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Problems in Electrodynamics

Amelia Carolina Sparavigna
Department of Applied Science and Technology

Politecnico di Torino, Torino, Italy

Some problems in electrodynamics are here proposed. Subjects are vector analysis,

electrostatic fields, dielectric materials, magnetostatics and induction.

On the cover a detail of an image showing a plasma globe operating in a darkened

room. Exposure time is 1/3 second. Image courtesy by Chocolateoak for Wikipedia.

Electric field E and magnetic induction B characterize the electromagnetic field.
On charges and currents, fields are acting in the following manners:

F=eE ; dF=I[dIXB]
Two supplementary fields are conventionally introduced. They are D , the

displacement vector, and H , the magnetic field strength. Being P,M the

polarization and magnetization of the material, we have:

H=2 M

o

2

D=¢ E+P

Permittivity and permeability of the empty space are: 8028.854X10_12F Im
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‘uo:4ﬂ><10_7H/m ; they are related by eo‘uozc_2 , where ¢ is the speed of

light in the empty space.

In an anisotropic medium, and in the linear approximation:
P=¢e,ay kb, 5 M=y H
o, Xy are the tensors of the polarizability and magnetic susceptibility. Then:

Di=e,euEy 5 Bi=poupHy 5 €=0ytay 5 up=0u+ 2,

For an isotropic medium:
P=¢ aE ; M=xH D=¢€eE ; B=u,uH

Maxwell equations are:

curlH:j+aa—It) ; cu1rlE=—%—1t3 ; divD=p ; divB=0

where j is the conduction current density and p the electric charge density of
unbounded charges only.

Boundary conditions at the boundary between two media are:
D,,~D,,=0 ; E,=E, ; B,=B,, ; [nx(H,~H =i
n is a unit vector normal to the boundary between media 1 and 2, directed from

medium 1 to medium 2. t is a unit vector tangent the boundary. o is the surface

charge density due to unbounded charges only. i is the surface current per unit
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length due to unbounded charges, flowing along the boundary.

Electrostatics
In electrostatics curl E=0 , divD=p ,sothat E=-—gradg .Here, ¢ is the

potential. Therefore:

At the boundary of two media, with €,,e, , which are the relative permittivity or

dielectric constant of the materials:

0/0n indicates the derivative in the direction perpendicular to the boundary.

The second formula can be written as:

Dln_DZn:G

unbounded

In electrostatics field E  does not penetrate a conductor. Then, inside,
@ =constant

Near the surface S of a conductor in electrostatic condition:

The total charge of a conductor is e:—gﬁg Oe(%—f) dS . Integration is over the

conductor surface.
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Many problems in electrostatics are proposed as two-dimensional cases. To solve them,

let us introduce the complex function:
W(z)=g+iy

where z=x+iy .Real and the imaginary parts are the solutions of Laplace equations:

@,y are restricted by the condition:

99 0y 09 0% _,
0x O0x Oy dy

If the distribution of body and surface charges is given, the potential at point r 1is:

1 pr') e 1 fo(r'>ds,

@(r)= ]

dme € |r—r'| dmwe €

At great distances: @ (r)z(p(o)(r)+(p(1>(r)+(p(2>(r)+... , where:
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2y 1 Qi o2 1
v )= Z'F" 2! axiaxk(

4me € r
o

where: p=f po(r)rdv Qik:f o(r)(3 xl.xk—rzéik)dV . Therefore, we have

introduced dipoles and quadrupoles.

The energy of the field is given by: W:% X7 dVZ%f (D-E)av

The interaction energy of two electrically charged systems with charge densities

P1,P, st

r r
1 fpl( Do, Z)dvldVZ

dme € |ry—r,|

After some problems in vector analysis, we will start to discuss problems in

electrostatics.

Vector analysis

Let us remember some relations which are useful to solve calculations.
curl gradf=0 (1) ; div curlA=0 (2)

Eq. (1) is referring to conservative fields ( f'is a scalar quantity). Eq. (2) is referring to

solenoidal fields. Here other equations from [1] ( ¢,y are scalar quantities):.

curl curlA=graddivA—AA (3) ; div(fA)=fdivA+gradf-A (4)
div[ AXB]=B-curl A—A-curlB (5) ; curl(fA)=[gradf XA]+fcurlA (6)
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Alpy)=yAg+pAy+2gradg-grady (7)
We have also A@=divgrade ; (3) is useful to have the wave equation from
Maxwell equations. (5) is an interesting expression for the use of the Poynting vector

(see for instance [2]). Using relations (1-7), we can solve the problems in [3]. Let us

add some relations given in the Appendix of [3].
grad(gy)=¢ grady+ygradg (8)
grad(A-B)=(A-V)B+(B-V)A+[AXcurl B]+[ BXxcurlA] (9)

%grad(A.A):(A-V)A+[A><CurlA] (10)

curl[AXB]=(B'V)A—(A-V)B+AdivB—BdivA (11)
Here a second order relation:
A(fA)=A(fAi+f A, j+f A, k)=A(f A,)i+A(fA,) j+A(f A, )k
If use (7), applying itto A(f A,),A(fA,),A(fA,) ,we have:
A(fA)=fAA+AAf+2(gradf-V)A
Second order relations useful in the elastic theory of liquid crystals are given in [4].

We have also relations concerning integrals.

$ onds= ([ grad @ dv (12)
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n is the unit vector, normal to the surface, pointing outside.

¢ (A-n)ds=|[[divAdv (13) ;

$ A,di= ([ curl,A ds

Let us start problems in [3].

(15) ;

¢ nxAlds={[[ curlA dv (14)

$ @ di= [ [nxgradp]dS (16)

1) Calculate the gradient of function f(r) , which is depending only on the absolute

value of the radius vector r . Solution: gradf (r)=g—”j£ .
The gradient is:
_Of(r). of(r). of(r), _ df or. or
gradf(r)= 0 x " oy * oz k dr{8x1+8y
df (X5, Y52
dr{rl+r]+rk}
df r
d ==
aradf(r)=9LT (17)
) 1_ 1r_ r
Let us consider an example. grad—<=-3 T 3=
r r r

Let us add a similar calculus for the divergence of function

dependent on the absolute value of radius vector r .

or
L
it }

A(r) , which is
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0A,(r) 0A,(r) 0A,(r)
divA(r)=—= L 2 =
ivA(r) 5t 2y +—
dA dA dA dA dA dA
_Xﬁ.k_ya_r.k_za_r = X£+ yl+ ZE:lr.d_A (18)
dr 0x dr 0y dr 0z dr-'r dr r dr r r r
2) Calculate (a) divr ,(b) curlr ,(c) curl(f(r)r) .
Let us note that r=xi+yj+zk . Therefore:
(a) divr:%i+g—§j+%k=3

S—;—g—i)i+(—g+a—x) '+(Q—Q)k=0

lr=
®) curlr =( o0x 0z ox 0y

(c) To calculate curl(f(r)r) we can use (6) and then (17):

curl(fr)=[grad f><r]+fcurlr=[grader]zggx r=0

3) Calculate (a) grad(P-r) , (b) grad[(P-r)/r’] , () (P-V)r , (d)

div(PXr) ,and (e¢) curl(rxP) where P isa constant vector.

oP,x, OP)y 0P,z 0x oy 0z
d(Pr)= — i =3 k=P ——i+P —~j+P —k=P
() grad (P-r) Py 5 it e y@yJ+ 3,

(b) We use the previous result to have grad[(P-r)/r’] , with (8) and (17).
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grad[(P-r)/rE;]ziE]grad(P-r)+(P-r')gradi3
r r

grad[(P-r)/r’]=P/r’—(P-r)(3r/r’)

) —(p O_ 0 0 0X. ay 0z
(c) (P-V)r=(P 3 +Pyay Pzaz) an i+P, "oy ”Pzazk P

(d) To calculate div(Pxr) , we use (5) and consider that vector P is constant:
div(PXr)=r-curl P— P-curlr=0

(e) For curl(rxP) , let us apply the definition of cross product and curl. We find
curl(rxP)=—2P .

Before continuing with problems in [3], let us remember the Gauss Law. Let us

consider A(r)=r/r’ andcalculate divA(r) ,using (4).

div(r/r’)= —d1vr+g1radi r—i—Bu 0
r oo r

Actually, as we have seen, grad%;:—?)L5 . The field of Coulomb possesses a
r r

divergence which is zero in the space without the point where there is the charge.

10
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4) Calculate (a) grad(A(r)-B(r)) , (b) div(e(r)A(r)) , (¢) curl(e(r)A(r)) .
Functions ¢(r),A(r),B(r) are depending only on the absolute value of radius

vector r .

(a) To calculate grad(A(r)-B(r)) , we can use the result of problem 1, that is

gradf(r)zgf . We have:

d r_,dA dB\r
. —_- . _— —" A._ —
grad(A()-B(r))=(A(r)-B(r)) =(%A.a4B) ¢
(b) To calculate div(¢(r)A(r)) weuse (4), (17)and (18).
1 = i . = 4 d_A + l@ .
div(p A)=¢ divA+gradgp-A . r ar T r-A
(c) To have curl(g(r)A(r)) ,letus start from (6) and use definitions:
_ _ ldg ? 94
curl(p A)=grad p X A+ curl A T rXA 4 S

5) Using Ostrogradski theorem, let us calculate I :# r(A-n)dS and

I :# (Ar)ndS , if V is the volume enclosed by the surface and A is a constant

vector.

Let us consider an arbitrary constant vector p :

p-I:p-gﬁir(A-n)dS:#(p-r)(A-n)dS = gﬂi(p-rAn)dS:ﬂfdiV(p-rA)dV

11
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We can use relation div(f A)=fdiv A+gradf-A , that, in the case of a constant

vector, becomes  div(f A)=gradf-A .
fﬂdiv(p-rA)dV:ﬂfA-grad(p-r)dV
We have grad(p-r)=p :
ﬂf A grad(p-r)de‘fH A-pdV=(A-p)V
Since p isarbitrary: I=AV .
Now, let us calculate I :# (A'r)ndS in the same conditions as before.
p-I:p-#(A-r)ndS:#(p-n)(A-r)dS = #(A-rpn)dsszfdiV(A-rp)dV
Let us use (4):
ﬂ diV(A'rp)dV:fﬂ p- grad(A-r)dV
We have that:  (A-V)r=A . Using (9):
grad(A-r)=(A-V)r+(r-V)A+[Axcurlr]+[rxcurlA]=A .
pl = ﬂf p grad(A'r)dVZHJ' p-AdV

And we can continue as in the previous calculation.

12
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6) Show that ﬂ A dV =0 fif, inside the volume, itis divA=0 and on the boundary
A,=0 .

As we did before, let us use an arbitrary constant vector p . Moreover, let us assume

p=grad ¢
pI=[[[ p-Adv
We have already seen that: p-A=gradg-A=divp A .
pI=[[[ pAdv=[[[divp Adv=¢f ¢ A dS

On the boundary A,=0 and being p=grad ¢ arbitrary, we have fﬂ AdV=0

Field having a divergence which is zero, divA=0 , can be electric or magnetic fields.
An interesting case is discussed in [2], where we have magnetic and electric fields as in

the case of the problem here considered.

7) Show that the divergence of the following vector is zero:

1 divA(r') .
A+ngadﬂdeV (20)

Let us assume divA=p (r) . In this manner, integral takes a familiar form, that of a

potential of a charge distribution (besides the dielectric constant of course):

13
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=-1 fﬂh’ r|dV'

Let us use a negative sign: =— 1 fﬂ |r - | dV’ . This function is the solution

of Poisson equation: A @=divgradgp=0 . Immediately, we have that the divergence

of (20) must be zero.

A vector calculus identity

Let us remember:

A-B=(A;e;)(B,e;)=AB (e e)=AB;6,=AB,

11
AXB=(A, ei)X(Biej):AiBj(el.><ej) =e, €, AB,]

€ym 18 the Levi-Civita tensor.

Using the relation: A X(BXC)=B(A-C)—C(A-B) , and the Cartesian components,
show that:

V x(AxB) = A(V-B) - B(V-A) + (BV)A — (A.V)B
— (V-B + B-V)A — (V-A + A-V)B

VX(AXB)=¢;x0,(A e;xB,e,)
= 0,(A;B,) e;X[e;xe,)
= [B,0,A;+A.9,B/]((e; e )e;—(e;e;)e,)
= [B,8,A;+A,0,B](0,e;—5e,)
= [B,8,A;+A,0,B](0,e;—5e,)

14
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= B,0, Ajej—Bk aiAl.ek+AjaiBi e].—Alﬁl.Bkek

curl[AXB] = (B-V)A—(A-V)B—(divA)B+(divB)A

Gauss Law

Let us continue with problems on electrostatics from [3]. We will find problems about
the calculation of an electric field by means of Gauss Law. Let us remember that the
flux of an electric uniform field E through a plane surface § is:

& (E)=E-S

S

The surface vector S has a direction perpendicular to the surface, so that S=Su,_ .

u, is the unit vector (dimensionless) perpendicular to the surface. If the surface is

not a planar one, we have to consider an element dS=dS u, .

Al

> Electric field { 4o
Flux Flux ..

D =FEScosf db = FEcosOds

If we have a generic surface, we will subdivide it into small elements, that we can

approximate as small planar elements, where locally the electric field E is constant.

15
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We can calculate the flux through each element and add the results. Therefore:
@ E)=[do= [ E-dS=[ E-u, dS=[ Ecosf dS

Gauss Law tells that the flux of the electric field through a closed surface S is equal to

the algebraic sum of the charges Q; inside surface S, dividedby ¢, :

Near the surface of a conductor, using the Gauss Law, we can see that E= G/eO ,

where o is the charge surface density.

8) Draw the lines of the field created by a positive charge uniformly distributed on a

hollow sphere having radius a.

I i
wﬂ
[

This problem possesses a spherical symmetry, since the charge is uniformly distributed
on the surface of the sphere. On each spherical surface, which is containing the sphere,
and having the same centre, the electric field is perpendicular and has a constant

modulus which is decreasing as the radius increases. The electric field is equal to that

16
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produced by the charge as if it were concentrated in the centre of the hollow sphere.

Inside the hollow sphere, and due to the symmetry, the field is zero.
Let us now consider a solid sphere having a charge +Q, uniformly distributed in its

volume, with radius a . Also in this case, the electric field possesses a spherical

symmetry. The field is given as in the following figure.

O . total charge

@ radis
rra K= Lzﬁ

dre ¥
r<a E = s 3 i

d7e a

u_ is the unit vector in the radial direction, pointing outside. To have the field given
above, we can use the Gauss Law, applying it to two different virtual Gaussian surfaces,

inside and outside the solid sphere.

Gaussian sphere
outside Gaussian sphere

17
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If we are inside the solid sphere, only the charges inside the virtual Gaussian surface
that we are considering will contribute to the electric field. If we are outside the solid

sphere, all charge Q will contribute to the field.

9) Find the electric field intensity vector inside and outside a uniformly charged sphere

of radius R. The body charge density of the sphereis o [3].

Let us apply the Gauss Law, using the virtual Gaussian surfaces given above.

If r<R .we have: Eeo4ﬂr2:Q':%npr3
1
E=—pr
3e p

o

If r>R .we have:
Eeo4nr2=Q=§npR3

1 R
E=—p—r
Seop r3

10) A sphere of radius R is uniformly charged with a charge density p . Inside it,
there is a spherical cavity of radius R', whose centre is at a distance a from the centre of
the sphere (in the figure |OO'|=a, |OP|=r, |O'P|=r'). Find the electric field intensity

vector inside the cavity and inside and outside the sphere.

In the following figure u, and u,. are unit vectors [3].

18
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Let us consider the field inside the cavity. From the superposition principle for fields it
follows that the field in P is that created by the solid sphere having a charge uniformly
distributed in it with body density o minus the field that we would have if the cavity
had been filled by charges having the same density p

Therefore: E=E,—E,.

Using the figure given above:

_p o
E=L ru-—Lry,
3¢ rur 3¢ r u,

Then: E:’O ri—’o r,(x—a):p a : F=2L  Y_ P . Y_j
* 3€, r 3e, r' 3¢, Y 3e, r 3e, 1’

The electric field inside the cavity is uniform: E=3La . where a is the vector
€

o

from O to O'.

'3
pr_PR (

r—a
360 360|r_a|3 )

Inside the sphere but outside the cavity: E=

3 r 3
Outside the sphere of radius R: ~ E=- R—3 r— P R ~(r—a)
3€, 3€, r—al|

19
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11) Find the electric field vector inside and outside a sphere having a body density of

charges varying as follow: p=ar" con n>—2 . The radius of the sphere is R [3].

If r<R : Eeo4nr2=Q’:4nfar"+2dr
then: E=2 T
€ n+3 r
Rn+3
If r>R ,then: E=—% _ = __r

12) Find the electric field vector of an infinity straight line uniformly charged.

The problem has a cylindrical symmetry. Let us use the Gauss Law. The virtual
Gaussian surface is a cylinder coaxial with the charged line. Due to the symmetry of the

field, we have no flux through the bases of the Gaussian (virtual) surface.

Gaussian We have:
fa surface
+
4 ®=) E-n AS=E ), AS=E 2nr h .
+
Lt

Then: &=2= it a=q/n.

+ EO EO
i )
m Therefore the field is: E= .
ot 2me r

[

20
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13) Find the electric field vector inside and outside a uniformly charged solid cylinder

of radius R. The charge per unit length of the cylinderis 4 [3].

The charge density is given by (4 is the length of cylinder): p= };:; ;
T
2
If r<R : Ee,2nrh=Q'=par’h= M; ar’h=Ah r_2
T

Then: E:% r

2me,R
If r>R : Ee 2nrh=Q=Ah
Then: E=—2 > T

27T €E,T

14) A layer of non-conducting material is put between two parallel planes. The
thickness of the layer is d . The material is charged to a density p . Find the electric

field vector inside and outside the layer [3].

21
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Inside the material. Let us consider as Gaussian (virtual) surface a cylinder with radius
a and height 2z |, having its axis parallel to z , and symmetric with respect to the

plane in O perpendicular to z :

Eeo2ﬂa2:Q’:2na22p

) _p
then: E—q z
Outside the material: Ee2na’=Q=nd’dp
g=Pd z
2¢, |7

(=]

15) Let us consider the layer of the previous problem. Inside the layer there is a
spherical cavity of radius R, smaller than d/2. The cavity has its centre in O. Evaluate
the electric field vector inside and outside the layer. Use the frame of reference given in

the following figure.

From the superposition principle for fields it follows that the field in a given point P is

that created by the layer having a charge uniformly distributed in it with body density

22
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o minus the field that we would have if the cavity had been filled by charges having
the same density o . The field created by the layer is given in 7), that create by a
sphere in 2). Using the solution given in 2), let us write the radius vector r as

xi+yi+zk where 1i,i,k are the unit vectors of the frame of reference shown in

the figure.

16) Find the capacitance for the following capacitors: spherical, plane-parallel,
cylindrical. [3].

Spherical ( R,,R, are the radiuses of spheres, with R, <R, ):

_4meR R,
B RZ_Rl

Plane-parallel ( S surface of layer and d thickness ): C :e_dS

dmel

Cylindrical (/length of eapacitor ): C=1-rp- oy

In the expressions given above, € is the permittivity of the medium.

17) A plane surface has an area of 3.2 m” . Let us turn the surface in a uniform electric
field of modulus E = 6.2 x 10° N/C. Find the flux through the surface, a) when the field

is perpendicular, b) when the field is parallel to the surface.

This problem allows us to discuss dimensions and units of measurement.

23
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(@, (E)]=|E-S|=[E][S]=][force/charge][L*|=[ energy/charge][ L]

[L] means "length". Units of measurement are Volt-meter .

In the case (a):
O (E)=6.2X10°N/C-3.2m°=1.98x10° V-m

In the case (b), the flux is zero.

18) An electric field vector, modulus 3.50 £N/C, is applied along the x-axis. Find the
flux through a rectangular surface having sides of lengths 0.350 m and 0.700 m
respectively, in the cases (a) the rectangular surface is parallel to the plane yz, and (b)

the surface contains the - axis, and its normal forms an angle of 40.0° with x- axis.

| 4

19) The electric field close to the surface of a hollow sphere having radius 0.750 m is
equal to 890 N/C , directed outside the sphere. The field has a spherical symmetry. (a)
What is the total charge inside the sphere? (b) What is possible to conclude about the

nature and the distribution of the charges?

We can apply the Gauss Law and evaluate the total charge. However we are not able to

24
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tell how this total charge is distributed inside or on the surface of the sphere.

20) A point-like charge of +5.00 uC is put at the centre of a sphere having radius of
12.0 cm. Find the flux of the electric field vector through the surface of the sphere.

The flux is the charge dividend by the permittivity of the empty space.

Electric field, charge distribution and potential

21) A small dielectric sphere is put inside a hollow dielectric sphere having radius R.
The two bodies have the same centre. The sphere possesses a negative charge ¢ , the
hollow sphere a positive charge @ , uniformly distributed on it. Let us assume that the
absolute value of ¢ is greater than that of Q.

a) Find the lines of the field.

b) Find the modulus of the electric field in A, with a distance R/2 from ¢, and in B,
with a distance 2R from gq.

¢) Find the difference of potential V(A)-V(B).

Here a figure to show the geometry of the problem.

25
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Let us remember that the field created by the charge on the hollow sphere is zero inside
it and outside is a Coulomb field. From the superposition principle for fields it follows
that the field in a given point P of the space is that created by the hollow sphere
having Q charge uniformly distributed in it and by the g charge of the small sphere. Let

us consider this last charge as produced by a point-like charge.

In A, the modulus of the fieldis: E= 1 9 >
4me, (R/2)

with radial direction towards the centre of the hollow sphere.

1 q 1 Q
In B: E= —
4ne (2R)2 4 e, (QR)Z

2

with radial direction toward the centre of the sphere.

The following figure shows the lines of the field. The density of the lines is greater
inside the hollow sphere. Fields are different: this is due to the fact that we have a
surface distribution of charge between the two regions of the space, inside and outside

the surface at radius R.

+0

—

-

26
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Let us calculate the difference of potential, remembering that is defined as

P

V(P,)~V(P,)=[ E-dl. Letus use the following figure.
P,
B o B o B
V(A)-V(B)=[ E-dl=[ E-dI+ [ E-dI= [ E, -dI+ [ E_ dI=
A A (0] A (0]

(@] B
—[ =9 gr+ [ Q9_gr=— 4 (i_L)_Q—CI(L_i):
A47'[gor O4ngor 47'[80 R R/2 47'[60 2R R

_lad (1 1) lgl=Qlf1 1
4ne,\R RI2) 4me, \2R R

22) Two planes with charges uniformly distributed on them are parallel. The distance
between the planes is ¢ D. The plane shown in the figure is perpendicular to the
charged planes. Find the electric field, if the charge densities are +6 and —2c. Find also

the difference of potential between A and B and between A and C.
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1 L o -|

E_

K =

+ d| -

+l 0" =

+] @ b = X

. =

+ P

+ i

We use the superposition principle and calculate E=E +E, , where 1 indicates the

field created by the plane positively charged and 2 the field created by the plane
negatively charged.

In region I:
g 20
E=—FE u+E,u = 2e ux+2—€OuX
In region II:
o 20
E:Elux+E2ux:_€O X 2_80ux
In region III:
E:EluX—EZMX—LuX—z—G u,
2¢, 2¢,
B
The difference of potential is defined as: V(A)—V (B ):f E-dl
A
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Moreover: V(A)—V(c):j“ E-dl+ji E-dI=V(A)-V(B).

The second integral is equal to zero, because displacement is perpendicular to the field.

23) Two uniformly charged straight wires are coincident to the x- and y- axes. The
wires are made of a material which does not allow the motion of charges. Therefore, the
distributions of charges are not affecting each other. Neglecting any polarization effect,

find the electric field in the point P given in the figure. Suppose P in the plane x,y.

Y
+
+
a P
_____ T
+ b
|
- X
o T e
+
. A A
The field is: E=E+E,=—2— u

X+ u
2me, a 2n€ob Y

24) The wires are the same as before. Find the difference of potential between P and P’

as given in the figure, in the plane x,y.
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%

+

+ a P c =
————— = = —¢

* b b

| I
X

o o I o
+

By definition:
P’ p’
V(P)-v(P')=[ E-dI=[ E-u dx
P P
h E=E+E }\y Ay
= + = + .
Where b 2n£oau" 2n£obuy
P’ a+c )\
V(P)-V(P')=[ E-dI= Yy ud
Plv(p)=f Bai= | o
Therefore: V(P)—V(P’)za]f 4 dx= 4 In 4*€
' . 2TE, X 2me, a

25) Two long cylindrical conductors are arranged parallel to each other at a distance d.

Calculate the capacitance per unit length of the system, provided d>R, and

d>R, ,where R, R, are radius of the two cylinders [3].

Let us assume that the charge per unit length of the first conductor is A and for the

second —A . The potential of each conductor is composed by the potential ¢,
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created by the conductor's charges and the potential ¢, created by the charges of the

other conductor. This second term can be considered to be the same at every point of the

conductor being the distance between conductors large.

For the first conductor:

___A A
Pt =" 3 g 1nR1+2”8 Ind
o o

For the second conductor:

__A A
P second = I e lnRZ_ d21e Ind
o )

The capacitance for unit length of this system is:

2mwe -1
A o _ d
C_(pfirst_(psecond_1 d2 _ﬂ:go(lnR)

n

RlRZ

26) Find the potential and the electric field intensity vector on the axis of a flat ring that

has a surface charge density o (the inner radiusis R, and the outer radius R, ).
Consider the following limiting (a) the field of a flat disk ( R, 0 ) and (b) the field of

aplane ( R,»0,R,”> ). [3]

Let us call z the axis of the flat ring.

2 R, ordr _ o 2,.2 [p2,.2
r=lo" 40 Jol e e VR IR
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The field is:

— — . —_ O
E=E,=0 ; E=

In the limiting cases:

27) Evaluate the following integral when o 1is a constant, and the variable r is

ranging from 0 to R.

¢:4ﬂ1€of_d€r)dr . dr=r’sinfdrdOd¢ ; d(r)Z\/22+r2—2rzcos¢9

0 r’sin6drd6d¢

dre, \/22+r2—2rzcost9

¢:

sing dé —i(\/r2+22—2rzcost9)g

f2”d¢_2ﬂ ;
0 ’ r’—2rzcosf T2

fo 2+

i(\/r2+zz+2 rz—\r2+z2—2 rz):i(r+z—|r—z |
rz rz

If r<z theintegral is equalto 2/z ,if r>z itisequalto 2/r .

22 2
4ﬂf Pdr+ [FLr2ar] - gﬁ 2, R-2) p . 2
47778 Zr 3 2 2¢ 3
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28) Determine the potential of the electric field produced by the electron of a hydrogen
atom, assuming that the electric charge in the ground state is distributed with a charge

density:

p=%exp(—2r/a) ,
Ta

where a is a constant [3]

The problem possesses a spherical symmetry. Let us consider the equation

Ap=— é{% . The solution is:

__ 1 rplr)
(p(r)—4ﬂgo |r—r'|dr
@(r)= 1 f:r'zdr’fgsinﬁ’dﬁ’fzﬂdq) plr)

_4.7'580 )1/2

(r’+r'?=2rr'cos@’

The integration on the radius can be performed, as in the example given before, by

splitting the integral into two parts:

]_ r ' It r ]- 0 ] r r
qa(r):;fop(r )r'2dr +g—ofr o(r')r'dr

—_— — — — e —
(p(r)—4ﬂgor[1 exp(—2r/a)] 4:zeanXp( 2rla)

29) Determine the Fourier transform for the potential of a point charge [3].

The potential of a point charge is given by the solution of equation:
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Afp=—g£0<5(r)

Let us represent ¢ (r) and &(r) in the form of Fourier expansions:

_ ikr . _ 1 ikr
g(r)=] p(k)e*rdk ; 6(r)—(2ﬂ)3fe dk
A [ @(k)e™ dk= go(;ﬂ)3fe"”dk
_k2¢<k):_so(2ﬂ)3 K ¢<k>_go(2ﬂ)3k2

30) Find the potential of the electric field produced by a charge that is distributed in an

infinite medium by the law o = p_ sinax sinby sincz [3].
2 2 2
sz_pg(r) : 0 (€+8 (§+8 qu_g_o sinax sinby sincz
0 ox" 0y~ 0z 0
Po : : :
p=— sinax sin by sincz

e (a’+b’*+c?)

Equation of the lines of the field
To represent a vector field we can use arrows. However it is possible to use curves

called the "field lines". Let us discuss the two-dimensional case. A curve y=y(x)

is a field line for vector field F(x,y) if at each point (x,,y,) on the curve,
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F(x,,y,) istangent to the curve.

The field lines y=y(x) of the field F(x,y)=P(x,y)i+Q(x,y)j are the

solution of the differential equation:

If y=y(x) is a field line, we have that for every x, the field is collinear to the

derivative of (x, y(x)) , whichisequalto (1,y'(x))

(P(x,y).Qx,y(x)))=a(x)(1,y"(x)

Then:

Complex variables

Many problems in electrostatics can be solved through the use of functions of a complex

variable. Let us use the real and the imaginary parts of an analytic function
W(&)=@+iy of a complex variable &=x+iy , where we find the solutions of

Laplace equations A@=0 and Ay=0 .Besides, @ and 1 are restricted by

the condition:

99 0y 090y _,
0x 0x Oy oy
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In a two-dimensional problem, we have E=-—grad¢ . In the free space divE=0 .

Suppose to have a function 1 so that:

6EX+aEy:_ azw . 821/) o
ox 0y 0x0y 0yox

a_wi+a_wj:k><gradz/):—gradw xk

E=E,i+E, j=-G i+

The functions ¢ and @ satisty the Cauchy-Riemann conditions:

op . _0y_09
oy ox ox Oy

09 oy __0¢09__ 0y oy
0x Ox 0x 0y oy oy

Therefore:

99 0y 090y _,
0x O0x 0Oy oy

The curves @=const and wy=const are mutually orthogonal. ¢ and @ can
be the solutions of the electrostatic problem. If ¢ (x,y) is the potential, 1 =const
are the lines of the field, orthogonal to the equipotential surfaces. The same we can find
if we consider  (x,y) asthe potential, @=const are the lines of the field.

The complex potential is defined as: W=g+iy

Let us add shortly some discussion that we can find in [5]. In this book, it is stressed

that for two-dimensional problems, where the variations of the fields in one direction is

36



Zenodo - 2 March 2021 - DOI 10.5281/zenodo.4573493

zero or can be neglected, we have that the fields are solution of the Laplace equation.
This condition allows the use of complex functions. In [5], we can find proposed three
cases: W(&)=&? , W(&)=1/&* and W(&)=Clogl .

The first case is considered also in [6]. "The amazing conclusion is that any
(differentiable) function" W=g@+iy of a complex variable, provides two real
functions @=¢(x,y) and w=wy(x,y) which are possible electric potential
functions for some problem.

Let us consider W=g@+iy=z=x+iy . "What electrostatic problem is this the
solution to?" [6]. If we take the potential to be 1 , then equipotential surfaces are
surfaces of constant y, and the field lines have constant x. This is the elementary
problem of a uniform field in the x- direction.

Let us consider W=g+iyp=5>=(x+iy)*=x*— y*+2ixy .

We have: @=x?—y? ; w=2xy . To see the electrostatic problem of which W is

the complex potential, let us look for the surfaces: @=x*—y*=A ; y=2xy=B .
The corresponding graphs of these functions are hyperbolas. We can see them in [5]

and [6], that this is the case of of the "quadrupole" system of conductors.

31) For the case of a homogeneous electric field with a field vector E , write the
corresponding complex-valued potential W. Consider the special case of the electric
field of a charged plane with a surface charge density o [3].

Let x-axis be directed along the field:

W=—|E|(x+iy)=@+iy where ¢=—|E|x ; y=—|E|y

In the case that the field is created by a uniformly distribute charge surface, y=0. In this

casc:
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|E|:L .
2¢

(o]

32) Determine the potential near a grounded angle formed by two planes x=0 and y=0

[3].

Let us use a conformal mapping W=AE?i to transform the angle into a half-plane.

The potential is:
W=g+iy=AZ%i=A(x+iy)i

Sowe have: @=-2Axy ; w=A(x*+y?) . This is the case also discussed in [5].

33) Determine the potential surfaces and the lines of field if the potential is

@=R(VE) . What grounded contour has such a potential? [4].

The complex values potential is: W=g@+iyp=R (\/Z:)+S(\/f):x/@

E=x+y=¢’—y*+2igy ; ¢’—y’=x ; 2py=y
We have equations:
2 2
4 4y
Let us assume @=const=C , then we have: y2=4C2(C2—X) , which is a

parabola. If C=0, the parabola turns into a straight line given by =0, x<0. The
function @=RVE gives the potential near a grounded half-line. The equipotential
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surfaces are a system of parabolas.

34) Determine the potential and the equipotential surfaces if the complex values
potential is W=Inx [3].
Writing & in the form &=re'” | we find that ¢@=Inr . The equipotential
surfaces are circles with radiuses r=const. In the three-dimensional case, this is a
potential created by a charged straight line along the z-axis.
35) Find the potential near a grounded parabola y*=4 a(x+a) .[3]
Let us write the equation of the parabola in a parametric form:
x=ap’—a ; y=2ap —oo<p<+w
x=¢ ; y=y then E=aW?—a+2iaW=(W+i)*a .We have:
w=V(&la)—i=g+iy

2 2

In [3], it is also discussed the case of a grounded ellipse X—2+§
a

1

Image charges
The method of image charges (also known as the method of images and method of
mirror charges) is a basic tool in electrostatics. The name originates from the

replacement of certain elements in the original layout of the problem with imaginary
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charges, which replicates the boundary conditions of the problem. The method of image
charges is based on the uniqueness theorem, which states that the electric potential in a
given volume is uniquely determined if both the charge density throughout the region
and the value of the electric potential on all boundaries are specified. In the case that we
know the electric potential or the electric field and the corresponding boundary
conditions we can substitute the charge distribution which is involved with a charge
configuration easier to analyse.

The simplest case where we can apply the method of image charges is that of a point
charge, with charge ¢, located at (0,0,a) above an infinite grounded conducting
plate in xy-plane. To simplify this problem, we can replace the charge distribution
which is induced on the ground plane with a plate (equipotential) with a charge —q,
located at  (0,0,—a) . This situation is equivalent to the original setup, and so the
force on the real charge can now be calculated with Coulomb's law between two point
charges [7].

The potential at any point in space, due to these two point charges is given in cylindrical

coordinates as

( a9  q
4me,\Vp2(z—aP +p*+(z+af

p(r)=e(p,¢,z)=

The surface charge density on the grounded plane is therefore given by:

The total charge induced on the conducting plane is:

2 0 _q 27 o0 1 _
fo fo O'(p)pdpd¢—ﬁfo d¢ fo (p2+a2)3/2pdp_q
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fznd(p fw ;pdeZn
0 0 (p2+a?)

The total charge induced on the plane turns out to be simply —q.
Because of the superposition principle, a conducting plane below multiple point
charges can be replaced by the mirror images of each of the charges individually, with

no other modifications necessary.

A grounded sphere

In the previous image we can see a diagram illustrating the image method for a
grounded sphere of radius R. The green point is a charge ¢ inside the sphere at a
distance p from the origin, the red point is the image of that point, having charge

—qR/p , outside the sphere at a distance of R?*/p from the origin. The potential
produced by the two charges is zero on the surface of the sphere. (Image courtesy:

PAR).

The method of the image of charge can be applied to a conducting sphere [8]. Let us
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consider ¢, the charge at the green point. The image of this charge with respect to the
grounded sphere is shown in red. It has a charge of q'=—qR/p at the distance given
in the figure. The potential at a given radius vector r is given by the sum of the

potentials:

(—qR/p)
dme plr)=—1-+
? |yl |1y

_ q (=qR/p)

dme @lr)= +

(1) (Prp—2rp)2 (4R p—2R%rplp)"
1
¢(r) 4 k

Cdme, Vr2+p2—2r-p Vr*p/R*+R*-2rp

The potential on the surface of the sphere vanishes. Note that, if the image of charge is
outside the sphere, the potential given above will not be valid, since the image charge

does not actually exist, the same if the charge image is inside.

Let us consider the problem with a charge outside a grounded sphere. If we have a
charge ¢ at vector position p outside the sphere of radius R, the potential outside of
the sphere is given by the sum of the potentials of the charge and its image charge inside

the sphere. Just as in the previous case, the image charge will have charge —qR/p

and will be located at vector position R’ p/p?

The potential inside the sphere will be dependent only upon the true charge distribution

inside the sphere.
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Courtesy image: Geek3.

36) A point charge e is situated at a distance d from a conducting plane that is
grounded. Find the potential and the electric field intensity vector of the system.
Determine the surface density of the charge that is induced on the grounded surface.

Show that the total induced charge is equalto —e  [3].

Let us assume that the grounded plane is plane x=0. The radius vector r is drawn
from the charge to the observation point, and r' from the image of the chrge to the

observation point.

I

e e er er
= - -5 E= 3 3
dre,;r 4mwe,r dme,r’ 4me,r'
_\/ 2, .2,.2 ., ._\/ 2,.2,.2
r=V(x—d)’+y°+z° ; r'=V(x+d)*+y’+z
The surface density of the induced charge is: o=— L 3
277 (Vy*+2%+d?)
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37) Using the method of images, find the potential when a charge q that is placed inside
an angle (right angle) formed by two grounded conducting planes [3].

We need three images, of the charge as given in the following figure.

rlz\/(x—a)2+(y—b)2 ; r2=\/(x—a)2+(y+b)2

r3=\/(x+a)2+(y+b)2 ; 1‘42\/(x+a)2+(y—b)2

When y=0, @=0 ; the same for x=0.

38) A point charge e is at a distance d from the centre of a conducting sphere of radius
R. Using the method of images, determine the electric potential of the system. The

sphere is grounded.
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The potential inside the sphere and on it is zero. Outside the sphere, it must satisty the

equation:
Ag=—g-0(r)

The origin of coordinate coincides with the position of the point charge. The solution is:

I

_ e e
4JT80F 4nsor

2

The second term in the potential may be thought of as the potential of a charge e’, the
charge's image, inside the sphere. Actually, there is no such charge. But the real charge
induced on the surface of the sphere exists and acts on the same way as a certain charge
would without the sphere. The symmetry of the problem implies that charge e’ must lie
on the line that connect the centre of the sphere with the charge e, placed at a distance d,

for the centre.

e’ r? _ R*+d*—2dRcos6

e rv B R2+d%—2d1Rc050

For any angle 6 : d1=R2/d ; e'=et—=e—
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39) A point charge e is at a distance d from the centre of a spherical projection of a
conducting plane. The centre of the project lies on the plane, and the charge is situated
opposite the point on the projection that is farthest from the plane. Determine the

potential [3].

1 2 3 4

d,
e ze\/d: ; d1=R2/d

_ 1 (e e e e
¢_4n50r r. r, r

40) At a distance d from the centre of a conducting grounded sphere .of radius R an
electric dipole p is placed with its positive charge closest to the sphere. Find the electric

potential of the system [3].
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Each charge of the dipole induces an image charge. Since the distances from the charges
to the sphere are different, the magnitudes of the image charges will be different. For

this reason we must place a dipole p', oriented in the same way as p, and a charge e’ at a

point that lies at a distance d'=R?*/d from the sphere.

‘r “r' e
=P T+ p T+ ,
4we,;r’ dme,r'> ATEST

See Ref.3 for the details of calculation.
Dielectrics
Let us remember some formulas.

P=ac¢ E ; ppO,:—divP ; opO,:P-n

n is the unit vector perpendicular to the surface of

the dielectric material.

1

D=¢ E+P=cE ; diVE:Z(pcond"'ppol) ; divD=p_

where 0,450 pol are the densities of charges on conductors (unbounded charged)

and induced by polarization (bounded charges).

Boundary conditions are:

Dln_DZn:Ounbounded > Elt:EZt

The surface density of charges between the media is due to the unbounded charges only,
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not coming from polarization of the materials.

41) A point charge Q ( 3%107'°C ) is at the centre of a sphere having radius R

(10 ¢m), made of an isotropic and homogeneous dielectric medium with permittivity

€,=4 . Outside the sphere there is the empty space. Find the surface charge density

on the sphere [10].

Let us calculate:

[D-u ds=[ Duu=[Dds=4xr’D=Q ; D(r)=—2

e —1 Q C
o=P-u,=¢(€,—1)Eu=— =2.x107 =
r o r Er 4.7'17R2 m2
|
1 gy 2 3
B, Dy D3
X
£, g,
d

42) An electric charge is uniformly distributed on a plane with a surface density o
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Close to the plane, there is a lamina of dielectric material with permittivity €, and

thickness d. Find the density of the polarization charge [10].

Using the boundary conditions for field D we have: |D,|=|D,|=]| D3|=%

D1 = EaEl Dg = ngrEg D3 = E,:,Eg

o el
E =—:E E ] p
' 9, BT 2646,
€,—1
|(7p|:|P-un|:P:gO(45r—1)E2 then: |ap|: 5 o
r

43) An electric charge e is placed at a distance d from the flat surface of an infinite

dielectric with permittivity €, . The permittivity of the medium where the charge is

located is €, . Determine the potential ¢ and the electric displacement vector

D in the two media [3].

1-. '
eo r\o e
d d
1 2

Discussion in given in [9]. Let us call O the point where the charge is placed, and O' the

point where the image charge is place e’. In the medium 1, we have:
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e e
wl_;-'-e r'
1 1
e'l
Field in medium 2 is given by a charge e'" i O: ¢,=——
€,7
Boundary conditions are: = ;€ aﬂze 8&
y 9= 9, 5 & 2
on on
' ' ete' _e"
For r=r' : e—e'=e ; = . Therefore we have:
€ €
oo 172, 22
€ e, € F¢,
In the case that €, , e'=—e , @,=0 . We find the result for a conducting

plane.

44) The centre of a conducting sphere of radius R is on a flat boundary between two

dielectrics with permittivity €,,€, . The sphere possesses charge g. Discuss the

system [3].

Let us start from vector D as we did in [10]:
0@
[¢Dnds=q ; D=cE=-e>"

or

Potential ¢ must be constant on the surface of the conductor. It must be zero to
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infinity. Let us assume ¢@=C/r .

— q — q
c=—9 — ; p=— 9
27(€e +e,) v 27 (e,+€,)r

The electric field near the conductoris E=o/e, . o=0+0 » - charge densities

on the sphere and of polarization [10].

e —1)g 1
”pl-=P'111=—P1=“Ea(fi_1}ﬂ1=_§'{;ﬁﬁ

. el — 1 1

o are the surface charge densities due to

(o} p2

r__ r__
where €\=e /e, , e=¢€,le, . 0,4,

polarization. ©_,,0, are the densities on the sphere.

0170170178, 8170 1= r r)R_2

o.,=—o0,—0 .=¢ E.—0 ,=———
s2 2 p2 02 p2 r r 2
2]17(61+62) R
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From Legendre Polynomials to Bessel Functions

I(,2_ 1\
-1
Legendre polynomials are given by: Pl(x):%d (x 1 )
2’11 dx
Here some of the polynomials: P (x)=1 P,(x)=x P,(x)==(3x*~1)

Pz(x)=§—(5x3—3x)

45) A point charge e is at a distance d from the centre of a conducting sphere of radius
R. Solve the problem by an expansion of the potential in a series of solutions of the

Laplace equation in spherical coordinates [3].

Let us place the coordinate origin in the centre of the sphere and direct the polar axis

along the line connecting the charge and the centre of the sphere.

© b

_ e I
q)(r’8>_4n’80|r—d| +[:Z()rl+1 Pl(Cosg)

Pl(cos 6) are the Legendre polynomials. Coefficients b, are determined by means

of the boundary conditions. We know that ( 6 isthe angle between r and r' ):

—P/(cos®) for r<r' (%)

Boundary conditionis: @ =0, r=R
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o e R! b, _
Z 4 N+1 [+1 PI(COSH>—0
I__4ﬂgo I
0 2\l
o= e __eR R® PI(COSH) o)
Ame lr—d| 4me,d 3\ d pl+l

Using expansion (*), we can write the last member in (**) as the potential of a point

charge e'=eR/d ,placed at a distance d 1=R2/ d

___ e __lef|
dmer—d| 4me |r—d,|

%

This solution coincides with the solution that we have obtained using the image charge.

Let us consider the charge density on the surface of the sphere:

(R,6)=—2=3 (21+1)R b (cos)
O(R, __EI:O + s (cos

46) A point charge e is placed at a distance d from a sphere of radius R that has a

potential V. Find the potential outside the sphere and the surface charge density on it

[3].
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_ e VR __eR - (R2\Pylcost)

Amelr—d| r 4me,d 3\ d pltl

olr, )_V__e_ y (21+1)R1_1P(c050)
4xR 4z & L

47) Determine the potential of a charged sphere of radius R. The sphere charge density

varies according to the law o=0_cos6 [3].

Inside: ¢,=> A,;r'P(cosf) ; Outside: <p1=ZBlr_(l+1)P,(cosl9)

op, 0@
At the surface of the sphere:  @,=¢, ; a—rl—a—:zg—o . Then:
o o
A== ; B,=-2R’ ; A=B=0, I#1
3¢, 3¢,

The potential is:

3

o
@, ==>rcosf ; (pZZ—OR—cosH

2
o 3€Or

48) Determine the potential and the electric field vector of a uniformly polarized ball of
radius R. The polarization vector of the ballsis P [3].
Since we know the polarization vector, we can determine the bound surface and the

bound body charge densities: p'=0 ; o'=Pcosf .. Therefore we can use the

previous discussion:
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3
qolzircosﬁ ; (pzzi—cosﬁ

2
3¢, 3e,r

where ¢, 1is the potential for » <R and ¢, for r > R . The corresponding
electric fields are:
1 R(Pr)r R P

E=-——P ; E,="_
1 3e, 2 e, 3¢, 13

49) A conducting sphere of radius R is located in a non-uniform electric field.

Determine the potential around the sphere [3].

When there is no sphere, the potential of an external field in a region without charges

satisfies the Laplace equation, so that the solution is:

o0

I
(pextzz Z Almrlle(cosﬁ)e’m”
[=0 m=—1

If we have the field, we know coefficients A,

If we place in the field a conducting sphere, the potential becomes: Q=@ . .+ @,y -

quphere:Iz z B[mr7<l+1)le(COSQ)eima

o0 l

0 m=-1
This is the potential of the charge induced on the sphere by the external potential.

Putting =0, r=R
_ 21+1
Blm__AImR *

55



Zenodo - 2 March 2021 - DOI 10.5281/zenodo.4573493

50) A conducting sphere that is grounded is located in a uniform electric field E_ .

Find the potential and the surface charge density [3].

Inside and on the surface of the sphere @ =0 . Outside we have:

p=>, b,r_(I”)P,(cosQ)—EOrPl(cosﬁ)
1

Boundary conditions give: bleOR2 ; b=0 for I#1

E R’
5 cosf ;
r

@p=—E_rcost+ o=3¢,E_ cosf

51) A disc of radius R that has a surface charge density o is placed coaxially in a

hollow cylinder of radius r, with conducting walls. Find the potential inside the

cylinder [3].

Let us consider the Laplace equation in cylindrical coordinates for

¢(p.z)=R(p)Z(z)

2
—:kzz . d—R+1_ d_R+k2R:O

dz? dp®> p dp

Solution is:
o(p,z)=e""J,(k,p) , for z<0

(p(p,z):efk’zjo(k,p) , for z>0
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J  1is the Bessel function of the first kind. On the surface of the cylinder ¢@=0 .In

(o]

this manner J (k,r,)=0 determines the values of k,

Potentials are:

z):ZA,ekIZJO(kIp) , for z<0

(0, z:Z Jkp) , for z>0

Using boundary condition: (8_(/)) _(8_(p) =% | we have:

= kz
22 A" Jo(klp)zz_
I=1

R

J pd,(kp)dp
o 0
AI_ZgOkl T

fp]i(k,p)dp
0

Bessel equation and function
Bessel functions, first defined Daniel Bernoulli and then generalized by Friedrich

Bessel, are canonical solutions y(x) of Bessel's differential equation:
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In the equation, we cna find an arbitrary complex number o, the order of the Bessel
function. Although a and —a produce the same differential equation, it is conventional
to define different Bessel functions for these two values in such a way that the Bessel

functions are mostly smooth functions of a.

The most important cases are when a is an integer or half-integer. Bessel functions for
integer a are also known as cylinder functions or the cylindrical harmonics because they
appear in the solution to Laplace's equation in cylindrical coordinates. Spherical Bessel
functions with half-integer o are obtained when the Helmholtz equation is solved in

spherical coordinates.

Bessel's equation arises when finding separable solutions to Laplace's equation and the
Helmholtz equation in cylindrical or spherical coordinates. Bessel functions are
therefore especially important for many problems of wave propagation and static
potentials. In solving problems in cylindrical coordinate systems, one obtains Bessel
functions of integer order (o = n); in spherical problems, one obtains half-integer orders
(o = n + 1/2). For example: Electromagnetic waves in a cylindrical waveguide -
Pressure amplitudes of inviscid rotational flows - Heat conduction in a cylindrical object
- Diffusion problems on a lattice - Solutions to the radial Schrodinger equation (in
spherical and cylindrical coordinates) for a free particle - Solving for patterns of

acoustical radiation - Frequency-dependent friction in circular pipelines, and so on.

History of Legendre Polynomials and Spherical Harmonics

From [11]. "Una delle formule piu semplici e utili della fisica-matematica fu trovata nel
1782 da Adrien-Marie Legendre e quindi estesa pochi mesi dopo da Pierre-Simon de
Laplace. I due fisici-matematici erano interessati a calcolare il potenziale gravitazionale

associato ad una distribuzione di masse u, poste nei punti r;" . Considerarono il
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potenziale gravitazionale di questa distribuzione."

The function is:

_ Aui _ lui
Legendre calculated, for each site:
1 1 1 r!
— = = = P (cosa *
R (rP+r?—2r'rcosa)"? r Zl r! I( ) ®)

[

a is the angle between vectors r , r

Actually, we can calculate polynomials as a Taylor series of the generator:

1 :Z Z Pl(u)
1=0

(1+22—2zu)'?

"Laplace, sempre nel 1782, fece un passo in piu: usando coordinate sferiche, si rese
conto che esistevano funzioni, ... , con “buone” proprieta rispetto alle rotazioni, in

termini delle quali era possibile sviluppare le funzioni di Legendre:"

1
P(cosa) = 22 3 (<1]"Y;"(0,9)¥7(0".)

m=—1
(60,4),(0",¢') are spherical coordinates concerning vectors r , r' . Y[ are

the spherical harmonic functions.

Laplace wrote:
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where

lezzi(—l)mﬂiY;n(H ’j’¢ ’i>r'l

"Correva I’anno 1782 e gia era chiaro che le soluzioni dell’equazione di Laplace si
raggruppavano in multipletti: fissato /, 1’insieme delle combinazioni lineari delle
(2 1 + 1) armoniche sferiche si trasforma in se stesso per rotazioni. Nel linguaggio
moderno, le armoniche sferiche di ordine / sono una base per la rappresentazione
irriducibile del gruppo delle rotazioni di dimensione / . Questa matematica la si ritrova
in elettrostatica e in meccanica quantistica".

Here some information from Wikipedia'.

Spherical harmonics were first investigated in connection with the Newtonian potential
of Newton's law of universal gravitation in three dimensions. In 1782, Pierre-Simon de
Laplace had, in his Mécanique Céleste, determined that the gravitational potential at an
observation point associated with a set of point masses located at given points, as we
have previously seen.

Laplace used the Legendre polynomials, that can be derived as a special case of
spherical harmonics. Subsequently, in his 1782 memoire, Laplace investigated these
coefficients using spherical coordinates to represent the angle between the radius
vectors.

In 1867, William Thomson (Lord Kelvin) and Peter Guthrie Tait introduced the "solid
spherical harmonics" in their Treatise on Natural Philosophy, and also first introduced
the name of "spherical harmonics" for these functions. The "solid harmonics" were
homogeneous® polynomial solutions of Laplace equation.

By means of the study of Laplace equation in spherical coordinates, Thomson and Tait
recovered Laplace spherical harmonics. Wikipedia tells that "The term "Laplace's

coefficients" was employed by William Whewell to describe the particular system of

1 https://en.wikipedia.org/wiki/Spherical_harmonics

2 In mathematics, a homogeneous function is one with multiplicative scaling behaviour: if all
its arguments are multiplied by a factor, then its value is multiplied by some power of this
factor.
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solutions introduced along these lines, whereas others reserved this designation for the
zonal spherical harmonics that had properly been introduced by Laplace and Legendre".
"The prevalence of spherical harmonics already in physics set the stage for their later
importance in the 20th century birth of quantum mechanics". In fact, the (complex-
valued) spherical harmonics are the eigenfunctions of the square of the orbital angular
momentum operator —iArXV . Therefore they represent the different quantized

configurations of atomic orbitals.

L = —ili(x x V) = Lyi+ L,j+ L.k.

Laplace's spherical harmonics are the joint eigenfunctions of the square of the orbital

angular momentum (**) and the generator of rotations about the azimuthal axis (***):

2__ 2\/2 9 0 __ 1 0 5,0 1 i Hk
L*= rV+(r +1)r6r_ sin@aﬁsmgaﬁ 20 047 (**)

LZ— l(X yax)— 18(/5 (**%)

Magnetostatics
Phenomena that take place in a constant magnetic field, that is when the magnetic field
strength H and the magnetic induction B are independent of time, are governed

by the system of equations which are:

curlH=j ; divB=0
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Let us introduce B=curl A . We have: AA=—uu_ j . Vector j isthe current

density vector. u is the permittivity of the medium.

_Mty o jr)
A(r)—4” ] av

At a distance considerably greater than the dimensions of the system:

wu,[mxr]
Alrl=——
( ) Axr’

m is the magnetic moment, that is mzi—f [rxj(r)]dv

The energy of a stationary magnetic field is:

w:;—f (B-H)dV:;—f (A-j)dV:‘g;to J"j(rr)_j;(ﬁ') dvdv'

1 . .
For a system of conductors: W=2— Z L,I.I, , L isthemutual inductance.
ik

Show that for a constant and uniform magnetic field B , the vector potential can be

chosen in the form: A :% [BXr]

Use the vector relations and problems previously discussed.
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52) Find the magnetic field strength inside and outside a cylindrical conductor with an
electric current whose density j is the same through any section of the conductor.

The radius of the cylinder is R [3].

H:%[jXr] for r<R
R

H=—[jxr] for r>R
2r

The distance from the axis of the cylinder to the observation point is 7.

IS

53) Find the magnetic field strength inside a cylindrical cavity in a cylindrical conductor
with an electric current whose density is the same through the section of the conductor.
The axes of the cavity and the conductor are parallel and separated by a distance a [3].

This problem is also proposed in [12], where it is the magnetic induction which is

required.

To solve the problem let us consider the superposition principle, with a current flowing

in all the cylindrical conductor, plus an opposite current flowing in the cavity. Note that
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y-axis is given in the previous image.

For y>0 :
. ) B_l ; 0 _ .R
First current: =5 dyu, <y<R and B=—u ]y—u

2

Second current: le—Au j r
2 °a—y

u, , O<y<a-r, y>a+r and

B:;—Moj(a—y)uz , a—r<y<a+r

Adding the fields, we have that, in the cavity: B=§— wjau, .Then: H :% [jxa]

54) An electric current flows through an infinitely long conductor of radius R. The
current density is a/p for p<R ,where p is the distance from the axis of the
conductor. Find the vector potential and the magnetic field strength inside and outside

the conductor [3].

Let the z-axis be the axis of the conductor. The symmetry of the problem yields:

A=A,=0
AA ,=—u,j for p<R ; AA, =0 for p>R

The A, - component depends only on the distance from the axis. In cylindrical

coordinates:

=—u L for P<R ;

o
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1 d dAZz
——|p =0 for p>R
pdp dp

A ,=—u,ap+C/np+C, ; A,,=C;lnp+C,

Letusput C;=0 . The continuity of the function and its derivative gives:
— 1 . — 1
—u,aR+C,=C;InR+C, ; —‘uoa—Caﬁ

We have C,=—u,aR , C,=—pu,aR(1-InR)+C, . The relations given

previously define the vector potential up to a constant term  C,

The magnetic strength is defined as: H Zb— curl A
o

Let us remember that:

1 aAZ 8A¢
Pog 0z

0A, 0A,
0z op

curl A=

e,+

Inside: A,=—u,ap+C, ; H=ae,

Outside: A,=—u,aRInp+C, ; H=aR%e¢.

55) Find the magnetic field strength of a plane with a surface current density i that is

the same in any point of the plane [3].
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Let us chose the system of coordinates so that the z-axis is directed along the current

and the x-axis along the normal to the plane: Hy:—i/2 x<0 , Hy=i/2 x>0 .

The element of the magnetic induction in an
observation point O is given by the Laplace

formula:

u dIXAr'
dB(r)=—-1—""~——

In the formula, dI is an element of the loop, where the current / is flowing.

Let us consider some problems about this formula.

A _ C
\‘;’KQ}J,g
© R

B —r——= D

56) Four straight infinitely long parallel wires are carrying the same current / as in the

figure. Give the magnetic induction at the centre of the square ABCDA [10].
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: I I
(Bl = [Bp| = [Be| = [Bp| = £2= = Fe -
I | 2o P V@W f
HA-FBQZE—E:,—{]JHC Eg{—ﬂg: o El.l}_‘)
2 | Varil oA
— 2 2__ Mo I
|B|_\/(BA+BD) +(BC+BB) _2.717 I_
X .
Figure of problem 57.

57) Give the magnetic induction created by by wire ABCDA shown in the figure,

carrying a current I,. The wire is in the xy-plane.

u, gﬂdl)(r

We know that: B= = 3 . Let us subdivide the wire in four pieces. The pieces
r

AB and CD have dl parallel to r , therefore the contribution to the magnetic
induction is zero. In the pieces BC and DA, dlI is perpendicular to r , then

d B had the direction of unit vector k
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Au C Au C
BO) Bpo=—t[1, X oy [y Gnce dixr=—rdik .
4 B r 47 BT
12
u T u u I
Being di=rdf ,wehave Bpo=—-2-1 [ 9@k=—Le | T y= Doy
4w %y r 4r °2r, 8r,
. ‘MOIO
DA) It is the same as for BC but dIXr=rdlk ,then: B,= ar k .
1
_‘uOIO 1 1
Bpa=7 (r1 rz)k
58) Evaluate the magnetic induction at the centre of a current loop.
IdL
-
w I u I
dB=—"—dLXR=—"—dLk  then B=—" dL=——k
47 R® A7 R? nRzgs 2R

59) A charge ¢ is uniformly distributed on a ring

made of insulating material. The ring is rotating

about its axis with a constant angular speed.
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The density of charge is: A=q/(27 R) .Thearcis ds=Rd6O

d do
da=rds=—4 RrRdo=-qop - 1=299-9 99_ 9
q > 27 R 21 ’ dt 2mdt an

The magnetic induction for the points of the axis is:

u,I  R? _ u,qow  R?

2 (22+R2)3/2 T Ax (ZZ+R2)3/2 k

60) The electric current i flows in the conductor wire. What is the magnetic induction

at the centre of the circle (P)?

The magnetic field formula at the centre of the coil with a number of loops:

In our case: N =3/4.
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61) Find the vector potential created by a current / flowing along a ring of radius R.

Examine the special case when the observation point lies on the axis of the ring. [3].

N

R

Let us use a system of cylindrical coordinates.

2

:Mofgﬁ dl,. _ Mt [ Rcos¢'dg’
lr=r'| 4x % (R*+p°+z°—2Rpcos¢’

)1/2

Letususe: ¢'=x+20

_ u,RI ”f’z (25in’0—1)d@

A
’ 4 o (R+p)+2°—4R psin®6)'?
Let us define: kzz% , then:
(R+p )*+2?
w I (g2 12
Afﬁ(ﬁ) ( ——)K(k)—E(k) ,
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12
K(k)= fg R —Zfsinzﬁ I > 1s an elliptic integral of the first kind, and

w2
E(k)= fo (1—k*sin’6)"?d6 is an elliptic integral of the second kind.

These two functions are related in the following manner:

K __E K

dk — k(1-K?) k

dE _E _K
dc  k k
The magnetic field is given as:
I z R*+p?+2°
H,=— —K(k E(k
2w plweprea| e Y
I 1 R = p2— 72
H=—— K(k)+ E(k)
27 p[(R+p)+2]" (R—pf+z°
RI

In the case that /O‘>0 ) Hp:() ’ H¢:0 > szm
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62) Find the magnetic field strength and the vector of magnetic induction created by a

uniform magnetic ball. The radius of the ball is R and its magnetization vector M

[3].

Outside the ball, we have that B,=u,H, ; curlH,=0 : divH,=0 . These

relations mean that it exists a scalar so that A¢ =0 , and that H ZZ—V @y -

Let us remember that, in spherical coordinates:

) _ﬂ 16f 1 af
gradf—ar r 00 €o* rsin@ O0¢ €

Then:

(I+1)P,(cosO) a, dP,
HZ:ZI q P42 er_r1+2 do ¢

We have alsothat M=y H ; B=uu H

Inside the ball, fields H, ,B; , M are parallel. Using the continuity of B, and

H, at r=R ,we have:

(I+1)a,P (cos®)
B, cosf=, Z:,) RI+2
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a, dP/cos6)

H . sinf@=
1 M"l:ZOR“Z dée

According to boundary conditions, the nonzero coefficients are those with =1

B, 2a, B, aq
mE M Bt Mo s
then:
“Lyrd  B= M
01_3_ » Bi=3 4,
Outside the ball:
R, (Mr) M| |
Hz—? 3rr—5—r3 ] s BZ_MOHZ

Therefore, outside the ball, the magnetic field is the field of a dipole having a magnetic

moment:

Inside the ball: ~ B,=—-u M ; H =—

In the following image, we can see B , H inside the sphere. Note that the magnetic

strength is a vector which is opposite to the magnetization.
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/2
N

The images are based on a drawing courtesy Geek3, for Wikipedia. Description tells

"Drawing of a homogeneously magnetized spherical magnet with exactly computed
magnetic field lines. A spherical magnet has the remarkable property that its field
outside the magnet is identical to that of an ideal point-like dipole. Inside the
magnetized volume, the field is exactly constant and aligned along the north-south
axis." The field mentioned in the description is the vector magnetic induction (on the

left). On the right the magnetic strength is illustrated.

63) Determine the magnetic field strength on the axis of a magnet of cylinder shape.

The radius of the magnet is R. Its length is d. The magnetizationis M [3].

We have again H=—V ¢_ ,where Ag_ =0 inempty space.
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Let us suppose B=u (H+M) .Since divB=0 , divH=—divM .

We have the effective magnetic charge density:

Ap,=—p, =—divM

If an interface is present: o,=n-M , which is the effective magnetic surface change

density. The magnetic potential is therefore:

1 pdivM(r) 1 M, ,
<,‘0m(1‘)——4ﬂf lr—r'| v _E§ﬁ|r—r’|ds

M(r) is the magnetization vector of the magnet. S' is any closed surface that

contains the magnet.

In our case, M=const , divM=0 . M, is nonzero only on the basis of the
magnet.
_MoJ' dx dy _MOJ' dxdy
I ax  [(edi2Pextey AT [(z=di2Pexte y2

M
<pm:2—0[\/(z+d/2)2+R2—|z+d/2|—\/(z—d/2)2+R2+|z—d/2|]

Inside the magnet:

H _ 99n _M, z+d/2 L z=dl2 B
z oz 2 \[(z+d/22+R*"? "[(z—d/2)*+R*]"
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The Poisson equationis A@=f ,where A isthe Laplace operator.

The Poisson equation is solved by the Green's function:

qo(r)z—f f(r') dv'

dx|r—r'|

Remember the potential given by a body distribution of charges.

64) A sphere of radius R rotates about the z-axis with angular velocity Q . Its

surface is electrically charged with a density o, . Find the vector potential and the

magnetic field strength inside and outside the sphere [3].

The motion of the sphere generates a surface current. In spherical coordinates with the

polar axis directed along the axis of rotation:
I,=0 QRsin6

There are no currents either inside and outside the sphere. We can use a magnetic

potential.

H=—V1/J1 r<rR ; H=—V7,U2 r>R
w,=2 Ar'P(cos8) ;  w,=D. B,r_(l+1)Pl(cos¢9)
=0 1=0

Boundary conditions becomes:
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oy, _ow, 0w oy, _
or  or > roé rog ~ ?

Therefore: A1:§TGQR ; B1:%09R4 ; A=B=0, for 1#1

Inside the sphere:

H=%oRQ
3

The magnetic field has the direction of the z-axis, the axis of rotation.
Outside the sphere:

H:3(m-r)r _m

5 3
4xr 4xr

where m=43—ﬁR4GQ . Outside the sphere, the magnetic field is the field is the field

of the magnetic moment m

Consider a specimen of magnetic material subjected to a constant magnetic field H .
A magnetization M . parallel to H_  , is created in the specimen. In addition to

the constant magnetic field, a variable magnetic field h , perpendicular to the
constant field, and rotating with angular frequency @ . The amplitude of the field is

h<H_, . Determine the additional magnetization and the condition of the resonance

[3].

The equation governing the magnetic moment:
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where the fieldis: H=H _+h exp(—iwt)

Let us look for the solution: M=M_+m exp(—iwt)

Since h<H, ,letusassume m<M,
—ia)mX:—‘uogMohy+Au0gmyH0

—la)my=‘u0gMOhx—AuogmxHo

—la)mZZO

[l
o

mxthx—ivhy mxthx—ivhy m,

In this solution:

where: w,=u,gH, .When o approaches @, ,we observe the resonance.

65) Find the self-inductance L per unit length of a transmission line that consists of two

coaxial cylinders of radiuses R, and R, ( R,<R, ). The space between the

conductors is filled with a substance having a permittivity u« [3].
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The magnetic field between the coaxial conductors is H=1I/(2xr) , where I is the

current. The energy is:

2
1 _uul” R,
W=y [ BHdV=—"— I
We have also:
1.2
W==LI
2
Therefore:
_ Auo ALt R2
L= > In R,
h_"“‘*-«ﬁ_. Let us consider a loop carrying a current /. The
(ﬂn:?{“:x H“‘-H_ loop in in a magnetic field with induction B
\ T RN
e . On the loop we have a force and a torque:
) "'“:z?-}{x\ X
— - _\_\'_\\_\ ] Lt E
PN F=I1$dIxB ; M =I$rxdIxB
W S
\\'\.

66) Let us consider the semicircular loop with a current /, as in the figure. The loop is in
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the xy-plane. Find the force on the loop.
B A B A
F=F ,+F,=1 [ dIXB+I [ dIXB=I [ dxixBj+I [ dstxBj
A B A B
where t is the unit vector tangent the curve. Then:
T
F=k |2IRB—IRB [ sin6d6 |=0
0

67) Calculate the force between two straight parallel wires of infinite length with

electric current I, and I, if the distance between the wires is d . The

permittivity of the medium between the conductorsis  u  [3].

uu, Illz
27 d

This is the modulus of the force vector. The force is attractive, when the currents are

flowing in the same direction, repulsive when they are flowing opposite.

This problem is discussed in all the physics books. Suggested reading:
https://courses.lumenlearning.com/physics/chapter/22-10-magnetic-force-between-two-

parallel-conductors/
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68) A straight wire is carrying current I, . It is in the same plane where there is the

loop ABCDA in the following figure. The loop is carrying current I, . The sides of

the loop, AB and CD, are parallel to the wire, and the sides DA and BC, perpendicular.
The length are / and a, as given in the figure. The distance of AB from the wire is c.

Find the force on the loop [10].

F' 4, I,
I 27 ¢
Fr' u, 11,

c c+a

’ rr ‘u
F'_F'' _H 1112(1 1 ): o a

The force on the loop is directed towards the wire.
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Yi
:‘}"\.
o\
v B
el
X dx x

69) Two straight wires 1 and 2 are placed as shown in the figure. They are carrying the

same current I . Find the torque on the segment CD of wire 2 [10].

1
Wire 1 creates the field: BZMO
27xr
2
u I
dF=1dxXB ; dF:IBdXSiHHZ#d%SiDH
dt =xdF=rsin@dF=u I° X sin®0=u I? adt tan’6
o ° 2x o 27
wl4
2 d 2
r=u, I =~ [ tan’0d6
? ? 27 —ml4

The torque turns the wire 2 to have it parallel to 1.
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70) A rod AB with length / is in the field of magnetic induction generated by a straight

infinitely long wire carrying current I, . The rod is perpendicular to the wire, as

given by the figure. AB is carrying a current I, . Find the force on AB.

_MOII . — . — . —
B_err u ; dF=L,dIXB ; dl=dru, ; u,Xu,=k
B wlI I, @ ul I I
F=[dp=tei2 (40 Tt atl
B 2 . T 2 a

Quasi-stationary fields

Magnetic flux and Induced Emf

For a discussion, see for instance https://courses.lumenlearning.com/physics/chapter/23-
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I-induced-emf-and-magnetic-flux/

71) A rod made of conducting material and having a length / is rotating with angular
constant velocity @ about O. Th field B is perpendicular to the plane where the

rod is rotating. Find the induced tension in the rod.

Each piece of the rod dr has avelocity v=wr . Each element gives a contribution:

I
de=vXB-wu,dr=wBrdr ; .‘3:fa)Brdr:§—Ba)l2
0
j ‘ 0
. !
B|
r/"f__l_:_“.u R
\ 0 dr y
K"\-\-h __ﬂ-'""f.

72) Let us consider a disc made of conducting material. The disc rotates about its centre
with @ , constant angular velocity. Find the tension between the rim of the disc and

its centre [10].
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R
= [Bordr=2BoR?
: 2

73) A rod, having length /, moves with speed v, as shown in the figure. The velocity is
parallel to the wire carrying the current /. The wire and the rod are in the same plane.
Find the tension between the ends of the rod.

The field B is not uniform. The force of Lorentz on the charges is given by:

=qvXB ; B(x)zquB(x)

Uy 1
27 X

Uy 1

F(x)=qvB(x)= ;  E(x)=vB(x)=v

27T X

r+l I
|€|—f E(x dx—— I ln(i)
2 r

Motional emf - It is well known that Faraday and Henry discovered that a current in a
loop can be created by moving a magnet, and also by moving a loop through a magnetic

field. This method of having a current is the electromagnetic induction. For instance, if
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we move a conducting rod perpendicularly to a magnetic field, a magnetic force on its
charges sends the electrons to one end, creating an excess of positive charges at the
other end. As a consequence, we have a polarization of charge giving potential
difference or emf € between the ends of the rod. If we have a loop linked to the rod, the

induced ¢ produces a current / .

i
* & & B * & & 4 &
* & & @ s & & & & &
. & o 9 L‘z‘ * 9 * » L
* & & B * & & 8 & &
* & & @ e & & 4§ o =
s _& o 9 . & & 9 )86 &
* & & @& & % e & & e » ¥
a & & & @& s & & & & &

The field B is perpendicular to the page, towards the reader. The motional emf produced

intherodis e=vBL . Ifthe circuit has a resistance R, the induced current is:

vBL

I=

£
R R

74) In the figure given above, the rod is moving to the right. Find the direction of the

induced emf in the rod. That is, what is the positive end of the rod?

Consider for instance a positive charge inside the rod. As the charge moves to the right

with the rod, we can determine the direction of the magnetic force on the charge.
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The force on a positive charge in the rod is downward toward the bottom of the page.

Therefore, the lower end in the figure is positive.

75) A rectangular loop of height L and width w is in the plane of the figure. In the

space there is a region of magnetic field wide 3w. The magnetic field is directed into the

page.
X X X X X ><3‘><}V X X X X X
X*Wx X X X X X X X X
xIx x x A% x x x x x x
x| x X x X {‘& X X X X X X
X XX X X X X X X x
X X X X X X X X X X X X

The loop is in the plane of the figure. Its surface is perpendicular to the magnetic field
lines. The magnetic flux through the loop is the scalar product of the field B and the
surface 4 through which it fluxes: ®=B-A . If the loop is at rest in the field, the flux
is equal to B4 = BLx, where x is the part of w in the field.
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><><><><><><3‘><N><><>< X X

Xx 7 Wx—Z X X X X X X X

x[x x x ATx x x xIx x x v
><><><><><{'$<><><><>< X X ==
X XX XX X X

X X X X X X X X X X X X

But if the loop is moving in the magnetic field with speed v, the flux through the loop
does not remain constant and changes with time. The Faraday Law of induction states

that an emf ¢ will be induced in a loop of wire through which the flux is changing:

__do
dt

The induced emf in the loop is caused by the change in flux.

The "minus" sign is given by the Lenz Law. This law states that the induced emf in the
conductor is responsible of a change in flux, which opposes the change in flux that
produced it. It means that the induced emf the induced change in flux is against the old
change in flux. Actually, the reason of this law is in the conservation of energy.

The the emf induced in the loop as the loop is passing through the magnetic field is

dd _ d(BA) [d(Lx)] dx
e =—B =—BL|%~|=—BL
a_ a dt dt Y
The current can be found by Ohm’s law:
_&_ BLy
R R
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In the case depicted in the figure previously given, we have that the current is flowing in
a direction when the loop is entering the field, and in the opposite direction, when the it
is leaving the field. Note that when the loop is all inside or outside the field, the current

1s zero, because we have no emf.

76) A conducting rod of length 0.30 m and resistance 10.0 Q moves with a speed of 2.0
m/s through a magnetic field of 0.20 T which is directed out of the page. Find emf.

i
* & & @ * @I &
* & & @ s & & & & @
* & o 9 L‘{. L * @ L
* & & @ * & & 8 & &
* & & @ e & & 4§ o =
. & o 9 e & & 9 )6 &
* & & @& & % e & & oNe » ¥
® & & & @ a & & & & &

Neglecting the resistance of the other parts of the loop, evaluate the current and the

dissipated power.

77) A square loop of side a = 0.4 m, mass m = 1.5 kg, and resistance 5.0 Q falls from
rest from a height 2 = 1.0 m toward a uniform magnetic field B which is directed into
the page as shown by the figure.

Determine the speed of the loop just before it enters the magnetic field. As soon as the
loop enters the magnetic field, an emf € and a current / is induced in the loop.

Is the direction of the induced current in the loop clockwise or counter-clockwise?

Let us suppose that, when the loop enters the magnetic field, it falls through with a

constant velocity.
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Evaluate the magnetic induction B, required to keep the loop falling at a constant

velocity.
‘ Conservation of energy :
r - ] Uin:Kfin
I— | X_L mth;—mv
oKX KX
NIV v=v2gh=+2(10m/s’)(1.0 m)=4.5 mls
X >i. X_X.l X X
X >1 X ><| X X The current moves around the loop counter-

clockwise.

To have the loop moving with constant speed, we need a magnetic force upward just

balances the weight of the loop downward.

Fp=mg=(1.5 kg)(10 m/s*)=15 N

78) A rod of mass m and length / moves on two parallel wires without friction, as in

the figure. The rod has an initial speed v, . Find the speed of the rod as a function of

time [10].
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The magnetic force is: F, =—IIB .From Newton's Law:

mazmd—VZ—IlB ; md—VZ—LIBZ—&IB .
dt dt R R

R is the resistance of the loop.

dv  BPv tdv' B
o = S v = |dt'
mdr= BT, an_ |

22
lnv—=—ut > v=v exp(—thlz/mr)
v, mR ©

79) A circular loop of wire has a radius of 0.025 m and a resistance of 3.0 Q. It is placed
in a 1.6 T magnetic field which is directed through the loop perpendicularly to its
surface and then turned off uniformly, over a period of 0.10 s. What is the current in the

wire during the time that the magnetic field changes from 1.6 T to zero?

_A®d_ _2AB _
==== —=0.031V
&= N =T A

Felici's Law

This law allows one to calculate the net charge through a circuit configuration in which
there is a current induced by a variable magnetic field, such a conductor coil immersed
in a variable magnetic field. By means of this law, we calculate net charge in a period

using initial flux and final flux [10].
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a(t) = = (2(0) ~ B(1)

In fact:

lt) = [ itar = g [ fonlr)ir = 1) - 2(0)

d®(t)
Wwh )= ——~
en fem (t) i
D_C. RN
/N !
1 B ‘xh ni
i a * '
.y % f_i-j — _:= I
A B Vo
R nz:, ;
.-'-::f .

80) A loop ABCDA has a resistance R in in a plane where there is a very long straight
wire carrying current i. The loop turns of 180° about the side AD, parallel to the wire, at

a distance d. Find the charge flowing in the loop during the rotation.

We have an initial and a final flux. $, = piotl In di_
2x d
fola d
b, = — In ——
! 2w o [N
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Felici's Law tells:

_ 188 _ 18 -%:| _peia, d+tb
9="% =" R T 2R "d—b

__,-'-"_ '*:I.\_ ? B
Y |

.': .lr 'Ill
\4 [ }’ a r
—= Y/ v
q T "' 0

‘. | r

N/ B &

—

81) In the figure it is shown a toroidal solenoid. Evaluate the total charge Q which
moves in the solenoid, from the beginning of the motion to the time instance when the

charge passes in O [10].

U, vXr
47 q r3

The field generated by the moving charge is: B=

When the particle is far from the solenoid, the flux in it is zero. When the particle is

passing in O, the flux through the N loops:

HoqV
@ =A
e dma?
Then, according to Felici's Law:
Dot HaqU
= =NA
Q R dma’R
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82) A rectangular loop of sides with lengths / and w moves with a constant velocity
away from an infinitely long straight wire carrying a current / in the plane of the loop,

as shown in the figure. The total resistance of the loop is R.

|

Using Ampere’s law, find the magnetic field at a distance s away from the straight
current-carrying wire.

What is the magnetic flux through the rectangular loop at the instant when the lower
side with length is at a distance » away from the straight current-carrying wire, as
shown in the figure?

At the instant the lower side is a distance r from the wire, find the induced emf and the
corresponding induced current in the rectangular loop. Which direction does the induced

current flow?

w1
¢ B-dl=u,I ,then B=5"—

into the page.

r+w u I +
&= B-nds= | ( 0 )lds:“’—lnr—w

- 27TS 27 r
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_dd)_#o-” %%
d 27 r(r+w)

Poynting vector

The Poynting vector represents the energy flux (the energy transfer per unit area per unit
time) of an electromagnetic field. The SI unit of the Poynting vector is the watt per
square metre (W/m?). It is named after its discoverer John Henry Poynting, who first
derived it in 1884. Oliver Heaviside also discovered it independently in the more
general form that recognises the freedom of adding the curl of an arbitrary vector field

to the definition.
Let us remember some formulas previously given:

rotgradf=0 (1) ; divrotA=0 (2)
rotrotA=graddivA—AA (3) ; div(fA)=fdivA+gradf-A (4)
div(AXB)=BrotA—A-rotB (5) ; rot(f A)=gradfxA+frotA (6)

(5) is interesting for a discussion concerning the Poynting vector [2]. Let us assume

1

AXB =S=ﬁE XB , where vector E is the electric field and B the magnetic

induction.

%diV(EXB):%(B-rotE—E~rotB) (7)

Due to Maxwell equations in the empty space:

%diV(EXB):—i BI9B, g OE|__

0
S N ot at[u3+uE] ®
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where u=ugz+u, is the energy per unit of volume. Therefore:

diV(S):—%—Ltl 9)

(9) 1s written in the case of an empty space, without densities of currents.
Let us consider B uniform in the volume we are considering. Let us suppose that B is

uniform as the time goes on. The curl is zero. Using (7) and (8):

1

%div(ExB)Z%(B-rotE) = ——(B == [u,] (10

0B
u

ot

In (10), we do not find the derivative of the energy of the electric field. Let us use
Maxwell. We have rotB=uedE/0t . If the magnetic field B is uniform, and it
remains uniform during the time, its curl is always zero. The electric field must be
constant in time, and the same for the energy of this field. That is, the electric field does
not gain or lose energy. Since E is constant in time, rotE=—0 B/0t gives that the
variation of the magnetic induction is constant and therefore B is a linear function of
time.

Now, let us consider a uniform electric field, constant in time. Its curl is zero. Using
again rotE=—0B/0t , we have that the magnetic induction is constant.

Therefore:

aE):—@[u,g] (1)

1 .. 1
ﬁdlv(EXB):—ﬁ(E-rotB) = —E(E-E
Since B is constant, Maxwell gives rotB=uedE/0t , an electric E which is
uniform must be a linear function of time.
These relations explain some difficulties in solving exercises that we find in textbooks

and on the web, and that are concerning volumes with uniform electric (in flat
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capacitors) and magnetic (solenoids or air gap) fields, but that are changing over time.

We must therefore pay close attention to the formulation of problems.

Let us see two examples.

B(t)

=

"Una opportuna distribuzione di correnti
provoca in una regione dello spazio avente
forma cilindrica con raggio a e lunghezza W
l'insorgere di un campo magnetico uniforme
diretto come l'asse del cilindro e avente
modulo variabile nel tempo. Si determini il
campo elettrico sulla superficie laterale del
cilindro supponendo che la densita di carica
elettrica netta sia nulla in tutto lo spazio. Si
mostri inoltre che la variazione nel tempo
dell'energia del campo magnetico nella
regione considerata ¢ uguale al flusso del

vettore di Poynting attraverso la sua

superficie laterale." [13]. A certain distribution of currents causes, in a region of the

space having a cylindrical shape with radius @ and length W, the presence of a uniform

magnetic field directed as the axis of the cylinder and having a modulus that varies over

time. Determine the electric field on the lateral surface of the cylinder assuming that the

net electric charge density is zero in all space. Moreover, show that the variation in time

of the energy of the magnetic field in the considered region is equal to the flux of the

Poynting vector through its lateral surface

Using Faraday-Lenz we have that the induced electric field on the surface of the

cylinder is:
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gE=_949B

2oc (19

u, is the unit vector tangent to curve I', as given in the figure.

The flux of the Poynting vector can be easily calculated as:

<%:nec%ﬁv3%? (13)

If we evaluate the energy of the magnetic induction B inside the cylinder, we have

UB:%E C’a’W B> , and therefore (13).

However, according to our previous discussion, the statement of the problem is right
only in the case that the uniform field B(t) is a linear function of time. In this manner,
the derivative with respect to time of the electric field is zero and the energy of the
electric field is constant. If the magnetic field were a non-linear function with respect to
time, the problem would be not properly stated, in the case that we ask that it also be
uniform. The flux of the Poynting vector could not be equal only to the variation of
magnetic energy. It should also involve the variation of the energy linked to the electric
field.

Let us consider another problem [14].

"Un condensatore piano con armature circolari, caricato alla d.d.p. V,, viene lasciato
scaricare attraverso un resistore di resistenza R,. Calcolare il flusso totale di energia
dall'interno all'esterno del condensatore durante la scarica". La soluzione recita:
"Dobbiamo calcolare i campi E ¢ B e da questi il vettore di Poynting S durante la
scarica". A flat capacitor with circular armatures, charged to voltage V., can discharge
through a resistance resistor R,. Calculate the total energy taht flows from the inside to
the outside of the capacitor during the discharge. The solution given by the boo [14]
tells that We must calculate the fields E and B and, from them, the Poynting vector S
during the discharge.
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The proposed solution does not tell the field E inside the capacitor be uniform; however

ueROE
ot

The solution given by the book tells that this is the modulus of the magnetic field on the

it must be so due to the modulus of the induced B, given at page 359, B=

lateral surface of the cylinder, representing the geometry of the capacitor, having a

circular section of radius R. The modulus of the Poynting vector is:

EB_ RpIE (1y

S=
/ 2 Ot

The book tells that this modulus is equal to the variation of the energy linked to the
presence of the electric field.

The problem must therefore be considred with caution. In the discharge process of the
capacitor, the variation of the electric field with respect to time is not linear. The
derivative of the electric field with respect to time is not a constant and consequently the
magnetic field is a function of time. If this field is a function of time, its energy also
comes into play together with the energy due to the presence of the electric field. Since
the variation of the energy is linked to the flow of the Poynting vector, (14) is valid only
if the variation of the energy due to the magnetic field is zero, or if we consider it
negligible. Moreover, even the assumption of an electric field in the capacitor as

uniform is an approximation.
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