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Carroll symmetries arise when the velocity of light is sent to zero (ultra-relativistic limit). In this paper,
we present the construction of the three-dimensional Chern-Simons supergravity theory invariant under
the so-called AdS Carroll superalgebra, which was obtained in the literature as a contraction of the
AdS superalgebra. The action is characterized by two coupling constants. Subsequently, we study its

flat limit, obtaining the three-dimensional Chern-Simons supergravity theory invariant under the super-
Carroll algebra, which is a contraction of the Poincaré superalgebra. We apply the flat limit at the level
of the superalgebra, Chern-Simons action, supersymmetry transformation laws, and field equations.
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1. Introduction

Spacetime symmetries have played a fundamental role in the
understanding of diverse physical theories such as Newtonian
gravity, Maxwell’s electromagnetism, special and general relativ-
ity, string and supergravity theory. Most of these models are based
on relativistic symmetries. However, in the literature models with
non-relativistic symmetries have also been developed and ana-
lyzed.

Concerning gravity theories, there are many different versions
of non-relativistic gravity models (for a clear review see the re-
cent paper [1], where the authors showed that the general method
of Lie algebra expansions can be applied to reconstruct several al-
gebras and related actions for non-relativistic gravity). These non-
relativistic gravity theories are all invariant under reparametriza-
tions, but differ in the fact that they are invariant under distinct
extensions of the Galilei symmetries, the latter arising when the
velocity of light is sent to infinity (c — oo, non-relativistic limit).
The simplest example is given by the so-called Galilei gravity the-
ory, which is invariant under the unextended Galilei symmetries
[2], while Newtonian gravity and its frame-independent reformu-
lation, Newton-Cartan gravity, are invariant under the symmetries
corresponding to a central extension of the Galilei algebra, called
the Bargmann algebra [3-5].

A dynamical (field theoretic) realization of Newton-Cartan ge-
ometry was formulated in [6] from the localization of the Galilean
symmetry of non-relativistic matter field theories, leading to a the-
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ory that the authors called Galilean gauge theory of gravity. Sub-
sequently, in [7] the authors provided an exact mapping between
the aforesaid Galilian gauge theory and the Poicaré gauge theory of
gravity, and applied their dictionary shewing explicitly the deriva-
tion of Newtonian gravity from Einstein’s gravity.

The interest in Galilean-invariant theories with diffeomorphism
invariance has increased during the years due to their relation with
condensed matter systems in the context of the fractional quantum
Hall effect [8-10] (see also [11,12] and references therein).

Other non-relativistic theories such as non-relativistic super-
strings and superbranes were studied as special points in the pa-
rameter space of M-theory [13,14], and non-relativistic strings also
attracted attention due to the fact that they appear as a possible
soluble sector within string theory or M-theory [15,16].

On the other hand, there also exists another type of non-
relativistic symmetry that has sporadically attracted some interest
over recent years: The Carroll symmetries, which arise when the
velocity of light is sent to zero (¢ — 0, ultra-relativistic limit) [17,
18]. The Carroll group introduced by Lévy-Leblond emerged as the
ultra-relativistic contraction of the Poincaré group, dual to the non-
relativistic contraction leading to the Galilean group. In the Carroll
case, at each point of spacetime the light cone collapses to the
time axis, whereas in the Galilei case it coincides with the space
axis.

Models with Carroll symmetries occurred in the study of
tachyon condensation [19] and also appeared in the study of
warped conformal field theories [20] and in the context of ten-
sionless strings [21-25].

In [26,27] and in [2], theories of Carrollian (i.e., ultra-relativistic)
gravity have been developed and analyzed. In particular, in [27] the
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authors focused on the construction of non- and ultra-relativistic
Chern-Simons (CS) type actions in 2 4+ 1 dimensions including a
spin-3 field coupled to gravity. In [28], the geometry of flat and
curved (Anti-de Sitter, AdS for short) Carroll space and the sym-
metries of a particle moving in such a space both in the bosonic as
well as in the supersymmetric case were investigated. Afterwards,
in the work [29], which concerns the classification of gravitational
theories in 2 + 1 dimensions and limits of their actions, the AdS
Carroll CS gravity theory was discussed for the first time.

It has further been shown that non-relativistic symmetry
groups play a remarkable role in various holography contexts
[30-46]. In particular, in [36] connections among the Bondi-
Metzner-Sachs (BMS) algebra,! Carrollian physics, and holography
of flat space were noticed and followed up in [37] (see also [38,
39], the latter developed in the context of supergravity, and [40]).
Moreover, in [41,42] conformal extensions of the Carroll group
were explored and related to the BMS group, and in [43-46] the
authors shewed how Carrollian structures and geometry emerge in
the framework of flat holography and fluid/gravity correspondence.

Motivated by all these interesting applications of Carroll sym-
metries and by the fact that a study of their supersymmetric
extensions in the context of supergravity models is still lacking,
in this work we present for the first time the construction of
the three-dimensional CS supergravity theory invariant under the
N =1 AdS Carroll superalgebra (in D = 3, where here and in the
sequel with D =3 we mean 2 + 1 dimensions) introduced in [28]
(which was obtained in [28] as a contraction of the A'=1 AdS su-
peralgebra) by applying the method of [51]. Our result was also an
open problem suggested in Ref. [28] and it represents the N =1
supersymmetric extension of the AdS Carroll CS gravity action of
[29].

Specifically, in [51] the authors presented a generalization of
the standard Inonii-Wigner contraction [52,53] by rescaling not
only the generators of a Lie (super)algebra but also the arbitrary
constants appearing in the components of the invariant tensor of
the same Lie (super)algebra, the latter being the key ingredient for
working out a CS action, invariant under the Inonii-Wigner con-
tracted (super)algebra by construction. Thus, the development of
any CS action based on an Inénii-Wigner contracted (super)algebra
is assured.” In particular, the procedure presented in [51] allows
to obtain explicitly the CS supergravity action of a contracted su-
peralgebra, which will be our case, since the N'=1 AdS Carroll
superalgebra is obtained as a contraction of the A" =1 AdS super-
algebra [28].

Having constructed the three-dimensional CS supergravity the-
ory invariant under the AdS Carroll superalgebra, we subsequently
apply the flat limit (¢ — oo, being ¢ the length parameter) at the
level of the superalgebra, CS action, gauge transformation laws, and
field equations. In particular, taking the flat limit of the AdS Carroll
CS supergravity action we obtain the three-dimensional CS super-
gravity theory invariant under the super-Carroll algebra, which is a
contraction of the Poincaré superalgebra (see [28]).

2. AdS Chern-Simons supergravity in 2 4+ 1 spacetime dimensions

It is well assumed that a three-dimensional (super)gravity the-
ory can be described by a CS action as a gauge theory, offering

! The BMS group encodes the asymptotic symmetries of asymptotically flat space-
times along a null direction (see [47-50]).

2 Let us observe that this includes also CS theories based on degenerate, invariant
bilinear forms, implying that the action is invariant under gauge transformations but
it does not involve a kinematical term for each field. However, this is not the case
for the AdS CS supergravity action we will present in Section 3, which, as we will
see, is indeed based on a non-degenerate, invariant bilinear form (i.e., an invariant
metric) and involves a kinematical term for each field.

an interesting toy model to approach higher-dimensional theories
[54-64]. In the last decades, diverse three-dimensional supergrav-
ity models have been studied, and in this context there has also
been a growing interest to extend AdS and Poincaré supergravity
theories to other symmetries (see [65,66] and references therein).

In this section, we briefly review (following [51]) the construc-
tion of the osp(2]1) ®sp(2) CS supergravity (three-dimensional AdS
CS supergravity), and we pave the way for the development of the
CS supergravity action in three spacetime dimensions invariant un-
der the D =3 AdS Carroll superalgebra which will be presented in
Section 3.

The three-dimensional CS action is given by

k 2 3
ICS_E/<AdA+§A ) 1)
M

where k = 1/(4G) is the CS level of the theory (and for gravita-

tional theories is related to the gravitational constant G), A corre-

sponds to the gauge connection 1-form, (...) denotes the invariant

tensor, and the integral is over a three-dimensional manifold M.
In the case of 0sp(2|1) ® sp(2), the connection 1-form reads

o 1,0~ e -
A=A, = EwABJAB +VAPA+9%Qq., (22)

where T4 = {Jag, Pa, Qo) (Lorentz generators, spacetime transla-
tions, and a 2-components Majorana spinor charge, respectively)
are the osp(2|1) ® sp(2) generators (with A,B=0,1,2 and o =
1,2) and @B, VA, 4 are the spin connection, the dreibein, and
the gravitino 1-form fields, respectively.®

The corresponding curvature 2-form F =dA+ A A A is*

Fm FATA= SR g+ RAPg + 5 Q0 (2.3)
with
RAB — 4B + P 5)CB+Z1_2‘7A‘73+21_€@I-A31/~/
_jre g Lgage o Lipag
e 2t ] (2.4)
RA=dVA 4 7P — lprmzf:f/*_%lzrmp,

D
where V =d + [~, ] and where D =d+ @& is the Lorentz covariant

derivative.
The (anti)commutation relations for osp(2|1) ® sp(2) read

jAB, ]CD] = ﬂBc]AD - ﬂAc]BD - nBDjAC +77AD]BC,

(P4 5] = s
]AB,Qa]=—%(FABQ>a, [f’A,Qa]Z—;—Z<FAQ)a,

0] (), T (), P

[
[]AB, 136] = 77BC13A - UACﬁB )
[
{

(2.5)

3 We denote the quantities referring to 0sp(2|1) ® sp(2) with a tilde symbol on
the top, in order to avoid confusion with respect to the super-AdS Carroll ones,
which will be introduced and treated in Section 4.

4 In the sequel, for simplicity, we will omit the wedge product “A” between dif-
ferential forms. We use the metric n4p with the signature (—, +, +).
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where ¢ is a length parameter, C denotes the charge conjugation
matrix, I'4 represents the Dirac matrices in three dimensions (we
have CT = —C and CT'4 = (cT4)T), which satisfy the Clifford alge-
bra {T'a, [g} = —2nap, and Tap = 5[4, T5].

The non-vanishing components of an invariant tensor for
0sp(2|1) ® sp(2) are given by

(JagJcp)

(PaPp) = 72 148 (QuQp) =

7 5 Ha
= o (MapMBCc — Nacnep) » (JasPc) = ~; €ABC.

2 (11 — Ko)

C )
¢ *p

(2.6)

where (o and pq are arbitrary constants and €apc is the Levi-
Civita symbol in three dimensions. For convenience, let us redefine
the coefficients 1o and 41 as follows:

Ho—> oo, 1 — Lo, (2.7)

Thus, the invariant tensor takes the form

(JagJcp) =0 (Mapnec — Nacnep) »  (JapPc) =oar€asc,
505 o = = Qo
(PaPs) = Z3nas. (QuQp) =2 (o0 = =) Cap-

(2.8)

Then, using the connection 1-form (2.2) and the invariant ten-
sor (2.8) in the general expression (2.1), we obtain the osp(2|1) ®
sp(2) CS supergravity action, which reads

105PQ2I1D®sp(2)
cs

k oo o 2 c 2 ~az 4 = .
=— — da) O D@ VATA— -y ¥
i {2 < AT3@ s *‘+42 g

M

- - 1 ~p o~ o~ z o~
+aq <6A3CRABVC + ﬁeABchvaC +21/f\1/)

—d (—EABca)ABV ) }

(2.9)

where the term proportional to «g is the exotic Lagrangian con-
taining the so-called the Lorentz Lagrangian, a torsional part, and a
contribution from the gravitino 1-form field ¢ and its super field-
strength. This action describes the most general N =1, D =3 CS
supergravity action (with cosmological constant) for the AdS su-
pergroup [64].

Notice that in the limit £ — oo the components in (2.8) yield
the non-vanishing components of the invariant tensor for the
Poincaré superalgebra (the latter arising when the limit £ — oo
is taken in (2.5)), and the CS action (2.9) reduces to

super-Poincaré k Qo (.o ,~B 2 A ~C ~B
Ies :E/{j wsde+§wchwA

Yo (eABCRABVC +2¢:/151Z) (2.10)

5 This is reminiscent of what was done in [51], since with the redefinition the
coefficients appearing in the invariant tensor become dimensionful. Here, the dif-
ference is that we are also considering dimensionful generators from the very be-
ginning, on the same lines of [65]. Notice that, however, the connection A in (2.2) is
still dimensionless, due to the fact that the spin connection, dreibein, and gravitino
have dimensions of (length)?, (length)!, and (length)!/2, respectively.

—d (—éAgca)ABV ) }

which is the three-dimensions Poincaré CS supergravity action.
Notice that the gravitino does not contribute anymore to the ex-
otic form, which reduces to the Lorentz Lagrangian, while the
term proportional to o contains the Einstein-Hilbert and Rarita-
Schwinger contributions plus a boundary term. Then, omitting the
boundary term, we can see that the CS action (2.10) reproduces
the pure three-dimensional supergravity action when the exotic CS
term is neglected (g = 0).

Now, we can pave the way for the development of a three-
dimensional CS supergravity theory invariant under the AdS Carroll
superalgebra (in D = 3) introduced in [28]. To this aim, on the
same lines of [28], let us decompose the indices as
A— (0,0),

a=1,2. (2.11)

This induces the following decomposition of the generators and of
the dual 1-form fields:

]AB_>{jab ]aOEka}, ﬁA%{IBavﬁOEFI}'

- (212)
" — (@™ @0 =k, VA (VO V0=h).
We also have
Fap = {Tap,Ta0}, T'a—{T'q,To}. (213)

Thus, the (anti)commutation relation in (2.5) yield the following
non-trivial ones:

[f(a, Kb] ]ab s

]aba 13C:| = 5bc1~)a - 5ac1~)b,

[ka» jbc] = Sabkc - 6ackb ,

fa,f)b]=_5abﬁs I:f(a,l:l:l=

[
[
[P Bo] = g [Po ] = k0.
[ ~ o~
[
{

(2.14)

Moreover, the connection 1-form (2.2) and the curvature
2-form (2.3) can be respectively rewritten as

1_ .- e
A:iwab]ab+k”1(a+V“Pa+hH+¢“Qa,

(2.15)
_l >ab 7 a a o
ZR ]b-i-/C Ka-}-R Pa-i-HH-i-\IJ Qa,
with
ﬁab:dd)ab_]za]”(b_i_l(/a‘?b_i_ll/:frabl/”f:kab_i_l‘?a(/b
£2 20 02
2 1# by,
RO — i+ @/ + - V4 g0 — R0 4 L
bET g2 20 2
1 = -
2—1// 0, (2.16)
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- T D
R“_dv“+w“bv”+k"h—5wr“¢=T“—5wraxp,
~ ~ -~ ~ 1= 1= -
H=dh+ V%, — ~yT% =H - -JT%,
2 2

- -1 S P D (P
U=dy + -o®r —k°T — VT, —hToVr.

W+4w ablﬁ-l-z aolﬂ+2€ a1/f+2£ oY

Last but not least, now the non-vanishing components of the
invariant tensor takes the following form:

(Jab Jed) = 0 (8adBpc — 8acdbd) »  (KaKp) = —o8ap ,

~ ~ ~ ~ ~ o~ (044}
(JaH) =t1€ap,  (KaPp) = —0t1€qp, (PaPp) = 6—25ab,
- Qo = = oo

(HA)=-27 . (QuQp) =2 (o1 = Z) Cap

(217)

where €, = €gqp = €gpo. As We will see in a while, these compo-
nents will be fundamental in the construction of the AdS Carroll
CS supergravity theory.

3. AdS Carroll Chern-Simons supergravity in 2 4+ 1 dimensions

We can now move to the construction of the three-dimensional
CS supergravity theory invariant under the so-called AdS Carroll
superalgebra (in D = 3) introduced in [28].

In [28] the A/ =1 AdS Carroll superalgebra was obtained as a
contraction of the N'=1 AdS superalgebra. In particular, as shown
in [28], the AdS Carroll superalgebra is obtained by performing
the indices decomposition (2.11) in the AdS superalgebra, which
in D =3 yields (2.14), and subsequently, to make the Carroll con-
traction, by rescaling the generators with a parameter, let us call it
o, as follows:

Qe — V0 Qq. (3.1)

Then, taking the limit & — 00,° in D =3 we get the following
N =1 AdS Carroll superalgebra generated by the set of genera-
tors {Jap, Ka, Pa, H, Q¢ } (spatial rotations, Carrollian boosts, space
translations, time translations, and a two-components Majorana
spinor charge, respectively)’ fulfilling the following non-trivial
(anti)commutation relations:

H—oH, K;— 0Kg,

[I<(17 jbc] = 8ap K¢ — 8qcKp ,
[Kq, Pp] = —6apH,

1
[Pa7Pb]:£_2]ab,

[Jabv Pc] = 8pcPa — 8ac Py ,

1
[Pa7H]=£—2Ka, (3.2)

1 1
Uaba Qa]:_i(rabQ)a, [Pa,Qa]:_ﬂ(FaQ)ay

[Qu. Qs} = —% (F"Oc)aﬂ Ko+ (roc)aﬂ H.

The corresponding connection 1-form and curvature 2-form re-
spectively read

1
A= Ea)ab]ab +k9Kq + VOPy +hH + ¥%Qq,

1
F= 5Ra”Ja,, + K%y + ROPy + HH + W*Qy ,

6 The limit ¢ — oo corresponds to % — 00, being ¢ the velocity of light, that is

¢ — 0 (ultra-relativistic limit).
7 As already said, we drop the tilde symbol on the quantities referring to the AdS
Carroll superalgebra.

with

1 1
ab __ ab ay;b _ pab aysb
RY =dw +_€2V V" =R +_g2V VY,

1 1 -
K% = dk* + kP + K—zv”h + ﬂwrﬂow

1 1 -
=R+ — V% + —yTOy
T +2£1ﬂ 4

RI=dV® + o VP,

(3.4)

1- 1.

H=dh+ V% — YT =9 YTy,
1 1

U =dy + Za)abrabwr ﬂvaraw.

Let us also mention that, considering the Bianchi identity VF =0
(V=d+][A,-]), we obtain

2
ab __ aysb
dR™ = RVP,
DK® = RYkP + Lron— Lyey 1&1’”%,
2 2 ¢
DRCI — Rabvb , (3.5)
dH = R%q — VOKq + ¥ 00,
pw = Lgebp bV + 1 gar, v — 1 yar,w
4 a 200 T 20 0T

where D =d + w.

Now, in order to construct a CS action (that is an action of the
form (2.1)) invariant under the super-AdS Carroll group, we require
the connection 1-form given in (3.3) and the corresponding non-
vanishing components of the invariant tensor.

Concerning the invariant tensor, which is the fundamental in-
gredient for the construction of a CS action, we now apply the
method of [51], which consists in rescaling not only the generators
but also the coefficients appearing in the invariant tensor before
applying a contraction, in order to end up with a non-trivial invari-
ant tensor for the contracted (super)algebra on which the desired
CS theory will be based. Precisely, we consider the non-vanishing
components of the invariant tensor for osp(2|1) ® sp(2) given in
(2.17) and rescale not only the generators in compliance with (3.1)
but also the coefficients appearing in (2.17) as follows:

Og —> 0pg, O1—>007. (3.6)

In this way, taking the limit ¢ — oo, we end up with the follow-
ing non-vanishing components of the invariant tensor for the AdS
Carroll superalgebra:

(JabJed) = 00 (8adSpc — dacdba)
(%]
(PaPp) = e—z5ab,

(JaH) = a1€qp ,
(Qu Qﬁ) = zalcaﬂ .
(3.7)

(KqPp) = —a1€qp ,

Thus, using the connection 1-form in (3.3) and the non-
vanishing components of the invariant tensor given in (3.7) in the
general expression (2.1), we can finally write the three-dimensional
AdS Carroll CS supergravity action, which reads

super-AdS Carroll __ k oo b 2
les _m/{2<waRa+e2VQRa
M

1 B}
+o (eabR“bh —2eROVP + 72 ab vevby + 2¢w) (3.8)
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o
—d (%Gaba)abh — o1 Eabkavb) } ,

written in terms of the curvatures appearing in (3.4). Notice that
the term proportional to og correspond to the exotic Lagrangian
involving the Lorentz contribution and a torsional piece, while it
does not contain any contribution from the gravitino 1-form field
Y.

The CS action (3.8) is characterized by two coupling constants
and it is invariant by construction under the super-AdS Carroll
group. In particular, the local gauge transformations §,A = do +
[A, o] with gauge parameter

1
0=50"Jap +#"Ka+0"Pa+TH +£%Qq (3.9)

are given by

2
ab ab a,b
Sw™ =do™ + 7 Vio”,

1 1 1_
8k = Dk® — Q“bkb ) o%h + 12 Vit — —gsl “01//,
b
8V =Do" — 0% V",

Sh=dt — 0%q + V%, + 0,

1 1 1 1
S =de + —@w®T e — —0®T v — —0°T — Ve
2 +4w ab 4Q ab ¥ ZZQ a‘//‘i‘ze a

=De — lg“br bV — ig"r v+ LRV
a 2@ a ZE ac »

4
(3.10)
and, restricting ourselves to supersymmetry, we have
1_ _
sw® =0, k%= —ZSFaolﬁ, sVi=0, sh=:&r%,
(3.11)

1 1 1
Sy =de + Zwabrabs + ﬂV“Fae =De+ ﬂV”Fas.

Let us also mention, for the sake of completeness, that from the
gauge variation of the curvature 2-form F in (3.3), §,F = [F, 0],
we can write the gauge transformations

(S'Rab — E%Ragb ,
8K =Rk — 0% Kb — lzg“H + lzR“r _Lgpaoy,
¢ ¢ [
SR :Rabe _QabRb,
8H = —0"Kq + R%q + ET0W,
W= lnﬂbrabs - lgabrab\y— lg“ra\w- lR”Fas.
4 4 20 20
(312)

The equations of motion derived from the variation of the ac-
tion (3.8) with respect to the fields w®, k% V¢, h, and v are

s™ i wyR® + a1e®H =0, sk% . a1R=0,

SV %Ra—i—Zaleabld’:O, Sh: ayR® =0, (313)

Sy i =0,

respectively.® In particular, when o # 0, the equations of motion
in (3.13) reduce to the vanishing of the super-AdS Carroll curvature
2-forms, namely

R® =0, K°=0, R°=0, H=0, ¥=0. (3.14)
Let us observe that oy # 0 is a sufficient condition to recover
(3.14), meaning that one could consistently set oo = 0, which cor-
responds to the vanishing of the exotic term in the CS action (3.8).

Notice also that if we restrict ourselves to the purely bosonic
part of the action (3.8) (that is if we neglect supersymmetry), we

get

k o 2
IégSCarroll:E/ {70 (wabRba_"e_zvaRa)
M
ab aysb 1 aysb 3.15
4+ o1 | €gpR™h — 2€p RV —i—e—zéabv V°h (3.15)
o
—d (%eabw”bh — O{]Gabkavb) } ,

which is the three-dimensional CS gravity action invariant under
the D =3 AdS Carroll algebra [29] (see also [28])

[Ka, ]bc] = 8ap K¢ — 8acKp , Uab, Pc] = 8pcPa — ac Py ,

1 1
[Kq, Pp]l = —dapH , [Pabe]:E_z]ab’ [Pa,H]Ze—zKa,

(3.16)

bosonic subalgebra of the AdS-Carroll superalgebra (3.2).
4. Study of the flat limit

In the sequel, we finally study the flat limit (¢ — oco), which can
be directly applied to the AdS Carroll superalgebra (3.2), to the cur-
vature 2-forms (3.4), to the CS action (3.8), to the transformation
laws (3.10), (3.11), and (3.12), and to the field equations (3.13).

In the limit £ — oo, the (anti)commutation relations of the su-
peralgebra (3.2) reduce to the following non-trivial ones:

[Kas .]bc] = 8ap K¢ — 8acKp , “aba Pc] =8pcPa — acPp ,

[Kaspb]:_aabHa [Pﬂa H]:e_zKa, (4"1)

— 1 _ 0
Uab Qul=~5 T Qo . {Qu. Qp}= (r C)aﬂH.

These are the (anti)commutation relations of the A"’ =1, D =3
super-Carroll algebra, which can also be obtained as a contrac-
tion of the D = 3 super-Poincaré algebra (see [28] and references
therein).

As ¢ — oo, the 2-form curvatures (3.4) and the corresponding
Bianchi identities (3.5) become

8 In these calculations we have also exploited the identities espceAPE =
— (858E —8E82), enpceBP = —262, that is, in particular, €€% = —5, and
Tapc = —eABCT‘A, which implies Fap = —E,Jbro, Tao = €abrb.
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Rab = da)ab dRab = 0
K% = dk* + kP, DK% =R kP,
RI=dV®+ VP, DR* =R, VP,

dH = R%, — VK + 9y T0W,
DW= IR®Tyy .

H=dh+ V%, — YT
=9— 3y,
U=dy + Lo Tapy
(42)

We can also take the ¢ — oo limit of the invariant tensor (3.7),
which yields

(JabJed) = &0 (8adSbc — Sacdbd)
(PaPp) =0,

(JanH) = a1€qp ,
(QuQp) =201Cqp .
Then, applying the £ — oo limit to the CS action (3.8) we get

super-Carroll __ k o b
et o | [7 (oR")

M
ta (eabRabh — 2eq KOV £ 21/?\1/) (44)

(4.3)
(KqPp) = —a1€qp,

o
—d (%eabwabh - oqeabk"vb) } ,

which is now written in terms of the super-Carroll curvatures ap-
pearing in (4.2) (they should not be confused with the super-AdS
Carroll ones). Observe that the same action can be derived by using
the non-vanishing components in (4.3) and the connection 1-form
for the Carroll superalgebra (4.1) in the general expression (2.1).
Furthermore, we can see that the exotic term, proportional to ¢y,
now reduces purely to the so-called Lorentz Lagrangian, without
any contribution from the torsion or the 1-form field .

The CS action (4.4) is invariant by construction under the super-
Carroll group. Thus, by taking the flat limit of the CS supergravity
action (3.8), which is invariant under the super-AdS Carroll group,
we have obtained the three-dimensional CS supergravity theory in-
variant under the super-Carroll algebra.

In particular, concerning the flat limit of the gauge transforma-
tions (3.10), we have

Swab =anb
k% = Dic® — 0% kP,
8V®=Dg" —o%V", (4.5)

Sh=dt — 0%q + Vg + &0,
1 1 1
Sy =de + Zwabrabe - Zgabrabw =De — Zeabrabw,

which are the super-Carroll local gauge transformations §,A =
do + [A, 0], where, with a little abuse of notation with respect
to Section 3, we have now denoted by A the super-Carroll 1-form
connection and where the gauge parameter is given by (3.9) (Jap,
Kg, Pg, H, and Q4 are now the generators of the Carroll superalge-
bra (4.1)). The restriction to supersymmetry transformations reads
sw® =0, sh=&rly,

k*=0, §Vi=0,

1 (4.6)
sy =de + Zwabrabe = De.

Furthermore, the gauge transformations (3.12) in the limit £ — oo
become

SR® =0,
(Slca :Rﬂbe _ QabICb ,
SR = Rabe _ QabRb , (4.7)

8H = —0"Kq + R%q + ETOW,
1 1
SV = ZRabFabs - ZQ”bFab\IJ,

which are now the transformations for the super-Carroll curvature
2-forms in (4.2).

Finally, the equations of motion derived from the action (4.4)
(flat limit of the equations (3.13)) are

s wyR® 4+ a1€®H =0, sk% . @ R*=0,
SV 2a1epkP =0, Sh: aR® =0, (48)
8¢y 1 a1 =0.

When o1 # 0, the equations of motion in (4.8) reduce to the van-
ishing of the super-Carroll curvature 2-forms given in (4.2). Let us
observe that, analogously to what happened in Section 4 in the
case of the super-AdS Carroll CS supergravity theory, oq # 0 is a
sufficient condition to recover the vanishing of the super-Carroll
curvature 2-forms, meaning that one could consistently set g =0,
which corresponds to the vanishing of the exotic term (Lorentz La-
grangian) in the CS action (4.4).

We conclude noting that the restriction to the purely bosonic
part of the action (4.4) yields

k o
g =~ !70 (@yRE) + e (€anRh = 2ep"V")
M

o
—d (Tleaba)abh — a1eabkavb) I ,

(4.9)

which is the three-dimensional CS gravity action invariant under
the D =3 Carroll algebra [17,18] (bosonic subalgebra of the Carroll
superalgebra (4.1)), whose non-trivial commutation relations read

[Kav .]bc] = 8ap K¢ — 8acKp , []abs Pc] =8pcPa — acPp ,

[Kaq, Pp] = —8apH .
(4.10)

The CS action (4.9), as argued in [2], is equivalent to the action
found in [2] if we take the D = 3 case in the same paper.

5. Final remarks

Motivated by the recent development of applications of Carroll
symmetries (in particular, by their prominent role in the context of
holography), and by the fact that, nevertheless, the study of their
supersymmetric extensions in the context of supergravity mod-
els was still unexplored, in this paper we have presented, for the
first time in the literature, the three-dimensional CS supergravity
theory invariant under the A/ =1 AdS Carroll superalgebra intro-
duced in [28] (our result was also an open problem suggested in
Ref. [28] and it represents the A" =1 supersymmetric extension of
the AdS Carroll CS gravity action of [29]). We have obtained the
three-dimensional AdS Carroll CS supergravity action by applying
the method of [51]. The aforesaid action is written in (3.8), and it
is characterized by two coupling constants. The restriction to the
purely bosonic part of the three-dimensional CS supergravity the-
ory invariant under the N =1 super-AdS Carroll algebra yields the
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three-dimensional CS gravity action invariant under the AdS Carroll
algebra [29], bosonic subalgebra of the AdS Carroll superalgebra.

Subsequently, we have applied the flat limit (£ — oo) at the
level of the superalgebra, CS action, supersymmetry transforma-
tion laws, and field equations. The limit £ — oo of the N =1
AdS Carroll superalgebra yields the N =1 super-Carroll algebra
and, in particular, taking the flat limit of the AdS Carroll CS su-
pergravity action we have obtained the three-dimensional (flat) CS
supergravity theory invariant under the super-Carroll algebra. Re-
stricting ourselves to the purely bosonic part of the super-Carroll
CS supergravity action, we have obtained the three-dimensional CS
gravity action invariant under the Carroll algebra [17,18], bosonic
subalgebra of the Carroll superalgebra. This CS action is equivalent
to the action found in [2] if we consider the D =3 case in the
same paper.

This work could shed some light on the development of super-
symmetric extensions of [27], and might also represent a starting
point to go further in the analysis of supersymmetry invariance
of flat supergravity in the presence of a non-trivial boundary,
along the lines of [67]. Furthermore, having well defined three-
dimensional CS (super)gravity theories respectively invariant under
the AdS-Carroll and Carroll (super)algebras, it would be intriguing
to go beyond and study the asymptotic symmetry of these theories
(following, for example, the prescription of [68]). Another future
work could consist in considering the A -extended AdS Carroll su-
peralgebras in order to build (p, q)-type CS supergravity models
(on the same lines of what was done in [66] in the context of
Maxwell supersymmetries) by adopting the same prescription fol-
lowed in the present paper. Some work is in progress on these
points.
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