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ABSTRACT: In this work we present an alternative method to construct diverse non-
relativistic Chern-Simons supergravity theories in three spacetime dimensions. To this
end, we apply the Lie algebra expansion method based on semigroups to a supersymmetric
extension of the Nappi-Witten algebra. Two different families of non-relativistic superalge-
bras are obtained, corresponding to generalizations of the extended Bargmann superalgebra
and extended Newton-Hooke superalgebra, respectively. The expansion method considered
here allows to obtain known and new non-relativistic supergravity models in a systematic
way. In particular, it immediately provides an invariant tensor for the expanded superal-
gebra, which is essential to construct the corresponding Chern-Simons supergravity action.
We show that the extended Bargmann supergravity and its Maxwellian generalization ap-
pear as particular subcases of a generalized extended Bargmann supergravity theory. In
addition, we demonstrate that the generalized extended Bargmann and generalized ex-
tended Newton-Hooke supergravity families are related through a contraction process.
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1 Introduction

The formulation of a non-relativistic (NR) three-dimensional supergravity theory has re-
cently been approached in [1] and subsequently developed in [2, 3]. These last two years, the
construction of NR supergravity actions has received a growing interest [4-8] considering
different procedures.! Such supergravity models correspond to supersymmetric extensions
of diverse NR gravity theories. Unlike their bosonic counterparts, the construction of
NR supergravity theories remains as a challenging task mainly motivated by the diverse
applications of these models in the context of holography and relativistic field theory.
The first proposed NR supergravity theory corresponds to a supersymmetric extension
of the Newton-Cartan gravity which was obtained by gauging a Bargmann superalgebra [1].
At the bosonic level, the Newton-Cartan formalism allows to formulate in a geometric way
a Newtonian gravity model that resembles General Relativity [10, 11]. Newton-Cartan
gravity theories have been largely studied and extended with diverse purposes [12-27].
Remarkably, Newton-Cartan geometry has been useful to approach strongly coupled con-
densed matter systems [28-38] and NR effective field theories [39-43]. Nevertheless, an
action principle for a NR supergravity theory requires to consider an approach different
from the Newton-Cartan supergravity one. To this end, a Chern-Simons (CS) formalism

'See [9] for a classification of N/ = 1 and N' = 2 supersymmetric extensions of the Bargmann and
extended Newton-Hooke algebras in (3 4 1) dimensions.



was considered in [3] to construct a three-dimensional NR supergravity action invariant
under an extended Bargmann superalgebra. Such superalgebra can be seen as the super-
symmetric extension of the extended Bargmann algebra [44-48]. The extended Bargmann
superalgebra admits an invariant bilinear form which ensures the proper construction of
a well-defined CS action. Furthermore, the extended Bargmann gravity differs from the
Newton-Cartan gravity at the matter coupling level, allowing all components of the Ricci
tensor to be non-vanishing. On the other hand, the CS formalism has the advantage of offer-
ing a gauge-invariant action, this being an interesting three-dimensional toy model [49-51].

To go beyond Poincaré supergravity is a natural step to explore more general supergrav-
ity theories. Analogously, at the NR level, it is possible to extend the extended Bargmann
supergravity to approach other features. The inclusion of a cosmological constant in a NR
supergravity theory was presented in [6] which, in the flat limit, reproduces the extended
Bargmann supergravity. The NR action is based on the extended Newton-Hooke super-
algebra which appears as a Lie algebra expansion [52] of the N/ = 2 AdS superalgebra.
More recently, a Maxwellian generalization of the extended Bargmann supergravity and
its extension to an enlarged extended Bargmann supergravity were studied in [7] and [8],
respectively. They can be seen as supersymmetric extensions of the Maxwellian extended
Bargmann (MEB) [19] and enlarged extended Bargmann (EEB) gravity theories [22]. While
the MEB supergravity action has been obtained by hand, the EEB supergravity theory has
been found from the relativistic ' = 2 AdS-Lorentz superalgebra through the semigroup
expansion method [53].

The Lie algebra expansion procedure has been introduced in [54] and subsequently de-
veloped by expanding Maurer-Cartan forms [52, 55]. An expansion method based on semi-
groups (S-expansion) has been then introduced in [53] and subsequently studied in [56-61].
Within the S-expansion procedure the expanded (super)algebra is obtained by combining
the structure constants of a Lie (super)algebra with the multiplication law of a semigroup S.
In addition, the S-expansion method provides us with the non-vanishing components of the
invariant tensor for the expanded (super)algebra, which are crucial to construct CS actions.
The S-expansion mechanism not only has been useful at the NR level? [22, 27, 65-68] but
also to obtain novel relativistic symmetries [69-73], superalgebras [74-79], and asymptotic
symmetries [80-82], among others.

In this work, we present an alternative procedure to construct various NR supergravity
theories by considering the S-expansion method. We extend the results obtained in [22, 65]
in which diverse NR symmetries are obtained by expanding the Nappi-Witten algebra. The
Nappi-Witten symmetry was introduced in [83, 84] and can be seen as a central extension
of the homogeneous part of the Galilei algebra. Here, we apply the S-expansion procedure
to the Nappi-Witten superalgebra introduced in [8] to obtain known and new NR super-
algebras. We get two families of NR superalgebras by considering two different semigroup
families. In particular, we first show that the extended Bargmann superalgebra and its gen-
eralizations can be obtained as an S-expansion of the super Nappi-Witten algebra. Then,

2 Application at the NR level of the Lie algebra expansion method considering the Maurer-Cartan equa-
tions can be found in [5, 26, 62-64].



using the same method but different semigroups, we get the extended Newton-Hooke super-
algebra and its generalizations. The construction of NR CS supergravity actions for each
NR superalgebra is also presented. Interestingly, we prove that the extended Bargmann
supergravity along with its Maxwellian version correspond to particular subcases of a gen-
eralized extended Bargmann supergravity theory. Furthermore, they can alternatively be
obtained as an Inoni-Wigner (IW) contraction [85] of the generalized extended Newton-
Hooke supergravity theory presented here. Our construction offers a systematic way to
obtain different NR supergravity models which are supersymmetric extensions of distinct
NR gravity theories.

The organization of the paper is as follows: in section 2, we discuss the supersymmetric
extension of the Nappi-Witten algebra. In section 3, we obtain the extended Bargmann
supergravity theory, its Maxwellian version, and further generalizations by applying the S-
expansion method to the super Nappi-Witten algebra and its invariant tensor. In section 4,
we recover an extended Newton-Hooke supergravity along with generalizations of the latter
by considering different semigroups. Section 5 is devoted to some concluding remarks.

2 Nappi-Witten superalgebra and Chern-Simons action

A supersymmetric extension of the Nappi-Witten algebra was recently introduced in [8].
In addition to the Nappi-Witten generators {J, G4, S}, it contains two additional bosonic
and R,
(with a, 8,... = 1,2). The extra bosonic content assures not only the Jacobi identities of

generators {17, T»} and three Majorana fermionic generators given by QF, Q,

the superalgebra but also the non-degeneracy of the invariant tensor. The super Nappi-

Witten generators satisfy the following (anti-)commutation relations:?
[, Ga] = €anGo , (Ga, Gb] = —€apS
[1,Q4] = —5 (o), @5 [, Rl = =5 (0) R
60, Q] = 5 ()" Q5 G Qa] = —5 (1) s
5.0 = 5 0 Rs. T3, Q8] = %3 () Q%
[15,Q8] = § (W)as Rs (71, Ral = 5 (0)as s
{Q4,Q5} =~ (1"C) s G,
{el.ai}=—-(0) 7~ ('), 1.
{@a.@s}=-(0) s+ (:°0) 1.
{QZ,Rﬂ} = - (700)a65 - (700)a6 1z, (2.1)
where a,b,... = 1,2, €5 = €oap, € = €%, 49 and ¢ are the Dirac gamma matrices in

three dimensions, and C' is the charge conjugation matrix. Let us note that the Nappi-
Witten superalgebra (2.1) can be decomposed in a bosonic subspace Vy = {J, G4, S, T1, T2}

3In this work, we are using a mostly plus metric.



and a fermionic one Vi = {QF,Q,, R} such that they satisfy
Vo,Vol C Vo, [Vo,VWlCc Vi, [Vi,W]C V. (2.2)

In addition, a non-degenerate invariant supertrace on the Nappi-Witten superalgebra
is given in terms of the following non-vanishing components:

(GaGh) = bab s
(JS) = -1,
(T) =1,
(QQ5) = (QiRs) = 2Cas. (2:3)

Then, the three-dimensional CS action based on the Nappi-Witten superalgebra can be
constructed introducing the gauge connection one-form

A=wJ +w'Gy+ sS4+ t11y + toTs + YZ-'_QJ'_ + &_Q_ + pR (2.4)

and the previously defined invariant supertrace in the general expression of a CS action in
three spacetime dimensions,

Tes :/<A/\dA+ %A/\ [A,A]>. (2.5)
The supersymmetric CS action invariant under the Nappi-Witten superalgebra (2.1) is
given by*
Inw = / wa R (w’) — 25 R(w) + 2ty1dty + 20~ V™ + 20TV p + 2pVyT (2.6)
where
R(w) = dw,
R* (wb) = dw” + "ww ., (2.7)

while the covariant derivatives of the spinor 1-form fields appearing in (2.6) are

1 1
Vo = dyt + §w701/1+ - §t170¢+7
1 1 1
VYT = dyT 4 gwnod §w"“va¢+ + 5t

1 1 1 1 1
Vp = dp+ Swiop + 50"t + 587097 = St2r0¥ " — Shvop- (2.8)

Let us note that having a non-degenerate invariant trace correspond to the physical re-
quirement that the CS supersymmetric action (2.6) involves a kinematical term for each

4For the sake of simplicity, here and in the sequel we will omit writing the wedge product between forms
and the spinor index a as well.



gauge field and the field equations reduce to the vanishing of all the curvatures of the
model. In the present case, the curvatures for each gauge field are given by

F) = R(0) + 597",

() = () it
F(s) =ds+ %@Zw%- +97p,
F(t1) = dty + %JJWOW,

1- -
F(ts) = dts = 5979~ + 97", (2.9)
along with (2.8). Then, the field equations coming from the variation of the CS action (2.6)
correspond, as it is expected, to the vanishing of all curvatures (2.8) and (2.9).
In the following sections, we will apply the S-expansion method [53] to the super Nappi-
Witten algebra in order to obtain different NR superalgebras. For our purpose, we will

consider two different types of semigroup, that are SgN) = {0, A1, ..., dow, Aoy} and
SﬁiN) = {0, A1, A2, ..., dAan—1, Aan }. In both cases, for different values of N, known and

new NR superalgebras will appear, corresponding to distinct supersymmetric extensions of
known NR algebras.

One of the advantages of working with the S-expansion is that it provides us with
the non-degenerate invariant tensors of the S-expanded (super)algebras, which are given
in terms of the invariant tensors for the original (super)algebra. This turns out to be
essential in the construction of NR CS (super)gravity actions.

3 Generalized extended Bargmann supergravity theory and semigroup
expansion method

In this section, we shall derive different NR superalgebras whose bosonic sectors include as
subalgebra the extended Bargmann algebra and its generalizations, depending on the case.
The aforementioned NR superalgebras appear as the result of applying the S-expansion
procedure to the Nappi-Witten superalgebra introduced in the previous section, consid-
ering SgN) = {0, AL, ..., Aan, Ao 41} as the relevant semigroup. We will show that all
known and new NR superalgebras belong to a family of NR superalgebras, which we call as
generalized extended Bargmann (GEB(N )) superalgebras. As we will see, they correspond
to supersymmetric extensions of the NR counterparts of the B2 algebras enlarged with
(N + 1) U; generators [27]. At the relativistic level, the B 4o algebras were first introduced
in [69, 86] for obtaining standard General Relativity from Chern-Simons gravity. Further-
more, as we have mentioned before, an important advantage of the S-expansion is that
it allows to derive the non-vanishing components of an invariant tensor of the expanded
(super)algebra. Then, we will exploit this powerful feature to derive the NR invariant
supertraces and the CS actions invariant under the aforesaid expanded NR superalgebras.



3.1 Extended Bargmann supergravity

The so-called extended Bargmann algebra [3] can be obtained as the NR limit of the
Poincaré algebra (corresponding to the B3 algebra) enlarged with two U; generators. An
alternative method has been proposed in [65] in which the extended Bargmann algebra
can be derived as an S-expansion of the Nappi-Witten algebra. Here we show that a
supersymmetric extension of the extended Bargmann algebra can be obtained by perform-
ing an S-expansion of the Nappi-Witten superalgebra (2.1). To this end, we consider
Sg) = {0, A1, A2, A3} as the relevant semigroup whose elements satisfy the following mul-
tiplication table:

A3 | A3 Az Az A3

A2 [ A2 Az Az A3

M A A A3 A3 (3.1)

Ao | Ao A1 A2 Az
A A1 A2 A3

Indeed, one can consider a resonant decomposition,

SO = {)\Oa)\Zv)\3} 3

with A3 = Og being the zero element of the semigroup. Let us note that the decom-
position (3.2) is said to be resonant since it satisfies the same structure as the super
Nappi-Witten subspaces,

So-S()CS(), So-Slel, S1-51CSp. (3.3)

Then, following the definitions of [53], after considering a resonant Sg) -expansion followed
by a Og-reduction to the Nappi-Witten superalgebra (2.1), we find an expanded superal-
gebra spanned by the set of generators® {j, éa,g,f[,pa,M,fﬁ,ffg,171,02,@2,@;,1%}
which are related to the super Nappi-Witten ones through the semigroup elements

as follows:
J =X, Ga = MGa, S=XS,  Yi=\T1, Uy = XoTy,
H =X, Py = XGy, M=XS, Yy=ATb, Uy = \oT2,
Qb =MQ7, Qn = MQx Ro=MRa. (3.4)
Such expanded generators satisfy the following non-vanishing (anti-)commutation relations:
[7.Ga] = e Gur G| = —eas. TP = cwly
[.Ga) = el (G, By] = el [7,0%] = 5 (0 @5
[T Ra] = 5 (00 Ra [Ga @3] = —5 00" Q50 [Gar Q] = —5 ()" R,
[5,G8] =5 (00 R, [T0,Q2] = %5 (0)as @F ., [T Ra] = 5 (0)as Bs

5Here and in the sequel, we denote the generators of the expanded algebra with a tilde symbol.



[E@ﬂ = % (70)as s
{05,05} =—(4"C)os Pu,
(05,01} = (), i1~ (), .
(@:.03) = - (), i+ (),
(R} = - (°C) it - (°C) o 39

This superalgebra corresponds to an extension of the extended Bargmann superalgebra
introduced in [3].6 In fact, by considering }71 = }72 = f]l = 02 = 0, one can exactly
reproduce the extended Bargmann superalgebra of [3]. Let us note that the additional
bosonic generators Y1, Ya, Uy, and Us appear as a consequence of the expansion of the
Nappi-Witten generators T and T5. They allow to get a non-degenerate invariant tensor
within our framework. In this regards, observe that the central charge U; may be trivially
reabsorbed through a redefinition of H. Nevertheless, we retain U; in the sequel, since it
directly follows from the expansion we have performed.

The invariant tensor for the extended Bargmann superalgebra can be obtained by
applying the S-expansion method to the invariant tensor of the Nappi-Witten superalgebra,
given in (2.3). In this way, one finds that the non-vanishing components of a non-degenerate
invariant tensor for the extended Bargmann superalgebra are given by

(GaChy) = aodas, (J8) = —ao,
<éapb> = a10qb ; <571572> = ao,
(1) (15) = o ()~ (0157) = .
(QaQ5) = (QRg) = 201Cas, (3.6)

where the o’s are arbitrary constants and appear as a consequence of the S-expansion
procedure. Then, the three-dimensional CS action invariant under the superalgebra (3.5)
can be directly constructed by introducing the gauge connection one-form

A=wJ+hH+ wGq + €*P, + sS +mM + 11 Y1 + yo2Yo + w1 Uy + uaUs
+YTQT +9T Q™ + ph (3.7)
and the invariant tensor (3.6) in the general expression for a CS action (2.5). The NR CS

supergravity action reads
Igp = aply + a1y, (3.8)

where
Iy = /waRa(wb) — 2R (w) + 2y1dy2
L = / 2ea R (w”) — 2mR(w) — 27 R(s) 4 2y1dug + 2uydys
+20Vp + 20V + 297V, (3.9)

SNote that we have some differences in signs with respect to the commutation relations of [3], due to

different conventions, but this can be solved by just setting e, — —eqp; also, let us recall that vo = —+°.



and .
R(s) =ds+ §e“cwawc, (3.10)

while R(w) and R%(w’) are given by (2.7). Besides, the covariant derivatives of the spinor
1-form fields read

1 1
VYT = dpt + Zwyoyt — oy,

2 2
_ R B B | B
Vi~ = dy +§w%¢ +ow Ya¥ +§ywo¢ ;
1 1 a — 1 + 1 + 1
Vp = dp+ Swyop+ 50 YT + o8P — SyndT — Sy1p. (3.11)

The CS action (3.8) describes an extension of the so-called extended Bargmann su-
pergravity theory [3]. Indeed, the CS action I; corresponds to the extended Bargmann
supergravity action introduced in [3], endowed with some additional terms involving the
extra bosonic 1-form fields y1, y2, u1, and us. Furthermore, the term along «q corresponds
to a NR exotic Lagrangian. The extra bosonic field content is related to the additional
bosonic generators which allow to define the non-degenerate invariant tensor (3.6). The
non-degeneracy of the invariant tensor implies that the equations of motion are given by
the vanishing of the curvature two-forms of the model, which are given by (3.11) and

F(w) = R(w), Fo(") = RY ("),
F(s) = R(s). F(r) =d(r) + 3%,
F(eb) = de® + €*we. + €“Twe + hTyYpT
F(m) = dm + "w,ec + %JJW%_ +97p,
F(y1) = dyr F(y2) = dya,
F(un) = duy + 257067
F (u2) = dus — 567%™ + 572 (3.12)

Let us note that the present NR theory can be seen as the most general three-dimensional
extended Bargmann supergravity theory containing both exotic and standard sectors.
Nonetheless, the formulation of a NR supergravity theory is not unique and can be gener-
alized beyond the extended Bargmann one.

3.2 Maxwellian extended Bargmann supergravity

A Maxwellian version of the extended Bargmann algebra was recently presented in [19]. Tt
was denoted as MEB algebra and it was obtained as a NR limit of the Maxwell algebra
(also called as B, algebra) enlarged with three U; generators. At the relativistic level, the
Maxwell symmetry appears in the description of a particle in a Minkowski spacetime in the
presence of an electromagnetic field background [87-89]. Subsequently, a supersymmetric
extension of the MEB algebra was introduced in [7]. In order to construct a well-defined



supergravity theory in this context it was necessary to construct by hand the aforemen-
tioned supersymmetric extension. Now, we are going to show that the MEB superalgebra
and the corresponding NR supergravity theory can be derived by means of the S-expansion

(4)

method. Indeed, let us consider the Sj,’-expansion of the Nappi-Witten superalgebra (2.1).

The elements of the S](;) semigroup satisfy

)\5 )\5 )\5 Ag, >\5 >\5 >\5
M| A A5 A5 A5 A5 X
A3 A3 A A5 A5 A5 As
XA A3 A A5 A5 As (3.13)
AL AL A2 A3 A As A5
A A1 A2 A3 A As
AN A1 A2 A3 A s

where A5 = Og is the zero element of the semigroup. Let S](;) = Sy U S; be a resonant
decomposition with

So = {0, A2, Mg, A5},
S1={A1, A3, A5} . (3.14)

After considering a resonant Sgl)-expansion followed by a 0g-reduction of the Nappi-Witten
superalgebra, we find an expanded superalgebra spanned by the generators

{JyéaagaﬁapaaMaZazaaj1>?17}727011U27B17B27Q27Q(;7Ra7ngigawa} )

which are related to the super Nappi-Witten ones through

J = XoJ, Ga = MGy, S = XS, Y = \oT1, Y = MNTs,
H = X\J, P = MG, M = )\S, U, = \oTy, Uy = \oTh,
Z =MJ, Zo = MGa, T =\S, Bi = MT1, By = MTh,
i =MQL, Qi =MQy, SI=XxQL, ;=XQ,, Ri=MRa,
Wa = A3Rq . (3.15)

Using the multiplication law (3.13) and the original (anti-)commutation relations of
the Nappi-Witten superalgebra (2.1), one can show that the expanded generators satisfy
an expanded NR superalgebra whose non-trivial (anti-)commutation relations are given
by (3.5) along with

(P B = —cuT, (Gur 2] = —cuT 1,5] = w2,
.2.) = e, 2.6 = . 02, GE] = 5 (00)as s
[7.52] = S 0 5E, [5.58] =5 02 Ws, [T Wa] = 5 (0)as Wi,

[7,02] = —5 000 55, [Pn@d] =5 00855, [T 5] = 5 (0 S



[Go B8] = —5 255, [GuBa] = —5 (W Ws, [F155] = 5 (10)as 55
[P Ga] = 5 G0EWs, [T Ra] =2 00 Rs, [00,Q3] = 5 (0)as 55

W) = —%(%)a W, [H.Ra] =00l Ws, [00.Q5]= —; (70)as =5 »
[71,G2]) =~ 00 Ws,  [72,58] = 5 (0)as Wao [0 Re] = 5 (0)as W
07,57 =— (y%’)aﬁ T+ (700)a5 Bs,

{Q5. W} = {55, Rs} = - (yoc)aﬁT— (WOC>aﬁBg. (3.16)
The superalgebra just obtained corresponds to the Maxwellian extended Bargmann super-
algebra first presented in [7]. The MEB superalgebra is characterized by the presence of
three additional fermionic generators, besides Qéﬁ and R, namely f];f, f]a_, and W,. Fur-
thermore, unlike the extended Bargmann superalgebra, U; and Us are no longer central
charges but act non-trivially on the fermionic generators Qﬁ and R,. The non-vanishing
components of an invariant supertrace for the MEB superalgebra are obtained from the
Nappi-Witten ones through the S-expansion method. These components are given by (3.6)
together with

<Q;i§> = <2§Rg> = <Q§W@> = 20C,3, (3.17)
where as is an arbitrary constant. The NR CS supergravity action invariant under the

MEB superalgebra, which was presented in [7], is obtained by considering the following
gauge connection one-form:

A=w] +wGq+T7H + €*Py + kZ + k°Zy + mM + sS + tT
+ 11Y1 + yoYo + b1 By + ba By + ui Uy + usUs
+ 9 QT+ QT + TSt 4 YT 4 pR+ W (3.18)
and the non-vanishing components of the invariant tensor (3.6) and (3.17) in the CS ex-
pression (2.5). It reads, up to boundary terms, as follows:

Ings = aolo + oyl + asly, (3.19)
where Iy and I; are given in (3.9), while the term along as reads
L= / eal” () + koR® (") +waR* (k") — 25R (k)
— 2mR (1) — 2tR (w) + 2y1dbs + 2uidug + 2y2db;
+ 207 VE + 26V + 20TV + 2x VYT + 267 Vp + 2pVET | (3.20)

~10 -



Here, R(w) and R%(w®) were defined in (2.7), while

R(r)=dr,
R(eb) = de® + e*“we. + €*“Tw,,
R (k) = dk,
RYEY) = dk® + €*wk, + €*Te, + €%k, . (3.21)
On the other hand, the covariant derivatives of the spinor 1-form fields appearing in I5 are
given by
+_ger Lo 1 ] +_1 +
VET =d§T + 5(#705 +5TY" — gys — guey,
- 11 I N B | 1 -
Ve =d& +gwpl +5m00 5T + gwhedT + oyes + guney
1 1 _ 1 _ 1 1 1
Vx =dx + 5W0X + §wa7a§ + §€a7a1/1 + 570 + §S’YO§+ + §m70¢+
1 1 1 1
- = t— — = t— 3.22
5927087 = SY1h0X — Uy — Surp, (3.22)

along with (3.11). The CS action (3.19) describes the Maxwellian extended Bargmann
supergravity theory first presented in [7]. As we can see, the S-expansion of the super
Nappi-Witten algebra (2.1) with the Sgl) semigroup adds a new sector to the action with
respect to the case of the extended Bargmann supergravity theory previously studied.
This new sector along the arbitrary constant ag corresponds to the CS action for a new
NR Maxwell superalgebra, whose bosonic part is the MEB gravity presented in [19], sup-
plemented with some bosonic 1-form fields. Let us note that the extended Bargmann
supergravity action (3.9) appears as a particular subcase along oy and a;. The equations
of motion of the theory are given by the vanishing of the curvature two-forms, which, in
the case under analysis, are given by (3.11), (3.12), (3.22), and

F (k) = R(k) +4%€",
F(kY) = R (k") + € + 07yt
F(t) = dt + €*wake + %e“ceaec 1A £ Ty + ETA0),
F (b1) = dby + ¢,
F (b2) = dby — ™™ + 9% x + 540, (3.23)
This is indeed expected for a well-defined and consistent CS (super)gravity model.

3.3 Generalized Maxwellian extended Bargmann supergravity

A generalization of the Maxwellian extended Bargmann algebra was introduced very re-
cently in [27]. The aforesaid algebra was obtained by considering a NR limit of a generalized
Maxwell algebra (also denoted as Bjs) defined in three spacetime dimensions. Here, we will
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show that a supersymmetric extension of the generalized Maxwellian extended Bargmann
(GMEB) algebra can be obtained considering an ng)—expansion of the Nappi-Witten su-
peralgebra (2.1). Furthermore, the S-expansion method will allow us to construct the
supergravity theory invariant under the GMEB superalgebra, as it provides with the non-
degenerate invariant supertrace.

The elements of the 51(56) semigroup satisfy the multiplication law

)\aJr,B if a+8<6,
Aadg = 3.24
g {)\7 if a+B>6, (3.24)

with A7 = Og being the zero element of the semigroup. Let 5’%6) = Sp U S1 be a resonant

decomposition with

So = {0, A2, A4, A6, A7},
S1={ A1, A3, A5, A7} . (3.25)

After applying a resonant Sgi)—expansion and a Og-reduction to the Nappi-Witten super-
algebra, we find an expanded superalgebra spanned by the bosonic generators

{jaéawgagapaaM?ZaZaaNaNaaTavafflv ~27UI>02>317B2761762}
along with the fermionic charges

(05,05, R 55,57, Wa B, 55 KLY

J=XoJ, Ga = MGy, S = XS, Y: = MNTh Yy = MNTs,
H=MX\J, P, = MGy, M =)\S, Uy = \Th, Uy = \oTs,
Z=MJ, Za = MGy, T =M\S, Bi = MT, By = MTh,
N = XgJ , Vo = A6Gla V =XS, C1 = XeT1, Cy = XeT,
QF =MQY,  Qi=MQ,, ZI=MQ5, Z,=MQ,, Ri=AXRa,
Wo=MRa, ZF=XQF, Z5=XQ,, K,=XR,. (3.26)

One can show that, using the multiplication law (3.24) and the original (anti-)commutation
relations of the Nappi-Witten superalgebra (2.1), the expanded generators satisfy the (anti-
Jcommutation relations (3.5), (3.16) along with

[j, Na} = eabNba [Na, ~b} = —eabV, [ﬁ,Za] = 6ab]{fba
(2. B, = ey (Ga. W] = —eaV" [N, G| = earlVy.
7,585 = 0l (5] =Sl [2.0f] =50l
[~7Ra} = _%('YO)QB Kﬁv [ﬁa ~a} = _%(70)045 Rﬁv {ZJBLO(} = %(VOMB f(ﬂy
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[Gaaé;ﬂ = _% (’Ya)a ig ) [Naa i:} = _% (Va)aﬂ ég, [Zaa QI} = % (7a)a ég7
[G’a: é;} = _% (7&)(5 Rﬁv {~au i;} = _% (’Ya)aﬁ Rﬁv |:~(lu Q;} = % (P)/a)aﬁ f(ﬁ )
[:ég _—%(’Yo)fffﬁv {Mai;r ——%(’Vo)fkm {T,Q;r Z%(W’o)fkﬁ,
[71,588] = —5 (0)as B3, [0052] = 5 (o)ap B2, [B1QF] = 5 (0)as B3
[72,55] = —5 (0)as K5, [02,58] = 5 (odas Ko, [BorQF] = 5 (10)a K,
[~1, (ol = —%(Vo)agK,B, [~13Wa = —% (10)as K5, [BhRa = % (10)as K5

{0,855} = {%0. 55} == (%), v+ (0°0),, Co.

{0555} = {5455} = — (1°C)ag N,

(0121} — {50.55) - (), ¥ - ()0

(@4 Ks} = {S8, W5} = {28, Re} = - (yoc)aﬂf/ - (’yOC’>aﬁ Cy . (3.27)

This superalgebra corresponds to a supersymmetric extension of the GMEB algebra intro-
duced in [27]. Note that this is a new NR superalgebra, unlike the previous ones which
had already been presented in the literature in previous works. The GMEB superalgebra
is characterized by the presence of three extra fermionic generators, which are éi and K,,
with respect to the MEB superalgebra. C; and Cs play the role of central charges, while
B; and B, act non-trivially on the fermionic generators fo and R,. The non-vanishing
components of an invariant supertrace are given by (3.6), (3.17), and

2$W5> = égéﬁ> = <Q$K5> = <2;i§> = 2a30a5 . (3.28)
The NR one-form gauge connection for the GMEB superalgebra reads
A=7H+ P, +wJ +wGq +kZ +k*Z, + fN + f*N, +mM + sS

+tT + 0V + Y1 + y2Ya + b1 By + b2Ba + w1 Uy + usUs + ¢1Ch + c2Co
FYTQT 4T QT TSt 4 ST 4 (PEY L CE 4 pR+ W+ KK (3.29)

The corresponding NR, CS action can be obtained by inserting the above gauge connection
and the invariant supertrace given by (3.6), (3.17), and (3.28) into the general expression
for the CS action in three spacetime dimensions (2.5). The aforesaid action reads, up to
boundary terms, as follows:

IgmeB = aolo + a1y + aols + agls, (3.30)
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where Iy and I; are given in (3.9), I is given in (3.20), while the term along aj reads

Iy = / waR" (1) + fuR® (") + eaR® (K) + kaR" (") — 25R ()
— 20R (w) — 2mR (k) — 2tR (1) 4 2y1dca + 2uidbe + 2yadcy + 2bydugy
+ 207V 4207 VYT 426 VE + 20TV +20TVp + 26TV
+ 2pV (T 4 2xVeET + 2RVY T, (3.31)

In the above action, the expressions for R(w) and R*(w”) were defined in (2.7), while those
for R(7), R(k), R*(e?), and R*(k’) are given in (3.21). Furthermore,

R(f) =df,
R® (fb) =df* + e*“wfe + €Tk + €*kec + € fw,, (3.32)

and the covariant derivatives of the spinor 1-form fields appearing in I3 are given by

1 1 1 1 1 1
V¢ =d¢t 4+ cwyolt + 5?705* - §k’mw+ — —y170¢T — SuryéT — §b170¢+7

2 2 2
_ 1 1 1 S L (R B
V(T =d¢ + inOC + 57"705 + §k’701/1 T ¢ Vo€ + ¥ Yo+ §k Yo
1 1 1 _
+ §y170C +tous + 55170@0 )
1 1 1 1 1 1 1
Vi =dk + Swyok + 50X + Sk + 50 G + 5"l + Sk el + 5870(*
1 1 1 1 1 1 1
Z + 4 St — 2 +_ 2 +_ 2 +_ 2 _ =
+5mgT + 5t = Sy2000T — Suvd” — SbeYt — Syivk — Suivox
1
— 5b1700, (3.33)

along with (3.11) and (3.22). From (3.30), we see that the CS action contains four inde-
pendent sectors. The new gauge fields f,, f, v, ¢, (7, and k appear explicitly in the last
term proportional to as, which corresponds to the CS action for the new NR generalized
Maxwell superalgebra. Note that the GMEB superalgebra allows to include a cosmological
constant term along ag different from the one appearing in the case of the extended NR
supergravity presented in [8]. One can see that the field equations imply the vanishing of
the curvature two forms given by (3.11), (3.12), (3.22), (3.23), (3.33), and

F ()= R() +5%°C + 567%",
FO(f%) = R (f*) + 0y + 97 yCT + £y,

F (v) = dv + €*“wake + €*eakc + 17 7°C™ + %5’705’ + 077k + € + T,
F(c1) = dey +4F°¢CT + %5%%* :

F(c2) = dez — ¢ - %f‘voé_ + 9% + +659 x + (T, (3.34)

which are the GMEB supercurvatures. A natural subsequent step would be to continue
expanding the Nappi-Witten superalgebra with bigger semigroups. As we will show in the
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next section, all NR superalgebras coming from the semigroup expansion of (2.1), when
the semigroup under consideration is of the Sp-type, can be written in a very compact and
general way in terms of the original (anti-)commutation relations (2.1) and the elements
of the relevant semigroup.

3.4 Generalized extended Bargmann supergravity

As it was shown in [27], the extended Bargmann, the MEB, and the GMEB algebras can be
seen as particular cases of the so-called generalized extended Bargmann (GEB(N )) algebra,
which corresponds to the NR version of the B2 algebra enlarged with U; generators. In
this section, we present a supersymmetric extension of the GEBY) algebra which can be
obtained by performing an S-expansion of the super Nappi-Witten algebra (2.1). Similarly
to the purely bosonic case, the new NR superalgebra contains the extended Bargmann, the
MEB, and the GMEB superalgebras previously introduced as particular cases.

Let SgN) = { A0, A1, A2, ..., AaN—1, Aan, a1} be the relevant semigroup whose ele-
ments satisfy

T <N
Ny = v Dy <2V, (3.35)
Aong1 if p+v > 2N,

where A\yn11 = Og is the zero element of the semigroup such that OgA, = 0g. Let SgN) =
So U 57 be a semigroup decomposition with

SO :{)\Qiu i:O7"'7N}U)\2N+1)
S1 :{)\2m—1a mzl,...,N}UAQN_H. (3.36)
Such decomposition is said to be resonant since it behaves as the subspace decomposition
of the Nappi-Witten superalgebra (2.2),
S()'S()CS(), So-Slcsl, S1-51CSp. (3.37)
Then, after performing a resonant SgN)—expansion to the super Nappi-Witten algebra (2.1)

and considering a Og-reduction, we find a new NR superalgebra. The expanded NR genera-
tors are related to the super Nappi-Witten ones through the semigroup elements as follows:

j(l) = )\Qijv Qz(m) = )\Qm—lQ;r )
égL) = )\QZG ) Q;(m) - )\Qm—lQ; )
S(l = )\QZ'S, R&m) = )\Qm—lRa )
T = ATy T = ATy . (3.38)
One can prove that the expanded generators satisfy the following (anti-)commutation
relations:
[70,69] = e, 69,09 = e,
=) A+(m 1 A+ (i+m 7(@) p(m 1 plit+m
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min-l) (3.39)
This is obtained by using the multiplication law of the SgN) semigroup (3.35) and the
super Nappi-Witten (anti-)commutation relations (2.1).

The expanded superalgebra above generalizes the extended Bargmann superalgebra [3]
and corresponds to the supersymmetric extension of the GEB(™) algebra introduced in [27].
The NR superalgebra (3.39) contains 2N + 2 bosonic generators in addition to the GEB(!)
bosonic generators and 3N fermionic charges. The extra bosonic generators Tl(i) and TQ@
act non-trivially on the fermionic charges Q&m) if i +m < N. On the other hand, both
T I(N) and TQ(N) are central charges. One can see that the case N = 1 reproduces the
extended Bargmann superalgebra, while the N = 2 and N = 3 ones correspond to the
MEB and GMEB superalgebras, respectively. At the bosonic level, as it was shown in [27],
the so-called B v, algebra [69, 86] is the relativistic counterpart of the GEB(N) algebra.
Then, one could deduce that the present generalization is the respective NR version of the
supersymmetric extension of the By o algebra [90].

The gauge connection one-form A for the GEBY) superalgebra reads

A =@ JO) ¢ wa(i)@g’) + 5030 4 tgi)jvl(i) + Z5(21')T2(i)
+ QT o y=m)G=(m) 4 50m) plm) (3.40)
The presence of the additional bosonic generators {Tl(i),féi)} is required to ensure a non-
degenerate invariant supertrace allowing the construction of a proper NR CS supergravity

action. In particular, the GEB®Y) superalgebra admits the following non-degenerate in-
variant tensor:

(Qa™Q5"™) = 20m1n-1Cap = (QIERSY) (3.41)

where 7,7 = 0,1,...,N; m,n =1,2,...,.N,and i+ < N+ 1,i+m < N + 1, and
m+n < N +1. Here, the non-vanishing components of an invariant tensor for the GEB(V)
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superalgebra are obtained from the super Nappi-Witten ones (2.3) using the definitions of
the S-expansion method [53]. Then, a GEBW) CS supergravity action can be constructed
by inserting the gauge connection one-form (3.40) and the non-vanishing components of
the invariant tensor (3.41) in the general expression for the CS action (2.5), that yields

IGEB(N) =o;l; = aglp+arli+...+anyly, (3.42)
with

I = /w((lj)dw“(k)5§+k + WPty — 25D dw®sty + thj)dtgk)éj%

C

+ 207 M= L+ 2V L 2pM s L (3.43)

where the covariant derivatives of the spinor 1-forms for the GEBN) superalgebra read
1 1 G
VYt = dyt ) 4 ooyt — St yout e,

—(m —(m 1 7 —(n) sm 1 a(t n) sm 1 i —(n) sm
Vo = g0 - w67, 4w Ot ST, 4 St ey e,

L G 1 i —(n) sm 1 7 n)sm

- %tg)’yow“")ﬂin - %tgi)%p(”wﬁn : (3.44)
The new NR CS action is invariant under the GEB®) superalgebra (3.39) and contains
N + 1 independent sectors proportional to the «;’s. Interestingly, one can see that the
GEB® CS action, for i < N, appears as a particular subcase. Indeed, the Iy and I;
CS terms describe the most general extended Bargmann supergravity action, where Iy
corresponds to a NR exotic term. The explicit extended Bargmann CS action (3.8) is
recovered by identifying the gauge field one-forms as

w(O) =w, wt(zO) = Wq 5(0) =5, t§0) =Y, tg)) =Y2,
w(l) =T, w((ll) =eq, 5(1) =m, tgl) = U, tgl) = U2,
Pt =yt O =y, pM=p. (3.45)

On the other hand, the I> term along with I; and Iy describe the MEB CS supergravity
action [7]. In particular, the I, CS action coincides with the one obtained in (3.20) by
identifying the gauge field one-forms as in (3.45) together with

w? =k, w((f) = kq, s =t t§2) =by, t;Q) =by,
¢+(2) — £+’ ¢—(2) — 5—’ p(2) =x. (3.46)

In addition, one can see that the GMEB CS supergravity theory is described by Iy, 11, I,
and I3 by considering the redefinitions of the gauge fields as in (3.45), (3.46), and

w® = I, w((l?’) = fa, s =, tg?’) =c, t(23) =,

w+(3) — C+ , 1/)_(3) = é'_ , p(3) =K. (347)
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Novel generalizations of the extended Bargmann supergravity theory are obtained for N >
3 and correspond to supersymmetric extensions of the GEB(WY) gravity theory presented
in [27]. Let us note that the equations of motion for a specific GEB® superalgebra are given
by the vanishing of the curvature two-forms associated with the respective superalgebra,
which are given by (3.44) along with

m+n—1>

. 1. .
F (o) = aut 4 L0
e (wb(z)) _ dwa(i) + 6acw(j)w§k)5§+k + Q;+(m)’}’a¢_(n)(5i

m—+n—1>

F (S(z’)) — ds® 4 llg—(m)vow—(n)ai R A LA

2 m
i ) L im n) si
P ) =l Lo

% U 1_7m —(n) 51 T+(m n) i
F () = dt) = 50750008, 4 0008 (348

The physical implications of the additional bosonic and fermionic content remains as an
interesting open issue that shall be considered in a future work.

4 Generalized extended Newton-Hooke supergravity theory and semi-
group expansion method

In this section, we apply the S-expansion method to the Nappi-Witten superalgebra (2.1)
to find a different family of NR superalgebras. In particular, we shall see that the extended
Newton-Hooke superalgebra [6] and its generalizations can be obtained considering S(Ll)
and SS\]/[V) as the relevant semigroups, respectively. The semigroup choice is not arbitrary
and comes from the expansion relation presented at the level of the asymptotic symmetry.
Indeed, as it was shown in [82], the conformal superalgebra can be obtained by expanding
the super Virasoro one using 5’21) as the relevant semigroup, while generalizations of the
superconformal symmetry are found using Sps. It is interesting to notice that the same
semigroup used to relate diverse infinite-dimensional superalgebras can be considered at
the NR level. Furthermore, we will show that the generalized extended Newton-Hooke
superalgebras, which we have denoted as GNH®), are related to the GEB™Y) ones (3.39)
through an IW contraction. The construction of a NR CS supergravity action based on
the GNH() superalgebra is also presented.

4.1 Extended Newton-Hooke supergravity

From the super Nappi-Witten algebra (2.1), one can obtain a supersymmetric extension of
the Newton-Hooke algebra (precisely, the extended Newton-Hooke superalgebra obtained
in [8]) through the S-expansion method considering Sg) = {Xo, A1, A2} as the relevant
semigroup, whose elements satisfy the following multiplication law:

Ao | A2 Ay Ao
A A2 AT A
4.1
A | Ao A2 Ao (4.1)
A AL A
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with Ay = Og being the zero element of the semigroup. Let Sj(zl) = S9US] be a decomposition
of the semigroup

So = {0, A1, A2},
S1={A1, A}, (4.2)

which is said to be resonant [53] since it satisfies the same structure as the subspaces of
the super Nappi-Witten algebra (2.2),

So-S()CSO,
So'Slel,
S1-51 C S (4.3)

An expanded superalgebra spanned by {L, Ly, N, X1, X2, L, Lo, N, X1, X2, QF, Q2 Ry} is
obtained after considering a resonant S Ll)—expansion of the super Nappi-Witten algebra
and performing a Og-reduction. The expanded generators are related to the super Nappi-
Witten ones through the semigroup elements as

L=M\J, Lo = MGy, N =M\S,
L=MXJ, Lo = MG, N = )\S,
ol =nQF, Q, = MQ,, Ra = MRa,
X1 =MT1, Xo=MT>,
X1 = \T1, X5 =X\Th. (4.4)

Then, one can see that the expanded NR generators satisfy two copies of the Nappi-Witten
algebra, one of which is augmented by supersymmetry,

[L,Ly] = eqp Ly, [La, Lp] = —€ap N,
(L. Lo) = eaLs, Lo L] = —earN
1,0%] = ()" € L. Ra] = 3 (0), R,
[0, 08] = —5 () 25 (Lo Q2] = —5 ()" R,
[V, 0t] = 5 (w) R, X1, Q%] = +1 (10)as &5
[Xz, Qﬂ = % (70)as R, [X1,Ra] = %(Vo)ag R,
Q5,95 == (1"C)ug L,
{005} =~ (3%0), 1 (¥0),, ..
{0r. 05} = - (0) N + (), %o
{Qf.Rs} =~ (VOC)QBN— (WOC)Q[BXQ, (4.5)
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where we have used the multiplication law of the semigroup Sj(-}) (4.1) and the (anti-
Jcommutation relations of the Nappi-Witten superalgebra (2.1). On the other hand, let us
note that the purely bosonic copy of the Nappi-Witen algebra is endowed with two u(1)
generators, namely X; and X,. Considering the definitions of [53], one can see that the
superalgebra (4.5) admits the following non-vanishing components of the invariant tensor:

<LaLb> = ,Udaba <I~/aib> = V(Saba
(LN) = —p, <[~/N>:—V,
(X1X2) =, <X1X2> =v,
(Q205) = 2uCag, (QIRs) = 2ucas, (4.6)

where p and v are arbitrary independent constants related to the ones of the super Nappi-
Witten and Nappi-Witten algebras, respectively. Interestingly, the superalgebra (4.5) can
be related to a central extension of the extended Bargmann superalgebra (3.5) after a suit-
able redefinition of the NR generators and after having performed a vanishing cosmological
constant limit. Indeed, let us consider the following redefinition of the generators:

Ga=La—La. }:%(Lﬁia), ng\/fgz,
jorL+1, A=t(L-1), @;:\/fg(;,
S=—N+N, = t(v-5), Ro=[2R0.
=X - X, 0= (X4 %)

Yo = X — Xo, Uy = % (X2 + %), (4.7)

where £ is a length parameter related to the cosmological constant through A :lzg%. Thus,
the expanded superalgebra (4.5) can be rewritten as

7,G] = e, GGy = e, 7.5 = By,

[.Ga) = . [Ger Pr] =~ [f.22] = gyt

[0 B) =~ heaS [7.02) = —5 (0 Q5. [H.G5] =~ (0" Q%
R = =5 00 ey AR =~ 00" Bes [GaGE] =5 00 @5
(2@t =5 (0" Q5 [Gana] = 5 Gl Res [Puna] = —5; ()" R,
5.08] =5 G0 Re,  [1,08] =~ G0’ Rey [1.Q02] = %5 (000 05
00,Q%] =+, 0005 G5 [0 =5 00)as Bar [02008] = o7 (0)as B

Vi Ba] = 5 00)as B[00 Ra] = 57 (0)as B
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i

(05,05} =~ 01O G~ ("C) 0 P,

{ NI’QE} - _% (VOC)Q,BJ_ (»f’C)aBﬁ N % (Voc)aﬁ i - (Voc)aﬁ ~1’

(05,07} = *g (x°0), - (00), 0+ % (), Y+ (x°C) 0,

{0 Rs) = _% (x°c), 35— (x°c), ot - % (x°¢), 2= (x°C) 0. (4.8)

This superalgebra corresponds to a supersymmetric extension of the extended Newton-
Hooke algebra [91-98] and coincides with the one presented in [8]. One can notice that it
contains two additional bosonic generators, namely Y7 and Ys, with respect to the extended
Newton-Hooke superalgebra introduced in [6]. Such generators, along with U, and Uy, act
non-trivially on the fermionic generators Qf and R,. Remarkably, in the flat limit £ — oo
we recover the centrally extended version of the extended Bargmann superalgebra (3.5)
with central charges (71 and UQ.

The presence of the additional bosonic generators ensures to have a non-degenerate
invariant tensor allowing us to construct the most general CS action invariant under the
extended Newton-Hooke superalgebra. In particular, the invariant tensor can be obtained
from the invariant tensor of the two copies of the Nappi-Witten algebra, one of which is
supersymmetric. Indeed, considering the redefinition of the generators (4.7) in the invariant
tensor (4.6), we find that the extended Newton-Hooke superalgebra admits the following

non-vanishing components of the invariant tensor:

M) = o <U1 2) = 75 (4.9)
along with
(@2@5) =2 (P +ar) Cus,
(QiRy) = (Ozo + a1> Cas (4.10)
where the Newton-Hooke parameters are related to the Nappi-Witten ones through
a0 =p+v, Ozlzé(u—u). (4.11)

One can see that the invariant tensor (3.6) for the extended Bargmann superalgebra are
recovered in the vanishing cosmological constant limit ¢ — oco.

Let us now consider the gauge connection one-form A for the extended Newton-Hooke
superalgebra (4.8), that is

A=wJ+7H+ w*Gy + e*P, + sS + mM + ylffl + y2172 + u U1 + uaUs
+ QT+~ Q" + pR. (4.12)
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Then, the three-dimensional extended Newton-Hooke CS supergravity theory is obtained
considering the gauge connection one-form (4.12) and the non-vanishing components of
the invariant tensor (4.9)—(4.10) and plugging them into the general expression for a CS
action (2.5). By doing so, one gets

Inn = aolo + a1l (4.13)
where
1
Iy = [ waRYw’) — 2sR (w) + 62 eaRa ( ) - 6—22mR (1) 4+ 2y1dy2 + 7 ulduz
2 - 2 -
- z¢_v¢_ - FWFV,O - Zﬁvﬂﬁ (4.14)

L = /QeaR“(wb) —2mR(w) — 27R(s) + —eqpree® + 2y1dus + 2uydys

52
— 20"V — 0TV p — 25V . (4.15)
Here, the curvature two-form R(s) is given by

1
R(s) =ds + §eacwawc, (4.16)

while R(w) and R%(w®) are given by (2.7). Besides, the covariant derivatives of the spinor
1-form fields read

1 1 1 1
VYT =dyt + —wyT + =m0t — Syt — —upet,

5 25 2 2€
VT =dp + %Ww/f + Qwa%w 2%”0‘[’ * 256 T+ ;ymd} ! 215“17021)
Vp=dp+ é“vop + %“’a%‘b— + %S%W 21/70'0 * 2166 Yyt 21£m70¢+
- %ywow - %ymp - %uﬂow - %ump- (4.17)

The three-dimensional CS extended Newton-Hooke supergravity action (4.13) can be writ-

ten in terms of two independent CS actions. The CS term Iy corresponds to an exotic CS

NR supergravity action [6] and can be seen as the NR version of the exotic N' =2 CS AdS

supergravity action [49, 99, 100],
IAdS

1
exotic — /LUAdw + *GABCWAWBWC + €ATA + tdt +

7 2udu - fWVW (4.18)

l
where A = 0,1,2, i = 1,2, and {t,u} are so0(2) internal symmetry gauge fields. On the
other hand, the CS term I is the supersymmetric extension of the Newton-Hooke gravity
action and resembles the extended Newton-Hooke supergravity action introduced in [6]
except for the presence of the additional bosonic gauge fields y1, y2, u1, and us. At the
bosonic level, the relativistic exotic term is related to the Pontryagin density, while the
term along ay corresponds to an Euler CS form [101]. The combination of both families
allows to write the most general CS action not only for the AdS (or Poincaré) algebra but
also for the Maxwell-like symmetries [102]. Interestingly, the exotic Pontryagin CS term
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can be extended at the supersymmetric and NR level, corresponding to the Iy CS action.
As we shall see in the next section, the NR exotic terms can also be introduced into a
generalized extended Newton-Hooke supergravity theory.

Let us note that the non-degeneracy of the invariant tensor (4.9)-(4.10) is related to
the requirement that the CS supergravity action involves a kinematical term for each gauge
field. Then, the equations of motion of the extended Newton-Hooke supergravity theory are
given by the vanishing of the corresponding curvature two-forms, which are given by (4.17)
along with

F (@) = R@) + 5,020
F(r) = d(r) + 59200,
Fw) = R*(w®) + %26“7% + %@WWOT/J_ ;
F(s) = R(s) + %Ze‘weaec + 2%1,!3_7%_ + %@*70,0,
F (1) = dyr + Q%WWOW :
F(y2) = dyz — %&w%- + %W’YOP,
Fo(eb) = de® + e®“we. + €“Tw, + YTy,
F (m) =dm + e*“w.e. + %&_vow_ + %,
F(ur) = dus + 5072007
F (u2) = dus — 597%™ + 2% (4.19)

Here, one can prove that the vanishing cosmological constant limit ¢ — oo reproduces the
equations of motion of the extended Bargmann supergravity theory. Thus,the extended
Newton-Hooke supergravity theory reproduces, in the flat limit, the extended Bargmann
supergravity theory (3.8). In particular, I reduces to the exotic extended Bargmann
gravity action, while the I; term leads us to the usual extended Bargmann supergravity [3]
endowed with extra bosonic gauge fields.

4.2 Generalized extended Newton-Hooke supergravity

(N)

A generalization of the extended Newton-Hooke superalgebra, denoted as GNH"Y/, can be

obtained by performing an S-expansion of the super Nappi-Witten algebra (2.1). To this
end, let us first consider SE\%[N) = {X0, A1, A2, ..., Aan—1, Aan} as the relevant semigroup

whose elements satisfy the following multiplication law:

if < 2N
)\og)\ﬁ:{)\a+ﬂ 1 Oé—|—6_ )

4.20
)\a+/3,2]\] if « +/B > 2N, ( )

with N > 2. Let us note that, unlike the semigroups SgN) and SS), there is no zero

element in the present semigroup. Let us now consider a semigroup decomposition SﬁaN) =
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So U S1 where

So={Ag, i=0,...,N},
Sy ={dam_1, m=1,...,N}. (4.21)

Such decomposition is said to be resonant since it satisfies the same subspace decomposition
of the Nappi-Witten superalgebra (2.2),

So-SQCS(),
So'Slel,
S1-51C . (4.22)

One can see that a novel family of NR superalgebras is obtained after performing a resonant

Sf\%(N)—expansion to the super Nappi-Witten algebra (2.1). In particular, the expanded NR

generators are related to the super Nappi-Witten ones through the semigroup elements

as follows:
j(i) = )\ziJ, ~2(m) = )\Zm—lQ;ra
ég) = )\QiGa, ~;(m) = )\Qm—lQ; )
S(l) = )\QiS, R&m) = )\2m—1Ra ;
T = ATy T = ATy . (4.23)

)

commutation relations of the super Nappi-Witten algebra (2.1), one can then show that

Then, considering the multiplication law of the S/(aN semigroup (4.20) and the original

the expanded NR superalgebra satisfy the following (anti-)commutation relations:

[ j(i),égj)] = e GV [@5})7@]&1)} — e, 504
[J W5 = —% (v0)s” Q5™ [J“), R&"ﬂ = —% (v0).2 RS™.,
60,01 = 5 (w7, 6. = 5 (B,
[59,05) =3 QoS BE™, IG5 = £ (00 GO,
[20.G57) = 5 0o B [T, R = 5 (o) RE™

{Qz(m), R(ﬁn)} - fYOC afs S(m*[nill) - (’YOC> afs TQm*[n_l]) ’ (424)
where we have defined
o i+ if 1+5j<N,
= 4.2
v {i+j—Nifi+j>N. (4.25)
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The NR superalgebra (4.24) corresponds to a generalized extended Newton-Hooke super-
algebra which we have denoted as GNH®) superalgebra. The GNH) superalgebra is
characterized by 3N fermionic generators and can be seen as the supersymmetric extension
of the generalized Newton-Hooke algebra presented in [65]. Furthermore, as a consequence
of the S-expansion procedure, the GNHY) superalgebra contains 2N additional bosonic
generators with respect to the generalized Newton-Hooke ones. As we shall see, their pres-
ence ensures the non-degeneracy of the invariant tensor. The present superalgebra can be
seen as the NR counterpart of the supersymmetric extension of the €y algebra [72, 103].

However, the construction of a NR limit reproducing the GNH(®Y)

superalgebra shall not
be explored here.
It is important to clarify that N > 2, while the usual extended Newton-Hooke super-

(V) since it has been obtained

algebra (4.8) does not appear as a particular subcase of GNH
with a different semigroup, namely S(Ll). Nevertheless, since at the bosonic level the ex-
tended Newton-Hooke algebra belongs to the bosonic generalized Newton-Hooke family, we
shall consider the extended Newton-Hooke superalgebra as the GNH(!) superalgebra. The
first case obtained with the present procedure corresponds to the GNH (2 superalgebra.
In particular, the N = 2 case reproduces the enlarged extended Bargmann (EEB) super-
algebra recently introduced in [8]. Remarkably, similarly to the extended Newton-Hooke
superalgebra, the EEB superalgebra can be written as three copies of the Nappi-Witten
algebra, two of which are augmented by supersymmetry [8]. One could argue that the
GNHW) superalgebra could be written as N + 1 copies of Nappi-Witten algebras, N of
which should be augmented by supersymmetry. Nevertheless, this does not hold true any-
more for N > 2.

Let us note that the 2NN extra bosonic generators Tl(i) and Tz(i) allow to have a
non-degenerate invariant tensor which is essential to the proper construction of a NR
CS supergravity action. Indeed, following the definitions of [53], it is possible to show
that the GNH(W) superalgebra admits the following non-vanishing components of the
invariant tensor:

(Qa™MQ5") = 200muin1)Cap = (Q4RE) | (4.26)

where the NR parameters appear as a consequence of the S-expansion procedure [53]. On
the other hand, the GNH®) gauge connection one-form A reads

A=w®FO 4 oGO 4 O30 4 (OFD 7
M GHm) =) G=(m) 4 50m) R(m) (4.27)

Then, the three-dimensional CS action based on the super GNH(®) algebra is obtained by
combining the gauge connection one-form (4.27) and the non-vanishing components of the
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invariant tensor (4.26) into the general expression for a CS action (2.5), which thus yields
IGNH(N) =o;l; = aplp+arl1+...+anly, (428)
where
= [l @5, + PP~ zsumw(waz*k e >dtg )5,
In particular, the covariant derivatives of the spinor 1-forms for the GNH®) superalgebra
read
vw+(m) _ d¢+(m) + lw(i)70¢+(n)5m o 7t(1 " er
2 1*n 2 7,*71, b
1
2

M Tath™ PO, + 5Ot AT,

1. -
= Lt 105005

2 XN 2 kM

1
V) = ) 4 Zling ™G, 4 Lt Tt S ow s,

1 .
Vo) = dp™ 4 S O0p ™, +

(4.30)

The CS supergravity action (4.29) is the most general CS action based on the GNH®)

superalgebra. In particular, as in the extended Newton-Hooke supergravity, the CS ex-
pression (4.28) can be split into two families: the CS term proportional to aogy corresponds
to NR exotic terms whose bosonic counterparts are related to the Pontryagin density; on
the other hand, the contributions proportional to asr4+1 belong to the Euler CS family. In
the particular case N = 2, the CS supergravity action reproduces the EEB supergravity
theory presented in [8] by identifying the gauge field one-forms as

W =w, w® = w,, s =, tgo) =Y, tgo) =Y2,
w(l):T, wal):ea, s(l):m, tg):ul, tg):u27
w? =k, w((f) =k, s@ =, t§2) = by, tg) =ba,

prW =yt W=y, W =p,

i@ =ct, 9 P=¢ PP =y (4.31)

The EEB supergravity action contains three independent sectors proportional to aq, i,
and ag. In such NR model, Iy describes the NR exotic gravity coupled to the additional
bosonic gauge fields y; and y2. On the other hand, I; and I describe a NR extended
supergravity model in the presence of a cosmological constant and of extra bosonic content
given by k, kg, and ¢ (for further details about the EEB supergravity theory see [8]). The
N = 3 case would now reproduce four independent sectors as in the GMEB supergravity
theory previously introduced.

Let us note that, due to the non-degeneracy of the invariant tensor, the equations of
motion of the GNH®) supergravity theory are given by the vanishing of the associated
curvature two-forms, which read

F( ())—dw + ¢+(m A0yt §i (1)
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i
mx(n—1)

] i 1 m —(n) 51 T4+ (m n) i

F s(l)> = ds" + 51/; (1)~ 0qy= () (1) 4t m) 0 )(5m*(n_1)7
i ( - m n) st

F(#7) =at? + ST G,
i i 1 m —(n) g1 T+(m n) si

along with (4.30).

It is interesting to notice that the GNHW) superalgebras are related to the GEBWY)
ones through an IW contraction procedure. The following diagram summarizes the expan-
sion and contraction relations:

super extended super
Newton-Hooke GNH®W)
s /5@
Generalization
51‘1per. el SL.1per‘
Nappi-Witten $ £ — o0 Nappi-Witten $ ITW
5@ 5(2N)
B i
super extended super
Bargmann GEB®)

In particular, the GEB(WY) superalgebras appear as an IW contraction of the generalized
extended Newton-Hooke ones by rescaling the super GNH(Y) generators as follows:

JFO O_zz‘j(z’)7 Q;L—(m) N UZm—lQ;&y—(m),
ég) N 0_22'@((1@')’ Q;(m) N UQm—lQ;(m)’
S0 %80 R(™ — g2m=1R(m) (4.33)

and considering the limit ¢ — oco. Note that the vanishing cosmological constant limit ¢ —
oo performed in the N = 1 case to recover the extended Bargmann superalgebra can also
be seen as an IW contraction. At the CS action level, the proper IW contraction requires
rescaling, in addition, the NR parameters in the invariant tensor (4.26) as a; — o'a;.

As an ending remark, let us note that the Sgp and Sy semigroups used to obtain
the respective generalizations of the extended Bargmann and extended Newton-Hooke su-
pergravity theories are the same used to find generalizations of the super Poincaré and
super AdS algebra. Furthermore, as it was shown in [27, 65|, the same semigroups were
considered at the bosonic level, allowing to define the GEBY) and GNH®) algebras.

5 Concluding remarks

In this paper, we have introduced an alternative procedure to obtain diverse NR CS super-
gravity theories in three spacetime dimensions. Known and new NR superalgebras have
been obtained considering the expansion method based on semigroups, the so-called S-
expansion, to a Nappi-Witten superalgebra introduced in [8]. Interestingly, the S-expansion
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allows to immediately obtain the non-vanishing components of the invariant tensor of an
expanded superalgebra in term of the original ones. Such advantage has allowed us to
construct, in a systematic way, the respective NR CS supergravity actions for each NR
superalgebra presented.

We have shown that our resulting theories can be split into two NR supergravity
families. Indeed, the extended Bargmann supergravity along with its Maxwellian version
can be seen as particular subcases of a generalized extended Bargmann supergravity theory
which we have denoted as GEB®Y) supergravity. In particular, for N = 1 we recover the
extended Bargmann supergravity theory. On the other hand, the extended Newton-Hooke
supergravity belongs to a generalized extended Newton-Hooke theory which we have called
as GNH(). Such generalizations correspond to supersymmetric extensions of the GEB(Y)
and GNH(W) bosonic algebras recently introduced in [27]. Remarkably, both families are
related through an IW contraction process, similarly as their bosonic counterparts.

It would be worth considering further studies on the Maxwellian version and general-
izations of the extended Bargmann supergravity theory. One could analyze, for instance,
the Schrodinger extension [2, 104] of the NR generalized superalgebras presented here in
a similar way as it was done in the case of the extended Schrédinger supergravity [6].
In particular, the map between Newton-Cartan geometry and Horava-Lifshitz gravity [97]
could suggest a superconformal non-projectable Horava-Lifshitz gravity. The Schrodinger
version of our results would allow us to approach an off-shell formulation of the respec-
tive NR supergravity actions which could serve to construct NR effective field theories on
curved backgrounds by means of localization [105, 106]. On the other hand, it would be
intriguing to explore the possibility to apply the S-expansion method in the context of
the Schrodinger superalgebra families, in order to establish a systematic way to obtain
generalized Schrédinger supergravity actions, in a very similar way to the construction
presented here.

A future development could also consist in generalizing our results to the extended
Newtonian family. Omne could expect to obtain novel Newtonian supergravity theories,
different from the extended Newtonian one presented in [4], being supersymmetric ex-
tensions of the exotic and Maxwellian extended Newtonian gravity recently introduced
in [107] and [68], respectively. Newtonian gravity models are worth studying as they offer
an action principle for Newtonian gravity through the CS formalism different from the
one introduced in [108]. It would be interesting to study the matter coupling of the new
Newtonian supergravity theories as well.

The procedure considered here could be extended to the ultra-relativistic (UR) regime.
In particular, the construction of UR supergravity models remains poorly explored [109,
110]. The S-expansion method could be applied to a Carrollian version of the Nappi-
Witten symmetry to obtain new UR superalgebras (work in progress). One could expect
to find two UR superalgebra families being the respective UR versions of the relativistic
Bnio and En4o superalgebras. At the bosonic level, the Carrollian symmetries emerge
in the framework of flat holography and fluid/gravity correspondence [111-114], whose
applications motivate us to explore supersymmetric extensions of the Carrollian symmetries
in the context of supergravity.
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