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1 Introduction

The formulation of a non-relativistic (NR) three-dimensional supergravity theory has re-
cently been approached in [1] and subsequently developed in [2, 3]. These last two years, the
construction of NR supergravity actions has received a growing interest [4–8] considering
different procedures.1 Such supergravity models correspond to supersymmetric extensions
of diverse NR gravity theories. Unlike their bosonic counterparts, the construction of
NR supergravity theories remains as a challenging task mainly motivated by the diverse
applications of these models in the context of holography and relativistic field theory.

The first proposed NR supergravity theory corresponds to a supersymmetric extension
of the Newton-Cartan gravity which was obtained by gauging a Bargmann superalgebra [1].
At the bosonic level, the Newton-Cartan formalism allows to formulate in a geometric way
a Newtonian gravity model that resembles General Relativity [10, 11]. Newton-Cartan
gravity theories have been largely studied and extended with diverse purposes [12–27].
Remarkably, Newton-Cartan geometry has been useful to approach strongly coupled con-
densed matter systems [28–38] and NR effective field theories [39–43]. Nevertheless, an
action principle for a NR supergravity theory requires to consider an approach different
from the Newton-Cartan supergravity one. To this end, a Chern-Simons (CS) formalism

1See [9] for a classification of N = 1 and N = 2 supersymmetric extensions of the Bargmann and
extended Newton-Hooke algebras in (3 + 1) dimensions.
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was considered in [3] to construct a three-dimensional NR supergravity action invariant
under an extended Bargmann superalgebra. Such superalgebra can be seen as the super-
symmetric extension of the extended Bargmann algebra [44–48]. The extended Bargmann
superalgebra admits an invariant bilinear form which ensures the proper construction of
a well-defined CS action. Furthermore, the extended Bargmann gravity differs from the
Newton-Cartan gravity at the matter coupling level, allowing all components of the Ricci
tensor to be non-vanishing. On the other hand, the CS formalism has the advantage of offer-
ing a gauge-invariant action, this being an interesting three-dimensional toy model [49–51].

To go beyond Poincaré supergravity is a natural step to explore more general supergrav-
ity theories. Analogously, at the NR level, it is possible to extend the extended Bargmann
supergravity to approach other features. The inclusion of a cosmological constant in a NR
supergravity theory was presented in [6] which, in the flat limit, reproduces the extended
Bargmann supergravity. The NR action is based on the extended Newton-Hooke super-
algebra which appears as a Lie algebra expansion [52] of the N = 2 AdS superalgebra.
More recently, a Maxwellian generalization of the extended Bargmann supergravity and
its extension to an enlarged extended Bargmann supergravity were studied in [7] and [8],
respectively. They can be seen as supersymmetric extensions of the Maxwellian extended
Bargmann (MEB) [19] and enlarged extended Bargmann (EEB) gravity theories [22]. While
the MEB supergravity action has been obtained by hand, the EEB supergravity theory has
been found from the relativistic N = 2 AdS-Lorentz superalgebra through the semigroup
expansion method [53].

The Lie algebra expansion procedure has been introduced in [54] and subsequently de-
veloped by expanding Maurer-Cartan forms [52, 55]. An expansion method based on semi-
groups (S-expansion) has been then introduced in [53] and subsequently studied in [56–61].
Within the S-expansion procedure the expanded (super)algebra is obtained by combining
the structure constants of a Lie (super)algebra with the multiplication law of a semigroup S.
In addition, the S-expansion method provides us with the non-vanishing components of the
invariant tensor for the expanded (super)algebra, which are crucial to construct CS actions.
The S-expansion mechanism not only has been useful at the NR level2 [22, 27, 65–68] but
also to obtain novel relativistic symmetries [69–73], superalgebras [74–79], and asymptotic
symmetries [80–82], among others.

In this work, we present an alternative procedure to construct various NR supergravity
theories by considering the S-expansion method. We extend the results obtained in [22, 65]
in which diverse NR symmetries are obtained by expanding the Nappi-Witten algebra. The
Nappi-Witten symmetry was introduced in [83, 84] and can be seen as a central extension
of the homogeneous part of the Galilei algebra. Here, we apply the S-expansion procedure
to the Nappi-Witten superalgebra introduced in [8] to obtain known and new NR super-
algebras. We get two families of NR superalgebras by considering two different semigroup
families. In particular, we first show that the extended Bargmann superalgebra and its gen-
eralizations can be obtained as an S-expansion of the super Nappi-Witten algebra. Then,

2Application at the NR level of the Lie algebra expansion method considering the Maurer-Cartan equa-
tions can be found in [5, 26, 62–64].

– 2 –



J
H
E
P
0
2
(
2
0
2
1
)
0
9
4

using the same method but different semigroups, we get the extended Newton-Hooke super-
algebra and its generalizations. The construction of NR CS supergravity actions for each
NR superalgebra is also presented. Interestingly, we prove that the extended Bargmann
supergravity along with its Maxwellian version correspond to particular subcases of a gen-
eralized extended Bargmann supergravity theory. Furthermore, they can alternatively be
obtained as an Inönü-Wigner (IW) contraction [85] of the generalized extended Newton-
Hooke supergravity theory presented here. Our construction offers a systematic way to
obtain different NR supergravity models which are supersymmetric extensions of distinct
NR gravity theories.

The organization of the paper is as follows: in section 2, we discuss the supersymmetric
extension of the Nappi-Witten algebra. In section 3, we obtain the extended Bargmann
supergravity theory, its Maxwellian version, and further generalizations by applying the S-
expansion method to the super Nappi-Witten algebra and its invariant tensor. In section 4,
we recover an extended Newton-Hooke supergravity along with generalizations of the latter
by considering different semigroups. Section 5 is devoted to some concluding remarks.

2 Nappi-Witten superalgebra and Chern-Simons action

A supersymmetric extension of the Nappi-Witten algebra was recently introduced in [8].
In addition to the Nappi-Witten generators {J,Ga, S}, it contains two additional bosonic
generators {T1, T2} and three Majorana fermionic generators given by Q+

α , Q−α , and Rα
(with α, β, . . . = 1, 2). The extra bosonic content assures not only the Jacobi identities of
the superalgebra but also the non-degeneracy of the invariant tensor. The super Nappi-
Witten generators satisfy the following (anti-)commutation relations:3

[J,Ga] = εabGb , [Ga, Gb] = −εabS ,[
J,Q±α

]
= −1

2 (γ0) β
α Q±β , [J,Rα] = −1

2 (γ0) βα Rβ ,[
Ga, Q

+
α

]
= −1

2 (γa) β
α Q−β ,

[
Ga, Q

−
α

]
= −1

2 (γa) βα Rβ ,[
S,Q+

α

]
= −1

2 (γ0) βα Rβ ,
[
T1, Q

±
α

]
= ±1

2 (γ0)αβ Q
±
β ,[

T2, Q
+
α

]
= 1

2 (γ0)αβ Rβ , [T1, Rα] = 1
2 (γ0)αβ Rβ ,{

Q+
α , Q

−
β

}
= − (γaC)αβ Ga ,{

Q+
α , Q

+
β

}
= −

(
γ0C

)
αβ
J −

(
γ0C

)
αβ
T1 ,{

Q−α , Q
−
β

}
= −

(
γ0C

)
αβ
S+

(
γ0C

)
αβ
T2 ,{

Q+
α , Rβ

}
= −

(
γ0C

)
αβ
S −

(
γ0C

)
αβ
T2 , (2.1)

where a, b, . . . = 1, 2, εab = ε0ab, εab = ε0ab, γ0 and γa are the Dirac gamma matrices in
three dimensions, and C is the charge conjugation matrix. Let us note that the Nappi-
Witten superalgebra (2.1) can be decomposed in a bosonic subspace V0 = {J,Ga, S, T1, T2}

3In this work, we are using a mostly plus metric.
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and a fermionic one V1 =
{
Q+
α , Q

−
α , Rα

}
such that they satisfy

[V0, V0] ⊂ V0 , [V0, V1] ⊂ V1 , [V1, V1] ⊂ V0 . (2.2)

In addition, a non-degenerate invariant supertrace on the Nappi-Witten superalgebra
is given in terms of the following non-vanishing components:

〈GaGb〉 = δab ,

〈JS〉 = −1 ,
〈T1T2〉 = 1 ,〈
Q−αQ

−
β

〉
=
〈
Q+
αRβ

〉
= 2Cαβ . (2.3)

Then, the three-dimensional CS action based on the Nappi-Witten superalgebra can be
constructed introducing the gauge connection one-form

A = ωJ + ωaGa + sS + t1T1 + t2T2 + ψ̄+Q+ + ψ̄−Q− + ρ̄R (2.4)

and the previously defined invariant supertrace in the general expression of a CS action in
three spacetime dimensions,

ICS =
∫ 〈

A ∧ dA+ 1
3A ∧ [A,A]

〉
. (2.5)

The supersymmetric CS action invariant under the Nappi-Witten superalgebra (2.1) is
given by4

INW =
∫
ωaR

a(ωb)− 2sR(ω) + 2t1dt2 + 2ψ̄−∇ψ− + 2ψ̄+∇ρ+ 2ρ̄∇ψ+ , (2.6)

where

R (ω) = dω ,

Ra
(
ωb
)

= dωa + εacωω c , (2.7)

while the covariant derivatives of the spinor 1-form fields appearing in (2.6) are

∇ψ+ = dψ+ + 1
2ωγ0ψ

+ − 1
2 t1γ0ψ

+ ,

∇ψ− = dψ− + 1
2ωγ0ψ

− + 1
2ω

aγaψ
+ + 1

2 t1γ0ψ
− ,

∇ρ = dρ+ 1
2ωγ0ρ+ 1

2ω
aγaψ

− + 1
2sγ0ψ

+ − 1
2 t2γ0ψ

+ − 1
2 t1γ0ρ . (2.8)

Let us note that having a non-degenerate invariant trace correspond to the physical re-
quirement that the CS supersymmetric action (2.6) involves a kinematical term for each

4For the sake of simplicity, here and in the sequel we will omit writing the wedge product between forms
and the spinor index α as well.
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gauge field and the field equations reduce to the vanishing of all the curvatures of the
model. In the present case, the curvatures for each gauge field are given by

F (ω) = R (ω) + 1
2 ψ̄

+γ0ψ+ ,

F a
(
ωb
)

= Ra
(
ωb
)

+ ψ̄+γaψ− ,

F (s) = ds+ 1
2 ψ̄
−γ0ψ− + ψ̄+γ0ρ ,

F (t1) = dt1 + 1
2 ψ̄

+γ0ψ+ ,

F (t2) = dt2 −
1
2 ψ̄
−γ0ψ− + ψ̄+γ0ρ , (2.9)

along with (2.8). Then, the field equations coming from the variation of the CS action (2.6)
correspond, as it is expected, to the vanishing of all curvatures (2.8) and (2.9).

In the following sections, we will apply the S-expansion method [53] to the super Nappi-
Witten algebra in order to obtain different NR superalgebras. For our purpose, we will
consider two different types of semigroup, that are S(2N)

E = {λ0, λ1, . . . , λ2N , λ2N+1} and
S

(2N)
M = {λ0, λ1, λ2, . . . , λ2N−1, λ2N}. In both cases, for different values of N , known and

new NR superalgebras will appear, corresponding to distinct supersymmetric extensions of
known NR algebras.

One of the advantages of working with the S-expansion is that it provides us with
the non-degenerate invariant tensors of the S-expanded (super)algebras, which are given
in terms of the invariant tensors for the original (super)algebra. This turns out to be
essential in the construction of NR CS (super)gravity actions.

3 Generalized extended Bargmann supergravity theory and semigroup
expansion method

In this section, we shall derive different NR superalgebras whose bosonic sectors include as
subalgebra the extended Bargmann algebra and its generalizations, depending on the case.
The aforementioned NR superalgebras appear as the result of applying the S-expansion
procedure to the Nappi-Witten superalgebra introduced in the previous section, consid-
ering S(2N)

E = {λ0, λ1, . . . , λ2N , λ2N+1} as the relevant semigroup. We will show that all
known and new NR superalgebras belong to a family of NR superalgebras, which we call as
generalized extended Bargmann (GEB(N)) superalgebras. As we will see, they correspond
to supersymmetric extensions of the NR counterparts of the BN+2 algebras enlarged with
(N + 1) U1 generators [27]. At the relativistic level, theBN+2 algebras were first introduced
in [69, 86] for obtaining standard General Relativity from Chern-Simons gravity. Further-
more, as we have mentioned before, an important advantage of the S-expansion is that
it allows to derive the non-vanishing components of an invariant tensor of the expanded
(super)algebra. Then, we will exploit this powerful feature to derive the NR invariant
supertraces and the CS actions invariant under the aforesaid expanded NR superalgebras.
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3.1 Extended Bargmann supergravity

The so-called extended Bargmann algebra [3] can be obtained as the NR limit of the
Poincaré algebra (corresponding to the B3 algebra) enlarged with two U1 generators. An
alternative method has been proposed in [65] in which the extended Bargmann algebra
can be derived as an S-expansion of the Nappi-Witten algebra. Here we show that a
supersymmetric extension of the extended Bargmann algebra can be obtained by perform-
ing an S-expansion of the Nappi-Witten superalgebra (2.1). To this end, we consider
S

(2)
E = {λ0, λ1, λ2, λ3} as the relevant semigroup whose elements satisfy the following mul-

tiplication table:
λ3 λ3 λ3 λ3 λ3
λ2 λ2 λ3 λ3 λ3
λ1 λ1 λ2 λ3 λ3
λ0 λ0 λ1 λ2 λ3

λ0 λ1 λ2 λ3

(3.1)

Indeed, one can consider a resonant decomposition,

S0 = {λ0, λ2, λ3} ,
S1 = {λ1, λ3} , (3.2)

with λ3 = 0S being the zero element of the semigroup. Let us note that the decom-
position (3.2) is said to be resonant since it satisfies the same structure as the super
Nappi-Witten subspaces,

S0 · S0 ⊂ S0 , S0 · S1 ⊂ S1 , S1 · S1 ⊂ S0 . (3.3)

Then, following the definitions of [53], after considering a resonant S(2)
E -expansion followed

by a 0S-reduction to the Nappi-Witten superalgebra (2.1), we find an expanded superal-
gebra spanned by the set of generators5

{
J̃ , G̃a, S̃, H̃, P̃a, M̃ , Ỹ1, Ỹ2, Ũ1, Ũ2, Q̃

+
α , Q̃

−
α , R̃α

}
which are related to the super Nappi-Witten ones through the semigroup elements
as follows:

J̃ = λ0J , G̃a = λ0Ga , S̃ = λ0S , Ỹ1 = λ0T1 , Ũ1 = λ2T1 ,

H̃ = λ2J , P̃a = λ2Ga , M̃ = λ2S , Ỹ2 = λ0T2 , Ũ2 = λ2T2 ,

Q̃+
α = λ1Q

+
α , Q̃−α = λ1Q

−
α , R̃α = λ1Rα . (3.4)

Such expanded generators satisfy the following non-vanishing (anti-)commutation relations:[
J̃ , G̃a

]
= εabG̃b ,

[
G̃a, G̃b

]
= −εabS̃ ,

[
J̃,P̃a

]
= εabP̃b[

H̃, G̃a
]

= εabP̃b ,
[
G̃a, P̃b

]
= −εabM̃ ,

[
J̃ , Q̃±α

]
= −1

2 (γ0) β
α Q̃±β ,[

J̃ , R̃α
]

= −1
2 (γ0) β

α R̃β ,
[
G̃a, Q̃

+
α

]
= −1

2 (γa) β
α Q̃−β ,

[
G̃a, Q̃

−
α

]
= −1

2 (γa) β
α R̃β ,[

S̃, Q̃+
α

]
= −1

2 (γ0) β
α R̃β ,

[
Ỹ1, Q

±
α

]
= ±1

2 (γ0)αβ Q
±
β ,

[
Ỹ1, Rα

]
= 1

2 (γ0)αβ Rβ ,

5Here and in the sequel, we denote the generators of the expanded algebra with a tilde symbol.
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[
Ỹ2, Q̃

+
α

]
= 1

2 (γ0)αβ Rβ{
Q̃+
α , Q̃

−
β

}
= − (γaC)αβ P̃a ,{

Q̃+
α , Q̃

+
β

}
= −

(
γ0C

)
αβ
H̃ −

(
γ0C

)
αβ
Ũ1 ,{

Q̃−α , Q̃
−
β

}
= −

(
γ0C

)
αβ
M̃ +

(
γ0C

)
αβ
Ũ2 ,{

Q̃+
α , R̃β

}
= −

(
γ0C

)
αβ
M̃ −

(
γ0C

)
αβ
Ũ2 . (3.5)

This superalgebra corresponds to an extension of the extended Bargmann superalgebra
introduced in [3].6 In fact, by considering Ỹ1 = Ỹ2 = Ũ1 = Ũ2 = 0, one can exactly
reproduce the extended Bargmann superalgebra of [3]. Let us note that the additional
bosonic generators Ỹ1, Ỹ2, Ũ1, and Ũ2 appear as a consequence of the expansion of the
Nappi-Witten generators T1 and T2. They allow to get a non-degenerate invariant tensor
within our framework. In this regards, observe that the central charge Ũ1 may be trivially
reabsorbed through a redefinition of H̃. Nevertheless, we retain Ũ1 in the sequel, since it
directly follows from the expansion we have performed.

The invariant tensor for the extended Bargmann superalgebra can be obtained by
applying the S-expansion method to the invariant tensor of the Nappi-Witten superalgebra,
given in (2.3). In this way, one finds that the non-vanishing components of a non-degenerate
invariant tensor for the extended Bargmann superalgebra are given by〈

G̃aG̃b
〉

= α0δab ,
〈
J̃ S̃
〉

= −α0 ,〈
G̃aP̃b

〉
= α1δab ,

〈
Ỹ1Ỹ2

〉
= α0 ,〈

J̃M̃
〉

=
〈
H̃S̃

〉
= −α1 ,

〈
Ỹ1Ũ2

〉
=
〈
Ũ1Ỹ2

〉
= α1 ,〈

Q̃−α Q̃
−
β

〉
=
〈
Q̃+
α R̃β

〉
= 2α1Cαβ , (3.6)

where the α’s are arbitrary constants and appear as a consequence of the S-expansion
procedure. Then, the three-dimensional CS action invariant under the superalgebra (3.5)
can be directly constructed by introducing the gauge connection one-form

A = ωJ̃ + hH̃ + ωaG̃a + eaP̃a + sS̃ +mM̃ + y1Ỹ1 + y2Ỹ2 + u1Ũ1 + u2Ũ2

+ ψ̄+Q̃+ + ψ̄−Q̃− + ρ̄R̃ (3.7)

and the invariant tensor (3.6) in the general expression for a CS action (2.5). The NR CS
supergravity action reads

IEB = α0I0 + α1I1 , (3.8)
where

I0 =
∫
ωaR

a(ωb)− 2sR (ω) + 2y1dy2 ,

I1 =
∫

2eaRa(ωb)− 2mR(ω)− 2τR(s) + 2y1du2 + 2u1dy2

+2ψ̄+∇ρ+ 2ρ̄∇ψ+ + 2ψ̄−∇ψ− , (3.9)
6Note that we have some differences in signs with respect to the commutation relations of [3], due to

different conventions, but this can be solved by just setting εab → −εab; also, let us recall that γ0 = −γ0.
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and
R(s) = ds+ 1

2ε
acωaωc , (3.10)

while R(ω) and Ra(ωb) are given by (2.7). Besides, the covariant derivatives of the spinor
1-form fields read

∇ψ+ = dψ+ + 1
2ωγ0ψ

+ − 1
2y1γ0ψ

+ ,

∇ψ− = dψ− + 1
2ωγ0ψ

− + 1
2ω

aγaψ
+ + 1

2y1γ0ψ
− ,

∇ρ = dρ+ 1
2ωγ0ρ+ 1

2ω
aγaψ

− + 1
2sγ0ψ

+ − 1
2y2γ0ψ

+ − 1
2y1γ0ρ . (3.11)

The CS action (3.8) describes an extension of the so-called extended Bargmann su-
pergravity theory [3]. Indeed, the CS action I1 corresponds to the extended Bargmann
supergravity action introduced in [3], endowed with some additional terms involving the
extra bosonic 1-form fields y1, y2, u1, and u2. Furthermore, the term along α0 corresponds
to a NR exotic Lagrangian. The extra bosonic field content is related to the additional
bosonic generators which allow to define the non-degenerate invariant tensor (3.6). The
non-degeneracy of the invariant tensor implies that the equations of motion are given by
the vanishing of the curvature two-forms of the model, which are given by (3.11) and

F (ω) = R(ω) , F a(ωb) = Ra(ωb) ,

F (s) = R(s) , F (τ) = d (τ) + 1
2 ψ̄

+γ0ψ+ ,

F a(eb) = dea + εacωec + εacτωc + ψ̄+γaψ− ,

F (m) = dm+ εacωaec + 1
2 ψ̄
−γ0ψ− + ψ̄+γ0ρ ,

F (y1) = dy1 , F (y2) = dy2 ,

F (u1) = du1 + 1
2 ψ̄

+γ0ψ+ ,

F (u2) = du2 −
1
2 ψ̄
−γ0ψ− + ψ̄+γ0ρ . (3.12)

Let us note that the present NR theory can be seen as the most general three-dimensional
extended Bargmann supergravity theory containing both exotic and standard sectors.
Nonetheless, the formulation of a NR supergravity theory is not unique and can be gener-
alized beyond the extended Bargmann one.

3.2 Maxwellian extended Bargmann supergravity

A Maxwellian version of the extended Bargmann algebra was recently presented in [19]. It
was denoted as MEB algebra and it was obtained as a NR limit of the Maxwell algebra
(also called as B4 algebra) enlarged with three U1 generators. At the relativistic level, the
Maxwell symmetry appears in the description of a particle in a Minkowski spacetime in the
presence of an electromagnetic field background [87–89]. Subsequently, a supersymmetric
extension of the MEB algebra was introduced in [7]. In order to construct a well-defined
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supergravity theory in this context it was necessary to construct by hand the aforemen-
tioned supersymmetric extension. Now, we are going to show that the MEB superalgebra
and the corresponding NR supergravity theory can be derived by means of the S-expansion
method. Indeed, let us consider the S(4)

E -expansion of the Nappi-Witten superalgebra (2.1).
The elements of the S(4)

E semigroup satisfy

λ5 λ5 λ5 λ5 λ5 λ5 λ5
λ4 λ4 λ5 λ5 λ5 λ5 λ5
λ3 λ3 λ4 λ5 λ5 λ5 λ5
λ2 λ2 λ3 λ4 λ5 λ5 λ5
λ1 λ1 λ2 λ3 λ4 λ5 λ5
λ0 λ0 λ1 λ2 λ3 λ4 λ5

λ0 λ1 λ2 λ3 λ4 λ5

(3.13)

where λ5 = 0S is the zero element of the semigroup. Let S(4)
E = S0 ∪ S1 be a resonant

decomposition with

S0 = {λ0, λ2, λ4, λ5} ,
S1 = {λ1, λ3, λ5} . (3.14)

After considering a resonant S(4)
E -expansion followed by a 0S-reduction of the Nappi-Witten

superalgebra, we find an expanded superalgebra spanned by the generators{
J̃ , G̃a, S̃, H̃, P̃a, M̃ , Z̃, Z̃a, T̃ , Ỹ1, Ỹ2, Ũ1, Ũ2, B̃1, B̃2, Q̃

+
α , Q̃

−
α , R̃α, Σ̃+

α , Σ̃−α , W̃α

}
,

which are related to the super Nappi-Witten ones through

J̃ = λ0J , G̃a = λ0Ga , S̃ = λ0S , Ỹ1 = λ0T1 , Ỹ2 = λ0T2 ,

H̃ = λ2J , P̃a = λ2Ga , M̃ = λ2S , Ũ1 = λ2T1 , Ũ2 = λ2T2 ,

Z̃ = λ4J , Z̃a = λ4Ga , T̃ = λ4S , B̃1 = λ4T1 , B̃2 = λ4T2 ,

Q̃+
α = λ1Q

+
α , Q̃−α = λ1Q

−
α , Σ̃+

α = λ3Q
+
α , Σ̃−α = λ3Q

−
α , R̃α = λ1Rα ,

W̃α = λ3Rα . (3.15)

Using the multiplication law (3.13) and the original (anti-)commutation relations of
the Nappi-Witten superalgebra (2.1), one can show that the expanded generators satisfy
an expanded NR superalgebra whose non-trivial (anti-)commutation relations are given
by (3.5) along with[

P̃a, P̃b
]

= −εabT̃ ,
[
G̃a, Z̃b

]
= −εabT̃ ,

[
H̃, P̃a

]
= εabZ̃b ,[

J̃ , Z̃a
]

= εabZ̃b ,
[
Z̃, G̃a

]
= εabZ̃b ,

[
Ũ2, Q̃

+
α

]
= 1

2 (γ0)αβ W̃β ,[
J̃ , Σ̃±α

]
= −1

2 (γ0) βα Σ̃±β ,
[
S̃, Σ̃+

α

]
= −1

2 (γ0) βα W̃β ,
[
Ỹ1, W̃α

]
= 1

2 (γ0)αβ W̃β ,[
H̃, Q̃±α

]
= −1

2 (γ0) βα Σ̃±β ,
[
P̃a, Q̃

+
α

]
= −1

2 (γa) βα Σ̃−β ,
[
Ỹ1, Σ̃+

α

]
= 1

2 (γ0)αβ Σ̃+
β ,
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[
G̃a, Σ̃+

α

]
= −1

2 (γa) βα Σ̃−β ,
[
G̃a, Σ̃−α

]
= −1

2 (γa) βα W̃β ,
[
Ỹ1, Σ̃−α

]
= −1

2 (γ0)αβ Σ̃−β ,[
Pa, Q̃

−
α

]
= −1

2 (γa) βα W̃β ,
[
J̃ , R̃α

]
= −1

2 (γ0) βα R̃β ,
[
Ũ1, Q̃

+
α

]
= 1

2 (γ0)αβ Σ̃+
β ,[

J̃ , W̃α

]
= −1

2 (γ0) βα W̃β ,
[
H̃, R̃α

]
= −1

2 (γ0) βα W̃β ,
[
Ũ1, Q̃

−
α

]
= −1

2 (γ0)αβ Σ̃−β ,[
M̃, Q̃+

α

]
= −1

2 (γ0) βα W̃β ,
[
Ỹ2, Σ̃+

α

]
= 1

2 (γ0)αβ W̃β ,
[
Ũ1, R̃α

]
= 1

2 (γ0)αβ W̃β ,{
Q̃−α , Σ̃−β

}
= −

(
γ0C

)
αβ
T̃+

(
γ0C

)
αβ
B̃2 ,{

Q̃±α , Σ̃∓β
}

= − (γaC)αβ Z̃a ,{
Q̃+
α , Σ̃+

β

}
= −

(
γ0C

)
αβ
Z̃ −

(
γ0C

)
αβ
B̃1 ,{

Q̃+
α , W̃β

}
=
{

Σ̃+
α , R̃β

}
= −

(
γ0C

)
αβ
T̃ −

(
γ0C

)
αβ
B̃2 . (3.16)

The superalgebra just obtained corresponds to the Maxwellian extended Bargmann super-
algebra first presented in [7]. The MEB superalgebra is characterized by the presence of
three additional fermionic generators, besides Q̃±α and R̃α, namely Σ̃+

α , Σ̃−α , and W̃α. Fur-
thermore, unlike the extended Bargmann superalgebra, Ũ1 and Ũ2 are no longer central
charges but act non-trivially on the fermionic generators Q̃±α and R̃α. The non-vanishing
components of an invariant supertrace for the MEB superalgebra are obtained from the
Nappi-Witten ones through the S-expansion method. These components are given by (3.6)
together with 〈

P̃aP̃b
〉

=
〈
G̃aZ̃b

〉
= α2δab ,〈

J̃ T̃
〉

=
〈
H̃M̃

〉
=
〈
S̃Z̃
〉

= −α2 ,〈
Ỹ1B̃2

〉
=
〈
Ũ1Ũ2

〉
=
〈
B̃1Ỹ2

〉
= α2 ,〈

Q̃−α Σ̃−β
〉

=
〈

Σ̃+
α R̃β

〉
=
〈
Q̃+
α W̃β

〉
= 2α2Cαβ , (3.17)

where α2 is an arbitrary constant. The NR CS supergravity action invariant under the
MEB superalgebra, which was presented in [7], is obtained by considering the following
gauge connection one-form:

A =ωJ̃ + ωaG̃a + τH̃ + eaP̃a + kZ̃ + kaZ̃a +mM̃ + sS̃ + tT̃

+ y1Ỹ1 + y2Ỹ2 + b1B̃1 + b2B̃2 + u1Ũ1 + u2Ũ2

+ ψ+Q̃+ + ψ−Q̃− + ξ+Σ̃+ + ξ−Σ̃− + ρR̃+ χW̃ (3.18)

and the non-vanishing components of the invariant tensor (3.6) and (3.17) in the CS ex-
pression (2.5). It reads, up to boundary terms, as follows:

IMEB = α0I0 + α1I1 + α2I2 , (3.19)

where I0 and I1 are given in (3.9), while the term along α2 reads

I2 =
∫
eaR

a
(
eb
)

+ kaR
a
(
ωb
)

+ ωaR
a
(
kb
)
− 2sR (k)

− 2mR (τ)− 2tR (ω) + 2y1db2 + 2u1du2 + 2y2db1

+ 2ψ̄−∇ξ− + 2ξ̄−∇ψ− + 2ψ̄+∇χ+ 2χ̄∇ψ+ + 2ξ̄+∇ρ+ 2ρ̄∇ξ+ . (3.20)
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Here, R(ω) and Ra(ωb) were defined in (2.7), while

R (τ) = dτ ,

Ra(eb) = dea + εacωec + εacτωc ,

R (k) = dk ,

Ra(kb) = dka + εacωkc + εacτec + εackωc . (3.21)

On the other hand, the covariant derivatives of the spinor 1-form fields appearing in I2 are
given by

∇ξ+ = dξ+ + 1
2ωγ0ξ

+ + 1
2τγ0ψ

+ − 1
2y1γ0ξ

+ − 1
2u1γ0ψ

+ ,

∇ξ− = dξ− + 1
2ωγ0ξ

− + 1
2τγ0ψ

− + 1
2e

aγaψ
+ + 1

2ω
aγaξ

+ + 1
2y1γ0ξ

− + 1
2u1γ0ψ

− ,

∇χ = dχ+ 1
2ωγ0χ+ 1

2ω
aγaξ

− + 1
2e

aγaψ
− + 1

2τγ0ρ+ 1
2sγ0ξ

+ + 1
2mγ0ψ

+

− 1
2y2γ0ξ

+ − 1
2y1γ0χ−

1
2u2γ0ψ

+ − 1
2u1γ0ρ , (3.22)

along with (3.11). The CS action (3.19) describes the Maxwellian extended Bargmann
supergravity theory first presented in [7]. As we can see, the S-expansion of the super
Nappi-Witten algebra (2.1) with the S(4)

E semigroup adds a new sector to the action with
respect to the case of the extended Bargmann supergravity theory previously studied.
This new sector along the arbitrary constant α2 corresponds to the CS action for a new
NR Maxwell superalgebra, whose bosonic part is the MEB gravity presented in [19], sup-
plemented with some bosonic 1-form fields. Let us note that the extended Bargmann
supergravity action (3.9) appears as a particular subcase along α0 and α1. The equations
of motion of the theory are given by the vanishing of the curvature two-forms, which, in
the case under analysis, are given by (3.11), (3.12), (3.22), and

F (k) = R (k) + ψ̄+γ0ξ+ ,

F a(kb) = Ra(kb) + ψ̄+γaξ− + ψ̄−γaξ+ ,

F (t) = dt+ εacωakc + 1
2ε

aceaec + ψ̄−γ0ξ− + ψ̄+γ0χ+ ξ̄+γ0ρ ,

F (b1) = db1 + ψ̄+γ0ξ+ ,

F (b2) = db2 − ψ̄−γ0ξ− + ψ̄+γ0χ+ ξ̄+γ0ρ . (3.23)

This is indeed expected for a well-defined and consistent CS (super)gravity model.

3.3 Generalized Maxwellian extended Bargmann supergravity

A generalization of the Maxwellian extended Bargmann algebra was introduced very re-
cently in [27]. The aforesaid algebra was obtained by considering a NR limit of a generalized
Maxwell algebra (also denoted as B5) defined in three spacetime dimensions. Here, we will
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show that a supersymmetric extension of the generalized Maxwellian extended Bargmann
(GMEB) algebra can be obtained considering an S

(6)
E -expansion of the Nappi-Witten su-

peralgebra (2.1). Furthermore, the S-expansion method will allow us to construct the
supergravity theory invariant under the GMEB superalgebra, as it provides with the non-
degenerate invariant supertrace.

The elements of the S(6)
E semigroup satisfy the multiplication law

λαλβ =
{
λα+β if α+ β ≤ 6 ,
λ7 if α+ β > 6 ,

(3.24)

with λ7 = 0S being the zero element of the semigroup. Let S(6)
E = S0 ∪ S1 be a resonant

decomposition with

S0 = {λ0, λ2, λ4, λ6, λ7} ,
S1 = {λ1, λ3, λ5, λ7} . (3.25)

After applying a resonant S(6)
E -expansion and a 0S-reduction to the Nappi-Witten super-

algebra, we find an expanded superalgebra spanned by the bosonic generators{
J̃ , G̃a, S̃, H̃, P̃a, M̃ , Z̃, Z̃a, Ñ , Ña, T̃ , Ṽ , Ỹ1, Ỹ2, Ũ1, Ũ2, B̃1, B̃2, C̃1, C̃2

}
along with the fermionic charges{

Q̃+
α , Q̃

−
α , R̃α, Σ̃+

α , Σ̃−α , W̃α, Ξ̃+
α , Ξ̃−α , K̃α

}
,

which are related to the super Nappi-Witten ones through

J̃ = λ0J , G̃a = λ0Ga , S̃ = λ0S , Ỹ1 = λ0T1 , Ỹ2 = λ0T2 ,

H̃ = λ2J , P̃a = λ2Ga , M̃ = λ2S , Ũ1 = λ2T1 , Ũ2 = λ2T2 ,

Z̃ = λ4J , Z̃a = λ4Ga , T̃ = λ4S , B̃1 = λ4T1 , B̃2 = λ4T2 ,

Ñ = λ6J , Ña = λ6Ga , Ṽ = λ6S , C̃1 = λ6T1 , C̃2 = λ6T2 ,

Q̃+
α = λ1Q

+
α , Q̃−α = λ1Q

−
α , Σ̃+

α = λ3Q
+
α , Σ̃−α = λ3Q

−
α , R̃α = λ1Rα ,

W̃α = λ3Rα , Ξ̃+
α = λ5Q

+
α , Ξ̃−α = λ5Q

−
α , K̃α = λ5Rα . (3.26)

One can show that, using the multiplication law (3.24) and the original (anti-)commutation
relations of the Nappi-Witten superalgebra (2.1), the expanded generators satisfy the (anti-
)commutation relations (3.5), (3.16) along with[

J̃ , Ña

]
= εabÑb ,

[
P̃a, Z̃b

]
= −εabṼ ,

[
H̃, Z̃a

]
= εabÑb ,[

Z̃, P̃a
]

= εabÑb ,
[
G̃a, Ñb

]
= −εabṼ ,

[
Ñ , G̃a

]
= εabÑb ,[

J̃ , Ξ̃±α
]

= −1
2 (γ0) βα Ξ̃±β ,

[
H̃, Σ̃±α

]
= −1

2 (γ0) βα Ξ̃±β ,
[
Z̃, Q̃±α

]
= 1

2 (γ0) βα Ξ̃±β ,[
J̃ , K̃α

]
= −1

2 (γ0) βα K̃β ,
[
H̃, W̃α

]
= −1

2 (γ0) βα K̃β ,
[
Z̃, R̃α

]
= 1

2 (γ0) βα K̃β ,
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[
G̃a, Ξ̃+

α

]
= −1

2 (γa) βα Ξ̃−β ,
[
P̃a, Σ̃+

α

]
= −1

2 (γa) βα Ξ̃−β ,
[
Z̃a, Q̃

+
α

]
= 1

2 (γa) βα Ξ̃−β ,[
G̃a, Ξ̃−α

]
= −1

2 (γa) βα K̃β ,
[
P̃a, Σ̃−α

]
= −1

2 (γa) βα K̃β ,
[
Z̃a, Q̃

−
α

]
= 1

2 (γa) βα K̃β ,[
S̃, Ξ̃+

α

]
= −1

2 (γ0) βα K̃β ,
[
M̃, Σ̃+

α

]
= −1

2 (γ0) βα K̃β ,
[
T̃ , Q̃+

α

]
= 1

2 (γ0) βα K̃β ,[
Ỹ1, Ξ̃±α

]
= −1

2 (γ0)αβ Ξ̃±β ,
[
Ũ1, Σ̃±α

]
= −1

2 (γ0)αβ Ξ̃±β ,
[
B̃1, Q̃

±
α

]
= 1

2 (γ0)αβ Ξ̃±β ,[
Ỹ2, Ξ̃+

α

]
= −1

2 (γ0)αβ K̃β ,
[
Ũ2, Σ̃+

α

]
= −1

2 (γ0)αβ K̃β ,
[
B̃2, Q̃

+
α

]
= 1

2 (γ0)αβ K̃β ,[
Ỹ1, K̃α

]
= −1

2 (γ0)αβ K̃β ,
[
Ũ1, W̃α

]
= −1

2 (γ0)αβ K̃β ,
[
B̃1, R̃α

]
= 1

2 (γ0)αβ K̃β ,{
Q̃−α , Ξ̃−β

}
=
{

Σ̃−α , Σ̃−β
}

= −
(
γ0C

)
αβ
Ṽ+

(
γ0C

)
αβ
C̃2 ,{

Q̃±α , Ξ̃∓β
}

=
{

Σ̃+
α , Σ̃−β

}
= − (γaC)αβ Ña ,{

Q̃+
α , Ξ̃+

β

}
=
{

Σ̃+
α , Σ̃+

β

}
= −

(
γ0C

)
αβ
Ñ −

(
γ0C

)
αβ
C̃1 ,{

Q̃+
α , K̃β

}
=
{

Σ̃+
α , W̃β

}
=
{

Ξ̃+
α , R̃β

}
= −

(
γ0C

)
αβ
Ṽ −

(
γ0C

)
αβ
C̃2 . (3.27)

This superalgebra corresponds to a supersymmetric extension of the GMEB algebra intro-
duced in [27]. Note that this is a new NR superalgebra, unlike the previous ones which
had already been presented in the literature in previous works. The GMEB superalgebra
is characterized by the presence of three extra fermionic generators, which are Ξ̃±α and K̃α,
with respect to the MEB superalgebra. C̃1 and C̃2 play the role of central charges, while
B̃1 and B̃2 act non-trivially on the fermionic generators Q̃±α and R̃α. The non-vanishing
components of an invariant supertrace are given by (3.6), (3.17), and〈

G̃aÑb

〉
=
〈
P̃aZ̃b

〉
= α3δab ,〈

J̃ Ṽ
〉

=
〈
H̃T̃

〉
=
〈
M̃Z̃

〉
=
〈
S̃Ñ

〉
= −α3 ,〈

Ỹ1C̃2
〉

=
〈
Ũ1B̃2

〉
=
〈
B̃1Ũ2

〉
=
〈
C̃1Ỹ2

〉
= α3 ,〈

Q̃−α Ξ̃−β
〉

=
〈

Σ̃+
α W̃β

〉
=
〈

Ξ̃+
α R̃β

〉
=
〈
Q̃+
α K̃β

〉
=
〈

Σ̃−α Σ̃−β
〉

= 2α3Cαβ . (3.28)

The NR one-form gauge connection for the GMEB superalgebra reads

A = τH̃ + eaP̃a + ωJ̃ + ωaG̃a + kZ̃ + kaZ̃a + fÑ + faÑa +mM̃ + sS̃

+ tT̃ + vṼ + y1Ỹ1 + y2Ỹ2 + b1B̃1 + b2B̃2 + u1Ũ1 + u2Ũ2 + c1C̃1 + c2C̃2

+ ψ+Q̃+ + ψ−Q̃− + ξ+Σ̃+ + ξ−Σ̃− + ζ+Ξ̃+ + ζ−Ξ̃− + ρR̃+ χW̃ + κK̃ . (3.29)

The corresponding NR CS action can be obtained by inserting the above gauge connection
and the invariant supertrace given by (3.6), (3.17), and (3.28) into the general expression
for the CS action in three spacetime dimensions (2.5). The aforesaid action reads, up to
boundary terms, as follows:

IGMEB = α0I0 + α1I1 + α2I2 + α3I3 , (3.30)
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where I0 and I1 are given in (3.9), I2 is given in (3.20), while the term along α3 reads

I3 =
∫
ωaR

a
(
f b
)

+ faR
a
(
ωb
)

+ eaR
a
(
kb
)

+ kaR
a
(
eb
)
− 2sR (f)

− 2vR (ω)− 2mR (k)− 2tR (τ) + 2y1dc2 + 2u1db2 + 2y2dc1 + 2b1du2

+ 2ψ̄−∇ζ− + 2ζ̄−∇ψ− + 2ξ̄−∇ξ− + 2ψ̄+∇κ+ 2ζ̄+∇ρ+ 2ξ̄+∇χ
+ 2ρ̄∇ζ+ + 2χ̄∇ξ+ + 2κ̄∇ψ+ . (3.31)

In the above action, the expressions for R(ω) and Ra(ωb) were defined in (2.7), while those
for R(τ), R(k), Ra(eb), and Ra(kb) are given in (3.21). Furthermore,

R (f) = df ,

Ra
(
f b
)

= dfa + εacωfc + εacτkc + εackec + εacfωc , (3.32)

and the covariant derivatives of the spinor 1-form fields appearing in I3 are given by

∇ζ+ = dζ+ + 1
2ωγ0ζ

+ + 1
2τγ0ξ

+ + 1
2kγ0ψ

+ − 1
2y1γ0ζ

+ − 1
2u1γ0ξ

+ − 1
2b1γ0ψ

+ ,

∇ζ− = dζ− + 1
2ωγ0ζ

− + 1
2τγ0ξ

− + 1
2kγ0ψ

− + 1
2e

aγaξ
+ + 1

2ω
aγaζ

+ + 1
2k

aγaψ
+

+ 1
2y1γ0ζ

− + 1
2u1γ0ξ

− + 1
2b1γ0ψ

− ,

∇κ = dκ+ 1
2ωγ0κ+ 1

2τγ0χ+ 1
2kγ0ρ+ 1

2ω
aγaζ

− + 1
2e

aγaξ
− + 1

2k
aγaψ

− + 1
2sγ0ζ

+

+ 1
2mγ0ξ

+ + 1
2 tγ0ψ

+ − 1
2y2γ0ζ

+ − 1
2u2γ0ξ

+ − 1
2b2γ0ψ

+ − 1
2y1γ0κ−

1
2u1γ0χ

− 1
2b1γ0ρ , (3.33)

along with (3.11) and (3.22). From (3.30), we see that the CS action contains four inde-
pendent sectors. The new gauge fields fa, f , v, ζ+, ζ−, and κ appear explicitly in the last
term proportional to α3, which corresponds to the CS action for the new NR generalized
Maxwell superalgebra. Note that the GMEB superalgebra allows to include a cosmological
constant term along α3 different from the one appearing in the case of the extended NR
supergravity presented in [8]. One can see that the field equations imply the vanishing of
the curvature two forms given by (3.11), (3.12), (3.22), (3.23), (3.33), and

F (f) = R (f) + ψ̄+γ0ζ+ + 1
2 ξ̄

+γ0ξ+ ,

F a(f b) = Ra(f b) + ψ̄+γaζ− + ψ̄−γaζ+ + ξ̄+γaξ− ,

F (v) = dv + εacωakc + εaceakc + ψ̄−γ0ζ− + 1
2 ξ̄
−γ0ξ− + ψ̄+γ0κ+ ξ̄+γ0χ+ ζ̄+γ0ρ ,

F (c1) = dc1 + ψ̄+γ0ζ+ + 1
2 ξ̄

+γ0ξ+ ,

F (c2) = dc2 − ψ̄−γ0ζ− − 1
2 ξ̄
−γ0ξ− + ψ̄+γ0κ+ +ξ̄+γ0χ+ ζ̄+γ0ρ , (3.34)

which are the GMEB supercurvatures. A natural subsequent step would be to continue
expanding the Nappi-Witten superalgebra with bigger semigroups. As we will show in the
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next section, all NR superalgebras coming from the semigroup expansion of (2.1), when
the semigroup under consideration is of the SE-type, can be written in a very compact and
general way in terms of the original (anti-)commutation relations (2.1) and the elements
of the relevant semigroup.

3.4 Generalized extended Bargmann supergravity

As it was shown in [27], the extended Bargmann, the MEB, and the GMEB algebras can be
seen as particular cases of the so-called generalized extended Bargmann (GEB(N)) algebra,
which corresponds to the NR version of the BN+2 algebra enlarged with U1 generators. In
this section, we present a supersymmetric extension of the GEB(N) algebra which can be
obtained by performing an S-expansion of the super Nappi-Witten algebra (2.1). Similarly
to the purely bosonic case, the new NR superalgebra contains the extended Bargmann, the
MEB, and the GMEB superalgebras previously introduced as particular cases.

Let S(2N)
E = {λ0, λ1, λ2, . . . , λ2N−1, λ2N , λ2N+1} be the relevant semigroup whose ele-

ments satisfy

λµλν =
{
λµ+ν if µ+ ν ≤ 2N ,

λ2N+1 if µ+ ν > 2N ,
(3.35)

where λ2N+1 = 0S is the zero element of the semigroup such that 0Sλµ = 0S . Let S(2N)
E =

S0 ∪ S1 be a semigroup decomposition with

S0 = {λ2i, i = 0, . . . , N} ∪ λ2N+1 ,

S1 = {λ2m−1, m = 1, . . . , N} ∪ λ2N+1 . (3.36)

Such decomposition is said to be resonant since it behaves as the subspace decomposition
of the Nappi-Witten superalgebra (2.2),

S0 · S0 ⊂ S0 , S0 · S1 ⊂ S1 , S1 · S1 ⊂ S0 . (3.37)

Then, after performing a resonant S(2N)
E -expansion to the super Nappi-Witten algebra (2.1)

and considering a 0S-reduction, we find a new NR superalgebra. The expanded NR genera-
tors are related to the super Nappi-Witten ones through the semigroup elements as follows:

J̃ (i) = λ2iJ , Q̃+(m)
α = λ2m−1Q

+
α ,

G̃(i)
a = λ2iGa , Q̃−(m)

α = λ2m−1Q
−
α ,

S̃(i) = λ2iS , R̃(m)
α = λ2m−1Rα ,

T̃
(i)
1 = λ2iT1 T̃

(i)
2 = λ2iT2 . (3.38)

One can prove that the expanded generators satisfy the following (anti-)commutation
relations: [

J̃ (i), G̃(j)
a

]
= εabG̃

(i+j)
b ,

[
G̃(i)
a , G̃

(j)
b

]
= −εabS̃(i+j) ,[

J̃ (i), Q̃±(m)
α

]
= −1

2 (γ0) β
α Q̃

±(i+m)
β ,

[
J̃ (i), R̃(m)

α

]
= −1

2 (γ0) βα R̃
(i+m)
β ,
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[
G̃(i)
a , Q̃

+(m)
α

]
= −1

2 (γa) β
α Q̃

−(i+m)
β ,

[
G̃(i)
a , Q̃

−(m)
α

]
= −1

2 (γa) βα R̃
(i+m)
β ,[

S̃(i), Q̃+(m)
α

]
= −1

2 (γ0) βα R̃
(i+m)
β ,

[
T̃

(i)
1 , Q̃±(m)

α

]
= ±1

2 (γ0)αβ Q̃
±(i+m)
β ,[

T̃
(i)
2 , Q̃+(m)

α

]
= 1

2 (γ0)αβ R̃
(i+m)
β ,

[
T̃

(i)
1 , R̃(m)

α

]
= 1

2 (γ0)αβ R̃
(i+m)
β ,{

Q̃+(m)
α , Q̃

−(n)
β

}
= − (γaC)αβ G̃

(m+n−1)
a ,{

Q̃+(m)
α , Q̃

+(n)
β

}
= −

(
γ0C

)
αβ
J̃ (m+n−1) −

(
γ0C

)
αβ
T̃

(m+n−1)
1 ,{

Q̃−(m)
α , Q̃

−(n)
β

}
= −

(
γ0C

)
αβ
S̃(m+n−1) +

(
γ0C

)
αβ
T̃

(m+n−1)
2 ,{

Q̃+(m)
α , R̃

(n)
β

}
= −

(
γ0C

)
αβ
S̃(m+n−1) −

(
γ0C

)
αβ
T̃

(m+n−1)
2 . (3.39)

This is obtained by using the multiplication law of the S(2N)
E semigroup (3.35) and the

super Nappi-Witten (anti-)commutation relations (2.1).
The expanded superalgebra above generalizes the extended Bargmann superalgebra [3]

and corresponds to the supersymmetric extension of the GEB(N) algebra introduced in [27].
The NR superalgebra (3.39) contains 2N +2 bosonic generators in addition to the GEB(N)

bosonic generators and 3N fermionic charges. The extra bosonic generators T̃ (i)
1 and T̃ (i)

2
act non-trivially on the fermionic charges Q̃(m)

α if i + m ≤ N . On the other hand, both
T̃

(N)
1 and T̃

(N)
2 are central charges. One can see that the case N = 1 reproduces the

extended Bargmann superalgebra, while the N = 2 and N = 3 ones correspond to the
MEB and GMEB superalgebras, respectively. At the bosonic level, as it was shown in [27],
the so-called BN+2 algebra [69, 86] is the relativistic counterpart of the GEB(N) algebra.
Then, one could deduce that the present generalization is the respective NR version of the
supersymmetric extension of the BN+2 algebra [90].

The gauge connection one-form A for the GEB(N) superalgebra reads

A =ω(i)J̃ (i) + ωa(i)G̃(i)
a + s(i)S̃(i) + t

(i)
1 T̃

(i)
1 + t

(i)
2 T

(i)
2

+ ψ̄+(m)Q̃+(m) + ψ̄−(m)Q̃−(m) + ρ̄(m)R̃(m) . (3.40)

The presence of the additional bosonic generators {T̃ (i)
1 , T̃

(i)
2 } is required to ensure a non-

degenerate invariant supertrace allowing the construction of a proper NR CS supergravity
action. In particular, the GEB(N) superalgebra admits the following non-degenerate in-
variant tensor: 〈

G̃(i)
a G̃

(j)
b

〉
= αi+jδab ,〈

J̃ (i)S̃(j)
〉

= −αi+j ,〈
T̃

(i)
1 T̃

(j)
2

〉
= αi+j ,〈

Q̃−(m)
α Q̃

−(n)
β

〉
= 2αm+n−1Cαβ =

〈
Q̃+(m)
α R̃

(n)
β

〉
, (3.41)

where i, j = 0, 1, . . . , N ; m,n = 1, 2, . . . , N , and i + j < N + 1, i + m < N + 1, and
m+n < N +1. Here, the non-vanishing components of an invariant tensor for the GEB(N)
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superalgebra are obtained from the super Nappi-Witten ones (2.3) using the definitions of
the S-expansion method [53]. Then, a GEB(N) CS supergravity action can be constructed
by inserting the gauge connection one-form (3.40) and the non-vanishing components of
the invariant tensor (3.41) in the general expression for the CS action (2.5), that yields

IGEB(N) = αiIi = α0I0 + α1I1 + . . .+ αNIN , (3.42)

with

Ii =
∫
ω(j)
a dωa(k)δij+k + εacω(j)

a ω(k)ω(l)
c δ

i
j+k+l − 2s(j)dω(k)δij+k + 2t(j)1 dt

(k)
2 δij+k

+ 2ψ̄−(m)∇ψ−(n)δim+n−1 + 2ψ̄+(m)∇ρ(n)δim+n−1 + 2ρ̄(m)∇ψ+(n)δim+n−1 , (3.43)

where the covariant derivatives of the spinor 1-forms for the GEB(N) superalgebra read

∇ψ+(m) = dψ+(m) + 1
2ω

(i)γ0ψ
+(n)δmi+n −

1
2 t

(i)
1 γ0ψ

+(n)δmi+n ,

∇ψ−(m) = dψ−(m) + 1
2ω

(i)γ0ψ
−(n)δmi+n + 1

2ω
a(i)γaψ

+(n)δmi+n + 1
2 t

(i)
1 γ0ψ

−(n)δmi+n ,

∇ρ(m) = dρ(m) + 1
2ω

(i)γ0ρ
(n)δmi+n + 1

2ω
a(i)γaψ

−(n)δmi+n + 1
2s

(i)γ0ψ
+(n)δmi+n

− 1
2 t

(i)
2 γ0ψ

+(n)δmi+n −
1
2 t

(i)
1 γ0ρ

(n)δmi+n . (3.44)

The new NR CS action is invariant under the GEB(N) superalgebra (3.39) and contains
N + 1 independent sectors proportional to the αi’s. Interestingly, one can see that the
GEB(i) CS action, for i < N , appears as a particular subcase. Indeed, the I0 and I1
CS terms describe the most general extended Bargmann supergravity action, where I0
corresponds to a NR exotic term. The explicit extended Bargmann CS action (3.8) is
recovered by identifying the gauge field one-forms as

ω(0) = ω , ω(0)
a = ωa , s(0) = s , t

(0)
1 = y1 , t

(0)
2 = y2 ,

ω(1) = τ , ω(1)
a = ea , s(1) = m, t

(1)
1 = u1 , t

(1)
2 = u2 ,

ψ+(1) = ψ+ , ψ−(1) = ψ− , ρ(1) = ρ . (3.45)

On the other hand, the I2 term along with I1 and I0 describe the MEB CS supergravity
action [7]. In particular, the I2 CS action coincides with the one obtained in (3.20) by
identifying the gauge field one-forms as in (3.45) together with

ω(2) = k , ω(2)
a = ka , s(2) = t , t

(2)
1 = b1 , t

(2)
2 = b2 ,

ψ+(2) = ξ+ , ψ−(2) = ξ− , ρ(2) = χ . (3.46)

In addition, one can see that the GMEB CS supergravity theory is described by I0, I1, I2,
and I3 by considering the redefinitions of the gauge fields as in (3.45), (3.46), and

ω(3) = f , ω(3)
a = fa , s(3) = u , t

(3)
1 = c1 , t

(3)
2 = c2 ,

ψ+(3) = ζ+ , ψ−(3) = ζ− , ρ(3) = κ . (3.47)
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Novel generalizations of the extended Bargmann supergravity theory are obtained for N >

3 and correspond to supersymmetric extensions of the GEB(N) gravity theory presented
in [27]. Let us note that the equations of motion for a specific GEB(i) superalgebra are given
by the vanishing of the curvature two-forms associated with the respective superalgebra,
which are given by (3.44) along with

F
(
ω(i)

)
= dωi + 1

2 ψ̄
+(m)γ0ψ+(n)δim+n−1 ,

F a
(
ωb(i)

)
= dωa(i) + εacω(j)ω(k)

c δij+k + ψ̄+(m)γaψ−(n)δim+n−1 ,

F
(
s(i)
)

= ds(i) + 1
2 ψ̄
−(m)γ0ψ−(n)δim+n−1 + ψ̄+(m)γ0ρ(n)δim+n−1 ,

F
(
t
(i)
1

)
= dt

(i)
1 + 1

2 ψ̄
+(m)γ0ψ+(n)δim+n−1 ,

F
(
t
(i)
2

)
= dt

(i)
2 −

1
2 ψ̄
−(m)γ0ψ−(n)δim+n−1 + ψ̄+(m)γ0ρ(n)δim+n−1 . (3.48)

The physical implications of the additional bosonic and fermionic content remains as an
interesting open issue that shall be considered in a future work.

4 Generalized extended Newton-Hooke supergravity theory and semi-
group expansion method

In this section, we apply the S-expansion method to the Nappi-Witten superalgebra (2.1)
to find a different family of NR superalgebras. In particular, we shall see that the extended
Newton-Hooke superalgebra [6] and its generalizations can be obtained considering S

(1)
L

and S(N)
M as the relevant semigroups, respectively. The semigroup choice is not arbitrary

and comes from the expansion relation presented at the level of the asymptotic symmetry.
Indeed, as it was shown in [82], the conformal superalgebra can be obtained by expanding
the super Virasoro one using S(1)

L as the relevant semigroup, while generalizations of the
superconformal symmetry are found using SM. It is interesting to notice that the same
semigroup used to relate diverse infinite-dimensional superalgebras can be considered at
the NR level. Furthermore, we will show that the generalized extended Newton-Hooke
superalgebras, which we have denoted as GNH(N), are related to the GEB(N) ones (3.39)
through an IW contraction. The construction of a NR CS supergravity action based on
the GNH(N) superalgebra is also presented.

4.1 Extended Newton-Hooke supergravity

From the super Nappi-Witten algebra (2.1), one can obtain a supersymmetric extension of
the Newton-Hooke algebra (precisely, the extended Newton-Hooke superalgebra obtained
in [8]) through the S-expansion method considering S

(1)
L = {λ0, λ1, λ2} as the relevant

semigroup, whose elements satisfy the following multiplication law:

λ2 λ2 λ2 λ2
λ1 λ2 λ1 λ2
λ0 λ0 λ2 λ2

λ0 λ1 λ2

(4.1)
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with λ2 = 0S being the zero element of the semigroup. Let S(1)
L = S0∪S1 be a decomposition

of the semigroup

S0 = {λ0, λ1, λ2} ,
S1 = {λ1, λ2} , (4.2)

which is said to be resonant [53] since it satisfies the same structure as the subspaces of
the super Nappi-Witten algebra (2.2),

S0 · S0 ⊂ S0 ,

S0 · S1 ⊂ S1 ,

S1 · S1 ⊂ S0 . (4.3)

An expanded superalgebra spanned by {L,La, N,X1, X2, L̃, L̃a, Ñ , X̃1, X̃2,Q+
α ,Q−α ,Rα} is

obtained after considering a resonant S(1)
L -expansion of the super Nappi-Witten algebra

and performing a 0S-reduction. The expanded generators are related to the super Nappi-
Witten ones through the semigroup elements as

L = λ1J , La = λ1Ga , N = λ1S ,

L̃ = λ0J , L̃a = λ0Ga , Ñ = λ0S ,

Q+
α = λ1Q

+
α , Q−α = λ1Q

−
α , Rα = λ1Rα ,

X1 = λ1T1 , X2 = λ1T2 ,

X̃1 = λ0T1 , X̃2 = λ0T2 . (4.4)

Then, one can see that the expanded NR generators satisfy two copies of the Nappi-Witten
algebra, one of which is augmented by supersymmetry,

[L,La] = εabLb , [La, Lb] = −εabN ,[
L̃, L̃a

]
= εabL̃b ,

[
L̃a, L̃b

]
= −εabÑ ,[

L,Q±α
]

= −1
2 (γ0) β

α Q
±
β , [L,Rα] = −1

2 (γ0) β
α Rβ ,[

La,Q+
α

]
= −1

2 (γa) β
α Q

−
β ,

[
La,Q−α

]
= −1

2 (γa) β
α Rβ ,[

N,Q+
α

]
= −1

2 (γ0) β
α Rβ ,

[
X1,Q±α

]
= ±1

2 (γ0)αβ Q
±
β ,[

X2,Q+
α

]
= 1

2 (γ0)αβRβ , [X1,Rα] = 1
2 (γ0)αβRβ ,{

Q+
α ,Q−β

}
= − (γaC)αβ La ,{

Q+
α ,Q+

β

}
= −

(
γ0C

)
αβ
L−

(
γ0C

)
αβ
X1 ,{

Q−α ,Q−β
}

= −
(
γ0C

)
αβ
N +

(
γ0C

)
αβ
X2,{

Q+
α ,Rβ

}
= −

(
γ0C

)
αβ
N −

(
γ0C

)
αβ
X2 , (4.5)
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where we have used the multiplication law of the semigroup S
(1)
L (4.1) and the (anti-

)commutation relations of the Nappi-Witten superalgebra (2.1). On the other hand, let us
note that the purely bosonic copy of the Nappi-Witen algebra is endowed with two u(1)
generators, namely X̃1 and X̃2. Considering the definitions of [53], one can see that the
superalgebra (4.5) admits the following non-vanishing components of the invariant tensor:

〈LaLb〉 = µδab ,
〈
L̃aL̃b

〉
= νδab ,

〈LN〉 = −µ ,
〈
L̃Ñ

〉
= −ν ,

〈X1X2〉 = µ ,
〈
X̃1X̃2

〉
= ν ,〈

Q−αQ−β
〉

= 2µCαβ ,
〈
Q+
αRβ

〉
= 2µcαβ , (4.6)

where µ and ν are arbitrary independent constants related to the ones of the super Nappi-
Witten and Nappi-Witten algebras, respectively. Interestingly, the superalgebra (4.5) can
be related to a central extension of the extended Bargmann superalgebra (3.5) after a suit-
able redefinition of the NR generators and after having performed a vanishing cosmological
constant limit. Indeed, let us consider the following redefinition of the generators:

G̃a = La − L̃a , P̃a = 1
`

(
La + L̃a

)
, Q̃+

α =
√

2
`
Q+
α ,

J̃ = L+ L̃ , H̃ = 1
`

(
L− L̃

)
, Q̃−α =

√
2
`
Q−α ,

S̃ = N + Ñ , M̃ = 1
`

(
N − Ñ

)
, R̃α =

√
2
`
Rα ,

Ỹ1 = X1 − X̃1 , Ũ1 = 1
`

(
X1 + X̃1

)
,

Ỹ2 = X2 − X̃2 , Ũ2 = 1
`

(
X2 + X̃2

)
, (4.7)

where ` is a length parameter related to the cosmological constant through Λ ∝ ± 1
`2 . Thus,

the expanded superalgebra (4.5) can be rewritten as[
J̃ , G̃a

]
= εabG̃b ,

[
G̃a, G̃b

]
= −εabS̃ ,

[
J̃ , P̃a

]
= εabP̃b ,[

H̃, G̃a
]

= εabP̃b ,
[
G̃a, P̃b

]
= −εabM̃ ,

[
H̃, P̃a

]
= 1
`2
εabG̃b ,[

P̃a, P̃b
]

= − 1
`2
εabS̃ ,

[
J̃ , Q̃±α

]
= −1

2 (γ0) β
α Q̃±β ,

[
H̃, Q̃±α

]
= − 1

2` (γ0) β
α Q̃±β ,[

J̃ , R̃α
]

= −1
2 (γ0) β

α R̃β ,
[
H̃, R̃α

]
= − 1

2` (γ0) β
α R̃β ,

[
G̃a, Q̃

+
α

]
= −1

2 (γa) β
α Q̃−β ,[

P̃a, Q̃
+
α

]
= − 1

2` (γa) β
α Q̃−β ,

[
G̃a, Q̃

−
α

]
= −1

2 (γa) β
α R̃β ,

[
P̃a, Q̃

−
α

]
= − 1

2` (γa) β
α R̃β ,[

S̃, Q̃+
α

]
= −1

2 (γ0) β
α R̃β ,

[
M̃, Q̃+

α

]
= − 1

2` (γ0) β
α R̃β ,

[
Ỹ1, Q̃

±
α

]
= ±1

2 (γ0)αβ Q̃
±
β ,[

Ũ1, Q̃
±
α

]
= ± 1

2` (γ0)αβ Q̃
±
β ,

[
Ỹ2, Q̃

+
α

]
= 1

2 (γ0)αβ R̃β ,
[
Ũ2, Q̃

+
α

]
= 1

2` (γ0)αβ R̃β ,[
Ỹ1, R̃α

]
= 1

2 (γ0)αβ R̃β ,
[
Ũ1, R̃α

]
= 1

2` (γ0)αβ R̃β ,
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{
Q̃+
α , Q̃

−
β

}
= −1

`
(γaC)αβ G̃a − (γaC)αβ P̃a ,{

Q̃+
α , Q̃

+
β

}
= −1

`

(
γ0C

)
αβ
J̃ −

(
γ0C

)
αβ
H̃ − 1

`

(
γ0C

)
αβ
Ỹ1 −

(
γ0C

)
αβ
Ũ1 ,{

Q̃−α , Q̃
−
β

}
= −1

`

(
γ0C

)
αβ
S̃ −

(
γ0C

)
αβ
M̃ + 1

`

(
γ0C

)
αβ
Ỹ2 +

(
γ0C

)
αβ
Ũ2 ,{

Q̃+
α , R̃β

}
= −1

`

(
γ0C

)
αβ
S̃ −

(
γ0C

)
αβ
M̃ − 1

`

(
γ0C

)
αβ
Ỹ2 −

(
γ0C

)
αβ
Ũ2 . (4.8)

This superalgebra corresponds to a supersymmetric extension of the extended Newton-
Hooke algebra [91–98] and coincides with the one presented in [8]. One can notice that it
contains two additional bosonic generators, namely Ỹ1 and Ỹ2, with respect to the extended
Newton-Hooke superalgebra introduced in [6]. Such generators, along with Ũ1 and Ũ2, act
non-trivially on the fermionic generators Q̃±α and R̃α. Remarkably, in the flat limit `→∞
we recover the centrally extended version of the extended Bargmann superalgebra (3.5)
with central charges Ũ1 and Ũ2.

The presence of the additional bosonic generators ensures to have a non-degenerate
invariant tensor allowing us to construct the most general CS action invariant under the
extended Newton-Hooke superalgebra. In particular, the invariant tensor can be obtained
from the invariant tensor of the two copies of the Nappi-Witten algebra, one of which is
supersymmetric. Indeed, considering the redefinition of the generators (4.7) in the invariant
tensor (4.6), we find that the extended Newton-Hooke superalgebra admits the following
non-vanishing components of the invariant tensor:〈

G̃aG̃b
〉

= α0δαβ ,
〈
J̃ S̃
〉

= −α0 ,
〈
Ỹ1Ỹ2

〉
= α0 ,〈

G̃aP̃b
〉

= α1δαβ ,
〈
J̃M̃

〉
= −α1 ,

〈
Ỹ1Ũ2

〉
= α1 ,〈

P̃aP̃b
〉

= α0
`2
δαβ ,

〈
H̃S̃

〉
= −α1 ,

〈
Ũ1Ỹ2

〉
= α1 ,〈

H̃M̃
〉

= −α0
`2
,

〈
Ũ1Ũ2

〉
= α0
`2
, (4.9)

along with 〈
Q̃−α Q̃

−
β

〉
= 2

(
α0
`

+ α1

)
Cαβ ,〈

Q̃+
α R̃β

〉
= 2

(
α0
`

+ α1

)
Cαβ , (4.10)

where the Newton-Hooke parameters are related to the Nappi-Witten ones through

α0 = µ+ ν , α1 = 1
`

(µ− ν) . (4.11)

One can see that the invariant tensor (3.6) for the extended Bargmann superalgebra are
recovered in the vanishing cosmological constant limit `→∞.

Let us now consider the gauge connection one-form A for the extended Newton-Hooke
superalgebra (4.8), that is

A = ωJ̃ + τH̃ + ωaG̃a + eaP̃a + sS̃ +mM̃ + y1Ỹ1 + y2Ỹ2 + u1Ũ1 + u2Ũ2

+ ψ̄+Q̃+ + ψ̄−Q̃− + ρ̄R̃ . (4.12)
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Then, the three-dimensional extended Newton-Hooke CS supergravity theory is obtained
considering the gauge connection one-form (4.12) and the non-vanishing components of
the invariant tensor (4.9)–(4.10) and plugging them into the general expression for a CS
action (2.5). By doing so, one gets

INH = α0I0 + α1I1 , (4.13)

where

I0 =
∫
ωaR

a(ωb)− 2sR (ω) + 1
`2
eaR

a
(
eb
)
− 1
`2

2mR (τ) + 2y1dy2 + 2
`2
u1du2

− 2
`
ψ̄−∇ψ− − 2

`
ψ̄+∇ρ− 2

`
ρ̄∇ψ+ , (4.14)

I1 =
∫

2eaRa(ωb)− 2mR(ω)− 2τR(s) + 1
`2
εabτe

aeb + 2y1du2 + 2u1dy2

− 2ψ̄−∇ψ− − 2ψ̄+∇ρ− 2ρ̄∇ψ+ . (4.15)

Here, the curvature two-form R(s) is given by

R(s) = ds+ 1
2ε

acωaωc , (4.16)

while R(ω) and Ra(ωb) are given by (2.7). Besides, the covariant derivatives of the spinor
1-form fields read

∇ψ+ = dψ+ + 1
2ωγ0ψ

+ + 1
2`τγ0ψ

+ − 1
2y1γ0ψ

+ − 1
2`u1γ0ψ

+ ,

∇ψ− = dψ− + 1
2ωγ0ψ

− + 1
2ω

aγaψ
+ + 1

2`τγ0ψ
− + 1

2`e
aγaψ

+ + 1
2y1γ0ψ

− + 1
2`u1γ0ψ

− ,

∇ρ = dρ+ 1
2ωγ0ρ+ 1

2ω
aγaψ

− + 1
2sγ0ψ

+ + 1
2`τγ0ρ+ 1

2`e
aγaψ

− + 1
2`mγ0ψ

+

− 1
2y2γ0ψ

+ − 1
2y1γ0ρ−

1
2`u2γ0ψ

+ − 1
2`u1γ0ρ . (4.17)

The three-dimensional CS extended Newton-Hooke supergravity action (4.13) can be writ-
ten in terms of two independent CS actions. The CS term I0 corresponds to an exotic CS
NR supergravity action [6] and can be seen as the NR version of the exotic N = 2 CS AdS
supergravity action [49, 99, 100],

IAdS
exotic =

∫
ωAdω

A + 1
3εABCω

AωBωC + 1
`2
eAT

A + tdt + 1
`2

udu− 2
`
ψ̄i∇ψi , (4.18)

where A = 0, 1, 2, i = 1, 2, and {t, u} are so(2) internal symmetry gauge fields. On the
other hand, the CS term I1 is the supersymmetric extension of the Newton-Hooke gravity
action and resembles the extended Newton-Hooke supergravity action introduced in [6]
except for the presence of the additional bosonic gauge fields y1, y2, u1, and u2. At the
bosonic level, the relativistic exotic term is related to the Pontryagin density, while the
term along α1 corresponds to an Euler CS form [101]. The combination of both families
allows to write the most general CS action not only for the AdS (or Poincaré) algebra but
also for the Maxwell-like symmetries [102]. Interestingly, the exotic Pontryagin CS term
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can be extended at the supersymmetric and NR level, corresponding to the I0 CS action.
As we shall see in the next section, the NR exotic terms can also be introduced into a
generalized extended Newton-Hooke supergravity theory.

Let us note that the non-degeneracy of the invariant tensor (4.9)–(4.10) is related to
the requirement that the CS supergravity action involves a kinematical term for each gauge
field. Then, the equations of motion of the extended Newton-Hooke supergravity theory are
given by the vanishing of the corresponding curvature two-forms, which are given by (4.17)
along with

F (ω) = R(ω) + 1
2`ψ̄

+γ0ψ+ ,

F (τ) = d (τ) + 1
2 ψ̄

+γ0ψ+ ,

F a(ωb) = Ra(ωb) + 1
`2
εacτec + 1

2 ψ̄
+γ0ψ− ,

F (s) = R(s) + 1
2`ε

aceaec + 1
2`ψ̄

−γ0ψ− + 1
`
ψ̄+γ0ρ ,

F (y1) = dy1 + 1
2`ψ̄

+γ0ψ+ ,

F (y2) = dy2 −
1
2`ψ̄

−γ0ψ− + 1
`
ψ̄+γ0ρ ,

F a(eb) = dea + εacωec + εacτωc + ψ̄+γaψ− ,

F (m) = dm+ εacωaec + 1
2 ψ̄
−γ0ψ− + ψ̄+γ0ρ ,

F (u1) = du1 + 1
2 ψ̄

+γ0ψ+ ,

F (u2) = du2 −
1
2 ψ̄
−γ0ψ− + ψ̄+γ0ρ . (4.19)

Here, one can prove that the vanishing cosmological constant limit `→∞ reproduces the
equations of motion of the extended Bargmann supergravity theory. Thus,the extended
Newton-Hooke supergravity theory reproduces, in the flat limit, the extended Bargmann
supergravity theory (3.8). In particular, I0 reduces to the exotic extended Bargmann
gravity action, while the I1 term leads us to the usual extended Bargmann supergravity [3]
endowed with extra bosonic gauge fields.

4.2 Generalized extended Newton-Hooke supergravity

A generalization of the extended Newton-Hooke superalgebra, denoted as GNH(N), can be
obtained by performing an S-expansion of the super Nappi-Witten algebra (2.1). To this
end, let us first consider S(2N)

M = {λ0, λ1, λ2, . . . , λ2N−1, λ2N} as the relevant semigroup
whose elements satisfy the following multiplication law:

λαλβ =
{
λα+β if α+ β ≤ 2N ,

λα+β−2N if α+ β > 2N ,
(4.20)

with N ≥ 2. Let us note that, unlike the semigroups S(2N)
E and S

(1)
L , there is no zero

element in the present semigroup. Let us now consider a semigroup decomposition S(2N)
M =
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S0 ∪ S1 where

S0 = {λ2i, i = 0, . . . , N} ,
S1 = {λ2m−1, m = 1, . . . , N} . (4.21)

Such decomposition is said to be resonant since it satisfies the same subspace decomposition
of the Nappi-Witten superalgebra (2.2),

S0 · S0 ⊂ S0 ,

S0 · S1 ⊂ S1 ,

S1 · S1 ⊂ S0 . (4.22)

One can see that a novel family of NR superalgebras is obtained after performing a resonant
S

(2N)
M -expansion to the super Nappi-Witten algebra (2.1). In particular, the expanded NR

generators are related to the super Nappi-Witten ones through the semigroup elements
as follows:

J̃ (i) = λ2iJ , Q̃+(m)
α = λ2m−1Q

+
α ,

G̃(i)
a = λ2iGa , Q̃−(m)

α = λ2m−1Q
−
α ,

S̃(i) = λ2iS , R̃(m)
α = λ2m−1Rα ,

T̃
(i)
1 = λ2iT1 T̃

(i)
2 = λ2iT2 . (4.23)

Then, considering the multiplication law of the S(2N)
M semigroup (4.20) and the original

commutation relations of the super Nappi-Witten algebra (2.1), one can then show that
the expanded NR superalgebra satisfy the following (anti-)commutation relations:[

J̃ (i), G̃(j)
a

]
= εabG̃

(i∗j)
b ,

[
G̃(i)
a , G̃

(j)
b

]
= −εabS̃(i∗j) ,[

J̃ (i), Q̃±(m)
α

]
= −1

2 (γ0) β
α Q̃

±(i∗m)
β ,

[
J̃ (i), R̃(m)

α

]
= −1

2 (γ0) βα R̃
(i∗m)
β ,[

G̃(i)
a , Q̃

+(m)
α

]
= −1

2 (γa) β
α Q̃

−(i∗m)
β ,

[
G̃(i)
a , Q̃

−(m)
α

]
= −1

2 (γa) βα R̃
(i∗m)
β ,[

S̃(i), Q̃+(m)
α

]
= −1

2 (γ0) βα R̃
(i∗m)
β ,

[
T̃

(i)
1 , Q̃±(m)

α

]
= ±1

2 (γ0)αβ Q̃
±(i∗m)
β ,[

T̃
(i)
2 , Q̃+(m)

α

]
= 1

2 (γ0)αβ R̃
(i∗m)
β ,

[
T̃

(i)
1 , R̃(m)

α

]
= 1

2 (γ0)αβ R̃
(i∗m)
β ,{

Q̃+(m)
α , Q̃

−(n)
β

}
= − (γaC)αβ G̃

(m∗[n−1])
a ,{

Q̃+(m)
α , Q̃

+(n)
β

}
= −

(
γ0C

)
αβ
J̃ (m∗[n−1]) −

(
γ0C

)
αβ
T̃

(m∗[n−1])
1 ,{

Q̃−(m)
α , Q̃

−(n)
β

}
= −

(
γ0C

)
αβ
S̃(m∗[n−1]) +

(
γ0C

)
αβ
T̃

(m∗[n−1])
2 ,{

Q̃+(m)
α , R̃

(n)
β

}
= −

(
γ0C

)
αβ
S̃(m∗[n−1]) −

(
γ0C

)
αβ
T̃

(m∗[n−1])
2 , (4.24)

where we have defined
i ∗ j =

{
i+ j if i+ j ≤ N ,

i+ j −N if i+ j > N .
(4.25)
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The NR superalgebra (4.24) corresponds to a generalized extended Newton-Hooke super-
algebra which we have denoted as GNH(N) superalgebra. The GNH(N) superalgebra is
characterized by 3N fermionic generators and can be seen as the supersymmetric extension
of the generalized Newton-Hooke algebra presented in [65]. Furthermore, as a consequence
of the S-expansion procedure, the GNH(N) superalgebra contains 2N additional bosonic
generators with respect to the generalized Newton-Hooke ones. As we shall see, their pres-
ence ensures the non-degeneracy of the invariant tensor. The present superalgebra can be
seen as the NR counterpart of the supersymmetric extension of the CN+2 algebra [72, 103].
However, the construction of a NR limit reproducing the GNH(N) superalgebra shall not
be explored here.

It is important to clarify that N ≥ 2, while the usual extended Newton-Hooke super-
algebra (4.8) does not appear as a particular subcase of GNH(N) since it has been obtained
with a different semigroup, namely S(1)

L . Nevertheless, since at the bosonic level the ex-
tended Newton-Hooke algebra belongs to the bosonic generalized Newton-Hooke family, we
shall consider the extended Newton-Hooke superalgebra as the GNH(1) superalgebra. The
first case obtained with the present procedure corresponds to the GNH(2) superalgebra.
In particular, the N = 2 case reproduces the enlarged extended Bargmann (EEB) super-
algebra recently introduced in [8]. Remarkably, similarly to the extended Newton-Hooke
superalgebra, the EEB superalgebra can be written as three copies of the Nappi-Witten
algebra, two of which are augmented by supersymmetry [8]. One could argue that the
GNH(N) superalgebra could be written as N + 1 copies of Nappi-Witten algebras, N of
which should be augmented by supersymmetry. Nevertheless, this does not hold true any-
more for N > 2.

Let us note that the 2N extra bosonic generators T̃ (i)
1 and T̃

(i)
2 allow to have a

non-degenerate invariant tensor which is essential to the proper construction of a NR
CS supergravity action. Indeed, following the definitions of [53], it is possible to show
that the GNH(N) superalgebra admits the following non-vanishing components of the
invariant tensor: 〈

G̃(i)
a G̃

(j)
b

〉
= αi∗jδab ,〈

J̃ (i)S̃(j)
〉

= −αi∗j ,〈
T̃

(i)
1 T̃

(j)
2

〉
= αi∗j ,〈

Q̃−(m)
α Q̃

−(n)
β

〉
= 2αm∗(n−1)Cαβ =

〈
Q̃+(m)
α R̃

(n)
β

〉
, (4.26)

where the NR parameters appear as a consequence of the S-expansion procedure [53]. On
the other hand, the GNH(N) gauge connection one-form A reads

A =ω(i)J̃ (i) + ωa(i)G̃(i)
a + s(i)S̃(i) + t

(i)
1 T̃

(i)
1 + t

(i)
2 T

(i)
2

+ ψ̄+(m)Q̃+(m) + ψ̄−(m)Q̃−(m) + ρ̄(m)R̃(m) . (4.27)

Then, the three-dimensional CS action based on the super GNH(N) algebra is obtained by
combining the gauge connection one-form (4.27) and the non-vanishing components of the
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invariant tensor (4.26) into the general expression for a CS action (2.5), which thus yields

IGNH(N) = αiIi = α0I0 + α1I1 + . . .+ αNIN , (4.28)

where

Ii =
∫
ω(j)
a dωa(k)δij∗k + εacω(j)

a ω(k)ω(l)
c δ

i
j∗k∗l − 2s(j)dω(k)δij∗k + 2t(j)1 dt

(k)
2 δij∗k

+ 2ψ̄−(m)∇ψ−(n)δim∗(n−1) + 2ψ̄+(m)∇ρ(n)δim∗(n−1) + 2ρ̄(m)∇ψ+(n)δim∗(n−1) . (4.29)

In particular, the covariant derivatives of the spinor 1-forms for the GNH(N) superalgebra
read

∇ψ+(m) = dψ+(m) + 1
2ω

(i)γ0ψ
+(n)δmi∗n −

1
2 t

(i)
1 γ0ψ

+(n)δmi∗n ,

∇ψ−(m) = dψ−(m) + 1
2ω

(i)γ0ψ
−(n)δmi∗n + 1

2ω
a(i)γaψ

+(n)δmi∗n + 1
2 t

(i)
1 γ0ψ

−(n)δmi∗n ,

∇ρ(m) = dρ(m) + 1
2ω

(i)γ0ρ
(n)δmi∗n + 1

2ω
a(i)γaψ

−(n)δmi∗n + 1
2s

(i)γ0ψ
+(n)δmi∗n

− 1
2 t

(i)
2 γ0ψ

+(n)δmi∗n −
1
2 t

(i)
1 γ0ρ

(n)δmi∗n . (4.30)

The CS supergravity action (4.29) is the most general CS action based on the GNH(N)

superalgebra. In particular, as in the extended Newton-Hooke supergravity, the CS ex-
pression (4.28) can be split into two families: the CS term proportional to α2k corresponds
to NR exotic terms whose bosonic counterparts are related to the Pontryagin density; on
the other hand, the contributions proportional to α2k+1 belong to the Euler CS family. In
the particular case N = 2, the CS supergravity action reproduces the EEB supergravity
theory presented in [8] by identifying the gauge field one-forms as

ω(0) = ω , ω(0)
a = ωa , s(0) = s , t

(0)
1 = y1 , t

(0)
2 = y2 ,

ω(1) = τ , ω(1)
a = ea , s(1) = m, t

(1)
1 = u1 , t

(1)
2 = u2 ,

ω(2) = k , ω(2)
a = ka , s(2) = t , t

(2)
1 = b1 , t

(2)
2 = b2 ,

ψ+(1) = ψ+ , ψ−(1) = ψ− , ρ(1) = ρ ,

ψ+(2) = ξ+ , ψ−(2) = ξ− , ρ(2) = χ . (4.31)

The EEB supergravity action contains three independent sectors proportional to α0, α1,
and α2. In such NR model, I0 describes the NR exotic gravity coupled to the additional
bosonic gauge fields y1 and y2. On the other hand, I1 and I2 describe a NR extended
supergravity model in the presence of a cosmological constant and of extra bosonic content
given by k, ka, and t (for further details about the EEB supergravity theory see [8]). The
N = 3 case would now reproduce four independent sectors as in the GMEB supergravity
theory previously introduced.

Let us note that, due to the non-degeneracy of the invariant tensor, the equations of
motion of the GNH(N) supergravity theory are given by the vanishing of the associated
curvature two-forms, which read

F
(
ω(i)

)
= dωi + 1

2 ψ̄
+(m)γ0ψ+(n)δim∗(n−1) ,
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F a
(
ωb(i)

)
= dωa(i) + εacω(j)ω(k)

c δij∗k + ψ̄+(m)γaψ−(n)δim∗(n−1) ,

F
(
s(i)
)

= ds(i) + 1
2 ψ̄
−(m)γ0ψ−(n)δim∗(n−1) + ψ̄+(m)γ0ρ(n)δim∗(n−1) ,

F
(
t
(i)
1

)
= dt

(i)
1 + 1

2 ψ̄
+(m)γ0ψ+(n)δim∗(n−1) ,

F
(
t
(i)
2

)
= dt

(i)
2 −

1
2 ψ̄
−(m)γ0ψ−(n)δim∗(n−1) + ψ̄+(m)γ0ρ(n)δim∗(n−1) , (4.32)

along with (4.30).
It is interesting to notice that the GNH(N) superalgebras are related to the GEB(N)

ones through an IW contraction procedure. The following diagram summarizes the expan-
sion and contraction relations:

super extended
Newton-Hooke

↗
S

(1)
L

super
Nappi-Witten ↓ `→∞

↘S
(2)
E

super extended
Bargmann

Generalization
−→

super
GNH(N)

↗
S

(2N)
M

super
Nappi-Witten ↓ IW

↘S
(2N)
E

super
GEB(N)

In particular, the GEB(N) superalgebras appear as an IW contraction of the generalized
extended Newton-Hooke ones by rescaling the super GNH(N) generators as follows:

J̃ (i) → σ2iJ̃ (i) , Q̃+(m)
α → σ2m−1Q̃+(m)

α ,

G̃(i)
a → σ2iG̃(i)

a , Q̃−(m)
α → σ2m−1Q̃−(m)

α ,

S̃(i) → σ2iS̃(i) , R̃(m)
α → σ2m−1R̃(m)

α , (4.33)

and considering the limit σ →∞. Note that the vanishing cosmological constant limit `→
∞ performed in the N = 1 case to recover the extended Bargmann superalgebra can also
be seen as an IW contraction. At the CS action level, the proper IW contraction requires
rescaling, in addition, the NR parameters in the invariant tensor (4.26) as αi → σiαi.

As an ending remark, let us note that the SE and SM semigroups used to obtain
the respective generalizations of the extended Bargmann and extended Newton-Hooke su-
pergravity theories are the same used to find generalizations of the super Poincaré and
super AdS algebra. Furthermore, as it was shown in [27, 65], the same semigroups were
considered at the bosonic level, allowing to define the GEB(N) and GNH(N) algebras.

5 Concluding remarks

In this paper, we have introduced an alternative procedure to obtain diverse NR CS super-
gravity theories in three spacetime dimensions. Known and new NR superalgebras have
been obtained considering the expansion method based on semigroups, the so-called S-
expansion, to a Nappi-Witten superalgebra introduced in [8]. Interestingly, the S-expansion
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allows to immediately obtain the non-vanishing components of the invariant tensor of an
expanded superalgebra in term of the original ones. Such advantage has allowed us to
construct, in a systematic way, the respective NR CS supergravity actions for each NR
superalgebra presented.

We have shown that our resulting theories can be split into two NR supergravity
families. Indeed, the extended Bargmann supergravity along with its Maxwellian version
can be seen as particular subcases of a generalized extended Bargmann supergravity theory
which we have denoted as GEB(N) supergravity. In particular, for N = 1 we recover the
extended Bargmann supergravity theory. On the other hand, the extended Newton-Hooke
supergravity belongs to a generalized extended Newton-Hooke theory which we have called
as GNH(N). Such generalizations correspond to supersymmetric extensions of the GEB(N)

and GNH(N) bosonic algebras recently introduced in [27]. Remarkably, both families are
related through an IW contraction process, similarly as their bosonic counterparts.

It would be worth considering further studies on the Maxwellian version and general-
izations of the extended Bargmann supergravity theory. One could analyze, for instance,
the Schrödinger extension [2, 104] of the NR generalized superalgebras presented here in
a similar way as it was done in the case of the extended Schrödinger supergravity [6].
In particular, the map between Newton-Cartan geometry and Horava-Lifshitz gravity [97]
could suggest a superconformal non-projectable Horava-Lifshitz gravity. The Schrödinger
version of our results would allow us to approach an off-shell formulation of the respec-
tive NR supergravity actions which could serve to construct NR effective field theories on
curved backgrounds by means of localization [105, 106]. On the other hand, it would be
intriguing to explore the possibility to apply the S-expansion method in the context of
the Schrödinger superalgebra families, in order to establish a systematic way to obtain
generalized Schrödinger supergravity actions, in a very similar way to the construction
presented here.

A future development could also consist in generalizing our results to the extended
Newtonian family. One could expect to obtain novel Newtonian supergravity theories,
different from the extended Newtonian one presented in [4], being supersymmetric ex-
tensions of the exotic and Maxwellian extended Newtonian gravity recently introduced
in [107] and [68], respectively. Newtonian gravity models are worth studying as they offer
an action principle for Newtonian gravity through the CS formalism different from the
one introduced in [108]. It would be interesting to study the matter coupling of the new
Newtonian supergravity theories as well.

The procedure considered here could be extended to the ultra-relativistic (UR) regime.
In particular, the construction of UR supergravity models remains poorly explored [109,
110]. The S-expansion method could be applied to a Carrollian version of the Nappi-
Witten symmetry to obtain new UR superalgebras (work in progress). One could expect
to find two UR superalgebra families being the respective UR versions of the relativistic
BN+2 and CN+2 superalgebras. At the bosonic level, the Carrollian symmetries emerge
in the framework of flat holography and fluid/gravity correspondence [111–114], whose
applications motivate us to explore supersymmetric extensions of the Carrollian symmetries
in the context of supergravity.
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