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6WDWLF UHVSRQVH DQG EXFNOLQJ ORDGV RI PX
XVLQJ SHILQHG =LJ]DJ 7TKHRU\ 5=7 DQG +LJKHU
OHWKRG +2+:0

0 6BRUPYHR WL 6 PLXYDOTMD N XULHPPD

PHSDUWPHQW RI OHFKDQLFDO DQG $HURVSDFH (QJLQHHULQJ * 3
$EUX]]L 7R PIDQR R, \8 DOR L X ¥PB\W RVAHIRVRRIVW HQWL#SROLYV

E*HSDUWPHQW RI OHFKDQLFDO DQG ,QGXVWULDO (QJLQHHULQJ
(VWRWOQXWL PDMDN #WIEQRWHARKLHAPD#WDOWHFK HH

$EVWUDFW

7KH SDSHU SUHVHQWY D UHYLHZ RI +DDU :DYHOHW OHWKRGYV DQ
:DYHOHW OHWKRG WR VWXG\ VWDWLF DQG EXFNOLQJ ORDGYV RI P
7TKHRU\ 5=7 LV XVHG WR IRUPXODWH WKH JRYHUQLQJ GLIIHL
HTXDWLRQV DQG ERXQGDU\ FRQGLWLRQV 7KLV WKHRU\ LV EDVF
NLQHPDWLF DQG ORFDO OD\HU ZLVH FRUUHFWLRQ RI WKH LQ SOI
RI' JRYHUQLQJ GLIITHUHQWLDO HTXDWLRQV WKH UHFHQWO\ GHY
+2+:0 LV XVHG 7KLV PHWKRG XVHV WKH +DDU ZDYHOHW H[SDQ°
WKH XQNQRZQ NLQHPDWLF YDULDEOHV WKDW IRUP WKH HTXLOLE
DUH FRPSDUHG ZLWK WKRVH REWDLQHG E\ DSSO\LQJ WKH ZLGH
WKH *HQHUDOL]HG 'LITHUHQWLDO 4XDGUDWXUH OHWKRG *'40 7
WKHVH QXPHULFDO PHWKRGV DUH DVVHVVHG DQG YDOLGDWH
)YXUWKHUPRUH D GHWDLOHG FRQYHUJHQFH VWXG\ LV FRQGXFWF
DEVROXWH HUURUV DQG RUGHU RI FRQYHUJHQFH RI WKH PH)\
+2+:0 ZKHQ DSSOLHG WR 5=7 EHDP HTXLOLEULXP HTXDWLRQV IR
LV FDSDEOH RI SUHGLFWLQJ ZLWK JRRG DFFXUDF\ WKH XQNQRZ
ZLWK UHODWLYHO\ IHZ SRLQWYV 7KH +2+:0 LV DOVR FRPSXWDWLR
QXPHULFDO PHWKRGV

‘2, \Y4

.H\ZRUGMILQHG =LJ]DJ 7KHRU\ +LJKHU 2UGHU +DDU :DYHOHW Ot
EHDP EHQGLQJ EXFNOLQJ

&RUUHVSRQGLQJ $XWKRU RDWWHR bWRUURQWYIL#FHPDILWR LW




,QWURGXFWLRQ

,Q WKH ODVW GHFDGHV PXOWLOD\HUHG VWUXFWXUHV KDY
ILHOGVY DXWRPRWLYH DHURVSDFH PDULQH FLYLO PLOLWDU
DSSOLFDWLRQV LV GXH WR H[FHOOHQW VSHFLILF SURSHUWLHYV
UDWLR 2Q WKH RWKHU KDQG VRPH GUDZEDFNV W\SLFDOO\ R
WUDQVYHUVH VKHDU GHIRUPDELOLW\ DQG WUDQVYHUVH DQLVRW
FRUUHFWO\ SUHGLFW WKH VWUXFWXUDO UHVSRQVH

7KH PRVW FRPPRQ DSSURDFKHV XVHG WR DQDO\H WKHVH V\
DVVXPSWLRQV WKDW OHDG WR D GLVSODFHPHQW ILHOG $PRQJ \
DUH WKH (TXLYDOHQW 6LQJOH /D\HU (6/ WKHRULHV LQ ZKLFK W
FRQWLQXRXV WKURXJK WKH WKLEFNQHVYV UHJDUGOHVV RI WKH Q.
DFFXUDWH JOREDO UHVXOW TXDQWLWLHYV VXFK DV WUDQVYHUVH
EXFNOLQJ ORDGY EXW WKH\ RIWHQ SURGXFH LQDFEXUDWH WK
GLVSODFHPHQWY VWUDLQV DQG VWUHVVHV (VSHFLDOO\ LQ PX
FDSDEOH Rl SUHGLFWLQJ DFFXUDWHO\ WUDQVYHUVH VKHDU VW
LQWHUODPLQDU IDLOXUHYV 7KH %HUQRXOOL (XOHU 7KHRU\ %(7
EHDPV 7KH 7LPRVKHQNR %HDP 7KHRU\ 7%7 LV PRUH DFFXUDWH
VKHDU FRUUHFWLRQ IDFWRU WR FRUUHFW WKH DSSUR[LPDWHG
GLVWULEXWLRQ 7KH +LJKHU 2UGHU WKHRULHY OLNH WKH 5HGG
SUHGLFW WKH SDUDEROLF GLVWULEXWLRQ RI WUDQVYHUVH VKH
VRPH ERXQGDU\ FRQGLWLRQV L H QXOO WUDQVYHUVH VKHDU VW
WKH WUDQVYHUVH VKHDU VWUHVV FRQWLQXLW\ LV QRW VDWLV]
FRPSXWDWLRQDO FRVW DUH YHU\ DWWUDFWLYH DQG ZLGHO\ XV
PRUH GHWDLOHG UHYLHZ RI WKHVH WKHRULHVY WKH UHDGHU LV
> @

$Q DOWHUQDWLYH DSSURDFK WR WKH (6/ WKHRULHV LV UHS!I
LQ ZKLFK D GLVSODFHPHQW ILHOG LV DVVXPHG LQGHSHQGHQV
FRQGLWLRQV DUH LPSRVHG DW WKH LQWHUIDFHVY 7KH PRVW LQ\
SURGXFH PRUH DFFXUDWH SUHGLFWLRQV IRU GLVSODFHPHQWYV
FRPSXWDWLRQDO FRVW LV DV H[SHQVLYH DV WKH QXPEHU RI O
SURKLELWLYH IRU FRPSRVLWH EHDP ZLWK VHYHUDO QXPEHU R
LV DGGUHVVHG WR VHH WKH ZRUNV RI /LHZ HW DO > @ DQG $EU

,W LV FRPPRQO\ DFFHSWHG WKDW D JRRG FRPSURPLVH EHW.
H[SHQVLYH /: WKHRULHV DQG WKH OHVV DFFXUDWH EXW FRPS)>



JLYHQ E\ WKH VR FDOOHG JLJ]DJ WKHRULHV == ,Q VXEFK WKHR
SODQH GLVSODFHPHQWY VKRZQ IRU D PXOWLOD\HUHG VWUXFW X
WKURXJK WKH WKLFNQHVYV SRO\QRPLDO GLVWULEXWLRQ VXFK |
FRQWLQXRXV IXQFWLRQ FDOOHG ORFDO RU JLJ]DJ FRQWULEXWLF
==7 KDV D IL[HG QXPEHU RI XQNQRZQ YDULDEOHV WKDW QRW G
(6/ WKHRULHYV $W WKH VDPH WLPH WKH\ SURYLGH PRUH DFFXU
/: WKHRULHYV PDLQWDLQLQJ UHGXFHG FRPSXWDWLRQDO FRVWYV
E\ WKH ZRUN RI 'L 6FLXYD > + @ OXUDNDPL > @ &KR DQG 3DUPH

5HFHQWO\ D QHZ UHILQHG ]LJ]DJ WKHRU\ 5=7 KDV EHHQ G}
>+ @ LQ RUGHU WR DQDO\]H PXOWLOD\HUHG FRPSRVLWH DQG VI
7KLV 5=7 KDV VRPH JUHDW DGYDQWDJHY FRPSDUHG WR WKH SU]
FRQWLQXLW\ LQ WKH ILQLWH HOHPHQW IRUPXODWLRQ )(0 WKD\
SRLQW RI YLHZ GLIIHUHQWO\ IURP WKH F& FRQVFIDDX LLW6 F QRY B K
FRUUHFWLRQ IDFWRUV DUH UHTXLUHG DQG WKHUH DUH QR LC
GLVWULEXWLRQV DW FODPSHG HGJHV 7KH UHOLDELOLW\ DQG DF
RI PXOWLOD\HUHG FRPSRVLWH DQG VDQGZLFK EHDPV KDYH GHI
*KHUORQH HW DO > @ D DQG 2xDWH HW DO > @ GHYHORSHG [
DQDO\]H WKH VWDWLF EHKDYLRU RI FRPSRVLWH EHDPV )XUWKH
HOHPHQWY WR PRGHO DQG VWXG\ WKH GHODPLQDWLRQ LQ FRPS
> @ D FRPSDULVRQ EHWZHHQ WKH UHVXOWY REWDLQHG XVLQJ
SDUWLFXODU DWWHQWLRQ WR WKH HIIHFW Rl H{WHUQDO ZHDN (
VSHFLDOL]HG IRU EHDP VWUXFWXUHV GHYHORSHG KLJKHU RUGH
IRU WKH NLQHPDWLF YDULDEOHVY DQG WKHLU GHULYDWLYHV 7K
WKLFNQHVV WUDQVYHUVH VKHDU VWUHVV GLVWULEXWLRQV KD\
OL[HG 9DULDWLRQDO 7KHRUHP 5097 > * @ LQ ZKLFK WKH WUD
SULRUL ORUHRYHU 5=7 KDV EHHQ DOVR XVHG WR VWXG\ WKH W
:LPPHU HW DO > @ $ UHFHQW DSSOLFDWLRQ RI 5=7 DQG SHU\(
VWUHVVHV Rl ODPLQDWHG FRPSRVLWH EHDPV KDV EH GRQH E\ 'R
DSSOLHG WR VWDWLF VWDELOLW\ DQG IUHH YLEUDWLRQ DQDO\
DFFXUDF\ Rl 5=7 KDV DOVR EHHQ GHPRQVWUDWHG E\ $VFLRQH D
VWDWLF DQDO\VLV RI VDQGZLFK EHDPV LQ ZKLFK WKH 5=7 )(0 VF
ILGHOLW)\ )( ERGHYV

,Q WKH DERYH UHVHDUFK ZRUNV GLIIHUHQW QXPHULFDO PH
RI GLIIHUHQWLDO HTXDWLRQ LQ WHUPV RI XQNQRZQ NLQHPDWLF



GLIIHUHQWLDO HTXDWLRQV ZLWK FRQVWDQW FRHIILFLHQWYV Jl
VRPH VLPSOHVW FDVHV ZLWK WKH 1DYLHUYV PHWKRG RU LQW]
WHEKQLTXH IRU RUGLQDU\ GLIIHUHQWLDO HTXDWLRQV DV LV V
PHQWLRQHG OLWHUDWXUH UHYLHZ RQ 5=7 RWKHU DSSUR[LPDWH}
HOHPHQW PHWKRG > @ WKH 5LW] PHWKRG > @ DQG WKH SHU\G

5HFHQWO\ D QHZ QXPHULFDO DSSURDFK KDV EHHQ LQFUH
HTXDWLRQV IRU EHDP VWUXFWXUHV 7KLV PHWKRG LV WKH +D
LQWURGXFHG E\ &KHQ DQG +VLDR > @ KDV EHHQ XVHG WR VROY
SUREOHPV 7KLV PHWKRG KDV EHHQ DVVHVVHG DQG XVHG WR V
GLIIHUHQWLDO DV ZHOO DV LQWHJUDO HTXDWLRQV > + @ ORU
VRPH VWUXFWXUDO SUREOHPV VXFK DV IUHH YLEUDWLRQ DQDO\
JUDGHG FRQLFDO VKHOOV DQG DQQXODU SODWHY > @ 7KH +:0
SUREOHPV RI RUWKRWURSLF SODWHY DQG VKHOOV E\ ODMDN HW
FRQMXQFWLRQ ZLWK WKH DUWLILFLDO QHXUDO QHWZRUNV > @
DVVHVVHG E\ ODMDN HW DO > @ DQG WKH RUGHU RI FRQYHUJH
> @ IRU YDULRXV FDVHV GHPRQVWUDWLQJ WR EH HTXDO WR W:
IXQFWLRQDOO\ JUDGHG EHDP KDYH EHHQ PDGH E\ .LUV HW DO >
5HVXOWV REWDLQHG E\ XVLQJ +:0 IRU PRUH GHWDLOV VHH 5HI
REWDLQHG E\ XVLQJ ZLGHO\ VSUHDG PHWKRGV EDVHG RQ VWUR
LH WKH GLIIHUHQWLDO TXDGUDWXUH PHWKRG '40 ILQLWH GLII
HOHPHQW PRGHOOLQJ ,Q 5HI > @ LW KDV EHHQ FRQFOXGHG W]
WR FRPSHWH QXPHULFDOO\ ZLWK '40 DQG WKH RWKHU PHWKRC
LPSURYHG UHVXOWLQJ LQ WKH QHZO\ +LJKHU 2UGHU +DDU :DYH
RUGHU RI FRQYHUJHQFH KDV EHHQ LQFUHDVHG DQG WKH HUURL
LPSOHPHQWHG ZLWK VXEFHVV LQ UHFHQW VWXGLHV > + @

$LP Rl WKH SUHVHQW LQYHVWLJDWLRQ LV WR DVVHVV WKF
+2+:0 LQ VROYLQJ WKH JRYHUQLQJ HTXDWLRQV RI WKH VWDWI
PXOWLOD\HUHG FRPSRVLWH EHDPV EDVHG RQ WKH 5=7

7KH SUHVHQW ZRUN LV RUJDQL]JHG DV IROORZ

,Q 6HFWLRQ WKH NLQHPDWLF DVVXPSWLRQV RI 5=7 DUH S
HTXDWLRQV LQ WHUPV RI XQNQRZQ NLQHPDWLF YDULDEOHV IRU
XVLQJ WKH SULQFLSOH RI YLUWXDO ZRUN

,Q 6BHFWLRQ WKH PDLQ VWHSV RI WKH VROXWLRQ SURFHG X



,Q 6HFWLRQ QXPHULFDO VWXGLHYVY DUH SHUIRUPHG WR FUI
PHWKRG LQ FROQOMXQFWLRQ ZLWK 5=7 7KH VWDWLF DQG VWDELC
SUREOHPV LQ ZKLFK WKH H[DFW DQDO\WLFDO VROXWLRQ FDQ E
PHULWYV RI +2+:0 D FRPSDULVRQ LV GRQH ZLWK WKH +DDU :DY
'LITHUHQWLDO 4XDGUDWXUH OHWKRG *'40

)LOQDOO\ LQ FRQFOXVLRQV WKH PDLQ DGYDQWDJHV RI +2+:(
RWKHU QXPHULFDO PHWKRGV LQ WKH DQDO\VLV RI PXOWLOD\HU
DUH SURYLGHG

*RYHUQLQJ HTXDWLRQV

*HRPHWULFDO SUHOLPLQDULHYV

‘H FRQVLGHU D PXOWLOD\HUHG VWU DI JXIWS HH DHPF WG HE RQ ®HIE QDL
LV WKH OHQJWKWKHVW KLEBRMWAVZ LIEQMGK 7KH WKLFENQHVYV DFURVV
DVVXPHG FRQVWDQW DV ZHOO DV WKH WKLFNQHVV RI HDFK OD\F
RUWKRWURSLF ZLWK D SODQH RI HODVWLF VI\PPHWU\ SDUDOOHC
RUWKRWURS\ GLUHFWLRQV DUH DUELWUDULO\ RULHQWHG ZLWK

EHDP DUH UHIHUUHG WR DQ RUWKRJRQDQ ®BDUWHYKBQHFR RU
[ V[ B LV WKH VHW RI LQ SODQH FR RUGY QTWHY, RKHWKH UHI

FKRVHQ WR EH WKH PLGGOWH SWOIDWQWRH WKHREGDPDWKY QR RUPDO \
SODQH VHH )LJXUH IRU WKH JHQHUDO EHDP QRWDWLRQ WKH

HGJH Rl WKH EHDW mu@mm@%&ﬁwDQWKﬁseséé@@DQe
T, LQ WKHﬁBEFéélé’ca,l QRW RWKHUZLVH VWDWHG NQWXWHSDWRU |

LQGLFDWH TXDQWLWLHNW KRURNNHYWER QBHIQUHWR W KN O/BKIE\DFHOAL S W
TXDQWLWLHYV FRUNMKY SN UQDIFW FE MWKEHHNDQMW KHDD\HU 6R LQ WK

IROORZLQJ WKWYWWDREBROIRU [ YPOXHG DWKWMKHVHUIDFH $OVR .
WKH VXEDRWMNBW QGLFDWH WKH WRS DQG ERWWRIP VIXDDEFHV RI
14 JGHQRWH WKH FR RUGLQDWHYV RI WKH ERWWRP PQG WRS VX
LV WKH EHDP WKLENQHVY DQQ WKH WKLFNVHUD\RIUWYXHH )LIXUF
7KH EHDP LV DFWHG XSRQ E\ WUDQVYHUVH GLVWULBXWHBFEBRD G\
VHH )LJXUH



7KH V\F?EARLG'I:?i UHIHUV WR WKH GHULY ZWW KHUR V 8/HKHWI XYR- W IKRIQF R |
€0

J)LIXUH VKRZV WKH PXOWLOD\HUHG EHDP VFKHPH FRQVLGHUHG

JLIXUHH@HUDO EHDP QRWDWLRQ D EHDP JHRPHWU\ DQG FR RU
DG F WUDQVYHUVH ORDG FRQILIJXUDWLRQ

5=7 NLQHPDWLF

,Q WKLV VWXG\ WKH NLQHPDWLF RI 5HILQHG =LJ]DJ 7KHRU\ LV D
LV EDVHG RQ WKH VXSHUSRYNVWERQ GH U NILGQREAIDONLFV - WKH RQH
EHDP WKHRU\ 'D@®\BIWREPD FRUUHFWLRQ Rl WKH LQ SODQH GL\
GHWDLOHG UHSUHVHQWDWLRQ RI YDULRXVVFRQMWWW ERQWHV | R DIOR
X []OX [17X []
X* 1 X []
ZKHUH
X []
X [1 Z]

JLYHV WKH FROQWULEXWLRQ ZKLFK LV FRQWLQXRXV ZLWK LWV IL
DQG



XV 1Y

JLYHV WKH FRQWULEXWLRQ WR WKH D[LDO GL YV SEOXDNF P WEW XZKI\F
LQ WKH ILUVW GHULYDWLYH DW WKH LQWHUIDFHY EHWZHHQ DGN
,Q WKH SUHYLRXY MWIK4DWQRIRWP GLVS$ODRAHPHORLQPREHQMWKWR V
SRLQW EHORQJLQJ WR WKH ORQJLWXGLQDO B[LW \RKH EH QEH.IW
URWDWLRQ Rl WKH QRUPDO WR WKH BRBFN D[KN WORQY YAHLH/ B LGH
DVVXPHG WR EH FRQVWDQW WHSRUHV WEW VWW KFNQSIVWLDO DPSO|
IXQFWIPRQW VKRXOG EH QRWHG WKDW 7LPRVKHQNRYTV EHDP WKHE

LH ZKHOQ L@™@r

J)LIXUH &RQWULEXWLRQV WR WKH LQ SODQH 5=7 NLQHPDWLF

6WUDLQ GLVSODFHPHQW DQG FRQVWLWXWLYH UHODWLRQV

7KH OLQHDU VWUDLQ H[SUHVVLRQV DVVRFLDWHG ZLWK WKH GLV
H 4 1eH V) H
JVJ Nog £

ZKHUH
H X H T ,H I “JNoxt oz J T
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zKkHEY D@E DUH WKH WUDQVIRUPHG SODQH VWNRHOD\BIKWGXFHG V)

(TXLOLEULXP HTXDWLRQV DQG ERXQGDU\ FRQGLWLRQV LQ V

7TKH HTXLOLEULXP HTXDWLRQV FDQ EH GHULYHG XVLQJ WKH SUL!

@ G
ZKHUBV WKH YDULDWIRQW®HRERUNVERQH E\ LQWH QDD WRKUHFHV
YLUWXDO ZRUN GRQH E\ WKH DSSOLHG IRUFHYV
7KH YLUWXDO ZRUN GRQH E\ WKH LQWHUQDO VWUHVVHV FDQ EH
(@]
® 3 GH G WGe

6
ZKHOHMWDQG IRU WKH DUHD RI WKH FURVV VHFWLRQ RI WKH EHDF
7KH YLUWXDO ZRUN GRQH E\ WKH DS S IDH)&G WMKHQYWLYUHHW X BICO RID GL &

HQHUJ\ UHODWHG WR WKH DS MW G/OPHLBQEG\RRE WHMV EHD RPRUVF HI |
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,Q (T E JLV WKH ZLGWK RI EHDP FURVV VHFWLRQ WKDW IRU JHQ|
DORQDDNKW ORUHRYHU

(TXDWLRQV RI PRWLRQ DQG ERXQGDU\ FRQGLWLRQV LQ WHL
6XEVWLWXWLQJ WKH EHDP FRQVWLWXWLYH UHODWLRQV LQVI
RI IRUFHV DQG EHQGLQJ PRPHQWYV (T V WKH VDPH HTXDWLRC
GLVSODFHPHQWY DV IROORZV

X s Mg

GTwYX 7 % ,S$T7,2 %A

& $ g % T {2z

Gl $X %1, "l T N Z )
ZLWK WKH ERXQGDU\ FRQGLWLRQV JLYHQ E\ (T WRJIJHWKHU Z
PHFKDQLFDO ERXQGDU\ FRQGLWLRQV

7KH IXQGDPHQWDOV RI +LJKHU 2UGHU +DDU :DYHOHW OHWKRG

7KH QXPHULFDO VROXWLRQ LV EDVHG RQ WKH +LJKHU 2UGHU +DI

D VXPPDU\ Rl WKH PDLQ VWHSV LV JLYHQ )RU PRUH GHWDLOV |

UHIHU WR D GHWDLOHG GHVFULSWLRQ RI WKLV PHWKRG VHH 5F

/HW XV FR QWIS HRW GHKW RUGLQDU\ GLIIHUHQWLDO HTXDWLRQ DV \
* [ X K Xc °X  °X

$FFRUGLQJ WR 5HI > @ WKH +LJKHU RUGHU +DDU ZDYHOHW HJ[S

,Q (T K[ DQBDUH WKH +DDU IXQFWLRQV DQG FRHIILFLHQWYV UH

QLY WKH RUGHU RI WKH KLIKHVW GHULYDWLYH LQFOXGHG LQ \
ZKHYH WKH GHULYDWLMHHRBEBQGHG LQWR +DDU ZDYHOHWYV
,QWHJUD _QJ WILPHV ZLWHK UMK/ HUFHW XYORVLQJ H[SUHVVLRQ RI Wtk
YDULDOBFOK) EH ZULWWHQ DV IROORZV
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$V GHVFULEHG LQ 5HI > @ WKH KLJKHU RUGHU ZDYHOHW H[SDQC
WR LPSURYHG DFFXUDF\ 7KH DFFXUDF\ Rl WKH VROXWLRQ VLJQI
GHWHUPLQLQJ WKH LQWHJUDWLRQQR@AMW D QW VR QURRPQMWDQW WD @
XVLQJ WKH ERXQGDU\ FRQGYRREQOW [DAVGYWHKHT X HPHD MR @Y H DQ DS
+HUHLQ WZR DOJRULWKPV FDQ EH XVHG WR FRPSXWH WKH LQWF
ODMDN HW DO > @ WKH ILUVW RQH LV EDVHG RQ XVLQJ XQLIR
BHOHFWHG &KHE\WKHY+*DXVV+/REDWWR JULG SRLQWV ,Q WKLV
LH ZLWK WKHK SD@DAHWHUWKH H[SRVHG WZR PDLQ DOJRULW
FRPSOHPHQWDU\ LQWHJUDWLRQV FRQVWDQWY FRLQFLGH 7KXV
DUH GHWHUPLQHG E\ VDWLVI\LQJ WKH GLIIHUHQWLDO HTXDWLR
FROORFDWLRQ SRLQWYV

IXPHULFDO UHVXOWYV

,Q WKLV VHFWLRQ QXPHULFDO UHVXOWYV RQ EHQGLQJ DQG EXF
EHDP ZLWK V\PPHWULF UHFWDQJXODU FURVV VHFWLRQ DUH SUH
+LJK 2UGHU +DDU :DYHOHW OHWKRG +2+:0 LQ FRQMXQFWLRC
FRPSDULVRQV DUH PDGH

JRU D VIPPHWULF UHFWDQJXODU FURVV VHFWLRQ WKH HTXLOLE
GLVSODFHPHQWY FDQ EH IXUWKHU VLPSOLILHG UHVXOWLQJ
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J)LIXUH VKRZVY D VFKHPDWLF UHSUHVHQWDWLRQ RI SUHYLRXV C
FRQVLGHUHG LQ WKLV DQDO\VLYV

)LIXUH %HDP GLPHQVLRQV ERXQGDU\ FRQGLWLRQV DQG ORDG F
XQGHU WUDQVYHUVH VLQXVRLGDO SUHVVXUH 3 E FDQWLOHYH
VLPSO\ VXSSRUWHG XQGHU D[#®DO FRPSUHVVLYH HQC
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,Q WKH UHPDLQLQJ SDUW RI WKH SDSHU WKH 3$QDO\WLFDO VR
REWDLQHG VROYLQJ DQDO\WLFDOO\ WKH HTXLOLEULXP HTXDWLF
EXFNOLQJ DQDO\VHV WKH 1DYLHU W\SH VROXWLRQ KDV EHHQ X
WUDQVYHUVH WLS ORDG WKH DQDO\WLF VROXWLRQ R&5HI > @
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ZKHYH LV WKH QXPHULF VROXWLRQ XVLQJ RQH RI WKH QXPHULFI

%o LV WKH VROXWLRQ XVLQJ WKH DQDO\WLFDO PHWKRG ,I QR

H[SUHVVHG LQ (T LV XVHG WR VROYH RXU QXPHULFDO SUREO
DQG DQ XQLIRUP JULG SRLQWYV LV XVHG



%HQGLQJ SUREOHP

,Q WKLV ILUVW DQDO\VLY ZH FRQVLGHU WZR VLPSOH SUREOHP\
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FDVHV WKH VSDQ WR WKLFNQHYWUWYDMN FEHKDIRH -FHRR® V& HARHG/ LG
RI EHDPP

,Q RUGHU WR DVVHVV WKH DFFXUDF\ RI WKH +2+:0 LQ FRQMXQF
FRQYHUJHQFH DQDO\VLV IRU WKH QRQ GLPHQVLRQDO PD[LPXP Gt
VLQXVRLGDO WUDQVYHUVHWKWHYXREHU ZKIHERIOORFDWLRQ SRLQ'
PHWKRG )RU FRPSDULVRQ SXUSRVH LQ 7DEOH DUH DOVR VK
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$QDO\WLFDO VROXWLRQ

W FDQ EH REVHUYHG I URP WKH ODVW FROXPQ RI 7TDEOH WKDW
WLPHV ELJJHU WKDQ RI WKH +2+:0 7KH DFFXUDF\ DFKLHY
FROORFDWLRQ SRLQWYV LV DFKLHYHG E\ DSSO\LQJ +2+:0 LQ
Y XUWKHUPRUH WKH RUGHU RI FRQYHUJHQFH WHQGV WR LQ WKH
DV FRQILUPHG E\ ODMDN HW DO > @ $V H[SHFWHG LQ WKH



SUHFLVLRQ FRPSXWLIQJ LV WHR¥KNGCGWKMWK LQFUHDVLQJ RI PHVK
DFFXUDF\

7KH DFFXUDF\ Rl +2+:0 WR FRPSXWH WKH RWKHU NLQHPDWLF YDL
FRPSDULQJ WKH VWUDLQ DQG VWUHVV GLVWULEXWLRQV LQ VRP
DUH REWDUIQHGPFRWOLWRFDWLRQ SRLQWYV
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)LIXUH &RPSDULVRQ EHWZHHQ DQDO\WLF DQG +2+:0 5=7 UHV XC
GLVWULEXWLRQ RI LQ SODQH GLVSODFHPHQW VWUDLQV DQG VYV
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JLJIXUH&RPSDULVRQ EHWZHHQ DQDO\WLF DQG +2+:0 5=7 UHVXO
GLVWULEXWLRQ RI LQ SODQH GLVSODFHPHQW VWUDLQV DQG
SUREOHP 3 E ,Q WKLV FDVH WKH ®RQ BLPHQVLRQDO HJ

J)LIXUH DQG )LIXUH UHYHDO WKH DELOLW\ RI +2+:0 WR FRPS)>
GHULYDWLYHV ZKLFK DUH QHFHVVDU\ WR REWDLQ WKH WKURXJ}I
OD\HUHG EHDP XVLQJ 5=7 $V FDQ EH VHHQ IURP )LJXUH DQG
DSSO\LQJ +¥+:@V LQ JRRG DJUHHPHQW ZLWK WKH DQDO\WLF RQF
2Q0H RI WKH PRVW DFFXUDWH VWURQJ IRUPXODWLRQ QXPHULFDOC
WKH *HQHUDOL]HG '"LITHUHQWLDO 4XDGUDWXUH OHWKRG *'40 >
XVH RI KLJK RUGHU SRO\QRPLDOV DQG W\SLFDOO\ DFKLHYHV HJF
*'40 NQRZQ DUH ORZ DFFXUDF\ ZLWK FRDUVH PHVK DQG SUREOH
























