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ADDITIVE BASES AND NIVEN NUMBERS

CARLO SANNA†

Abstract. Let g ≥ 2 be an integer. A natural number is said to be a base-g Niven number
if it is divisible by the sum of its base-g digits. Assuming Hooley’s Riemann Hypothesis, we
prove that the set of base-g Niven numbers is an additive basis, that is, there exists a positive
integer Cg such that every natural number is the sum of at most Cg base-g Niven numbers.

1. Introduction

One of the principal problems of additive number theory is to determine, given a set of
natural numbers A, if there exists a positive integer k such that every natural number (resp.,
every sufficiently large natural number) is the sum of at most k elements of A. In such a case,
A is said to be an additive basis (resp., an asymptotic additive basis) of order k.

Probably the most famous result of additive number theory is Lagrange’s theorem, proved by
Lagrange in 1770, which says that the set of perfect squares is an additive basis of order 4. More
generally, Waring’s problem asks whether the set of perfect h-th powers is an additive basis,
which was answered in the affirmative by Hilbert in 1909. Furthermore, in 1937, Vinogradov
proved that every sufficiently large odd number is the sum of three prime numbers, which
implies that the set of prime numbers is an asymptotic basis of order 4. For an introduction
to these classic results see, e.g., Nathanson’s book [17].

Let g ≥ 2 be an integer. Recently, some authors considered additive basis of sets of natural
numbers whose base-g representations are restricted in certain ways. For example, Cilleruelo,
Luca, and Baxter [4], improving a result of Banks [1], proved that, for g ≥ 5, the set of
natural numbers whose base-g representations are palindrome is an additive basis of order 3.
Rajasekaran, Shallit, and Smith [18] showed that the same is true for g = 3, 4 but not for
g = 2; and they proved that the binary palindromes are an additive basis of order 4. Moreover,
Madhusudan, Nowotka, Rajasekaran, and Shallit [15] proved that the set of natural numbers
whose binary representations consist of two identical repeated blocks is an asymptotic basis of
order 4, while Kane, Sanna, and Shallit [14] gave a generalization regarding k repeated blocks.
For other results of this kind see also [2, 3].

A natural number is said to be a base-g Niven number if it is divisible by the sum of its base-g
digits. De Koninck, Doyon, and Kátai [7], and (independently) Mauduit, Pomerance, and
Sárközy [16], proved that the number of base-g Niven numbers not exceeding x is asymptotic
to cgx/log x, as x → +∞, where cg > 0 is an explicit constant (see [5] for a generalization).
Also, De Koninck, Doyon, and Kátai [6, 8] studied gaps between Niven numbers, and runs of
consecutive Niven numbers.

Our result is the following:

Theorem 1.1. Let g ≥ 2 be an integer. Assuming Hooley’s Riemann Hypothesis, we have
that the set of base-g Niven numbers is an additive basis.

Hooley’s Riemann Hypothesis for an integer a (HRH(a) for short) states that, for all square-
free positive integers m, the Dedekind zeta function ZK of the number field K := Q(ζm,m

√
a),

where ζm is a primitive m-th root of unity, satisfies the Riemann hypothesis, that is, if
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2 C. SANNA

ZK(s) = 0 for some s ∈ C, with 0 < Re(s) < 1, then Re(s) = 1/2. We assumed HRH(g0),
where g0 is an integer depending on g, to use some deep results of Frei, Koymans, and Sofos [12]
(Theorem 2.7 and Theorem 2.8 below) concerning sums of three prime numbers with prescribed
primitive roots. Except for that, our proof of Theorem 1.1 employs only elementary methods.

Finding an unconditional proof of Theorem 1.1 and determining the order of the additive
basis of the set of base-g Niven numbers are two natural problems. We checked that every
natural number not exceeding 109 is the sum of at most two base-10 Niven numbers.

A related problem stems from considering the multiplicative analog of Niven numbers. A
natural number is said to be a base-g Zuckerman number if it is divisible by the product of its
base-g digits. De Koninck and Luca [9] (see also [10] for the correction of a numerical error in
[9]), and Sanna [19] gave upper and lower bounds for the number of base-g Zuckerman numbers
not exceeding x. In particular, there are at least x0.122, and at most x0.717, base-10 Zuckerman
numbers not exceeding x, for every sufficiently large x. A question is whether the set of base-g
Zuckerman numbers is an additive basis. We checked that every natural number n 6= 106 not
exceeding 109 is the sum of at most four base-10 Zuckerman numbers.

2. Preliminaries

Throughout this section, let g ≥ 2 be a fixed integer. For every positive integer n, there

are uniquely determined d1, . . . , d` ∈ {0, . . . , g − 1}, with d` 6= 0, such that n =
∑`

i=1 dig
i−1.

We let [n]g := d1, . . . , d` (a string), sg(n) :=
∑`

i=1 di, and `g(n) := `. Moreover, for two strings
a and b, we write a ≤ b if a is a substring of b, and we let a | b be the concatenation of a and b.

We begin with two simple lemmas.

Lemma 2.1. Let n and s1, . . . , sv be positive integers such that sg(n) = s1 + · · · + sv and
sv > (g−2)(v−1). Then there exist positive integers n1, . . . , nv such that [n]g = [n1]g | · · · | [nv]g
and |sg(ni)− si| ≤ (g − 2)(v − 1) for i = 1, . . . , v.

Proof. If v = 1 then the claim follows by picking n1 := n. Hence, assume that v ≥ 2. Let

n =
∑`

j=1 djg
j−1, where d1, . . . , d` ∈ {0, . . . , g − 1}, with d` 6= 0. We construct n1, . . . , nv

in the following way: n1 :=
∑`1

j=1 djg
j−1, where `1 is the minimal integer in [1, `] such that∑`1

j=1 dj ≥ s1; then n2 :=
∑`2

j=`1+1 djg
j−`1−1, where `2 is the minimal integer in (`1, `] such that∑`2

j=`1+1 dj ≥ s2; and so on, up to nv−1 :=
∑`v−1

j=`v−2+1 djg
j−`v−2−1, where `v−1 is the minimal

integer in (`v−2, `] such that
∑`v−1

j=`v−2+1 dj ≥ sv−1; Finally, nv :=
∑`

j=`v−1+1 djg
j−`v−1−1. From

this construction, it follows that si ≤ sg(ni) ≤ si + g − 2 and, by induction, that

(1)
v∑

j= i+1

sj − (g − 2)i ≤
∑̀

j= `i+1

dj ≤
v∑

j= i+1

sj ,

for i = 1, . . . , v− 1. In fact, the first inequality in (1) and sv ≥ (g− 2)(v− 2) ensure that each
`1, . . . , `v−1 is well defined. Moreover, (1) with i = v−1 yields sv−(g−2)(v−1) ≤ sg(nv) ≤ sv.
In particular, nv > 0 since sv > (g − 2)(v − 1). Lastly, by the minimality of each `i, it follows
that d`i 6= 0, so that [ni]g = d`i−1+1, . . . , d`i , for i = 1, . . . , v, where `0 := 0 and `v := `.
Consequently, [n]g = [n1]g | · · · | [nv]g and the proof is complete. �

Lemma 2.2. Let n and n1, . . . , nv be positive integers such that [n]g = [n1]g | · · · | [nv]g and
ni is the sum of ti base-g Niven numbers for i = 1, . . . , v. Then n is the sum of t1 + · · · + tv
base-g Niven numbers.

Proof. The claim follows easily after noticing that if m is a base-g Niven number then gim is
a base-g Niven number for every integer i ≥ 0. �

The next theorem is a result of additive combinatorics due to Dias da Silva and Hamidoune [11].
For every integer h ≥ 1 and every subset A of an additive abelian group, let h∧A denote the set
of the sums of h pairwise distinct elements of A, that is, h∧A :=

{∑
a∈A′ a : A′ ⊆ A, |A′| = h

}
.
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Theorem 2.3. Let h be a positive integer, let p be a prime number, and let A ⊆ Fp. Then∣∣h∧A∣∣ ≥ min
{
p, h|A| − h2 + 1

}
.

In particular, if |A| ≥ 1
h(p− 1) + h then h∧A = Fp.

The next lemma shows that every positive integer whose sum of digits satisfies certain
properties can be written as the sum of a bounded number of Niven numbers. Hereafter, write
g = g2

u

0 , where g0 ≥ 2 is a nonsquare integer and u ≥ 0 is an integer.

Lemma 2.4. If n is a positive integer such that:

(i) sg(n) = p+ h for a prime number p and an integer h ∈ [4g, 8g];
(ii) g0 is a primitive root modulo p; and

(iii) sg(n) > max
{g−1

3 `g(n), 140g3
}

;

then n is the sum of at most 8g + 1 base-g Niven numbers.

Proof. Put ` := `g(n), s := sg(n), and write n =
∑`−1

i=0 dig
i, where d0, . . . , d`−1 ∈ {0, . . . , g−1}.

Also, let I :=
{
i ∈ {0, . . . , ` − 1

}
: di 6= 0} and I ′ := {i mod t : i ∈ I}, where t is the

multiplicative order of g modulo p. By (ii) and recalling that g = g2
u

0 , we get that t ≥
(p− 1)/2u > (p− 1)/g. Hence,

|I| =
∑
i′∈I′

|{i ∈ I : i ≡ i′ mod t}| < |I ′|
(
`

t
+ 1

)
< |I ′|

(
g`

p− 1
+ 1

)
.

Since g modulo p has order t, letting A := {gi mod p : i ∈ I} ⊆ Fp we have

|A| = |I ′| > |I|
g`
p−1 + 1

≥
s

g−1
g`
p−1 + 1

>

s
g−1

3gs
(g−1)(p−1) + 1

=
(p− 1)s

3gs+ (g − 1)(p− 1)
>

p− 1

4g − 1
>
p− 1

4g
+ 8g ≥ p− 1

h
+ h,

where we used the inequalities |I| ≥ s
g−1 , ` < 3

g−1s, s > p− 1 > 128g3; of which the last three

are consequences of (i) and (iii). Hence, Theorem 2.3 yields that h∧A = Fp. In particular,
there exists J ⊆ I such that |J | = h and

∑
i∈J g

i ≡ n (mod p). As a consequence, letting

m := n−
∑

i∈J g
i, it follows easily that sg(m) = s− h = p and m ≡ 0 (mod p), so that m is a

base-g Niven number. Thus n = m+
∑

i∈J g
i is the sum of h+ 1 base-g Niven numbers and,

recalling that h ≤ 8g, the proof is complete. �

For all integers q > 0 and r, let Sq,r be the set of of positive integers n such that:

(S1) sg(n) ≡ r (mod q);
(S2) for all positive integers m such that [m]g ≤ [n]g and `g(m) ≥ 36 log `g(n), we have

sg(m) > g−1
3 `g(m).

Recall that the lower asymptotic density of a set of positive integers A is defined as the limit
infimum of |A ∩ [1, x]|/x, as x→ +∞.

Lemma 2.5. Let q > 0 and r be integers. Then Sq,r has positive lower asymptotic density.

Proof. Let ` > q be an integer and let n be a uniformly distributed random integer in

{0, . . . , g`−1}. Then n =
∑`

i=1 dig
i−1, where d1, . . . , d` are independent uniformly distributed
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random variables in {0, . . . , g − 1}. On the one hand, we have

P1 := Pr
[
`g(n) = ` and sg(n) ≡ r (mod q)

]
= Pr

[
d` 6= 0 and

∑̀
i=1

di ≡ r (mod q)

]

=

q−1∑
s=0

Pr

d` 6= 0 and
∑̀

i= `−q+1

di ≡ r − s (mod q)

 · Pr

[
`−q∑
i=1

di ≡ s (mod q)

]

≥ 1

gq

q−1∑
s=0

Pr

[
`−q∑
i=1

di ≡ s (mod q)

]
≥ 1

gq
.

On the other hand, by Hoeffding’s inequality [13, Theorem 2], we have

Pr

 k∑
j=1

di+j ≤
g − 1

3
k

 ≤ e−k/18,
for all k ∈ {1, . . . , `} and i ∈ {0, . . . , `− k}. Hence, letting y := 36 log `, we get

P2 := Pr
[
∃m ∈ N s.t. [m]g ≤ [n]g, `g(m) ≥ y, sg(m) ≤ g−1

3 `g(m)
]

≤
∑

y≤ k≤ `
i∈{0,...,`−k}

Pr

 k∑
j=1

di+j ≤
g − 1

3
k

 ≤ `∑
k≥ y

e−k/18 ≤ ` e−y/18

1− e−1/18
<

20

`
→ 0,

as `→ +∞. Therefore, for every sufficiently large x > 0, letting ` be the greatest integer such
that g` ≤ x, we obtain∣∣Sq,r ∩ [1, x]

∣∣
x

>

∣∣Sq,r ∩ [1, g`)
∣∣

g`+1
≥ P1 − P2

g
>

1

2gq+1
.

Hence, Sq,r has positive lower asymptotic density. �

The next result is an easy consequence of an important theorem of Schnirelmann.

Theorem 2.6. Let A be a set of positive integers such that 1 ∈ A. If A has positive lower
asymptotic density, then A is an additive basis.

Proof. Since 1 ∈ A and lim inf
n→+∞

|A∩ [1,n]|
n > 0, it follows that inf

n≥ 1

|A∩ [1,n]|
n > 0, that is, A has

positive Schnirelmann density. Consequently, by Schnirelmann’s Theorem [17, Theorem 7.7],
it follows that A is an additive basis. (Note that in [17] they say that A is a basis of finite
order if there exists a positive integer k such that every natural number is the sum of exactly
k elements of A, and that [17, Theorem 7.7] has to be applied to A ∪ {0}.) �

The following deep results of Frei, Koymans, and Sofos [12, Theorem 1.1 and Theorem 1.7]
are crucial to the proof of Theorem 1.1.

Theorem 2.7. Let a = (a1, a2, a3) ∈ Z3 such that no ai is −1 or a square. Assuming HRH(ai)
for i = 1, 2, 3, we have ∑

n= p1+p2+p3
ai primitive root mod pi,

for i=1,2,3.

3∏
i=1

log pi ∼ Aa(n)n2 as n→ +∞,

with an explicit factor Aa(n) ≥ 0 that satisfies Aa(n) ≥ Aa, whenever Aa(n) > 0, where
Aa > 0 is a constant depending only on a.

Theorem 2.8. Let a 6= −1 be a nonsquare integer. Then A(a,a,a)(n) > 0 if and only if
(n mod 420) ∈ Ra, where Ra is a nonempty set of residues modulo 420 depending only on a.
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As a consequence, we obtain the following:

Corollary 2.9. Let a 6= −1 be a nonsquare integer and let δ ∈ (0, 1). Assuming HRH(a),
for every sufficiently large natural number n such that (n mod 420) ∈ Ra there exist prime
numbers p1, p2, p3 > nδ such that n = p1 + p2 + p3 and a is a primitive root modulo each of
p1, p2, p3.

Proof. The claim follows easily from Theorem 2.7 and Theorem 2.8 by noticing that∑
n= p1+p2+p3

p1≤nδ

3∏
i=1

log pi ≤
∑

p1≤nδ
p2≤n

(log n)3 ≤ nδ+1(log n)3 = o(n2),

as n→ +∞. �

3. Proof of Theorem 1.1

Let g ≥ 2 be an integer, write g = g2
u

0 , where g0 ≥ 2 is a nonsquare integer and u ≥ 0 is
an integer, and assume that HRH(g0) holds. Put q := 420 and r := r′ + 18g, where r′ is any
fixed element of Rg0 , and let A := Sq,r so that, thanks to Lemma 2.5, A has positive lower
asymptotic density. By Theorem 2.6, we have that A ∪ {1} is an additive basis.

Now, in order to prove Theorem 1.1, it suffices to show that every sufficiently large (de-
pending only on g) element of A is the sum of a bounded number (depending only on g) of
base-g Niven numbers. Let n ∈ A be sufficiently large, and let ` := `g(n), s := sg(n), and
s′ := s− 18g.

Clearly, ` → +∞ as n → +∞. In particular, ` ≥ 36 log ` for every sufficiently large n.
Hence, from (S2) with m = n, we get that s > g−1

3 ` and s′ > g−1
3 ` − 18g. Consequently, in

what follows, we can assume that `, s, s′ are sufficiently large.
By (S1), we have s′ ≡ s − 18g ≡ r − 18g ≡ r′ (mod q), so that (s′ mod 420) ∈ Rg0 and s′

is sufficiently large. Hence, by Corollary 2.9, there exist prime numbers p1, p2, p3 >
√
s′ such

that s′ = p1 + p2 + p3 and g0 is a primitive root modulo each of p1, p2, p3.
As a consequence, s = s1 + s2 + s3 where si := pi + 6g for i = 1, 2, 3. Hence, by Lemma 2.1,

there exist positive integers n1, n2, n3 such that [n]g = [n1]g | [n2]g | [n3]g and |sg(ni) − si| ≤
2(g − 2) for i = 1, 2, 3. In particular, sg(ni) = pi + hi for some integer hi ∈ [4g, 8g]. Note that
[ni]g ≤ [n]g and

`g(ni) ≥
sg(ni)

g − 1
>

pi
g − 1

>

√
s′

g − 1
≥

√
g−1
3 `− 9g

g − 1
> 36 log `.

Therefore, from (S2) it follows that sg(ni) >
g−1
3 `g(ni).

Thus we have proved that each ni satisfies the hypotheses of Lemma 2.4, and consequently
each ni is the sum of at most 8g+ 1 base-g Niven numbers. Then, from Lemma 2.2, it follows
that n is the sum of at most 24g + 3 base-g Niven numbers.

The proof is complete.

Remark 3.1. An inspection of the proof of Theorem 1.1, in particular Lemma 2.4, shows that,
actually, we proved a stronger result: Assuming HRH(g0), the union of {gi : i = 0, 1, . . . } and
the set of base-g Niven numbers m such that p = sg(m) is a prime number and g0 is a primitive
root modulo p is an additive basis.
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