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ABSTRACT. We consider the 1D nonlinear Schrodinger equation with focusing point
nonlinearity. “Point” means that the pure-power nonlinearity has an inhomogeneous
potential and the potential is the delta function supported at the origin. This
equation is used to model a Kerr-type medium with a narrow strip in the optic
fibre. There are several mathematical studies on this equation and the local/global
existence of solution, blow-up occurrence and blow-up profile have been investigated.
In this paper we focus on the asymptotic behavior of the global solution, i.e, we
show that the global solution scatters as ¢t — oo in the L? supercritical case. The
main argument we use is due to Kenig-Merle, but it is required to make use of
an appropriate function space (not Strichartz space) according to the smoothing
properties of the associated integral equation.

1. INTRODUCTION

In this paper, we address a theoretical study on a model, proposed in [I6], that
describes a wave propagation in a 1D linear medium containing a narrow strip of
nonlinear material, where the nonlinear strip is assumed to be much smaller than
the typical wavelength. Considering such nonlinear strip may allow to model a wave
propagation in nanodevices, in particular the authors in [I3] consider some nonlinear
quasi periodic super lattices and investigate an interplay between the nonlinearity and
the quasi periodicity. Such a strip is described as an impurity, i.e. a delta measure in
the nonlinearity of nonlinear Schrodinger equation. For applications in nanodevices,
it should be important to study NLS with a quasi periodic location of delta measures,
but in this paper, as a first step, we will treat the Schrédinger equation which has
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only one impurity in the nonlinearity:

(1.1) ‘{@¢+%¢+K@WW*¢=Q teR, z€R
' (,0) = Yo(x)

where p > 1, and K = ¢, 0 is the Dirac mass at x = 0. This singularity in the
nonlinearity is interpreted as the linear Schrodinger equation:

i) + 0%1p = 0, teR, x#0
together with the jump condition at x = 0

¢(O>t) = ¢(0_>t) = ¢(0+a t)
0p (04, 1) — B0 (0—, 1) = —[(0,£)["(0, 1)

Remark that this equation ((ILT]) also appears as a limiting case of nonlinear Schrodinger
equation with a concentrated nonlinearity (see [7]).

In [3 [I1], it was proved that the equation (II]) is locally well-posed for any v €
H'(R) for p > 1, and Equation (ILT]) has two conservative quantities: the mass

M) = [0
and the energy
1 1
B) = 5 [ 1007 - )P

The mass condition for the global existence/blow-up, further an analysis of the blow-
up profile were established in [11 [I2]. Furthermore, the problem of asymptotic sta-
bility of the standing waves of equation (I.I]) has been treated in [5] and [14].

As far as we know, the asymptotic behavior, in particular, the scattering of the
solution is not known for (ILT). For the standard NLS, i.e. K =1, in one dimensional
case, such a result in H' was firstly established in [I7]. This topic has been very
active these decades thanks to a breakthrough result by Kenig-Merle [I5]. Our proof
therefore essentially will be based on Kenig-Merle [I5], and some results after [15],
for example [I0]. However, it is required to make use of an appropriate function
space (not Strichartz space) according to the smoothing properties of the associated
integral equation to (L]).

Higher-dimensional models with a generalization of the delta potential have been
introduced in [2] and in [6] for the three and two-dimensional setting, respectively.
While, at a qualitative level, the model in dimension three behaves like that in di-
mension one, the two-dimensional setting displays some uncommon features still to
be understood (for the analysis of the blow-up, see [1]).

We remark that the model of a NLS with a standard power nonlinearity and a
linear point interaction has been studied in [4].
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Notation. If [ is an interval of R, and 1 < r < oo, then L} is the space of
strongly Lebesgue measurable, complex-valued functions v from I into C satisfying
o]y == [} lv(t)]"dt < 400 if r < +00, when r = +00, |[v]|Le := sup,e; [v(t)] < +o0.
The space CYE denotes the space of continuous functions on I with values in a Banach
space F.

For s € R, we define the Sobolev space

H* = {v € S'(R), [[v]lm- = (1 + [€*)20()ll2 < +o0},

and the homogeneous Sobolev space

H*={veS'R), |v

irs = [I1EF0(E) |2z < +o0},

where f is the Fourier transform of the function f. Thus, H® = H° = L%, and this
will be simply denoted as L2. Sometimes we put an index t or z like Hf or H® to
enlighten which variable concerns. For a € R, |V|* denotes the Fourier multiplier
with symbol |£|%. For s > 0, define v € Hj if, when v(x) is extended to o(z) on R by
setting 0(z) = 0 for z ¢ I, then © € H?; in this case we set [[v||g: = |||
X1 denotes the characteristic function for the interval I C R.

ps. Finally,

The equation (L) has a scaling invariance: if ¢(z,t) is a solution to (LII) then
1 .
APToh( Az, A%*t), A > 0 is also. The scale-invariant Sobolev space for () is H% with
1 1

O == — ——

2 p-—1
thus, for (L), p = 3 is the L? critical setting. If p > 3, then 0 < o, < % and
1 20.41 1 1 20, —1

< <

1571 T2 171
We take ¢ and ¢ to be given by
1 1 20.+1 1

1
qg 2 47 2 g 4 7

and from the definition of 0., we find that

< 0.

. 2(p-—-1
q=2(p—1), q=7( )
p
In the remainder of the paper, once p > 3 is selected, we will take ., ¢ and ¢ to have

the corresponding values as defined above.
Recall that by Sobolev embedding, one has

[Pllcg S Nl oz (1] 2z S NN s

More generally than the above case, o, should satisfy —% <o, < % to apply this

Sobolev embedding, that is, the case . = 0 (namely p = 3) is included for this
embedding.
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First, we recall here the local wellposedness result of (ILT]) established in Theorem

1.1 of [L1].

Proposition 1.1. Let p > 1 and vy € H'. Then, there exist T* > 0 and a solution
W(x,t) to (LD) on [0,T*) satisfying for T < T*,

3
Ve C[%,T}H; N CE%H(%],T)v
1
02t € Cy o\ joy Hi 1)

Here, the derivatives 0,4 (0%, t) := lim,_,+0 0,0 (x,t), exist in the sense of H(%’T) and
1 satisfies
Opp (07, 1) — 0x0(07, 1) = —[9(0,8)[P (0, 1)

1
as an equality of H(‘B T) functions (not pointwisely in t).
Among all solutions satisfying the above regqularity conditions, it is unique. More-
over, the data-to-solution map Vo + 1, as a map H} — C[OO’T]H%, is continuous, and
if T* < +o00, then limyr- [|0:)(¢)| 12 = +oc.

Hereafter, the solution to (1) satisfying the above regularity condition will be
referred to as H! solution to (LTJ).

The local virial identity has been also proved in [I1]. For any smooth weight
function a(z) satisfying a(0) = 0,a(0) = 8&3)a(0) = 0, the solution ¢ to (I.1]) satisfies

12) & [a@uide=1 [ 9alo.f — 2020w ~ [o0alf
Proposition 1.2 ([II, Prop 1.3] sharp Gagliardo-Nirenberg inequality). For any
Ve H,

(1.3) WO < ll9llz2 10zl 22

Equality is achieved if and only if there exist 8 € R, a > 0 and f > 0 such that
. 1
Y(x) = ae®py(Bx), where gy = 27-Te~1®l is the ground state solution to (L) (see

[11)-

Theorem 1.3 ([I1, Prop 1.4] L? supercritical global existence/blow-up dichotomy).
Suppose that (t) is an H} solution of (L)) for p > 3 satisfying

l—oc¢ l—oc

(1.4) M (vpo) = E(thy) < M(po) = E(po).
Let -
oty = W 1000
lpoll 3¢ 10zl

Then
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(1) Ifn(0) < 1, then the solution 1(t) is global in both time directions and n(t) < 1
for allt € R.

(2) If n(0) > 1, then the solution 1(t) blows-up in the negative time direction at
some T_ < 0, blows-up in the positive time direction at some Ty > 0, and

n(t) > 1 forallt € (T_,T,).
Remark that if E(1y) < 0, then the condition (L)) is satisfied, and in that case
n(t) > 1 is forced by (L), so the condition (2) applies giving the blow-up.
Main result of this paper is the following.

Theorem 1.4. (asymptotic completeness) Let p > 3. Let 1y € H' and let 1 (t) be a
H} solution of {I1) satisfying

M (tho) o E(bg) < M(ip9) o E(0)

and

l—oc l—0oc
%ol 3¢ [10z%0llLz < lloll2° [|0z0l| 22
Then, there exist ¥+, v~ € H' such that

lim_[le="(t) — 0%y = 0.
t—+o00 ®

We only consider the focusing nonlinearity, but the scattering for the defocusing
case is similarly proved.

This paper is organized as follows: Below in Section 2, we will discuss the local
theory, scattering criterion and long-time perturbation theory. Section 2 includes
some preliminary and important results which reflect the smoothing properties of the
equation (II)). We will give in Section 3 the profile decomposition in H' in a form
well-adapted to our equation. In Section 4, the asymptotic completeness in H* will
be established using the results in Sections 2 and 3. We sometimes denote all through
the paper by Cy . a constant which depends on 6 and so on.

2. LOCAL THEORY, SCATTERING CRITERION, AND LONG-TIME PERTURBATION
THEORY

Write the equation (IL1]) in the Duhamel form:

t

P(xt) = 6“85%“/ %5 (@) b (w, 5) P (w, 5)ds
0

64(t 25)

VAmi(t — s

(2.1) - eitaizpoﬂ |¢ (0, 5)[P~14(0, 5)ds.



6 RICCARDO ADAMI, REIKA FUKUIZUMI, AND JUSTIN HOLMER

We remark that the equation (IL.T]) is completely solved once the one-variable complex
function (0, -) is known: indeed, specializing (2.]) to the value x = 0, one obtains a
closed, nonlinear, integral, a Volterra-Abel type equation for (0, -);

(2:2) (0, 1) = [e"% (0, 5)[P (0, 5)ds

_l_
Z/ \/4m t—s

Now, for any o € R, we define for f € H°, t,s € R with t > s,

ix?
6 a(t—1)

\/4m t—T

t

[Laf1(,1)

Similarly, we define, for t € R,

22
© e4(t )

\/4m t—7‘

The following smoothing properties of £, and A will play important roles in what
follows.

(A, t) =

Proposition 2.1. Let 0 € R.
(1) [l % f) ) 2epr S NIl jgor for any f € H and t,s € R.
(2) Assume —5<2" Ll Let fe H*T and s € R.
(22) [[Ef10 ), 2ot S Xt oo Fll 2t S 1S 2zms
(2b) [IA1(0, )] .@ Sz

()Assume——<2al %.LethH% and s € R.
(38) L. g e 1712
(30) 18 F sy 17l

For the proof of Proposition 2.1l we need some preparations.

Lemma 2.2. For any —s < p<i 5, and any t > 0, we have

(2.3) Ix10.41(s) f (s)

with tmplicit constant independent of t.

Proof. First, we claim that it suffices to show

(2'4) ||X[0,+00)
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Indeed, suppose that we have proved ([2.4). Since X[o,] = X[0,400) X (=0, t0 Prove ([Z.3)
we note

X100 f | 2 = 11X[0,400) X (=00,0.f | z72
S X oo fll e by @.4)
= |1X[0,400) f 1|
where f(s) = f(—s+t). In the last step, we have used that
[X(—oo () (8)] 7 (T) = e [xppo0)(8) [ (=5 + )]~ (=7)
We continue and apply (2.4) to obtain

IX10.+00) f 2 S Al e = 111

where, in the last step, we used that f (1) = e7t7 f (—7). This completes the proof of

(23) assuming (2.4)).

To prove (Z4)), we note Y[o,+00)(7) = pv = + 6(7) and thus
[X(0,+00).f1 (1) = w(H f + f)

where H denotes the Hilbert transform. Hence

HY

110400 f [l = 171 Ix10,100) /17 ()] 2
ST H DNz + 7 ()] 22

Since —% <p< %, we can apply Corollary of Theorem 2 on page 205 in [18], combined
with (6.4) on p. 218 of [18] (for p =2, n =1, a = 2u) to estimate the above as

10,4000 [l izn S T Fllz = 171 -
U

Proof. (of Proposition 2.1]) (1) was already proved in Lemma 1 of [3], but for the sake
of completeness we give a proof. We use here the notation”, which means the Fourier
transform in space, and F is in time. It suffices to show the case s = 0. Since the
free Schrodinger group is unitary in F 2 for any o € R, We may write
R0 = [ e e
Re

By a change of variables this equals

[ —fVE) + SV

dk.
2k

Thus the Fourier transform in time gives

A fOw) =2 ),
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Therefore
O = 2 [ WP IUAVE) + FVD) Pt (1
7 [ k" (k) |2dk
< /Rku £k

= Clfll jamgr,

where, again we changed the variables ++/w = k in the second inequality. For (2a),
we may write

£.£1(0,%) / %d
B wi?/w (= 7 X (TN = = (2 5 X ()
where

1 —
-1 [tz t>0 PR ey
t+ T 07 t S O’ t+ (5) - (Z£> ZF 2 .

We operate the Fourier transform and obtain

— i6)"F ——
10,0 = )
It thus follows that by Lemma 2.2] for —% < 2"4_1 < %,

HENO s < Clproar P 2o < OLFIP, s

4

The proof of (2b) is similar, since

[A1(0,8) =

_Z' 1

For (3a), it suffices to prove that for any g € H;?(R) with g/l =1,
(Lot g) <) e

The left hand side can be estimated as follows.

eta) = 7= [ xR 0

i(t—-)02 =
< Cllxgsafll 2oz l[e7%3](0)
< Clifll 2z llgll e

|| . _20-1
H 4

where we have used (1) with the unitary property of free Schrédinger group in H? for
any s € R, and Lemma in the last inequality. Since (3b) can be similarly proved,
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We omit the proof, but we remark that for any o € R, (that is, without the restriction

_ 1 < 20 1 < %)’
(25) 18 iy < Dbl 2o
holds. O

From now on, we prepare some basic facts in order to prove the asymptotic com-
pleteness. For the sake of simplicity we will study the following Propositions 2.3H2.5]
only in the case t > 0, but we can consider the negative time t < 0 similarly.

Proposition 2.3 (small data global well-posedness). Let p > 3. There exists dgq > 0
such that if o € H and ||[e"P%4](0)|| 10 < 8sa, then v € H® solving 1) is global

t>0 —
in H° and
i 2
1400, )l s, < 2[le" ko] (0) | o,
(@ Olley  nze < 20¢oll e

(Note that by Proposition2.11(1) and Sobolev embedding, the smallness assumption
||[e”aﬂ2cwo](0)||L§>o < 0gq is satisfied if ||1o]| groe < Clsa. )

Proof. Define a map: for a ¢y € H% given,

oot (8) = [€"% 4] (0) + il Lo(9 P~ )] (8).
By Proposition 21 and Sobolev embedding, we have

1 Touto ey < Mol (0)lng, + ILo($P )0, )l

< | [6ita£¢0](0)||Lg>o + C||[Lo(|w [P~ ))(0, ) ||H2vg%
< |[[€*%4o) (0 s, + CHX[O,OO)WPHH%;l
<

02 .
1™ 9ol (0)lzg, , + Cll (0, )7a
Let
={o e Lio: 19llg, < 20" 0)(0)lle, }-
If | [€™¥%400](0) || o, < Osq then Ty, € B for any ¢ € B, taking d,q sufficiently small.

t>0 —

The difference || Tyt — Ty || po is similarly estimated by
7o (0P~ = [P D O, < CURNT, + 11T )Y = P,

for ¢, 1) € B. Again taking dy sufficiently small, we conclude that 7;0 is a contraction
on B. There thus exists a unique solution ¢ € B such that ﬁow .
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For the last inequality in the proposition, we use Eq. 2.1) for the unique solution
w obtained above in B. Inserting w as the value of ¢(0,¢) at time ¢ in the RHS of
(200, The values of ¢(x,t) for any x can be expressed as

22
e4(t s)

\/4772 t—s

with ¢(0,-) € B. Then, Sobolev embedding and Proposition 2] implies

t

Wz, t) = ey + i (0, 8)|P1(0, s)ds

i 2
[Vl gze < ™ol gee + [1Lo(1D1P) (- )l e
ito? _
< e ol e + Clixoald P71, zeg=1
< ltoll e + Clixwogl Pl g
(2.6) < lvollge + 1900 )I7a -

Since (0, ) € B with ||[e™¥4),)(0, t)llzs_, < dsa; by Sobolev embedding and Proposi-
tion 2.11(1),

— itd? ito? —
1900, )y, < 228 N el (0) g, < 22005 N go(O)] s < 22005 o g

t>0 —

Taking dq sufficiently small, the RHS of (28 is bounded by 2(|¢g|| goc. Note that the
time continuity property follows from the fundamental solution, and this concludes

1o, Olleg ze < 2l%ollrze-
U

Proposition 2.4 (scattering criterion). Let p > 3. Suppose that ¢y € H' and € H}
solving (ILT) is forward global with

[0, )l e, <00

and with a uniform H} bound
sup [+, )| my < B.
>0

Then (t) scatters in H! ast / +oo. This means that there exists v € H] such
that

lim [|o(t) — "%t | m = 0.

¢,/ +00
Proof. Using the equation (2.1]), we may write
+oo
(2.7) Y(t) — eyt = i / e %5 () |(5) [P ep () ds
t
where

+ . [T —i502 p—1
P i=1hy +1i o ()0 (s)[" ¥ (s)ds
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Therefore,

+o00
() — Bt = | / 10725 ()[4 (3)P b (5)dls |
= AP )

Thus we shall estimate [[A([¢[P~') (-, ¢)[| 2 and [[A([e [P~ 1) (-, t)|| g1 First, IA(J[P~ ) (-,

is estimated by (3b) of Proposition 21l and the Sobolev embedding as follows. For
any t > 0,

AR )Gt < X Groo) [P0,
< O”X[t +00) Iw|”‘1wlng
(2.8) < Cl¥li

Ll 4o

Second, by the Sobolev embedding and fractional chain rule [§], for any ¢ > 0,
IAQLPT ) B < CliXero [ g
_ 1
(29) < Olixtro P52 1191 Xl

With%: %+é, 1 < ry,ry < +o00. Taking ¢ < r; < 400 and 2 < ry < 4, by
interpolation,

- o 1-2
IXptroo) P M < ClIGE sup (0, 5)[ ")
t (t,+o0) SZt

L] (1-2)
1 1
CllIE, sl

IA

a (1--1) -
< C 1 nt<C o
< ||w||L‘{t,+oo> Ssglg ||¢(8)||H; < B||¢||L‘(It7+oo)

where we have used the Sobolev embedding H'(R,) C L>(R,). Again by interpola-
tion

1 - 1 1-2)

VX o)l < Xty TV XGE 00 ¥l e

t Ht4 t

2 (1-2)
< CHX[t,-ﬁ-oo)wHHQi <’|X[t,+oo)¢||H;1; + ||X[t,+oo)¢||H%) i

where we have used the Sobolev embedding H*(R;) C L>(RR;) in the second inequal-
ity. We go back to the equation (2.7)), evaluating at x = 0, to estimate

itd>2 _
X100l 1 < IXroo [ YO 3+ XG0y AL ) (0, )3
< 9T Nz + IXGtroo) PP 4
+ p
< [ Mlez + 1901z,

Bl
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and

ito?2 _
IXtroo®ll gz < oo [0 1 + [xtetor AT )(0, )1
< Nl + X+ [Pl -

Note that we used Lemma 22 and Proposition 2] (2b). Plugging these results
into (29)), we see that for ¢ > 0 sufficiently large, ||X[t’+oo)|¢‘p_l¢||H21I is small. This
completes the proof combining with (2.8]). O

Proposition 2.5 (long-time perturbation theory). Let p > 3. For each A > 1, there
exists g = eg(A) < 1 and ¢ = ¢(A) > 1 such that the following holds. Let 1) € H}
for all t solving

i0ph + 92 + S|P = 0.
Let 1 € H} for all t and suppose that there erists e € Lf>0 such that

00 4 2 4 0(|p|P " —e) = 0.

If
1900, ) ee, <Ay 1e(0,)],5, < e

t>0 — t>0

and

||[€i(t_t0)a§ (¥(to) — U(t0))](0)]| z2 < €

tg<t<oo
for some ty > 0, then
190, )l ze,, < ¢ =c(A) < oo.

Proof. Put w = 1) — ¢. Then w satisfies
(2.10) 10w + 02w + W = 0,

where
W =610+ wl" " (§ +w) = [~ +e).
< A, there exists a N = N(A) so that the interval [ty,+00)

Since (90, )z, ,_
may be divided into the sum of N(A) intervals. Namely, [ty, +00) = ij:(f)lj with
I = [tj,tim] (5 = 0,1,2,..) so that [|4(0, Mz < m (nis small to be determined

later). Let ¢ € I;. Write the equation (ZI0) in the integral form.

t
(2.11) w(t) = ei(t_tj)azw(tj) + Z/ %V (5)ds.
tj

We estimate the time L7 norm of w evaluated at z = 0.

t
/ "R (5)ds|p—g
t

J

i(t—t.; 2
[w(0,)lug < ™% w(t))(0) 12y, +

Lq
1
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The last term can be written as, taking into account for the delta potential in W,

t
/ W (5)ds|p—g

tj

= [[1£1, (ol (4w) (0, )= (0, ) +e( DO, )l g

L?j

and then we estimate as follows.

1Le, (19 + w0+ w) = [0~ + €)](0, )y
Ol + wP~H (@ +w) — I@EIP_%IIL% +llellzg

< O(l[d (o, Mg + w0, )+ lellg -

IN

A

where, in the first inequality, we have used, by density of C5°(1;) C Li(I;), Sobolev
embedding, and Proposition 2] (2a).
The first term of RHS is estimated by Hoélder inequality as follows.

II@”‘lw(Ow)Hng <[4 (0, -)Il’ig_lllw(Ow)Hng-
J
Thus, we have

lw(0, )y < [ “w(t;)](0 Mg + O Hlw(0, )z
+C[lw(0, Il + Cao.

We then obtain

(2.12) w0z, < 2ROl +2Ce,
provided
(L)
T=\ac
and
. 1 \ 1
Z(t_tj)azc q N
(2.13) Il 00l + Ca < (55)"

Now take t = t;,, in (ZII), apply ¢'*~%+1% to both hands,
i(t—t;41)02 i(t—t;)02 b i(t—s)02
ett=ti+1) sw(tj) = elt=tj) w(t;) +z’/ e =%V (5)ds,
tj
and we take LY(IR;) norm of this equation after evaluating at x = 0,
i(t—t; 2 i(t—t.:)02 —
e w(t )0z, < M™% w )0z, + Cr~Hw(0, ) lug.
+C'||w(0, )||’£§ + Ce.
J
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Thus, by (2.12),
1% w(t;41)](0) g < 2)[ % w(#;))(0) g, +2Ce.
Iterating this inequalty starting from j = 0, we have
[ % ()} (0) | e, < 27 Ceo.

To satisfy (2.13)) for all /; with 0 < j < N —1, we require ¢y = €y(/V) to be sufficiently

_1
small such that 2V"2Cey < (55)7 7 (i.e. € needs to be taken in terms of A), and we
obtain

190, 8) 125, < e = c(A).

3. PROFILE DECOMPOSITION

Proposition 3.1 (profile decomposition). Let p > 3. Suppose that {1} is a uni-
formly bounded sequence in H:. Then for each M, there exists a subsequence of
{tn}, also denoted {1, } and

(1) for each 1 < j < M, there exists a (fized in n) profile ¢’ € H*
(2) for each 1 < j < M, there exists a sequence (in n) of time shifts tJ,
(3) there exists a sequence (in n) of remainders wM (z) in H' such that

M
_ —ithd3 4 M
Up ;e ¢+ w,
The time sequences have a pairwise divergence property: for 1 < i # 5 < M, we have
lim |t} —t)] = 4o0.
n—ro0
The remainder sequence {w},, has the following asymptotic smallness property

lim [hm e wM)(0)] 14, | = 0.

M—oo L n—oo

For fized M and any 0 < o, < 1, we have the asymptotic H’ decoupling

(3.1) [Ynll 0. = Z 1671130, + llwn' (1%, + on(1),
also we have

(3.2) (o) = §Z|-M@w P [ (0) P+ + 0, (1).
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Proof. For R > 0, let xr(£) be a smooth cutoff to R7! < [§] < R. Let A =
lim sup,, ., [t ]2 and By = limy, o [|[¢"%4,](0)]| s . If By = 0, the proof is done.
Let By > 0. Since for 0 < o, <1,

A QRIS de < R < 2R
<R-1

/ [P (OOPIeF e de < RVl < ATRAC.
§>R

We may take a R, large enough so that AR;7¢ < By/2 and ARJ*™' < B;/2, specifi-
cally Ry = (2ABy )max{ sc'i=oc) 50 that

i €% (5 = o) * 0] O)lzz, < 5B

n—oo

It thus follows, using Proposition 2.IJ(1),
1 ! : - ito2 q
2B) < dm e« 0)]
. o ito2 o ito2 _
< lim [|[Rr, * € ® ] (0)17 IXa, * €4l (0)175
For the factor ||[Xz, * €% 1),](0) 12, e use again the smoothing estimate of Propo-
t>
sition 2ZI(1) to bound by
IXRy # Pl 12 < RillXm *Unllls < RiA”.
Thus, we see lim,, . ||[Xr, * eitaggbn](())HLﬂog > (RlAz)_FIZ(Bl/Q)#, and we take a
sequence {t.}, such that

[ # €%45,) (0, 11) = / S (—) (€%, () dy,

and

(33) e (2 ) ' [ oo

Consider the sequence {e“la “1),, }n, Which is uniformly bounded in H!, and pass to

subsequence such that e/n%q),, converges Weakly in H! to some ¢' € H'. 1 By Cauchy-

Schwarz inequality, using that ||Xg, || g-oc < R2 ~7 and (BEI)

~Y

1 1 Bl 1
16 [ sroe > (R27) N (RyA2) 72 (2) !
Then for any 0 <o, <1

. il 52
r}l—)nolo ||wn — € Ztna ¢1||H0c - ||,l7bn||HUc ||¢1||H0c
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If |t}| — 400, since ||[e=% $'](0 Mz, < |¢"|| jzoc, possibly taking a subsequence,
we have |[e" % $1](0)]2 — 0 as n — +oo On the other hand, since ), is uniformly
bounded in H!, there is a weak limit ¢ € H! and v,(0) — ¥(0) as n — oo by
Proposition 4.1 of [11]. Then, we have

lim [[ih, — e~ "% ") (0)["*!
n—oo

pt+1

= lim {(1n(0) — [e""*6'](0)) (1 (0) — [e=%1](0)) } "
= WO = lim (O ~ [ E G 0,
ie.
(3.4 Tim [0, (0)*! — [ E GO — [k (0)*] = 0.
If t1 — t* for some finite ¢*, by the time continuity of free Schrodinger group,
limy, o0 ¥ (0) = (0) = [e _’tm?qbl]( 0). Thus we may write
Jim ([, — e HEGNOPT = lim ([ (0) — ([ % 1) (0))
= 0= lim ([ ()P — | "¢")(0) ),

which again gives (3.4)).

Repeat the process, keeping the same A but switching to By obtaining Ry in terms
of B,. Basically this amounts to replacing ¥, by ¥, — e %! and rewriting the
above to obtain 2 and ¢* where

¢? = weak lim[e""%% (¢, — e % 1)) in H.
As a result,
Tim [ — e G — e BRGER = tim [, — e E e — 67
= lm [yl = 16" 170 = 1671
and same for

,}E{}O Hwn i e—it;a§¢1 i e—it%8§¢2](0)|p+1

= ,}LII;O(\%(O)I”“ _ ‘[e—it}L8£¢1](0)‘p+l _ |[e—it%8£¢2](0>|p+1)'

If t2 —t! converged to something finite (say t*), then ¢* would be the weak limit of
et 02 [eitnd2q), — $!], which is zero, contradicting the lower bound. Hence |2 —#2] — oo
and thus

<€—it;a§¢1 e—it%8§¢2> 50
) Hoce .
Again repeat this process, we have

0 e 104 B - 16 B, + T oo, = T [y,
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itd?

Let Byriq := lim, o || [P w](0 )||L]c}1{ and we wish to show that By;.; — 0. Note

that from the above equality and the lower bound for ||¢™|| ;;.., we obtain

2(g—1) 1 1 1 1
Ri’Bi? <247, = — 4 g = —— 4=, >0
Z ’ g2 2Ty Ty T

whose LHS diverges if B); does not converge to 0. O

Lemma 3.2. With w™ as defined in Proposition[31 (in particular, w® = 1), ), let

Bug = lim [I[“% 0l (0)] s,
Then

lim [|[e**%6¥)(0)]| .y, < 2Bar.
Proof. We will write the argument for M = 1 (the general case is analogous). As in
the proof of Proposition B.1], let

A= Tim |[hn|
n—oo
and
Ry = (2AB7 )@ Goier)

and g, (&) be a cutoff to Ry < [¢] < Ry. As in the beginning of the proof of
Proposition [3.1]
166 = i) RGOy S 16— X)) O)F s
SN = Xry) * 0[50 S B2 (|9[72 + R0 g1 [1%,
1

< AR+ R0 < B

This, and the similar estimates at the beginning of the proof of Proposition 3.1} show
that it suffices to prove

. o ’l 1 2 1
(3.5) lim [[Xg, %G 0|7, < B

and this can be seen as follows. By the translation invariance of Lg norm,
Xry % €% O e = (X, + €M (0)]| g,

and by Sobolev embedding and Proposition 2.1}, we have,

- 2 - 02
Xy %€ 0"0)ll S xR, % e“"’zaﬁl(o)llgﬂ'#
t

S IXR, * 0 oo

1
< <A2R;2(1“’c>>2 < B /2.
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4. MINIMAL NON SCATTERING SOLUTION

In this section we will prove that there exists a minimal non scattering solution.
For this purpose we prepare the following lemma which gives additional estimates
under the situation (1) of Theorem We recall that ¢g is the ground state to

(LI). It is known that po(z) = 271 lal (see (1.9) of [11]).

Lemma 4.1. Let p > 3 and vy € H}. Assume (L4) and n(0) < 1. If ¢ is a H}
solution to (L), then for allt € R,

(1) S0 < B(O) < 1000

Furthermore, if we take 6 > 0 such that M (1) ;ZCE(%) <(1- 5)M(¢0)1;36E(gpo),
then there exists cs > 0 such that for all t € R,
(4.2) A0p 172 — 200, 1) P* > 5|00 |72

Proof. The upper bound of the energy in (£I]) follows by the definition of Energy
E and the focusing nonlinearity. Use the sharp Gagliardo-Nirenberg inequality and
n(t) < 1 for the lower bound, i.e.,

Lo ol LB e
BW) 2 5100l3 (1~ g Il 10:wl.3 )

Lo i (1 L o 5 1
> 510l (1 = et 19uolliE )

p—1 2
= — 09|72,

where we have used the fact ||0.¢0||2 = ||vollz2 = 271 in the last equality (see [LI]).
Next, we show ([@2)). We may take §; = 6;(d) > 0 such that

l—oc
(4.3) [%oll 2¢ 10z ()22 < (1 — 51)||<P0HL2 10up0ll 12+
for all t € R. Let

1 — 2(1—0oc¢)
h(t) == ) <4||wo||L2 ‘ ||axw< )z — 2II@Dolle [(0,8)[P*1).
ol 27 110x0llZ2
By Gagliardo-Nirenberg inequality,

(1-0oc)

h(t) > g ||¢0||Lzac ||8x¢( )| 22 |

||<po||Lz ||(9x<Po||Lz

where g(y) := 4(y> — y"= ) The inequality (£3) implies the variable y of ¢g(y) is in
the interval 0 <y < 1 —4; and then we see that there exists a constant ¢ = ¢5, > 0
such that g(y) > cy? if 0 <y <1—6;. O
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Lemma 4.2. (Ezistence of wave operator) Let p > 3. Suppose 1+ € H and

2(1-0¢)

(4.4) —WHLQ |0yt |22 < M(go) o E(go)-

There exists 1y € HL such that 1) solving (I1) with initial data vy is global in H}
with

1
M) = [¥FNze, E@) = 511007 |72,

||8m¢()!|Lz||onL2 <||<P0HL2 10aspoll 2
and

_itd? )+ _
Jim (t) = ety = 0.

Moreover, if |[[e"%¢*](0)||pa., < dsa, then

t>0 —

190l e < 2000 e 11900, )12, < 204 (0)ll .-

t>0

The statement above is for the case t > 0, but the case t < 0 can be similarly
proved.

Proof. Tt suffices to solve the integral equation:
Y(t) = "2t —iA([p(0)P1(0)) (1)
for t > T with T large. Since
itd2 %
€= )(0) |z, S [€*=47](0 O zoes < (197 [l rge
there exists a large T > 0 such that ||[¢"?¢t](0)]] 1, ., < 0sa- Thus we may solve as
in the proof of Proposition 2.3l ’
19O, < IO, + CIAGOP OOl
i 2
< e )0)lls,  + Cllw(0, )17

[T +o<>)'
If T is sufficiently large, we have ||1(0, )||L?T+ ;< 2||[6it8§¢+](0)”L?T+ . Using this,

similarly as in the proof of Proposition 2.4, we obtain if ¢t > T,
[ (t) = el 2 < CIA(W )P~ (0)12z < 1% (0, e, <O

[T,+00)

ito2 —_
19 (t) = "9 1 < CllXzeroe) WPl 1,

which are small if T is sufficiently large. Thus, ¥(t) — %" — 0in H! as t — +oc.
Note that [|8,e™% | 2 = [|0,4F||z2. On the other hand, since [¢%¢)*](0) is uni-
formly bounded in L%, there exists a sequence {t,,},, — 400 such that [ *](0) —
0 as n — 4o00. Together with all these facts, we have

(1 1, 1
Bw() = Jin {5100y - e Eur o = Lo,
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Similarly, M (¢(t)) = ||w+||%% It now follows from (4] that

1-0¢

M((t)) = E(W(t)) < M(p) = E(go),

and
. 2 2 —e) . HO2 2 | itd2 e
Jim (0405 0@),2™ = lim 0"t F o,
9 2(1—oc)
= ||0x¢+||L%||¢+||L%UC
1—oc M
< 2M(po) v E(po) = H8w<P0||L2H800||L2

We can take a large 1" such that [|0,1(T)]| 2 ||¢(T )||L"CC < ]|&E<p0||L2||<p0||L2 Then,
applying Theorem we evolve ¥(t) from T back to “the time 0. O

We are now in position to enter in the main subject of this section. If the initial
data ¢y to (L)) satisfies M(%) oc” E(ty) < 1)5 4 and 7(0) < 1, we have

p+1

2(1—oc)

Oc oc l—oc
140 ||Zoc < toll 2™ 10:40ll72 < M(o) 7" E(tho) < dsa,

and the scattering holds by the small data scattering, Proposition 233l Now let A be
the infimum of M () O E (1), taken over all evolution of ¢ which does not scatter.
In what follows NLS(¢ )w denotes the solution to (LIJ) with initial data . By the
above argument, 0 < 3 5sd < A, and moreover due to Proposition 2.4 A satisfies

(1) For any 1 such that M(qﬁ)TcE(w) < A, it holds [[[NLS(#)%](0,-)[|g < oo,
(2) For any A" > A, there exists a non scattering NLS(¢)y for which

A< M) = E@) <A

IfA>M (@0)%E (o), Theorem [L4lis true. We therefore proceed with the proof
by assuming A < M(goo) oc” E(¢p).

The first task is to apply the profile decomposition to show that there exists
such that M(¢)13ZCE(w) = A and NLS(t)¢ does not scatter. We will call such a
solution a minimal non scattering solution Take a sequence of initial data v ,, with

1>n,(0):= H¢On||L2 ||8m¢0n]|Lz/||<p0HL2 H&EapOHLz each evolving to non scattering
solutions, for which M (vy,) = 1, E(iy,) > A and E(t,) — A. Apply the profile
decomposition to g, which is uniformly bounded in H' to obtain, extracting a
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subsequence,
M .
(4.5) Yo = Y e %+l
j=1
M
(4.6) E (o) = Z e HEGT) + B(w) + 04(1),

where M will be taken large later. Remark that each term in (£.0]) is non negative
by the same reason for ([A.1l), using the decompositions ([B1) and ([B2) in 7,(0) < 1.
Taking the limit n — oo in both hand sides,

—ith 92 j
(4.7) lim ZE ) <
for all j. Also, by 0. =0 in (B:[I), we have
M
J ; _
(4.8) ZM@ )+ lim M(wy!) = lim M(o,q) =

Here we consider two cases.

Case 1 There are at least two indexes j such that ¢’ is not zero.
Case 2 Only one profile is non zero, i.e. without loss of generality ¢! # 0, and ¢/ = 0
for all j > 2.

We begin with Case 1. By (&), we necessarily have 0 < M(¢’/) < 1 for each j
which, by (A1), implies that for n sufficiently large

—ith02 47) 500 (o= ithO2 4
(4.9) M™% §1) 5 B ) < A,

with each A; < A. For a given j, there are two possibilities. Case a) [t/,| — oo as
n — oo and Case b) there is a finite limit ¢, such Phat t% — t, as n — oo. Both cases
allow us to ensure the existence of a new profile ¢7 € H' associated to ¢’/ such that

INLS(—#)¢/ — e %61 |0 =0, 0 — oo;

indeed, if Case a) occurs, by the uniform L? integrability in time of [e~"% ¢7](0) (cf
the same argument in Proposition B.]), passing to a subsequence of

e % $7)(0)] = 0, n — oo

and thus

2(1—oc)

_||¢]||L206 ||8x¢]||%2 < A.

Since A < M (goo)%E (o), ¢’ satisfies the assumption of Lemma 2l Namely, there
exists ¢/ € H' such that

INLS(—#7)@ — e % pi || — 0, 1 — 00
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with
M) = 16, B = 5100,
~ ~, lzoc l-oc
ONLS@ I3 < eoll & 19ssollzz
and thus

1—

s  B(¢7) < A.

M (1)
Therefore by the definition of threshold A, we have
(4.10) INLS ()¢ (0)]| 2 < +oc.
If the Case b), by the time continuity in H! norm of the linear flow, we know
e_itglaggbj — e_it*aﬂ%gbj in H;

Thus it suffices to put ¢/ := NLS(t,)[e~? ¢/]. Then this ¢’ again satisfies [{I0).
To see this, note first that by the H! continuity of the flow, sending n — oo in (&9)
gives

1l—0oc

M(e‘it*aﬂ”¢j) ac E(e_it*az¢j) <A <A

By (B1) applied for 0. = 0 and o, = 1, and the assumption that 7,(0) < 1 for every

n, we obtain that
l1—0o

1671 5¢ 10:07]I 2
= < 1.

1-09c
leoll 2° [10x0ll 2

By the defining property of the threshold A, we have that the NLS flow with initial
data e % ¢ scatters, i.e.

INLS(t)$ (0) g, = INLS(# + t.)e™%¢7(0)]| 12 < o0,
Now replace e~ % ¢i by NLS(—#/ )¢’ in (@X), and we have
M ~
Yon = NLS(=t})¢' + ",
=1

with

I
S
¥R
+

[]=
=
L.
&
-
<.
|
Z,
—
=S
|
e
S~—
2
<.
\'_/
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Note that by Sobolev embedding and Proposition 2] (1),

1% @311 (0) g,

< e w1 (0)]] g, +Z|| MR (—NLS(~#)¢7 + e~ % 67)](0)]| g,
< I wy)(0) 52, +Z||NLS —t3)¢7 — 7% | e,
7j=1

M
< II[e“agwa](O)llLﬂgt + > |INLS(—#])¢/ — e~ "% ||,
j=1

Thus we obtain,
lim [ lim |[[e*%@,"](0)]|g,] = 0.

M—+00 n—+o0

From this way of writing we might approximately see

M
NLS ()t ~ Y  NLS(t — t)¢/.

Jj=1

However, from (£I0), the RHS is finite in L§ norm, while the LHS cannot scatter by
assumption, and so a contradiction could be deduced. We shall justify this argument
by Proposition 2.5l

Let vi(t) := NLS(t)¢, 1, 1= NLS(t)tbo,n, and ¢, = S0, v7(t — #]). Then, ¢,
satisfies

Zaﬂ;’n + aii)n + 5(|¢~)n|p_lr¢~}n + en) = 0.

Here,
W}np 1¢n+z‘vj ‘p ! (t_t%)
7j=1

We are going to show that

1 there exists a large constant A independent of M satisfying the following
property: for any M there is ng = ng(M) such that if n > ng, [|1b, (0, ~)||L§{t <
A.

2 For each M and & > 0 there exists ny = ny(M,e) such that for n > ny,
HenHL]‘ét <e.

Remark that there exists M; = M, (5)~ such that for each M > M, there exists
ny = ny(M) such that if n > ny, ||[€™9 (¢, (0) —1n(0))](0)[|zs < e. Thus, if the above
1 and 2 hold, it follows from Proposition that for n and M sufficiently large,
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[¢hnllzs < oo, which gives a contradiction. Therefore it is enough to prove the above
claims 1 and 2. First we prove the claim 1. Take M, large enough so that

[ wp®)(0)llzg, < 8ua/2:

Then, by Lemma B2 for each j > My, we have H[e"(t_t%)ag@](O)HLﬂ% < 0sq. Thus by
t
Lemma [4.2] we obtain, for each j > M, and for large n,

(4.11) 1070, - = #)llg, < 20[e "% 7)(0)]| g, -
By Minkowski inequality (since p > 3),

190, )1,

< af Zvﬂ =)
Lg
My M
< Cq(;HU’(U,'—tﬁ)HiﬂgtﬂL S IO, -8l

Jj=Mop+1

q

)

t

> (0, - 1)

Jj=Mop+1

_I_
Lfl

R

My
] ] m m 2
> 0, =)™ (0, — )
j#m,j,m=1 R
M

e
LD I CCERATS Oy

j?ﬁm7j7m:MO+1

Mo
< G IO, — )2 + S et 0)l12,
j=1

Jj=Mop+1

Mo
3 0, = (0, — )|V
j#m,jm=1 Ry
M

, - a2
D DR ORI (RO
j?émvj?m:MO"Fl Re
where we have used ([I1]). The last terms >, , 070" | a2 can be made small if n
t

is large (see the argument below for the claim 2). On the other hand, using (A.5), the
same argument for (8:2)) allows us to obtain

M

1% 0] ()] = Y [ 67)(0)[7 + [ ](0)]7 + 0a(1),

i=1
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thus, integrating in time,

192 2
€™ 0,] (0) ] 2, ZII =80% 6] (0) g,

S RO, + YO, +onl)

Jj=Mop+1

which shows that SV = Mot
since [[[€"%40,,)(0)[| 2 < |90l froe - Recall that [[o7(0,-—2)|| . = [INLS(t)¢/ (0) | 1 <
0. Therefore ||ty (0, |I%4 is bounded independently of M provided n > ny.

R.

Llleft= t) 82¢3||2qt is bounded independently of M if n > ng

t
We next prove the claim 2. We see that e, is estimated using Holder inequality
with % = pT_2 + % as follows.

lenlls

)||(v1 SRR S SR A (77
Ry t

M M 9
2 ilP-

< Gy (2 +]D v
P Ly, Le

Jj=1 Jj=1

where we abbreviated v7(0,¢ — #/) as v/. Here, note that by (£I0), for any ¢ > 0,
there exists a large R > 0 such that

INLS(t — tfz)q;k(o)||Lq({t:\t—tﬁ|>R}) <e.

Thus, taking large n such that |tJ — t*| > 2R with j # k for such a R > 0, we can
estimate |[v/0¥|| o2 as follows:
R¢

lo70 e < NINES( - )¢’ (0)[NLS(t — tﬁ)ék](())HLngf

< ||NLS(t - tzz)ggj(o)||Lq({t:|t—tz;\>R}) ||NLS(t - tﬁ)ék(O)HLﬂgt

FINLS(t — £)67(0) 12, INUS(t — )6 (0) | o1t -
Ce.

IN

This shows that there exists n; such that the L9 norm of e,, is small if n. > ny (M, ¢).

Now we consider Case 2. In this case, we have M(¢') < 1 and lim,, ., E(e —itn 0z )

A. As in the Case 1, by the existence of wave operator, there is ¢' € H! such that
INLS(—t1)¢" — e %l — 0, n — +o0.

IN

Put
111,];/[ = w,];/[ — NLS(—ti)gbl + e_it’llaggbl
Then we can write

Yo = e %t 4w = NLS(—t1)o! + @
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with

o ito2 - M .
i i [[[e 07 (0) ]| g = 0.

Let 1. be the solution to (L) with initial data 1,(0) = ¢'. Now we claim that
14¢(0,-)[|Lz = +o0 (and thus M(wc)lgchwc) = A). We proceed as in the Case 1.
Suppose A = [[¢4(0,-) 5 < oo. By definition, [NLS()3'(0)]5 = [[¢2(0,-) 5 —
A. For any shift ¢/, we can say ||[NLS(t — )¢ (0)||,2 = [NLS(t)$'(0)|s . thus we
take in particular ' = t} and operate NLS(t) to by, = NLS(—t})¢' + @M. We apply
the perturbation argument by Proposition to

VYo = @En + NLS(t)'J]y>

with ¢, = NLS(t — t})¢' and ||1D~n(0,~)]|LD% = A < 400. For n and M sufficiently
large, we have

||[eit892c (wn(o) — QZn(O))](O)HLﬁI{t = ||[€itax'lby](0)”Lﬁ§t < €,

and also the Lf norm of the corresponding error term is estimated by ¢y, where ¢, =
€o(A) is obtained in Proposition[2.5l Then, by Proposition 2.5 we have [|¢),(0, -)[|r2 <

t
00, and this is a contradiction to non scattering assumption on .

On the other hand, the proof of Lemma 5.6 in [10] allows us to have also,

Lemma 4.3. Suppose {¢(t,z),t > 0} is precompact in H. Then for any e > 0,
there exists R, > 0 such that
wp [ ol + o)y < <

z|>Re

>0

Using this Lemma and the local viriel identity (I.2]), we conclude the following
proposition.

Proposition 4.4. Let p > 3. Assume 1o € H' satisfies (1.4) and n(0) < 1. Let
W(t,z) be the global solution to (I1) with the initial data vy satisfying the precom-
pactness: for any e > 0, there exists R. > 0 such that

(4.12) /||>R (2, ) + 0wt (e, )2)da <e, forall t> 0,

Then 1y = 0.

Proof. Take a(z) in the localized virial (L2]), as, for R > 0 (which will be determined
later), and for all z € R,

a(a) = B (1),
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where x € C°(RY), x(r) = r? for r < 1, and x(r) = 0 for r > 2. Put zg(t) :=
Jg a(@)[¥|*dz, then we have

2o(t) = —2RIm /R X’(%)&dem,

and

2t = 8/ \8m¢\2d:c+4/ "(|x‘)|aw¢|2dx
|z|<R R<|z|<2R

- () e~ ajuo

2
R R<|m|<2R

> 2 [ Pl =200 =Co [ (0 + glof)ds

R<|z|<2R

413) = 24 [ joufde =200 = Co [ (00F + glvf)ds

R<|z|

with a constant Cy = Co(||x"|| 2o, [|x¥|| ) uniform in R.
Take 0 < 0 < 1 such that

l—oc l1—0oc
M (o) == E(tho) < (1 =08)M(po) == E(po),
then by (£2), there exists ¢5 > 0 such that for any ¢t € R

(4.14) 4/ 10,62z — 2B (0)P* > c51Outfo]Ze —4/ 10,0[2da.
le|<R

|z| >R

Now, we choose & = £2-(|0,10]|2, in (LI2), then for sufficiently large Ry > max{1, R.},

c
8+C

1 Cs
8ww2+—¢2>dx§/ (am¢2+ zp?)dxge:— B, 0|22
L o+ o PGt rean X
Thus, by the choice of R = Ry, we have @14) > cs||0,10||7. — 4¢ and so

2y (8) = €51 0tbolI7-
Integration in time then implies
2y (8) = 2, (0) > cst [ Otbol |7
On the other hand,
2y (6) = 24, (O] < CR,
where C' depends on p, ||¢]|z2, and ||0,%0||z2. This is absurd except the case 1y = 0.
0

Finally we complete our arguments with

Proposition 4.5.
K = {4(t),t > 0} C H;

with 1. obtained above as the minimal non scattering solution, is precompact in H}.
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The proof for this proposition is similar to the proof for the existence of 1., and we
omit it. We apply Proposition [£.4] to 1., and we have ¥.(0) = 0, which contradicts
the fact that [|¢.(0,-)||ze = +oc. This concludes the statement of Theorem [L4L [

t
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