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Abstract A new supersymmetrization of the so-called
Ad S-Lorentz algebra is presented. It involves two fermionic
generators and is obtained by performing an abelian semi-
group expansion of the superalgebra osp(4|1). The pecu-
liar properties of the aforesaid expansion method are then
exploited to construct a D = 4 supergravity action involving
a generalized supersymmetric cosmological term in a geo-
metric way, only from the curvatures of the novel superalge-
bra. The action obtained with this procedure is a MacDowell—
Mansouri like action. Gauge invariance and supersymmetry
of the action are also analyzed.

1 Introduction

As it is well known, a good candidate for describing dark
energy is the cosmological constant (see, for example,
[1,2]). Then, it becomes interesting to analyze the ways
in which cosmological constant terms can be introduced
in (super)gravity theories. In particular, the D = 4 super-
gravity theory with a cosmological term can be devel-
oped in a geometric formulation, where the theory is con-
structed from the curvatures of the superalgebra osp(4|1) and
the resulting action is the so-called MacDowell-Mansouri
action [3].

On the other hand, as it was shown in [4,5], the renor-
malized action for AdS gravity in four-dimensions, corre-
sponding to the (bosonic) MacDowell-Mansouri action, is
on-shell equivalent to the square of the Weyl tensor describ-
ing conformal gravity. Then, a further motivation in the
construction of (super)gravity MacDowell-Mansouri like
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actions lies in the fact that they suggest a (super)conformal
structure. !

Considering, instead, Minkowski spacetime, its symme-
tries are described by the Poincaré algebra, which is gener-
ated by {Jzp, P,}, being J,p and P, the Lorentz and space-
time translations generators, respectively, where, in particu-
lar,

[P, Pp] =0. (1.1
The symmetries of Minkowski spacetime can be generalized
and extended from the Poincaré to the Maxwell symmetries
[12-21] (see also the more recent work [22] for an alternative
way of closing Maxwell-like algebras). The most general
deformation is
[Py, Pl = Zap, (1.2)
where Z,p (Zpa = —Z4p) transforms as a tensor under
Lorentz transformations and is associated with a constant
electromagnetic background field. Then, one can analyze the
commutator of Z,, with P, and iterate the procedure [17].
In this way, as it was shown in [23] (see also [24]), the most
general structure one obtains is the infinite-dimensional free
Lie algebra, called Maxwelly, in the quoted references, gen-
erated by the P,’s.

The (“conventional”) Maxwell algebra M of [13-15,17]
(also denoted in the literature as B4) is generated by the set
{Jaupb, Py, Z4p} and its commutation relations read as follows:

! Letus mention, here, that the development of more complicated super-
gravity theories, such as matter-couple ones, can be carried on in a sys-
tematic way with the superconformal method (see the book [6] for a
review). Indeed, in this approach, which is based on early work [7-10]
on the understanding of supergravity from the superconformal algebra
[11], the conformal symmetry is properly used as a tool for constructing
matter-coupled supergravity theories with local Poincaré supersymme-
try in such a way to gain insight into their structure.
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[Pa, Pp]l = AZgp,
[Jabs Jeal = NbeJad — NacIba — NbaJac + Nad e

[Jabs Pl = o Pa — Nac Py, (1.3)
[Jabs Zeal = MbcZad — NacZbd — Nbd Zac + Nad Zbe
[Zabs Zcal = [Zap, P:] = 0.

Here, the bosonic generators Z,, are tensorial abelian
charges. We stress that the Maxwell algebra is not unique
at bosonic (and supersymmetric) level. From the Lie algebra
cohomology perspective, one can deform also the commu-
tation relations [Z,p, Zcq] = 0 and [Z,p, P.] = 0 requiring
the Jacobi identity to be obeyed in order to end up with a con-
sistent Lie algebra [17,23,24], and iterate the construction to
properly obtain all possible multiple commutators of the P,’s
(namely, the so-called free Lie algebra generated by the P,’s).

The constant A appearing in (1.3) can be related to the cos-
mological constant when [A] = M?. Setting A = e, being e
the electromagnetic coupling constant, we get the description
of an enlarged spacetime in the presence of a constant electro-
magnetic background field. Indeed, in order to interpret the
Maxwell algebra (and the corresponding Maxwell group),
a Maxwell group-invariant particle model on the extended
spacetime (x*, ¢*V), with the translations of ¢*" generated
by Z,,, (thatis Z,, in the components language), was stud-
ied [16-21]: The interaction term described by a Maxwell-
invariant 1-form introduces new tensor degrees of freedom
fuv, momenta conjugate to ¢V, that, in the equations of
motion, play the role of a background electromagnetic field
which is constant on-shell and leads to a closed, Maxwell-
invariant 2-form. Interestingly, in [25] the authors presented
an alternative way of introducing the generalized cosmolog-
ical constant term adopting the Maxwell algebra.

On the other hand, it was shown that the Maxwell sym-
metries can be deformed in such a way to obtain the so(D —
1,2) ® so(D — 1,1) or so(D, 1) ® so(D — 1, 1) algebras
[18,20,26,27], where the Z,, generators are non-abelian.
Then, if spacetime symmetries are considered as local sym-
metries, one can construct Chern—Simons gravity actions in
which dark energy can be interpreted as part of the metric of
spacetime.

Subsequently, in [28] it was shown that a generalized cos-
mological constant term can also be introduced in a Born—
Infeld like action constructed from the curvatures of the
so-called AdS-Lorentz algebra, AdS — L4 (also known
as so(D — 1,1) & so(D — 1,2), or Poincaré semisimple
extended algebra). The AdS-Lorentz algebra, which was
first introduced and described as a tensorial semi-simple
enlargement of the Poincaré algebra and as a Lie alge-
bra deformation of the Maxwell algebra [15,18,20,26,27],
can also be obtained by performing an abelian semigroup
expansion (S-expansion, for short) of the AdS algebra, as
it was shown in [29]. The general theory of expansions

@ Springer

of Lie (super)algebras, which allows to derive new Lie
(super)algebras and, correspondingly, new physical theories,
was first introduced in [30]. Subsequently, in [31] the authors
formulated the so-called S-expansion procedure, which is
based on combining the multiplication law of a semigroup
S with the structure constants of a Lie (super)algebra g.
The new Lie (super)algebra one ends up with is called
the S-expanded (super)algebra gs = S x g, and the S-
expansion method also provide in a simple way an invariant
tensor for it, in terms of an invariant tensor for the start-
ing (super)algebra g, which is particularly helpful in the
(geometric) construction of new (super)gravity theories. In
fact, diverse (super)gravity theories have been studied by
exploiting the S-expansion method and its properties (see,
for instance, the relevant results presented in [32-46]).

The S-expansion method allows to obtain two sepa-
rate types of Lie algebras, denoted in the literature as B,
(Maxwell algebras type) and Ad S — L, (for a concise review
see, for example, [22]). Both can be related with each other
by Inonii—-Wigner contraction. The integer index m > 2
labels different representatives, where standard generators of
the Lorentz transformations J,j; and translations P, become
equipped with another set (or sets) of new generators Z,
and R,. The value m — 1 might be used to indicate the total
number of different generators (Jup, Py, Zgp = Z;}?), R,, =
R(]) ZS’), R(z) ...). In particular, B3 and AdS — L3 corre-
spond to the Poincaré and to the Ad S algebras, respectively,
while B4 represents the Maxwell algebra M written in (1.3)
(obtained by including the Z,; generator).

Referring to superalgebras, the minimal supersymmetriza-
tion of the Maxwell algebra (s M) was introduced in [47],
and it requires two fermionic charges. Extensive studies and
analyses of the minimal Maxwell superalgebra and its gener-
alizations have been preformed using expansion methods in
[48,49]. Let us mention that other relevant superalgebras con-
taining two fermionic charges were introduced and deeply
analyzed in [50-55]. In particular, we are referring to the
D’ Auria-Fré superalgebra, introduced in [50] and further
analyzed in [52,53], underlying the Free Differential Algebra
describing D = 11 supergravity, the Green algebra [51], in
the context of superstring, and Maxwell-type superalgebras
related to D = 4 and D = 11 supergravity [54,55].

Concerning the minimal Maxwell superalgebra s M, in
[56] it was shown that the N' = 1, D = 4 pure supergravity
Lagrangian can be obtained as a quadratic expression in the
curvatures associated with s M. The action of [56] does not
include the cosmological constant.

Let us specify, here, that in the recent paper [24] the
authors gave the structure of a free Lie superalgebra for
studying extensions of the Poincaré superalgebra, and that
the contractions of the ®8,, algebras we have considered so
far are subalgebras of the free Lie (Maxwell super)algebra,
which can be viewed as a universal structure comprising,
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by quotienting, generalizations existing in the literature. In
particular, as shown in [24], the superalgebra s M arises as a
particular finite-dimensional quotient of the free Lie superal-
gebra in four spacetime dimensions generated by odd super-
translations Q.

On the other hand, in [39] the authors demonstrated that
the Ad S—Lorentz superalgebra s AdS — L4 (minimal super-
symmetrization of the AdS—Lorentz algebra AdS — L4 of
[28]) allows to construct in a geometric way the supergrav-
ity containing a generalized supersymmetric cosmological
constant. The four-dimensional action of [39] is built only
from the curvatures of sAdS — L4 and corresponds to a
MacDowell-Mansouri like action. In the same paper, the
authors also extended their result introducing the so-called
generalized minimal Ad S—-Lorentz superalgebra, building a
more general action.

The superalgebra s Ad S— L4 of [39] presents the following
anticommutation relation:

1
{0, 0p} = 3 [()/abC)aﬂ Zap — 2 (y“C)aﬂ Pa] ,
(1.4)

being Q, a four-components Majorana spinor charge. In
(s)AdS — L4, unlike the case of the (minimal supersym-
metrization of) the Maxwell algebra (s).M, the new genera-
tors Z,p are non-abelian and behave as Lorentz generators.
Their presence implies the introduction of a new bosonic field
which modified the definition of the curvatures when building
a (super)gravity theory for the AdS—Lorentz (super)algebra
(s)AdS — L4. Furthermore, sAdS — L4 contains only one
spinor charge, while, as shown in [47], the minimal super-
symmetrization of the Maxwell algebra requires two Majo-
rana spinor charges.

Actually, as we have already mentioned, in [39] the
authors also presented the generalized minimal Ad S—Lorentz
superalgebra, which involves two fermionic charges. How-
ever, it also includes two extra bosonic generators (Zab
and Z,), and an Inonii—Wigner contraction of the general-
ized minimal AdS-Lorentz superalgebra provides the gen-
eralized minimal Maxwell superalgebra s M4 [38], which
involves an extra bosonic generator Z;, with respect to the
minimal super-Maxwell algebra s M of [47]. Then, in order
to end up with the Maxwell algebra M, one should further
contract the bosonic subalgebra of s My in such a way to
remove the extra bosonic generator Zab.

The AdS-Lorentz type (super)algebras also possesses the
non-commutativity [P, Pp] = Z,p, Which is also present
in the Maxwell (super)symmetries. Nevertheless, unlike the
MacDowell-Mansouri Lagrangians for osp(4|1) and for
sAdS— L4, it was shown in [38] that the supergravity action a
la MacDowell-Mansouri based on the generalized minimal
Maxwell superalgebra s My does not reproduce the super-
symmetric cosmological constant term in the action. This is a

direct consequence of the S-expansion procedure. The result
of [38] corresponds to a generalization of the one previously
presented in [56]. In both cases, the super-Maxwell fields
only appears in boundary terms of the resulting Lagrangian.

Let us specify that, in general, the (super-)Maxwell
(super)gravity theories are not invariant under the cor-
responding Maxwell (super)algebra. On the other hand,
there has been a growing interest in the study of three-
dimensional Chern—Simons (super)gravity theories invari-
ant under Maxwell type (super)algebras [42,44-46,57-60].
In particular, in [46] the authors presented the construction
of the (2 + 1)-dimensional Chern—Simons supergravity the-
ory invariant, by construction, under the minimal Maxwell
superalgebra (that is, under the super-Maxwell gauge trans-
formation) in absence of extra fields, obtaining a supergrav-
ity action without cosmological constant term characterized
by three coupling constants, and showed that the Maxwell
supergravity obtained appears as a vanishing cosmological
constant limit of a minimal AdS—Lorentz supergravity (the
flat limit was applied at the level of the superalgebra, Chern—
Simons action, supersymmetry transformation laws, and field
equations).

Thus, introducing a generalized supersymmetric cosmo-
logical term through super-Maxwell symmetries in the con-
text of supergravity seems to be a hard task.> Conversely,
the Ad S—Lorentz type superalgebras seem to be better can-
didates for introducing the cosmological term in supergrav-
ity, in the presence of bosonic generators Z,,. Let us also
mention that, in [39], unlike the case of Maxwell-type super-
algebras, the bosonic fields associated to the Lorentz-like
generators Z,, appear not only in the boundary terms but
also in the bulk Lagrangian of the model.

With this motivation, the aim of the present paper it to con-
struct a MacDowell-Mansouri like action based on a new
AdS-Lorentz type superalgebra involving two fermionic
charges and possessing a bosonic subalgebra that does not
contains any additional generator with respect to the Maxwell
algebra M, in such a way that, when contracted, it directly
reproduces M. In this sense, such a superalgebra could also
be viewed as the minimal supersymmetrization of a minimal
Maxwell-like algebra (actually, of a deformation of M) in
which the bosonic generator Z,; is non-abelian (in partic-
ular, [Zap, Zeal = NMocZad — NacZbd — Mbd Zac + Nad Zbe
see also [18,20] for non-abelian deformations of Maxwell
(super)algebras) and where [ Z4p, P.] = npe Py —Nac Py, even
if, as we will see, the generators Z,; in this case will not
behave as Lorentz generators when considering the super-
symmetric extension and the corresponding commutation
relations with the fermionic charges. Thus, in this paper
we first present the aforesaid new supersymmetrization of

2 Actually, this was done in [61], but in the formalism of the so-called
constrained BF theories (see [61] and references therein).
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AdS — L4 (we will call it SAdS — L4, for short) as an
abelian semigroup expansion of 0sp(4|1). Then, we show that
SAdS — L4 allows to construct in a geometric way a D = 4
supergravity action containing a generalized supersymmetric
cosmological term. The action we end up with corresponds
to a MacDowell-Mansouri like action written in terms of the
SAdS — L4 curvatures. Our result is a new supersymmet-
ric extension of [28] involving two fermionic generators. In
our model, the §AdS — L4 fields will appear not only in the
boundary terms, but also in the bulk Lagrangian (analogously
to what happened in [39] and differently from what happened
in [38,56]). Referring to the recent works [62—65], we conjec-
ture that the presence of the s Ad S — L4 fields in the bulk and
in the boundary would allow to recover the supersymmetry
invariance of a supergravity theory based on the superalgebra
§AdS— L4 in the presence of a non-trivial boundary of space-
time in the so-called rheonomic (i.e., geometric) approach.

The paper is organized as follows: In Sect. 2, we present
the new superalgebra sAdS — L4 as an S-expansion of
osp(4]1). Subsequently, in Sect. 3 we construct in a geo-
metric way a D = 4 supergravity model containing a gen-
eralized supersymmetric cosmological term only from the
curvatures of §AdS — L4; the action obtained corresponds
to a MacDowell-Mansouri like action. Then, we analyze the
supersymmetry invariance of the theory. Finally, Sect. 4 con-
tains the conclusions and possible future developments. In
the Appendix we collect our conventions and some useful
formulas.

2 AdS-Lorentz superalgebra §AdS — L4 as an
S-expansion of osp(4|1)

In the following, we apply the S-expansion method to
0sp(4]1) by using a particular abelian semigroup and obtain
a new supersymmetrization of AdS — L4. We will name this
novel superalgebra sAdS — L4, for short.

Let us first recall that the generators {fab, Isa, Qa} (with
0,1,2,3, « = 1,2,3,4) of osp(4|1) fulfill the
(anti)commutation relations:?

a =

[jab’ jcd = nbcjad - nacjbd - nbdjac + nadjba
I:jabv ﬁc:l = nbcﬁa - nacﬁbs
[FZvj% = ;bs
- ~ 1 ~ 2.1
[Jhba Ou|=—= (ybeQ) ,
| 2 a
- o~ 1 ~
[Pa’ Ou|=—= (VaQ) s
| 2 a
- - 1 b - -
{0a. 05} =3 [(y c)aﬂ Jap —2(rC) Pa] ,

3 Here and in the following we denote the quantities referring to
osp(4]1) with a tilde symbol on the top.

@ Springer

Table 1. Multiplication table of A0 A A A3
the semigroup §

oA M A A3
A Al Ay A3 Ay
VSIS A3 A2 A3
A3 A3 A2 A3 A2

where y,5, ¥, are Dirac gamma matrices in four dimensions
and C is the charge conjugation matrix; J,;, are the Lorentz
generators, P, the spacetime translations generators, and O
is a four-components Majorana spinor charge.

Then, let us consider, on the same lines of [39], the fol-
lowing decomposition of the superalgebra g = osp(4|1) in
three subspaces V,, p =0, 1, 2:

0sp(4]1)
sp(4)

sp(4)
503, 1)

osp(4]1) =s0(3,1) &

©
I

=VeViev, 22)

where Vo = {Jup), Vi = {O4}, and Vo = {P,}. Conse-
quently, we can write the subspace structure

[Vo, Vol C Vo, [VI, Vil C Vo @ Va2,
[Vo, Vil C Vi, [Vi, Vol C Vi, (2.3)
[Vo, Vol C Vo, [V, Vo] C Wo.

Now, let us consider the abelian semigroup S = {Xo, A1,
A2, A3} described by the multiplication table given in Table 1.

Then, consider the subset decomposition § = SoU S US>
with

So = {r0, 22}, S1=1{r1,243), S ={ra). (2.4)

The decomposition given in (2.4) is resonant (see [31] for
details), since it satisfies

§1~§1C.§00S2,
§1~§2C§1,
3'2-32':3'0,

§0~§0C§0,
.§0~§1 CS‘l,
So- 8 c 8,

2.5)

which has the same form of (2.3). Then, according to Theo-
rem IV.2 of [31], the subalgebra

gr=Wo® W & W, (2.6)

where

Wo = (So x Vo) = {0, 22} X {Jap} = (hodups 22 Jap),
Wi = (81 x Vi) = (A1, 43} X { O} = {11 Oa, 43 0al,
Wo = (8 x Vo) = (A2} X (Pg} = (MaPy),  (27)

is a resonant subalgebra of S x g. We can then perform the
following identification:
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Zab :)LZ-iab, P, :)\2ﬁa,

Yo = )‘3Qa,

Jab = *0Jab,

Qo = 21 Qq, 2.8)

being {Jup, Pu, Zap, Qu, o} the set of generators of the
new superalgebra obtained after a resonant .§'—expansion of
osp(4]1). This superalgebra actually corresponds to a new
supersymmetrization of the Ad S—Lorentz algebra AdS — L4
of [28]. Letus call it sAd S — L4. Its (anti)commutation rela-
tions can be obtained by using the multiplication rules of the
semigroup S (see Table 1) together with the commutation
relations (2.1) of osp(4|1); they read as follows:

[ab, Jed] = NbeJad — Nac Iba — Mbd Jac + Nad Jbe,
[Jab, Pcl = nbe Pa — Nac Py,

Wabs Zeal = NbeZad — NacZbd — Nbd Zac + Nad Zbes

[Zabs Zedl = NbcZad — NacZbd — Mbd Zac + Nad Zbe,
[Zab, Pe]l = Nbe Pa — Nac P,
[Pa, Pp]l = Zap,

1 1
[Jab, Qul = _E (VabQ)a s [ab, Zal = _E (Vabz)a s

1 1
(Zab, Qal = =5 Vab )y s [Zab, Xl = ) (YabX)g »

2
1 1

[Pas QO{]Z_E(VQE)Q(’ [Paaza]z_i(yaz)a,
T )

{0 05} = —3 (y“bC)aﬂzab—z(y“c)aﬁPa ,
1T ab a

{0 25} = 3 | (¥ C)aﬂzah—z(y C) s Pa |-
L[ ab a i

{Zo.Zp} = —3 (y c)m3 Zab =2 (y"C) 5 Pa

2.9)

Observe that a new Majorana spinor charge ¥, has been
introduced as a direct consequence of the 3’—expansion pro-
cedure.

The new Ad S—Lorentz superalgebra (2.9) contains the so-
called AdS — L4 algebra generated by {J,p, P,, Zap} as a
bosonic subalgebra. The AdS — L4 algebra and its general-
izations have been largely studied and analyzed in [28]. In
particular, it was proven that AdS — L4 allows to include
a generalized cosmological term in a Born—Infeld gravity
action. Furthermore, performing the rescaling
Jab = Jabs  Zap — Mzzab, Py — uP, (2.10)
and taking the limit & — oo (Indnii-Wigner contraction) in
AdS — L4, one obtains the minimal Maxwell algebra (1.3).

On the other hand, AdS — L4 is also a bosonic subal-
gebra of the AdS-Lorentz superalgebra of [39]. In other
words, the new AdS—-Lorentz superalgebra (2.9) and the
AdS-Lorentz superalgebra of [39] share the same bosonic
subalgebra AdS — L4.

Nevertheless, as we have already mentioned in the Intro-
duction, the Ad S-Lorentz superalgebra of [39] has just one
fermionic generator. Differently, s AdS — L4, given by (2.9),
possesses two fermionic charges Q, and X. Then, since
it also contains AdS — L4 as a bosonic subalgebra, in this
sense (2.9) it could also be viewed as the minimal super-
symmetrization of a minimal Maxwell-like algebra (that is,
actually, a deformation of the Maxwell algebra M, see also
[18]) in which the bosonic generator Z,, is non-abelian
([Zabs Zeal = NoeZad — NacZbd — Mbd Zac + Nad Zpe) and
where [Z,p, P:] = Npe Pa—nac Py, evenifthe generators Z,p,
in this case, do not behave as Lorentz generators when con-
sidering the supersymmetric extension and the correspond-
ing commutation relations with the fermionic charges. In this
context, we observe that the behavior of the generators Z,
in§AdS — L4 is also different from the behavior of the Z,;,’s
in (a contraction of) the generalized minimal AdS—Lorentz
superalgebra of [39].

3 Generalized supersymmetric cosmological term in
D =4fromsAdS — L4

In order to construct an action based on §Ad S — L4 we start,
on the same lines of [38,39], from the following 1-form con-

nection:

1 1 1
A= AT, = 5w“”Jab +-ViP, + Zkabz”b

14
+11ﬁ°‘Q + 1&“2 3.1
\/Z o ﬁ o> ‘
where the 1-form gauge fields are given by
wab — )»()(I)ab, Ve — )Q"}a7 kub — Kz&)ab,
v =y, 8 =aay, (3.2)

in terms of the components of the osp(4|1) connection

A= %””’Jab + %V“Pa + %&“Qa.

Note that, in order to properly interpret the gauge fields,
it is necessary to introduce a length scale £. The 1-forms
Wi va kab, ¥, £ are the spin connection, the vielbein, a
bosonic 1-form field, the gravitino field, and an extra spinor
1-form field, respectively (¢* and &% are both Majorana
spinors).

The 2-form curvature ' = dA + A A A associated with
the connection (3.1) reads

(3.3)

1 1 1 1
F=FAT, = ER“”JM, + =RIPy+ = Fkyp + —p* Qu

¢ 2 NG
(3.4)

1
+—E*3%,,

N

@ Springer
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where, in particular, we have?
Rah — dwah + o wcb
c 9

R =dV® 4 o4 VP + k4 VP

l‘a T.,a l‘a
—5Vr w—ws—zsys

(3.5a)

1- - 1.-
=DV + K VP = Suy = PyE - JEyUE,
(3.5b)
Fab — dkab +26l)acka +kc2kc‘b
1 1 - 1-
_Vavb - ab - ab
ta +2EW ¢+EW §
- ab
+ﬂ§)/ §
1 1 -
— Dkab k4 kcb —_y¢ Vb - ab
+ K. +€2 +2glﬂ)f 4

WL gyare ¢ Lo (3.5¢)
ks AL ¢

1
p=dy + Zw“byabw = Dy, (3.5d)

E = df + 10" yurt + 2Vl + 2V vk
4 200 7T 20
1 1
+Zkabyubl/f + Zkahyabé

—D$+1V“ w+lv”’ &
= 20 Ya 20 Ya
1

1
+4kab7abw + Zkabyabs, (3.5¢)

being D = d + w the Lorentz covariant derivative. Setting
F = 0 one retrieves the Maurer—Cartan equations for the
superalgebra SAdS — L4.

Considering the Bianchi identity VF = 0 (V = d +
[A, -]), we obtain:

DR =0, (3.6a)
DR = R4V + FSVP — k4 RY + 9ry“p + yy?E
+Ey o+ Ey°E, (3.6b)
. a2
DF® = 2Rk 4+ 2Fk + Z—ZR”Vb
1 ab l- ab —
W 0 ZW E
1 ab 1 ab —
—ZSV o — ZSV g, (3.6¢)
1 ab
Dp = ZR Yab¥s (3.6d)
1 1 1
DE = -R? — R, — —V“
1 Vah€+2£ Ya¥r ¢ YaP
1 1
+ﬁRayaE - ﬂvaVaE

4 Here as well as in the sequel, for simplicity, we omit the spinor index
«, and the wedge product A between differential forms is understood.

@ Springer

1 1
+ZFabVab1/f — Zk‘”’yabp

+%Fab7ab§ - ikabyab g.

On the other hand, for a clearer understanding of the pro-
cedure we are going to follow, let us recall that the 2-form
curvature F = dA + A A A associated with the osp(4[1)
connection (3.3) is

(3.6¢e)

Fetiof, v i+ Lo (3.7)
2 a g a \/Z o .
where, as it is well known, we have
- 1 ~ -
Rab — d&')ab —}-d)a‘,(}')d) + £—2VaVb
+ gy (3.82)
20 ’ '
- - ~ 1= ~
RO =dV* 4 a4 Vb — EW)/“W
— DVe_ zlzl/al/;s (3.8b)
p=dy+ lw“b)/ p¥ + LV”V v
4 2
-~ 1 ~ -
=Dy + ﬂv“yuw, (3.8¢)

being D =d+ a. Now, as recalled in [38,39], the gen-
eral form of the MacDowell-Mansouri action [3] constructed
with the osp(4]1) 2-form curvature F is

S=2/<ﬁAF>=2/ﬁAAﬁB<TATB>, (3.9)
with the following choice of the invariant tensor:
. (JabJed) =€aved
(TaTg) = { R (3.10)
(Qa08) =2 (¥5)yp -

Observe that if one chooses the whole (T4 T) as an invari-
ant tensor (which satisfies the Bianchi identities) for the
OSp(4|1) supergroup, then the action (3.9) is a topologi-
cal invariant and gives no equations of motion. Neverthe-
less, with the choice (3.10) of the invariant tensor (which
breaks the OSp(4|1) supergroup to its Lorentz subgroup),
(3.9) becomes a dynamical action that corresponds to the
MacDowell-Mansouri action for the osp(4|1) superalgebra
[3,66]. Writing the explicit form of the action (3.9) with the
choice (3.10) and omitting the boundary terms, the result is
the N' = 1 supergravity action in four dimensions, given
by the Einstein—Hilbert and Rarita—Schwinger terms plus
the usual supersymmetric cosmological terms; the afore-
mentioned action is not invariant under the osp(4|1) gauge
transformations. However, the invariance of the action under
supersymmetry transformation can be obtained by modify-
ing the supersymmetry transformation of the spin connection
@ [671.
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Now, in order to construct a MacDowell-Mansouri like
action for S Ad S— L4, we consider the S -expansion of (TA fB)
and the 2-form curvature F in (3.4). In particular, the action
for sAdS — L4 can be written as

S=2/FAAFB(TATB), (3.11)
where (T4 Tp) can be obtained from the components of the
invariant tensor written in (3.10), using Theorem VII.1 of
[31]. One can then show that the non-vanishing components
of (TyTg) are

(JapJea) = ColJabea) = Co€abed.
(JabZea) = ColJapJea) = Caéabed,
(ZabZca) = Cz(iab;icd) = C2€abed; 3.12)
(Qa0p) = C2(Qa0p) =2C2 (¥5)4p »
(Qa2p) = C2{0a0p) = 2C2 (¥5)up -
(BaZp) = C2(Qu0p) =2C2 (¥5)up -

where Cy and C, are (dimensionless) independent constants.
Thus, considering (3.12) and the 2-form curvature (3.4),
we can write an action of the form (3.11) as

2

+4C2 _ + 8Cy _ "
7 PY5P 7 pYs & 7

C . . C .
S = f (iéabcdRubRLd + Ca€abea R FC4 + 726abch”bF°d

4C, -
2 Ey5E) . (3.13)

Then, using the formulas collected in the Appendix and the
Bianchi identities originated from the superalgebra s Ad S —
L4, one can show that the MacDowell-Mansouri like action
(3.13) for §AdS — L4 can be written explicitly as

C .
S = / {%eabcdR“bRcd-f—Cz

. 1 )
(eabcd Rab}—cd + Eeabcd}—ab}—cd)

Cy . - _
+ (eabcdR“”V‘vd F4YVhyays0 + 4 Ve yayso

+4€V9yayso + 4§V“Vaysp)
C 2 - 1-
+722€abcd<]_—abvcvd+z\//_yabsvcvd+zsyabévcvd

Lo d, 1 bycyd
- vevd 4 —vyaybycy
Yy *

C - - _ _
+ 72,1(4W5p +49yso +4Eysp + 4sy5a) } (3.14)
where we have also isolated the boundary terms and defined
Fb = Dk 4 k9 k<P, (3.152)

1 1
o = Dt + Zk“byabtﬁ + Zk“byabé. (3.15b)

Note that we have separated the action (3.14) in different
pieces, in such a way to make their physical meaning mani-
fest: The piece proportional to Cq corresponds to the Gauss-
Bonnet term; the second term is an Euler invariant and can
be seen as a Gauss-Bonnet like term (it does not contribute to
the dynamics of the theory and can be written as a boundary
term) that involves the new §AdS — L4 field k4b: the third
piece contains the Einstein—Hilbert and Rarita—Schwinger
Lagrangian, describing pure supergravity, plus three addi-
tional terms involving the new spinor 1-form field £ and the
bosonic field k“”; the fourth term corresponds to a gener-
alized supersymmetric cosmological term which contains,
besides the usual supersymmetric cosmological term, also
two additional terms involving the §AdS — L4 spinor field
& and one additional term involving k. the last term is a
boundary term.

Thus, we have shown that the MacDowell-Mansouri like
action constructed applying the properties of the S-expansion
procedure in the case of a resonant S -expansion (see Table 1
for the multiplication table of the semigroup S) of osp(4(1)
describes a supergravity model with a generalized supersym-
metric cosmological term. In other words, we have intro-
duced in alternative way the supersymmetric cosmological
term in a supergravity model, building a (deformed) D = 4
supergravity action from the new Ad S—Lorentz superalgebra
§AdS — L4. Our result corresponds to a new supersymmetric
extension of [28] involving two fermionic generators.

Let us observe that, if we consider ¥ = 0 and £E=0in
the action (3.14), we obtain the MacDowell-Mansouri action
for the supergroup O Sp(4|1). On the other hand, setting only
& = 0in (3.14), we obtain the action for the AdS—Lorentz
superalgebra found in [39].

Notice that if we omit the boundary terms in (3.14), we
get:

(&)

s = / {eT(eabcdR“”vcvd FAYViyaysp + 49 Viyayso

+4EVayays0 +4§V“yaysp>
C 2 -
+ Tzzéabcd <]_—abvcvd + zwyabgvcvd

1. 1- 1
_i_ig_.yahévcvd_'_7wyahwvcvd+7vavbvcvd )

¢ 4 202
(3.16)

Then, if we consider ¥ = 0 and & = 0 in the action
(3.16), we are left with the Einstein-Hilbert and Rarita—
Schwinger Lagrangian plus the usual supersymmetric cos-
mological term.

Let us now compute the variation of the Lagrangian with
respect to the different SAdS — L4 1-form fields in order to
obtain the field equations. One can prove that, computing the
variation of the Lagrangian with respect to w®? and impos-
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ing §,L = 0, we get the following field equation (modulo
boundary terms) for the §AdS — L4 supertorsion:

€abcd RV = 0. (3.17)

From the variation of the Lagrangian with respect to k%, we
obtain the same equation. On the other hand, computing the
variation of the Lagrangian with respect to V¢ and imposing
Sy L =0, we get

2€abed (R“b + F””) VE+4(J +E) vaysp

+4Eyays (p + E) =0,

and from the variation of the Lagrangian with respect to i,
imposing &y £ = 0, we obtain (modulo boundary terms):

8V@yays (p + E) +4yays (¥ +§) R* =0. (3.19)

The variation of the Lagrangian with respect to the spinor
I-form field & leads to the same equation. Note that the
field equations (3.17)—(3.19) are similar to those of osp(4|1)
supergravity, the only differences being related to the pres-
ence of the new fields k%% and &.

Interestingly, we observe that one can define a new bosonic
field

(3.18)

&% = @ 4 kb, (3.20)

which can be interpreted as an extension of the Riemannian
connection w/’i” dx" to a non-Riemannian one with torsion,
together with the covariant derivative

D=d+é, (3.21)
and a new spinor 1-form field
=y +é (3.22)

implying a redefinition of the gravitino 1-form field. Then,
exploiting the new definitions, the equations of motion
(3.17)—(3.19) become, respectively:

€abea RV =0, (3.23a)
2eapca RPVE + 4ryaysp = 0, (3.23b)
8VYaysp + 4vaysy R =0, (3.23¢)
where we have also defined
~ . 1 = ~
RY = do™ + 6o + ﬂwy“bw, (3.24a)
~ ~ 1= N
R =DV — 51#)/&1#, (3.24b)
PO A
p=DVy + ﬁva)/al/f. (3.24¢)

These new curvatures have the same form of the osp(4|1)
ones, and the fields {c?)“b , V4, 4y} fulfill equations of motion
that have the same form of those of the osp(4|1) supergravity

@ Springer

theory. In fact, let us also observe that, at the price of intro-
ducing the 1-form fields k“” and & (and the corresponding
Maurer—Cartan equations), the osp(4|1) superalgebra can be
mapped into s AdS — L4, whereby the spin connection and
the gravitino are respectively identified with the Lorentz con-
nection and gravitino of a D = 4 Minkowski spacetime with
vanishing Lorentz curvature and vanishing gravitino super
field-strength, albeit with a modification of the supertorsion,
the latter being non-vanishing in both cases. This point will
be further analyzed in a future work.

Then, exploiting the definitions (3.20), (3.22), (3.24a), and
(3.24c¢), the action (3.16) can be rewritten as follows:

Cy A . N .
S = / £_2<5abcdRach V9 4y Vayysp

1 = N 1
+Zeabcdwyabw chd + ﬁeubcd v Vh Ve Vd> .

(3.25)

The action (3.25) contains the Einstein—Hilbert and Rarita—
Schwinger Lagrangian, plus the supersymmetric cosmolog-
ical term, for the new connection ®*” defined in (3.20) and
the new gravitino 1-form field 1} defined in (3.22), which
can be seen as a shifted connection and as a shifted grav-
itino, respectively. In this sense, our result may also be con-
sidered as the specific extension to a non-Riemannian frame-
work determined by the structure of the SAdS — L4 algebra.
Indeed, in this context, the antisymmetry k<’ = —kP® implies
that we are dealing with an Einstein—Cartan geometry with
non-metricity tensor equal to zero, because in (3.20) we have
»@P) = 0, while a symmetric part of &*” would have defined
a non-vanishing non-metricity tensor (see, for example, [68]
for details).

On the other hand, let us also observe that an Inonii—
Wigner contraction of the action (3.16) leads ustothe D = 4
pure supergravity action

C -
S = / 2_22 <eabcdR“chVd + 4 VY5 p). (3.26)
In fact, performing the rescaling
0 = o VIS PV uy,
kP = ptkt, £ > pie (3.27)

in (3.16) and dividing the action by u*, the four-dimensional
pure supergravity action (3.26) is retrieved by taking the limit
u— 0.

Finally, allowing also the rescaling
¢ — p*e (3.28)
on the length scale £ in the action (3.16), together with the
rescaling (3.27), dividing the action by u*, and taking the
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limit 4 — 0, the D = 4 supergravity action with supersym-
metric cosmological term is retrieved, namely

Cy -
S = f ﬁ(fabcdRahVCVd + 4y Viyaysp

1 - 1
+Zfabcd1/fyahw VCVd + mfz/zbcd v Vb Ve Vd> .
(3.29)

3.1 §AdS — L4 gauge transformations and supersymmetry
invariance

The gauge transformation of the connection A in (3.1) is

oA = Do =deo +[A, ¢l (3.30)
where p is the §AdS — L4 gauge parameter
1 1 1
Q — EQabJah + Ekabzab + ZQllPa
+L6“ Qo + —£%%,. (3.31)
Ve Ve
Then, using
5 (AATA) —do+ [ABTB, QCTC] , (3.32)

we obtain that the SAdS — L4 gauge transformations are
given by:
sw™ = D, (3.33a)

2 1
5kab — DKah _ ZQaCkcb + Zki.KCb + E_ZVaQb _ Zgyabw
1 1

1
= JErE =SBy — JEy g, (3.33b)
8V{l — DQa _ Qabvb + kabe _ K(va +gya¢
+eyiE +eyiy +EyIE, (3.33¢)
1
Sy =de + Za)“byabe
1 ab
40 Yab ¥, (3.33d)
56 = de + 0™ yure — 20" Vuvk — 50"V
4 “ 4= 20-
+ 1 Va 1 a S + 1 Va
— € — — — e
20 Va ZEQ Ya 20 Ya
1 1
+ Zkahyabe - ZKahyabw
1 1
+ Zk“byahs - Zxabyabg. (3.33¢)
Analogously, from the gauge variation of the curvature F,
8oF =[F. 0], (3.34)
we can write the following gauge transformations:
SR =2R% o, (3.35a)

2
b °b b b b
SF® = 2Rk = 20 F +2F + ;5 R0

1 1 ab 1 ab

1
——&ytp — —eytE — —g — —&yhzE,
VU= gy e = gy
(3.35b)
SRY = R b _ aRb Fab_ aRb = a
= R3,0" — 0, R+ Fpo” — kL, R +€y™p
+ey'E+eyip +EYE, (3.35¢)
1 1
50 = 3 R vave = 10" Vanp. (3.35d)
1 1 1
08 = R Yare — 70" Var & — 579" vaP
—f—iR” e—i“ c“—i—iR" e
20" YA€ T @ Yam T 5 Va
1 1
+ZFabVab€ - ZKabVabp
1 1
—}—ZF”byabs — ZKabyabE. (3.35¢)

Although the action (3.14) is built from §Ad S — L4, one can
prove that it is not invariant under the SAdS — L4 gauge
transformations. Furthermore, if we consider the variation of
(3.14) under gauge supersymmetry, we find:

4Cy _ A
SSusyS = T 5 / R (10 + L':") YaYVs€.

7 (3.36)

Thus, as in the osp(4|1) and super-Poincaré cases, the action
is invariant under gauge supersymmetry imposing the super-
torsion constraint

RY = 0. (3.37)

However, this causes w® to be expressed in terms of the
other fields V¢, k% v, & (second order formalism).

Alternatively, on the same lines of [38,39], one can recover
the supersymmetry invariance of the action in the first order
formalism by modifying the supersymmetry transformation
of the spin connection @ Indeed, if we consider the varia-
tion of the action under an arbitrary 8w, we find

2C
508 = 722 / €abed ROVP80?, (3.38)
which vanishes for arbitrary 8w if R = 0. Then, it is

possible to modify 8w with the addition of an extra piece
to the gauge transformation in such a way that the variation
of the action reads

4C,

SS = £_2 Ra

_ = 1
X |:(:0 + C'A) YaV5€ — Efabcd Vb‘sextrade:| ) (3.39)

the supersymmetry invariance being fulfilled when

Bextraa)ab — Zeabcd

(Cecva€ + Laeveyse — Leaveyse) V, (3.40)
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with p + & = £, V*V?. Thus, we can conclude that the
action in the first order formalism is invariant under the super-
symmetry transformations’

o™ = 2ebed (§ech6 + CdchVSe - CcheVSG) Ve,

(3.41a)
1 1
skb = —Zéyahw — Zéy“bé, (3.41b)
SV = &yty 4 éyle, (3.41¢)
1
Sy =de + Zw“byabe = De, (3.41d)
1

86 = — Ve + k”byabe (3.41e)

2¢

Observe that supersymmetry is not a gauge symmetry of the
action, and the supersymmetry transformations do not close
off-shell, while the §AdS — L4 gauge transformations close
off-shell by construction.

Finally, note that there is also another kind of supersym-
metry (i.e., a supersymmetry-like symmetry), related to the
fermionic generator . The new supersymmetry-like trans-
formations read as follows:

s’ =0, (3.42a)
1 1
Sk = Ee)/“bg[f —gye, (3.42b)
SV =gyiy +ey S, (3.42¢)
Sy =0, (3.42d)
1 a ab
86 =de + 4w yabs + QV Ya€ + k Yab€
1

= De + ﬁv"yae + k“byabe (3.42¢)

If we now consider the variation of the action under the new
supersymmetry-like transformations, we get:

Ssusy-likeS = ——5- | R* (8 + E) vayse, (3.43)
which has the same form of (3.36), the only difference
relying in the parameter ¢. Then, one can repeat the pro-

cedure described above, obtaining that the action in the

5 Let us mention that, actually, one could retrieve supersym-
metry invariance also by modifying the whole § (w“b + kab )
obtaining that the action is invariant under & (w® +k%) =

26954 (Zoeyae + Caeveyse — Leaveyse) V€ — Ley®y — leyabe,
together with the other transformations (3.41c) and (3.41e). The trans-
formations we have written in (3.41a), (3.41d), and (3.41b) correspond
to a particular choice for w® and 8k fulfilling & (a)“’7 + k“h) =

2654 (Zoeyae + Caeveyse — Leaveyse) VE — tey @y — 1eyabe.

@ Springer

first order formalism is invariant under the following new
supersymmetry-like transformations:®

80 = 26" (Locyae + Laeveyse — Leaveyse) VE,
(3.44a)
ab 1_ ab 1_ ab
8k = —Zsy v — Zey &, (3.44b)
SV =Eyiy + EyUE, (3.44c)
S =0, (3.44d)
56 = de + 0™ Ve + o= Ve + KDyt
4 20 4
= De + ivayue + 1k“”yabe, (3.44¢)
20 4

being 6 + E = £, VVP. Also this supersymmetry-like
symmetry is not a gauge symmetry of the action. Further
investigation of this symmetry in the context of supergravity
theories are currently under analysis (work in progress).

4 Discussion

The Maxwell and AdS-Lorentz algebras of all types,
together with their supersymmetric extensions, have found
interesting applications in (super)gravity, although the new
generators (and the consequent introduced modifications)
still require a clearer physical interpretation, particularly con-
cerning the presence of extra fermionic generators in the
supersymmetric cases (for some progress achieved in this
context, see [55]).

In this paper, driven by the fact that from AdS-Lorentz
type (super)algebras one can introduce the cosmological
term in (super)gravity in the presence of an extra bosonic
generator Z,;, [28,39], we have presented a new supersym-
metrization of the AdS-Lorentz algebra AdS — L4 of [28].
Compared to previous literature, the novel superalgebra con-
tains two fermionic generators rather than one and, interest-
ingly, it allows for non-abelian charges in the underlying
Maxwell algebra (see also [18,20] for non-abelian defor-
mations of Maxwell (super)algebras). Specifically, our new
Ad S—Lorentz superalgebra (that we called §Ad S — L4) pos-
sesses, by construction, a bosonic subalgebra (that is AdS —
L4) that does not contains any additional generator with
respect to the Maxwell algebra M, recalled in (1.3), in such a
way that, when contracted, it directly reproduces the Maxwell
algebra M. In this sense, § Ad S — L4 could also be viewed as
the minimal supersymmetrization of a minimal Maxwell-like

6 Again, one could retrieve the invariance also by modi-
fying the whole §(w® +k%), obtaining §(w® +k%) =
€0 (Soeya€ + LacVeyse — Leaveyse) Ve — Tey®y — 15yale,

together with (3.44c¢), (3.44d), and (3.44e).
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algebra in which the bosonic generator Z,, is non-abelian
([Zabs Zeal = MbeZaa — NacZbd — Mbd Zac + Nad Zbe) and
where [Z,p, P:] = Npe Pa—nac Py, evenifthe generators Z,p,
in this case, do not behave as Lorentz generators when con-
sidering the supersymmetric extension and the corresponding
commutation relations with the fermionic charges.

In particular, we have obtained SAdS — L4 as an S-
expansion of the superalgebra osp(4|1), using the semi-
group described by Table 1, and, exploiting some peculiar
and useful properties of the abelian semigroup expansion
method (on the same lines of [38,39]), we have shown that it
allows to construct in a geometric way a D = 4 supergrav-
ity model involving a generalized supersymmetric cosmo-
logical term. The action we have obtained with this proce-
dure corresponds to a MacDowell-Mansouri like action. Our
result is a new supersymmetric extension of [28] involving
two fermionic generators. Moreover, we have shown that the
final action (omitting the boundary terms) can be rewritten
as the Einstein—Hilbert and Rarita—Schwinger action, plus
the supersymmetric cosmological term, for a new connec-
tion @ = w™ + k% and gravitino ¥ = ¥ + & (that is,
a shifted connection and gravitino, respectively). Then, the
antisymmetry k%> = —k? implies that we are dealing with
an Einstein-Cartan geometry (determined by the structure of
the SAdS — L4 algebra and involving a redefinition of the
gravitino 1-form field, since we are working in superspace)
with vanishing non-metricity.

Interestingly, in our model the bosonic 1-form field k%
(associated to Z,p) and the spinor 1-form field & (associated
to the fermionic charge X) appear not only in the bound-
ary terms but also in the bulk Lagrangian (analogously to
what happened in [39] and differently from what happened in
[38,56]). In particular, the presence of the fields k9% and &in
the boundary could be useful in the context of the Ad S/CFT
duality (see [69-74] and references therein). Interestingly,
as shown in [4], the introduction of a topological boundary
in a bosonic action in four-dimensions is equivalent to the
holographic renormalization procedure (for a review of the
holographic renormalization, see, for example, [75]) in the
AdS/CFT context. Then, we conjecture that the presence of
the fields k% and & in the boundary would allow to regular-
ize the supergravity action in the holographic renormalization
context (some work is in progress on this point). On the other
hand, at the purely supergravity level, it was shown, adopt-
ing the so-called rheonomic (geometric) approach, that the
supersymmetry invariance of different supergravity actions
in the presence of a non-trivial boundary of spacetime can
be recovered by adding appropriate boundary terms, repro-
ducing MacDowell-Mansouri like actions [62-65]. Then,
one could investigate the possibility of obtaining the action
(3.14) from the rheonomic approach adopted in [62-65] in
the presence of a non-trivial boundary of spacetime, where
we conjecture that the presence of the fields k*” and & in the

boundary would allow to recover the supersymmetry invari-
ance of the action. These analyses could also shed some
light on the physical interpretation of the new generators and
of the induced modifications in the theory appearing when
(Maxwell and) AdS—Lorentz type algebras are considered.

It would also be interesting to carry on an analysis in 2+ 1
dimensions (in the context of Chern—Simons theories), on
the same lines of [46], considering the restriction to three
dimensions of SAdS — L4.

On the other hand, a possible future development could
consist in analyzing A -extended versions of § Ad S — £4 and
constructing A -extended supergravity models (also higher-
dimensional and matter-coupled ones) from the aforemen-
tioned N -extended superalgebras. In this context, the S-
expansion procedure could play an important role. In fact, as
one can see from the results we have obtained in this paper,
the S-expansion procedure is not only a useful mathematical
method to derive new Lie (super)algebras but also a powerful
tool in order to construct, within a geometric formulation, a
(super)gravity action for an S-expanded (super)algebra. This
can give rise to many new extensions and generalizations of
the results obtained here and in the literature, as well as to a
clearer understanding of the algebraic and physical relations
among different theories.
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Appendix: Conventions and useful formulas

For the Minkowski metric we adopt the convention 7., =
(—=1,1,1,1). The Dirac gamma matrices in four spacetime
dimensions are defined through {y,, ¥»} = —2n4» and obey
the following relations:

as ¥6] = 2¥ab. ¥5 = —vor1v2y3. va = —1, {vs.va} =0,

1 .
- Eeabcd Vcd’

b
Va¥b = Yab = Nab» ¥*vea = € gvs — 481",
b
— 2688, yaby© = oylasll — etbed sy,

V5, Yab] =0, Vapys =

“4.1

b
J/C)/ab _ —2)/[“5@] _ Eahed)/syd, J/m)/ab)/m =0,

a

Yab¥m? " =0, YapVear™ = 4vea, ymy®y™ = —2y°.
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Furthermore, we have

(Cva)" = Cyar (Cya)" =Crap. (Cys)" = ~Cys,
(Cysya)" = ~Cysva, 4.2)
where C (CT = —C) is the charge conjugation matrix. For a

generic Majorana spinor p-form 5 (ij = ! C) and a generic
Majorana spinor g-form x (x = x! C), the following iden-
tities hold:

nx = DMxn, 1Sy =—(=DPxSn,
nAx = (=1)Px An,

where S and A are symmetric and a antisymmetric matrices,
respectively. Finally, in A/ = 1, D = 4 we can write the
following relevant Fierz identities:

(4.3)

n 1 T.a 1 T ab
Y = EVaWV Y — gVawa v,
YaV iy =0,

Yy Uy Py =0,
YW ¥y = Yiypy.

(4.4)
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