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Abstract

The recent development of new manufacturing techniques of composite structures,
for example additive manufacturing (AM) techniques, allows the designer to go
beyond the classical design rules, thus finding innovative and more efficient solutions
like the variable angle-tow (VAT) composites. Variable Angle Tow and have shown to
improve structural performance by providing a better stiffness distribution. However,
additional manufacturing constraints are involved compared to straight fibre lami-
nates: mainly the maximum fibre steering curvature that can be achieved. Moreover,
if a curvilinear fibre angle orientation in laminate is changed the form, depending
buckling and vibration behaviour will be different. However, previous research has
hinted numerically on free-vibration of VAT but further buckling improvements of
variable stiffness laminates is corporating additions, resulting in a variable thickness
profile. In this thesis, the effect of the fibre orientation on the mechanical response of
variable angle tow (VAT) panels is studied. A computationally efficient high-order
one-dimensional model, obtained under the Carrera unified formulation (CUF)
procedure, is applied. In particular, a layerwise approach is selected to predict the
complex aspects that can arise in VAT panels. Buckling and free vibration analyses
are presented, regarding various material properties, geometries, and boundary
conditions, and the results are assessed with those taken by existing procedures.
Considering the findings of the comparative analysis, numerous best design practices
are suggested to increase the mechanical performances of VAT panels. In the next
step, the Genetic Algorithm (GA) optimization method is performed to optimize criti-
cal buckling loads and natural frequencies of Variable Angle Tow (VAT) laminated
composite plates. Optimization procedures of VAT plates are combined with the
layerwise theory through one-dimensional (1D) Carrera Unified Formulation (CUF)
models, to enhance the analysis effectiveness and the performance of the models. The
stochastic GA system produces irregularities in the fibre angle orientation and effects
on the performance of the structural system. Later, respecting the sample points
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through the GA, the response surface is obtained to consider the convergence of
results for the optimum design of the fibre orientation angle. The dynamic properties
of simply supported square plates are investigated during undergoing buckling loads.
Next, the results are compared with those observed using existing approaches. Fi-
nally, also different open-wall beam are reported through the free vibration problems
by analysing the different boundary conditions and geometries.
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Symbols
Cz

0: zig-zag and interlaminar continuity
ux, uy, uz: Displacement components
x, y, z: Orthogonal Cartesian reference system
B, b: Differential Operator of the strain displacmeent relations
B2, B3, B4: Beam elements with two, three, four nodes
E: Young’s modulus
Fτ , Fs: Expansion functions G: Shear modulus
i, j: Shape function indexes
k: Layer index
K: Stiffness matrix
kτsi j: Fundamental nucleus of stiffness matrix
L3, L4, L6, L9, L16: Lagrange cross-section elements with three, four, six, nine and
sixteen nodes
ζ , η : Natural coordinate system
σ : Stress vector
σxx, σyy, σzz, σxy, σxz, σyz: Stress components
ε: Strain vector
εxx, εyy, εzz, εxy, εxz, εyz: Strain components
C: Matrix of elastic coefficients of material
NI , N j: Shape functions
N: Expansion order of Fτ , Fs

δ : Virtual variation
V : Volume
uτ : Generalized displacement vector
q: nodal unknown
C22, C66, C44, C23: Stiffness coefficients
Lint : Work of internal forces
K0

σ : Geometrical stiffness matrix
Line: Work of inertial forces
n: Total number of possible outcomes in probability distribution process
ρ: Density of material
ü: Acceleration vector
X : Random variables
x: Mean value
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s2: Sample variance
s: Standard deviation
P: Load
L: Length of beam
h: Beam height
I: Inertia moment
b0, b1, bi j: Regression coefficient
-Acronyms:
a, b: upper and lower interval of PDF
BC: Boundary Condition
CDF: Cumulative Distribution Function
CLT: Classical Laminate Theory
CUF: Carrera Unified Formulation (CUF)
CS: Constant stiffness
DOE: Design of Experiment
DOF: Degree of Freedom
1D/2D/3D: One/Two/Three- Dimensional
EBBT: Euler Bernoulli Beam Theory
ESL: Equivalent Single Layer
FEM: Finite Element Model
FN: Fundamental nucleus
FRP: Fiber-reinforced Polymer
HLE: Hierarchical Lagrange Expansion
HSDT: Higher-Order Shear Deformation Theories
IC: Interlaminar Continuity
LE:Lagrange Expansion
LHS: Latin Hypercube Sampling
LW: Layerwise theory
MC: Monte Carlo
PDF: Probability Density Function
PVD: Principle of Virtual Displacement
RA: Regression Analysis
RS: Response Surface
TBT: Timoshenko Beam Theory
TE: Taylor Expansion
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VAT: Variable Angle Tow
ZZ: Zig-Zag theory
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Chapter 1

Introduction

1.1 Overview

Over the last decades, Fibre-Reinforced Polymer (FRP) composite materials become
well known as fast-growing area and favoured materials for construction of aircraft
and spacecraft, automotive, marine, sports and in civil infrastructures [2, 3]. The
FRP composite materials introduce numerous advantages in contrast to the metallic
structures in terms of weight decrease and enhanced structural performance. In
aerospace structure design, stability is the most critical factor, therefore all the
probable loading conditions on various parts of the structure have to be analyses to
produce a safer design. Also, the recent evolution of new composite construction and
manufacturing techniques, for example the machines of automated fibre placement,
makes it possible to go beyond classical design rules, so the designer is looking for
innovative and more efficient solutions than the classic straight fibre settings. The
use of automated fibre placement technology created a novel level of composite
materials which is called Variable Angle Tow (VAT) composites (see [4–6]). Such
structures achieved a great influence since they allow the designer to tailor a structure
to show the most desirable static and dynamic response under the designated loads.
In recent years, the use of VAT panels in aerospace applications increased. The
continuous variation of the stiffness properties, obtained by curvilinear fibre path,
provides considerable advantages in comparison with the conventional composite, in
terms of buckling and dynamic properties which presented by [7–9].
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1.2 Problem Statement

The analysis and modelling of such anisotropic structures represent a challenging
issue for scientists. The Classical Laminate Theory (CLT) was first adopted for this
aim. For instance, Leissa et al. [7] used the Ritz method and the theory of thin plates
to confirm the improvement of buckling load and the fundamental frequency of 38%
and 21%, respectively. Olmedo and Gurdal [10] showed an 80% improvement in
VAT composite buckling loads. [11] used the highly efficient Riley-Ritz theory as a
traditional finite element model. Most of the literary works such as [12–15] deal with
the buckling behaviour of VAT panels performed with numerical, semi-analytical
and analytical methods that mostly use CLT. Besides, [16, 17] used the CLT for the
dynamic analysis of panels with variable stiffness properties.The Ritz method can
be used as an efficient and versatile method for the variable stiffness doubly curved
shell structures in free vibrations and linear transient analysis, see [18]. In general,
the Finite Element Method (FEM) is the most well-known numerical method for
accurate analysis of composite structures. This method is detailed enough, although,
in a repetitive step in the design of such structures, 3D FEM is slow and high-priced
due to the need for mesh and high computational costs. Refined finite element
techniques may be applied to decrease computational costs without compromising
accuracy. A comprehensive approach that can be applied to extract refined finite
element models was presented by [19].

The Carrera Unified Formulation (CUF) introduced for 1D beam models and 2D
plates and shells by going beyond from different classical theories obstacles. CUF
has employed the notation which is condensed and providing the 3D displacement
field over the cross-section of beam structure and over the thickness of thickness
in plate and shells. A different function of expansion are used in CUF within the
formulas; these expansions that can be employed are polynomial, harmonic, and
exponential. In CUF the weak form of governing equations is achieved by FEM. In
the CUF framework, any desired order of cross-section can be used independently
from the properties of the problem. Giunta et al. [20] employed the 1D CUF models
which shower an outstanding computational cost reduction in contrast with 3D solid
FEM. In other words, using CUF, a 1D FEM can be applied for analyzing complex
3D structures. A comprehensive review of whole 1D models can be found in [20].
There is a vast literature on the subject of CUF models, [21–25], and in the form of
1D beam [26–29].
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1.3 Objective of the Research Project

The main aim of this research project is to analysis the VAT composite structures
through the 1D beam in CUF framework to develop a fit optimization method over
different types of structural analysis. Specific aspects of the present research to
address the above objective are:

• 1D CUF Modeling and analysis of VAT in different geometries to be investi-
gated in different boundary condition for buckling and vibration behaviour of
VAT.

• In the next step as the main goal of the current thesis, Genetic Algorithm
(GA) is chosen to fit buckling and vibration analysis and then Latin Hypercube
Sampling method is used to be compared with the results those obtained by
GA stochastic sample generation.

• One more objective of this thesis was to evaluate the open cross-section thin-
wall beam structure in vibration analysis. A comprehensive study has done
on boundary conditions, beam length and effect of the geometry of open
cross-section under the natural frequencies.

1.4 Outline

Formation of the current thesis is classified in six chapters that concisely present as
following:
CHAPTER 1 introduced an overview for PhD thesis.
CHAPTER 2 is concentrated on the primary and principal theories and beam models
in both classical and unified formulation and mostly focused on multi-layered struc-
tures.
CHAPTER 3 describes different sample generation methods and all necessary defini-
tion of stochastic analysis.
CHAPTER 4 addressed to the results from variable angle tow composites under
different boundary conditions, geometries, materials which investigated in different
types of analysis.
CHAPTER 5 is focused on the optimization procedure for variable angle two in two
different analysis such as buckling and free vibration analysis. In this chapter, the
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CUF method is linked with a Genetic Algorithm to achieve the optimum outcomes
for the highest first buckling load and highest first natural frequency.
CHAPTER 6 is the final part of this study which present the vibration behaviour in
the thin-wall beam which is modelled in the CUF framework in comparison with
different references.



Chapter 2

Multi-Layered Beam Structures:
Classical Models and Unified
Formulation

2.1 Introduction

In recent decades, the development of mathematical models capable of accurately
describing the behaviour of multilayer composites has become increasingly important.
First, the potentials of the classical approaches used for mechanical models of
metallic structures were investigated. Despite, the classical models do not take into
account some specific kinematic and mechanical aspects of composite materials,
for example, transverse deformation and the maximum shear and normal stresses
on the mechanical behaviour of composites. For this reason, researchers tried to
obtain new theories for the precise definition of composite materials to improve their
understanding and predicting their mechanical behaviour.
This chapter shortly describes the 1D refined models applied within the thesis study.
1D CUF model is formulated in the finite element model in terms of fundamental
nuclei and by using the Principle of Virtual Displacement (PVD). The abilities of 1D
CUF beam models are distinguished within numerical models dealing with structural
analysis of composite panels. This chapter is the core for solving various kinds of
the problem through the thesis.
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Fig. 2.1 Observation of the given displacement field in global, local and C0
z requirements [1].

2.2 Theories of multi-layered structures: Displacement-
Based Formulation

For structural analyzing of composite materials, we are faced with many features
and challenges. These challenges arise due to the anisotropic and heterogeneous
nature of composite materials. Besides, there are some requirements for defining
the continuity of displacement and transverse stresses through the thickness, that is
called C0

z requirements. for evaluating the behaviour of composite structures, two
main categories exist:

• The theories with displacement base

• The theories with the mixed formulation

Equivalent single layer (ESL) theory is the most common hypothesis based on the
displacement thoeries which consists of three approaches: classical laminate theory
(CLT), Zig-Zag theory (ZZ) and Layerwise (LW) approach [1]. In Figure 2.1, the
displacement field express by polynomial function while other types of function can
be used, for instance, exponential, trigonometric and hyperbolic for expansion of
displacement-based theories [1].
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2.2.1 Theory of Equivalent Single Layer

For modelling of composite structures, classical plate theories are the first hypothesis
which was used for composite structures. In these type of theories, the behaviour
of global transverse effect was evaluated independently from layers number and the
displacement field assumption continuously within the thickness. Moreover, the
laminates considered like one single layer. These assumption can be considered as
ESL theories [1, 30].

u(x,y,z) = u0(x,y)−
dw
dx

z

v(x,y,z) = v0(x,y)−
dw
dy

z (2.1)

w(x,y,z) = w0(x,y)

CLT deficiency refers to the assumption that the transverse shear is zero. There-
fore, the Reissener and Mindlin [31, 32] can be used for overcoming this limitation
which developed the formulation of plates. Consequently, several pieces of the
research proposed the displacement theories by higher-order polynomials, which can
call Higher-Order Shear Deformation Theories (HSDT) that the generic form of that
express by:

u(x,y,z) =
m

∑
i=0

ui(x,y)zi

v(x,y,z) =
m

∑
i=0

vi(x,y)zi (2.2)

w(x,y,z) =
m

∑
i=0

wi(x,y)zi

2.2.2 Layerwise Theory

In classical Bernoulli-Euler and Timoshenko (first-order shear deformation) beam
theories, it is assumed that the cross-section plane remains plane after deformation.
This hypothesis is accurate enough for isotropic and layered composite beams
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Fig. 2.2 Scheme of Layerwise approach

with similar stiffnesses in plies while it drives to serious contrasts with the actual
state of stresses in laminated beams when one or more layers have quite different
stiffnesses [33]. Following the approach, third-order layerwise theory can express by
displacement field in a generalized form as [34, 35]:

uk(x,y,z) = uk
0(x,y)+uk

1(x,y)z+u2(x,y)z2 +u3(x,y)z3

vk(x,y,z) = vk
0(x,y)+ vk

1(x,y)z+ v2(x,y)z2 + v3(x,y)z3 (2.3)

wk(x,y,z) = wk
0(x,y)+wk

1(x,y)z+w2(x,y)z2 +w3(x,y)z3

Displacement field based on Eq. 2.3 possess four variables in each component,
and in common, there are 12n variables for a laminate with n layers. In fact, lay-
erwise theory presents an expansion of local displacement field for each layer of
materials. Therefore, the layerwise theories describe both zig-zag displacement com-
putation and transverse stresses which are continues within the thickness. As a result,
layerwise theory can provide an accurate behavioural prediction of the composite
laminates. Nonetheless, it presents some penalties such as high computational cost.

2.2.3 Zig-Zag Theory

A comprehensive historical review on layerwise theories which were focused on
the zig-zag theories is presented by Carrera [36]. This study highlighted the prior
research by Lekhnitskii [37], Ambartsumian [38] and Reissner [32]. Zig-Zag theories
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provided a displacement field which is continued in the direction of plate thickness
and it is known as Interlaminar (IC) of transverse stresses at each layer interface.

The geometry of the plate and the shell are taken into account, even if in some
cases the beams are also considered. Models in which the number of displacement
variables is kept independent of the number of constituent layers are the most
controversial. Attention is limited to those plate and shell theories that are based on
the so-called method of hypotheses or the axiomatic approach in which hypotheses
for displacement and/or transverse stresses are introduced, a complete review can be
found in Carrera in 2003 [36].

Different 2D modelling of multilayered plates and shells such as Cauchy-Poisson-
Kirchhoff-Love thin plate/shell theory, or Reissner-Mindlin theory [31, 32] not ap-
propriate to describe the reproduce piecewise continues displacement and transverse
stress field through-thickness direction in multilayered structures. These two effects
introduced by the acronym C0

z -a requirement which shows that the displacements
and transverse stresses must be C0

z -continue functions in the thickness direction,
along z-coordinate. Piecewise of transverse stress and displacement field is often
described in the open literature as ZZ And IC, respectively.

uk(x,y,z) = uk
0(x,y)+uk

1(x,y)z+u2(x,y)z2 +u3(x,y)z3

vk(x,y,z) = vk
0(x,y)+ vk

1(x,y)z+ v2(x,y)z2 + v3(x,y)z3 (2.4)

wk(x,y,z) = w0(x,y)

2.3 One Dimensional Carrera Unified Formulation
(CUF)

In the 1D model of Carrera Unified Formulation (CUF) approach, the unknown
variables turn to the beam axial coordinate as one of the coordinates. The axial
coordinate in CUF framework is along the y axis and cross-section coordinates lay
on the xz-coordinates which shows by a plane of Ω in Figure 2.3. A generalized
three-dimensional displacement vector can be presented as:
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Fig. 2.3 A generic beam Cartesian system

u(x,y,z) = {ux uy uz}T (2.5)

where u is a displacement vector and T is a transposition. In CUF as a hierarchical
system, the structural theories defined by the cross-section expansion function, as
following:

u(x,y,z) = Fτ(x,z)uτ(y) τ = 1,2, ...,M (2.6)

where Fτ(x,z) is the expansion function of cross-section, uτ(y) denotes the general-
ized displacement vector and M is the number of terms in expansion function. Fτ

in terms of M can remain arbitrary in classical beam model like Euler Bernoulli
Beam Theory (EBBT) or Timoshenko Beam Theory (TBT) Different classes of
basis function can be used as an instance: polynomial, harmonic, trigonometric
or exponential expansion. In the framework of 1D CUF beam model, three kinds
of expansion functions are commonly employed: (i) Taylor Expansion (TE), (ii)
Lagrange Expansion (LE) and (iii) Hierarchical Lagrange Expansion (HLE) [39].
TE and LE function expansions are widely used through the current thesis which is
explained in detail by the next section.
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2.3.1 Taylor Series Expansion

F1 = 1,

F2 = x, F3 = z,

F4 = x2, F5 = xz, F6 = z2 (2.7)

F7 = x3, F8 = x2z, F9 = xz2, F10 = z3

in which the polynomial expansions are taken from Pascal’s triangle. Classical
beam theories (CBT) such as EBBT and TBT can be introduced by the first order of
Taylor expansion (TE1). Displacement field for EBBT built based on:

ux = ux1

uy = uy1 −
∂ux1

∂uy
x− ∂uz1

∂uy
z (2.8)

uz = uz1

From the mathematic point, EBBT displacement field can be written in the
form of Maclaurin series expansion where a zero-order approximation is used for
the in-plane components and N-order=1 is adopted for axial displacement, and by
kinematic consideration, the relations between unknown can be driven. Then, the
displacement of the TBT theory with five unknown presents:

ux(x,y,z) = ux1(y)

uy(x,y,z) = uy1(y)+φz(y)x+φx(y)z (2.9)

uz(x,y,z) = uz1(y)

For more detail on the formulation of EBBT and TBT, see [20].
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(a) Constant (b) First-order

(c) Second-order (d) Higher-order

Fig. 2.4 Cross-section function Fτ with various polynomial order

Fig. 2.5 Three-, six-, four-, nine-, Sixteen- node Lagrange element in actual geometry

2.3.2 Lagrange Expansion

The Lagrange expansion in 1D modes is introduced as LE models that can be
expressed by Lagrange-type polynomial. LE has more advantages than TE models,
including the physical meaning of Lagrange models, and uses a different approach
and exploited the isogeometric parameters. The cross-sections can be discretized
by employing different types of Lagrange elements. For instance linear three-node
(denotes as L3), bi-linear four-point (L4), quadratic nine-point (L9) and cubic sixteen-
point (L16) elements Different coordinate systems are shown for 9L9 elements in
Figure. 2.5.

Furthermore, an example of L9 element in actual and natural coordinate system is
shown in Figure. 2.6. The coordinate transformation from an arbitrary cross-section
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Fig. 2.6 CUF LE elements in actual and normalized coordinate systems

coincides with Fτ expansion function refers to coordinates of (x,z) to the natural
square (ζ ,η), for detailed information refer to [40].

Therefore, in the natural coordinate system (ζ ,η), the Lagrange polynomial
expansion is expressed for quadrilateral Lagrange polynomial with four-point (L4):

Fτ(ζ ,η) =
1
4
(1+ζ ζτ)(1+ηητ) τ = 1,2,3,4 (2.10)

where −1 ≤ ζ ≤ 1 and −1 ≤ η ≤ 1 whereas ζτ and ητ are natural coordinates of
τ th Lagrange point of the element. The second set refers to L9:

Fτ(ζ ,η) =
1
4
(ζ 2 +ζ ζτ)(η

2 +ηητ) τ = 1,3,5,7

Fτ(ζ ,η) =
1
2

η
2
τ (η

2 −ηητ)(1−ζ
2)+

1
2

ζ
2
τ (ζ

2 −ζ ζτ)(1−η
2) τ = 2,4,6,8

Fτ(ζ ,η) = (1−ζ
2)(1−η

2) τ = 9 (2.11)

Furthermore, the polynomials for L16 are written by [19]:

FτJK(ζ ,η) = LJ(ζ )LK(η) J,K = 1,2,3,4 (2.12)



14 Multi-Layered Beam Structures: Classical Models and Unified Formulation

where LJ and LK are calculated as following:

L1(ζ ) =
1

16
(ζ −1)(1−9ζ

2) L2(ζ ) =
9

16
(1−ζ

2)(1−3ζ )

L3(ζ ) =
9

16
(1−ζ

2)(1+3ζ ) L4(ζ ) =
1

16
(1+ζ )(9ζ

2 −1)

The displacement field for L4 cross-section element can be express respectively
as:

ux = F1ux1 +F2ux2 +F3ux3 +F4ux4

uy = F1uy1 +F2uy2 +F3uy3 +F4uy4

uz = F1uz1 +F2uz2 +F3uz3 +F4uz4

(2.13)

where F1,F2, ...,F4 are based on the four Lagrange polynomials on the cross-section
coordinate, and ux1,ux2, ...,ux4 are 12 unknown displacement variables along y-axis
and express pure displacement components at each point of the L4 and respectively
for L9 displacement field with 27 unknown displacement variables is written as:

ux = F1ux1 +F2ux2 + ...+F9ux9

uy = F1uy1 +F2uy2 + ...+F9uy9 (2.14)

uz = F1uz1 +F2uz2 + ...+F9uz9

and finally for L16 with 48 unknown displacement variables is written as::

ux = F1ux1 +F2ux2 + ...+F16ux16

uy = F1uy1 +F2uy2 + ...+F16uy16 (2.15)

uz = F1uz1 +F2uz2 + ...+F16uz16
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2.4 Finite Element Formulation of 1D CUF frame-
work

2.4.1 Preliminaries

The stress and strain vectors can be defined as:

σ = {σxx σyy σzz σyz σxz σxy}T ,

ε = {εxx εyy εzz εyz εxz εxy}T (2.16)

where where ε is strain and is define using a linear differential operator b which is a
6×3, see [19]:

ε = bu (2.17)

And based on Hook’s law, the stress vector is expressed as:

σ = Cε (2.18)

Here, C is the matrix of the elastic coefficients of the material, that can be
investigated as a variable of the space coordinate which can be varied for VAT
panels, which will be explained in detail at the end of the current chapter. Then finite
element method is adopted along y-axis for the discretization of the structure with
the generalized displacement vector, which is approximated by:

u(x,y,z) = Fτ(x,z)Niqτ i i = 1,2, ...,K (2.19)

where index i refers to the number of nodes of the beam element, Ni(y) denotes
shape function, qτi stands for nodal unknowns, and K is the nodes number on the
element. Figure 2.7 illustrates the shape function along y coordinate as the beam
axis and a expansion of Fτ(x,z) over the cross-section (xz-plane) through a 1D CUF
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finite element model. It should be noticed that the shape function of Ni stands
independently from the Fτ which refers to expansion function. Besides, a Lagrange
polynomial which is standardly employed as the shape functions. In this thesis,
three different 1D finite elements are used: (i) two-nodes (B2), three-nodes (B3)
and four-nodes (B4), can be adapted to present the displacement in the form of a
linear, a quadratic and a cubic interpolation through the beam direction, respectively.
The shape function of B2, B3 and B4 elements in a natural system can express
respectively, as follows:

B2 :

N1(ζ ) =
1
2
(1−ζ )

N2(ζ ) =
1
2
(1−ζ ) (2.20)

ζ1 =−1 ζ2 = 1

B3 :

N1(ζ ) =
1
2

ζ (1−ζ )

N2(ζ ) = (1+ζ )(1−ζ ) (2.21)

N1(ζ ) =
1
2

ζ (1+ζ )

ζ1 =−1 ζ2 = 0 ζ3 = 1
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Fig. 2.7 1D beam model where y is the along the beam axis, and cross-section lay on x, z
plane through thickness.

B4 :

N1(ζ ) =− 9
16

(ζ +
1
3
)(ζ − 1

3
)(ζ −1)

N1(ζ ) =
27
16

(ζ +1)(ζ − 1
3
)(ζ −1)

N1(ζ ) =−27
16

(ζ +1)(ζ +
1
3
)(ζ −1) (2.22)

N1(ζ ) =
9

16
(ζ +1)(ζ +

1
3
)(ζ − 1

3
)

ζ1 =−1 ζ2 =−1/3 ζ3 = 1/3 ζ3 = 1

Figure 2.8, shows the distribution of the nodes and shape functions in natural
coordinate.

2.5 Weak Formulation and Governing Equation

Based on principal virtual displacement (PVD), virtual internal work can be written
as follows:

δLint =
∫

V
δε

T
σdV (2.23)

where Lint refers to strain energy, V is the volume of the element, σ is the stress
vector, and δε is the virtual variation of strain, which is presented as:
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Fig. 2.8 Two, three, four-node bar.
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Fig. 2.9 Assembly of stiffness matrix in a beam model from the fundamental nucleus.

δε = bδu = b(Fs(x,z)N j(y))δqs j (2.24)

where b is differential operator of the strain-displacements relations, j and
s present the shape function and expansion function indexes, respectively; Fs is
expansion function over x-z coordinates of cross-section, N j stands for j-th shape
function and δqs j is the virtual variation nodal unknown. Equation 9 can, then, be
written as follows:

δLint = δqT
s j

∫
V

bT N j(y)Fs(x,z)CbFτ(x,z)Ni(y)dV︸ ︷︷ ︸
Fundamental Nucleus

qτi

= δqT
s jk

τsi jqτi (2.25)

where kτsi j is CUF Fundamental Nucleus (FN) of the matrix k, see Figure.
2.9. The FN is a 3×3 matrix which represent the basic building block that can be
expanded by using the indexes to obtain the element stiffness matrix of any arbitrary
refined beam model [41].
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2.6 Numerical implementation of the VAT concept

Depending on the path function in VAT composites, each layer offers point-by-point
continuous angle variations with different values. In the case of VAT, FN components
use volume integrals. For the sake of brevity, only two terms of the FN are given
below; Others can be achieved by permutations [19]:

kτsi j
xx =

∫
V

C22Fτ,xFs,xNiN jdV +
∫

V
C66Fτ,zFs,zNiN jdV

+
∫

V
C44FτFsNi,yN j,ydV ;

kτsi j
xy =

∫
V

C23FτFs,xNi,yN jdV +
∫

V
C44Fτ,xFsNiN j,ydV ; (2.26)

In this matter, stiffness coefficients C vary within the computational domain; hence,
these coefficients must remain inside the integral of the FN.

In overall, while using finite elements, integrals can be obtained by implementing
the well-known Gauss–Legendre formula. The integral form of the function is
evaluated in the (η ,ζ ) domain by considering a natural system (for more details,
please see Carrera et al. [19]). In the VAT structure, each fibre path can be defined
as an arbitrary function, and the fibres follow a curvilinear pattern. Hence, each
position corresponds to a different stiffness value. Moreover, in the VAT composite,
the lamination angle should be accurately represented in the entire domain of the
plate, in which C is no longer constant. In this study, the integral can be introduced in
the unique form of the volume, as presented in Eq. 2.26. In this application, the Gauss
integration technique is used, and the material coefficients in the VAT composite
can be evaluated in a specific Gauss point. Accordingly, in the CUF framework, the
real values of the lamination angle at each Gauss point are considered. Furthermore,
the use of the 1D CUF beam model guarantees a smoother approximation of the
component stiffness in contrast with that taken using the finite element method; for
more features, please note to [19]. Figure. 2.10 depicts a simplified example of the
VAT concerning the Gauss points for four nodes; in the opposite, nine Gaussian
points were used in the present research.

In the VAT structure, each fibre path can be described as an arbitrary function,
and the fibres serve a curvilinear pattern. Hence, in the plate domain, C is no longer
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Fig. 2.10 VAT definition by Gaussian points

constant. Therefore, integrals can be presented in a unique form from Eq.2.26–based
volume.

2.6.1 Linearized buckling equations

For VAT composites in buckling problem, the Tangent stiffness matrix is conferred
in terms of CUF and FEM approximations, for more further aspect see [19]. In this
illustration, the stable buckling problems can be addressed in linearized form as the
virtual variation of the internal strain energy δ (δLint):

δ (δLint)≈ δqT
τik

τsi j
δqs j +

∫
V

δ (δε)T
σ

0dV (2.27)

where δ (δLint) is calculated regarding the sum of the linear stiffness and virtual
variation work associated with the initial stresses σ0. Consequently, by applying
the CUF formulation in Eq. (7) and FEM in Eqs. (10) and (16), the following
formulation can be obtained based on the Green–Lagrange nonlinear strain and
displacement relations (notice to Carrera et al. [19]):
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δ (δLint)≈ δqT
τik

τsi j
δqs j +δqT

τik
τsi j
σ0 δqs j = δqT

τi(k
τsi j +kτsi j

σ0 )δqs j (2.28)

where kτsi j the same as in Eq. 2.26, and a new kτsi j
σ0 appears in the form of a diagonal

matrix, which is investigated as the FN of the geometrical stiffness matrix and is
expressed for the buckling case as follows:

kτsi j
σ0 = (

∫
V

σ
0
xxFτ,xFs,xNiN jdV +

∫
V

σ
0
yyFτFsNi,yN j,xdV +

∫
V

σ
0
zzFτ,sFs,zNiN jdV

+
∫

V
σ

0
xyFτ,xFsNiN j,ydV +

∫
V

σ
0
xyFτ,xFs,xNi,yN jdV +

∫
V

σ
0
xyFτ,xFs,zNiN jdV

+
∫

V
σ

0
xzFτ,sFs,xNiN jdV +

∫
V

σ
0
yzFτ,zFsNiN j,ydV +

∫
V

σ
0
xyFτFs,zNi,yN jdV )I

(2.29)

Meanwhile Eq. 2.29, the stress tensor is defined by the 9 components correspond-
ing to a 3×3 identity matrix I. Furthermore, depending on shape function (Ni) and
function Fτ over the cross-section, any desired beam model can be available in the
CUF framework. Eventually, the global matrices are assembled in the classical FEM.
The critical buckling loads are circumscribed as those initial stress states σ0, that
define the tangent stiffness matrix singular; i.e., | K +K0

σ |= 0, see [41].

2.6.2 Free Vibration Equations

For free vibration in the frame of the 1D CUF beam model, the same approach can
be written based on specified Eqs. 2.19, 2.23, 2.24, and Eq. 2.25. Following that,
the work performed by the inertial forces presents the fundamental nucleus of the
Mass matrix [41]. The virtual variation of the work-based internal loading can be
expressed as follows:

δLine =
∫

V
ρ üδuT dV (2.30)

Where ρ stands as the material density, and ü show the acceleration vector.
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2.7 Conclusion

Current chapter well explained the 1D higher-order beam model which is applied
through the analysis of beam structure in the present thesis. This 1D model achieved
by CUF framework which is a hierarchical formulation and can be used in the
different form of structures such as beam, plate and shell. Moreover, it showed that
the CUF governing equation are taken based on the fundamental nucleus definition
by using PVD. 1D CUF model is obtained three-dimensional displacement field
which can reduce the computational costs.



Chapter 3

Stochastic Analysis

3.1 Introduction

Sampling is the process by which values are randomly drawn from input probability
distributions. Therefore, choosing a sampling method directly affects both the quality
of results and the length of simulation time. Each iteration is one simulation with N
random samples. The current chapter explains what is Monte Carlo (MC) and how
it can be implemented, and the problem of Monte Carlo sampling method. Then
Latin Hypercube Sampling (LHS) is considered as alleviating the problem and how
correlation in LHS can be introduced.

3.2 Monte Carlo Method

In general, MC methods refers to a large group of computational algorithm which
is based on the repeating random sampling to achieve the numerical results fo a
given mathematical model. Monte Carlo is an inherent random sampling. The basic
premise is to use randomness to solve problems that can be decisive. Usually in three
problem classes the MC can be used: (1) optimization, (2) numerical integration and
(3) equalization generation of probability distributions [42]. Monte Carlo methods
can solve any problem with a possible interpretation. Based on the number of factors
involved, simulation can be complex but in general Monte Carlo can be worked in
some simple defined steps:
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• Identification of the transfer equation
Transfer equation can be an engineering formula or it can be based on the
created model by a Design Of Experiment (DOE) or Regression Analysis
(RA).

• Definition of every input parameters
For every factor in the transfer equation, the distribution of data should be
determined. Each input can follow different distribution such as Normal
Distribution, triangle, uniform distribution or any other types of distribution.

• Create random data
To obtain a valid simulation, large and random data points should be created
for each input. This data points investigate and simulate the behaviour of each
parameter which would be seen over a long time.

• Analyze and simulate the output process
By transferring the random data set to the selected equation, the outcome can
be calculated. By running enough large quantity of input data, the final model
can be predicted for the reliable decision over time, based on the variation of
each input.

MC method can be used to all of the deterministic or stochastic problems which
deterministic algorithms or analytical methods can not be profitably applied for them
[43]. MC especially can be used for studying the system which characterizes by a
large number of degrees of freedom.

After all discussion about MC, it is proper to remember that one of the problems
of MC is that the values in the outer ranges of distribution are not represented in the
samples and therefore, the impact of these data on the results can not be included in
the simulation of the output. To overcome this problem, a large number of samples is
needed. Furthermore, the new sample points which are generated in the MC method,
are not considering the previously generated sample points.

3.3 Random Sampling Method

After all discussion about MC, it is proper to remember that one of the problems of
MC is that the values in the outer ranges of distribution are not represented. A part
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Fig. 3.1 Monte Carlo-sample point

of the sampling technique refers to Random sampling in which each sample present
an equal probability of being chosen. A chose random sample proposed to be an
unbiased representation of the total population. If for any reason, the sample does
not present population, the variation is called a sampling error. Random sampling is
known as one of the most simple forms of collecting data from the total population.
Regarding the random sampling method it is necessary to define some aspects:

• Sample Space List all possible results of an experiment. Each possible result
of such an experiment is presented by a single point in the sample space.
The elements (or members) of the sample space can be thought of as all the
different probabilities that may occur.

• Probability Provides a probability description of the quantitative of occur-
rence.

• Realization or Observation Realization, or the observed value of a random
variable, is the value that is observed (what happened). Realization is indicated
in lower case (to distinguish them from random variables).

• Event An event in a set of results of an experiments. Each subset of the a
sample space is an event.

• Random variable A random variable can be a function of the X parameter
defined from a sample space to a measurable space.
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Fig. 3.2 Example of probability of a die.

Random variables come in two categories. They can be discrete or continues.
In a discrete random variable, the outcome of a random process can only
take place with exact values and for continues one, the outcomes come with
continues value as an output.

In the current thesis, discrete random variables are used in the samples and
therefore, the impact of these data on the results can not be included in the simulation
of the output. To overcome this problem, a large number of samples is needed.
Furthermore, the new sample points which are generated in the MC method, are not
considering the previously generated sample points.

3.3.1 Probability Distribution

The concept of a probability distribution is vitally important and play a key role in
the sampling methods. In the previous part, the importance of a random variable is
explained in some sort of function mapping results to real values, as well as how
probabilities relate to these results. A simple example can be for a die, where the
outcomes are equally like to happen, where the outcomes can either be a number

between 1 to 6. In this case, the probability associated with each outcome (
1
n

), where
n stands for the total number of possible outcomes, see Figure. 3.2. Since each
result has a related probability, this probability can be considered values versus the
possible outcome values. In statistics, this is what we call probability distribution.



28 Stochastic Analysis

3.3.2 Description of Probability Density Function (PDF)

The concept of PDF (Probability Density Function) and CDF (Cumulative Distri-
bution Function) are the important definitions to be introduced. PDF is a function
which is described with two different parameters, a mean value and a standard devi-
ation. When a function like normal distribution defines as a continues probability
distribution, this function call Probability Density Function or PDF. PDF is used for
continues random variables and the other function which is used for discrete random
variables call Probability Mass Function. PDF is used to calculate the probability of
a random variable within an interval:

P(a ≤ X ≤ b) =
∫ b

a
PDF(x)dx (3.1)

x ≈ D is as a mathematical notation which mean X as random variable has the
probability distribution D. In statistic, three concepts definition are very important,
which are the sample mean, sample variance and sample standard deviation which
are introduced respectively:

x =
x1 + x2 + ...+ xn

n
=

∑
n
i=1 xi

n
(3.2)

where x is the mean value, x1, ...,xn are the samples value, and n is the total number
of sample points.

s2 =
∑

n
i=1(xi − x)2

n−1
(3.3)

where s2 is sample variance;

s2 =
∑

n
i=1(xi − x)2

n−1
=

√(
n∑

n
i=1 x2

i − (∑n
i=1 xi)2

n(n−1)

)
(3.4)

The square root of variance known as standard deviation s.
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Fig. 3.3 A probability distribution expressed in cumulative form

3.4 Cumulative Probability Distribution function (CPD)

Any probability distribution may be expressed in a cumulative form which is one of
the key concept. when there is Probability distribution function as an example normal
distribution function, it can be represented in the form of cumulative distribution.
In Figure. 3.3, an example of presenting data is shown. As an instance, when
x = 0.75 and y = 0.25, means 25% of the numbers of are below of −0.75 and 75%
of the numbers are upper than −0.75, which can present the meaning of cumulative
probability function.

3.4.1 Normal Distribution of Random Sampling

For an simple exam deflection of a beam defined as:

δ =
PL3

3EI
=

4PL3

Ebh3 (3.5)

where δ is the deflection of the beam, P is load, L is the length of the beam E stands
as elasticity modulus and h is the beam height and I is inertia moment for rectangular
cross-section beams that can be calculated as:

I =
bh3

12
(3.6)

For a simple exam: For calculating the result (deflection) based on the Elasticity
modulus, or/and length as the variables input, other parameters are supposed to be
constant values to a better understanding of relationships between them. With MC
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Fig. 3.4 Normal distribution for E by 1000000 random sampling points

method accurate stochastic results can be obtained through an accurate sampling
of the input parameter. In the example of deflection of a beam, module elasticity
is selected for generating normal distribution for sampling as one of the input data
and other parameter had fixed values. P = 100 N, L = 2 m , a = 0.2 m, b = 0.02 m,
and E distributed normally to show its effect on the deflection results, see Figure 3.4,
where the number of hits can be present as PDFs.

3.4.2 Latin Hypercube Sampling Method

The LHS is one of the ways to generate random samples of the values of the
parameters. LHS is widely used in MC simulation, due to drastically reducing
the number of necessary runs to achieve reasonably accurate results [44]. LHS is
based on the Latin square design, which presents a single sample in each row and
column, and a hypercube refers to a cube with more than three-dimension. From
multiple dimension and multiple hyperplanes, Latin square can be extended. The
most important reason for using LHS is due to saving processing time through Monte
Carlo running [45]. The purpose of LHS is to recreate the input distribution with
fewer samples. The simple steps for doing LHS can follow:

• The key factor in this method is stratification of the input probability distribu-
tion.

• Stratification divides the cumulative curve into equal intervals.

• A sample is then randomly taken from each interval or stratification.

Toe eaxmple of LHS is bring for one dimension and two dimensions as shown in
Figure.3.5 and Figure. 3.6, respectively.
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Fig. 3.5 Latin hypercube sampling for one dimension- Only one sample per stratification

Fig. 3.6 Latin hypercube sampling for two dimensions- Only one sample in each row and
each column
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In the circumstances of statistical sampling, a square grid including sample
position is Latin Square if and only if there is only one sample in each row and each
column.

LHS can define for any arbitrary dimensions, whereby each sample is only in
one in each-axis, aligned hyperplane containing it. MC can call as a memoryless
sampling due to not taking into account the previous sample point while LHS
remembered in which row and column sample point was taken (memory).

3.5 Surrogate Model

An surrogate model is an engineering method used when the desired result is easily
measured directly, so an outcome model is used instead. Most engineering design
problems require experimental testing and/ or simulation to evaluate design objec-
tive function and design constraints as a function of design variables A model is
constructed based on modelling the response of simulator to a limited number of
intelligently chosen data points. When only a single design variable is involved, the
process is known as curve fitting. The most popular surrogate models are polynomial

The most popular polynoimal surrogate model that are used in current thesis are
response surface (RS) and artificial neural network (ANN) which will explained in
detail in next section and chapters 5.

• Response Surface (RS) and Artificial Neural Network (ANN)

In the current thesis Response Surface and Artificial Neural Network are used through
analysis of composite structures, see chapter 5.

3.5.1 Response Surface

For enhancing the Monte Carlo Response surface can be obtained by polynomial
approximation based on:

• Taylor’s series expansion.

• Newton’s series expansion.
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Here, in this report, Newton’s Series are using for calculation of RS. By Random
exploration of RS, the output can be achieved.

To enhance the performance of MC method to reduce its high computational
costs, MC can be coupled with RS. Statistically, RS express the relationship between
different variables in connection with one or more outcome variables [46]. RS shows
the approximation of system outputs in terms of some favourite inputs. Output data
collection can be done by random RS exploration. There are several methods for
calculating RS: polynomial regression, Surrogate model, radial basis functions, and
the Kriging method. As an example, for a approximation of the true input-output
function, second order polynomial models can be typically used in the from [47]:

y = b0 +
k

∑
j=1

b jX j +
k

∑
j=1

k

∑
i=1

bi jXiX j (3.7)

where b0, b j and bi j are the regression coefficients with i, j = 1,2, ...,k and Xi are
the k input variables.

Besides, in current research RS is combined with LHS method as well, which
will explain in detail in chapters 5.

3.5.2 Artificial Neural Network (ANN)

When the problem is faced with large amount of results, Artificial Neural Network
(ANN) can be considered as a appropriate technique to conduct the describing the
correlation between different parameters from each other. ANN does not need any
prior knowledge about the form of function, NN describes the final dependencies
between the parameters. In this study, we will define and explain the NN approach,
how it is created, used, and validated. We will then apply this technique as a post-
processing method to the database created through GA optimization of VAT in
buckling analysis, to show the accuracy of optimization results in Chapter 5.

Neural network and machine learning

In general, it can be said that NN includes machine learning algorithms, which lead
to the classification of input data and the provision of optimal output. This is why
NN can be considered as part of the machine learning process. In addition, Deep
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learning (DL) is referring to the depth of layers in a NN. A NN with more than
three layers would be inclusive of the inputs and outputs can be investigated as a
deep learning algorithm. A deep learning model would require more data points to
improve its accuracy while a machine learning models need fewer data provided
the underlying data structure. In fact, deep learning is used in the problem with
high complexity. Finally, artificial intelligence (AI) is the broadest term used to
classify machines that mimic human intelligence, see Figure 3.7. AI is applied for
predicting, automating, and optimizing tasks that humans have historically done,
such as decision making, and translation.

Fig. 3.7 Comparison of artificial intelligence, machine learning, deep learning and neural
network.

The supervised training concept describes a nonlinear variant of classical statisti-
cal modelling approaches. A neuron forms one NN single unit. This notation is a
nonlinear parametric algebraic function with finite values determined by [48]:

o j = ϕ(
n

∑
i=0

wi jxi) = ϕ(wo j +
n

∑
i=0

wi jxi) (3.8)

where o j is the output of jth neuron. This formulation is presented as the artificial
neuron which is formed of the elements described in Figure 3.8 which are:

The input values (x1, x2, ... , xn), which can be the input parameters for the
evaluated neuron or the output of other neurons in the same NN, n stands as the
inputs number, for example, i = 0, x0 input is given a value +1 with wo j as weight
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Fig. 3.8 One artificial neural network within the function of activation.

and b noted for bias. Transfer function is ∑ which is a linear combination of sum up
the inputs of xi j and weighted with the parameter of wi j. Moreover, ϕ is an activation
function which can be a linear or non-linear function which transforms the weighted
input in the neuron to the output (response). And finally, o j refers to the overall
activity of jth neuron respect to its level of activation [48]. Finally, o j refers to jth

neurons that is the entire activity related to its activation level [48].

There are three different layers which are related to a simple ANN design that
can be defined as input layers, hidden layers and also output layers. The input values
get some weight and bias and make the data as a piece of valuable information. Then,
the information will modify by an activation function from every hidden and output
layers until the final output reached, see Figure 3.9.

Creating the ANN

For creating an optimal ANN, different parameters are required to be selected. For
example, ANN type, the paradigm of learning, algorithms of training and also
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Fig. 3.9 Neural network definition diagram, x1, x2 example of inputs, wh1, wh2, wh3 example
of weights.

the hidden number of neurons should be recognized. Moreover, it is appropriate
to normalize the dataset of samples by using the formulation of maximum and
minimum values [48].

Neural network learning methods:

I. Supervised learning

Also called classification, humans provide their categorized information to the neural
network as a collection of data. In this case, the NN is expected to find the output
relationship and the input data. Supervised NN is trained to produce desired outputs
in response to sample inputs, making them particularly well suited for modelling and
controlling dynamic systems, classifying noisy data, and predicting future events.

II. Unsupervised learning

In unsupervised learning, also known as clustering, the goal is to find common
ground. In this method, there is no specific characteristic for identifying similarities.
Most of the data in the world are unlabeled data.
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Normalizing

One of the most important parameters that directly effect on the efficiency of neural
network training and accelerating the process, refers to normalization. The aim is to
include both inputs (I) and outputs or target (T) in one range between −1 and +1
using following equations [48]:

In = 2× I − Imin

Imax − Imin
−1; Tn = 2× T −Tmin

Tmax −Tmin
−1 (3.9)

where In and Tn are normalized input and target, respectively. Furthermore, Imin

and Imax, Tmin and Tmax are respectively the minimum and maximum values for the
input In and the target Tn.

Choice of the number of hidden neurons

Akaike’s information criterion (AIC) can calculate the optimal hidden layer number
based on the model quality with a statistical formulation [49]:

AIC = L.ln(MSE)+2.m (3.10)

In the Eq. 3.10, L stands for sample number which is considered in the training
phase, m express for synapse weight through the network that can calculate easily by
the sum of input and output multiple with the hidden neurons. It can also count as
the ANN DOF. In the next step, it is mandatory to calculate the mean square error
(MSE). The weight of synapses and bias of them in ANN can be obtain using error
minimizing [50]:

MSE =
1
L

L

∑
l=1

(dl − yl)
2 (3.11)

where dl denotes as value of normalized target and y1 stands as normalized
generated output for the sample number 1. In describing the AIC with lower value
indicate the better model of ANN, for more details, see [51–53]. Furthermore,
the optimal hidden neuron number can be obtained from optimal performance
corresponding to the minimum value of Root Mean Squared Error (RMSE), that is
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the MSE standard deviation [48]:

RMSE =
√

MSE =

√√√√1
L

L

∑
l=1

(dl − yl)2 (3.12)

Training algorithms

Then, a training process will act progressively for the reduction of the total error of
the network using the iteratively modifying the weights.

Coefficient of determination

For evaluating the performance of the ANN model and minimizing the error, the
value of targets is compared with the generated results in the neural network. Usually,
some statistical parameters are used for measuring the model reliability and also
validating of that model. In this case, the MSE and determination coefficient is called
R2. Therefore, in the next step, the regression plot is obtained to show the correlation
between outputs and target three aims consideration:

• The more R2 is near to 1 a better fitted model can be achieved.

• Regression plot can help for train and test of every model of neural construc-
tion.

• The output values, calculated through the training and testing process.

• Set can be correlated with the values of the target.

• The bubbles lines represent the best possible fit R2.

• The solid lines shows the real correlation between the computed output and
initial target.

The detailed current research related to the coefficient of determination will discuss
in the following section.
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3.6 Conclusion

This chapter described the different sampling methods which can use through evalu-
ation of structural analysis in CUF framework. First MC method introduced which
inherent random sampling. This method can be used to solve math and physics
problems when other solutions encounter problems and obstacles. MC was able
to use in optimization, numerical integration and equalization generation of proba-
bility distributions. Furthermore, random sampling explained in detail, probability
distribution and probability density function as well. At the final subsection, Latin
hypercube is introduced to show how it can reduce the computational cost. Besides,
RS introduced to enhance the capability of MC and LHS. Finally, the ANN also
described in particular based on the ANN sequence which is used in current thesis.



Chapter 4

Numerical Results of VAT

4.1 Introduction

Composite materials are presented as the lightweight design flexibility or tailoring
materials for desired demands in the laminate stacking sequence aerospace industries.
The benefits of composite materials are to provide high strength and high stiffness
regard to the weight, identified fatigue strength, wear, and corrosion resistance pro-
vided with the high performance and reliability [54], [55]. Buckling analysis is one
of the significant behaviour which can reach to the required resistance with constant
stiffness (CS) fibre angles through the thickness of each layer in the conventional
composites, while via the generation of a new class of composites known as variable
stiffness (VS) pointed as laminate tailoring, with embrace the curvilinear fibre paths
to the spatially, and hence vary in-plane stiffness, buckling response can manifest
significantly betterment [4], [56], in compared with CS counterpart. The stiffness
variation propose in discrete model such as Patch design or introducing continues
fiber path curvilinear which described as VAT laminates [57], [58], [59], [60]. Se-
toodeh et al. [61] showed that in-plane loads and buckling resistance in the stiff
zone with greater satisfied, and not in the critical zone can present higher buckling
load adequately in VAT plates based on finite element models [5]. Lopes et al [62],
illustrate the advantages of variable stiffness composite in compressive buckling and
failure modes of the first ply by taking advantage of finite element models as the
numerical simulation.
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Stability analysis of simply-supported rectangular plates under non-uniform
uniaxial compression using rigorous and approximate plane stress solutions [63].
Buckling introduced together with the significant failure in the thin-walled structure
and thin plates [64], [65], [66]. A classical finite element can not grantee continuity
and smooths of the variable angle tow fibres with the presumption of them straight.
Following by discretization of the fibres, a large number of elements and even higher
by using refined mesh size, which may influence on the buckling analysis results by
providing a wide variety of error including higher computational time due to higher
Degree of Freedom (DOF) [67]. For buckling analysis in an aerospace application,
Carrera Unified Formulation can introduce as a capable higher-order beam model
(1D) to represent displacement as regards arbitrary unknown over the cross-section
by Taylor-like expansion with a generic N-the order which obtained [68], [69] or
Lagrange-like polynomial expansion by expressing [41] for linear buckling analysis.
In anisotropic composite materials, refined 1D CUF beam organise to display as
Component-wise [70],[71] or layer-wise model [21], to achieve better solution in
contrast with commercial code for classical beam, plates and solid [72]. Lately, the
CUF procedure successfully employed to perform free vibration analysis of VAT
structures by Viglietti et al. [73], [74] and [75]. This chapter present linear buckling
and vibration analysis which modelled for variable stiffness composite by 1D CUF
beam model, for a thin plate with sixteen layers and then the results will be compared
with FEM to show the capability of CUF for decreasing the DOF, computational
time with well presented the continuity of variable stiffness fibre and accurate model.

4.1.1 VAT laminate equation

The linear variation of the fiber orientation angle in the VAT composites can be
designed based on the curvilinear fiber path that linearly varies along the beam axis
(y):

θ(y) = 2(T1 −T0)
|y|
a
+T0 (4.1)

where θ(y) shows the fiber orientation angle which is varied along the y−axis. T0

stands for the fiber orientation angle in the center of the plate x = 0 and T1 is the
fiber orientation angle at the edges, x =±a

2
. a presents the wide of the VAT panels,

see Figure 4.1.
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Fig. 4.1 Variable anlge tow, T0 and T1.

4.1.2 Buckling Analysis

The convergence analysis is used for one layer of the VAT plate in the CUF procedure
considering various kinematics and beam elements. Eventually, the outcomes are
validated using the FE model, which is a built-in Nastran model. The properties of
the square VAT lamina are as follows: E1 = 50 GPa, E2 =E3 = 10 GPa, G12 =G13 =

G23 = 5 GPa, ν12 = 0.25, with a thickness of 0.02 m and equal length and wide
of a = b = 1 m. The linear fiber orientation distribution < T0|T1 >=< 75◦|15◦ >
exposed to the boundary condition is as illustrate in Figure 4.2.

y

x

u=w=0

u=v=w=0

u=w=0

u=v=w=0

v= - 0.001 m

v=0.001 m

Fig. 4.2 Boundary condition of a single VAT laminate (< 75◦|15◦ >).

Based on the studied CUF model, B3 beam elements are used along the beam
axis (y) with two different polynomial expansions L9 and L16 to allow the beam
kinematics approximation on the cross-section (xz-coordinates). First, to investigate
the convergence of the models, refinement is performed along the z-direction with
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n∗z = (1, 3, 6, 9) considering the L9 Lagrange polynomial expansions on the cross-
section. In this example, the number of elements in the x and y directions (10B3)
was fixed on the symmetric square plate (see Figure 4.3). In the following step,
refinement was given along the beam axis with n∗y= (5, 7, 10, 15, 20, 30) B3. This
refinement was performed considering both the L9 and L16 expansions on the cross-
section, to demonstrate the sensitivity of the results, as shown in Figures 4.4 and 4.5,
respectively. Table 4.1 reviews the results achieved for the first and second critical

Fig. 4.3 Refined elements over the cross-section.

10 L9 5 L9 7 L9 

15 L9 20 L9 30 L9 

Fig. 4.4 Refined elements through the beam with L9 expansion over the cross-section.

buckling loads for the models, which designate the convergence of the intended
CUF approach with a significantly lower number of DOF as compared to those in
the Nastran results (see Figures 4.6 and 4.7). Moreover, the results show that the
CUF model with L9 polynomial expansions and 10B3 beam elements can converge
adequately compared to the Nastran model. Consequently, this approach can be
employed for additional modelling.
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5 B3 7 B3 10 B3

15 B3 20 B3

Fig. 4.5 Refined elements through the beam with L16 expansion over the cross-section.

DOF 1st Critical Load 2nd Critical Load n∗z n∗x = n∗y
61206 1.92 N 2.04 N - -

Nastran 242406 1.85 N 2.02 N - -
964806 1.85 N 2.02 N - -
3969 1.91 N 2.04 N 1 10
9261 1.90 N 2.03 N 3 10

CUF L9 17199 1.90 N 2.03 N 6 10
25137 1.90 N 2.03 N 9 10
1089 2.13 N 2.57 N 1 5
2025 1.98 N 2.18 N 1 7
3969 1.91 N 2.04 N 1 10

CUF L9 8649 1.87 N 1.98 N 1 15
15129 1.86 N 1.97 N 1 20
2112 1.97 N 2.48 N 1 5
3960 1.92 N 2.14 N 1 7

CUF L16 7812 1.88 N 2.02 N 1 10
17112 1.86 N 1.97 N 1 15
30012 1.85 N 1.96 N 1 20

n∗z number of elements through the thickness
n∗x number of elements along the width
n∗y number of elements along the beam axis

Table 4.1 Linear elastic buckling estimates according to the number of elements through the
beam and cross-section.
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Fig. 4.6 First critical buckling load vs. DOF, based on the refinement of the beam elements.
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Fig. 4.7 Second critical buckling load vs. DOF, based on the refinement of the beam element.
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4.1.3 Pre-buckling and buckling analyses of a sixteen-layer VAT
plate

As explained in the coming sections, the CUF framework was used to model the
VAT composites for buckling problems, and the results were verified using the
ABAQUS model detailed in [67]. A 16− ply balanced symmetric square plate
with a length of a = 254 mm was designed with a fiber angle orientation of [<
T0|T1 ><−T0|−T1 > / <−T0|−T1 >< T0|T1 >]4 under a pure compression load,
as shown in Figure 4.8. The lamina properties are set as follows: E1 = 181 GPa,
E2 = 10.270 GPa, G12 = G13 = 7.170 GPa, G23 = 3.780 GPa, ν12 = 0.28, and ply
thickness of 0.15 mm. The boundary condition (B.C.) corresponds to a fully simply
supported (SSSS) configuration, and the fibre path represents the curvilinear function
as displayed in equation 4.1. The CUF approach is used with 10B3, 15B3, and 20B3

Fig. 4.8 SSSS boundary condition (B.C.) of the plate.

beam elements corresponding to 160, 240 and 320 L9 elements, respectively, within
the cross-section to compare the FEM approach employing the quadratic element
[67]. As described in Table 4.2, the CUF model converged with a significantly
lower number of DOFs compared to that for the FEM model. It could be noted
that the CUF model can obtain such accuracy using only a small number of DOFs.
The different numbers of beam elements based on the CUF models for the first six
buckling modes are shown in Figure 4.9. Besides, it can be noted that refining the
elements along the beam axis promotes the convergence of the buckling load results.



4.1 Introduction 47

In addition, a pre-buckling analysis was presented to determine the non-uniform

Beam Element DOF Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Ref. [67] 387205 Fcr1 = 13.62 kN Fcr2 = 21.62 kN Fcr3 = 35.40 kN Fcr4 = 54.46 kN Fcr5 = 56.01 kN
(ABAQUS)

CUF 10B3 43659 Fcr1 = 13.78 kN Fcr2 = 22.03 kN Fcr3 = 37.67kN Fcr4 = 55.24 kN Fcr5 = 60.57 kN

CUF 15B3 95139 Fcr1 = 13.61 kN Fcr2 = 21.69 kN Fcr3 = 35.94 kN Fcr4 = 54.51 kN Fc5 = 57.65 kN

CUF 20B3 166419 Fcr1 = 13.67 kN Fcr2 = 21.68 kN Fcr3 = 35.69 kN Fcr4 = 54.60 kN Fcr5 = 56.69 kN

Table 4.2 Buckling mode shapes in the SSSS B.C., as obtained using the CUF and FEM
approaches, for [< 60◦|15◦ ><−60◦|−15◦ > / <−60◦|−15◦ >< 60◦|15◦ >]4.

0.6 0.8 1 1.2 1.4 1.6 1.8
log DOF 105

10

20

30

40

50

60

70

C
rit

ic
al

 B
uc

kl
in

g 
Lo

ad
 [K

N
]

1st-Fcr
2nd-Fcr
3rd-Fcr
4th-Fcr
5th-Fcr
6th-Fcr

Fig. 4.9 Critical buckling load in the first six modes vs. the natural logarithm of the DOF for
10, 15, and 20 beam elements.

stress distribution and the effect of the in-plane load on the buckling behaviour of
the VAT composite plates. Afterwards, the pre-buckling and buckling analyses were
performed respecting stacking sequences. Here, T0 is a fixed angle, and T1 grows
from 0◦ to 90◦ in steps of π/12, as described in Table 4.3. In these instances, the
beam elements are fixed on 10B3.

In particular, the results for the displacement and stress vary with changes in
the fibre orientation on the edge of the laminates. Under the SSSS B.C., by raising
T1 from 0◦ to 90◦, the magnitude of maximum displacement displays a decreasing
oscillation on the edges and the smallest maximum amplitude corresponds to lay-up
4, as shown in Table 4.4. The most optimal design of the VAT corresponds to the
one in which a stress resultant (σxx, σyy) was redistributed away from the central
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Lamination scheme Lay-up design

[< T0|T1 ><−T0|−T1 > / <−T0|−T1 >< T0|T1 >]4

Lay-up 1 [< 60◦|0◦ ><−60◦|0◦ > / <−60◦|0◦ >< 60◦|0◦ >]4
Lay-up 2 [< 60◦|15◦ ><−60◦|−15◦ > / <−60◦|−15◦ >< 60◦|15◦ >]4
Lay-up 3 [< 60◦|30◦ ><−60◦|−30◦ > / <−60◦|−30◦ >< 60◦|30◦ >]4
Lay-up 4 [< 60◦|45◦ ><−60◦|−45◦ > / <−60◦|−45◦ >< 60◦|45◦ >]4
Lay-up 5 [< 60◦|60◦ ><−60◦|−60◦ > / <−60◦|−60◦ >< 60◦|60◦ >]4
Lay-up 6 [< 60◦|75◦ ><−60◦|−75◦ > / <−60◦|−75◦ >< 60◦|75◦ >]4
Lay-up 7 [< 60◦|90◦ ><−60◦|−90◦ > / <−60◦|−90◦ >< 60◦|90◦ >]4

Table 4.3 Different lay-up designs for the laminate.

region of the plate toward the transverse edges. Furthermore, the displacement was
redistributed in the least critical zone in the case of lay-up 4. Accordingly, the load
redistribution can be a key factor to enhance the buckling behaviour in VAT laminates.
A non-uniform pre-buckling stress state under constant uniaxial compression was
observed, which considerably affected the buckling behaviour of the VAT laminate.
In the buckling problem, as noted in Table 4.5, the variation of the fibre orientations
(T1), mode shapes, and critical buckling loads led to significant changes. Precisely, a
VAT plate with changes in the edge fibre orientation presented a different behaviour
under a buckling load. Moreover, while T1 was increased from 0◦ to 45◦, the first
critical buckling load raised by 47.64%. The mode shapes and critical buckling loads
were noted to be strongly dependent on the variation of the fibre orientations (T1).
For example, when T1 was increased from 0◦ to 45◦, the first critical buckling loads
were increased by 47.64%.

Nevertheless, the results for T1 = 0◦−90◦ corresponding to a steering angle of
T1 = 45◦ included a remarkable rise in the first buckling load. With the change in
T1, the predicted buckling behaviour of the VAT plate in higher modes became more
inaccurate. The sensitivity of the buckling load to the change in T1 for the first six
critical loads is shown in Figure 4.10. These results confirm that the proposed CUF
model can improve evaluate the geometric stiffness by predicting different critical
buckling loads, as shown in Figure 4.11. It can be considered that the existing higher-
order model can perform fine for complex B.C.s, geometries, and loading systems.
Moreover, validate the performance of VAT laminates, several investigations were
performed, such as the free-vibration analysis, as defined in the subsequent sections.
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Design Displacement σxx σyy

Lay−up 1

Lay−up 2

Lay−up 3

Lay−up 4

Lay−up 5

Lay−up 6

Lay−up 7

Table 4.4 Pre-buckling displacement and stress distribution for seven different designs of
VAT fiber orientation angles under the SSSS B.C.
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Design Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6

Lay−up 1
Fcr1 = 11.44 kN Fcr2 = 23.60 kN Fcr3 = 42.40 kN Fcr4 = 52.08 kN Fcr5 = 54.69 kN Fcr6 = 68.99 kN

Lay−up 2
Fcr1 = 13.78 kN Fcr2 = 22.03 kN Fcr3 = 37.67 kN Fcr4 = 55.24 kN Fcr5 = 60.57 kN Fcr6 = 64.98 kN

Lay−up 3
Fcr1 = 16.22 kN Fcr2 = 20.62 kN Fcr3 = 32.61 kN Fcr4 = 50.89 kN Fcr5 = 59.69 kN Fcr6 = 67.66 kN

Lay−up 4
Fcr1 = 16.89 kN Fcr2 = 18.29 kN Fcr3 = 26.46 kN Fcr4 = 39.44 kN Fcr5 = 57.42 kN Fcr6 = 62.02 kN

Lay−up 5
Fcr1 = 14.56 kN Fcr2 = 14.93 kN Fcr3 = 19.50 kN Fcr4 = 27.62 kN Fcr5 = 39.17 kN Fcr6 = 54.04 kN

Lay−up 6
Fcr1 = 10.44 kN Fcr2 = 11.28 kN Fcr3 = 14.05 kN Fcr4 = 18.90 kN Fcr5 = 26.63 kN Fcr6 = 36.73 kN

Lay−up 7
Fcr1 = 7.76 kN Fcr2 = 8.42 kN Fcr3 = 11.43 kN Fcr4 = 14.71 kN Fcr5 = 21.05 kN Fcr6 = 27.68 kN

Table 4.5 First six critical buckling mode shapes under the SSSS B.C. based on six different
lay-up designs.
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Fig. 4.10 First six critical buckling mode shapes under different T1.
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Fig. 4.11 First six critical buckling mode shapes under different T1 values vs. number of
modes.
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Fig. 4.12 Four-edge plates subjected to four different B.Cs, case 1 (SSSS), case 2 (SSSS-I),
case 3 (CCCC) and case 4 (CFCF).

4.1.4 Free Vibration Analysis

In this analysis, the VAT material specified in the earlier section was used to perform
the free-vibration analysis regarding different models (Eq. 4.2). Various lay-up
designs (based on Table 4.3) were considered to evaluate the natural frequency
response in two different geometries: square and rectangle plates with a/t = 105.85
and a/t = 52.92 (a = 0.254, b = 0.127 m), as illustrate in Figures 4.12 (a) and 4.12
(b), respectively.

(
square

rectangle

)
︸ ︷︷ ︸
Plate geometry

×


Case 1
Case 2
Case 3
Case 4


︸ ︷︷ ︸

B.C.

×



Lay−up 1
Lay−up 2
Lay−up 3
Lay−up 4
Lay−up 5
Lay−up 6
Lay−up 7


︸ ︷︷ ︸
Stacking sequence

=
(

56
)

︸ ︷︷ ︸
Models

(4.2)

The first six natural frequencies for the square and rectangle geometries for different
B.Cs are reviewed in Tables 4.6 to 4.9. The consequences for the case 1 (SSSS), as
reported in Table 4.6 and Figure 4.13 show that with an raise the fiber orientation
angles (T1) from 0◦ to 45◦, the frequency modes display a increase of 14.57%,
whereas in lay-ups 5, 6, and 7 (60◦ to 90◦) the frequency values reduce via 16.47%.
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Fig. 4.13 Sensitivity of the first six frequencies under case 1 B.C. for different fiber orienta-
tions T1.

In distinction, in the rectangular designs, with the rise in the T1 angle from 0◦ to
90◦, the first frequencies grow by 71.91%. The free-vibration frequencies of B.C.
cases 2 (SSSS-I) and 3 (CCCC) are prepared in Tables 4.7 and 4.8, sequentially,
and the frequencies do not manifest significant changes (see Figures 4.14 and 4.15,
respectively). Nevertheless, in case 4 (CFCF) of the boundary conditions, the
results are shown in Table 4.9 show that in square plates, an increase in the fibre
orientation angles (T1) leads to an increase of 130.96% in the natural frequency
values. Moreover, the frequencies for the rectangle case display oscillations, as
displayed in Figure 4.16. These findings describe that the frequency behaviours are
strongly dependent on the geometry, boundary conditions, and stacking sequence
designs.

a/h Design Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
Lay−up 1 229.50 537.07 659.99 838.68 945.24 1026.53
Lay−up 2 246.31 590.42 635.41 911.18 984.15 1149.90
Lay−up 3 260.17 591.19 656.93 948.65 1016.47 1131.57

= 105.85 Lay−up 4 262.96 551.92 688.61 961.98 983.72 1048.42
Lay−up 5 252.34 495.98 701.96 859.34 946.74 1009.32
Lay−up 6 230.86 428.17 702.29 728.86 870.24 948.18
Lay−up 7 210.77 372.97 635.35 703.71 769.15 893.22
Lay−up 1 897.56 1332.14 2051.60 2193.36 2323.23 3304.48
Lay−up 2 988.30 1402.41 2159.78 2303.63 2393.00 3454.18
Lay−up 3 1125.46 1500.44 2338.30 2550.20 2747.62 3392.48

= 52.92 Lay−up 4 1259.12 1576.96 2228.99 3060.88 3136.75 3339.63
Lay−up 5 1379.00 1638.24 2057.49 2645.51 3431.71 3615.06
Lay−up 6 1479.00 1702.01 1923.68 2291.65 2830.93 3593.33
Lay−up 7 1543.10 1758.48 1916.83 2249.48 2754.41 3436.64

Table 4.6 First six natural frequencies for case 1- SSSS.
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a/h Design Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
Lay−up 1 485.38 898.62 1019.77 1389.39 1521.14 1824.45
Lay−up 2 483.44 935.55 974.59 1401.63 1636.83 1697.43
Lay−up 3 470.75 885.60 984.91 1392.64 1533.39 1747.67

= 105.85 Lay−up 4 452.97 800.44 1011.30 1321.94 1396.73 1847.50
Lay−up 5 436.04 716.54 1034.19 1150.35 1357.23 1748.45
Lay−up 6 424.72 650.46 1004.93 1055.29 1326.70 1508.17
Lay−up 7 420.64 611.19 914.40 1076.54 1307.15 1357.56
Lay−up 1 897.16 1330.80 2050.53 2190.15 2321.18 3298.19
Lay−up 2 987.92 1401.45 2158.27 2301.56 2390.72 3450.16
Lay−up 3 1125.45 1500.43 2338.29 2550.18 2747.59 3392.46

= 52.92 Lay−up 4 1258.87 1576.27 2227.66 3058.72 3135.22 3337.48
Lay−up 5 1378.90 1637.87 2056.67 2643.98 3429.08 3614.83
Lay−up 6 1479.00 1702.01 1923.67 2291.64 2830.92 3593.32
Lay−up 7 1543.09 1758.35 1916.47 2248.80 2753.17 3434.61

Table 4.7 First six natural frequencies for case 2- SSSS-I.

a/h Design Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
Lay−up 1 485.52 899.09 1020.00 1390.14 1522.16 1824.80
Lay−up 2 483.66 936.15 975.06 1402.73 1638.32 1698.27
Lay−up 3 471.05 886.28 985.77 1394.25 1534.78 1749.73

= 105.85 Lay−up 4 453.29 801.14 1012.23 1323.38 1398.49 1849.72
Lay−up 5 436.28 717.03 1034.96 1151.26 1358.57 1750.10
Lay−up 6 424.89 650.70 1005.31 1055.87 1327.43 1508.77
Lay−up 7 420.77 611.32 914.56 1076.99 1307.54 1357.76
Lay−up 1 898.47 1333.59 2053.71 2195.50 2326.34 3307.40
Lay−up 2 989.23 1403.79 2161.57 2306.00 2395.29 3456.95
Lay−up 3 1126.72 1502.21 2341.32 2553.10 2751.29 3396.34

= 52.92 Lay−up 4 1260.92 1579.44 2232.79 3066.07 3141.84 3346.17
Lay−up 5 1380.96 1640.75 2060.86 2649.94 3437.33 3620.55
Lay−up 6 1480.54 1703.27 1924.99 2293.35 2833.02 3595.84
Lay−up 7 1544.27 1759.09 1917.67 2250.82 2755.95 3438.23

Table 4.8 First six natural frequencies for case 3- CCCC.
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Fig. 4.14 Sensitivity of the first six frequencies under case 2 B.C. for different fiber orienta-
tions T1.
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a/h Design Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6
Lay−up 1 168.47 221.02 438.20 467.69 496.24 819.45
Lay−up 2 191.95 251.97 508.91 510.87 574.94 938.46
Lay−up 3 226.63 290.17 544.89 618.04 685.38 928.32

= 105.85 Lay−up 4 271.46 332.93 560.23 753.28 822.39 895.22
Lay−up 5 321.29 378.61 552.72 830.02 897.86 974.37
Lay−up 6 364.45 418.01 527.06 738.07 1008.61 1061.33
Lay−up 7 389.11 437.02 495.56 653.91 929.14 1064.60
Lay−up 1 715.46 825.44 1217.10 1748.81 1862.21 1990.40
Lay−up 2 547.99 575.96 1075.40 1420.49 1440.48 1531.47
Lay−up 3 579.07 597.58 1151.93 1440.75 1456.42 1519.91

= 52.92 Lay−up 4 846.73 871.56 1375.78 1743.31 2205.91 2211.32
Lay−up 5 1276.64 1331.63 1529.77 1842.07 2269.04 2825.54
Lay−up 6 1477.97 1634.49 1683.48 1791.30 1993.34 2321.45
Lay−up 7 1500.65 1497.18 1554.01 1812.39 2028.78 2381.92

Table 4.9 First six natural frequencies for case 4- CFCF.
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Fig. 4.15 Sensitivity of the first six frequencies under case 3 B.C. for different fiber orienta-
tions T1.
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Fig. 4.16 Sensitivity of the first six frequency under case 4 B.C. for different fiber orientations
T1.
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4.2 Conclusion

In this research, buckling, free-vibration, and static response analyses of VAT lam-
inates were performed under the CUF procedure. The numerical 1D CUF beam
theory was used to correctly define the fibre orientation smoothly and continuously.
Numerical CUF models were performed for different lay-up designs to expose the
critical fibre edge angles (T1) in the linear buckling analysis of a squared symmet-
ric VAT plate. The results showed that higher critical buckling loads could lead
to better local stiffness. Besides, by enhancing the degree of shape functions and
the number of elements in the CUF framework, convergence and accurate results
could be obtained. The CUF could well predict the buckling loads with a lower
degree of freedom in contrast with the classical FEM model, along with lower com-
putational costs. Furthermore, the free-vibration analysis was presented regarding
various lay-up designs in various boundary conditions for square and rectangular
geometries. The results revealed that while the fibre angles were varied from 0◦

to 90◦, the natural frequencies increased in the rectangle models for three different
cases of the boundary conditions. In the square geometries, the oscillation of the
frequencies happened, depending upon the boundary conditions and fibre orientation
angles. Moreover, the weighted index method could be used to eliminate the units
of measurement and facilitate the clarification of the effect of different VAT lay-up
designs in the different analyses. Consequently, the non-dimensional indexes can be
used to select the effective lay-up design by improving the performance in further
work.



Chapter 5

Optimization of VAT structures

5.1 Introduction

The FEM model provides a precise solution, but when designing with an optimiza-
tion algorithm, it makes more effort to design VAT multi-layered composites. A vast
variety of optimization methods in composite structures is provided by classical the-
ories and the definition of laminate parameters, see [76–80]. One of the advantages
of the classic approach is that because the laminate parameters are usually obtained
by a set of fibre angles, they can provide optimal fibre angles for a multiple-ply
laminate. Besides, some works focused on approximate optimal design, to overcome
the time-consuming optimization methods that are known as surrogate models in
a different program, see [81, 82]. A robust design optimization algorithm for VAT
composite structures can be proposed when the properties of the constituting materi-
als and the applied loads are uncertain, as shown by [83]. Through various design
optimization algorithms, evolutionary strategies such as the Genetic Algorithm (GA)
have been widely used and have been proposed to optimize composite structures.
GA is a direct search optimization method that can be a useful model for composite
problems by eliminating the need for any gradient information. It does not use
sensitivity to find structural behaviour based on design variables. Nikbakht et al.
[84], by a comprehensive review of a composite structure optimization, suggests that
algorithm performance s can be more complex with random search problems, and
that convergence velocity is less than local search with a specific starting point. In
contrast, better results are obtained according to possible patterns, and the probability
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of obtaining a global optimum is higher. These highlights allow the user to evaluate
the efficiency and computational cost according to the need and is essentially suitable
for optimization and reliability problems.

The novelty of the present work is the first development of a valid GA optimiza-
tion method for variable angle composite beams according to the layerwise (LW)
theory through CUF framework. The fibre orientation angle is considered as design
variables and is examined through buckling and free vibration structural analysis and
then the optimal results compared with those from classical composites and pieces of
literature. All GA sample points were evaluated during the optimization process to
show global optimization through the response surface. Besides, the GA outcomes
on RS are compared with the RS results from Latin Hyper Cube Sampling (LHS)
method, to show the ability of LHS to obtain the specific domain of optimum by a
few computational efforts. Subsequently, it is highly recommended that in such an
optimization problem of VAT, LHS method can be used as a step before optimization
to reduce the search domain and computational costs.

Several extensive review papers have presented on each autonomous ability.
Ghiasi et al.[85] reviewed the optimization methods in fibre curvilinear path. Then,
Ribeiro et al, [86] presented the mechanical behaviour of variable stiffness laminated
by focusing on buckling, failure and laminated with curvilinear path fibres. Finally,
Gonzalez Lozano et al [87] engaged in designing the fibre path to manufacturing the
optimal structure. For instance, the convergence rate and accuracy of the optimization
algorithm are generally reduced as the number of design variables increases. Fur-
thermore, the load path and stress trajectories are represented in Michell structures
[88].

In several works of literature, to accelerate the design procedure by the reduced
number of increased design variables, the optimization methods can apply in variable-
stiffness panels to obtain accuracy and convergence rate [89], such desired stiffness
and buckling capacity [90]. Olmedo et al.[10], in parallel, showing 80% improvement
in buckling load which was calculated by Ritz method in compare with straight fibre
composites with varying fibre angles linearly. Furthermore, Wu et al. [91] investigate
pre-buckling and critical buckling load in the VAT with Rayleigh-Ritz and after
that, they defined the optimization for maximum buckling load in a non-linear VAT.
Optimization methods can predict the maximization in both local and global buckling
with fixed mesh and finite element model [92].
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In some instance, the buckling load is doubled in comparison with traditional
composite in simply supported panels under axial compressive loads [93], also,
two cases of stiffness variation in fibre orientation variation in the load direction
adequate to enhance the transverse in-plane stresses distributed on the panel and
second one perpendicular to the load, higher improvement by re-distribution of the
in-plane load which applied. VAT plates required of discretization for each layer fibre
orientation in FEM and a high number of elements should be obtained for the precise
mode shapes [94]. Optimization on the best orientation of fibre are investigated
in a different problem such as the minimum weight of composite laminate under
constraints of stresses[95] by FEM, optimal orientation for elastic body considered
for stress in-plane state to minimize the stiffness [96], [97].

5.2 Optimization of Variable Angle Tow

5.2.1 Direct search stochastic methods

In this study, GA is used to find the optimum results based on the following steps:

1. The GA algorithm begins with creating a random initial population,

2. Algorithm creates a sequence of new populations.

To solve the problem, the GA optimization in the MATLAB R2017b environment is
associated with the 1D CUF VAT model in Fortran, see Figure. 5.1.
GA describes the results provided by the CUF framework for performing genetic
operations. The GA repeated until a convergence criterion is met based on the

convergence of the results based on minimizing the
1
F cr

and
1
f 1

for first critical

buckling and first natural vibration, respectively. At each step, the genetic algorithm
randomly selected T0 and T1 (Fiber-orientation angles in VAT) from the current
population and uses them as parents to produce children for the next generation to

obtain the best and minimum objective function which is
1
F cr

and
1
f 1

for optimization

of first critical buckling and first natural vibration, respectively. The GA generic
individual is a potential solution for the problem at hand. The GA is employed to
generate the initial sample set in the design space. The population is large enough
to obtain more accurate results. For setup design, T0 and T1 are two variables that
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Fig. 5.1 Flowchart of Genetic algorithm procedure (MATLAB) in combination with CUF
approach (FORTRAN).

are set to 0◦ as the lower bound and 90◦ as the upper bound. The population type
and size are double vector and 50, respectively. Also, the cross-over fraction is fixed
on 0.8. Therefore, optimum values based on design variables are iteratively found
through evolutionary algorithms. As a baseline, for buckling and free vibration
analyses, quasi-isotropic (QI) laminates containing 0◦, ±45◦ and 90◦ plies are used
to define symmetric and balanced laminates. Furthermore, two constant stiffness
(CS) laminates with [±45], and [0]16T layup have been determined to compare with
the VAT laminate reference design (VAT1) and the results of the current study.
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5.2.2 Buckling Analysis

First, The VAT1 composite plate is designed in a 1D CUF framework with a different
number of element satisfactory and valid with design criteria and requirement based
on the Heo et al. [67] and [98]. VAT laminates were designed with [< 60◦|15◦ ><

−60◦|−15◦ > / <−60◦|−15 >< 60◦|15◦ >]s square and symmetrical laminates
which in present study called VAT1. As it can be seen by increasing the number
of L9 elements over the cross-section (Figure. 5.2a) and three-node beam element
(B3) through the beam length (Figure. 5.3a), the accuracy of the models improves.
The buckling load which is highlighted in this study illustrated the monolithic
convergence properties by the refinement of beam elements. Besides, the CUF
approach showed that the degree of freedom (DOF) respect for FEM in ABAQUS
[67] decreased significantly without considerable error, see Figure. 5.2b and Figure.
5.3b. To reduce the time saved during the optimization method, the first buckling
load with the 10B3 element is chosen as a sufficiently accurate result for further
evaluation.
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Fig. 5.2 1D CUF cross-section refinement with 10B3 effect on the buckling load in VAT1 in
contrast with FEM and degree of freedom number.
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Table 5.1 Reference laminate lay-up designs in contrast with optimum VAT plate.

Laminated scheme Layup design

QI [45,0,−45,90]2S
CS1 [±45]4S
CS2 [0]16T
VAT1 [< 60◦|15◦ ><−60◦|15◦ > / <−60◦|15◦ >< 60◦|15◦ >]4
VATOPT [< 9◦|51◦ ><−9◦|−51◦ > / <−9◦|−51◦ >< 9◦|51◦ >]4
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Fig. 5.3 1D CUF beam element refinement with 160L9 effect on the buckling load in VAT1
in contrast with FEM and degree of freedom number.

Through GA an optimal distribution of fibre angle of VAT (T0 and T1) obtained for
the maximum buckling load subjected to simply supported boundary condition. The
optimization procedure is based on the proposed linear equation of fibre orientation
angle to design VAT plates for the maximum buckling load. A sufficiently large
population and generation are employed to avoid local optimization decisions. The
optimum results obtained for VAT laminates (VATOPT ) with a layup [< 9◦|51◦ ><

−9◦|−51◦>/<−9◦|−51◦>< 9◦|51◦>]4 which indicated the maximum buckling
load among the optimization procedure respect to the initial buckling load based on
VAT1 [67] and classical laminates, which mentioned in Table 5.1. The optimal design
shows a small fibre angle (9◦) in the centre of the laminates and extends to 51◦ at the
edges. The VAT laminate with an optimum fibre orientation angle is illustrated for
various layup designs in Figure. 5.4a. VATOPT improves its buckling load compared
to classical composite laminates and VAT1, which showed in Figure. 5.4b. The first
modes of the buckling load as well as the amount of displacement range different
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Fig. 5.4 Comparison between different layup design with the optimum result.

colours shown for different layouts, see Figure. 5.5. The first five buckling loads are
shown in Figure. 5.6.

In addition, the distribution plots are used to show the relationship and conver-
gence between the pair of variables and the results based on the GA sample points,
see Figure. 5.7.

Reduction of search domain by Latin Hypercubic

To reduce the timing burden in finding the optimum [99], the Latin Hypercube
Sampling (LHS) method was used to generate some samples uniformly distributed
in the searching domain [100]. After capturing the results from these samples, a
high order polynomial was used as a curve-fitting model over both LHS samples
and the GA population. By GA, the results for 798 samples are recorded during
the optimization procedure. And in the LHS method, 40 different samples were
generated in a randomly space-filling approach. The input variable parameters in
both methods were (T0 and T1). By comparing the curve fitting obtained from GA and
LHS methods in Figure. 5.8, it was concluded that the domain of global optimum,
which is evident in GA results, is well characterized by the LHS method with a small
number of samples (black dots indicate all sample points). LHS can capture the
specific domain of the optimum by a small computational effort. Accordingly, the
LHS method can reduce the computational cost of the optimization by reducing the
searching domain. As it is suggested by Alinejad and et al. [81, 101] in the current
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(a) QI (b) CS1 (c) CS2

(d) VAT1 (Ref. [67]) (e) VATOPT

Fig. 5.5 The first buckling modes in different laminates.

(a) Mode 1 (b) Mode 2
(c) Mode 3

(d) Mode 4 (e) Mode 5

Fig. 5.6 The first five first buckling modes of optimum VAT laminates.
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Fig. 5.7 Distribution of variables and first critical buckling load, T0-T1, First buckling load-T0
and First buckling load-T1.

study also, the LHS can be used an efficient method in the first step of optimization
before using the GA or direct search methods in such problems. By this method, a
large space of searching domain is eliminated from the rest of the process.

Consequently, it is highly suggested that in such optimization problems as in the
current study, the Latin Hypercube Sampling method should be used first to reduce
the searching domain before using the other optimization methods (such as GA,
gradient base, direct search, etc) to reduce the computational costs.
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Fig. 5.8 Contour plots and response surfaces based on GA and LHS for T0 , T1 which denotes
variables and first critical buckling load as the response.
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Interpreting and using ANN in current problem

In any optimization problem, the main concerns are focused on the quality of
validity/reliability and replicability. The attention can partially refer to the variable
choice, reduction of risk of error and finally adequate detailed documentary methods.
Therefore, appropriate knowledge for statistical issues and sensitivity is required.
Based on the complexity of the VAT buckling problem, and for evaluation of the
optimization problem, ANN is investigated as a post-processing technique to evaluate
the optimum results. In this current study, we will consider the ANN as the supervised
learning method. The aim of using ANN was first to show that the output of the GA
optimization method was accurate as it was used for the first time in a combination
of layerwise theory through the higher-order model of VAT structure. The second
goal of using ANN was to show how many hidden layers of neurons can be suited
for considering VAT problem in buckling analysis based on the type of structure,
materials, and boundary condition. This is done by using different neural network
models to find the best NN for this example.
For post-processing ANN, the output results of GA optimization saved in a file and
to recap, and the ANN learning algorithm following:

• The start point is usually referred by the random value for the parameters of
the network such as weights and thresholds (biases).

• An example of the sample set is selected from the input, then they will move
within the network to achieve the prediction.

• The differences between prediction results within expected value which were
labelled are investigated then.

• In the next step, the information of this propagate are used for updating the
neural network parameters with the reduction of a gradient; so that total loss is
reduced and a better model can be achieved.

• The iteration will continue based on the steps mentioned before until a good
model is reached.

This study proposes a neural network-based prediction model for detection and
prediction of the goals mentioned in the previous part. Performance measurement
of Bayesian Regularization (BR) algorithm, Levenberg–Marquardt (LM) algorithm,
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and Scaled Conjugate Gradient (SCG) algorithm has been analyzed, for more details
and formulation, see [50].

The results in Figure 5.9 showed the performance of BR, LM and SCG algorithm.
BR and LM indicated the convergence of R. Also, BR function illustrated the higher
value of R parameter respect to LM in the start point (see Figure 5.9). The R value
is an indication of the relationship between the outputs and targets and can vary
between 0 and 1, which the best value is fit on 1, as it explained in the previous
section. Moreover, the different number of the hidden layer are examined for a
different mentioned algorithm to obtain an accurate number of hidden layer for
current VAT buckling problem. The results showed by 30 hidden layer through BR
algorithm, correct results can be obtained by the minimum error. Based on the 30
number of hidden layer in BR algorithm, three plots of training, testing and all of the
results are shown in Figure 5.10. The dashed line in each plot represents the perfect
result – outputs = targets. In current problem dashed line is completely covered by
the solid line which represents the best fit linear regression line between outputs
and targets, where R = 1, is an exact linear relationship between outputs and targets
which can be obtained. In the next step, the error diagram, for training and test results
are obtained and has shown in Figure 5.11. The blue bars represent the training
data and the red bars are refers to the testing data. Current histogram can show the
outliers, which are data points where the fit is significantly worse than the majority
of data.

Finally, ANN can be proved the optimum results and showed the best fit model
with 30 number of the hidden layer through the BR algorithm for VAT problem
through the buckling load.

The layers are interconnected via nodes or neurons, with each layer using the
output of the previous layer as input.
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Fig. 5.9 Comparison between different fit ANN algorithm based on the number of hidden
layer for VAT problem.

Fig. 5.10 Regression plot in the three subdivision: i) training, ii) testing and ii) all. The
bubles represent the perfect fit between the two values (R2 = 1), the coloured solid lines
show the real correlation between the computed output and the initial target.
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Fig. 5.11 Errors distribution concerning the training, and test sets.

5.2.3 Free Vibration

A fully clamped square plate of VAT laminated has been studied in this part based on
[98]. For more validity, the present program has been used to study the optimization
of VAT laminates. Also, QI, CS1 and CS2 have been used to demonstrate the ability
of optimization procedure and structural analysis of CUF in the LW model. In this
study, the mesh with 160L9 on the cross-section and 10 has been used. GA is used
to optimize fibre orientation based on the highest first natural frequency. Contrary to
the optimal results, the first natural frequency of different laminates is reported in
Table 5.2 and shown in Figure. 5.12a. First modal shape for different laminates is
indicated in the Figure. 5.13. The optimal laminate has [< 90◦|0◦ ><−90◦|0◦ >
/ <−90◦|0◦ >< 90◦|0◦ >]4. This means that the start of T0 has been reduced from
90◦ from the centre to 0◦ to the edges of the VAT square plate. The five natural
frequencies of optimal laminates are shown in Figure. 5.14.

Bar plots in Fig. 5.15 shows the relationship between variable pairs and the first
natural frequency. In Fig 5.15, plots show that both T0 and T1 are highly dependent
on the first natural frequency.

Figure 5.16 presents the result of the optimization obtained through GA, which
is achieved by the fourth-order polynomial function. The black dots show all the
sample points in through all generation cycles. The colony of black dots are located
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Table 5.2 Reference laminate lay-up designs in contrast with optimum VAT plate.

Laminated scheme First natural frequency (Hz)

QI 438.385
CS1 433.064
CS2 446.235
VAT1 438.659
VATOPT 513.159
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Fig. 5.12 Comparison between different layup design with the optimum result for dynamic
analysis.

(a) QI (b) CS1

(c) CS2

(d) VAT1 (e) VATOPT

Fig. 5.13 The first natural frequency modes of laminates in different layup design.
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(a) Mode 1 (b) Mode 2
(c) Mode 3

(d) Mode 4 (e) Mode 5

Fig. 5.14 The first five natural frequency modes.

Fig. 5.15 Distribution of variables and first natural frequency, T0-T1, First natural frequency-
T0 and First natural frequency-T1.
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First frequency vs. T0 and T1
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Fig. 5.16 Contour plot and response surface showing effects of variables (fiber orientation
angles) during GA procedure in free vibration problem.

in the optimal area (yellow part), which display the convergence of the optimal
results.

The base research of current chapter is presented in [98].

5.3 Conclusion

In the current research, the GA is recommended to optimize the buckling loads and
free vibration problems of VAT composites by the LW theory through CUF approach.
The current study presented in two main part: Firstly buckling analysis has done by
CUF approach for different constant fibre laminates and VAT panels. In the next
step, GA optimization has done and then the initial sample points of GA compared
with the LHS method. In the second part, free vibration is investigated for different
classical composites in contrast with VAT and optimum results which were obtained
by GA. The observations can be summarized as follows:

1. In this study all CS and VAT laminates are based on LW theory to demonstrate
the ability of the CUF approach to precise constructions layer by layer com-
posites models. CUF shows the ability to achieve optimum results through the
optimization method.
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2. Due to the elimination of the calculation of laminate parameters or other
additional calculation processes, LW can be introduced as an accurate model
during the optimization procedure.

3. In the current study, GA has been used as a direct optimization method to
predict the structural response in various analyzes by obtaining the T0 and T1

as design variables. Besides, GA showed good convergence results. Optimum
results showed that the improvement of buckling load can be up to 71.75% in
CS2 plates, 26.01% for QI, and 26.21% respect to VAT1 (reference design).

4. To reduce the time-consuming process of the GA algorithm, the LHS method
can generate multiple samples uniformly distributed in the searching domain.
Therefore, the optimization method can include the optimal results in small
sample points by LHS, which can be considered for future studies.

5. In case of finding the optimal first natural frequency, GA in combination with
CUF indicates optimal results, which shows an improvement of the first natural
frequency up to 18.49% in CS1 plates, 17.06% for QI, 15.0% compared to
CS2.

In addition, the GA is provided to optimize the buckling load problem of VAT
composites by the LW theory in CUF framework. Present VAT laminates built
based on LW theory to show the ability of CUF approach to obtain accurate layer by
layer composites model. The unified formulation showed the capability to achieve
optimum results through the GA optimization procedure. LW model in combination
with optimization can be introduced as an accurate model due to eliminating the
calculation of the lamination parameters or other extra computation processes to
obtain approximation results. The optimum results showed that improvement of the
buckling load can be up to 27.67% respect to VAT1 in the reference design. The
robustness outcomes confirm that the GA is a suitable method to use for the optimum
concerning the VAT problem in LW model. The results show that a combination of
CUF and GA can be provided as a suitable and reliable method to obtain a robust
optimum for optimization of VAT problems in different structural analyses. In the
end, ANN can be proved the optimum results and showed the best fit model with 30
number of the hidden layer through the BR algorithm for VAT problem through the
buckling load.



Chapter 6

Isotropic Thin-Walled
open-cross-section beams

6.1 Introduction

Thin-walled structures are widely used in engineering projects due to the advantages
of load-bearing capacity, lightweight and low cost. They can use in different struc-
tures such as a bridge or tall buildings. In the current chapter, CUF is used for natural
frequencies analyzing of thin-walled structures. The thin-walled structures are used
with different cross-section, beam length and also different boundary conditions.
The 1D CUF model can provide an improvement of numerical analysis efficiency
and also decreasing the computational costs. In this study also Lagrange polynomial
expansion is used for approximation of displacement field. The models which built-
in 1D CUF then compared with those from three-dimensional models with/without
warping effect. Moreover, the innovative method for solving current problems can
be provided as an accurate model for complex thin-walled structures by reducing the
cost of analysis.

The stability of in-walled structure always was an issue; therefore different
methodology has been used to investigate the stability of them, such as different
simple methods like classical theories and numerical solution in FEM. Vlasov [102]
expand the bending theory, torsion and buckling of thin-walled structures with the
open-walled and presented a systematic method for thin-walled structures analysis.
While these theories did not evaluate the shear effect of structure. Benscoter [103]
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studied on the effect of shear deformation through the torsion analysis of the thin-
walled structure with closed-walls and with two generalized displacement function
introduction. However, the method which presented by Benscoter was only for two
certain shapes of cross-section and load, which was not usual. In the current study,
CUF is used as an accurate framework for the calculation of bending frequencies plus
reducing cost efficiency. Furthermore, the CUF approach shows the ability to use for
analysing the behaviour of compact and a bridge-like section with generating the
quasi three-dimensional stress field over the beam section [104]. The other examples
which presented by Carrera et al. are [105–107]. The unified beam theory involving
geometric nonlinearities is evaluated within CUF and a total Lagrangian approach,
where the 1D structures employed an index notation and an overall extension of the
variables that are primarily using arbitrary cross-sectional functions [108]. Carrera
et al. [109] investigated the classical and refined beam and plate theories through
the CUF framework for a novel refined beam element within advanced kinematics
relying on the legendary polynomial expansion of the primary mechanical variables.
Different types of structures were evaluated such as functionally graded sandwich
beam, multilayer beams, thin/thick-walled box, as well as cylinders build in a
sandwich structure, where the CUF used through free vibration analysis [110]. Given
its natural advantages, CUF is expected to discover possible benefit in a growing
quantity of engineering purposes.

6.2 Linear vibration

Researchers, engineers and designer are involved in determining the eigenvalues
(natural frequencies) and eigenvectors (mode shapes) in open cross-section thin-
walled beams. Therefore, the current study is focused on the free vibration of
thin-walled beams with an open cross-section through CUF framework. For solving
free vibration problems the modal parameters can be investigated. Linear vibration
theory can be employed when we are faced with the small amplitude vibrations in
long and slender beams; for instance in the bridge with long longitude, the wings
of aircraft and the blades of helicopters. Generally, the linear vibration of the
thin-walled beam within a cross-section which can be arbitrary can illustrate flexural-
torsional coupling modes. Therefore, the torsion in this types of the beam with
arbitrary cross-section showed the warping effects. Therefore, the cross-section is an
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important factor in free vibration analysis [111]. As mentioned, in the current study,
CUF is used for beam modelling and dynamic motion formulations. When the initial
excitation happen in the system, free vibration can occurs. Free vibration means
that there is not any external load in the system. For evaluating the free vibration
analysis, we need to solve the problem of motion equation and condition of external
load and eliminating the damping conditions. Therefore, the natural frequencies and
modes of vibration can be obtain by calculating of eigenvalue problem. Finally, the
eigenvalue formulation can be written as:

(K −ω
2
i M)φi = 0 (6.1)

Where K express the matrix of stiffness and M present the matrix of mass; φi

stand as eigenvector (shape of mode) and circular natural frequency showed by ω .

To solve the eigenvalue problem, the eigenvector iteration methods are most
well-known main solutions and the subspace spaces construction, which consist of
subsets, for more details, see the article by the author of the forthcoming thesis [112].
Consequently, an example of the reference solution methods brings in [112], can
be used after calculating the mass matrix of M and the stiffness matrix of K. The
choice of useful solution method is based on the size of the matrices (the type of
structure, DOF and research requirements modes). In the aforementioned example,
the solution involves converting the problem into a sequence of static problems in the
form (K ∗U = F). Because most solution methods are based on power algorithms
[111].

6.3 Free Vibration

In the current thesis, the 1D CUF framework is used to be compared and evaluated
in different examples. LE solution results in CUF is compared with Chen’s method
[113]. Moreover, different classical theories like EBBT, TBT and 3D Solid models
in Abaqus is compared with the CUF and Chen’s methods. In Abaqus, the models
are built in the quadratic form of elements. Different models are examined in various
boundary condition and different open cross-section thin-walled beams for natural
frequency analysis.
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6.3.1 CUF and Chen’s methods Evaluation

For the first time in current research, the CUF is used in contrast with Chen’s method
for investigating the thin-walled structures, that the results are published in [112]. In
Chen’s method, the finite element is used to consider the vibration behaviour in open
cross-section thin-walled beams [113]. For solving these examples, Chen used the
Euler beam kinematic, d’Alambert’s principle, and the virtual work principle. In their
study, mass and stiffness matrix are calculated separately using nodal force vector
and element inertial nodal force vector concerning the element nodal parameters and
their second-time derivations. In their study, five different numerical examples were
chosen to be compared with literature [114–116].

Fig. 6.1 Boundary conditions: free-free (BC1), doubly clamped beam (BC2) and Cantilever
beam (BC3).
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(a) Beam 1: Channel cross-section; mono-
symmetric

(b) Beam 2: Tee cross-section; monosymmetric

(c) Beam 3: Arbitrary cross-section; non-
symmetric

(d) Beam 4: Arbitrary cross-section; non-
symmetric

Fig. 6.2 Beams with arbitrary cross section.
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Model of beam L (cm) A (cm2) E (GPa) G (GPa) ρ (kg/m3) ν

Beam 1 128 2.669 216.4 80.10 7850 0.3

Beam 2 200 19.252 210 80.77 7800 0.3

Beam 3 1000 340 210 80.70 8002 0.3

Beam 4 1000 285 210 80.70 8002 0.3

Table 6.1 The geometry of beam and properties of material.

6.3.2 Mono-symmetric C-shaped cross-section beam

The first CUF model is built for Beam 1 which the cross-section of the beam is
showed in Figure. 6.2, the detailed information is brought in Table 6.1 and finally,
the boundary condition is illustrated in Figure 6.1. This example was selected for the
comparative results in [117], that considered some changes by providing the exact
member theory. In this example, Banerjee et al. [117] employed the exact dynamic
stiffness matrix in use of typical beam member from established theory and tried to
combined it in a novel and easy way to develop the algorithm of Wittrick-Williams.
This algorithm used for convergence analysis of any desired natural frequencies. In
the current study, the LE model of CUF is compared with the 3D solid model in
Abaqus and the reference [117] which considered the with/without warping effect,
refer to Table 6.2. Based on the Figure. 6.5b and 13B3 in Figure. 6.5c, a 1D CUF is
used with 14L9 element which showed the well-convergence between 1D CUF and
3D solid FEM in Abaqus which called as Reference in all comparative tables which
presented in this chapter plus the literature with warping effect. Then, in Figure. 6.3
the first five modal shapes of frequencies are shown based on Abaqus model and in
Figure. 6.4 based on CUF. It is noted for Abaqus modelling both linear and quadratic
elements were examined and finally the quadratic element is selected as the suitable
order of geometric issues.
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Table 6.2 First frequencies (Hz) for Beam 1 BC1.

Natural Frequency (Hz)

Beam Element DOF Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 *a (%)
Abaqus (Quaderic element) 66801 21.88 139.13 151.71 153.53 154.50 Reference

CUF (14L9-13B3) 6480 21.94 139.80 152.34 154.14 155.15 0.27

Banerjee1996 (Warping included) [117] - 22.04 152.08 412.23 - - 0.73

Banerjee1996 (Warping ignored) [117] - 19.90 30.69 46.28 − − -9.04

*a Percentage difference from 3D solid Abaqus model (Reference)

Mode1 = 21.88Hz Mode1 = 139.13Hz Mode1 = 151.71Hz

Mode1 = 153.53Hz Mode1 = 154.50Hz

Fig. 6.3 Mode shapes of frequency in 3D FEM in Abaqus, Beam 1, BC1.
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Mode1 = 21.93Hz Mode2 = 139.34Hz Mode3 = 152.09Hz

Mode4 = 153.85Hz Mode5 = 154.92Hz

Fig. 6.4 Mode shapes of frequency in CUF, Beam 1, BC1.

Present beam also used for frequency consideration in current model based on
the literature in Table Table 6.3; where different results from Hung Hu Chen (B3Dw),
BC2CM, BC2x and Euler-Bernoulli and Timoshenko classical beam theories com-
pared with 3D FEM in Abaqus. In this study, the cross-section of a beam built based
on Figure. 6.5 and two different LE models with 5, 14L9, are used. Additionally,
the beam element can be varied by B2, B3 or B4 elements through the beam axis in
the CUF model. Moreover, 5, 13, 14, 100 B2, B3 and B4 are employed along the
y− axis which are reported in Table. 6.4 and the CUF results are compared with
those obtained in Abaqus by the parameter of *a (%) which presented previously
in Table. 6.3. In Table 6.4, convergence analysis has done for the beam elements
from 5B2 to 100B4 and corresponding presented in Figure 6.6. By increasing the
number of beam element, the structure can show less stiffness and therefore, lower
frequency value can be obtained. Moreover, by evaluating the beam element, it is
clear that the B4 element can show the most highly accurate results in contrast with
3D FEM model in Abaqus. Besides, increasing the number of cross-section element
also has an impact on the results of natural frequencies, notice to Table 6.4.
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(a) 5 L9 (b) 14 L9

(c) 13 B3

Fig. 6.5 1D CUF model with various discretization in beam 1 (a) over the cross sections and
(b) along the beam.

Fig. 6.6 Mesh study and convergence analysis of CUF model respect to 3D solid FEM in
Abaqus.
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Table 6.3 References for Beam 1 BC2 with quadratic elements.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

3D FEM (Abaqus) 66801 133.83 146.28 159.43 174.39 194.21 214.70 218.25 221.42 244.83 245.96 Reference

Hung Hu Chen (B3Dw) [111] - 149.33 213.52 409.69 586.47 617.73 799.96 1143.36 1316.77 1653.35 1875.94 11.62

BC2CM [115] - 149.40 x 410.57 x 624.53 803.84 x 1328.07 x x 11.62

BC2x [113] - 149.31 213.82 409.64 587.31 617.66 799.87 1145.00 1316.67 1653.17 1878.64 11.56

Euler-Bernoulli 243 213.85 465.65 587.51 1146.17 1262.30 1883.50 2050.94 2414.26 2795.76 3867.55 59.79

Timoshenko 243 210.97 438.14 570.67 1119.26 1092.39 1756.25 2017.51 2050.94 2545.31 3058.24 57.64

*a Percentage difference from 3D solid Abaqus model (Reference)

Table 6.4 Natural frequencies of the C-shape cross-section beam with doubly clamped
boundary condition through CUF framework, Beam 1-BC2.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

CUF 5×5B2 270 224.73 247.72 557.34 628.39 659.56 747.32 959.24 1174.60 1602.15 1690.85 67.92

CUF 5×13B2 1386 148.32 151.25 164.73 180.65 203.53 227.67 234.69 277.04 336.73 337.34 10.82

CUF 5× 40B2 4059 143.86 150.71 164.37 179.18 199.05 221.49 223.62 252.27 285.56 323.44 7.49

CUF 5×100B2 9999 143.04 150.60 164.32 179.00 198.57 220.41 222.56 250.17 281.79 317.12 6.88

CUF 5×5B3 1089 146.37 151.02 164.47 179.82 202.41 224.83 227.90 280.81 330.63 372.62 9.37

CUF 5×13B3 2673 143.88 150.71 164.35 179.06 198.67 221.36 222.92 250.78 283.24 320.29 7.50

CUF 5× 40B3 8019 142.99 150.60 164.31 178.98 198.50 220.33 222.40 249.84 281.18 316.09 6.84

CUF 5× 100B3 19899 142.78 150.57 164.30 178.95 220.07 220.07 222.30 249.72 281.02 315.87 6.71

CUF 5×5B4 1584 144.43 150.78 164.37 179.07 198.70 222.08 223.68 252.74 289.53 326.77 7.92

CUF 5×13B4 3960 143.24 150.63 164.33 179.02 198.56 220.64 222.52 249.96 281.35 316.34 7.03

CUF 5×40B4 5445 206.86 201.73 474.30 537.34 547.09 552.79 823.51 836.60 940.35 1199.96 54.54

CUF 5×100B4 29799 142.72 150.56 164.30 178.94 220.00 220.00 222.27 249.68 280.97 315.80 6.64

CUF 14× 13B3 7047 135.49 146.96 160.07 175.12 195.10 217.01 219.52 226.36 247.84 250.51 1.24

CUF 14× 20B3 10701 135.10 146.90 160.05 175.08 195.00 216.42 219.23 226.21 247.14 250.45 0.94

CUF 14×13B4 10440 134.97 146.89 160.05 175.08 194.98 216.23 219.17 226.16 247.01 250.44 0.85

CUF 14×20B4 15921 134.78 146.86 160.04 175.05 194.94 215.95 219.09 226.08 246.91 250.40 0.68

*a Percentage difference from 3D solid Abaqus model (Reference)

The first five modal shapes in 3D Abaqus are presented in Figure.6.7 and re-
spectively in Figure.6.8 for first 10 frequencies. Furthermore, the 20th and 30th
modal shaped have been reported that show how the high-frequency effect on the
thin-walled open cross-section beams. By comparing the first five modal shapes
between current method and 3D solid FEM, it can be seen that in some CUF modes
such as mode 2 to mode 5, there are orthogonal modes respect to reference in Abaqus.
By examining the mesh study in this model, the 14L9 was selected as the appro-
priate number of cross sectional element with B3 and B4 beam elements to show
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results in comparison with classical theories, Hung Hu Chen modes and 3D FEM in
Abaqus. The following example is given for the same Beam 1 geometry in BC3. A
comparison of the reference results is reported in Table 6.5. EBBT and TBT show
a significant difference with the 3D FEM and Hung Hu Chen model and other two
references, as well as with the current CUF framework in Table 6.6.

Mode1 = 133.83Hz Mode2 = 146.28Hz Mode3 = 159.43Hz

Mode4 = 174.39Hz Mode5 = 194.21Hz

Fig. 6.7 Modal shapes in Beam 1 and BC2– quadratic element within Abaqus
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Mode1 = 135.49Hz Mode2 = 146.96Hz Mode3 = 160.07Hz

Mode4 = 175.12Hz Mode5 = 195.10Hz Mode6 = 217.01Hz

Mode7 = 219.52Hz Mode8 = 226.36Hz Mode9 = 247.84Hz

Mode10 = 250.51Hz Mode20 = 408.21Hz Mode30 = 585.66Hz

Fig. 6.8 Modal shapes in Beam 1 and BC2– quadratic element within CUF framework.
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Table 6.5 Mesh study for Beam 1 BC3 with quadratic elements by different references.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

3D FEM (Abaqus) 66801 25.10 33.48 96.00 134.91 148.80 153.50 164.61 181.96 202.81 214.52 Reference

Hung Hu Chen (B3Dw) [111] - 25.36 33.58 98.15 148.43 209.83 410.02 584.77 598.01 798.74 1025.77 0.71

BC2CM [115] - 25.36 x 98.55 148.65 x 411.57 x 615.39 x x 0.71

BC2x [113] - 25.36 33.63 98.14 148.43 210.13 409.97 585.6 597.95 798.66 1025.78 0.71

Euler-Bernoulli 243 33.63 73.46 210.16 453.98 585.80 1025.47 1140.87 1243.91 1872.46 2366.22 33.98

Timoshenko 243 33.59 73.01 208.30 436.20 573.86 1025.47 1099.85 1143.18 1770.95 2067.04 33.82

*a Percentage difference from 3D solid Abaqus model (Reference)

Table 6.6 Natural frequencies of the C-shape cross-section cantilever beam through CUF
framework, Beam 1-BC3.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

CUF 14× 13B3 7047 25.22 33.63 96.43 136.05 149.42 154.16 165.28 182.73 203.77 216.07 0.15

CUF 14× 20B3 10701 25.18 33.57 96.28 135.85 149.39 154.13 165.26 182.68 203.63 215.77 0.0

CUF 14×13B4 10440 25.17 33.56 96.22 135.79 149.38 154.12 165.25 182.67 203.61 215.68 -0.03

CUF 14×20B4 15921 25.15 33.53 96.15 135.69 149.36 154.11 165.24 182.65 203.57 215.53 -0.11

*a Percentage difference from 3D solid Abaqus model (Reference)

Mode1 = 25.10Hz Mode2 = 33.48Hz Mode3 = 96.00Hz

Mode4 = 134.91Hz Mode5 = 148.80Hz

Fig. 6.9 Modal shapes in Beam 1 and BC3– quadratic element within Abaqus.
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Mode1 = 25.22Hz Mode2 = 33.63Hz Mode3 = 96.43Hz

Mode4 = 136.05Hz Mode5 = 149.42Hz Mode6 = 154.16Hz

Mode7 = 165.28Hz Mode8 = 182.73Hz Mode9 = 203.77Hz

Mode10 = 216.07Hz Mode20 = 321.09Hz Mode30 = 518.24Hz

Fig. 6.10 Modal shapes in Beam 1 and BC3– quadratic element within CUF framework.

6.3.3 Tee-shaped mono-symmetric cross-section beam

The next example applies to the Tee-shaped mono symmetric cross-section beam,
which is indicated in Figure. 6.11. First, 3D FEM in Abaqus is compared with those
from references in Table 6.7 and CUF in Table 6.8 for doubly clamped boundary
condition (B2). The first five natural frequencies are evaluated in Abaqus and the
modal shapes are illustrated in Figure. 6.12. In the next step, the current beam was
modelled in CUF framework for the firsts and higher modes in Figure. 6.13. Later,
the same beam is evaluated for the BC3 Table 6.9 and 6.10, and the modal shapes are
shown in Abaqus, see Figure. 6.14) and CUF as shown in Figure. 6.15 to determine
how the boundary conditions are effected on the frequency modes.
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(a) 15 L9 (b) 13 B3

Fig. 6.11 1D CUF model discretization in beam 2 (a) over the cross sections and (b) through
the beam.

Table 6.7 Reference study for Beam 2 BC2 with LEs on the cross section (L9).

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

3D FEM (Abaqus) 129459 38.36 77.04 111.28 122.07 153.03 194.05 238.84 259.88 288.89 309.33 Reference

Hung Hu Chen (B3Dw) [111] - 38.96 80.55 115.82 128.44 170.30 220.29 273.77 290.04 323.07 332.22 1.56

BC2CM [113] - 38.97 80.58 115.82 128.46 170.36 214.65 273.92 290.04 323.08 332.48 1.59

Euler-Bernoulli 243 88.99 244.98 298.96 479.44 785.60 791.24 1180.78 1293.05 1503.49 1649.58 131.98

Timoshenko 243 88.46 241.82 272.97 469.06 698.46 765.80 1128.68 1260.87 1293.05 1554.94 130.60

*a Percentage difference from 3D solid Abaqus model (Reference)

Table 6.8 Mesh study for Beam 2 BC2 with LEs on the cross section (L9).

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

CUF 15× 13B3 7533 38.60 77.46 111.78 122.79 153.77 195.23 241.02 260.83 293.18 310.99 0.62

CUF 15× 20B3 11439 38.56 77.39 111.59 122.45 153.51 194.61 239.59 260.13 290.04 309.94 0.52

CUF 15×13B4 11160 38.55 77.37 111.54 122.35 153.45 194.48 239.30 259.90 289.42 309.61 0.49

CUF 15×20B4 17019 38.52 77.32 111.43 122.18 153.34 194.32 239.08 259.57 298.08 309.11 0.41

*a Percentage difference from 3D solid Abaqus model (Reference)

Mode1 = 38.36Hz Mode2 = 77.04Hz Mode3 = 111.28Hz

Mode4 = 122.07Hz Mode5 = 153.03Hz

Fig. 6.12 Modal shapes in Beam 2 and BC2– quadratic element within Abaqus
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Mode1 = 38.60Hz Mode2 = 77.46Hz Mode3 = 111.78Hz

Mode4 = 122.79Hz Mode5 = 153.77Hz Mode6 = 195.23Hz

Mode7 = 241.02Hz Mode8 = 260.83Hz Mode9 = 293.18Hz

Mode10 = 310.99Hz Mode20 = 637.23Hz Mode30 = 1090.25Hz

Fig. 6.13 Modal shapes in Beam 2 and BC2– quadratic element within CUF framework.

Table 6.9 References study for Beam 2 BC3 with quadratic elements.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

3D FEM (Abaqus) 129459 12.51 27.42 45.37 54.54 88.12 123.98 130.49 166.27 205.49 249.77 Reference

Hung Hu Chen (B3Dw) [111] - 12.48 27.61 45.75 55.89 92.66 128.91 141.8 188.27 236.87 282.85 -0.23

BC2CM [113] - 12.48 27.62 45.75 55.90 92.68 128.84 141.83 188.31 236.95 282.85 -0.23

Euler-Bernoulli 243 13.98 45.69 87.56 244.72 282.49 478.45 646.52 774.45 789.16 1176.95 11.75

Timoshenko 243 13.98 45.42 87.22 242.48 271.69 470.53 646.52 713.06 768.82 1133.95 11.75

*a Percentage difference from 3D solid Abaqus model (Reference)
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Table 6.10 Mesh study for Beam 2 BC3 with quadratic elements.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

CUF 15× 13B3 7033 12.54 27.54 45.40 54.79 88.42 124.35 130.89 166.94 206.60 251.94 0.23

CUF 15× 20B3 114391 12.52 27.52 45.33 54.75 88.37 124.20 130.75 166.66 205.94 250.41 0.07

CUF 15×13B4 11160 12.52 27.51 45.30 54.73 88.36 124.15 130.71 166.60 205.80 250.09 0.07

CUF 15×20B4 17019 12.51 27.50 45.27 54.71 88.33 124.07 130.65 166.54 205.71 249.95 0

*a Percentage difference from 3D solid Abaqus Model (Reference)

Mode1 = 12.51Hz Mode2 = 27.42Hz Mode3 = 45.37Hz

Mode4 = 54.54Hz Mode5 = 88.12Hz

Fig. 6.14 Modal shapes in Beam 2 and BC3– quadratic element within Abaqus.
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Mode1 = 12.54Hz Mode2 = 27.54Hz Mode3 = 45.40Hz

Mode4 = 54.79Hz Mode5 = 88.42Hz Mode6 = 124.35Hz

Mode7 = 130.89Hz Mode8 = 166.94Hz Mode9 = 206.60Hz

Mode10 = 251.94Hz Mode20 = 556.60Hz Mode30 = 909.52Hz

Fig. 6.15 Modal shapes in Beam 2 and BC3– quadratic element within CUF framework
(15L9-13B3).

6.3.4 Arbitrary non-symmetric cross-section beams

In the current section, the arbitrary non-symmetric cross-section beams are displayed
based on Figure. 6.15. First, current beam examined for BC2 and the results are
compared for Reference models and CUF in Table 6.11 and 6.12, sequentially.
Moreover, the modal shapes in Abaqus and CUF framework are presented in Figure.
6.17 and 6.18, accordingly. Then, The same beam evaluated in BC3 and the effects
are reported in Table 6.13 and 6.14 and the modal shapes are shown in Figure 6.19
and 6.20 for the FEM model in Abaqus and CUF, respectively.

The next model for arbitrary non-symmetric cross-section beams solved in Figure
6.21. Consequently, the results are displayed in various frame and theories (Abaqus,
references and CUF) as they are shown in Table 6.15 and 6.16 for BC2 and Table
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(a) 16 L9 (b) 13 B3

Fig. 6.16 1D CUF model discretization in beam 3 (a) over the cross sections and (b) through
the beam.

6.17 and 6.18 for BC3. The modal shapes in FEM and CUF, also detailed in Figure.
6.22 and Figure. 6.23 for BC2 and 6.24 and 6.25 for BC3, apiece.

Table 6.11 Reference study for Beam 3 BC2 with quadratic element.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

3D ABAQUS Quadratic 163179 18.33 25.19 37.22 43.23 54.57 54.76 66.06 71.63 73.03 77.14 Reference

Hung Hu Chen (B3Dw) [111] - 19.21 29.18 52.63 75.54 79.94 102.69 155.57 168.94 202.08 251.01 0.3

BC2CM [113] - 19.21 29.18 52.63 75.54 79.94 102.7 155.58 168.94 202.08 251.11 0.3

Euler-Bernoulli 243 23.84 41.31 65.56 112.94 128.05 210.75 218.67 256.14 313.42 355.74 30.06

Timoshenko 243 23.59 40.02 64.05 105.73 123.16 199.05 197.02 256.14 290.07 307.90 28.69

*a Percentage difference from 3D solid Abaqus model (Reference)

Table 6.12 Convergence analysis in Beam 3 BC2 with quadratic element.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

CUF 16× 13B3 8019 18.49 25.39 37.51 43.61 55.29 55.18 66.62 72.87 74.10 78.30 0.87

CUF 16× 20B3 12177 18.43 25.33 37.44 43.54 55.05 55.11 66.48 72.72 74.04 78.27 0.54

CUF 16×13B4 11880 18.41 25.31 37.42 43.52 55.06 55.01 66.43 72.67 74.02 78.27 0.43

CUF 16×20B4 18117 18.38 25.27 37.39 43.49 54.97 54.95 66.36 72.62 73.99 78.25 0.27

*a Percentage difference from 3D solid Abaqus model (Reference)
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Mode1 = 18.49Hz Mode1 = 25.39Hz Mode1 = 37.51Hz

Mode1 = 43.61Hz Mode1 = 55.29Hz

Fig. 6.17 Modal shapes in Beam 3 and BC2– quadratic element within Abaqus.
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Mode1 = 18.49Hz Mode2 = 25.39Hz Mode3 = 37.51Hz

Mode4 = 43.61Hz Mode5 = 55.29Hz Mode6 = 55.18Hz

Mode7 = 66.62Hz Mode8 = 72.87Hz Mode9 = 74.10Hz

Mode10 = 78.30Hz Mode20 = 122.85Hz Mode30 = 167.64Hz

Fig. 6.18 Modal shapes in Beam 3 and BC2– quadratic element within CUF framework.

Table 6.13 Reference study for Beam 3 BC3 with LEs on the cross section (L9).

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

3D FEM (Abaqus) 901284 3.26 4.79 12.35 18.40 25.45 37.57 38.09 43.84 55.40 56.05 Reference

Hung Hu Chen (B3Dw) [111] - 3.27 4.81 12.63 19.17 28.84 52.71 73.68 79.77 102.56 128.07 0.3

BC2CM [113] - 3.27 4.81 12.63 19.17 28.84 52.71 73.68 79.77 102.56 128.1 0.3

Euler-Bernoulli 243 3.75 6.50 23.44 40.48 65.41 112.10 127.58 128.07 209.76 216.34 15.03

Timoshenko 243 3.74 6.48 23.28 39.64 64.34 107.01 123.85 128.07 200.41 199.89 14.72

*a Percentage difference from 3D solid Abaqus model (Reference)
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Table 6.14 Mesh study for Beam 3 BC3 with LEs on the cross section (L9).

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

CUF 16× 13B3 8019 3.28 4.81 12.41 18.50 25.58 37.92 38.35 44.23 55.78 56.56 0.61

CUF 16× 20B3 12177 3.27 4.81 12.39 18.47 25.55 37.91 38.31 44.19 55.69 56.48 0.30

CUF 16×13B4 11880 3.27 4.80 12.38 18.46 25.54 37.91 38.30 44.18 55.66 56.45 0.30

CUF 16×20B4 18117 3.27 4.80 12.37 18.44 25.52 37.90 38.28 44.16 55.62 56.42 0.30

*a Percentage difference from 3D solid Abaqus model (Reference)

Mode1 = 3.26Hz Mode2 = 4.79Hz Mode3 = 12.35Hz

Mode4 = 18.40Hz Mode5 = 25.45Hz

Fig. 6.19 Modal shapes in Beam 3 and BC3– quadratic element within Abaqus
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Mode1 = 3.28Hz Mode2 = 4.81Hz Mode3 = 18.49Hz

Mode4 = 18.50Hz Mode5 = 25.58Hz Mode6 = 37.82Hz

Mode7 = 38.35Hz Mode8 = 44.23Hz Mode9 = 55.78Hz

Mode10 = 56.56Hz Mode20 = 98.21Hz Mode30 = 150.70Hz

Fig. 6.20 Modal shapes in Beam 3 and BC3– quadratic element within CUF framework..

(a) 15 L9 (b) 13 B3

Fig. 6.21 1D CUF model discretization in beam 4 (a) over the cross sections and (b) through
the beam.
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Table 6.15 Reference study for Beam 4 BC2 with quadratic elements.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

3D FEM (Abaqus) 78444 17.00 39.46 45.69 66.86 70.56 74.88 87.45 87.66 95.30 97.63 Reference

Hung Hu Chen (B3Dw) [111] - 17.86 36.53 48.90 83.58 95.41 100.03 157.03 194.07 223.21 233.44 5.05

BC2CM [113] - 17.86 36.53 48.90 83.58 95.41 100.03 157.05 194.08 223.21 233.53 5.05

Euler-Bernoulli 243 34.53 52.57 94.65 142.95 183.98 256.14 274.62 300.84 442.36 443.86 103.11

Timoshenko 243 33.77 49.99 90.27 129.19 170.43 235.42 256.14 269.90 360.28 385.24 98.64

*a Percentage difference from 3D solid Abaqus model (Reference)

Table 6.16 Convergence study in Beam 4 BC2– quadratic elements in CUF framework.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

CUF 15× 13B3 7533 16.09 25.16 29.50 38.80 43.31 25.16 29.50 59.05 68.56 72.99 -5.35

CUF 15× 20B3 11439 16.04 25.10 29.45 38.77 43.24 47.57 56.60 58.88 68.44 72.74 -5.64

CUF 15×13B4 11160 16.03 25.08 29.43 38.73 43.22 47.55 56.57 58.83 68.41 72.66 -5.70

CUF 15×20B4 17019 16.00 25.05 29.40 38.67 43.18 47.52 56.51 58.74 68.35 72.55 -5.88

*a Percentage difference from 3D solid Abaqus model (Reference)

Mode1 = 17.00Hz Mode2 = 39.46Hz Mode3 = 45.69Hz

Mode4 = 66.86Hz Mode5 = 70.56Hz

Fig. 6.22 Modal shapes in Beam 4 and BC2– quadratic element within 3D solid in Abaqus.
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Mode1 : 16.09(Hz) Mode2 : 25.16(Hz) Mode3 : 29.50(Hz)

Mode4 : 38.80(Hz) Mode5 : 43.31(Hz) Mode6 : 47.63(Hz)

Mode7 : 56.73(Hz) Mode8 : 59.05(Hz) Mode9 : 68.56(Hz)

Mode10 : 72.99(Hz) Mode20 : 117.16(Hz) Mode30 : 148.33(Hz)

Fig. 6.23 Modal shapes in Beam 4 and BC2– quadratic element within CUF framework.

Table 6.17 Reference solutions in Beam 4 BC3 with quadratic element.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

3D FEM (Abaqus) 78444 3.13 5.70 12.23 15.98 16.16 25.24 29.21 38.46 38.67 42.51 Reference

Hung Hu Chen (B3Dw) [111] - 3.16 5.77 13.45 17.88 35.85 49.01 81.01 95.34 99.47 128.07 0.95

BC2CM [113] - 3.16 5.77 13.45 17.88 35.85 49.02 81.01 95.34 99.47 128.1 0.95

Euler-Bernoulli 243 5.43 8.28 33.89 51.35 94.17 128.07 141.24 182.58 270.06 297.98 73.48

Timoshenko 243 5.42 8.24 33.39 49.68 91.07 128.07 131.5 172.27 240.42 273.37 73.16

*a Percentage difference from 3D solid Abaqus model (Reference)
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Table 6.18 Convergence analysis in Beam 4 BC3– quadratic element in CUF model.

Natural Frequency (Hz)

Model DOFs Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9 Mode 10 *a %

CUF 15× 13B3 7533 3.16 5.72 12.34 16.17 16.33 25.65 29.84 39.18 40.71 44.47 0.95

CUF 15× 20B3 11439 3.15 5.71 12.32 16.31 16.15 25.62 29.81 39.12 40.71 44.43 0.63

CUF 15×13B4 11160 3.15 5.71 12.32 16.15 16.30 25.61 29.80 39.10 40.71 44.41 0.63

CUF 15×20B4 17019 3.15 5.71 12.31 16.14 16.29 25.60 29.78 39.06 40.70 44.40 0.63

*a Percentage difference from 3D solid Abaqus model (Reference)

Mode1 = 3.13Hz Mode2 = 5.70Hz Mode3 = 12.23Hz

Mode4 = 15.98Hz Mode5 = 16.16Hz

Fig. 6.24 Modal shapes in Beam 4 with BC3– 3D solid FEM in Abaqus with quadratic
element.
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Mode1 = 3.16Hz Mode2 = 5.72Hz Mode3 = 12.34Hz

Mode4 = 16.17Hz Mode5 = 16.33Hz Mode6 = 25.65Hz

Mode7 = 29.84Hz Mode8 = 39.18Hz Mode9 = 40.71Hz

Mode10 = 44.47Hz Mode20 = 93.50Hz Mode30 = 132.71Hz

Fig. 6.25 Modal shapes in Beam 4 and BC3– quadratic element within CUF framework.

6.3.5 Doubly clamped T-shaped thin walled beam

As it mentioned in the Chapter 2, EBBT and TBT are the classical beam theories that
are faced with the problem of detecting the non-classical effects like warping, out
and in-plane effects, or coupling of torsion and bending and also local geometrical or
mechanical boundary conditions. Especially in slender beams or thin-walled beam
structures, these effects can rise [122]. Present study evaluate the classical beam
theories (EBBT and TBT) in contrast with the shell models in Abaqus. Table. 6. 19
illustrated the antural frequencies based on EBBT, TBT, and Higher-order Taylor
expansion and LE for a horizontal flange with T-shaped cross-section.
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Fig. 6.26 T-shaped cross-section thin-walled beam.

Table 6.19 Doubly clamped T-shaped beam– Convergence analysis.

Beam Element Mode 1 Mode 2 Mode 3 Mode 4 Mode 5
Reference Abaqus 18.61 39.25 45.80 61.78 85.63

EBBT 31.79 87.57 111.85 171.47 282.99
TBT 31.70 86.99 107.86 169.54 278.19
TE2 31.74 86.09 108.19 163.49 213.95

CUF TE4 29.43 71.85 71.38 105.85 114.81
TE8 21.29 45.31 47.69 69.97 91.66

TE12 19.56 41.42 46.43 64.32 83.00
TE16 18.77 37.72 44.71 64.28 78.34

LE 18.74 39.40 45.90 61.32 81.66

Mode1 = 18.61Hz Mode2 = 39.25Hz Mode3 = 45.80Hz

Mode4 = 61.78Hz Mode5 = 85.63Hz

Fig. 6.27 Modal shapes in Doubly-clamped T-shaped beam– Abaqus.
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Mode1 = 18.74Hz Mode2 = 39.40Hz Mode3 = 45.90Hz

Mode4 = 61.32Hz Mode5 = 81.66Hz

Fig. 6.28 Modal shapes in Doubly-clamped T-shaped beam– CUF framework.

6.3.6 Cantilever T-shaped beam

In this section, the eigenvector are presented in Figure 6.29 for 3D solid model in
Abaqus for the beam with BC3.

Mode1 = 4.44Hz Mode2 = 17.10Hz Mode3 = 27.47Hz

Mode4 = 71.76Hz Mode5 = 102.29Hz

Fig. 6.29 Modal shapes in T-shaped cross-section- 3D solid Abaqus.

6.3.7 Cantilever C-shaped- open walled beam

Present problem bring in Figure 6.30 and the results based on 1D CUF for BC3 are
shown in Table 6.20 respect to the analytical results in [111]. See also the modal
shapes in Figure 6.31.
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Fig. 6.30 C-shaped thin-walled beam.

Table 6.20 Analytical solution for eigenvalues respect to CUF framework in C-shaped
cantilever cross-section- RTO: Rotational Terms Omitted, RTI: Rotational Terms Included.

Model Type Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Analytical result (RTO) [111] F1 = 5.69 F2 = 7.47 F3 = 18.75 F4 = 31.50 F5 = 35.68

Analytical result (RTI) [111] F1 = 5.69 F2 = 7.47 F3 = 18.72 F4 = 31.48 F5 = 35.65

CUF F1 = 5.71 F2 = 7.78 F3 = 18.73 F4 = 33.14 F5 = 35.46

6.3.8 Doubly clamped T-shaped cross-section

In current section, the cross-section mentioned by Figure.6.31 is presented with BC2,
see the results in Table 6.21. Natural frequency modal shapes also are shown in
Figure. 6.32.
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Mode1 = 5.71Hz Mode2 = 7.78Hz Mode3 = 18.73Hz

Mode4 = 33.14Hz Mode5 = 35.46Hz

Fig. 6.31 Modal shapes in U-shaped cantilever– CUF framework.

Table 6.21 Analytical natural frequencies respect to CUF procedure in C-shaped doubly-
clamped cross-section.

Model type Mode 1 Mode 2 Mode 3 Mode 4 Mode 5

Analytical result [111] F1 = 31.92 F2 = 36.23 F3 = 80.75 F4 = 99.87 F5 = 115.10

CUF F1 = 30.13 F2 = 36.01 F3 = 78.69 F4 = 96.11 F5 = 108.01
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Mode1 = 30.13Hz Mode2 = 36.01Hz Mode3 = 78.69Hz

Mode4 = 96.11Hz Mode5 = 108.01Hz

Fig. 6.32 Modal shapes in C-shaped Doubly-clamped cross-section– CUF framework.

The outcome of this chapter is presented in [112].

6.4 Conclusion

In the current research, the 1D CUF introduced to evaluate the natural frequencies in
the thin-walled beam structures with different geometries of cross-section, various
lengths of the beam and also different boundary conditions. In CUF, the long
dimension of beams is considered to be model as a 1D model for improving the
efficiency of analysis.

1. For the approximation of displacement field, Lagrange expansion are used
over the cross-section and the results showed high reliability.

2. In the beams with thin-walled geometries, the discretization of the structure
has done by the finite number of 1D beam elements and the results showed a
good agreement with the solutions in the kinds of literature.

3. In a different model, the validation and capabilities of the CUF model were
investigated and the listed results proved a good solution correlation with the
analytical and 3D solid model, with/without warping effects.
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Additionally, it has been argued that the innovative procedure performed in this
chapter can be employed as a precise tool for structural analysis for complicated
cross-section thin-walled beams to overcome computational costs. Additionally, the
innovative and precise CUF procedure shows the potential value for evaluation of
structural analysis for complex cross-section with the advantage of overcoming to
the high computational costs.
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Appendix A

Validation of Variable Angle Tow
Composites

In this section the work is used to compare the present VAT model with literature
results. The reference uses a finite element based on the Third-order Deformation
Theory (TSDT). The studied case concerns a plate characterized by the following
dimensions: a = b = 1 m. Two thicknesses are considered: 0.01 and 0.1 as thin and
thick thickness, respectively. The orthotropic material has the following proprieties:
E1 = 173 GPa, E2 = 7.2 GPa, G12 = 3.76 GPa, G13 = 3.76 GPa, G23 = 3.76 GPa,
ν=0.29 and ρ=1540 kg/m3. In this case, the fiber follows the path introduced in
Chapter 4. The plate is a three layer laminate, and the lamination of each layer
will be expressed as < T 0|T 1 >. The model is described using the LE formulation
which allows a layer-wise approach to be employed. 10 B3 elements are used over
y-axis, and thirty 9-node Lagrange elements are used to describe the cross-section
of the plate (10L9 elements for each layer). Two lamination are implemented and
studied. The first one, called lamination a, is represented by the following T 0 and
T 1: < 0◦,45◦ >, < −45◦,−60◦ >, < 0◦,45◦ >. Lamination b is the second case
and defined in a symmetric lay-ups < 90◦,45◦ >, < 60◦,30◦ >, < 90◦,45◦ >.

and it follows the linear formulation of VAT which is mentioned in Chapter
4. The VAT plate is analyzed considering the four edges clamped. The reference
presents the results using as units of measure rad/s. This work gives the frequencies
expressed in Hz. For this reason, the reference results are divided by 2π .
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Fig. A.1 Lamination of first ply (Lamina a) and second lamination (Lamina b)

For validation of the results obtained through CUF approach, first nine frequen-
cies are compared with tohse from reference as it reported in Table A.1. Two different
thickness (thin and thick) are considered for two different lamination design. In
current example, Lagrange model is used.

Two types of square plate: thin (0.01 m) and thick plate (0.1 m) are investigated
in two different three layers of Variable angle tow composite material. The results
show that the Z is not effective on the thin plates frequencies, therefore based on
the DOF, the lowest number could be more suitable to investigation of this type of
laminate, while in y and x axis is a obey to the Quadratic equation based on the Fig.
A.12 and A.13. in the other hand in thick plate the behavior of the mode shapes are
dependent to the y, x and z in a complex function of the surface.
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h/a Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9

[< 0,45 >,<−45,−60 >,< 0,45 >]

0.01 Ref. [123] 92,26 130,82 195,19 237,86 274,99 282,67 340,09 389,10 431,02
Ref. [2] 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36

VAT LE Model 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36

0.1 Ref. [123] 614,11 909,55 1233,02 1338,63 1485,64 1798,60 1932,28 1965,59 2152,26
Ref. [2] 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88

VAT LE Model 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88

[< 90,45 >,< 60,30 >,< 90,45 >]

0.01 Ref. [123] 113,18 145,25 212,66 269,06 292,47 316,49 362,78 392,79 465,04
Ref. [2] 114,32 148,92 223,15 279,6 303,8 332,45 381,32 425,44 507,54

VAT LE Model 114,32 148,92 223,15 279,6 303,8 332,45 381,32 425,44 507,54

0.1 Ref. [123] 682,20 917,49 1304,68 1313,59 1466,64 1714,97 1920,80 1991,02 2001,10
Ref. [2] 672,68 909,02 1270,07 1301,02 1441,95 1690,38 1904,58 1943,18 1943,44

VAT LE Model 672,68 909,02 1270,07 1301,02 1441,95 1690,38 1904,58 1943,18 1943,44

Table A.1 VAT plates under clamped boundary condition-free vibration analysis.

h/a y,x z DOF Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9

[< 0,45 >,<−45,−60 >,< 0,45 >]

Ref. [123] 92,26 130,82 195,19 237,86 274,99 282,67 340,09 389,10 431,02
Ref. [2] 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36

0.01 VAT LE Model 10 3 9261 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36
Refined VAT LE Model 10 6 17199 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36
Refined VAT LE Model 10 9 25137 94.44 135.35 206.37 247.04 287.64 307.81 361.59 433.69 476.26

Ref. [123] 614,11 909,55 1233,02 1338,63 1485,64 1798,60 1932,28 1965,59 2152,26
Ref. [2] 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88

0.1 VAT LE Model 10 3 9261 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88
Refined VAT LE Model 10 6 17199 608.59 900.61 1213.25 1322.16 1465.07 1764.99 1925.79 1923.28 2106.45
Refined VAT LE Model 10 9 25137 608.50 900.39 1213.03 1321.71 1464.75 1764.25 1922.78 1925.32 2105.83

[< 90,45 >,< 60,30 >,< 90,45 >]

Ref. [123] 113.18 145.25 212.66 269.06 292.47 316.49 362.78 392.79 465.04
Ref. [2] 114.32 148.92 223.15 279.6 303.8 332.45 381.32 425.44 507.54

0.01 VAT LE Model 10 3 9261 114.32 148.92 223.15 279.6 303.8 332.45 381.32 425.44 507.54
Refined VAT LE Model 10 6 17199 114.32 148.92 223.15 279.6 303.8 332.45 381.32 425.44 507.54
Refined VAT LE Model 10 9 25137 114.31 148.91 223.13 279.59 303.78 332.41 381.28 425.39 507.48

Ref. [123] 682.20 917.49 1304.68 1313.59 1466.64 1714.97 1920.80 1991.02 2001.10
Ref. [2] 672.68 909.02 1270.07 1301.02 1441.95 1690.38 1904.58 1943.18 1943.44

0.1 VAT LE Model 10 3 9261 672.68 909.02 1270.07 1301.02 1441.95 1690.38 1904.58 1943.18 1943.44
Refined VAT LE Model 10 6 17199 671.70 907.62 1267.13 1298.94 1438.64 1687.22 1900.40 1938.03 1950.84
Refined VAT LE Model 10 9 25137 671.61 907.50 1266.83 1298.67 1438.35 1686.93 1900.06 1937.48 1950.79

Table A.2 Convergence analysis for linear natural frequencies [Hz] for clamped VSCL plates.
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h/a Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9

[< 0,45 >,<−45,−60 >,< 0,45 >]

0.01 Ref. [123] 92,26 130,82 195,19 237,86 274,99 282,67 340,09 389,10 431,02
Ref. [2] 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36

VAT LE Model 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36

0.1 Ref. [123] 614,11 909,55 1233,02 1338,63 1485,64 1798,60 1932,28 1965,59 2152,26
Ref. [2] 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88

VAT LE Model 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88

[< 90,45 >,< 60,30 >,< 90,45 >]

0.01 Ref. [123] 113,18 145,25 212,66 269,06 292,47 316,49 362,78 392,79 465,04
Ref. [2] 114,32 148,92 223,15 279,6 303,8 332,45 381,32 425,44 507,54

VAT LE Model 114,32 148,92 223,15 279,6 303,8 332,45 381,32 425,44 507,54

0.1 Ref. [123] 682,20 917,49 1304,68 1313,59 1466,64 1714,97 1920,80 1991,02 2001,10
Ref. [2] 672,68 909,02 1270,07 1301,02 1441,95 1690,38 1904,58 1943,18 1943,44

VAT LE Model 672,68 909,02 1270,07 1301,02 1441,95 1690,38 1904,58 1943,18 1943,44

Table A.3 Linear natural frequencies [Hz] for clamped VSCL plates.

h/a y,x z DOF Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9

[< 0,45 >,<−45,−60 >,< 0,45 >]

Ref. [123] 92,26 130,82 195,19 237,86 274,99 282,67 340,09 389,10 431,02
Ref. [2] 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36

0.01 VAT LE Model 10 3 9261 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36
Refined VAT LE Model 10 6 17199 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36
Refined VAT LE Model 10 9 25137 94.44 135.35 206.37 247.04 287.64 307.81 361.59 433.69 476.26

Ref. [123] 614,11 909,55 1233,02 1338,63 1485,64 1798,60 1932,28 1965,59 2152,26
Ref. [2] 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88

0.1 VAT LE Model 10 3 9261 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88
Refined VAT LE Model 10 6 17199 608.59 900.61 1213.25 1322.16 1465.07 1764.99 1925.79 1923.28 2106.45
Refined VAT LE Model 10 9 25137 608.50 900.39 1213.03 1321.71 1464.75 1764.25 1922.78 1925.32 2105.83

[< 90,45 >,< 60,30 >,< 90,45 >]

Ref. [123] 113.18 145.25 212.66 269.06 292.47 316.49 362.78 392.79 465.04
Ref. [2] 114.32 148.92 223.15 279.6 303.8 332.45 381.32 425.44 507.54

0.01 VAT LE Model 10 3 9261 114.32 148.92 223.15 279.6 303.8 332.45 381.32 425.44 507.54
Refined VAT LE Model 10 6 17199 114.32 148.92 223.15 279.6 303.8 332.45 381.32 425.44 507.54
Refined VAT LE Model 10 9 25137 114.31 148.91 223.13 279.59 303.78 332.41 381.28 425.39 507.48

Ref. [123] 682.20 917.49 1304.68 1313.59 1466.64 1714.97 1920.80 1991.02 2001.10
Ref. [2] 672.68 909.02 1270.07 1301.02 1441.95 1690.38 1904.58 1943.18 1943.44

0.1 VAT LE Model 10 3 9261 672.68 909.02 1270.07 1301.02 1441.95 1690.38 1904.58 1943.18 1943.44
Refined VAT LE Model 10 6 17199 671.70 907.62 1267.13 1298.94 1438.64 1687.22 1900.40 1938.03 1950.84
Refined VAT LE Model 10 9 25137 671.61 907.50 1266.83 1298.67 1438.35 1686.93 1900.06 1937.48 1950.79

Table A.4 Convergence analysis in VAT plates under clamped boundary condition-free
vibration analysis.
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h/a y,x z DOF Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9

[< 0,45 >,<−45,−60 >,< 0,45 >]

Ref. [123] 92.26 130.82 195.19 237.86 274.99 282.67 340.09 389.10 431.02
Ref. [2] 94.44 135.36 206.4 247.05 287.67 307.89 361.64 433.83 476.36

0.01 Refined VAT LE Model 15 3 20181 92.90 132.28 198.95 240.46 278.75 291.10 346.62 404.04 444.98
Refined VAT LE Model 15 6 37479 92.90 132.26 198.92 240.45 278.72 291.01 346.55 403.87 444.86
Refined VAT LE Model 15 9 54777 92.90 132.26 198.91 240.45 278.72 291.01 346.55 403.87 444.86

Ref. [123] 614,11 909,55 1233,02 1338,63 1485,64 1798,60 1932,28 1965,59 2152,26
Ref. [2] 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88

0.1 Refined VAT LE Model 15 3 20181 608.75 901.35 1213.15 1322.76 1465.30 1767.14 1916.30 1925.01 2107.32
Refined VAT LE Model 15 6 37479 607.50 898.25 1210.24 1316.39 1460.89 1757.04 1909.29 1919.29 2099.65
Refined VAT LE Model 15 9 54777 607.41 898.05 1210.00 1315.96 1460.56 1756.32 1908.81 1918.71 2099.00

[< 90,45 >,< 60,30 >,< 90,45 >]

Ref. [123] 113.18 145.25 212.66 269.06 292.47 316.49 362.78 392.79 465.04
Ref. [2] 114.32 148.92 223.15 279.6 303.8 332.45 381.32 425.44 507.54

0.01 Refined VAT LE Model 15 3 20181 113.39 146.22 215.56 272.00 295.30 319.78 364.25 400.21 474.79
Refined VAT LE Model 15 6 37479 113.39 146.21 215.54 271.98 295.28 319.75 364.22 400.17 474.74
Refined VAT LE Model 15 9 54777 113.39 146.21 215.54 271.98 295.28 319.75 364.21 400.17 474.74

Ref. [123] 682.20 917.49 1304.68 1313.59 1466.64 1714.97 1920.80 1991.02 2001.10
Ref. [2] 672.68 909.02 1270.07 1301.02 1441.95 1690.38 1904.58 1943.18 1943.44

0.1 Refined VAT LE Model 15 3 20181 672.30 907.44 1268.94 1296.92 1438.76 1684.82 1892.06 1938.62 1950.20
Refined VAT LE Model 15 6 37479 671.28 905.97 1265.85 1294.71 1435.29 1681.47 1887.63 1933.24 1950.12
Refined VAT LE Model 15 9 54777 671.17 905.83 1265.50 1294.49 1434.95 1681.12 1887.24 1932.61 1950.10

Table A.5 Convergence analysis in VAT plates under clamped boundary condition-free
vibration analysis..

h/a y,x z DOF Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9

[< 0,45 >,<−45,−60 >,< 0,45 >]

Ref. [123] 92,26 130,82 195,19 237,86 274,99 282,67 340,09 389,10 431,02
Ref. [2] 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36

0.01 Refined VAT LE Model 20 3 35301 92.50 131.14 196.81 238.79 276.38 286.32 342.52 395.43 436.45
Refined VAT LE Model 20 6 65559 92.49 131.40 196.78 238.77 276.35 286.24 342.46 395.28 436.34
Refined VAT LE Model 20 9 95817 92.49 131.40 196.78 238.77 276.35 286.24 342.46 395.27 436.34

Ref. [123] 614,11 909,55 1233,02 1338,63 1485,64 1798,60 1932,28 1965,59 2152,26
Ref. [2] 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88

0.1 Refined VAT LE Model 20 3 35301 608.41 900.75 1212.39 1321.46 1464.25 1765.34 1923.29 1913.33 2105.55
Refined VAT LE Model 20 6 65559 607.14 897.61 1209.42 1315.02 1459.78 1755.15 1906.24 1917.40 2097.78
Refined VAT LE Model 20 9 95817 607.04 897.40 1209.16 1314.59 1459.43 1754.41 1905.74 1916.86 2097.11

[< 90,45 >,< 60,30 >,< 90,45 >]

Ref. [123] 113,18 145,25 212,66 269,06 292,47 316,49 362,78 392,79 465,04
Ref. [2] 114,32 148,92 223,15 279,6 303,8 332,45 381,32 425,44 507,54

0.01 Refined VAT LE Model 20 3 35301 113.15 145.52 213.52 269.84 293.06 316.63 359.48 393.97 466.28
Refined VAT LE Model 20 6 65559 113.15 145.51 213.50 269.82 293.04 316.60 359.44 393.93 466.23
Refined VAT LE Model 20 9 95817 113.15 145.51 213.50 269.82 293.04 316.61 359.45 393.93 466.23

Ref. [123] 682,20 917,49 1304,68 1313,59 1466,64 1714,97 1920,80 1991,02 2001,10
Ref. [2] 672,68 909,02 1270,07 1301,02 1441,95 1690,38 1904,58 1943,18 1943,44

0.1 Refined VAT LE Model 20 3 35301 672.18 907.12 1268.61 1296.11 1438.04 1683.68 1889.58 1950.31 1937.60
Refined VAT LE Model 20 6 65559 671.14 905.61 1265.48 1293.84 1434.51 1680.26 1885.06 1932.13 1950.23
Refined VAT LE Model 20 9 95817 671.03 905.47 1265.10 1293.60 1434.15 1679.88 1884.64 1931.45 1950.21

Table A.6 Convergence analysis in VAT plates under clamped boundary condition-free
vibration analysis..
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45 9-node Lagrange Element
Thickness 0.1

Fig. A.2 Frequency modes for laminate a with three layers under CCCC-thick plate.

Fig. A.3 Frequency modes for laminate b with three layers under CCCC-thick plate.
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20 9, 9 0.01 9-node Lagrange Element
Thickness 0.01

Fig. A.4 Frequency modes for laminate b with three layers under CCCC-thin plate.

Fig. A.5 Frequency modes for laminate b with three layers under CCCC-thin plate.
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h/a y,x z DOF Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9

[< 0,45 >,<−45,−60 >,< 0,45 >]

Ref. [123] 92,26 130,82 195,19 237,86 274,99 282,67 340,09 389,10 431,02
Ref. [2] 94,44 135,36 206,4 247,05 287,67 307,89 361,64 433,83 476,36

0.01 Refined VAT LE Model 30 3 78141 92.29 130.93 195.58 237.95 275.16 283.58 340.36 390.48 431.87
Refined VAT LE Model 30 6 145119 92.29 130.92 195.55 237.94 275.14 283.52 340.31 390.34 431.77
Refined VAT LE Model 30 9 212097 92.29 130.92 195.55 237.94 275.13 283.51 340.30 390.33 431.77

Ref. [123] 614,11 909,55 1233,02 1338,63 1485,64 1798,60 1932,28 1965,59 2152,26
Ref. [2] 609.79 903.63 1216.04 1328.41 1469.33 1774.84 1931.36 1930.15 2113.88

0.1 Refined VAT LE Model 30 3 78141 608.22 900.40 1211.96 1320.76 1463.70 1764.40 1911.93 1922.49 2104.70
Refined VAT LE Model 30 6 145119 606.93 897.22 1208.93 1314.25 1459.15 1754.11 1904.73 1916.50 2096.83
Refined VAT LE Model 30 9 212097 606.82 897.01 1208.65 1313.80 1458.78 1753.35 1904.20 1915.92 2096.13

[< 90,45 >,< 60,30 >,< 90,45 >]

Ref. [123] 113,18 145,25 212,66 269,06 292,47 316,49 362,78 392,79 465,04
Ref. [2] 114,32 148,92 223,15 279,6 303,8 332,45 381,32 425,44 507,54

0.01 Refined VAT LE Model 30 3 78141 113.04 145.14 212.41 268.71 291.91 314.98 356.95 390.76 462.13
Refined VAT LE Model 30 6 145119 113.04 145.14 212.40 268.70 291.90 314.96 356.92 390.73 461.94
Refined VAT LE Model 30 9 212097 113.04 145.14 212.39 268.70 291.90 314.96 356.92 390.73 461.93

Ref. [123] 682,20 917,49 1304,68 1313,59 1466,64 1714,97 1920,80 1991,02 2001,10
Ref. [2] 672,68 909,02 1270,07 1301,02 1441,95 1690,38 1904,58 1943,18 1943,44

0.1 Refined VAT LE Model 30 3 78141 672.12 906.93 1268.47 1295.70 1437.68 1683.13 1888.48 1937.15 1950.24
Refined VAT LE Model 30 6 145119 671.07 905.40 1265.30 1293.38 1434.10 1679.64 1883.87 1931.61 1950.15
Refined VAT LE Model 30 9 212097 670.95 905.24 1264.90 1293.12 1433.72 1679.24 1883.42 1930.90 1950.13

Table A.7 Convergence analysis in VAT plates under clamped boundary condition-free
vibration analysis..

h/a Goodness of fit Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 Mode 9

[< 0,45 >,<−45,−60 >,< 0,45 >]

0.01 SSE 3.4331e-27 2.5042e-26 1.6964e-26 2.2618e-26 3.8774e-26 2.5849e-26 4.8468e-26 8.0779e-26 9.0473e-26
0.1 SSE 1.1632e-25 4.5236e-25 7.7548e-25 7.2378e-25 9.3058e-25 1.2925e-24 3.9808e-24 1.4476e-24 2.0680e-24

[< 90,45 >,< 60,30 >,< 90,45 >]

0.01 SSE 7.8760e-27 1.2117e-26 1.8579e-26 3.5543e-26 3.2312e-26 5.4930e-26 3.2312e-26 6.4623e-26 1.6479e-25
0.1 SSE 2.7142e-25 4.6529e-25 1.1891e-24 1.0857e-24 1.0857e-24 1.8612e-24 1.6027e-24 1.1374e-24 1.7061e-24

Table A.8 Goodness of fit from Curve Fitting solution by interpolant with the method of
thin-plate spline.
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30 6, 9 9-node Lagrange Element
Thickness 0.1

Fig. A.6 Meshed thick plate with 180 elements in cross-section.

Fig. A.7 First 5 modal shapes of the CCCC 3-layer thick plate (Laminate a).

Fig. A.8 First 5 modal shapes of the CCCC 3-layer thick plate (Laminate b).
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30 6, 9 9-node Lagrange Element
Thickness 0.01

Fig. A.9 Meshed thick plate with 180 elements in cross-section.

Fig. A.10 First 5 modal shapes of the CCCC 3-layer thick plate (Laminate a).

Fig. A.11 First 5 modal shapes of the CCCC 3-layer thick plate (Laminate b).
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< 0,45 >,<−45,−60 >,< 0,45 >

Fig. A.12 First 9 frequency modes in different number of beam elements (y and x) and nodes
per thickness (z) in thin plate



128 Validation of Variable Angle Tow Composites

< 90,45 >,< 60,30 >,< 90,45 >

Fig. A.13 First 9 frequency modes in different number of beam elements (y and x) and nodes
per thickness (z) in thin plate
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< 0,45 >,<−45,−60 >,< 0,45 >

Fig. A.14 First 9 frequency modes in different number of beam elements (y and x) and nodes
per thickness (z) in thick plate
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< 90,45 >,< 60,30 >,< 90,45 >

Fig. A.15 First 9 frequency modes in different number of beam elements (y and x) and nodes
per thickness (z) in thick plate
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