over
the continuous spectrum branch. This implies, as observed above, that the out of equilib-
rium dynamics of the system is governed by a GGE, which is characterized by the set of
post-quench occupancies fα of the constants of motion.

However, because the post-quench spectrum contains both a discrete and a contin-
uum branch, care must be taken in identifying the occupancies fα, which in this case are
determined from the diagonal ensemble density matrix through the relation (ρ̂D)α′α ≡
〈γ̂†

αγ̂α′〉GGE = dαα′ fα, where dαα′ ≡ δαα′ for α, α′ ∈ discrete spectrum, while dαα′ ≡ δ(α− α′)

for α, α′ ∈ continuum spectrum and dαα′ = 0 otherwise (The operators fulfill {γ̂α, γ̂†
α′} =

dα,α′ at equal-time). In turn, the ρ̂D entries can be computed by exploiting the trans-
formation γ̂α =

∫
dk U(α, k) ĉ(k) linking the post- to the pre-quench operators, where

U(α, k) =
∫

dx ψ∗α(x)ϕk(x) is the overlap integral between the post-quench eigenfunctions
ψα and the pre-quench eigenfunctions ϕk. By recalling the expectation values (2) of the
pre-quench operators, it is straightforward to show that

(ρ̂D)αα =
∫

dk|U(α, k)|2 f eq(ε(k)) , (3)

whence the post-quench occupancies fα are obtained through the above prescription.

3. The Case of a Quantum Well

For definiteness, we shall evaluate the post-quench occupancies for the case of a rectan-
gular quantum well (QW) potential V(x) = −V0 θ(a/2− |x|), characterized by a potential
depth V0 and a width a around the origin. Here, θ denotes the Heaviside function. In this
case, space parity is conserved across the quench, the post-quench eigenfunctions ψα are
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well known, just like the pre-quench free-particle eigenfunctions ϕk, and the occupancies
Equation (3) can be evaluated for all the post-quench states.

As far as the continuous spectrum is concerned, it is worth recalling that the presence
of the QW does modify the continuum states with respect to the free-particle waves,
especially at small energies (0 < ε < V0). Nevertheless, a lengthy but straightforward
calculation (see Appendix A for details), shows that in the thermodynamic limit, the post-
quench occupancy of the continuum is fα = f eq(εα), i.e., it coincides with the equilibrium
Fermi function of the pre-quench state, with the same temperature and chemical potential,
regardless of the values a and V0 of the QW parameters. This is the hallmark of the locality
of the quench. In particular, at zero temperature all continuum states are fully occupied up
to the chemical potential µ.

The situation is different for the bound states. As is well known, the number of bound
states in a rectangular QW depends on the ratio between the well potential depth V0 and
the kinetic energy Ea = π2h̄2/2ma2 associated to the confinement in the well width a. The
smallest deviation from equilibrium is when one single discrete level, lying below the
continuous spectrum of occupied states, is not fully occupied. Moreover, the existence of
only one bound state ensures that the system reaches a stationary state after the quench [49].
Focusing then on the regime V0 < Ea, where the QW hosts only one bound state, one can
exploit the well known expression for the bound state of a rectangular QW and evaluate its
occupancy fbs = (ρ̂D)bs,bs numerically from Equation (3). The result is shown in Figure 1a,
where fbs is plotted as a function of the ratio V0/Ea, at zero temperature, for four values of
chemical potential µ. While for an extremely shallow and thin well (V0/Ea � 1) one has
fbs ' 1, i.e., the value one would obtain if the post-quench system were at equilibrium, for
V0/Ea . 1 the occupancy decreases. Notably, such a reduction is, the more pronounced
the lower µ is, which can be understood from the following arguments. Since the pre-
quench eigenfunctions ϕk are essentially plane waves, the U(bs, k) coefficient is the Fourier
transform of the bound state wavefunction ψbs and becomes negligible for k � 1/`,
where ` & a is the length scale over which ψbs is localized. The chemical potential µ
of the pre-quench state appearing in the Fermi function, cuts the integral in Equation (
3) at the Fermi wavevector kF =

√
2mµ/h̄. Thus, while for kF � 1/` the occupancy is

fbs =
∫

dk|U(bs, k)|2 f eq(ε(k)) '
∫

dk|U(bs, k)|2 = 1 (unitarity of the U transformation),
for small chemical potential, such that kF � 1/`, the integral is cut before yielding the
occupancy 1.

continuum

bound state

Figure 1. (Color online) (a) The occupancy of the bound state εbs < 0 induced by the quench as a
function of the quantum well (QW) parameters V0/Ea, at pre-quench temperature equal to zero,
and for four different values of the pre-quench chemical potential µ. (b) Sketch of the occupancy of
the post-quench states: While the states of continuum (ε > 0) are fully occupied up to µ, just like
in the pre-quench state, the quench induced bound state gets only partially occupied, realizing the
population-inversion regime (optical gain) leading to a stimulated emission of radiation (see Section
4).

The resulting occupancy of the post-quench spectrum is sketched in Figure 1b at zero
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temperature: While the continuum states ε > 0 are characterized by the very same Fermi
function as the equilibrium pre-quench state and are thus fully occupied up to the chemical
potential µ for any QW parameter, the bound state εbs < 0 is only partially occupied, despite
being energetically more favorable than the continuum. This peculiar out of equilibrium
effect thus realizes the most elementary GGE deviation from equilibrium: only the bound
state λbs = ln[(1− fbs)/ fbs] deviates from the equilibrium value. In particular, this is quite
different from the case of a homogeneous quench, where typically an extensive number of
post-quench occupancies deviate from equilibrium [39].

Note that, because of particle conservation, the partial occupation of the quench-
induced bound state corresponds to an infinitesimally small depletion (by at most one
electron) of the continuum spectrum. In the thermodynamic limit, no directly seizable
effect thus occurs in the continuum states. In contrast, the emergence of an only partially
occupied bound state, energetically separated from the fully occupied continuum above, has
a remarkable consequence: It realizes the condition of population-inversion, well known in
optoelectronics. While at equilibrium a radiation impinging onto an electron system yields
the absorption of an energy quantum causing a transition from energetically lower and
more populated levels to upper and less populated levels, the out of equilibrium population
obtained here leads to a release of energy, causing a stimulated emission or, a “negative"
absorption. This opens up the possibility to observe this GGE signature through optical
measurement, as we shall describe in the next section.

4. Absorption Spectrum

For an electron system coupled to an electromagnetic radiation of frequency ω, the
non-linear absorption spectrum A(ω) is given, within the conventional perturbation-theory
based on a Fermi’s golden rule treatment of the light-matter interaction [53], by

A(ω) =
2πe2

c ε0 n<Vm2
e ω ∑

∫
α

∑
∫
α′

∣∣〈α′|p|α〉∣∣2δ(εα′ − εα − h̄ω)( fα − fα′) , (4)

where p = −ih̄∂x is the momentum operator, n< denotes the real part of the refraction
index, c the speed of light, ε0 the vacuum dielectric constant, me the bare electron mass and
V the volume. Equation (4) describes all transitions from initial states α to final states α′

compatible with the transition energy h̄ω, and its non-linear nature is determined by the
factor fα − fα′ . While at equilibrium, the final state α′ is necessarily less populated than
α ( fα > fα′ ), causing an actual absorption, A(ω) > 0, in the population-inversion regime
induced by the quench, one has fα′ > fα for α = bs and α′ in the occupied continuous
spectrum, opening up the possibility of a negative absorption coefficient, A(ω) < 0, i.e., to
the emission of an electromagnetic radiation stimulated by the quench. This is known in
optoelectronics as the optical gain effect [53]. However, unlike the more conventional inter-
band transitions, the effect described here can be considered as “intraband", as it originates
from a quench on one single pre-quench band. We also point out that the semiclassical
treatment underlying Equation (4) is valid for time scales longer than the decoherence time
scale, where the density matrix exhibits damped out off-diagonal entries and reduces to the
diagonal ensemble. Indeed, as we shall argue in Section 5, there exists a finite relaxation
time τrel , after which the density matrix is effectively described by such diagonal ensemble.
Thus, within the specified time window, the semiclassical treatment captures the gist of the
population-inversion effect.

Implementation

As can be deduced from Figure 1a, the optimal regime to obtain a population-inversion
is in principle µ� V0 . Ea. However, a too small chemical potential reduces screening ef-
fects and makes electron–electron interaction effects relevant. A still quite acceptable regime
is µ . V0 . Ea, which can be achieved, e.g., with an InSb nanowire (NW), characterized by
a small effective mass m = 0.015me, and a realistic QW realized by a finger gate deposited
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on a NW portion with size a = 150 nm and biased by a gate voltage V0 < 0. This yields
Ea ' 1.12 meV and, by taking a realistic value µ = 0.2 meV, one still has an energy window
for the QW depth V0. Furthermore, due to the large g-factor of InSb NWs (g ∼ 50) [54]
the application of a magnetic field of a few Teslas is sufficient to widely spin-split the
NW bands, thereby avoiding double occupancy of the bound state, ruling out the related
electron–electron interaction effects inside the quantum well.

Since Equation (4) cannot be computed analytically, we have performed a numer-
ically exact evaluation on a finite system, whose total length L = 16µm is two orders
of magnitude bigger than the QW width a, at a realistic pre-quench temperature of
T = 250 mK. Furthermore, the unavoidable presence of inelastic processes broaden-
ing the otherwise sharp energy levels has been taken into account by replacing the ideal
Dirac δ-function appearing in Equation (4) with a broadened function of Gaussian shape
δ(ε) → δb(ε) = exp[−ε2/2ε2

b]/
√

2πεb, where the value of broadening energy has been
taken as εb = 20 µeV. This roughly corresponds to kBT, i.e., the typical broadening related
to electron–acoustic phonon energy exchange. The result is illustrated in Figure 2, where we
have plotted the ratio R(h̄ω) ≡ A(ω)/Aeq(ω) between the out of equilibrium absorption
spectrum induced by the quench and the equilibrium case corresponding to the situation
where the post-quench system is at equilibrium, for two different values of QW depth V0.

Figure 2. (Color online) The ratio R between the out of equilibrium absorption spectrum A(ω)

induced by the quench and the equilibrium absorption spectrum Aeq(ω) of the post-quench system,
for an InSb nanowire (NW) with a QW width a = 150 nm (Ea ' 1.12 meV) and depth V0 = 0.5 meV
(black curve) and V0 = 1.0 meV (red curve). The pre-quench temperature and chemical potential
are T = 250mK and µ = 0.2 meV, respectively. While at low frequencies the quench does not
induce any deviation from equilibrium (R→ 1), a significant negative peak appears at h̄ω∗ = |εbs|
corresponding to the energy separation between the continuum and the bound state.

At low frequencies one has R(h̄ω) ' 1, indicating that the spectrum of the quench-
induced absorption coefficient is just like the equilibrium one. In this regime the intraband
absorption processes are caused by continuum→continuum transitions from energetically
lower and almost fully occupied states 0 < ε < µ to energetically higher and almost empty
states ε′ > µ. It is worth pointing out that such transitions occur because of the presence of
the QW, which makes the dipole matrix entries 〈α′| p̂|α〉 non vanishing for α 6= α′.

The most interesting effect, however, arises as the frequency approaches the value
ω∗ ≡ |εbs|/h̄, where transitions can occur from the fully occupied lowest continuum states
to the only partially occupied bound state lying underneath. This is how the population-
inversion regime causes a negative absorption, i.e., the stimulated emission of an electro-
magnetic radiation. The hallmark of this optical gain effect is the negative peak located
around h̄ω∗. Note that, just like the value of such resonance frequency, also the depth R∗
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of the negative peak is controlled by the value of the potential depth V0, and its magnitude
can be significantly higher than 1, so that the negative absorption is much stronger than
the equilibrium positive absorption contribution. For higher frequencies, the ratio R(ω)
becomes positive again. This corresponds to an actual absorption, arising from transitions
to the energetically higher and almost empty continuum states from both the bound state
and the energetically lower and occupied continuum states.

5. Finite Switching Time and Smooth Potential

So far, we have considered the ideal situation of a sudden quench in a quantum well
with a sharp rectangular profile. In realistic implementations, however, the quench is
applied over a finite switching time τsw and the potential profile of the well is smooth. In
this section we thus generalize the results of the previous Sections by taking these aspects
into account. This enables us to demonstrate that the predicted effect relies neither on
the instantaneous switching of the potential nor on the details of the potential profile, but
rather on its property of being local, attractive and hosting a single bound state. Moreover,
by simulating the complete time dependent dynamics of the quench, we are able to provide
an explicit example of convergence to stationarity of a post-quench local observable, and to
show that its stationary profile is accurately described by the GGE density matrix.

To this purpose, we now consider a time-dependent Hamiltonian Ĥ(t) = Ĥpre +
gsw(t)

∫
dxΨ̂†(x)V(x)Ψ̂(x), where gsw(t) = {1 + Erf[

√
8 (t− τsw)/τsw]}/2 is a switching

function ranging from 0 to 1, up to 2%, within a time scale τsw. Moreover the potential
profile V(x) = −V0/2{Erf[

√
8 (x + a/2)/λ]− Erf[

√
8 (x− a/2)/λ]} corresponds to a QW

with depth V0, width a and edges smoothened over a length λ. The overall quench dynam-
ics is thus governed by an inhomogeneous and time-dependent Hamiltonian that cannot
be treated analytically. By solving numerically the Liouville–von Neumann equation
ih̄∂tρ̂ = [H, ρ̂] for the single-particle density matrix ρ̂, the related diagonal density matrix
ρ̂D, associated to the time independent post-quench eigenbasis, is extracted (The post-
quench Hamiltonian is defined as the time-independent Hamiltonian once the localized po-
tential is completely switched on, i.e., Ĥpost = Ĥ(t→ ∞) = Ĥpre +

∫
dxΨ̂†(x)V(x)Ψ̂(x).

In practice, due to the form of the ramp function gsw(t), one has Ĥ(t & 2τsw) ' Ĥpost).
Differently from the case of a sudden quench, ρ̂D exhibits a non trivial evolution during the
ramp and it becomes constant only after the switching is complete. From ρ̂D(t) one can then
directly observe the time evolution of the occupancies of the post-quench energy levels.

Taking again as a reference physical system an InSb nanowire of L = 16µm and
starting from a thermal pre-quench state with µ = 0.2 meV and T = 250 mK, the occupan-
cies of the post-quench bound state and of the post-quench low lying delocalized states
(i.e., states with energies 0 < ε � µ) are plotted in Figure 3a for different values of the
switching time τsw. The QW parameters are a = 150 nm (width ), V0 = 1.0 meV (depth)
and λ = 20 nm (smoothening length). Several features are noteworthy. The occupancy
of the low lying delocalized states is always indistinguishable from 1, independently of
the switching time τsw, as one can see from the thick black horizontal line of Figure 3a. In
fact, one can verify that the overall distribution of the post-quench delocalized states does
not appreciably differ from a thermal one, consistently with the analytical result found for
the sudden quench of the rectangular QW in the thermodynamic limit. In contrast, the
dynamical behavior of the bound state occupancy does depend on the finite switching
time, as shown by the colored solid curves. In particular, while at t = 0 it always coincides
with the occupancy found in a sudden quench (dashed line), it grows during the ramp and
then saturates to a higher value once the switching is complete. Note that the longer the
switching time τsw, the higher is the final occupancy of the bound state, consistently with
the picture that an infinitely slow dynamical evolution favors the system relaxation to a
lower energy state with the lowest available level being fully occupied. However, for finite
but realistic switching time values (see colored curves in Figure 3a), the occupancy of the
bound state is still lower than 1 by an appreciable fraction, confirming the above described
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picture of a partially occupied bound state lying underneath a continuum of fully occupied
delocalized states.

The robustness of the resulting population inversion effect is supported by the analysis
of the absorption spectrum. Specifically, the ‘post-quench’ absorption spectrum, i.e., the
value of Equation (4) evaluated at time t� τsw and normalized to the equilibrium absorp-
tion spectrum, is shown in Figure 3b for various switching time values. By increasing τsw,
the shape of the negative peak is roughly unaltered, whereas its depth R∗ is reduced. The
value R∗ ' −18 obtained for an ideally instantaneous quench (dashed curve in Figure 3b)
reduces to R∗ ' −17 (red curve), R∗ ' −8 (blue curve) and R∗ ' −3 (green curve) for
τsw values of 1, 5 and 10 ps, respectively. Yet, the value |R∗| > 1 indicates that the out of
equilibrium contribution of the negative peak is still larger than the positive equilibrium
one. This clearly visible negative peak is thus a stable signature of the predicted out of
equilibrium GGE distribution.

 

  

Figure 3. (Color online) (a) The time evolution of the occupancy of the bound state, and of the
low lying delocalized states, is plotted for different values of the switching time τsw. While the
occupancy of the delocalized states remains constant and indistinguishable from 1 independently on
the switching time, the occupancy of the bound state grows from the initial value during the switching
time, and reaches a stationary value lower than 1 after the switching is complete. The dashed curve
describes the sudden quench case, for comparison. (b) The ratio R between the out of equilibrium
absorption spectrum A(ω) induced by the quench and the equilibrium absorption spectrum Aeq(ω)

of the post-quench system is shown, at different values of the switching time τsw. Although the
finite switching time reduces the depth of the negative peak with respect to the sudden quench
case (dotted curve), its magnitude remains significantly higher than the values of the equilibrium
spectrum Aeq(ω). In all panels, the computations are performed for an InSb NW with a pre-quench
thermal state corresponding to µ = 0.2 meV and T = 250 mK and a post-quench Hamiltonian with a
QW potential of width a = 150 nm, depth V0 = 1.0 meV and a profile smoothening length λ = 20 nm.
The energy broadening εb = 20 µeV has been taken.

Having addressed the robustness of this GGE distribution, we conclude this section
by explicitly showing that the unitary dynamics following the quench effectively generates
a stationary state whose local properties are well captured by the GGE density matrix. In
doing so, we thus provide not only an explicit numerical confirmation of the analytical
results found for sudden quenches [48,49], but also their generalization to the more realistic
cases with finite switching times. In particular, we have focused on the spatial profile of
the charge density. Note that its time evolution is characterized by three time scales: the
switching τsw, the recurrence τrec and the relaxation time τrel . The first one depends on the
chosen quench protocol and determines the time after which ρ̂D(t) becomes stationary. The
second one, associated to the recurrences emerging in any finite size system, scales with the
system size and thus tends to infinity in the thermodynamic limit. Finally τrel is the time
after which the expectation values of any local observable should be reproduced by the
stationary ρ̂D(t� τsw), up to the chosen accuracy. For sudden quenches it is known that,
under suitable hypotheses, a sufficiently large system size always enables one to find a
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relaxation time τrel < τrec, thus identifying a finite time window in which the state becomes
effectively stationary and is accurately described by the GGE density matrix [48,49].

Here we test this prediction in our model for a finite switching time. The charge
density profile, renormalized to the pre-quench spatially uniform distribution, is reported
in Figure 4 for a finite switching time τsw = 5 ps, at various snapshots. During the switching
of the potential (0 < t < 2τsw) the charge density profile starts to deviate from the pre-
quench uniform profile. After the switching has been completed (t > 2τsw), it gradually
relaxes in a finite time to the stationary profile predicted by ρ̂D(t � τsw). In particular,
within a spatial region of 2 µm including the QW, the convergence to the GGE occurs within
'30 ps (magenta curve in Figure 4). The convergence to the GGE result thus holds for a
finite switching time as well, with the necessary further restriction τsw < τrel < τrec. We
thus conclude that, in the prescribed time window τrel < t < τrec, the state of the system is
effectively stationary and indistinguishable from a GGE density matrix. We emphasize that,
since the local quenched potential is set to induce one single bound state, the convergence
to the GGE-prescribed profile occurs in time, not just upon time-average as in the case of an
extensively distributed disorder potential [17,18]. Furthermore, such out of equilibrium
GGE distribution corresponds to a very peculiar population-inversion regime, which leads
to a unique fingerprint in the absorption spectrum of the system.

 
  
 
 
 
 

Figure 4. (Color online) Different snapshots of the post-quench charge density profile, normalized to
the pre-quench spatially uniform profile, are shown for an InSb NW with the same parameters as in
Figure 3, for a switching time τsw = 5 ps of the QW potential. The charge density profile relaxes to
the stationary distribution predicted by the Generalized Gibbs Ensemble (GGE) within a finite time
τrel ' 30 ps > τsw. It remains in this out of equilibrium distribution until the recurrence time related
to finite size of the system.

6. Conclusions

We have shown that, by quenching a suitable local attractive potential in an isolated
one-dimensional free electron gas, the out of equilibrium dynamics is determined by a
GGE describing the elementary deviation from equilibrium, where only one Lagrange
multiplier λbs deviates from its equilibrium value. The proof of concept of this prediction
has been provided in Sections 3 and 4, where we have considered the case of a sudden
quench in a rectangular QW. This case can be analytically evaluated and the resulting
post-quench GGE distribution has been computed exactly. We have found that the oc-
cupancy of the continuum states is unaltered by the quench and is still described by an
equilibrium Fermi function, so that all such states are occupied up to the chemical potential
at zero temperature. In striking contrast, the bound state generated by the quench is only
partially occupied, despite being energetically more favorable than the continuum (see
Figure 1). Such population-inversion regime has been shown to cause a negative peak in
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the absorption spectrum, realizing an optical gain (see Figure 2). The implementation in
InSb NWs has also been discussed.

Then, in Section 5, we have considered the more realistic case of a QW potential
that is switched on in a finite switching time and that exhibits a smooth profile. This
analysis, which has been carried out numerically, confirms the robustness of the predicted
effect. Indeed, as shown in Figure 3a, the population of the bound state saturates, after
a transient time, to a value that is lower than 1 and that depends on the switching time.
The negative absorption thus persists, as shown in Figure 3b. Furthermore, we have also
proven in Figure 4 that, since the locally quenched potential is set to induce one single
bound state, the spatial profile of the electron density tends to the profile prescribed by the
out of equilibrium GGE in time, not just upon time average like in the cases of extensively
distributed quenched potentials. In conclusion, these results based on a local quench
protocol could pave the way to observe via optical measurements signatures of GGE in
fermionic systems, which have been elusive so far within proposals based on homogeneous
quenches.
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Appendix A. Post-Quench Occupancies of the Continuum Spectrum for a Suddenly
Quenched Rectangular Quantum Well

Appendix A.1. Continuum Spectrum Eigenfunctions of the Post-Quench Hamiltonian

As is well known, since the post-quench Hamiltonian

Ĥpost =
∫

dxΨ†(x)
(
−h̄2/2m ∂2

x − V0 θ(a/2− |x|)
)

Ψ(x)

commutes with the space parity operator, the single-particle eigenfunctions can be classified
according to their parity η = ± = even/odd. In particular, within a given parity sector
η, the continuum spectrum (ε > 0) wavefunction ψη(x) outside the QW can be written as
a linear combination of two wavefunctions, namely the free-particle wavefunction ϕη(x)
and a singular wavefunction ϕ̄η(x), both with the same parity η. The weight of such
linear combination is determined by an angle θη . Explicitly, denoting by q =

√
2mε/h̄ the

wavevector outside the QW and by q̃ =
√

2m(ε + V0)/h̄ the wavevector inside the QW,
one can label the post-quench unbound eigenfunctions with the discrete-plus-continuum
index α = (η, q) and compactly write

ψη,q(x) =


cos θη,q ϕη,q(x)− η sin θη,q ϕ̄η,q(x) |x| ≥ a/2√√√√ 1 + tan2η

( q̃a
2
)

1 +
( q̃

q
)2 tan2η

( q̃a
2
) ϕη,q̃(x) |x| < a/2

(A1)

where
ϕ+,q(x) =

1√
π

cos(qx) , ϕ−,q(x) =
1√
π

sin(qx)
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are the pre-quench even/odd eigenfunctions, respectively, and

ϕ̄+,q(x) =
1√
π

sin(q|x|) , ϕ̄−,q(x) =
1√
π

sgn(x) cos(qx)

are their even and odd singular counterparts. Moreover, the angle determining their
relative weight in the first line of Equation (A1) is

θη,q = arctan
[(

q̃
q

)η

tan
(

q̃a
2

)]
− qa

2
+ π

1− sgn
(

cos
(

q̃a
2

))
2

.

From the above definitions, one can then verify that the normalization 〈ψη,q|ψη′ ,q′〉 =
δη,η′δ(q− q′) holds.

Appendix A.2. Basis Change Coefficients (Continuum Spectrum)

In computing the coefficients of the pre-post basis change appearing in Equation (3),
we observe that Uηη′(q, k) = δηη′〈ψη,q|ϕη,k〉 and

Uηη′(q, k) = δηη′

[ ∫
|x|≥ a

2

ψ∗η,q(x) ϕη,k(x) dx︸ ︷︷ ︸
=Cout

η (q,k)

+
∫
|x|< a

2

ψ∗η,q(x) ϕη,k(x) dx︸ ︷︷ ︸
=Cin

η (q,k)

]
=

' 2δηη′

[
cos θη,q

(∫ ∞

a
2

ϕη,q(x) ϕη,k(x) dx
)

− η sin θη,q

(∫ ∞

a
2

ϕ̄η,q(x) ϕη,k(x) dx
)]

(A2)

where in Equation (A2) we have neglected the second contribution Cin
η , which is negligible

with respect to the first contribution Cout
η , because the space region outside the QW is

infinitely long in the thermodynamic limit and because we are focusing on the contin-
uum spectrum wavefunctions. Thus, the Uηη′(q, k) coefficients can be straightforwardly
evaluated by inserting the definitions of ϕ and ϕ̄ into Equation (A2), and by exploiting
the identity

∫ ∞

a
2

e(ik−kmin)x dx = e(ik−kmin)
a
2

(
kmin

k2
min + k2

+ i
k

k2
min + k2

)
∼ ei ka

2

[
πδ(k) + i P.V.

(
1
k

)]
where 

δ(k) =
1
π

kmin

k2
min + k2

P.V.
(

1
k

)
=

k
k2

min + k2

(A3)

are the regularized versions of the δ-function and the Principal Value (P.V.), respectively,
while kmin is an infrared cut-off controlling the integral divergences and mimicking the
inverse total length of the system (kmin ∼ 2/L → 0 in the thermodynamic limit L → ∞).
Within a few algebraic steps, one obtains

Uηη′(q, k) = δηη′

{
cos θη,q δ(q− k) − η

π
sin
[
(q + k)

a
2
+ θη,q

]
P.V.
(

1
q + k

)
− 1

π
sin
[
(q− k)

a
2
+ θη,q

]
P.V.
(

1
q− k

)}
(A4)
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Appendix A.3. Occupancy of the Continuum Post-Quench Eigenstates

As explained in Section 2 (see Equation (3)), the continuum–continuum diagonal
density matrix entries are given by

ρηη(q, q) = 〈γ̂†
η(q)γ̂η(q)〉 =

∫ +∞

0
dk
∣∣Uηη(q, k)

∣∣2 f eq(ε(k)) . (A5)

Inserting Equation (A4) in Equation (A5), their evaluation can be carried out and leads to

ρηη(q, q) = δ(0)

{[
cos2 θη,q −

η

π
cos θη,q sin

(
qa + θη,q

)
︸ ︷︷ ︸

bounded

P.V.
(

1
q

)
1

δ(0)︸ ︷︷ ︸
→0

]
f eq(ε(q)) +

+
1

π2

∫ ∞

0
dk sin2

[
(q + k)a

2
+ θη,q

]
︸ ︷︷ ︸

bounded

P.V.2
(

1
q + k

)
1

δ(0)︸ ︷︷ ︸
→0

f eq(ε(k)) +

+
1

π2

∫ ∞

0
dk sin2

[
(q− k)a

2
+ θη,q

]
︸ ︷︷ ︸

bounded

P.V.2
(

1
q− k

)
1

δ(0)︸ ︷︷ ︸
→π2δ(q−k)

f eq(ε(k)) +

+
2η

π2

∫ ∞

0
dk sin

[
(q + k)a

2
+ θη,q

]
sin
[
(q− k)a

2
+ θη,q

]
︸ ︷︷ ︸

bounded

·

P.V.
(

1
p + k

)
P.V.
(

1
p− k

)
1

δ(0)︸ ︷︷ ︸
→0

f eq(ε(k))

}
(A6)

= δ(0)
{

cos2 θη,q f eq(ε(q)) + sin2 θη,q f eq(ε(q))
}

= δ(0) f eq(ε(q)),

where the regularized δ and P.V. are defined in Equation (A3). In particular δ(0) = δ(q =
0) = (πkmin)

−1 ∼ L/2π → ∞, as expected, since the total number of electrons in the
continuum should scale extensively with the system size. By singling out a δ(0) pre-factor,
one can see that, apart from the cos2 θη,q contribution in the first line of Equation (A6), the
only term yielding a finite contribution is the squared Principal Value appearing on the
third line, due to the relation

1
δ(0)

P.V.2
(

1
q− k

)
≡ πkmin

(q− k)2(
(q− k)2 + k2

min
)2 = π

(q− k)2

(q− k)2 + k2
min︸ ︷︷ ︸

→1

kmin

(q− k)2 + k2
min︸ ︷︷ ︸

=πδ(q−k)

→ π2δ(q− k) .

In conclusion, one obtains that the occupancy of the post-quench continuum states equals
the equilibrium one.
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