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Abstract

The aim of this thesis is to present the results obtained during my PhD, concerning String
Field Theory and Supergravity.
In the first Part, we introduce the main mathematical tools needed to perform an analysis
of the regularities properties of the Intertwining solution in Open Cubic Superstring Field
Theory. This analysis leads to constraints on the explicit form of the tachyon vacuum solution,
which, if satisfied, guarantee that the intertwining solution is well-defined as a string field and
that it does not produce ambiguous terms when inserted in the equations of motion.
In the second Part of this thesis, we introduce the geometric formulation of Supergravity and
its applications to condensed matter systems and holography. In the first case, we build an
analogy between Supergravity and graphene-like materials, where Supersymmetry proves to
be fundamental to describe the electronic properties of these materials. Motivated by this
result, we then perform a holographic analysis of the asymptotic properties of N' = 2 pure
AdS Supergravity in presence of a boundary and, by following the AdS/CFT prescriptions,
we prove that the Ward identities of the dual theory are satisfied, which signals that there
are no anomalies.
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1 Introduction

Over the decades, String theory and Supergravity have drawn a lot of interest in the academic
world as they arose as candidates for unifying all four fundamental particle interactions.
Strong nuclear, weak and electromagnetic interaction have been successfully described by the
Standard Model and, from a theoretical point of view, they correspond to internal symmetries
of the action, called gauge symmetries. Gravity is instead described by General Relativity,
which is a geometrical theory of spacetime, whose action is invariant under diffeomorphisms.
These transformations, unlike gauge symmetries, involve spacetime itself and for this reason
are fundamentally different.

The profound distinction between these two kinds of symmetries is also reflected by the hi-
erarchy problem, which is the name often used to refer to the immense difference in strength
between gravity and the other interactions.

A theory capable of properly quantising gravity and describing all fundamental interactions is
called a Theory of Everything (TOE): such a theory should also be able to solve the hierarchy
problem and explain, through a Higgs mechanism, the breakdown of the original symmetry
group at low energies.

One way of solving the hierarchy problem is by introducing a symmetry associating to each
particle a partner obeying the opposite statistics. In this way, it can be shown that the mass
of the Higgs field, whose value would otherwise be driven, by perturbative corrections, all
the way to the Plank scale, does not receive contributions from such high energy scales. The
mentioned symmetry, called Supersymmetry, is then believed to be a possible solution to this
problem and a consistent phenomenological theory extending the Standard Model should is
expected to feature it.

Both bosonic String theory and General Relativity can be made supersymmetric: one then
talks about Superstring theory and Supergravity as the resulting theories.

Let us start with a general overview of these two theories, briefly describing their origins
and main underlying ideas.
String theory is a theory of 1-dimensional laces, which was first proposed to explain the
strong nuclear force, but Quantum Chromodynamics (QCD) proved to be better suited for
that purpose. It was then realised that String theory was not meant to be discarded as the
idea was far reaching: the spectrum of such theory, given by the vibrational modes of open
and closed strings, contains indeed both the photon and the graviton.
The introduction of Supersymmetry brought even more interest in String theory, as it could
now include fermions, which are a key part of the Standard Model.
As a compromise for these astounding properties, Superstring theory can only be formulated
on a 10-dimensional target spacetime: the necessity of this condition can be shown in several
ways. For example, one has to set to zero the mass of gauge fields which arise in the open
string spectrum in the light-cone quantization. Another way of retrieving the same result is
to notice that the worldsheet theory is a (Super-)Conformal Field Theory: one of the defining
features of these theories is that the trace of the energy momentum tensor vanishes. At the
quantum level, though, this trace is proportional to the total central charge of the CFT: the



vanishing of the trace then requires that

'Ot = X 4 ¥ o cBhosts = gD-lE):O — D =10,
where X*# are the coordinates of the target spacetime in which the strings propagate, v, are
their supersymmetric partners and the ghost fields are associated with the symmetries of the
worldsheet theory.
One way of dealing with this unusual feature of String theory is by means of dimensional
compactification: in this way, the extra dimensions are assumed to be compact and to form,
for example, small circles (toroidal compactification) that can only be seen at high enough en-
ergies. This idea goes back to the early work of Kaluza and Klein and turns a feature, which
could certainly appear as dangerous, in an advantageous property, since compactifications
can be used to build a variety of phenomenological models in which spacetime is effectively
4-dimensional.
Another mathematical consequence of String theory are the Dirichlet-branes, in short D-
branes, which are hypersurfaces of the target manifold described by the boundary conditions
of Dirichlet type imposed on the end points of open strings. Apart from their mathematical
origin, their physical importance has been noticed in virtue of the fact that they can lead
to non-abelian gauge symmetries. Furthermore, they have been the key to understand the
process of tachyon condensation, which explains the presence of a tachyonic particle in the
spectrum of the open bosonic string.
The richness of this mathematical setup is shown by the fact that there are five different
consistent Superstring theories, type IIB, type IIA, type I, Heterotic SO(32) and Heterotic
FEg x Eg. This feature has again turned into an interesting property, as they can all be linked
by a series of dualities, consisting of the so-called S-duality and T-duality: the first one is a
strong-weak duality obtained by inverting the coupling constant, whereas the second one is
deeply linked to compactification and to the fact that strings are 1-dimensional objects that
can wind around compact directions.
These different theories can actually be seen as describing particular limits of a 11-dimensional
more general theory, the M-theory, whose high energy description is still unknown: in this
framework, the mentioned dualities can be further generalised by the so called U-dualities,
which consist in their combination.
One of the main conceptual criticisms against String theory has been that it is not mani-
festly background independent. This can be traced to the fact that the action, written in
superconformal gauge, depends on an explicit choice of background metric
1 2 —
S=——[doG,(X) </8QX”(9QX” + 2ig) A Oﬂ/}”)
8 «
Without entering into details, here G, (X) is a non-dynamical background metric, which is
usually taken to be the flat metric. From a relativistic point of view, a theory of gravity should
in principle be background independent and progress in this direction has been achieved both
for open and closed strings. In this thesis, we will further investigate this subject in the
context of open strings.
As we argued, String theory contains a graviton in its spectrum: in order for such a theory



do correctly describe gravity, this particle has indeed to satisfy the Einstein’s equations, or
their supersymmetric generalisation. This can be seen by requiring that the theory remains
(super)conformal even a the quantum level. This condition is encoded in the vanishing of the
beta function, which reproduces the gravity equations in the bosonic case and the equations
of motion of Supergravity, in presence of Supersymmetry. Furthermore, the effective action
in the background fields, having the vanishing of the beta function as equations of motion, is
a Supergravity action.

It must be noticed, though, that Supergravity was first introduced in 1976 independently
from String theory, as a supersymmetric generalization of Einstein’s General Relativity. In
addition to the background independence, Supergravity unfortunately inherits from General
Relativity the fact that it is not renormalizable, because one would need to add to the start-
ing D = 4 lagrangian an infinite number of counterterms to account for all the diverging
diagrams.

At first, it was believed that Supersymmetry could make the theory finite by itself: however,
in the simplest case, N' = 1 Supergravity with matter is divergent at one loop order. The
introduction of more supersymmetries, which lead to the so-called Extended Supergravities,
does improve the behaviour of the theory, which nonetheless remains divergent up until N' = 8.
In the presence of the maximum number of supersymmetries the situation is still uncertain
and the computation of scattering amplitudes at seveth loop order, which is the one where
divergences could start showing up, is still under way. Despite this, even if this theory would
prove to be finite, Extended Supergravities are not chiral theories, in the sense that in the
same supermultiplet one has both left and right handed fields, thus belonging to the same
representation of the R-Symmetry group, whereas this does not seem to be the case in the
Standard Model.

All these elements brought to the conclusion that Supergravity should be interpreted as a low
energy effective field theory of some more fundamental theory in an analogous way as the old
Fermi theory was an effective theory for the weak interaction, which could be taken as valid
only for low enough energies. As anticipated before, Superstring theory is a candidate for the
needed fundamental theory, but in principle Supergravity could admit other UV completions.
This interpretation does not downplay the role of Supergravity, as such an effective theory
selects only the low lying modes out of the infinite tower of string states. This theory indeed
should be understood as an intermediate step between energy levels available today and those
needed to access stringy effects. Unfortunately, as of now, all phenomenological models de-
rived from both theories lack of an experimental support.

A new and renovated interest in both Supergravity and Superstring theory has been
brought by one of the most important developments in the last decades: the gauge-gravity du-
ality. This is a correspondence between theories of quantum gravity in D = d + 1 dimensions
and non-gravitational QFTs on the d dimensional boundary. This idea was first proposed by
Maldacena in 1997, who related type IIB Superstring theory on the 10-dimensional AdSs x S°
curved background to N' = 4 super Yang-Mills theory with gauge group SU(N), which is a
Conformal Field Theory (CFT).

This correspondence, which for this reason is often called AdS/CFT duality, can be restated



as a duality between a gravity theory, like General Relativity, Supergravity or String theory
and a gauge theory. By considering the low energy limit of String theory, this conjecture
provides an important tool to investigate strong coupling regimes on the QFT side, which can
not be reached by ordinary perturbation theory.
The AdS/CFT correspondence can in principle be expressed as an equality of path inte-
grals [1,2]

Zg|®o] = Zorr[T],

where ® is the value of all the fields at the boundary of an asymptotically Anti de-Sitter space
and J are the sources of the CFT. Furthermore, one must have a match between symmetries
of the two theories: in particular global symmetries in the CF'T side must correspond to local
ones on the gravity counterpart. For example, if one has global Supersymmetry on one side,
the other must have local Supersymmetry, which implies Supergravity.

Most crucially, if one wants to infer properties of a CF'T and obtain physical and finite results
from the gravity side, one has to consider finite gravity actions: this is achieved by means
of the so called holographic renormalization, which is a way of removing IR divergences, cor-
responding to UV ones in the QFT side. This procedure consists in adding to the action
suitable boundary terms, which therefore do not alter the equations of motion of the fields:
they instead remove singularities coming from the presence of a boundary. We will further
discuss this issue during this thesis and we will focus in particular on topological invariant
terms.

The applications of this duality are countless and range from Black holes to Nuclear physics
and even to Condensed matter physics. In particular, the possibility of studying properties of
superconductors, superfluids or graphene-like systems near Dirac points through theories of
gravity, which as particle theories are out of our experimental reach, is an idea as fascinating
as powerful. Indeed, by relating the physics described by such seemingly different theories,
one could for example experimentally test ideas and results of String theory. In this inter-
pretation, without giving up on its privileged role as a fundamental theory of nature, String
theory could also be considered as an insightful mathematical framework.

This thesis is organised as follows: in Part [[] we will briefly review the basic concepts
and purposes of String Field Theory as well as its formalism, which heavily relies on 2-
dimensional CFT results. We will then focus on Cubic Open String Field Theory and tachyon
condensation. We will study analytic solutions of the cubic equations of motion, paying
particular attention to the the intertwining solution. After describing the defining features of
this solution in the bosonic case, we will study its properties in the superstring case. We will
then understand under which conditions the solution is well defined as a string field: with
this in mind, we will notice that by extending the set of fields used to describe the solution,
we will improve its behaviour, thus allowing to study cases that were previously prohibited.
In Part [[T, we will start by reviewing the geometric approach to Supergravity: we will focus
on mathematical and physical principles allowing the construction of lagrangians for fields in
the gravitational multiplet. This framework will outline the two research paths that we will
analyse in this thesis: in the first one we will study a particular vacuum theory with the aim
of constructing a model describing relativistic spin 1/2 particles, which will be associated to



the wavefunction of charge carriers in of graphene-like materials. The second research line
will instead be devoted to N/ = 2 pure Supergravity with negative cosmological constant, in
presence of a spacetime with a boundary. In particular, we will be interested in understanding
if the addition of topological boundary terms to the starting bulk lagrangian yields a consistent
boundary theory. This holographic analysis will be the first step to further explore and
strengthen the link between Supergravity and graphene models.

At the end of both Parts, we will conclude by commenting the obtained results and by
discussing the possible future developments that the research activity carried out during the
PhD has outlined.

Part 1
String Field Theory

String theory, which is usually described as a quantum mechanical theory, can be studied in
a second quantised approach, in terms of oscillations of fields around a stable vacuum. This
approach is therefore called String Field Theory (SFT) and can be applied to both closed and
open strings: closed SFT describes fluctuations around a closed string background, without
D-branes, whereas open SF'T deals with fluctuations around a D-brane system living in a
chosen closed string background.

From a historical point of view, such framework has provided, in the open bosonic string case,
a better understanding of the tachyon mode appearing in the spectrum of the open string and
of the non-manifest background independence of String theory.

Regarding the first problem, in a quantum field theory context, the presence of a tachyon is
understood as a sign of instability of the vacuum: in this case it suggests that the D-brane the
open strings are attached to is unstable. This problem has been first addressed by Ashoke Sen
in |3|, where the author conjectured that the tachyon potential possesses a minimum, called
tachyon vacuum, with an associated energy density, measured with respect to the unstable
vacuum, equal to minus the tension of the D-brane. Sen also conjectured that, in such mini-
mum, the starting D-brane, together with open strings, should vanish and spacetime should
be left in a closed string vacuum: the rolling of the theory from the unstable vacuum to the
tachyon vacuum has been called tachyon condensation. The absence of physical states around
this configuration means that all infinitesimal shifts around the tachyon vacuum are pure
gauge.

Following this idea, lower dimensional D-branes should arise as classical solutions on the back-
ground of the tachyon vacuum.

The condensation process was first formulated in the context of bosonic String theory, where
a tachyon naturally appears in the spectrum, but it can also be studied in Superstring the-
ory, as tachyons arise, for example, from open strings stretched between D-branes and anti
D-branes.

The conjecture and its implications have first been tackled from a perturbative point of
view, by studying, with increasing precision, the difference in energy density between the



unstable vacuum and the tachyon vacuum in the tachyon potential. In this analysis, the
infinite expansion of the string field

o = /de(¢(k)c1|o,k> + x(k)co|0, k) + Au(k)ot 110, k) +...), (1.1)

which would in principle contain the entirety of the string excitations, is truncated at a cer-
tain level: this operatively allowed to study the mentioned energy difference, computed from
the Witten’s cubic action of |4]. This procedure confirmed the conjecture with an incredible
precision. For a review of this approach, see [5].

The analytical proofs of Sen’s conjectures, in the bosonic case, have been provided in [6], |7]
and [8] and are characterised by a different mathematical approach to this problem, relying
on an algebra of string fields capable generating exact solutions of the equations of motion.
We will briefly review this method in the following Section, as it will be the main tool that
we will use in this part of the thesis.

The Superstring case is instead more delicate, as the construction of the theory requires
more effort: in particular, the cubic action used in the bosonic case has to be replaced by a
non-polynomial action, built of fields living in the Large Hilbert space [9]. Clearly, finding
solutions of the equations of motion derived from this action is challenging and the standard
analysis performed in the bosonic case is no longer sufficient.

However, it turns out that analytic solutions of the cubic equations of motion can be used
to build solutions of the non-polynomial ones, as shown in [10]. For this reason, by following
the work done in |11, we will provide a solution of the cubic equations of motion in the
superstring case, together with a careful study of its potential divergences.

The solution extends the results of |7] and [12], to the superstring case and describes generic
D-brane systems starting from a reference one, as we will see.

We will conclude with some comments on possible future developments.

2 Worldsheet and Conformal Field Theories

One of the main applications of Conformal Field Theory is to String theory: the string action,
once the worldsheet metric has been fixed to the conformal gauge value, is indeed still invariant
under a residual symmetry, generated by the so called conformal Killing vectors. This means
that the gauge fixing choice is preserved under this set of diffeomorphisms and that the theory
must be invariant under them.

Furthermore, the requirement of conformal invariance completely fixes the dimension of the
background target space in which the string worldsheet is embedded, as we will see. For this
reason, we will now review the main tools of 2d CFTs, which will play an important role
when discussing the results presented in this thesis. The main references for this analysis
are [13-17].



2.1 Bosonic string setting

The worldsheet is usually parametrised by the real coordinates (7,0), in such a way that
T € (—00,4+00) and o € [0,7), o € [0,27) for open and closed strings respectively. In these
coordinates, the worldsheet is thought of as a strip, for the open strings and as a cylinder
for closed ones. One then usually performs a Wick rotation 7 — —ir from the Minkowskian
signature to the Euclidean one and defines two complex coordinates

w =T —io, w =T +io.

At last, the obtained coordinates are mapped to

z =€, zZ=e", (2.1)

which describe the Upper Half Plane (UHP) in the open string case and the full complex
plane in the closed one.

Equal 7 lines, which describe equal time lines, are mapped, in the coordinates z, z to (semi)circles
centered in the origin, which instead corresponds to past infinity. For this reason, time ordered
product of fields is mapped into radial ordering, which is defined in the following way

R(®,(2)Bs(w)) = Dy (2)Po(w) for |z| > |w|

(—=1)1®l1®2l Py (w) Dy (2) for |w| > |2],
where ®; and ®; are two generic fields, whose Grassmanality is denoted by |®q 2.
In the following, any product of fields will be considered to be radially ordered and we will
therefore drop the ordering symbol. As a consequence of radial ordering, the equal time
commutator is then defined as

[1(2), P2(w)]ljzj= ) = H{P1(2)P2(W) o)zl +5 — P2(w)1(2)|jzj=puy—s}- (2:2)

Let us now first focus on the closed string case, whereas the open string one will be dealt with
later on.

In d = 2, conformal transformations, which are solutions to the conformal Killing vector
equation, actually coincide with the holomorphic and anti-holomorphic coordinate transfor-
mations given by

d=f2), Z=f(2)

The main mathematical objects studied in CFTs are the primary fields, which transform as
tensors under conformal transformations

v (2) " (2) s ”



where h, h are called weights and the combinations h + h and h — h are respectively called
scaling dimension and conformal spin of .
An holomorphic field can be expressed in the complex plane as a mode expansion

O(z) =Y Tz ", (2.4)

neZ

where the various modes can be obtained by Cauchy’s residue theorem as

¢, = 7{}0 %@(z)z""'h_l, (2.5)
Cy being a circle around the origin.

Since the energy momentum tensor of a CFT is classically traceless and covariantly conserved,
its only two components are holomorphic 7., = T(z) and anti-holomorphic 7%z = T(z): a
generic infinitesimal conformal transformation dz = £(z), 6z = £(2) then leads to the following
conserved quantity

T = 2i (dz€&(2)T(2) + dzE&(2)T(2)) - (2.6)
1 Co
We therefore obtain an infinite number of conserved quantities, parametrised by the vectors
£,& this is a reflection of the fact that, as we will mention, the conformal algebra in two
dimensions is infinite dimensional.
The above quantity generates infinitesimal transformations of primary fields: for holomorphic
fields we have

0e®(2) = —[Te, @(2)]; (2.7)

which can be compared with the defining relation (2.3). This allows to obtain the Operator
Product Expansion (OPE), which in general describes the short distance behaviour of two
fields, between the energy momentum tensor and the chosen primary field

h®(w 0P (w
W), 00w

T(z)®(w) = + finite terms. (2.8)

(z —w) Z—w

We see that the weight of the primary operator always appears as the coefficient of the
(z — w)~2 term.
By examining the transformation law of the energy momentum tensor, one can inspect its
OPE with itself:

c/2 2T (w) oT (w)

TEATW) = ot Cmwp o

+ finite terms. (2.9)

The first term appearing in the above formula depends on a number ¢ and in general prevents
us from considering the energy momentum tensor as a primary field of conformal weight h = 2.
An analogous formula can be written for the anti-holomorphic sector.

The T-T OPE (2.9) can be equivalently restated in terms of the energy momentum modes

L, = fdzz"'HT(z)

27

10



as

Zm(m? = 16 —n. (2.10)

(L, Ln] = (m —n) Lypyn + 12

We then see that the c-term appearing in generates the unique central extension of the
classical Witt algebra. The algebra is called Virasoro algebra and the number c is
referred to as the central charge.

The central charge measures how much of the conformal invariance is lost at the quantum
level: a non-anomalous String theory should always have ¢ = 0.

We observe that allows for a closed finite subalgebra generated by Lo, L+1, which de-
scribe the infinitesimal transformations §z = o+ 3z +v22. These generators define the group
of transformations PSL(2,C) = SL(2,C)/Z,.

In a generic quantum field theory, the space of states and the set of local operators differ
from each other, whereas in CFTs there exists an isomorphisms which relates them: this is
the so called state-operator correspondence and can be concretely expressed for in-states as

@) := lim ®(z,2)[0), (2.11)

2,2

where |0) is the in-vacuum state and ® is a primary field. Regularity of the constructed state
at past infinity means that

®,,|0) =0 for n > —h, (2.12)

as a consequence of ([2.5). Out-states are defined as Hermitian conjugate of in-states and their
regularity requires

(0|®,, = 0 for n < h. (2.13)
In particular, we can consider the Virasoro generators L,,, which have to satisfy
L,|0) =0forn>—-2 A (0|L, =0 forn<2.

We then see that the previously considered PSL(2,C) algebra annihilates both the in- and
the out-vacuum, which is therefore called SL(2,C) invariant vacuum.
As we will see in the next sections, when considering correlation functions, one can define
another notion of out-state, the so called BPZ conjugate, which reads

(|¢>)BPZ = <0‘IO (I)(O), (214)

where I(z) = —1.
The state-operator correspondence relates unitary representations of the Virasoro algebra to
primary fields: indeed, it can be shown that the state |®) is a highest weight representation

satisfying

Lo|®) = h|®), (2.15)

11



where h is the conformal weight of the holomorphic field ®(z). Since Lg is associated to
dilatations in the complex plane, which are time translations on the cylinder and therefore
coincides with the hamiltonian, the conformal weight can be understood as the energy of the
state, being the eigenvalue of such operator.

Let us now consider the open string case: as we have said, the worldsheet is mapped to
the UHP, where the real axis corresponds to the edges of the strip. One usually imposes a
physical condition on the energy momentum tensor of the theory

T(z) = T(2) (2.16)

indicating that there is no flow of momentum across the boundary. This suggests us to perform
an analytic continuation of energy momentum tensor to the lower half plane, a procedure
called doubling trick. We therefore identify T'(2') = T(z2) for Im(z’) < 0, yielding a single
holomorphic energy momentum tensor on the whole complex plane.

This condition breaks the conformal symmetry from two independent Virasoro algebras to a
single (diagonal) Virasoro algebra. whose generators are defined in the usual way as

d
L, :f —Z_Z"HT(Z).
Cp 27l

Open strings are characterised by the possibility of having different boundary conditions
on the two endpoints: for this reason, the theory describing them is actually a Boundary
CFT (BCFT). The latter deals with boundary condition changing operators (bcco), which,
inserted at the origin of the UHP, allow to change boundary conditions between the negative
and positive real axis, which correspond, in the strip frame, to the worldlines drawn by the
two endpoints.

2.1.1 Free CFTs and BRST symmetry

We discuss now two examples of free CF'Ts, needed for the analysis of bosonic String the-
ory: the scalar fields X* and the bc-system. Since the closed string CFT actually splits into
two isomorphic sectors, left-moving (holomorphic) and a right-moving (anti-holomorphic),
whereas the open string BCFT has only one, we will mainly focus on the main properties of
the holomorphic sector.

The Polyakov action in the conformal gauge for strings propagating in flat Minkowski
space reads

1 _
R S /dZZaX“(z,z)aXu(z,z), w=0,1,...,D—1, (2.17)

where, in virtue of the equations of motion, X*(z,2) = X*(z) + X(z). The holomorphic
energy momentum tensor reads

TX(2) = —0X"9X,,, (2.18)
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where we have set o/ = 1. In order for it to be finite, the conformal normal ordering : ... :
defined for generic fields as

dw A(w)B(z)

21 w—z

: A(z)B(z) := lim A(w)B(z) — poles = jq{

w—z

is intended. The T-T OPE agrees with (2.9) and reads

D/2 27X (w)  9TX(w
/4 (;+ ()+

TX(2)T* (w) =

(z —w) (z —w) z—w

and allows to retrieve ¢¥ = D. The free bosons X* are not primary fields, as they do not
transform according (2.8)), but the current J* = iv20XH is a primary field of conformal
weight h = 1.

The action describing the (holomorphic part of the) be-system is instead given by

1 _
Sbe — o /d2zbac, (2.19)
where the OPE between the two anticommuting fields is given by
1
b = b(w) = e 2.20
()elw) = e(2)b(w) = —— + (2:20)

The action is conformally invariant when the fields transform as primaries with
hy = A, he=1— A,

for any real number A. The energy momentum tensor for the be-system is given by

TP (z) = (1 — \)dbe — Abdk, (2.21)
with associated central charge c® = —3(2\ —1)2 +1. Furthermore, the bc-system is invariant
under a U(1) symmetry b = —ieb, dc = iec, which generates a current j”°(z) = —bc(2)

satisfying

Loon | ) | 0 (w)
(z—w)3 (2 —w)? Z—w

TbC(Z)jbC(w) _ (2.22)

This last formula shows that the ghost current does not transform as a primary field, unless
A= % One can then define a conserved charge

d
Q"= § 325"

2mi

which associates a number to each field: in particular Q*°c(z) = 41, QP°b(2) = —1.
The A\ = 2 be-system arises when gauge-fixing the worldsheet diffeomorphisms of the Polyakov
string and the two fields are therefore called ghosts.
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The combination of the matter CFT with the ghost A = 2 CFT is a theory with central charge
c°t = D — 26: this number appears in the expression of the vacuum expectation value of the
trace of the energy momentum tensor and it is referred to as the Weyl anomaly. Its vanishing
allows to preserve the conformal symmetry of String theory at the quantum level and fixes
the dimension of the target spacetime at D = 26.

The A = 2 ghost fields can be expanded according to (2.4) as

cz) =Y ez ™ b(z) =) bpz " (2.23)

ne”Z neZ
whose modes satisfy (2.12))
cn|0) =0 VYn>2, bpl0) =0 Vn > —1. (2.24)

After gauge fixing of the symmetries, the combined theory still preserves a part of the
original gauge symmetry. This residual redundancy is called BRST symmetry and generates
a current in the form

in(z) = ¢ (TX + ;Tbc> (=) + ;820(2), (2.25)

which can be used to define a BRST charge

27

QB 2740 dfz.jB(Z) — Q*=0.

The latter actually satisfies the nilpotency condition QQB = 0 at the critical dimension D = 26.
The BRST charge satisfies the following commutation relations

D — 26

(Qp, XM(2)] = cOXM(2), (@, TX(2) + T (2)] = == 0(>),

Q5. c(2)] = ce(2),  [Qp.b(2)] = T (2) + T"(2), (2.26)
where the bracket [, -] is the graded commutator. Physical states are BRST invariant states,
which are not exact, namely

Q@pl®) =0, |®)#@lx) (2.27)

This means that there is a correspondence between physical states and the cohomology of the
BRST operator: any physical quantity should not depend on the representative we choose
from each class.

Finally, due to the fact that the mode ¢y commutes with the hamiltonian Ly and that
[co, bo] = 1, the vacuum is actually degenerate and does not coincide with the usual SL(2,C)
vacuum. This is also a consequence of the U(1) anomaly of the ghost current , in the
A = 2 case. Indeed it can be proved that physical states are built from | |) := ¢;|0) and that
the only non-vanishing correlator is (0|c_1cpc1|0), with ghost number three.

14



We conclude this discussion, by noticing that the be-system in the A = % case can be
reformulated by calling b — v and ¢ — . By then redefining the fields as

1 - 1
= — —|— 1 s = —

\/i(wl 1/}2) w \/5

one obtains two -theories with central charge ¢ = % This latter case will gain relevance in
the upcoming discussion on superstring theory.

Y (Y1 —iaha),

2.2 The RNS formalism for Superstring theory

From a phenomenological point of view, bosonic String theory is unsatisfactory as it cannot
describe fermions, which can instead be considered if one introduces Supersymmetry. The
correct mathematical framework needed to study this theory is the one of Super Conformal
Field Theories (SCFTs): superconformal symmetry appears as a consequence of the symme-
tries of the fermionic string in the superconformal gauge. We now start reviewing the basic

properties of N' =1 SCFT.

One first defines coordinates z = (2,0), 2 = (z,0) on a superspace, where 0, § are
fermionic quantities satisfying 2 = #? = 0. A field is called holomorphic chiral supercon-
formal primary if it is written as

®(z) = Oy(2) + 0P1(2) — D® =0 (2.28)
and if it transforms under superconformal transformations 2z’ = 2/(2/(z,0),6'(2,60)) as
®(2) = (DO)*hd' (). (2.29)

Here the covariant derivative in superspace is defined as D = % + 9%.
One accordingly defines a superfield containing both the energy momentum tensor and the
supercurrent T (z), generating infinitesimal superconformal transformations

T(z)=Tr(z)+0T(z), (2.30)
whose OPE with the ®¢ component in (2.28)) reads

_ h®o(w) | 0Po(w)

T(2)Pp(w) = G- w)? + T w +...,
Tp(2)Po(w) = fl(u;? (2.31)

The components of the super energy momentum tensor satisfy the following relations

T()T(w) = C_/i)4 + (?-%2 + iT_(lfU) T
3T w w
T(z)Tr(w) = (;T(w))Q + aji(w) +...,
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c/6 T(w)

Tr(2)T = 2.32
PTr(w) = s+ (232)
and can be expressed in terms of their modes as
T(z) = Z Lz "2
nez
Tr(z)= Y Gz " s (2.33)
reZ+a

The parameter a has been introduced here to distinguish between two cases: integer modings
a = 0 correspond to half integer powers, whereas half integers modings a = % correspond to
integer powers.

These two cases respectively correspond to the Ramond(R) and Neveu-Schwarz (NS) boundary
conditions that one can impose for the fermions appearing in the supersymmetric generalisa-

tion of the Polyakov action
() — / a2 ( OXHOX,, + PO, + I a%) (2.34)

where the fermions 1, 1; are described by the A = % be-system shown at the end of the
previous Subsection.

For the closed string, both right moving and left moving fermions have to be provided with
(possibly different) boundary conditions, whereas in the open string case they can be combined
into a single holomorphic spinor satisfying one of the two boundary conditions. In the latter
case, the doubling trick procedure has also to be applied on the energy momentum tensor, as
in the bosonic theory and on the supercurrent Tr(z).

From one can derive the algebra that the modes satisfy

[Lin, L] = (m — 1) Loy + ~—1m(m2 — 1)8mm.—n,

12
1
[Lma Gr] = <2m - T) Gm+r,

(G, Gs] = 2L, 15 + % <r2 — i) Sr—s- (2.35)

Only in the NS case, where a is half integer, there exists a finite dimensional subalgebra
generated by Lo, L+1, G1. The latter actually generalises the SL(2,C) algebra to the su-
2

peralgebra of OSp(1,2). An OSp(1,2) invariant vacuum can be then defined only in the NS
case and the regularity of both components of the super energy momentum tensor implies

3
L,|0) =0 Vn> -2 G0y =0 Vr> —5 (2.36)
At last, let us observe that the global supersymmetry algebra on the complex plane

G*, =L_,. (2.37)

|

can be obtained from the last relation in ([2.35)).
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2.2.1 Free SCFTs and BRST symmetry

We now discuss, as we did for the bosonic string, free SCF'Ts examples and their relation to
the BRST quantisation of the Superstring Theory.

Let us start from the supersymmetric generalisation of the Polyakov action, (2.34)): the
explicit expression of its super energy momentum tensor reads

TEY) = _9XH9X,(2) — %Wa%(z), (2.38)

whose central charge is given by ¢(X%) = %D. The process of gauge fixing of the redundancies
of the starting action introduces ghost fields: in particular, bosonic(fermionic) symmetries
induce fermionic(bosonic) ghosts: besides the known be-system, one has to introduce two
bosonic superghosts 8 and ~. These fields can all be arranged in superfields as

B(z) = B(z) + 6b(z), C(z) =c(z) +0v(2) (2.39)

and appear in the total ghost action as
1 _ _
gghost _ ° / dz (bdc+ 7). (2.40)
T

The 37-system in the generic case hg = A, hy, = 1— X has a central charge A =302 -1)2-1.
In the gauge fixing process, these bosonic ghosts appear with A = % and the total central
charge is 8PSt = ¢be 4 #Y = —15. To preserve superconformal invariance at the quantum

level, we find that the critical dimension of the superstring is
C(Xﬂﬁ) _|_ cghOSt — 0 — D = 10 (241)

However, as a consequence of the action being linear in the derivatives and due to the
bosonic nature of the superghost fields, it turns out that the energy of the vacuum is un-
bounded from below. In order to avoid this problem, it is more convenient to “bosonise” the
B~ system: this procedure consists in introducing new fields allowing to reproduce the same
properties and behaviour of the chosen ghost CFT.

In order to do so, let us consider a A = 1 be-system, whose fields are known in the literature
as 1 and £ and whose conformal weights are h,, = 1 and he = 0. Moreover, let us introduce a
scalar field ¢, whose action is given by

5? = —é / ?zvh (h@ﬂaaqﬁaﬁqﬁ + QR¢) : (2.42)

The number @ is a positive background charge and can be determined by matching the
properties of the resulting CF'T with the Sv-system: indeed

BN =) L — 11= 24 = £ =13 (2.43)
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The explicit expression of the energy momentum tensor in in the superconformal gauge picks
up a contribution proportional to ) and reads

1
T = —50000 — %8%. (2.44)
The central charge associated to this system can be computed from the OPE 0¢(z)d¢(w) =
ﬁ ... and reads

P =1+43Q*=13 = Q=2.
In this way, the bosonic ghosts 5 and v can be then related to the newly introduced fields as

B(z) = e ?P0E(z),  (2) = ?In(z), (2.45)

where it is now trivial to show that the two ghosts satisfy the correct OPE relations.

Notice that the scalar field £ appears in only through its derivative: this implies that an
arbitrary OPE of superghost will never generate £, and therefore the zero mode &y, but only its
derivatives. Since operators are in one to one correspondence with states, we can distinguish
between a Large Hilbert space containing states generated by & and a Small Hilbert space
excluding them.

At last, one can introduce the following two currents:

JT(z) = =€n(z), P =00(2) +En(z). (2.46)

The first one is the standard current associated to a bc-system and its charge associates to
each field the corresponding super ghost number

Q" B(2) = —B(2), Q"y(2) =7(2), Q"n(z) =n(2), Q™E&(2) =¢&(2), (2.47)

whereas the second current introduces a new quantum number, called picture number, in the
following way

QPB(2) = QPy(2) =0, QPn(z) = —n(2), QP&(2) =€&(2), QPe’®(z) = qe??. (2.48)

In Superstring theory, every state has different equivalent representations in terms of vertex
operators with different picture numbers. However, similarly to the fact that the anomaly of
the bosonic ghost current meant that non-vanishing correlators had to contain three ghosts
¢, here both currents in are anomalous at the quantum level. Therefore, it turns out
that non vanishing correlators in Superstring theory must have ghost number 3 and picture
number —2 in order for them not to be zero.

We now review the main results concerning BRST quantisation in the supersymmetric
case: as said for the bosonic theory, after gauge fixing, the action preserves some residual
symmetries, which induce a charge

d 1 1 0s
Qp = f’z <<CT(X’7’Z)) + 5chhOSt) + <7Tng’¢) + §7T§h t)), (2.49)

27
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where the quantities appearing in the above formula are given by
1 3
T8t — _(9b)e — 200c — 5(0B)y = 507,
3
TES = (9B)c + 500¢ = 2by. (2.50)

The obtained charge is nilpotent in the critical dimension D = 10, has picture number zero
and satisfies the following identities

[Qp, c(w)] = cde(w) — y*(w), [Qp,bw)] = TH¥) (w) + TE (w),
(@B, v(w)] = cy(w) — %’V@c(w)a [QB,7*(w)] = cdyy(w) + vedy(w) — y*dc(w).  (2.51)

Furthermore, as discussed previously, physical states belong to the cohomology of the BRST
charge. These results will be of central importance for the upcoming discussion, where we
will consider the cubic formulation of Open String Field Theory (OSFT) and its relation to
the background independence problem of the open string.

3 Selected topics on Cubic Open String Field Theory

In order to study fluctuations of a D-brane, it is useful to group all the excitations of an open
string attached to the given D-brane in a single object, the string field. As a consequence of
the state-operator correspondence, string fields are elements of a state space H generated by
the worldsheet BCFT defining the D-brane. We are now interested in reviewing the different
approaches developed for studying the dynamics of this object.

Let us first start with the bosonic case: in 1986, Witten formulated an axiomatic approach
to OSFT [4], based on a graded vector space

A= é;o A9, (3.1)

g=—00

whose grading ¢ is identified with the ghost number of the string fields. This vector space is
equipped with a nilpotent operator, coinciding with the BRST charge,

QB A — AQ+1,
Q% =0 (3.2)
and with an associative, non-commutative product, called Witten’s star product
x: AP @ AT — APTY,
(axb)*xc=ax*(bxc), (3.3)

for a,b,c € A. The latter operation has to be compatible with the structure introduced
previously: this means that the BRST charge has to satisfy the Leibnitz rule

Qplaxb) =Qpla)*xb+ (=19 Vg« Qp(b). (3.4)
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As a final operation, Witten proposed a linear map

/ ASC, (3.5)

called integration, with the following properties

/QBCL:O,

/a*b:(—l)gh(“)gh(b)/b*a, (3.6)

Va,b € A. The star product is interpreted as the gluing of the right half piece of a first
string to the left half of a second one, effectively yielding a third open string. The integration
operation is instead thought of as the gluing of the left and right halves of a single string.
All these operations have an equivalent formulation in the CFT language: the Witten’s inte-
gral, for example, becomes a CF'T correlator built out of the BPZ inner product, which, as we
said, is non-zero provided that there are three insertions of ghost c. Therefore the integrand
must be at ghost number three as well.

By making use of these definitions, Witten studied an action for a dynamical string field ®
with ghost number one, capable of generalising the physical condition to the interacting
case. The action resembles a Chern-Simons one and reads

1/1 1
S:—Q(/CI)*QBCI)+/CI>*<I>*<I>>, (3.7)
95 \ 2 3

where gg is the open string coupling, related to the closed one by gg = gclosed- Lhis action is
invariant under an infinitesimal non-abelian gauge symmetry given by

00 =QpA+ (PxA—AxD), (3.8)
with ghost number zero gauge parameter A and the equations of motion are
QP +P+xP=0. (3.9)

The cubic action is then well defined from the point of view of the axioms stated above,
as the total ghost number of the integrand is indeed three. As stated above, this construction
can be obtained by analogy with non-abelian Chern-Simons theories, where the string field ®
and the ghost number are identified with the gauge field and the rank of a differential form
respectively.

From this point of view, the cubic term in the action, which is responsible for interactions, is
actually the only non-linear extension compatible with the non-abelian gauge symmetry .

The cubic action we just introduced cannot be straightforwardly upgraded to the super-
symmetric case: if we focus on the NS sector, the natural picture number of the dynamical
string field is —1 and the Witten’s integral would have the correct total ghost number, but
the wrong total picture number, —3. One way to avoid this problem is to choose instead a
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dynamical string field at picture number 0 and to consider a double-step picture changing
operator Y_o(z) := Y_1(2)Y_1(2): this allows to obtain the Modified Cubic action [18,/19],
which reads

1/1 1
5:_2</Y_2\I!*QB‘II+/Y—Q‘IJ*\I’*‘I’>, (3.10)
90 2 3

where the operators Y_(z) = cO¢e 2?(z) are inserted at the string midpoint. However, the
main problem of this approach comes from the equations of motion, which read

Y_Q(QB\I/—F\I/*\I/) = 0. (311)

Since the double-step picture changing operator Y_o(z) has a non-trivial kernel, one could in
principle obtain, in the linearised theory, solutions which are not in the cohomology of the
BRST operator. As of today, it is still not clear if this approach truly leads to inconsistencies.

A very different approach for the OSFT in the NS sector has been proposed by Berkovits
in 1995 [9]: the dynamical string field described with this formulation belongs to the Large
Hilbert space, it is Grassmann even and with picture number 0. The action takes the form of
a Wess-Zumino-Witten model

s=3 [ (e @ue) (e me®) = [ar (o) { (@), (¢ *met) .

(3.12)

where the integral is defined by the Witten’s gluing prescription of the strings and where we
omitted the x in all products of string fields.
The action enjoys a non-linear gauge invariance under the infinitesimal transformation

5e® = (QpA1)e® +e®(moA2),

where (A1, As) are two gauge parameters of ghost number —1 and its equations of motion
read

no(e ®Qpe®) = 0. (3.13)

We can have a grasp of the meaning of these equations of motion if we look at the linearised
theory: they read Qp(no®) = 0, from which we see that the zero mode of n maps the dy-
namical string field into the Small Hilbert space. The equations of motion then reduce to the
known physical condition.

The equations of motion are in principle very hard to solve, because they are non-
polynomial. However, they can be formally solved by ignoring the Y_o operator in ,
as shown in [10]: this simplification effectively allows to reduce to the previously considered
equations of motion , where now W is a picture number 0 dynamical string field. Indeed,
let W, be a solution of such equations: if we impose the relation

U, =e *Qpe?, (3.14)
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we see that the cubic equations of motion are trivially satisfied. The above equation relates
solutions of the Berkovits theory to solutions of the cubic approach. From the latter point
of view, the solution is written as a pure gauge transformation with gauge parameter e®:
however, this field and its inverse are not defined as string fields in the space of states of
the Chern-Simons-like action , which ultimately means that the solution ¥, can be
of physical interest. The very same argument has been used to understand the physical
implications of the tachyon vacuum solution that we will describe in the next Subsection.
The identification in can be rewritten as

Qow.e® =0, (3.15)
in terms of a modified BRST operator
QapC = QpC + AC — (-1)9M)CB. (3.16)

This operator is actually nilpotent if the subscripts are solutions of the cubic equations of
motion. In this case we then have a solution

e® = Qou.f. (3.17)

The real challenge, once we have a solution of the equations of motion, is to find a string field
$ making e® invertible. Nonetheless, finding solutions of the cubic equations of motion does
provide a first step towards solving the Berkovits’ ones. For this reason, in this thesis we will
be interested in these kind of solutions and in particular in their regularity properties.

3.1 Analytic solutions of the cubic equations of motion

As we have mentioned, the Witten’s cubic approach has an equivalent formulation in terms
of CFT tools: indeed, the action (3.7) can be rewritten as

111 1
S(®) = —g—g §<<IJ,QB<I>> + §<<I>,<I>*<I>> , (3.18)

where (-, -) is the BPZ bilinear inner product, defined as

(91, ¢2) = (I $1(0)¢2(0))unp- (3.19)
If € is the original coordinate frame on the upper half plane, we consider the following map
2 i i—&
= = Zarct =1 3.20
z= f(&) —arc ané - n<i+§>, (3.20)

which defines a new coordinate frame, called sliver frame, on the UHP. This definition maps
the right half of the string (¢ = €l with § € [0,7]) into a semi infinite vertical line with
Rez = —% and positive imaginary part. A detailed representation of this transformation is
shown in Figure 1| consistently with the conventions of |20].

If one considers the insertion of the identity operator in the origin of the £ coordinates, one

22



s ! : | |
y’ y’
M 78 v
L R ' '
._< . - - < : @ : -
1 0 -1 z 1 1 0 1 -1
2 2

Figure 1: On the left the half unit disk of the upper half plane, on the right the semi-infinite
strip in the sliver frame.

obtains in the sliver frame a semi infinite strip of width 1. This state can be multiplied by
itself to obtain strips of arbitrary natural width. These states can be further generalised to
strips with real non negative width and it can be shown that they actually form and algebra,
called wedge algebra, under the star product

Q%+ QF = Qoth, (3.21)

where Q% is a wedge state of width a > 0. These states are actually the key to analytically
solve the equations of motion: the solutions are indeed obtained by considering operator
insertions inside wedge states, which have been well examined and reviewed in |6}21}23].

In particular let us consider the following GSO(+) string fields

K: (6K)=(fod0K)c, B: (6B)=(fos0)B,,
<¢,c>=<fo¢(0)0<—;>>01, 2 <¢,72>=<f0¢(0)72<—;)>01- (3.22)

These states are defined as inner products on a cylinder C; with a generic test state ¢, as it
is usually done in SF'T and the operator insertions for the K, B string fields are defined as

K= /vw e, B- /vw 4y, (3.23)

2ri 2ri
where V, is a vertical infinite line with Rez = v, with —a — % <v< —%, in the direction
from —ioco to +ico.
These states are represented as in Figure
Due to the properties of the insertions and thanks to the wedge state algebra, the obtained
string fields satisfy the following differential relationsE]

@B =0, QK =0, Qc = cc — 72, Qv = cKy? —v* K¢ (3.24)

'In the following we will omit the subscript to the BRST charge to ease the notation.
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Figure 2: The string fields are obtained as wedge states of infinitesimal width with insertions
of operators.

and the algebraic ones
[K,B]=0, [B,cJ=1, [B,"*]=0, [c,7}]=0, B?=c*=0. (3.25)

Among all these string fields, K has a very important role, as it generates wedge states, which,
as said, are of key importance for these solutions. This relation is encoded in the fact that

0o — e—aK

A generic function of F(K) will have to be expressed as a sum of exponentials in the following
way

o0
F(K) = / dt f(t)e 5. (3.26)
0
Another property of the string field K is given by its role in partial derivatives of string fields,
because they can be expressed as 0- = [K, - ].
We now focus on specific solutions and their meaning: before checking the explicit expressions,

we observe that one can always reduce to bosonic solutions by setting all y2-terms to zero.

The tachyon vacuum
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The first solution of the equations of motion (3.9) that we are going to analyse is the
tachyon vacuum solution. This specific solution can be written in the Okawa form [22] as

K 2
where F'(K) satisfies the following conditions
F(0)=1, F'(0) <0, F(cc)=0, F(K)<1.

By using (3.24) and ([3.25)), it is trivial to show that the above expression satisfies the equations
of motion. This solution does also satisfy Sen’s conjecture: the associated energy is indeed F =

—-S(v) = —# and equals minus the energy density of the collapsing D-brane. Furthermore,
one can define a well-behaving string field, called homotopy string field
1—-F(K
H(K) = K()’ (3.28)

satisfying QH + [V, H] = Z, where 7 is the identity string field, an empty infinitesimal width
strip. This guarantees that the cohomology of the shifted BRST operator Q¢ = @ + [Vty, -]
is empty and ultimately that there are not open string states in the tachyon vacuum.

A very special case is obtained by equating

1

H(K) = F(K) = F(K) = .

(3.29)
The above choice is called simple solution and will play an important role in the upcoming
discussion.

In the bosonic case, where the superghost terms are absent, the solution is well un-
derstood as describing the condensation of the tachyonic mode of the open string [6]. The
superstring case is more subtle, as this solution is only constructed out of GSO(+) string
fields and seems to exist even on a stable BPS D-brane. To clarify this point, we remind that,
since our formulation comes from the Modified cubic approach [23], the dynamical string field
has picture number zero. In the natural —1 picture there is only one tachyonic state, which
is correctly mapped away as it belongs to the GSO(—) sector; however, due to the fact that
the picture lowering operators Y_; are not invertible, there are actually states in the 0 picture
that cannot be obtained from the —1 level, as shown in [24]. Among these states, which are
called auxiliary states, there is the level Ly = —1 state ce’®*(0)|0), which is usually called
tachyon for his similarity with the bosonic case. The latter state belongs to the GSO(+) and
the solution that we have studied exactly describes its condensation.

The tachyon vacuum we just reviewed is a fundamental ingredient for the solution we are
going to discuss now.

The Intertwining solution

In the original paper |7, the authors studied a set of bosonic solutions of (3.9) showing
that open strings attached to a starting D-brane system can rearrange themselves to create
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a new one, sharing the same closed string background. The idea is that the starting D-brane
can be annihilated by a process of tachyon condensation and from the latter a new D-brane,
described by a possibly different BCFT, can emerge.

These intertwining solutions clearly address the open string background independence: the
original solution dealt with time independent backgrounds, but the construction has been
further generalised in 12|, to include any kind of open string background.

This problem can be formulated in SFT by saying that two theories formulated on different
backgrounds are related by field redefinition. One can in particular postulate that the field
redefinition takes the form

v =@, + (@), (3.30)
where
o U &7 is the dynamical field of the reference D-brane,
e U™ 7, is the dynamical field of the target D-brane,
e U, € Hy is a classical solution of the reference string field theory,
e f:Hy— H, is an invertible linear transformation.

The explicit form of the intertwining solution in the cubic approach reads

U, = Uy — XU 2 (3.31)
and the equations of motion are satisfied provided that
Qtvz = Qtvi = 0, 22 =1.

The first tachyon vacuum appearing in belongs to the Hy Hilbert space, whereas the
one between the two ¥ fields belongs to H.,.

Both formulations of the intertwining solution, |7| and [12], rely on boundary condition chang-
ing operators: in this thesis we will focus on time independent backgrounds, whose simpler,
but more restrictive, construction avoids some of the complications of the flag states intro-
duced in [12]|. Indeed, in the particular case of static backgrounds, the intertwining string
fields (X, 3) can be expressed as

Y =Qw(VHoBVH), ¥=Qw(VHBsVH),

with (0,) being infinitesimal width strip with insertions of weight zero (super)conformal

primaries. These operators can be defined in terms of matter primaries of generic weight h
(O'(h),E(h)) as
o(z) = VX 5 (1) (7

7(x) = e VXG0 (),

; lim, o o(z)o(0) =1,

such that {

lim, o o(z)7(0) = &
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Here g.o0 = (1)Bcrr,, are the disk partition functions in the respective BCFTs. The disk
partition functions will have different values if the D-brane configurations will have different
energies: this means that in general lim,_,o o(z)5(0) # 1.

As an example of such operators, we can consider the translation of a D-brane in a certain
spacetime direction (X1!) over a distance (d). In this case the boundary condition changing
operators are written as

o(x) = XD (g),
o) = XN @),

where X! = X1(2) — X'(2)| 22—z

Another more interesting example is given by the creation of D-branes of codimension (2n):
Dp-D(p£2n). In these cases, the boundary condition changing operators are given in terms of
twist fields (A, A), which are needed to implement the change in the X* boundary conditions
and of (bosonised) spin fields, which instead account for the spinors 1

o(z) = eVIX'A 3 Zina Hi(g),
o(z) = e_i\/gxoz e_% 2is Hl(x)

The string fields obtained from the insertions of such operators can be added to the K Bcy?
algebra and satisfy, besides the already mentioned o = 1, 07 # 1, the following derivation
relations

Qo = cdo + o, Qo = c05 + vy (3.32)
and algebraic properties

[B,O’] - [Bva'] =0, [07 U] = [676] =0, ['7270'] = [7276] =0,
[e, Do] = 0, [e, 0] = 0. (3.33)

The derivation relations ultimately follow from the expression of the BRST charge (2.49)) and
from (2.31)), where do is the supersymmetric partner of o.

The explicit expression of the intertwining solution can be written in terms of the tachyon

vacuum as
B 9 F( B 9 F_ _
v, = ﬁ(cc+ By )\/f —VHo H(cc—i— By ) EU\/E—&- VHQoBFQovH

H H
— (\/EQUB\/EC\/za\/E—FCOHj) - (\/ﬁ \/50\/?,0 B\/zc\/?a\/ﬁ+com‘>
)

. (\/EQUBF 5. \E\/E m+conj.> VA
(3.34
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where "conj" indicates the reality conjugate of the term on the left. This operation is per-
formed by reading the corresponding term from right to left and by considering

K*=K, B'=B, d=c¢

(V) =%
ai =0, Ei = 0;
Qo) =-Q7, (Qo)' =—-Qo. (3.35)

As an example, we can take

\/EQUB@C\/za\/E "cong” _@a\/?\/?g@om.

If one plugs in the explicit expression of Qo, J&, the solution becomes

= B 2) v/ L =1 / JF o o [ 1
U, =VF <ch+B7 ) F HCHJBFJHC H Ho HB'y HO’VH
_ _1 . | F B
+vVHydocBFyécv H — (VH’YéO’BFO’HCVH—FCOHJ.) —VHo [ il
[F | _ . | F | F
H,c] aVH—Fcom.) — (\/H’yéaB T [c, T
B _ | F : _ |F
+ <\/HCHO'F AT E,c VH+conJ.>+(vH’y§aBF AT

| F [F |_ | F | F .
E,C B E ag, E E,C \/E‘i_con‘].)

JE T e lo JE[JE
H,O’ g, I H,C

which, in the bosonic simple solution case reduces to the know expression |[7].

The solution, written here in terms of a generic function F(K), must be well defined as a
string field and it cannot not lead to ambiguities when inserted in the equations of motion. In
the latter case, we observe that, as a consequence of the properties of the boundary condition
changing operators, depending on the choice of F(K), one may have associativity anomalies
of the star product. In particular, one needs to avoid expressions containing the triple product
ooo, which leads to inconsistencies depending on how we perform the computation

B F
He= il
+<\FCH0 7

7V H + conj.)

| F
—, C
H’

F

+ <\/ﬁa

F
c, A\ —=

BF H
H VA,

_@[

Iy = (00)o # o(co) = 0.

9o
For this reason, in the following section, we will focus on criteria capable of selecting consistent
choices of the function F'(K'), which ultimately means selecting consistent tachyon vacuum
solutions.
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4 Regularity conditions of the Intertwining solution

In this Section we motivate sufficient conditions on the starting tachyon vacuum to ensure
that the solution itself is well-defined and that ambiguous products do not appear in the equa-
tions of motion. This analysis is motivated by the fact that in the simple solution case, the
superstring solution is ill-defined as it presents the collision of two boundary condition
changing operators, which causes problems in the equations of motion.

In order to do that, let us pick a representative class of tachyon vacuum solutions

F(K) = <1 = iK)y = (F_(”_);)V /Ooo det=v~te’tQt (4.1)

parametrised by a negative number v < 0. This number represents the leading level in the
K — oo limit of F(K) and measures how identity-like a string field is. From a rigorous
point of view, this analysis is performed by making use of the dual £~ level expansion |25]:
indeed, the eigenvalues of the operator %L’* = %([Zo — L), where Ly is the scaling generator
in the sliver frame and L is its BPZ conjugate, are v, when acting on functions of K and the
conformal weight of the insertions, when acting on wedge states.

From (4.1)) one sees that the contributions from states close to the identity string field, which
correspond to the ¢ — 0 limit, become increasingly suppressed as v — —o0, as claimed.

As special cases of the above formula, we see that v = —1 corresponds to the already discussed
simple solution, whereas v = —oo corresponds to Schnabl’s solution [6].

Being completely determined in terms of F'(K), the homotopy string field can also then be
written as a sum of wedge states

H(K) = /()OodtWQt. (4.2)

Since we want to consider both bosonic and supersymmetric bounds on the level v and since
the bounds we derive in the two cases are different, we will specify it by using vpogon and
Vsuper- In light of the above discussion regarding the simple solution in the superstring case,
we already know that

Vsuper < —1. (4.3)

The question is whether this bound is sufficient, or if it should be further strengthened.
In order to fully address these potential problems, we make the following assumptions

o(s)a(0) = regular, o(s)0a(0) = regular.

The first condition is satisfied by construction and the second one has been explicitly checked
in all the examples previously mentioned. As a consequence of these assumptions, one has
that

o(s)0a(0) ~ less singular than simple pole,

00 (s)07(0) ~ less singular than double pole,
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0o (s)6a(0) ~ less singular than simple pole,
00(s)0a(0) ~ less singular than simple pole.
We can then formulate the following rule.

Claim 1. Let Oy represent 0,00 or do and Oy represent @, 0c or da. Then the state
O1G(K)O, (4.4)

suffers from no OPE divergence provided that its leading level in the dual L™ level expansion
is less than or equal to 0 if the state is GSO even, and less than or equal to 1/2 if the state is
GSO odd.

To understand this claim, let us consider the following example
o
OVF(K)Oy = / At F (0120,
0

We are interested in the limit ¢ — 0, where the OPE between the two operators becomes
relevant. It is clear that

O1(£)02(0) ~ th=M=h2 (") (),

for a generic field (™. Furthermore, by making use of the Schwinger integral, the leading
component of f(t) is t7#~1. This means that in order for the integral to be finite in 0, we
need to have

—v—14+h—h; —hy>—1 h:>(; v+ hy+ hy <O0.

Since this claim contains only two operators, it can be used to check if the solution, as a string
field, contains divergences.

In the first way of expressing the solution (3.34]), we notice in particular two terms

VHQoBFQ&VH,

VH QJBEC\/EU\/E . (4.5)

Since ghosts can always be ignored in this analysis, as we are considering OPE divergences
coming from collision of two boundary condition changing operators, the matter sector com-
ponent of these states reduces to

OcFog ~ O0ocK'0o,

F
80E5 ~ QoK'"F, K — .

These expressions do not suffer from OPE divergences if

v < —2 (no OPE divergences in (3.34))). (4.6)
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All remaining terms in the solution do not alter this bound, which then means that F'(K) must
fall off as KX =2 or faster to be certain that OPE divergences are absent from , in either
bosonic or supersymmetric cases. However, the original solution |7] was written in the simple
case and it is finite. This is due to the fact that the explicit form of the BRST variation of the
boundary condition changing operators cancels these OPE divergences. Indeed, by repeating
the same analysis on the solution , we see that it is much safer

Vboson < 0 0 Vgyper < —1  (no OPE divergences in (3.36])). (4.7)

Now let us turn to issues concerning three boundary condition changing operators. These
do not affect the solution W, by itself as a state, but they are related to the validity of the
equations of motion and in particular the quadratic term ¥2. For this reason, we formulate
the following claim.

Claim 2. Let 01,0 and O3 represent three primary operators and consider the state
01G1(K)02G2(K)Os. (4.8)

Stmultanous collision of all three operators do not render this state undefined provided that its
leading level in the dual L™ level expansion is less than h, where h is the lowest dimension of
a primary operator which has nonvanishing contraction with the state.

To better understand this claim, we contract the above expression with a test state QOQ>°,
where O is a primary operator. Its precise form is not crucial, as we are interested in the short
distance behaviour when O1, Os, O3 collide. Furthermore, we chose a test state containing the
sliver state 2°° to be able to perform the computation directly on the UHP, without needing
a conformal transformation from the Cylinder to the UHP. The obtained expression reads

Tr[QooOlGl(K)OgGQ(K)O;;QO} = /0 h dt1dty Ql(t1)92(t2)<Ol(t1+t2)02(tZ)OB(O)O(_1)>UHP’

where g1 and g9 are the inverse Laplace transforms of G; and G2. We now perform a change
of integration variables

to
L=1t+1 0= 4.9
1 25 - t27 ( )
together with a conformal transformation on the 4-point function f(z) = - erl %, in such a

way that O; is inserted at 1, O3 is inserted at 0, and O is inserted at infinity. This yields the
following expression

Tr [QwolGl(K)OQGQ(K)Og,QO} -

- /OoodL/OldHLgl(L(l—9))92(L6,) (2L1—|-1>h (Lii&)h (LZl)hS <L_LH>h

" <<91(1)<92 (LLeTﬂ)) O5(0) o 0(0)>UHP. (4.10)
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We are interested in the behaviour of the integrand towards L = 0, which is when Op, Oy and
O3 collide. For small L we have

(L0 = 0)) ~ L1 (1= 0) ™7, go(L) ~ L7207, (4.11)

where v, v are the leading levels of the dual £~ expansion of G; and Gs. This means that
the whole integrand can be approximately expressed as

L7u17u27h17h27h3+h71(1 . 9)71/1716711271<01(1)02(9)O3(0)I o (’)(0)> (4.12)

UHP
The #-integration will be finite assuming that the OPE between O and Op, and between
Oy and O3, is sufficiently regular; whether this is the case is equivalent to the question of
whether the states O1G1(K)Oz and O2G2(K )O3 are separately finite, which is not our present
concern. Our interest is the convergence of the integration over L towards L = 0, which will
be unproblematic provided that

v1 4+ vo+ hy + ho + hs < h, (4.13)

as claimed.

Before analysing the solution, let us consider a particular string field: cgo. We already know
that this state is ambiguous due to the associativity anomaly and claim [2] does not seem to
apply as it assumes that the operators are separated by wedge states with strictly negative
L~ level. However, this can be easily dealt with by rewriting it as

1 1 1 1
g0 = -d0——7 14+ K F—
oo 801+K01+K80+( + )01+K01+K80

1 1 1 1
—0Jo——0 1+ K 1+ K T 1+ K).
O R T re T U Koo )

The argument below claim [2| now applies to all terms and only the first one can be problem-
atic, as it seems to diverge as L — 0, where for matter sector operators, the lowest conformal
dimension of a probe state is h = 0. However, the #-integration exactly vanishes and the final
result is a product 0 x oo, which is clearly ambiguous. Therefore, the first term is exactly
where the ambiguity of 0@o is hidden and this discussion further strengthens claim [2}

Coming back to the solution, we now analyse potential inconsistencies in the U2 term of
the equations of motion. For the superstring solution ([3.36)), the strongest bound is given by

the product of
|F 5 |F_
VHo ﬁny EO’\/E,
VH~§0 BFyéovH (4.14)

with ] ]
\/ECEUBFaEc\/E. (4.15)
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These products respectively read

| F | F 1
\/HO' EB’Y2 EEO'FEECV H,
1
vH'y(SaBF'y(SEUFEﬁcv H.

One can again strip off the ghosts and obtain the following expressions

F
O'EEO' ~ oK""Go
doFéoo ~ doK'dco, (K — o0),
which in virtue of claim [2| impose the following bound
Vsuper < —1. (4.16)

This means that the solution (3.36|) is free from ambiguous terms provided that vguper < —1
OT Uposonic < 0, whereas the stronger bound v < —2 is needed for (3.34)), for both bosonic and
fermionc string.

To clarify the obtained results, regarding both claims, we end with an observation re-
garding the commutators appearing in the solution (3.36)): let y/ f/h(t) represent the inverse
Laplace transform of \/F/H and write

/0 dt \/f/R(t)[c, Q]

- / dt/ df t F/h( ))Q“ 9)9c0t. (4.17)

Note the extra factor of ¢ which appears in the integrand. This means, from the point of view
of separation of the matter sector boundary condition changing operators, the commutator
with ¢ can be seen as equivalent to

F
c, A\ —=

H

F
A\ =

a [P
r .

K (4.18)

As an example of this procedure, let us consider the term
F F
e “Nm

which from our point of view can be rewritten as

2
d |F 1_ e
g (d[( H) EO' ~ oK ag, (K — OO) (420)

This is the reason why terms involving commutators of ¢ with y/F'/H do not require a stronger
bound than vgyper < —1 0 Vpogonic < 0.

B

VHo = oVH, (4.19)
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4.1 Discussion on the obtained results and future perspectives

We conclude Part [[] of this thesis focused on SFT, by commenting on the obtained results.
In the previous Section, we tried to understand how to generalise the bosonic intertwining
solution first introduced in [7] to the superstring case. The naive attempt to keep working in
the simple solution case proved to be inconsistent, because the new fermionic terms introduced
ambiguities in the solution.

We then focused on quantitatively measure if and how much one has to move away from
the simple solution case, by considering the most general function F'(K) and by studying its
properties.

To do that, we introduced the level expansion v and we formulated two rules allowing to
study the behaviour of the solution as a string field and when inserted into the equations of
motion. The best behaving solution required an upper bound vguper < —1 to avoid all kind
of ambiguities.

This analysis, together with the discussion in |11] concerning the inner transformation ¢ of
the intertwining solution, which maps the solution for a given F(K) to the same solution
written in terms of another function ¢ o F/(K), confirms that the simple solution case is the
only upper bound on the superstring case solution.

Another approach to takle this problem could be to extend the possible range of string fields
by introducing the supersymmetric partner of K, a string field made of the insertion of the
fermion current Tr(z) [26].

By paying the price of enlarging the algebra, it may be possible to cancel ambiguous terms
and to reach the simple solution case vguper = —1. This is an interesting perspective that will
be analysed in the future.

In both cases, the interest in a superstring generalisation of the intertwining solution, derived
in the context of the Modified cubic approach, lies in the fact that it naturally leads to
the WZW-Berkovits’ approach, because, as we have shown, it can be considered a first step
towards finding solutions of the non-polynomial equations of motion.
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Part IT
Supergravity

5 Geometrical approach

Supergravity is a direct generalization of General Relativity, differing from the latter for the
presence of local Supersymmetry. Both gravity theories can be described in a formal way
by making use of the powerful tools of Differential geometry: in this section we will give
a formulation of the so called Geometrical approach to gravity and Supergravity [27H30] by
making use of Lie groups, Lie algebras and Principal fiber bundles. In particular, in what
follows we will restrict to Lie (super)groups whose Lie algebra can be split as

G=KoH=ZTc0OdH. (5.1)

Here 7 and O are the subalgebras of translations and supersymmetric transformations respec-
tively, whereas H is a gauge algebra containing the so-called Lorentz algebra so(1,D — 1).
For physical applications, we will be interested in the following algebra structure

(H,H]CH, [H,Z]CZ, [H,0]CO,
IZ,I]CH, [I,0]C O, {0,0}CIea™, (5.2)

which determines the role of Lorentz symmetry, translations and Supersymmetry transforma-
tions.

First of all, let us notice that Lie groups can only describe vacuum configurations, where field
dynamics is absent. Lie groups are indeed "rigid", since their (pseudo-)Riemannian geom-
etry is completely fixed in terms of the structure constants C’gB describing the Lie algebra
G: indeed, in the case of semisimple Lie groups, the Killing form actually becomes a metric,
defined by

9AB = CEECng

where A, B,... =1, ..., dim G label the generators of the Lie algebra {T4}.

For vacuum solutions, one identifies the forms dual to the generators of the subalgebras Z to
the vielbein of the vacuum space.

Introducing dynamics, namely moving to a general situation in which the structure of space-
time/superspace is not fixed, requires a more complicated mathematical structure, the one of
Principal Bundles. See |31H33] for a review of the main ideas and results used in the following.

Definition 5.1. A Principal Bundle is a quadruple (P, M, 7, G), where P is the total space,
M is the base manifold, the typical fiber F' is diffeomorphic to the Lie group G andw : P — M
1S a surjective map.

In particular, 7=1(z) is diffeomorphic to G, Vo € M and each point p € P is locally
expressed as a couple (z,g) through maps

to : 7T_1(Ua) — Uy X G,
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called local trivializations, where {U,} is an atlas on M defining local coordinates. In this
geometric construction, M will be a (super-)manifold representing spacetime or its supersym-
metric generalization, superspace.

The base space is immersed in the Principal fiber bundle in such a way that it is not possible,
in general, to single it out: this formalism is the key to introduce dynamics and can actually
be used to also describe vacuum configurations, if one considers a single point as the base
manifold.

In this framework, connections are fundamental concepts for both maths and physics: from
the former point of view, they are a choice of an equivariant horizontal space H C T P, satis-
fying H Rop = Rg*Hp, where ]:Eg : P — P is the right action of g € G on the Principal bundle,
whereas in physics they correspond to gauge fields and allow to consider covariant derivatives
in the associated bundles, where other physical fields like scalars and spinors are defined.

As we will shortly see, connections allow to decompose the tangent space TP into horizontal
and vertical spaces, the latter denoted by V P and containing all vector satisfying m.(v) = 0.
This means that each vector v € T'P can be rewritten as a sum

v =0y + VH.

Moreover, there is a canonical isomorphism relating the vertical space V}, P to the Lie algebra

dg(s) }
ds [s=0’

G: indeed, for any v € G, corresponding to the group element g, meaning that v =
one can build the associated fundamental vector field

ds 5=0

This is actually an isomorphism of vector spaces as they share the same dimension.
Connections can be defined in multiple ways, all reproducing the same features, but in this
formulation we will be interested in the following one.

Definition 5.2. A connection on a Principal Bundle (P, M, m,G) is a map
w:TP — g,
satisfying

o w(v) =0, where v € VP and 0 € G are related by the canonical isomorphism between

VP and G,

o w depends differentiably on p € P,

° R;wp(v) = ngp(Rg*v) = Adgy (wp(v)),

where Adg(7y) = (LgRgl)*(v) is the adjoint representation of g € G on vy € G.
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We remark that the adjoint representation can be written in the usual way Ad,(y) = gyg~*

only in the case of the General Linear group or one of its subgroups.
With this definition, the horizontal subspace is obtained as

H, ={v e T,P: wy(v) =0} (5.3)

and satisfies the needed equivariance property. This means that the tangent vector space TP
is accordingly split as
TP=VPeH=G®H

and one can then choose a basis for such vector space. If {t4} are the fundamental vector
fields associated to the Lie algebra generators {14}, one can then choose

TP = span{ta,un},

where {uys} is a basis for the horizontal space defined by the connection, with M = 1,--- ,dim M.
In order to construct a basis for the cotangent space T* P, let us notice that, by definition of
connection, we have that

w(ta) =Ta.

This result can also be proved in the following way: take a local section o : x € Uy, — pg € P
and define A € QY(U,) ® G as A = o*w. The connection in py = o(z) can be defined as

@y (1) = Alm0) + by
and can be extended to a generic p = Rgpo € P through the adjoint representation
wp(u) = Ad(g™") (@, (Rylu)),  Vu € T,P.

In order to apply the obtained connection to the basis of the vertical subspace {t4}|,, we first
compute

wpo (R talp) = A(m Ry talp) + Ryt al, = Ad(g)(Ta),
where we used that W*R;*lt 4 = 0. We finally have

wy(ta) = Ad(g™ )y, (R ta) = Ad(g™")(Ad(g)(Ta)) = Ta.

Since this whole evaluation is really independent of the chosen local section, we can conclude
that our claim holds. As a consequence, since w is an element of Q! (P)®G, it can be rewritten
as

w=wl®Ty. (5.4)

In virtue of the property shown above, we must have w4 (¢ B) = 5§. Moreover, if the horizontal
vector u,s is written as

U —f—uf/[tA

M= 5xM
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where XM = (z#,6%) are the coordinates on superspace, then it is also true that w(uys) = 0.

A _  JA(_ O - A
Therefore, one has to set —ujy, = w™(537) = Wiy

The final step needed to determine a basis of T* P is to consider the one-form
UM = dxM  uhoA,
which behaves in the following way
UM(ta) =U 65 =UY,  UM(uy) =6y

We see that by choosing UAVI = 0, thus setting UM = dXM™ | we obtain a basis of the cotangent
space
T*P = span{w?,dXM} = span{u*}, A={A,M}

obeying at the following rules

wA(uN) =0, dXM(uN) :6%,

wiA(tp) =064,  dXM(tp) =0. (5.5)

The connection can be used to define an important physical object, the curvature. To this
end, we first introduce the exterior covariant derivative of a r-form ¢ on P as

Do(vay,  ,ve41)) = dpo(VEay, -+ VH(r11))-
The curvature is then defined in the following way.

Definition 5.3. The curvature £ of a connection w is defined as the covariant exterior
derivative of the connection
Q= Dw.

The curvature 2-form satisfies the Cartan structural equation
Q =dpw + [w,w],

which can be rewritten in the more common way by making use of ([5.4)
1
QA QTy = (dpr + 5Cfg‘cwf’ A wc) ® Ta, (5.6)

where we exploited the bracket definiton [w,w] = (W A w?) ® [T, Tg].
The curvature two-form satisfies a set of identities, called Bianchi identities, which are a
consequence of the fact that the differential is nilpotent d% = 0: they read

DQ =0 < VO =dpQ? + Caw? A QF =0. (5.7)

With all these tools at our disposal, we now define the transformation laws of the fields w4
under an infinitesimal vertical automorphism generated by € = ¢t 4. Vertical automorphisms,
which are active transformations that do change the point on the fiber bundle, can also
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be rewritten and interpreted in terms of passive transformations, by considering changes of
trivializations. In the former case, they act on the right with Rg, whereas in the latter one
they are written in terms of left group multiplication. One usually refers to them as gauge
transformations. We then have

Sw? = Low?
= (iedp + dpic)w? = dpe? + i, (dpr - %ogch A wB>
= (dpet + ChowBe®) +i. Q4 = Vet +i. Q4. (5.8)
Since Q4 is a two-form on P, it can be expanded along the basis as
Q4 = Qgep® A pc
and in order to obtain the usual gauge transformations, one has to impose the following

conditions.

Physical Requirement 5.1. The curvature must satisfy the horizontality condition
i, Q4 =0,

. . . . A A M N
which effectively requires it to be expanded as Q% = Qf, ,dX* AdX™.

This last expression would be enough for usual gauge theories, where it is known that the
infinitesimal transformations of the gauge fields are given by the covariant derivative of the
gauge parameter. General Relativity and Supergravity are not ordinary gauge theories, as
this condition is not enough to reproduce the known transformations rules of the fields. These
theories, which are called natural theories, as opposed to gauge-natural ones, are characterised
by the strong importance assumed by the tangent space T'M of the base manifold. In order
to correctly reproduce the physical transformation laws of the fields for these theories, one
has to introduce the following mechanism.

Principal bundle breakdown: consider the following linear map

0 : 7; C VZDPHTTF(p)M

where 7, is generated by the fundamental vector fields associated to the subalgebra of trans-
lations and supersymmetric transformations C in (|5.1)). In particular, if P, are associated to
translations and @), to supersymmetric transformations, we define

0 0
M — K o
9(7)(1) Va aXM V(l all + Va aea’
0 0
0(Qa) = ‘I’yﬁXiM = V50u+ ‘I’QW~ (5.9)

The relation that we are defining is actually an isomorphism of vector spaces, since dim 7, =
dim T'M and since we are relating the bases of the two vector spaces. The same identification
can be performed for cotangent spaces: one indeed takes the map
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relating V* and ¥, which are the one-forms w? associated again to translations and super-

symmetric transformations, to dX = {dx# df}.

This is the crucial step that allows to relate a subset of the gauge transformations to diffeo-
morphisms in superspace. Indeed, an infinitesimal vertical automorphism on the fiber of the
principal bundle along the direction P, is now associated to a transformation on spacetime
itself. The name Principal bundle breakdown exactly refers to this fact: this linear map de-
stroys the verticality of some directions, by "pulling down" some fibers and projecting them
on superspace.

One could have clearly started by considering a Principal fiber bundle where only the true
gauge group is taken as the typical fiber, but the power of this construction lies in the ex-
pression , which allows to easily compute the transformation laws of all physical fields.
In particular, the identification we just defined reduces the dimension of the cotangent space
T*P: its basis has to be accordingly modified, as V¢ and ¥ are no longer linearly indepen-
dent from dz* and d6“.

To obtain the physical transformation laws of General Relativity and Supergravity, one first
applies the Principal bundle breakdown to by considering

e =€"0(P,) + €*0(Qq) + eAtA
A_ A B é A _ M A
Q7 = Qs p” AT, p” = {dX™, W},

where in this context hatted indices exclude those directions generated by translations and
supersymmetric transformations and then imposes Physical Requirement [5.1]

As an example, let us compute the transformation laws of the spin connection w® in

General Relativity, where all fermions are switched off: we start with and we obtain
dw™ = Ve +i. 0%
= Ve 4 e 1B () + 26 Q3 1P (0(P)HC
= Ve + QGCdQZS C,,ué + 26692b0d$“(9(736))u0
= Ve® + 266931’@(13:“(‘/6”61,)#@
= Ve + QGengué
= Ve + 202V 7.
In order to obtain this result, which is indeed the known one, in the second line we expanded

the curvature only on A directions, as mentioned, whereas in the fourth and sixth lines we used
the Physical Requirement 5.1} In the fourth line we also used the Principal bundle breakdown.

In virtue of this mechanism, the geometric approach to Supergravity treats Supersymme-
tries as diffeomorphisms on a base manifold having both bosonic and fermionic directions.
This proves to be extremely useful to construct Lagrangians, to perform computations and to
derive transformation rules of fields, but it introduces degrees of freedom, which are absent in
the standard spacetime formulation. Indeed, physical actions will be formulated on a bosonic
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submanifold M of M determined by the condition % = d8“ = 0.

The procedure of extending the spacetime information to the whole superspace without in-
troducing new physical content is called rheonomic extension mapping: this can be achieved
by requiring that a field wA(af, 0,y), where y? are the coordinates on the group, is uniquely
determined in terms of spacetime quantities.

To understand this idea, let us take a specific combination of §(P,) and 0(Q,) having only
supersymmetric component

We see that the field evaluated at (x,d6,y) can be written as an infinitesimal transformation
along € as

8 ~
wA@ﬁ&y%=wﬂ%0w%+Vﬁmﬂlw+2&ﬂg&quAﬁ(&%>u%%ay)
= w(2,0,y) + Vel (2, 0,y) + 2704, (2,0, y) 1(2,0,y)+
. YEAW:
+ 2e Qgé(xaoay) :uB (aea) :U’C(Iaoay)
= w(2,0,y) + Vel (2,0, y) + 2¢° Qo (2,0,y) dX M (2,0,y),

where in the last line we applied the Physical Requirement [5.I] As we mentioned before,
all terms in the last expression must be functions of spacetime only: we are then led to the
following requirement.

Physical Requirement 5.2. The components of the curvature along supersymmetric directions
must be expressed in terms of spacetime ones

Alpv
Q= o108, (5.10)

Alpv
where Ca M|B are constants.

In this way, it is possible to reconstruct the whole superspace, by starting from a bosonic
submanifold.
Before starting to talk about lagrangians and their building rules, let us comment on the
relation between Physical Requirement and the Bianchi identities, which hold whenever
d% = 0. The compatibility of , which are conditions on the curvature, with the Bianchi
identities imposes conditions on the inner components Qﬁy, which are none other than the
equations of motion.

The formalism we described so far works wonderfully for the construction of lagrangians for
pure Supergravities, where the only physical fields appearing in the theory are the one-forms
w?. Let us now review this procedure by describing the following building rules:

a) Geometricity: the lagrangian must be a dim(M )-form constructed out of forms and
differential of forms. Since the Hodge operator of a form in spacetime is not well defined

41



in superspace, one is allowed to use O-form fields whose equations of motion effectively
reproduce the Hodge star.
The action is then obtained by integrating the lagrangian on the hypersurface M

s/ &
McP

For this reason, the fields appearing in the lagrangian must be forms defined on space-
time/superspace: fields associated to the I subalgebra are already projected down
to the base manifold, thanks to the Principal bundle breakdown V® = 6*(V?) and
U = 0*(¥?), whereas fields associated to H can be pulled back through a local canon-

ical section o, as o*wA.

b) Gauge invariance: the lagrangian must be H-invariant.

¢) Homogeneous scaling law: the decomposition of the algebra allows for rescal-
ings of the generators, which are then transferred to the fields appearing in the la-
grangian. Each term in the latter must scale homogeneously under this scaling law:
this means that each term must scale as [w]®™ =2 the scale weight of the Einstein
term.

d) Vacuum: the equations of motion derived from the lagrangian must admit the solution
Q4 = 0, corresponding to the flat connection condition.

e) Physical requirements and the curvature components must satisfy

A _ A ~Alpww B
Qe =0, Qanr = CopypSlion
which are both needed to ensure that transformation rules of the fields are well defined
and that the lagrangian does not contain too much information.

Now that the basic concepts of the geometric approach to Supergravity have been laid down,
we will focus on applications. The first one will be concerned with the construction of a
possibly predictive model of a 2-dimensional lattice material starting from a suitable vacuum
theory, whereas the second application will make use of the full power of this approach, as
we will deal with a dynamical theory, N' = 2 pure Supergravity with negative cosmological
constant, for manifolds with a boundary.

In this second application, we will also be concerned with studying the asymptotic properties
of the obtained theory.

6 N-extended AdS; vacuum theory: a model for graphene-like
materials

As a first application of the powerful approach formulated in the previous Section, we now
want to build a model capable of describing the electronic properties of (2 + 1)-dimensional
materials in a top-down approach [34].
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Gravity can surprisingly be used to build an analogy relating spacetime to condensed matter
systems living on a lattice. In this context, geometric quantities are linked to properties and
defects of the lattice [35]: for example, the curvature is associated to disclinations via the
Frank vector, whereas torsion is related to dislocations through the Burgers vector.

The introduction of fermionic matter on the gravity side is expected to further extend this
analogy to include the description of the electronic properties of these materials. However, the
gravitini, appearing in a pure Supergravity theory, are spin 3/2 massless particles and have
no counterpart on the condensed matter side: a substantial improvement in this direction has
been achieved in [36] and goes by the name of "Unconventional Supersymmetry". Indeed,
the authors managed to express the gravitini appearing in the Supergravity theory in terms
of a spin 1/2 field y4. Our purpose in this section will then be to construct a consistent
theory for these spinors, which, as we will argue, will have to obey a Dirac equation, while
simultaneously reproducing as many features of the lattices of these materials as possible.

To this end, having in mind possible applications of holography, where, as we will discuss
in the next Section, one performs appropriate asymptotic limits to study the properties of the
boundary theory, let us consider an AdS, vacuum theory generated by G = OSp(N|4): as
said, in these cases everything is determined in terms of the chosen Lie group and its algebra,
as the only fields in the theory are those appearing in the Maurer-Cartan form w. The fact
that we decided to use the same symbol w to indicate both the connection on the Principal
fiber bundle and the Maurer-Cartan form is a consequence of the fact that the latter can be
considered a connection on a Principal fiber bundle in which the base manifold is a single
point.

The curvature associated to the chosen connection is flat, which means that

Q=dpw+ [w,w] =0.

Notice that, for our purposes, it may be possible to consider more generic configurations: for
example, one could take fluctuations around the AdS4 vacuum, preserving the full symmetry
at radial infinity, where scalars and spin 1/2 fields, which would in general appear in the
gravitational multiplet, would be required to be frozen at their boundary value. We will keep
a conservative approach and consider only the vacuum configuration.

The OSp(N|4) Lie algebra is described by the following relations

(L as, Lep) = napLsc — nacLep + nseLap — nepLac,

[Tap,Tcpl = 04pTBc —dacTBD + dcTap — 0D T AC
1 -
[Las, Q%] = _§(FAB)a6Qi> (6.1)
[Tan, QE] = 267 [40510Q%;
1 - 1.
{Q%, Q%) = ﬁ(FSFCS)QB‘SABLS}‘ - ZCB PTup.

Here, the first two properties describe the bosonic subalgebra of the subgroup O(N) x SO(2, 3)
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WhereE|

AB,...=0,1,2,3,4
AB,...=1,....N, (6.2)
77_AB = diag(+7_7_7_7+)7

whereas the remaining ones extend the mentioned subalgebra to a supersymmetric one. In
particular, the fermionic generators Q% are Majorana spinors transforming in the fundamen-
tal representation of SO(N) and in the spinorial representation of the Lorentz group, with
a,B, ... =0,1,2,3,4. We refer to the Appendix |B| for properties of gamma matrices and
spinors.

This algebra can be recasted in the form by writing it in a manifestly covariant way
with respect to the D = 4 Lorentz group: this is achieved by defining A = (a,4), where
a=0,1,2,3 and Ly :=£LP,.

The chosen Lie algebra can also be expressed in terms of the Maurer-Cartan form

1 1 —A
w= 0" Lag + S AP Top + 7, Q3 (6.3)

where one identifies, as explained previously, @ := ¢~! V@ with the vielbein of the vacuum
space AdS4 and ¢ with its radius. The structure equations are then obtained as

1 L (&
A +6% NP = Ve AVE = = (T AT, ) =0,
Ve 4+ AV = 2 (T AT L) = 0,

dACD+ACB/\ABD+%(TC/\\I/D) =0,

1 .
avA + 70" AT ¥ + 2% VEAT,UA + AAB A Uy =0,
where spinor indices have been omitted. In order to reproduce the known results of [37] and
to generalise the construction of [36], we now consider a local coordinate patch, in which the
boundary of AdSy is locally AdSs: this means that

0? 02
g = ——dz* + —gads.
g 22 22 gAdSs,

where gaqs, is the metric of AdS3. Let us then study the equations at the radial
boundary: for this reason, it is convenient to further split the rigid index a into a = (i, 3),
where ¢ = 0,1, 2 labels the boundary dreibein and a = 3 labels the vierbein along the radial
direction. The superalgebra is further decomposed in terms of SO(1,1) x SO(1,2) C SO(2,3),
having L34 and L;; as their generators, respectively. By defining the following quantities

Vi= % (L™ £ V) (6.5)

2Notice that we are going to relabel indices already used in the previous section, which however will not
be needed anymore, so this shouldn’t be source of confusion.
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and by decomposing the gravitini in their chiral components with the I'* matrix
vA=wd ol DI =40 (6.6)

one can effectively write the algebra in a way in which the SO(1, 1)-grading is manifest. With
these definitions, The structure equations become

» A 4 a1 3

dalﬂ+wlkAw’“J+€—2VfAvﬁ] - (\IfﬁAFW\IJA_) —0,
i i1 3 1 (=A i

AV +&' A\VEF SVEAV :F§(\Ili/\F\IJAi) —0,

31
;i

dACD+ACM/\AMD+%(W[fA\PE’]) —0,

AV — 2 (Vi4 VAV + T AT, =0,

1 .. i 1

M ~ M\B M\B M M CD B

AU 209 A (W) & S VEA (D) £ VAT 4 6M by p ATP AU = 0.
(6.7)

Since we are working in a vacuum configuration, these Maurer-Cartan equations hold ev-

erywhere, both in the bulk and at the boundary. In particular, one can perform a specific

asymptotic limit and study these equations projected on the cotangent space to the boundary.
To this end, let us consider the following scaling

Vi(e,2) = (ﬁ) B@+0(2),  Viws)= — (f) Fi(z)+0 (fi) ,
6 (z,2) =wi(@)dat + ...,  AYP(z,2) = AP () dat + ... (6.8)

where x are the local coordinates on AdS3. As for the spinors, we require them to behave in

the following way
0 (YA (x) z
A [ e Z
V(@ 2) da \/2( 0 +0 7]

4 (2, 2) da = ;\ﬁ (kABT(ZB(x)) +0 ((f) g> : (6.9)

where kap is a symmetric metric satisfying k1€ kop = dap. If we restrict ourselves to the
cotangent space to the boundary, the third equation in ([7.132]) vanishes automatically, because
V3 = dV? = 0 follows from the radial foliation that we are considering, @3; A E* = 0 due to

the general properties of the extrinsic curvature and the bilinear 9~ A 14 is automatically
Z€ro.
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The remaining equations are rewritten as
ij i ki 1 /A ij B
dw'? + iy At — 5 BANET - (zp AT kg g ) —0,
dE" + w'; A EY —% (EA/\W%A) =0,
1 (6.10)
AP + Ay A AMP 4 9l AP =0,

1 .. i
cw/‘+1w” /\’yl-jd}A+2—£EZA7ik:AB¢B+AABA¢B:0.

Let us notice that the matrix k4p introduced in the asymptotic behaviour of the gravitini
allows to break the full R-symmetry group: indeed, one can always bring such metric into a
diagonal form

kap = <(1)po _Oi)xq ) (6.11)
axp axq

through an O(N)/(O(p) x O(q)) rotation, where p + ¢ = N. By doing so, the R-symmetry
is broken to O(N') — O(p) x O(q), which means that a generic O(N') index splits into A =
(a1,az), wherea; =1,...,pand ago =p+1,..., N.

The condition has strong consequences on the Maurer-Cartan equations for the bound-
ary gauge field APC: the gauge fields A%1%2 associated to the coset of rotations used to set
the k4p matrix in a block diagonal form decouple from spinors

d A0z + A, A AC1b2 + A%, A A2 —

and must be set to zero in order to obtain consistent gravitini equations. The other structure
equations can be reproduced as equations of motion of the following lagrangian

]_ .. 1 - . —-—a T a
L=~ SR N Eeijh+ grge? Bi A Bj A By — T ADfw, Ay, — T A Dlw, ATy,

- : i .
_ iqf“ ANE"A(i%q,) + ﬁqf‘” ANE"A (304, +

_ % <Aa1b1 /\dAblal + %Amm /\Ablcl /\Acla1> +
L 2
+t3 <A“2b2 A Ay, + S AT A AP AW) : (6.12)

where RY = dw¥ + w'yw* and Dlw, AJy4 = dy4 + %w"j Ay A + AAB A .
It is crucial to notice, though, that one can rearrange the fields in this theory in such a way
to describe the superalgebra

OSp(p[2)+ x OSp(q|2)-.

The subscripts "+" used here and in the following do not refer to the SO(1, 1)-grading, but
they will be used to ease the notation and because they will play an important role in the
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physical interpretation of this model in terms of graphene-like materials.
By defining the following quantities

i

. . E
Oy i= Wik oy 0= (07) Y= (0%), Api= (A7), A= (4T

i
D[y, Atlppy = <dwal + SR A AmP A wgl) ’

DO, A_JY_ = (dqz;a? + %Q_ A2 + A%202 A %) )
where w? := %eijk wjk, one obtains a compact form of the Maurer-Cartan equations
Ryt :=d0 — %eiﬂmij AQyp = i% (Ve Ay ) (6.13a)
D[Qy, ALy =0, (6.13b)
Foubi .= qqambt g A g9b = —% (@‘” A wbl) , (6.13¢)
Fazbz .= qAa2bz 4 goz A APz = % (EGQ A 1/}1’2) . (6.13d)

Let us notice that the definitions used above ignore the upper/lower position of the R-
symmetry indices: this is possible because such indices transform in the fundamental of
SO(N'). Moreover, the definition and properties of the 3-dimensional Levi-Civita symbol are
listed in Appendix [A]

The action can be then rewritten in a compact form

1
L= L(+) - L(_) — §d(Q+k A Q]i),
L(i) = 5 Q:I:iin_gfiiji/\Qj:/\Qi + Tr A:tAdA:t+§A:tAA:tAA:t +

+ %@i AD[Qy, Asli)y,
(6.14)

which exactly reproduces the result obtained in [37]: the action having the Maurer-Cartan
equations of the supergroup OSp(p|2)+ x OSp(q|2)— as equations of motion can be written as
a difference of Chern-Simons lagrangians plus a boundary term. This exact term is actually
a Gibbons-Hawking-York term [38,139], as it can be rewritten as

V4 .
—5 d(Q A OF ) = d(wi A EY) = —d(e2 K da?),
where ey is the determinant of the vielbein at the boundary of AdSs, E2|T8AdS3 =0and K
is the trace of the extrinsic curvature w®? = K, F!, with s,t = 0, 1.

We now discuss an interesting property which emerges from this formulation of the theory.

3Let us remark that the coordinate patch chosen in the 4-dimensional analysis describes only a part of the
full boundary. It then comes with no surprise that such boundary, AdSs can itself have a boundary.
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Generalised Parity symmetry

Let us now consider a reflection along the y-axis, described by t = ¢, © — —x, y — v,
combined with a particular transformation acting on spinors and gauge fields.
Such transformation acts on vielbein and spin connection in the following way{]

E'— 0,/ ;B , o —-0/ 0, = Qi--0,50, (6.15)
where O, = diag(+1, —1,+41) and on the remaining fields as

This particular set of transformations maps the OSp(p|2)4+xOSp(q|2)—- model into a OSp(q|2)+ x
OSp(p|2)— one: in general this is not a symmetry of the theory, but it becomes one in the
particular case p = ¢. Indeed, by making use of the following identities,

Yy Ay = Oy b Ay s
Qpy'pe — Oz Ul’Yi@ﬁ ) (6.17)
Y D[, Axlpe = —¢D[Ox, Azl oz,

one can prove that the equations of motion of the lagrangian, i.e. the Maurer-Cartan equa-
tions, are just shuffled between themselves, whereas the lagrangian L — —L, as L(4) — L(4).
Let us end this small paragraph with a comment on the role of this discrete symmetry: as
we said in the beginning of this section, our purpose is to model electronic properties of 2-
dimensional materials. The fact that this theory enjoys this symmetry is somewhat surprising,
as it allows to describe the parity properties of bipartite lattices, as we will argue. The case
p = g will then play an important role in what follows.

Notice that this property is a novelty even from the A/ = 2 point of view explored in [40],
where, in our current notation, the authors chose p =0, ¢ = 2.

Decomposition of the boundary gravitini

The key distinguishing feature of the Unconventional Supersymmetry [36] is given by the
following decomposition

by = iyie'Xa, (6.18)

in terms of a spin 1/2 particle and a bosonic driebein e’ describing an AdSY space. Here un-
primed and primed quantities respectively refer to the distinction between the starting target
space and a new purely bosonic spacetime that we are introducing, which will be called world
volume.

From this point of view, the isometry group SL(2,R)/, x SL(2, R)" of the tangent space to the
world-volume geometry and the bosonic subgroup SL(2,R); x SL(2,R)_ of the gauge group

4Recall that the vielbein is a Lorentz vector, whereas w’ is a pseudo-vector.
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are in principle unrelated. A link between these two groups can be created if we provide
enough information: indeed one can first identify the index i of ¢’ and E* and then relate the
connection 2} = w'? 4 !/, written here in terms of a torsionless connection w’, with the
one of SL(2,R)1.This last step will be dealt with in the next paragraph.

Furthermore, gamma matrices should in principle be considered as intertwiners between
primed and unprimed groups, as the spinors x4 transform in the (%, O) or (O, %) repre-
sentation of SL(2,R)/, x SL(2,R)". This is another reason to lean towards the identification
between these groups, as it allows to avoid this complication.

Let us first analyse the effect of this decomposition on the bosonic structure equations in
(6.13):

A 1 y
Y= :i:z XiXiEUk ej \eg,

, 1 . 1 B g

DiQ]E = %5 €% Ej N By, + 5 (Cx+ +X-x-) ejNep, (6.19)
Fob = —% (X“Wixl”) cijke’ Nt Fo = % (Y“Wixl”) cijpe’ A,

where x4 = (Xa;)s X— = (Xay)- Since we are identifying the indices 4, one can compute the

covariant derivative of the world volume vielbein with respect to the target space connections:
this can be split into

D[Qi]ei = 5:|:€i + T:teijkej N ek, (6.20)

where S+ and 74 are 1- and 0-forms, respectively.

Notice that the decomposition (6.18]) introduces a local scale invariance called Nieh-Yan-
Weyl (NYW) symmetry, which leaves the gravitino and therefore all target space quantities
invariant

. . 1
e = Nx)e', x+— ) X+ A#£0. (6.21)
The expression ([6.20)) retains its form under a NYW rescaling provided that
dA 1
ﬂiﬁﬁiﬁ-y, T:t—>XT:|:. (6.22)

The transformation law of S1 suggest that it is a connection under this local scale transfor-
mation.

To justify the name "world volume" given to the AdSj space, we impose a relation between
the two vielbeins in our theory, E* = fi(e) and we choose in particular

E' = f(x)e". (6.23)

Let us now explore the implications of this simple ansatz: once the relation between the target
space and world volume has been defined, the covariant derivative (6.20)), expressed in terms
of w', becomes

I ik

D[Q+]e’ = D[wle’ F 7€ ¢ A e
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= Be' + Teijkej Aer F geijkej A e,

where in the last line we used Dw]e’ = BA e’ + 7 €7Fe; Aej.. We are then led to the following
identifications
f f

By=pP-= 0, T T (6.24)

The exterior derivative of (6.20)) leads to constraints on 81+ and 74, which are a consequence
of the fact that e”kRijek =0

dp+ =0, dry + B4 = 0. (6.25)

This means that either 7+ = 0 and 4 = [_ is a generic closed form, or that 7+ # 0 and
Br = —% = —dIn|74|. Notice that this last relation can be interpreted by saying that
B+ can be produced by the scale transformation e! — (7)71e!. Therefore, at least locally,
B+ = B can be gauged away to zero and correspondingly 71 can be set equal to constants. In
particular, one can fix one of them to a chosen value, while the other one will be consequently
obtained from . This can be globally achieved only in absence of topological obstruc-

tions.

Relations involving the function f(x) can instead be obtained by implementing (6.23)) in
the second equation appearing in (6.19). By comparing it with (6.20]), one obtains

df +Bf =0, (6.26)
fr= % XX+ +X-x-), (6.27)

where the first equation can be solved by choosing f = a4 7+, where a4 are dimensionful
constants. This result can be used in the computation of the exterior derivative of R , which
yields

d(Xex+) = =28 XX+

and since 8 can be set to zero in a local patch, both bilinears X, x+ must be constants. In
this specific case, they can then be related by a generic constant k

X4 X+ =k X_X- - (6.28)

The whole discussion on the bosonic structure equations can be summed up in the following
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table

. Ei=fel = =
pije P {m B=8
T+ + 7 = T — 7 =T
. T d - O
AL d, 7+#0 B+
B+ = —dln|74]
. i ei d = 0’
playp e, JAIEer=00
fm=3xex+ +X-x-)
; d, =0  _ _
Ry — XX+ = kX x-—

Moving on to the fermionic structure equations, let us define a covariant derivative, in the
generic S case, including also the local NYW symmetry

D=D+whB = D[Qs, Ax]x+ = D[, Ay] xs + 8, (6.29)

where w is the NYW weight of the field (—1 for e* and +1 for x+). This derivative can be

then used to express ((6.13b)) as
v[if)ﬂ [Qt, At X+ = T+ €5k Yyt . (6.30)

This last equation actually contains key information, which can be retrieved by taking its
projections, i.e. by multiplying it by 7% and ~’. In the first case, one obtains two massive
Dirac equations

POQs, Af]xe = —3iTe X+, (6.31)

while in the second case we have
DilQ, Ax)xe = —i72 Yixe - (6.32)

By inserting the decomposition (6.18)) into the lagrangian (6.14), we see that the full set of
structure equations can be then derived as its equations of motion. Indeed we have

1 . 1 .. 1 ) 1 ..
S :/ [2 <Q+i AdQY, — gewmﬂ- AQ4j A Q+k> -5 <Q AdQE — gewm,i AQ_j A Q_k> +
2 2
+ <Aa1b1 /\dAblal + gAa1b1 A Ablc1 A Ac1a1> _ <Aa2b2 A dAb2a2 + gAazbz /\Ab2c2 A ACzaz) _
2i ijk—a1 » a1by :
- ?6 X {’Yk,D[Q-‘r?A ]Xal + 17—+Xa1ek‘} NeiNej—

2 .. . 1
— ?lel]k:yaz {ryk'D[Q_,Aazbz]xa2 +IT_Xasek ¢ N€i Nej — B d(Qpx A Q]i):| .
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Most notably, the introduction of the Unconventional Supersymmetry has led us to a theory
with spin 1/2 particles following massive Dirac equations. As we will see, this is the key devel-
opment towards the extension of the analogy between 2-dimensional graphene-like materials
and gravitational theories with the inclusion of fermionic matter.

A relation between connections of target space and world volume

As said in the previous paragraph, to completely identify the two groups under consider-
ation, one also has to establish a link between their connections. Since the world volume is a
bosonic space, one can consider a torsionless spin connection w’* such that D[w']e? = 0.
Expressing such connection in terms of a target space one as

W= frpe =0 + 7€ (6.33)

means introducing the desired relation between the two groups. This particular choice de-
scends from the fact that D[w']e? = 0 is indeed zero if 3 = 0. We will therefore work under
this assumption. Furthermore, this identification of connections allows to interpret as
the world volume torsion tensor.

Once the relation between the groups has been accomplished, one can compute the Dirac
equation in terms of the torsionless connection, which becomes

3.
D', AxLlx+ = T 1Tk X (6.34)
where the mass term is given by
3

my = 3 T+ (6.35)

and the Riemann tensor associated to such connection

) 1 2 k ~A. B B

R =1 (ﬂ +rth >§><> e A ey (6.36)

We notice that, since we are working in the 8 = 0 case, the terms in the parenthesis are
constants and define an effective cosmological constant, which also receives contributions
from fermions. In particular, one can choose the residual NYW symmetry to identify the
radii of the two AdSs spaces. Notice that, in this case, a generic identification of torsionful
connections

S R i o §
parametrised by a constant £, is compatible with (6.33]) provided that
S
holds. This condition can be further rewritten as
L _ _
EF(f=1) =5 (Xex+ +X-x-)- (6.38)

2
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When ¢ = 0, we have w’ = w’, which means that w’ has to be torsionless: by looking at
(6.19), we see that this is possible only if

Y—Q-X—ﬁ- = —X_X->

which is the exact same condition that we obtain from . This relation can be also
achieved when f = 0, f = 1: the first case is a singular one, as the target space vielbein would
be zero, whereas the second case identifies the two vielbeins. Since E’ is a supersymmetric
vielbein, it comes with no surprise that the fermionic contribution to the torsion is required
to vanish.

Finally, when & = +1, we have QY = Q% : it turns out that by choosing f = 1/2 one can
require either 7 or 7_ to vanish, or equivalently x4 or y_ to be massless.

This whole set of possibilities will be explored in the next paragraph, where we will try to
make contact with graphene-like materials and their properties.

Graphene-like materials and interpretation

In this paragraph, we will first state some of the properties that these materials share and
we will then interpret them in terms of the results that we have found up until now.
Graphene-like materials are characterised by a honeycomb 2-dimensional lattice, made of two
inequivalent sublattices, where A and B sites live, as it is shown in Figure[3] For example, pure
graphene is composed of six carbon atoms, but in other similar materials different elements
are also allowed, like in boron nitride.

In this analysis we will work in a regime where wave functions have long wavelength compared
to the characteristic lattice length: in this way, the charge carriers will feel the lattice as a
continuum and defects of the former as resulting from curvature or torsion of the latter.

In pure, isolated graphene the First Brillouin Zone (FBZ) is again a hexagonal lattice in
momentum space, rotated by /2 with respect to the original lattice, in which the inequivalent
sites are called valleys K, K'.

A reflection with respect to the y-axis exchanges both the A and B sites and the K and K’
valleys provided that we combine it with a time-reversal transformation. This indeed allows
to obtain the transformation k; — k;, ky — —k, on a momentum vector.

Near these points, also called Dirac points, the pseudoparticles describing the charge carriers
behave in a relativistic way: this can be inferred from the linear dispersion relation between
the energy and the quasi-momentum. In these valleys, the conduction and valence band of
graphene, which correspond to the positive and negative eigenvalues of the Hamiltonian, touch
each other, forming the so called Dirac cones. This means that the charge carriers possess an
additional pseudo-spin number, associated to the two valleys.

In virtue of their relativistic behaviour, the pseudoparticles obey the Dirac equation, which
is massless if the graphene layer is pure and isolated. However, mass terms, which create a
gap between conduction and valence bands even at the Dirac points, can be introduced in
two different ways, as shown by Semenoff [41] and Haldane [42]. The Semenoff mass term is
introduced by considering an on-site staggered potential, which clearly breaks the symmetry
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K/

Figure 3: The honeycomb lattice and the FBZ are characterised by two inequivalent sites,
belonging to two different sublattices.

under reflections, whereas the Haldane mass is generated by including periodic local magnetic
flux densities, with zero net flux over the lattice cell. The mass terms in the two Dirac points
are then obtained as

My = M — 3V3tysing my, =M + 3V3tysing (6.39)

where M is the Semenoff staggered potential, to is the next-to-nearest hopping amplitude and
@ is an Aharonov-Bohm phase due to the local magnetic fluxes. The Semenoff mass term,
as said, is parity odd, while the Haldane one is parity even and this property will allow an
important identification in terms of gravity quantities.

The single-electron wave function around one valley is usually described as a two-component

complex spinor ( A
B /7”,4 etaa
C - < \/@eiag ’ (640)
associated to the gamma matrix basis

v =07, v =—io, Y =io. (6.41)

Here n4, np are the probability densities for the electron in the m-orbitals, whereas a4, ap
are their wave function phases. One in particular has that

na +np = ¢i¢, ng —na=(C. (6.42)

The first quantity is the total electron probability density associated to a single valley, whereas
the second one describes the asymmetry between the probability densities.

In order to make contact with this description of graphene-like materials, we shall restrict
ourselves in our Supergravity model, to the case in which Supersymmetry is defined by even
integers p and ¢, since this allows to arrange the real spinors y+ into p/2 and ¢/2 Dirac
spinors.
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Furthermore, the reflection symmetry of the valleys is reminiscent of the parity symmetry of
the Supergravity model in the case p = ¢: for this reason, we will take the simplest choice
p=q=2. o

In this case the real spinors x4 = x% and x_- = x%, with a; = 1,2, as = 1,2, can be
rearranged to define complex spinors

Ve=x' i X =x'+id (6.43)

which will be associated to each valley through

- 14 . l
X+:\/;UCK7 X— =1/=U(k. (6.44)

2
-5 )

relates the spinor basis used for x to the one defined above for ¢ through UtyU = li. By
then defining the 4-dimensional spinors

Here the matrix

X=X+ DX, Z = (K © (K,
one obtains that
_ _ _ l— - — / y y
XX:X#X++X}X7:€ﬂZZ):i@K{K+CK4W):§Ud§_nE+ng—_nf)

This relation, together with (6.38)) allows to obtain a lower bound on the total probability
densities of one of the two sublattices

/ 4 / 4¢ ¢
§>0, nf +nf == f(f=D+nk +n5 = -5 f(f-1) =5, 6.5
;4L S €| '
§<0, n§+n§:ﬁ (f—1)+n§+nff Zﬁf(f—l)zﬁ.
In the § = 0 case, one has X, x4+ = —X_Xx—, which implies that the total probability density

are the same in the two sublattices nf + nfl = ng + ng "
At last, this discussion allows to finally understand the role of the labels 4 in the Supergravity
theory: they have to be associated to the valleys K, K’. Moreover, in the 8 = 0 case, which is
the one we decided to consider, ¥, x+ are constants, which means that the difference np —mny4
in the probability densities of each valley is a constant index, which still has to be explored.
In light of this new understanding, let us discuss the role of the parity symmetry in the
Supergravity theory: since E* = fe?, the action of the Oy-parity on E' naturally extends to
et

el — Oy'jel, (6.46)

provided that f is invariant. This requires the spinors y+ to transform as follows

X+ — —0'xx - (6.47)
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Under these transformations, the 4+ sector is mapped into the — sector provided that
8 — B, T+ — —Tf .

However, a specific choice of 74, which characterises the world-volume background, remains
invariant provided that
Ty =—T_ . (6.48)

In our conventions and with A = vy = 1, the description of the relativistic properties of the
charge carriers in a curved background, with a coupling to a gauge potential is given by

K : iD W, Ayl xk(z) = (—ioz1 D', Al — ia? Dy[w/, A+ my '}/0) Xk (7)
K : iD o, A X () = (—ial D[, A l+ ia? Dy, Al +my, fyo) Xy ()
(6.49)

where of = 4%~! (£ = 1,2). These Dirac equations are invariant under the parity symmetry
discussed above and the spinors appearing here are identified to the ones appearing in our
model through

X (@) = x4+ ("), X, (@0 2t 2?) = olx_(—2°, 2!, 2?) . (6.50)

From this last equation, one sees that, as said, the parity symmetry has to be combined with
a time reversal transformation. Furthermore, one has to consistently relate the gauge fields

Ag=Ay, A, =A (6.51)

and the masses 5 3
My =My = STy, My =M= = 57— (6.52)
Interestingly, these masses can be associated to the ones of the macroscopic model. Indeed,

by rewriting 74 as
1 1
Tizi(u—l—ﬂ)ﬂ:ﬁ(ﬂr—ﬂ)=T¥2§, (6.53)

where the second equal sign is a consequence of , we see that, in virtue of , the
first term is parity odd, while the second is parity even. This behaviour is also shared by the
Semenoff and Haldane masses, respectively. One can then conclude that

M= gf . VBtasin(p) = % . (6.54)
As a final comment, let us notice that, from a phenomenological point of view, the charge
carriers in the honeycomb lattice are "relativistic" in a peculiar way: indeed the Fermi velocity
vp plays the role of the speed of light in the Dirac equation, whereas the characteristic speed
appearing in and is defined by the only vielbein appearing there, e’ and coincides
with the speed of light.
This problem can be dealt with in several ways: the first one would be to start with both
world volume and target space having as a numerical value of the speed of light the one of

56



the Fermi velocity. Another possibility would be to have a target space with a standard light
speed and a world volume with a Fermi velocity: in this case one would need an ansatz more
generic than . Finally, both target space and worldvolume could have the same standard
value for the light speed: in this case one would need a mechanism to transform the vielbein
e! appearing in the Dirac equations of our model to effectively modify the light cone of the
theory and reproduce the "correct" Dirac equations. This third path will be the one analysed
in the following Subsection, in the pure GR case.

6.1 Dirac equations and metric structure

We now want to study a mechanism capable of changing the speed of light appearing in a
Dirac equation. This effectively means changing the light cone of the theory, which in turns
implies modifying the spacetime metric [43)].

Let us notice that the obtained Dirac equations (6.34]) are written in terms of a bosonic
vielbein, so it will be sufficient to understand the desired mechanism in a standard General
Relativity context. For the sake of simplicity, we will neglect the minimal coupling to gauge
fields and we will not necessarily restrict to AdSs. Indeed the construction that we are going
to illustrate is general and could have applications that exceed our graphene model.

From a mathematical point of view [44], the standard approach to the Dirac equations is
given in terms of spin structures and spin manifolds, the latter being spacetimes allowing the
construction of principal bundles with G = Spine(r, s) as a Lie group.

Definition 6.1. A spin structure over (M,g) is a pair (P,A), where P is a spin bundle
and A : P — SO.(M,g) is a vertical principal morphism with respect to the covering map
l: Spine(r,s) — SO¢(r,s).

This is equivalent to require the commutativity of the following diagrams

P2 S0.(M,q) P —2 80.(M,g)
PJSpine(r,s) ﬁ-lsoe(r"g) le lRl(g)
M=———M P -2, 50.(M,g)

Here SO.(M, g) C L(M), where L(M) is the frame bundle, denotes the subbundle of oriented
orthonormal frames with respect to a specific metric g and (r, s) denotes its signature. Spinors
are then introduced by considering a representation A : Cl(r,s) x V' — V of the Clifford
algebra on a (usually complex) vector space of dimension k& = dim(V'), which restricts to a
representation A : Spin(r,s) x V. — V of the (connected component to the identity of the)
spin group. Spinors are then sections of the associated vector bundle

S(P) =P x, V, (6.55)

called spinor bundle. The last ingredient needed to formulate the Dirac equations is a principal
connection on the spin bundle H, € T,P, which allows to compute covariant derivatives
on the associated bundle. In this context, automorphisms of the spin bundle will induce
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transformations preserving the metric structure of the theory.

However, fixing a metric is not preferable for two reasons: from a general relativistic point
of view, one should avoid fixing a background metric and for our purposes, we need to be
able to find a mechanism capable of changing the metric structure. For this reason, we now
introduce the spin frames.

Definition 6.2. A spin frame over the spin manifold M is a pair (P,e), where P is a spin
bundle and e : P — L(M) is a vertical principal morphism with respect to the map i ol :
Spine(r,s) = GL(m,R).

In other words, we must require the commutativity of the following diagrams

P —<5 L(M) P —— L(M)
pJ/Spine(r,S) ﬂlGL(m,R) lRQ lRiol(g)

As it is clear from the definition, no metric structure is required on the base manifold M. We
will now see how the metric structure arises from this definition.

Let U, be an open cover of M and let S . Uy C M — P be a family of local sections of P,
defined on each open of M. These local sections are enough to completely determine the spin
frame on the entire fiber, as the image can be extended by equivariance.

Furthermore, local sections on the spin bundle induces local sections on the frame bundle as

e() =: (2,¢), (6.56)

where a = 1,...,dim M and (g)a € T, M. Since the frame bundle always allows the natural
section (x,0d,), induced by the local coordinates z# on U, C M, where p = 1, ..., dimm, one
can express the induced local section with respect to such basis

o) = (2,0,)

The metric structure emerges as a consequence of these frames in the following way.

(@)

(z, e @

“w
et.

Definition 6.3. Let (P, e) be a spin frame and p € P a point in the spin bundle mapped into
e(p) = (z,€4) € e(P) — L(M). We define the induced metric as

9(€as €) = Tap- (6.57)
This intrinsic definition can be locally restated as
9= gudz" ®dz”’,  gu = e, (6.58)

We now prove that the conditions for the existence of spin frames coincide with the ones for
spin structures.

Theorem 6.1. A spin frame (P,e) over the manifold M exists if and only if there exists a
spin structure over (M, g) for some metric g on M.
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Proof. Given a spin frame (P,e) over M, one can consider the image e(P) = {(z,eq) :
€q 18 a basis of Ty M A g(eq,ep) = Nap}, where we crucially remark that the metric appearing
here is the one induced by the spin frame. One can then define a spin structure as

P—eP) P —Sue(P)
PJ 7r|e<p>l le lwag)\soe(r,s):Rug)
M—— M P — e(P)

On the contrary, given a spin structure (P, A) over (M, g) one can define a spin frame (P, e =
2o A): this is indeed a spin frame since

eoRgzivoRg:ioRl(g)oA:Riol(g)oioA:Riol(g)oe.

This can be restated by saying that the following diagrams commute

P2y §0.(M.g) s L(M) P —" S0(M,g) —— L(M)

pl ﬁi nl le le(w lRioug)

M M M P 2 50.(M,g) —— L(M)

To reinforce the necessity of using spin frames, even if existence conditions between spin
structures and spin frames are equivalent, let us consider a one parameter family of spin
structures (P, A;), where ¢ € R. They are maps from the spin bundle to a shared given
orthonormal frame bundle, each one differing by an orthogonal transformation.

A one parameter family of spin frames is instead a couple (P, e;): the images of these maps
are different orthonormal frame bundles differing one another for the arising metric g;. All
these different bundles are related by a new set of transformations, that we define below.

Definition 6.4. Let (P,e) be a spin frame and ® : L(M) — L(M) a vertical principal
automorphism of the frame bundle. We define (P,é€) as the transformed spin frame that makes
the following diagram commudte.

I~

We will refer to the automorphism ® as a spin frame transformation.

M
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To be concrete, let us remember that the action of such vertical automorphism is again
completely determined if we know how it acts on local sections of the frame bundle. Indeed,
consider the section induced by the spin frame (P, e): one then has

&) = 0(e(§) = Dz, ) = (2, ¢y)dk(2),

where gbg is a GL(m, R)-matrix. The expression we have given here in terms of a right principal
action on local sections can be translated into a left action on the local expression of a generic

point e(p) = (z,€q) = (z, (g>b)622 indeed

(2, € )E = &(p) = B(e(p) = D((z, p)el) = B(z, p)el = (2, ) pf(x)el,

is locally expressed as

B {90' s (6.59)

€ = ¢g(x)eg.

One can alternatively choose the natural section (z,0,) and repeat this computation, which
yields

éa = dh(@)ey,

o {f’fl =z (6.60)

where again ¢} is a GL(m,R)—matrix.

These spin frame transformations, which are locally described by matrices gbz, ¢, are the
key to effectively change the metric structure of the theory. Let us remark that we are not
changing the local expression of the coefficients g,v, but we are really changing the metric
structure, as it is formally proved in [43]. The key idea is that ® is a vertical automorphism
that does not change coordinates on the base manifold. This means that in every local patch
the local expression of the two metrics differs.

The new metric is indeed obtained from ([6.57) and (6.58) as

9= 0(2)gped7 (2))da" @ da”,

where ¢l is the inverse of ¢b.

As said in the beginning of this Subsection, Dirac equations are formulated in terms of a
connection on the spin bundle. The same horizontal tangent subspace defined in can be
also described in terms of horizontal lifts & : TM — H C TP by

H, = {d}(v) = v"(D]p — W (@) oaplp), Vv € T M, w(p) = x} , (6.61)
where o), are a set of vertical right invariant vector fields on P satisfying o) = 0. From

this point of view, it is crucial to notice that this connection is independent from spin frame
transformations, which act on L(M) and that the induced connections on the frame bundle
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Hp = Tpe(H,) and Hgpy = T,é(H,) are expressed in terms of the same coefficients w®

when written in the two induced trivializations. Indeed

o

e(p) = (@, ¢ s Tpe(@)lp) = v* (Ol — (@) pableir)):
(@)
ép) = (z, e)ey :  TpE(@()|p) = v"(Oulep) — wu(@)Pupler)).

d

where pg, = €50 (@

respectively.

However, by starting from connections on the frame bundle and pulling them back onto the
spin bundle, one can obtain an explicit expression of w“b# in terms of the induced metric
structures, to express the Dirac equation in terms of the metric structure of the theory.

Let us then start from a connection on the frame bundle H € T'L(M): in the natural trivial-
ization the horizontal lift can be written as

flanb]c and pl, = é°d/ Ty are the vertical vector fields on T pye(P) and Te(P)

(O = 0 (Oul(wea) = 5 (@020 (6.62)

where pg\(ua) = 05 are the right invariant vector fields on L(M) and wj, are the coefficients
which characterise the chosen connection.

Lemma 6.2. Let H be a connection on L(M) and (P,e) a spin frame. H is tangent to
e(P) = S0.(M,g) in a point (x,€,) (and hence in all of its points) if and only if

wlgab) — nc(awb)cﬂ _ 0’

where the (ab) indicates that the indices are symmetrised and

wbcu(x) = eg(:c) (wgu(x)ef(x) + 8,&?(96)) ) (6.63)

Proof. In order to prove this statement, let us express the horizontal lift of a vector on M in
the trivialization induced by the spin frame (P, e). By doing so, one obtains

w(v)|(x,ea) = U'u(a,ukx,ea) - wabu(x)pgkx,ea))v

where w®,(x) is exactly given by (6.63) and Pl = e%pgeg‘. In this derivation, we suppressed

the index « labelling the local section % on P to ease the reading.
Since the right invariant vector fields on SO.(M, g) are

Plab] = nc[aplc;}a (664)
where [ab] indicates skew symmetric indices, the lifted vectors become

ab

W(U”(x,sa) = ok (a,u|(a:,ea) —w ,u(w)pabkx,sa))

= 0 (Bl (m) — 9) (et + P10 ) )
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= <a,u|(a€,ea) - w[ab}u(x)p[ab]‘(x,ea)> :

where in the last step we made use of the hypothesis. This is indeed an horizontal vector on
SO(M, g).
On the contrary, take a horizontal vector of L(M)

w(v)’(x,ea) =t <8u|(a:,ea) - wab,u(x)pabkx,ea))

[ab]

=k (8M‘(m,ea) - w(ab)u(‘r)p(ab)‘(az,ea) —w M(‘T)p[ab]km,ea)) .

If we want it to be tangent to SO.(M, g), we need to require the coefficient of p(4y), which are

not right invariant vector fields on SO, (M, g), to vanish. We then get our thesis w(®®) ,(z) =
0. O

This lemma can be then used to prove the following lemma, which constrains the vertical
part of the chosen connection to be in a specific form, if we want to project it on e(P).

Theorem 6.3. Let H be a connection of L(M), v € TM and {g} be the horizontal lift induced
by Levi-Civita connection of the metric g. H then projects on e(P) = SO.(M,g) if and only

if
w(0)|(@e) = ({93 (0) + K(v))|(2.2); (6.65)
where (z,¢€,) € e(P) and K(v) is defined as

K :TM — V(L(M))

v g% Ko o],
i terms of the contorsion tensor whose coefficients are given by
1
Kvﬁu = 5 <g(aﬁa T(a,ua 87)) + g(aua T(a@’» ay)) + g(a’}/a T(aﬁ> aﬂ))) .

Proof. The first part of theproof of this theorem consists on showing that, under our assump-

tions,

wg,u, = {g}g,u, + gany’Yﬁ/JJ (666)
where {g}, are the Christoffel symbols of the induced metric g. If the connection is pro-
jectable, then the previous lemma requires w,(fb) = 0: this in turn implies that

wabu + wb“# = egwg‘ueﬁb + egwgueﬂ“ +eg ueab + egﬁueaa
= eiwgueﬂb + egwgﬂeﬁa +eq0ue™ + e du(g™e}) = 0.
The previous expression can be easily rewritten as

A ol
8Mgpa = GorWp, + JpaWgy,-
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We now cyclicly permute the indices and appropriately sum and subtract the obtained rela-
tions: by doing so, we get

_8pgau + 8ugpa + aagup = guATp)\g + ga)\T,i\u + gp)pr),\a' + ZQpAWc)r\,u,v

where TQB = wgﬁ — W/)a\a is the torsion of the connection. It is skew symmetric in its lower
indices by construction. Then one easily gets

1
w;u = {g}g,u + §g’Y,D(gu)\T;\p + go’)\Tﬁ\p + gp)\Tz;\u)

1
={9}ou + §gw(TuUp + Topp + Tpop),

which is our thesis.
Notice that, in virtue of the properties of the torsion, the contorsion tensor is skew symmetric
in its first two indices, meaning

K(apyy = 0. (6.67)

Finally, if (6.65) is true, we have

w®, = eg({g}gueﬁb + 0,°") + eV K 5,

b
— W, =,

where the first term can be easily shown to be skew symmetric by explicitly writing the
Christoffel symbols, while the second is a consequence of (6.67)). The connection is indeed
projectable. O

We then see that the space projectable connections is modelled on contorsion-type tensors,
i.e. it is a submodule of dimension %2(m —1) in the module of connections, which has instead
dimension m3.
Once a connection is projected on the subbundle e(P), it is straightforward to pull it back to
the spin bundle through the spin frame (P, e): this procedure defines a connection H whose

horizontal vectors are given by
@(v)[p = v"(Oulp — Wabu(x)aab|p)v (6.68)

where the coefficients wfﬁb(:c) are

W (@) = et (@) ({9}, + 9 Kosu)el () + Ouel (@) ) ™. (6.69)

as a consequence of Theorem As promised, the coefficients w u of the connection on the
spin bundle are now expressed in terms of the induced metric structure.

Now suppose we have another connection H € L(M) and another spin frame (P,é): in
virtue of Theorem one can project it on é(P) and pull it back on the spin bundle. A
vector on the base manifold is then lifted as

{é(unp = 0"(Dulp — Q4 (2)oap),

0, (@) = 2(@) (85 + 57 Krp)ol (2) + 2 (@) ™, (8:70)
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where g is the new induced metric and f{wﬂu is the contorsion of the new connection, com-
pletely unconstrained.

If the two connections on the frame bundle are unrelated, the connections pulled back onto
the spin bundle will be different. However, this situation changes when we consider spin frame
transformations: take indeed the connection T®(H), where H is a projectable one on e(P).
We now prove that the contorsion ffam of the obtained connection has to satisfy a certain
property in order for T®(H) to be projectable on é(P).

Indeed, the relation between the coefficient characterising the connection T®(H) and those of
H can be obtained by computing the push forward of horizontally lifter vectors. One obtains
that

35.(2) = 65(2) (w3, ()85 (@) + 0uB)(x)) (6.71)

This can be rearranged by writing
W
kg/ﬁ = wgu — wgﬂ = Cbgv,uﬁbg»a

w
where V, indicated the usual covariant derivative with respect to wgu.

Finally, one also needs an expression for the difference between the Christoffel symbols of the
{g} {g}

two induced metrics: using that V ,g,3 =0 and V ,g,3 = 0, one obtains
« ~\«a e} a{g} e’ a, vo A 7P {o} e a, vo 4\ 1 0P Jo
hﬁu = {9}5M - {g}ﬁu = ¢7 \Y (ﬂﬁbu) + ¢79 ¢6gp0¢(5 v,u)¢A - ¢’yg ®59po v/\ﬁb(ﬁﬁbu)-
The following theorem then holds

Theorem 6.4. Let H be a connection on the frame bundle, projectable on the subbundle e(P)
and take T®(H). The latter connection is projectable on é(P) if and only if its contorsion
satisfies

K(0)|(,.) = (K(©) + k(v) = h(v))|(z,2,)» (6.72)

where k(v)|(sz,) = V'S, fa and h(v)|(z,) = v*hS,p0

Proof. The proof of this statement is now straightforward, in light of previous results. Indeed
@(V)](z,2.) = (@ ©) + k() |(z,2.) = {9} () + K(v) + £(v))](z,2.)
= {7}(0) + K()|@ ),
where in the second line we used the fact that T®(H) is projectable. From this we get
K()l(@z,) = (K (v) +k(©) = h(0))|2c)-
Vice versa, recast (6.72) in the following way
K(0)l(@z,) = (K(v) + k() = {5} (0) + {9}(0))| (@)
— ({9}(v) + K(0))|@z,) = {g}(0) + K(©) + k(v)|ze,) = (@(©) + k(v))|22,) = ©(0)|@z,2,)-
We then see that T'®(H) is projectable on é(P). O
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This statement can clearly be written in a more explicit way as

_ gt _ _ g} {o} _ _ - _
Kyp, = ga'yﬁbg \Y [,uﬁbg} - ga’yd’?ﬁ \Y #)gf)z + gory V p(b?ﬁﬁbZ) + ¢ZKU77M¢Z7 (6.73)

which is indeed skew-symmetric in its first two indices, as can be seen by recasting it as

g {9}
Kpsp = 05V w5950 — #5901 V 510p + gua¢,\ pff’g] + 67,08 Kou-

As a consequence of Theorem one has that the pullback of H and T®(H) on the spin
bundle coincides, as expected. This can be seen by computing the coefficients w“bﬂ and by
noticing that

Wy = et ({915 + 0 Kulel + 0uel ) 1 = &6 (Y5, + 3 Koo @, 6, K)IEE + 0,82 ) ™,
which implies that the lifted vectors on P are

‘Z)(U)|p = vu(au|p - Wabuaab|p)' (674)

This conclusion was clearly expected and coincides with (6.61)): however, as we argued previ-
ously, by starting from frame bundle connections, we managed to obtain two expressions of
w“bu in terms of the metrics induced by the two spin frames. This will indeed prove to be

useful to formulate the Dirac equations in terms of the two different light cone structures.

Indeed, consider the triple (e, ) if the covariant derivative on the associated spinor
bundle is given by D,[w] = 9, + % #'yab, the Dirac equation is then given by

ety Dyl + pp = iy Dyl + pgp — *e“Kbcw [ 7]y = 0, (6.75)

where the gamma matrices are those associated to the Clifford generators 4% := n“bj\(eb),

ZZ;ab“ is the torsionless connection generated by the Christoffel symbols of the induced metric
g and p is a generic mass term.

A new spin frame, obtained from the first one from a spin frame transformation generates
then a new Dirac equation (¢, H, \)

e Doy + b = A DL + i — AR e =0, (6.76)

where c% is the torsionless connection generated by the Christoffel symbols of the new metric
g and f(am is given by .

We have then developed a mechanism for changing the metric structure of a certain Dirac
equation, by extending the range of possible transformations acting on the theory. The mod-
ified Dirac equation is then written in terms of a new spin frame, inducing a new metric
structure: the price paid for this transformation is absorbed into the contorsion, which is now
a function of the spin frame transformation itself.
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Let us notice that even if we start from a torsionless connection K,g, = 0, after we change
spin frame, we generally end up with a term, f(am # 0, which describes the effect of an
interaction with the spacetime torsion.

It is then a matter of choosing the appropriate matrix ¢{, depending on which metric struc-
ture one wants to obtain.

Let us now apply these results to the graphene model constructed previously.

Application to the graphene model

Let us compare the Dirac equations with the ones in : we see that the torsion-
less connection w’ has to coincide with the torsionless connection c. Furthermore, the spinors
1 must be identified with x4+ and the mass term p has to be zero. In the graphene model,
the torsion, with respect to the torsionful connection Q. is given by T4 = Tieijkej A eg, in
the 8 = 0 case. Then

1%, = 274€ Tejueny
and the contorsion tensor is given by

Ky = me(€7%eniepjer, + €7epienieny + €7 evie jeny) =
/
= _Tie(?))e)\,u,ua (677)

where e’(g) is the determinant of the metric induced by eL. This allows to compute the source
term appearing in the Dirac equation as

v ik 1 vV AU iTﬂZ / VAL iTﬂ: s UN 1
4 ZK V’Y ’ij = 4Ki/\;w7 Y= —Te(g)e)\;w’y b= _Te( 3)Eaurl€ M%
3
= =T+,
2

which exactly reproduces the results of . We see that in the graphene model the inter-
action with the torsion actually becomes a mass term, as it does not depend on fields or on
the spacetime point.

To understand if this this mechanism can be applied to our model, we need to check if the
transformed Dirac equation preserves the parity symmetry of the honeycomb lattice. In par-
ticular, the torsion interaction terms have to behave like 7+ under reflections:

LR o it = _Lea e7enhh el ¢"v 350 ,1, — LG N o5+
16165 pBuY Y 4Z]k2 H ng ¢9nlp V BIPL
T gun¢s [p¢ﬁ]+¢[p¢ﬂ] "€ﬂ>77
{g
i
= —Ze? ez (gafvu¢5¢)\¢ gT§Vu¢5¢ d)
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{9} _ o
+ gX¢ \Y u(;sggbfla(ﬁf] + QSKKO'T;L) 7Z’y]k
—U+V, (6.78)

where U is the sum of the first three terms and V is the last one. Let us first analyse the
latter, which can be rewritten as

1 1
V= —§Ti¢ﬁ - 57¢¢’5f62‘62*}/%, (6.79)

by making use of . From this last expression, we see that this term indeed behaves like
74+ under the reflection symmetry and does not spoil the parity symmetry of the graphene.
The remaining U term also preserves the mentioned symmetry, as it contains three gamma
matrices.

As we noticed previously, in the starting Dirac equation the interaction term is actually a
constant mass term, as 7+ does not depend on x, if # = 0: this in not the case for the
transformed equations, as both U and V depend on fields and ultimately on z. There are
then two possibilities: the first one would be to relate these terms to defects of the graphene
lattice, as it is known that torsion is indeed linked to dislocations. In this way, one would just
choose a spin frame transformation, thus determining a new metric structure and this same
choice would also manifest itself in the type of spacetime torsion interaction. The second
possibility would instead be to impose conditions on the spin frame transformation, in order
to make the U and V terms spacetime independent quantities: this would allow to interpret
them again as mass terms.

We end now with some comments and discussions on perspectives and future applications of
the obtained results.

6.2 Comments and discussion

The obtained model for graphene-like materials is a framework to investigate a huge range
of possible applications: indeed along this construction, we have made several choices, which
can be relaxed, if necessary. For example, right at the start, we decided to work in a vacuum
configuration, where scalars and vectors are frozen to the value they possess at the bound-
ary: the introduction of scalars could lead to complications, as one would need to consider
the construction used for gauged Supergravities, but it could also help to describe new phe-
nomenological effects.

More concretely, notice that have set 8 = 0 in any point of the manifold: there could be topo-
logical global obstructions to this condition. This idea is closely linked to the one of domain
walls, as one could have configurations in which the quantity X, x+ has different constant
values in any single patch.

Furthermore, if the condition 8 = 0 is not valid for any point of spacetime, the mass terms in
the Dirac equation actually become spacetime dependent and have to be interpreted as source
terms. This theme also appears after we change the light cone structure of the Dirac equa-
tion and could lead to the description of impurities and defects in the 2-dimensional materials.
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The first version of this graphene model has been achieved in [40], in a p = 0, ¢ = 2 case:
from a phenomenological point of view this setting is less appealing than the one chosen here
p = q = 2, as one loses the parity symmetry between K and K’ valleys. However, from a
Supergravity point of view it allows to work in less restrictive frameworks, as one can also
consider dynamical configurations, like asymptotically AdS spaces.

Going back to the key steps needed to obtain our model, we see that it is sufficient that the
Maurer-Cartan equations hold at least at the boundary and this proved to be the case in the
N = 2 pure Supergravity studied in [46]: in that paper the authors studied how to regularise
the action in presence of manifold with a boundary and found that the needed counterterm
require the Maurer-Cartan equations to be asymptotically satisfied.

This framework allows to study the theory from a holographic point of view: the idea is to un-
derstand if it is possible to retrieve the graphene model from a formal AdS/CFT perspective.
The first step in this direction will be performed in the next Section, where we will analyse if
the regularised theory leads to a consistent boundary theory.

The obtained model should also be considered as a preliminary result in view of the more
interesting p = ¢ = 2 case, which would however require a regularised N' = 4 pure Super-
gravity action, in presence of a cosmological constant, which has not been achieved yet, due
to complications related to the presence of scalars and spin 1/2 spinors in the gravitational
multiplet.

7 Holographic analysis of pure N = 2 AdS, Supergravity

In this Section, we will perform a holographic analysis [45] of the results obtained in [46]: this
proves to be useful and interesting for two reasons. The first one regards the way the N' = 2
theory has been regularised: as we will see, the authors managed to add specific boundary
terms with the aim of restoring the supersymmetry invariance of the action, broken by the
presence of a boundary. In doing so, the obtained action has been rewritten in a MacDowell-
Mansouri form [47].

The nature of the added counterterms and the obtained action have then been compared to
the results achieved in 48|, in a pure AdS gravity context, where the authors managed to
regularise the divergences of the action, while rewriting the action again in a MacDowell-
Mansouri form.

From this point of view, it is then natural to ask if the obtained Supergravity theory is finite
and if it yields a consistent AdS/CFT duality, which requires to understand and study the
boundary theory, its symmetries, the currents and their Ward identities.

The second reason for our interest is linked, as mentioned at the end of the previous Section,
to the graphene model: studying the asymptotic limit of such a Supergravity theory would
help understanding if implementing the Unconventional Supersymmetry would allow to holo-
graphically obtain the model for two-dimensional materials.

We first start with a brief introduction on the AdS/CFT correspondence and the topologi-
cal renormalization method in the context of pure GR. We will then perform a preliminary
analysis in absence of fermions, whose contributions will be introduced later on.
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7.1 [Essential notions on the gauge/gravity duality and holography

In its original formulation, the gauge/gravity duality was introduced by Maldacena in [49] as
a relation between a N/ = 4 super Yang-Mills theory and a type IIB Superstring theory on a
AdSs5 x S° background, where the chosen compact manifold is necessary to reach the critical
dimension of String theory.

In the limit in which the classical effective low-energy Supergravity description of the gravity
side can be trusted, the corresponding regime of the dual theory is strongly coupled, which
would be impossible to study with perturbative methods.

The holographic correspondence has been extended to more general backgrounds of the form
AdSp x My, possibly with less supersymmetry, which can be embedded in other string theo-
ries or M-theory, such as the maximally supersymmetric AdSs x S” and AdS7 x S* solutions of
D = 11 Supergravity and variants thereof. A valuable approach to the study of holography on
a background of the form AdSp x Miy is to restrict to an effective D-dimensional low-energy
Supergravity originating from superstring/M-theory compactified on the internal manifold
Mint. The specific choice of Mjy; determines the amount of Supersymmetry preserved by the
theory and the general features of the effective theory.

This discussion can be summed up by stating that the AdS/CFT conjecture is a holo-
graphic relation between the AdSp (Super)gravity theory and a d = (D — 1)-dimensional
(super)conformal field theory at the boundary of the AdS geometry.

Most interestingly, the duality has been extended, on the gravity side, from global AdS to
backgrounds which have an AAdS geometry, reproducing the renormalization group flow of
the dual theory to an infrared (IR) conformal fixed point, the energy scale being fixed by the
radial coordinate on the D-dimensional background. Indeed, the essential ingredient for this
correspondence is the conformal structure of the boundary of AAdS spaces.

The relation between the gravitational theory and the CFT is implemented by identifying
the partition functions of the two theories in the following way [1]

Zgravity[q)i(O)] = ZcFT [j = QZ(O)L (71)

where ®;(g) are the boundary values of the gravity fields ®;, the former being identified with
the external sources in the CF'T side. The generic partition function of a d-dimensional CF'T
is given by

Zepr|JT] = W] — /D(;Seil[‘ﬂ"‘ifa/vt ddrO(qS)-J’ (7.2)

where W[7] is the quantum effective action, J are the sources for the operators O(¢) and
I[¢] is an already renormalised action, written in terms of some fields ¢.

We therefore see that the boundary conditions on the gravity theory are mapped to the sources
on the CFT side. Furthermore, one also has to relate the symmetries of the two theories: local
symmetries on the gravity side correspond to global ones on the quantum field theory one.
The exact equivalence between the two partition functions means that, at least in principle,
if the gravity partition function is known, one can perform computations on the other side of
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the duality: for example, n-point functions for the conformal field theory can be computed as

" Zerr[T]
10T (x1) -+ 10T (zp,) 7=0 '

(O(x1) -+ Oln)) cpr = Zaprl0] (7.3)

However, performing computations involving the String theory path integral can lead to com-
plications, which can be avoided at low energies, where such theory can be well approximated
by General Relativity and Supergravity: in this case, the path integral picks up the on-shell
contribution through the saddle point approximation. The defining relation can then be
rewritten as

WIT = @40)] = Ion—shen[Pi(0)] - (7.4)

In this thesis we will work from a gravity perspective: since the CFT action in has
been properly renormalised from a UV point of view, divergences appearing in the action on
gravity side, due to the presence of a boundary, have to be consistently removed. This process
is called Holographic renormalization [50] and consists of adding suitable exact terms to the
starting action to take care of its divergent IR behaviour.

Let us now focus on the specific case of D = 4 AdS gravity: the local counterterms needed
to regularise the IR behaviour of the gravity action have been initially found in [51], but a
better understanding of their origin has been achieved in [48], where the authors proved that
the regularisation of the D = 4 AdS gravity action was due to the addition of topological
invariant counterterms.
The authors indeed showed that adding the Gauss-Bonnet term to the usual Hilbert-Einsten

actiorﬁ

I=Igg+1Igp =

2 il 7 %) A A A~
g [ eV (R@) +20) = (Ryuas@RD6) - Rus R @)+ R23) )
5

where A is the cosmological constant and g, is the bulk metric, allows to retrieve the known
results. The full action can be rewritten in a MacDowell-Mansouri form [47] as

£2 A
I = d4 ~ . avaps ]
—— /M 2 SGW g W, (7.6)

where WSZB = 7@35 (9) — Z%(s[[gf}] is the Weyl tensor, the curvature of the AdS group. Further-
more, the added boundary term can be rewritten as

Igp = 32n%x(M) + /8 y d*z Bs, (7.7)

5In this Section, hatted objects will refer to bulk quantities, whereas unhatted ones will indicate boundary
contributions.
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where x (M) is the Euler characteristic and Bs is called Second Chern Form.
By making use of the Gaussian normal (radial) coordinates, described in Appendix the
latter contribution can be expressed as

v 1 1
= —4vh 5[2;‘7 K, <2Rg:(h) + Kg;K:> , (7.8)

3

in terms of the extrinsic curvature K,, = ﬁﬁrhw.
Finally, to make contact with the standard analysis of |51], by adding and subtracting the
Gibbons-Hawking-York term, one rewrites the starting action as

I= IHE+— d3x\/ﬁK+/ Bz Ly, (7.9)
87G i,y

where the Euler characteristic term, being a constant, has been omitted. From an asymptotical
point of view, L. contains a single non vanishing contribution, which can be written as

-1 vh ( - R(h)) (7.10)

This last expression exactly coincides with the one appearing in [51] for the AdS, case and
correctly cancels the divergences of the bulk action.

We then see that by adding a single topological invariant term, we end up with a regularised
gravity theory, in which the Dirichlet problem is also well-defined.

Inspired by this analysis, the authors of [46] managed to provide the N/ = 2 pure AdS,
Supergravity action in presence of a boundary with local counterterms both preserving Su-
persymmetry and allowing the full action to be written in a MacDowell-Mansouri form. In
this thesis, we will focus on proving that the derived boundary theory is consistent and we
will be interested in matching the local symmetries of the gravity theory with the global ones
of the CFT, which in our approach match the residual asymptotic symmetries at radial in-
finity. At last, we will check that the obtained boundary theory reproduces the correct Ward
identities on the QFT side, which will be obtained by taking the variation of , namely

5W[j = (I)z(o)] = 6Ion—shell[q)i(0)]'

7.2 Asymptotic symmetries in Einstein AdS, gravity

The analysis of asymptotic AdS spaces in D = d+ 1 dimensions is usually performed in terms
of local coordinates z* = (x*,2%), where 2* (u = 0,...d — 1) describe the boundary and
z = x¢ is the radial coordinate, which reaches the AdS boundary at z = 0.

One can choose a proper patch near z = 0 in such a way that the bulk metric can be written
in the Fefferman-Graham (FG) form

2
ds?® = Gpp dat'da” = ] (— dz? + G (2, 2) dx”dx”) , (7.11)
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where g, is a regular metric on the boundary admitting the following power-expansion in

the radial coordinate z )
z

Juv = g(O),uzl(x) + 572 g(2),¢w($) +eee (7'12)

Subleading components of the metric appear only in even powers, up until the order z4—!

and their precise expression in terms of gy ,, can be obtained by solving order by order the
Einstein equations. As an example, g(2),,, is proportional to the Schouten tensor

o 1 o
2 2
9(2),W == é Suy = g <R'u,1/ - m g(O)HV R) 5 (713)

where RY 2o (9(0)) 18 the boundary Riemann curvature and 703,“, and R are the corresponding
Ricci tensor and Ricci scalar, respectively.

Moreover, when D is odd, a logarithmic term z%log z appears in the asymptotic expansion
of the metric and the mode g(g),, cannot be resolved from the equations of motion, as it
is proportional to the holographic stress tensor of the theory [50,/52]. The FG form of the
metric is obtained by suitably gauge-fixing the spacetime coordinate frame and it is preserved
by a specific set of transformations |53|, which include the Penrose-Brown-Henneaux (PBH)
transformations [54,55] and the asymptotic symmetries, whose parameters take value on the
boundary. More concretely,

6G.. = 0 = £ =zo(x),
2

= g ,0 + O, (7.14)

5guz =0 = é,u =& (z) + 279(0)

where £#(z) and o(x) are arbitrary local parameters on the boundary. These transformations
reduce instead to Weyl transformations when acting on the leading order of the boundary
metric:

69w = Ledoyuw — 20 9oy (7.15)

where the first term is due to boundary diffeomorphisms, whereas the second one is generated
by radial ones. The asymptotic symmetries are of particular interest for our analysis, as they
produce conservation laws which are then mapped into the holographic Ward identities of the
boundary CFT.

Holographic gauge-fixing in first order formalism

When treating the D = 4 gravity theory in first order formalism, besides the known general
coordinate transformations, which define local translations, generated by the parameters p® =
éﬂV‘z, one introduces a local Lorentz invariance, described by the 7% = —5%® parameters. The
AdS gravity in first order formalism is invariant under the general transformations

SVe — ﬁpa _jabe —{—ipTa,
2

6(;)01) — ﬁjab + ﬁp[avb] + ipRab7 (716)
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where D(&) is the Lorentz-covariant derivative and 7% = DV® is the torsion 2-form. We also
introduced the AdS curvature R* = R (%) — g% Veyl = %Rzll’gdxﬂdmﬁ, written here in terms
of the Lorentz curvature R (w), whose contraction is given by z'pR“b = pCV@Rgdeﬂ. When
fermions are absent, one can always choose a torsionless connection, which then implies that
ipT“ = 0. Contractions of curvatures are in general present when one studies spacetimes
which are not exactly globally AdS space.

First order formalism requires to fix some of the degrees of freedom of the vielbein and of
the spin connection: in order to do so, we have 10 local parameters (p?, j“b) at our disposal to
choose. This holographic gauge-fixing has to be performed on the radial components of the
fields, as the radial evolution of gravity considers them as Lagrange multipliers, similarly as
the lapse and shift functions in the Arnowitt-Deser-Misner (ADM) formulation of gravity [56].
This choice must provide the radial expansion of both fields and parameters and must allow
for residual transformations inducing boundary Weyl dilatations. Furthermore, they have to
induce transformation laws of the boundary fields leading to conservations laws.

The immediate choice V¢ = 0, (I;‘Z’b = 0 produces inconsistencies, as the vielbein becomes
non-invertible. A suitable gauge fixing for spacetime diffeomorphisms p* and Lorentz trans-
formations j is

l
Ve = -3, W% =0. (7.17)

These conditions are in principle sufficient to determine local symmetries: however, in order to
reproduce the FG form of the metric ([7.11)), we choose an adapted frame, where the boundary
is orthogonal to the radial coordinate, meaning that

3 _
Vi, =0. (7.18)

With these choices, the vielbein of AAdS spaces becomes

0
Vlu =" Elu(x, z), (7.19)
where F' s finite at the boundary z = 0. This means that is can be expanded in a power
series as

2 3

~ . . z . z :

E’Lu = ElH—FﬁSZM—FETZ“—FO(ZA),

Fap " 2 " 2 @ 4

B, = Ei_ﬁsi_gfgﬂ' +0(z%), (7.20)

where we defined E*; as the inverse vielbein.

Strictly speaking, the inverse vielbein (E_l)”i = E' has the property EV; = gég;ijj,, = E"
following from the invertibility and symmetry of the metric. It implies that one can overlook
the order of the indices in the vielbein and its inverse. Even if in principle the same argument
holds for the bulk vielbein V’p and its inverse V', this is not true for the higher-order terms
in the expansion that are not necessarily invertible. Therefore, we will be able to overlook
the order of indices for the boundary vielbein only.
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These two tensors, Ei“ and E”i, project the indices between the boundary spacetime and its
tangent space and satisfy

4 . .
e = det[V%] = ﬁjég, és = det[E',], ez = det[E}]. (7.21)

Let us notice that, as a consequence of the expansion (7.12)), we see that 9y = 0, which
implies that linear terms in z are absent in the expansion of Eiu. Furthermore, both S% =
S B and 77 = 7' EM can be made symmetric by making use of the residual Lorentz
transformations generated by the parameter
i _ g Z g 22 .ij 23 .ij O 7.99
J = +z](1)+ﬁ](2)+£73](3)+ (2%). (7.22)
The absence of linear terms in E* , implies that jé{) = 0, whereas from

58 = 07y~ B, 07 = 097 — By (7.29

we see that the antisymmetric part is actually independent of #%(z). By then setting jg) =

jzé )= 0, we can consistently choose

sl —q, Ll =g, (7.24)

This result actually extends to all coefficients in the expansion of V% . which can be taken

w
to be symmetric E([Z)] = E“UE(Z]H)M :”O prolx'/ided that j(ifl_H) =0 and n > 1. In the end,
one is left with a Lorentz parameter j¥ = 6% (z), which has a single term in the asymptotic
expansion, representing the asymptotic parameter corresponding a holographic symmetry, as
we will see.

These results and choices are consistent with the FG frame and with the known coefficients

of the metric

goyuw = EiVEZ# )
9y = 2S,uu = KQS;W )
I\ w = 2T - (7.25)

provided that we identify EL as the Vielbein at the conformal boundary, Siu = %Siu as
proportional to the Schouten tensor and 7*, as the holographic stress tensor.

Moreover, once the expression of the vielbein is known, in absence of Supersymmetry, the
expansion of the spin connection is completely determined from DV® = 0. Indeed from

N

Gt = Vo <_ 9V, Jrféﬂvai ) : (7.26)

where fz)/\u is the affine Levi-Civita connection in the bulk, one can prove that dz‘;b =0, as
discussed previously and

(I)LJ = EYI (—BMEiV +FﬁMEiA) = d’;ff(w,z),
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. 1 A, 1 .

~13 _

CL)Z = ; EZH - 5 kuyEV’L . (727)
Here w,ﬂ] (x,0) = wff(E) is the torsionless spin connection on the boundary, F,))H = F,)/‘H(g) is
the Levi-Civita connection at the boundary and

ku = 0.9 = O(2), O, g = —kM . (7.28)
More explicitly, by expanding E "
~ij e _ o] i ij 22 ij 4
ol = wl(z,2) =w](z)+ 2 w(2)u(5’ E)+ A w(g)u(T7 E)+ 0O(z%),
o = %Eiu - 55— 2522 7,4+ 0%, (7.29)
where .. . 4 . 1, . 4 .
s,=8,/=95,, T, = 1 (', +37))="1". (7.30)
As an important remark, we see that in pure AdS gravity, the tensors S’i# and 7:’;“ can be

chosen symmetric and equal to S* , and Tiui the same will not be true in presence of fermions,
where we will see that the group theoretic definition of the boundary Schouten tensor is
actually Siu = e% (S’iu + 5°,,), which correctly reduces to 12% S*, when (7.30) holds. To add
further details on the spin connection asymptotic expansion, from the vanishing of the torsion
one obtains N
. v

E; A W)

which can both be solved in terms of wg), wg), where D denotes the covariant derivative with

respect to the connection wff(E)

=DS',  EjA wg) =Dr, (7.31)

To be ready for understanding the transformation laws (|7.16), one also needs the asymp-
totic expansion of the AdS curvature

3z

}?ﬁ, =—z Ci“,, +0(z%), Rf’z =5 Ti“ +0(2?),
. . 122 1 . s Q. 322 .. (7.32)
Rify, = Wi — 25 By 7+ 0GY . Rk = -5, - 5w, + O,
where C! = %Ci o Azt A dz” = DS’ is three-dimensional Cotton tensor and
W9 =RY —2EIAST =0, (7.33)

is Weyl tensor, which vanishes in three dimensions. For this reason, the three dimensional
Bianchi identity yields

Efncl =0, (7.34)
giving that the Cotton tensor is traceless, Ciij = 0.
Another consequence of the vanishing of the Weyl tensor in three dimensions is that we get
R“b’ = 0: the fact that both tangent and radial components of the curvature vanish in

z=0
the pure GR case will have to be relaxed in the Supergravity case, as we shall see in the next
Subsection.
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Residual symmetries

The chosen gauge-fixing must be preserved by the transformations of the fields ([7.16):
one then has to impose that the variation of such gauge fixing remains constant and this
constrains the form of the parameters. In the GR case, we have

0 = 6V3=0.p%, (7.35)
. 0.
0 = 6VZZ = Zpl —+ ;jﬁ’ (736)
0 = 0V3 =0 —opi + 5V, (7.37)
1 : .
0 = s = i 40,5 + i, R (7.38)
0 = 009 =09,59 +i,RY, (7.39)
where the contractions of the AdS curvature is given by
ey 3z% .
ZpRZ?) = pj <£47' +O( )>
. i3 5 (32° 2 3
ZpRH = —P ETT +O( ) +p7 E C +O(Z’ ) ,
Ny 222 323
. 7 k 7
iR = p ( gTEuk (z)u i Eukw(j) +0(z )) (7.40)
By plugging in these expressions, we get
0 = 8.p°, (7.41)
g3, 1 32%
0 = 08+ p+ 2w (7 +00) (7.42)
o/
0 = 0O, p'+ ;jl , (7.43)
0 = 8up® —@pi+ 7"V, (7.44)
. 323
- k 4
0 = 83] J +p <_€3 EM ( )H f E”kw(S)“ + O(Z )) s (745)

which are equations for the parameters of the theory. In particular, (7.41)) can be solved as
P> = —lo(x), (7.46)

with the boundary parameter o(x) introduced as an integration constant, whereas the next
two ones, (7.42) and (7.43), can be decoupled by eliminating j* and finding the differential
equation in p’, whose solution reads

, 0 . oy 2

7 — = e T ¢ ’L' 3

D z§+€b+£2§TJ+O(Z)’

i 1 i T 2Z2 j 0

= el - e O, (7.47
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The parameters £'(x) and b?(x) are new integration constants. At last, (7.45]) can in principle
be solved by

3
% 4
=0 42 7 §“w(2)“ A fﬂw(?))# + O(2%). (7.48)

However, we already have an expression for such parameter, j¥ = 6%, meaning that one has
to accordingly set N
ij o _
Wiy, =0, (3)# =0. (7.49)
Finally, one also has to make sure that the condition (7.44]) remains satisfied after a transfor-
mation: this means that

9
7 b Eyy, + 0(22) ; (7.50)

has to be solved: the condition at leading order can be satisfied provided that the parameter
0 is not independent, i.e.

2 i
0=06V5, =~ + 65",

b = —22 E"0,0 + S€; . (7.51)
To sum up the analysis performed up until now, the expansion of the parameters is given by
PP = —lo(x),
) Y 22
Po= LE@+ b+ e 100,
ji3 — %gi()—ﬁbz—if]T +0( )
j7 o= 0Y(x), (7.52)

where the independent boundary parameters o(z), £ (), % () are associated to dilatations,
diffeomorphisms and Lorentz transformations, respectively. We can here state the obtained
variation of the relevant fields appearing in the asymptotic expansion of vielbein and spin
connection:

(SEi“ = 'Zo)ufi—f—O'Eiu —QijEju,

68", = Dub'—oS8', —0YS;,,

571'# = bu (537") — 207”' - GijTjM

bl = Db —2BVE 0,0+ 5 ( B0, s + £l sT) ) (7.53)

To check that the obtained residual symmetries match the usual PBH transformations
in metric formalism, one can try and understand if one obtains the correct transformation rule
for the coefficient of the metric g(g),,. As an example, it is known that the third coefficient,
namely ¢(3),,,, being proportional to the holographic stress tensor, transforms homogeneously

and this is exactly what one gets using ([7.53)),
59(3)uy = £§g(3)uy — 093w s (754)
where one has to use Zo)[uEiV] =0 and 15[#7'"1/] = 0. Here the last identity is the consequence

of ([731) and ([F10)
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Conservation law for conformal symmetry

In the AdS/CFT framework, the leading order fields EZ, w,zf appearing in Riemann-Cartan
AdS gravity remain arbitrary functions on the three-dimensional boundary and act as sources
in the dual field theory.

The quantum effective action W in first formalism is then given by

WIE,w]|=—-ilnZ[E,w], (7.55)

where the (external) gravitational sources EZL and wff are coupled to the energy-momentum
tensor J/; and the spin current .J ‘i] The variation of W yields then

. 1.
oW = / (5EZ NJ; + 5 owY A J¢j> , (7.56)

where the 2-form currents J = %JW da* A dz¥ are the Hodge dual of the usual Noether

currents 1-forms *J = J, da#

1
JH = 5, AT (7.57)

Since the spin connection is not an independent source, we must have both in General Rela-
tivity and Supergravity that J;; = 0. Plugging this result in (7.56]) and using the expression
of the variation of the vielbein, one obtains the following expression

0=0W = / [-5@& + (0B = 09 E;) A J,} : (7.58)
from which we can read the classical conservation laws of conformal symmetry in d = 3

¢&: 0= DJ; (conserved J,,)
o: 0= E‘AJ;, (traceless J,,) (7.59)
07 : 0= E;ANJj—E;AJ;. (symmetric J,,)

Note that we have the full Weyl symmetry on the boundary expressed in terms of the
Belinfante-Rosenfeld tensor J';, which can be written as J,,, = —(3/¢) 7, by using the equa-
tions of motion. Notice that its tracelessness is not modified at the quantum level, because
there is no conformal anomaly in three dimensions.

At last, let us comment on the transformation laws of the Schouten tensor: in AdS gravity,
this expression can be computed both from the transformation rules of the vielbein and spin
connection and the results must coincide. The first expression is given in , whereas the
second one reads §S¢ = Dbi—gSi — Hiij + %QC": they differ for a term proportional to
the contraction of the Cotton tensor, which appears rom the contraction of the curvature in
(7.53)).

However, we have chosen a particular gauge fixing, which makes S;; symmetric and, at the
same time, implies wg)u = 0: from we then see that this requirement implies that the
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Cotton tensor vanishes Ciw, =0.

Our gauge fixing in fact restricts the asymptotic behaviour of spacetime to the one with
conformally flat asymptotic boundaries: in the Supergravity case, we will relax this confor-
mally flat boundary condition, because including fermions will naturally imply that Sij # Sij.

We could now compare the obtained conservation laws to the ones one would get by
treating w¥ and S’ as independent fields and by taking Vi’ ~ B, # 0. One would have to
add in the variation of the action the special conformal current Jf); and the dilatation
current Jp) via the respective couplings 65" A Jg); and 6B A J(py and b* would have to be
treated as an independent parameter. They would read

i 2 . 2
& DJi:B/\Ji“i_ﬁS]/\‘Jij"i_zsi/\J(D)a
o fdJ(D) = —EZ/\Ji—FSZ/\J(K)i,
0l DJij = 2E[i VAN Jﬂ + 25’[1- A J(K)j] ,
i 2 . 2
b DJ(K)i = EEJ/\Jij— ZEi/\J(D) —B/\J(K)i, (7.60)

where D is the covariant derivative with respect to the Lorentz connection w/ = &% — 2Bl A BIL.
These expressions clearly reduce to , provided that J;; =0, J(x); = 0 and Jpy = 0.

This discussion simply shows that the full conformal structure is already encoded in ,
even if some fields are composite. In other words, if some fields happen to be expressed in
terms of other boundary fields, their corresponding currents become zero and their associated
symmetries may be realised non-linearly, as it happens for b*. A similar situation will be
discussed in Subsection [7.7] for the superconformal group.

In the following Sections, we will extend the above analysis to the supersymmetric case.

7.3 Supergravity setting

In the geometric approach to the N' = 2 Supergravity in four-dimensional spacetime, one
considers the Lie supergroup OSp(2|4), whose algebra behaves like . The bosonic gauge
algebra is given by the product so(2,3) x so(2), where the first factor corresponds to the
isometry group of AdS,; and the second one describes the R-symmetry of the theory. The
physical fields, as described in Section , are the vielbein fo, the gravitino W4, the SO(1, 3)

spin connection @gb and the graviphoton Aj.

Here the indices A, B... = 1,2 are in the fundamental representation of so(2) and, as men-
tioned previously, hatted quantities refer to bulk objects.

Since we are now studying a dynamical theory, one introduces a Principal bundle with
OSp(2|4) as the fiber: the curvatures, which are defined as in (5.6)), readﬂ

Rab — ﬁab . E% Vavb . % 5AB@AF(16\I/B ’

SLet us notice that, in comparison with the previous Section, the gauge field has been here rescaled by a
1

factor ;.
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Apayg, | (7.61)

1 - i
—A B 5,5, 0BV
57 €AB N\ %5ABa Ve,

R = ﬁva—%ﬁ
1

pa = d¥s+ Ta@™ ATy -

= dA—ﬁA/\\I/BeAB.

We refer, as done previously, to Appendix [B| for properties of spinors and gamma matrices.
The defined curvatures satisfy the Bianchi “identities”, which, as said, contain the information
of the equations of motion

A A 2 o 1—a
DR = VIR + Z0T%p
2V +t7 pA,
'ZA)RG = R“bV” + i@AFapAA , (7 62)

. 1 - 1 1. 1 . 1 ~
D ~A — —A AB ~ -T a ~A - Fab\IJ — _F AB\II -T ‘IIA a
P 20 € PB Y, NP +4Rab A Y, € B+2€ a R",

dF =228 1 pp .

These equations allow to completely determine the expansion of the OSp(2|4) curvatures in
Superspace: indeed, as a consequence of and the quantities in must be expanded
in Superspace only and the coefficients along supersymmetric directions must be proportional
to the coefficients along the bosonic directions. By taking a generic ansatz and by plugging
it into the Bianchi identities, one obtains the following rheonomic parametrization

R = 0,
F = F,Veve,
. ) . )
prt = AV - %raquvaabeAB — ST wPV FyetP, (7.63)

A~

- _ 1_ - i -
RY® = R¥yeyd _ @fﬁﬁcmvc -3 U4 UpesapF® — %\I/Al“g,\I/BeAB *Fab,

The Lagrangian for a manifold without boundary can be obtained by following the building
rules in Section |5} The result of such procedure is E]

i

1. _ 1 _
P = RV egpea + T, DspaVe + . <F +3 7B AB) T T e

i A aysb 1 aysby ey d
— — U] s WA VIV — — VAV CVY 7.64
20 abl 5% A ]2 €abed ( )

1/ N P
+7 <FCdVaVbF -3 FlmFlmV“VchVd> €abed -

The zero-form F appearing both in and in the lagrangian above has been introduced
to effectively perform the Hodge operator of the field strength Fin superspace, as its equations
of motion exactly yield F®0 = Fab,

Let us notice that the very same lagrangian can be obtained by studying the effective theory

"In this Section we will often omit wedge symbols between forms in order to ease the reading.
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around a vacuum of the generic N' = 2 Supergravity lagrangian coupled to vector multiplets
and hypermultiplets [57]. This vacuum, which is indeed an AdS vacuum, is obtained as a
maximum of the scalar potential V' (¢): most notably, it admits a consistent truncation of the
theory, in which all massive fields can be set to zero. This indeed allows to retrieve the pure
Supergravity case and in particular the lagrangian
Since the lagrangian has to be integrated on the base manifold, considered as embedded into
the Principal bundle, namely

S = Lbulk’

MCP

the fields appearing here must be forms in Superspace

Ve(z,0) = V%(x,0)da’ + V4 4 (x,0)d0>

6®(x,0) = &% (2, 0)da’ + 02y (x,0)d6™" (7.65)

Ui (x,0) = U (x, 0)da + U 45 (x,6)d6°7 '
A(x,0) = Ay(z,0)da? + Ay a(z,0)d0°" .

Moreover, one can always restrict to a bosonic hypersurface M C M: this procedure allows
to restrict the fields to spacetime quantities

Vix) =V x,0)|p—a9—0 = V(x,0)dz",
~ab ~ab ~ab (i
w¥(x) = @*(x,0)|p=a9—0 = W3 (x,0)dx",
A( ) A( )o=do=0 ;;( ) A (7.66)
v SL‘) =V (xa 9)|9:d9:0 = \Ijﬂ (.CU, O)dl‘u,

~ ~ ~

A(z) = A(z,0)[g—a9—0 = Ap(x,0)da’ .

If the spacetime manifold has a boundary, one is forced to add exact terms to preserve
Supersymmetry invariance: let us review this procedure, by following the analysis performed
in [46].

When the lagrangian is integrated on the bosonic manifold M, considered as a submanifold
of the whole superspace M, the supersymmetric variation of the action is given by

5.5 = / LI = / (iedL + di.L),
M M
which implies
1.dL =0, ieLlgp = 0. (7.67)
The only possible total derivative terms compatible with the symmetries of the theory are

N SN 8i - p) - 4i .
J,boundary _ -3 <RabRCd6ade + ?IEAF5PAA _ YIRab\I/AFabI—%\I/A + F; dA \I/AF5\I/B€AB> :
(7.68)
which allow the total lagrangian L = LPuk 4 ppoundary 6 gatisfy the desired conditions (7.67)),
provided that
R®om =0, palom=0, Flopy=0. (7.69)
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Let us understand the origin of these constraints: to this end, first rewrite the full lagrangian
in terms of the OSp(2[4) curvatures in a MacDowell-Mansouri form

62

L=-—
8

R N . 1/ - . 1 ~ -
R® A Repoq — 105" T5 A pa + 1 (FCdV"VbF -5 FlmFlmVaVbVCVd> €abed-

This expression, since we are now in spacetime, can be rewritten as

2 . . 1. R
—S RN R e - i05"Ts A pa + LFNF, (7.70)

Espacetime —
where the Hodge dual in spacetime is defined in the standard way as
~ 1.~ N N e PN N N

F = B *Fﬂf, dz* Ada¥ = 1 €ADpi Frodz* A da” .

By taking the variation of (7.70)) one obtains a bulk term, giving the equations of motion,
which we will discuss below and a boundary term, which reads

9

0 _ 1 . .
/ <6dﬂ” A Ry — 20060 T5 A pa + ~0A A *F>
om \ 4 2 oM

from which we conclude that has to hold, if the variation of the fields at the boundary
is different from zero.

Let us notice that boundary terms are the supersymmetric generalisation of the ones
appearing in (|7.5)) and actually reduce to the Gauss-Bonnet term, when fermions are switched

off. Moreover, the obtained action ([7.70)) is the direct generalisation of (7.6]).

The equations of motion can be computed both from the bulk lagrangian and from :
the two results clearly coincide, as the two lagrangian differ for exact terms. In the following
analysis we will make use of both ways of computing the equations of motion, so we will state
here the result of both methods. By using the bulk lagrangian, one obtains

6™ V'R =0 = R =0,
1, — . A B
I T, Tspa + *Ep VOF — o5 FIEVIVV qha = 0,
0 VoTspa — eap VP F 4 ie ;g FT5 08 =0, (7.71)
SA: d'F — 2ie*BUTspp = 0.

whereas by taking the variation of the full lagrangian, only the equations of motion for the
spin connection and for the gravitino are modified and read

1 . . _
6™ = S DR eqeq +i T, Cspa =0, (7.72)

_ / . . . .
5T TP UAR e apeq — AUT5Dpa +T5Aeapp” + TaV'Tspa — eapt™" F = 0. (1.73)
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We again stress out that these two result exactly match up, upon use of the Bianchi identities.

Let us observe that the outcome of this analysis resembles the results of the pure GR
case in [48]: in both cases the addition of counterterms allows to obtain a lagragian which is
quadratic in the curvatures. In absence of fermions, the counterterms also prove to be useful
for an asymptotical analysis of the theory and it is then natural to ask ourselves if the theory
is finite and well behaves also in the supersymmetric case. This will be the main goal of
the following Subsections and will heavily rely on the transformation rules of the fields: by
using , the rheonomic parametrization and by finally projecting the fields on the bosonic
hypersurface, one obtains

Ve = Dp®— jV, +ie 04,

. 2 - o 1 e)
6w = Dj+ VI + 2R ap VY Oy W + €T - eV
+eBENT yep + 1P FT s,
1 i ' ; 1 ;
00t = =2 T — ﬁ T, U4p® + 2 gApe Ve + %Pa\I/prFabeAB + 5 D50 " Foy pe”

5\ R 1. . . ~

+ﬂ ABU g + Det — Y] A Bep + i etve — % ABF VT %p
1 -

= AB*F s egV?,

~

§A = AN+ 280 Beup + 2 FyptV?, (7.74)

where p®, j%, €4, and A correspond respectively to diffeomorphisms, local Lorentz transfor-
mations, supersymmetry and U(1) gauge transformations.

We now focus, as done for the AdS gravity case, on gauge fixings and asymptotical analysis
of the fields.

7.4 Near-boundary analysis of Supergravity fields.

In the present Section, we are going to apply the holographic techniques outlined in Section
to the 4D Supergravity theory presented in in the previous one.

The transformation laws of the fields now depend on the local parameters p®, 7%, A and € A
and we will use this freedom to fix the radial components of the fields, which are unphysical,
either being Lagrange multipliers or non-dynamic variables.

In particular, we want to choose a suitable generalisation of the gauge fixing conditions :
the asymptotic behaviour of the vielbein remains the same as for gravity, because it is deter-
mined solely by the metric , whereas the behaviour of the spin connection can be eval-
uated from the vanishing of the supertorsion and receives also a contribution from fermions.
The gravitini also act as a source for the electromagnetic field, determining the fall-off of the
graviphoton connection.

We then first analyse the asymptotic behaviour of the gravitini: to this end, it is convenient to
express them in terms of the chiral components with respect to the matrix I'3: ¥ = U +W¥_,
where the eigenstates U of the matrix I'* are defined by eq. .
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We are interested in gravitini whose fall-off is as given in , namely ¥, 4 = O(2F1/?)
and V,4 = O(zil/ 2): from a group theoretical point of view, the same result corresponds
to the request of covariance with respect to the OSp(2[4) group. In particular, the subgroup
SO(1,1) € OSp(2[4) that parametrizes radial rescalings in the bulk and dilations on the
boundary defines a scaling (+1/2). This requirement can be better written as

z z

:Fl
2
Ut = (Z) OAu(2,2), Uyt = <*

.
2) 7 pasala.2). (7.75)

where the Majorana fermions ¢ 4,4+ and @ 4.+ are reqular functions at the boundary and can
be expanded as power series in z.

These relations are also consistent with the condition that singles out the spin 3/2 components
in the gravitini,

T, VE =0, (7.76)
which in the FG frame (7.11)) reads

(T pp) VE + (MP04,), V3 =0.

In this thesis, we will be interested in asymptotic behaviours consistent with ; however,
let us notice that if we relax the conditions of FG metric, allowing instead for asymptotically
non vanishing Vlf, then more general asymptotics for the gravitini components W4, can in
principle be considered.

Furthermore, since the supersymmetric transformation of the gravitini must be of the same
order in z as the gravitini themselves, one must have 6. 4,4+ ~ 75“6 A+ ~ €4+, namely

2\ F3
as = <Z> ® Hasl(z,2). (7.77)

where H 4 (x, z) is regular Majorana spinor.

With respect of the subgroup SO(1, 1), the bosonic fields @~ and A have zero scaling, whereas

Vi w™ can be combined as

; L i
Vig =g (67 £V5) (7.78)

having +1 scaling. They asymptotically behave as

i Z\FL
Vie=(3) B2, (7.79)

where the regular functions E% have the following power expansion in z

2 Qi _ Qi 3 1 _ 9=t
;iSM SMZT 2T

i _ 4 M 1 4

EJFM = EM—FEQf‘FE#—FO(Z),
. £2 . zTi +27:Z

E, = -8 - £ _ oF .
L R O(z?) (7.80)
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In order to relate the behaviour of the gravitini to the one of the graviphoton and the
spin connection, we state for completeness the convention used in Appendix [D| and here-
after: unless stated differently, all regular functions on the boundary that appear here,
f={w!, w, ©Apts PAz+, Hax,...}, are generically expanded in a power series

> Z\ "1 z 22
f(a:,z):z<z> f(n)(x):f([))(x)+Zf(1)(x)+ﬁf(2)(x)+"" (7.81)

n=0

Using these conventions, we turn to the behaviour of the A, component of the graviphoton:
the appropriate way of performing this analysis is by computing the equations of motion at
various orders, as done in Appendix [D.3] It turns out that there are only two possibilities, as
shown in (D.44)): either one allows for a p2 # 0 expressed in terms of a graviphoton, whose
radial expansion starts at diverging order O(z~!) or one consistently sets ¢, = fl(,l)z =0.
Both choices lead to well-behaving equations of motion and transformation laws, but only
the second one can be coupled with the condition . In the following we will mainly be
interested in the choice

oA =, (7.82)

keeping in mind that, by relaxing , one could allow for different asymptotic behaviours
of the fields: this could become relevant when dealing with graphene models and with the
decomposition , which is actually incompatible with itself.

A stronger condition ¥ 4,4 = 0 was considered in [58| in the context of N'=1 AdSs Super-
gravity. An advantage of having W4,4+ # 0 is to provide more freedom that could be used
to simplify complicated fermionic expressions. We will see, though, that the presence of this
particular field will not modify the asymptotic behaviour of the theory.

Finally, the asymptotic behaviour of the spin connection is computed in Appendix
where it is found (see eqs. (D.7])) that @2 # 0, but it is still subleading on the boundary. The

behaviour of the spin connection will then be expressed in terms of the following functions

. .. z ..
=w'(x, z), wY = 7 w(x, 2).

To sum up this discussion, the results of of Appendix and show that the gauge-
fixing conditions have the form

~i3
wZ

l i . z +1
Ve = e WP =w(z,z),  Via = (Z> P pian(r,2), (7.83)
i ~ij Zid A ¢ Z 3
Vi, =0, Wz :Zw](xaz)a A, = ;A(—l)z(x)—i_zA(l)z(x)_'_O(z )?
where, for the sake of completeness, we distinguish the particular cases:

Uy #£0 = A, =0(1/2), w'=0(1), w? = O(1),
U, =0 = A, =0(), w=0%, wi=0(Q1), (7.84)
Up=0 = A, =0(), w=0, w? = O(1).



When dealing with bispinors, we will opt for avoiding heavy notation and we will give different
names to different orders in z, contrary to the convention chosen for quadrispinors (7.81): in

particular
! Z 4 z @ZJ“Z z C‘lz
Pie = ‘ Z(x’z)_\/;KO>+€<O>+O(Z2)}’

A \/sz(x, 2) = \/f Ké) + Z(é) + 0(22)} . (7.85)

It is important to emphasize that we assume that the gauge-fizing functions do not trans-
form under local transformations. This is equivalent to the statement that their transforma-
tion law can always be reabsorbed in higher-order terms of the asymptotic transformations.
However, the quantities w(x) and w% (z) are not gauge fixings, as they are obtained from the
vanishing of the supertorsion condition. It is straightforward to check by varying the super-
torsion that dw’, dw™ # 0 and that we can set w® = 0 consistently (with w’ = 0). However,
if w # 0, then dw' # 0 as well. The same is independently true for w®”. Nonetheless, Jw’ and
dw" always appear at higher-order and they do not influence the near-boundary expressions.

S
i
I

The boundary fields are then expanded in the following way:

Vi = ﬁEiu+zSiu+zjri#+O(z3),

o = %Ei“ ~ 55— 2;2%@ +0(2),

WY = wfj(m, z) = wff + %wé{)u + Ziwg)u +O(2%),

Ay = Au@,z) = A+ S Ay + ”ZjA(Q)H +0(2%), (7.86)

v = \/E P (2,2) = \/E ng*) + Z(C*g*) + ZQ(H;):*) + O(z?’)] :
Vi = \/jwﬁ‘(x’z) B \/i !(1/},??_) i 2(42‘) +OE)

where all functions on the right hand side of the equations are finite at z = 0. Let us remark
that we are allowing for linear terms in the expansion of spin connection and graviphoton,
because in principle they could be switched on by fermions.

Moreover, since the spin connection cannot be completely determined by the vielbein, but also
receives contributions by gravitini, the subleading terms in ‘the expansion of d)f’, giﬂ and %i#
are different from the Riemannian counterparts Slu and 7',. The boundary super-Schouten
tensor is now defined as

)

1

=5 (8, +5) (7.87)

and, as we will see, it is the gauge field associated to special conformal transformations. Sim-
ilarly, we will see that the combination —(Tiu + 2?%) /¢ becomes the holographic stress tensor,
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up to the fermionic terms. Let us observe that the super-Schouten tensor is not just
the bosonic Schouten tensor computed in presence of a torsion coming from spinors, but it is
its supersymmetric generalisation, as we will see later.

Notice that there is now an obstruction to symmetrize Siu and the holographic stress tensor

because the terms 5*, and 7', are not a priori symmetric in presence of the gravitini.

Because of their importance in this discussion, let us concretely compute the antisymmetric
parts of both quantities, Siu and ’Tiu + 27”'H and express them in terms of fermion bilinears.
To explicitly perform these computations, one needs the following quantities, which arise from
the asymptotic expansion

Sw = E; S TMV:EiMTiV,
S = EiyS%, Fw = Byt (7.88)
S = Ei.S',

From , in the case 90;4_ = 0, we have

~ o A P A
Sur = Svu = L) A+ (0)-1) T PO A+ 1) Pl0)+2
~ T + 3TV;L 14 — A —A
Tw = ——r 135 <—<PA+[,AP7V} +190+(MFV)SOA+2>(1) : (7.89)
from which we see that fermions do act as an obstruction to the antisimmetrisation of such
coefficients
S = Spu—L A
(0] [vu] — EPO)A+[pP(0)-v] 1
N 1 [y A _ A
Tw) = 57wl ~ 3 (SO(O)AHW@H} +90(1)A+[u90(0)*v}> : (7.90)

We finally see from the definition of the super-Schouten tensor (7.87)) that

2 1_ A 1_ A
S/J,I/ = ﬁ S(,uu) - Z 90(0)A+[,u§0(0)—y] + Z@(O)AJr(VFu)SO(O)-FZ ) (791)
which implies, as expected, that
2 i A
Sy = 7@ Sew) T 5P+ o)1=
1_
Spw) = =3 POA+HEE() ] (7.92)

We observe that the antisymmetric part does not vanish for arbitrary fermions cpf} . these
components must remain arbitrary and unconstrained if we want an interesting boundary
theory.

Similarly, at the next level in z, the combination 7, + 27, behaves like

T + 2T = 3Ty + 1 (_¢(0)A+[u90241)7u] - ¢(1)A+[u90€(13)fv}
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+ 180y (u Ey Disp 1) = + @é)wEi)FWU)AH) (7.93)

and it is not symmetric in general,

~ _ A — A
T + 271 = —€ (B10)asu(hyo) + Py Ariu ity (7.94)

We can now safely discuss gauge-fixing choices and study under which conditions they are
preserved.

7.5 Gauge-fixing analysis

So far, we have chosen the radial components of the fields ([7.83]) in such a way that they
generate the asymptotic expansion of the fields (7.86). To perform the analysis of these
constraints, one needs the following observation.

Rheonomic parametrizations.

The transformation laws explicitly depend on the contractions of the supercurva-
tures. The proper way to account for all contributions requires to know the near-boundary
behaviour of the rheonomic parametrizations appearing there. The simplest way to proceed
is to project the expressions on spacetime and to identify their asymptotic behaviour
with the one of the spacetime projections of the supercurvatures. One has to start from the
U(1) field strength, whose parametrization takes value on the 2-vielbein component only. One
then proceeds to find 54 b from the curvature of the gravitino, which can be further used to
compute the coefficients @ Ale and Rgg appearing in the last of .

By following this procedure, one can determine the asymptotic behaviour of all the su-
percovariant field-strengths, whose derivation is fully carried out in Appendlx [E] We sum up
here the main results obtained there: For the parameters F,;, and o b

. - 1 r2\2

Fy =0(z*), Py =—5(3) AauBl+ 0,

~ - 1 /2\3

phe =0, b =5 (3)7 Bl + 0GR,

p_ =0, Py =02, (7.95)

which can be combined to express the radial power expansion of Rgb, which reads

~. i /z
B = o5 (3) LB (ViCars + 7 Can U E") + O,
- 1 /2 . _ o
ijg o~ (= o g . [t pglv 3
RY)3 = i <€> Ek (w(l),u lw#+7 E CAu—i-) +O(Z )7
Ri3j3 = 0(23) s Rijkl = 0(23) . (7.96)

It is worthwhile noticing that all expansions (|7.95) and (7.96|) are subleading in z and, when

they are slower than O(z3), this is due to the linear terms in the connections, namely Ay
iy )

"szl)u and (/.
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Residual symmetries.

We can now look for the residual symmetries that leave the gauge fixing unaltered:
SVE=0, JA.=0, Uiy =0, 0B =0:%, &Y =0(). (7.97)

As discussed previously, the gauge fixing conditions on the vielbein and gravitini actually
determine the behaviour of the spin connection: in particular, a transformation of the radial
components of the spin connection must not introduce new powers in the asymptotic expan-
sion.

The corresponding parameters can be expanded as in eq. ([7.81]), where we keep the same
notation for the leading orders of the bosonic parameters as in (|7.52)),

oz 22 i
=24 +Zp(1)+€7p(2)+0(23)7
R e A +0(2*)
p= ¢ PO) T 2 P2) T Ps) ’
7']:9”4-3‘]1]4—51 3 +O( )
J 77 p%) @%a

i 1., =z 22
]32*5—1‘*]3)4‘623(2)"‘0( )

A=A+2 Nn+0()
- L= () i)
AN 1 T

The subleading Lorentz parameters can be set to zero, as done in Subsection[7.2] by a proper
symmetrisation of the vielbein coefficients in the expansion. We therefore take

i i i

Jay =0 Jizy =0 Jizy = 0. (7.99)
The higher-order coefficients can also be cancelled out, but they do not influence our results so
we will not consider them here. The above conditions imply in ((7.86)) the following symmetry
properties of the vielbein components,

Tuv = Top SMV = Syu . (7100)

We start from the spin connection condition 6&7 = O(z), which means that the finite terms
must vanish. This computation yields

ij 1 LA il L4 i iy
0= = 5 €'+ €D B Cavy — ST B Gy + 0(2) =0, (7.101)
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which amounts to solving the following algebraic equation
.. . 7A _ . .
f“wzjl)# =i (f‘%,ﬁ - ni‘) NVEEW Yy (7.102)

The leading order parameters ¢ and nf must remain arbitrary if we want a genuine and
ij

. Dp
CAp+- Since we already know from Appendix |D.1) that wzjl)u = 0, we choose a particular
solution

interesting boundary theory: this is instead an equation for the subleading fields w and

Caps =0, (7.103)

which also appears in [58], in /' = 1 Supergravity. It is crucial that these fields remain zero
after a generic local transformation, namely &Uz]l)u = 0 and 64yt = 0. This consistency

check will be performed later on.

Another constraint on the parameters arises from the fact that the FG coordinate frame
1' does not admit finite terms in the expansions of Vi/t and d)ff’. Local invariance preserves
this frame only if

, 1.
0=V =—5 Buply = ply=0. (7.104)
As a side note, this is consistent with the fact that (5@23)(0) = —e% EL p?l) must be zero as well.

On the other hand, the invariance of U4  under transformations yields at the leading

order
A order\/g 1 A A
0 = qut, =T 0= (”(1)+ —gﬂgw) , (7.105)
ordery/% 1 i L
0 = owd, T=XT 0= () —eGh ) 4t P A" (ms — € ms)
which can be solved using eq. (7.103)) as
i v
Uﬁ)+ =0, 77(A1)_ = 5“([?_—1 GABA(l);ﬂ# (MB+ —&"¥Buy) - (7.106)
From the conservation of the graviphoton gauge-fixing, we observe that
N 1 1 i
0=0A, = 7 )\(1) -7 A(l)‘uE;L +0(z2) = )\(1) = A(l)ufu . (7.107)

We finally turn to the analysis of 6@ = O(22) and §V/ = 0: their finite order leads to
the expression

) AT -7 1 % ] e )

There are two unknown parameters, pél) and jg’) and only one equation: this leads to an

arbitrary vector K'(x) in the solution, which will be associated to the special conformal
transformations on O M, as we will prove later. The solution for the first order parameters is

7 i €2 7 7

90



13 i 62 i i

where m/(z) is a function that depends on the gauge fixing
4 1/ 4 A
m'(z) = -3 (w(f))fj + 17y ¢Az+> . (7.110)

At linear order in z, by making use of the rheonomic parametrizations in Appendix [E] one
gets

0=0Viy, =33 + 5Pl 7'

Y4
~13 13 1 7 A
where we denoted
(@) = wi)&+inear (i,
SZ(CC) _ —lf#(T _47:)1 +iq i A _é—/.LEiV 7 CA s ,u,,lL iCA
- / Iz nN+A7Y <+z Q;Z)JrA,u —v i +ApY Sz

1 v —A inA [ 1
—ZS“E easl Y UE Ay, + B <46A37p¢fu14(1)p + CAu> ,(7.112)

where the expression for the function wg) can be substituted from the vanishing supertorsion
equation (D.13)) in Appendix
ij 2 SNij i A
wily = =5 (1= DT BT 1 (7.113)

The solution for the second order parameters pl@ and jf;’) is unique,

p‘@ = (si — Qni) ,

Wl S Wl

Gy = 7 (n'—2s") . (7.114)
In our computations, we will only need the following combination of the parameters,
Uiy —plgy = £(n' —s") = =1 +27)", + L"EVPyaull, (7.115)
+% quiVEABJﬁJ{Vpd}quLA(l)p — (B (; eaY Y, Aqy + CAu> :
After all the above considerations, the residual local parameters can be written as

PP = —lo+ 0%,

2

R i
p:;§+zb +€7p(2)+0(23)a
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751——bz+€2 Ji + 0%,
I = i 4 O(:2) (7.116)
5\ = )\+E A(l)p,gu + 0(22) ’

14

¢ A
A_ 5 (N+ 1/2
€l \/Q<O>+(’)(z ),
eA:\/Z 0 +0(2%?)
— g né )

where the pl(é) and jég) terms will play a role in cancellation of terms in the next step, but
it will not influence the transformation law of the holographic fields. We also expect the
conservation laws not to depend on m! because it is a gauge-fixing function. Without the
gravitini, we have b* = b = % K' w% = 0 and the result coincides with the pure AdS case

(752).

We therefore see that the independent residual parameters in N’ = 2 AdS, Supergravity
are

o(x), '(x), 67 (x), Nz), ni(x)

and they are associated, respectively, to the dilatations, diffeomorphisms, Lorentz, Abelian
and supersymmetric transformations in the holographically dual theory.

Let us notice that the parameters b* and b are not on the same level as the others, because
b' — bt = 2¢m’ is nonphysical and b + b* = (2K" is not independent due to the condition

0=0V? = 00,0 — (B K; + S 4+ Taptbay — Ta_thran + O(2), (7.117)

which allows to solve the finite term for K* as

1 A ~
K'= S E" (—l0,0 +1&; 8, +17] A —ma ) (7.118)
This confirms that K is not an independent asymptotic parameter.

This last step completes the analysis of the gauge fixing conditions and we can now study the
transformation laws of the holographic fields.

7.6 Transformation laws of the holographic fields

Determining the transformation laws of the boundary fields is a fundamental step in order to
identify them as the sources of the boundary CFT and to obtain the Ward identities of the
dual theory.
They analysis performed in the previous Subsection left us with the following power expansion
of the fields

[ 2 z2
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4 1 . ~. 92,2
o =< By =58, - 7+ 0GP
~ij ij_i_zj i 0%
Y T YT Yo =)
2

z z
A, = AH—FZ A(l),u + 7l A(g)u + 0(23) , (7.119)

- (2 () -]
-l ()]

From the bulk transformation law (7.74) and by writing the result in terms of boundary
1-forms in a basis dz* of OM, we find

SE' = D¢+ oE —0VE; +in{y "4,
) y .y a1 g 1 g
6wl = DO+ 260N L 2 KVEN + Gty s+ G
SA = d\+ 2eap T8 + 2eap YD (7.120)

for the bosonic fields and for the gravitino

i 1 1
0Yia = Dnay+ EEZ%‘T]A— — ES’W_A + B oA

1. 1 s 1 5
—ZQijyingA_F—l-ﬂ)\eABer —ﬁAEABnJr. (7.121)
Now, as a consequence of ([7.69)), the OSp(2|4) supercurvatures vanish at the boundary. These
conditions can be asymptotically expanded and read

. . L1 — .
RY —2Fl ST — Zgz)fM%A, =0,

i
Vi + JEA it = 0. (7.122)
The first equation can be interpreted as saying that the supersymmetric generalisation of the
Weyl tensor W% = RY — 2 Eli A 87! vanishes on the boundary and can be solved in terms of
the super-Schouten tensor as

1 1 /— — 1 —
S =Ry — 5 guwR — 7 <1/’+A pfyp/ﬂ/’fAV — Yy ﬂp/ﬂ/’pr ) G4 A pr/\Q/)—A >\> - (7.123)

4
The above expression confirms the previous discussion regarding the difference between Schouten
tensor and super-Schouten tensor.
The second equation can instead be solved in terms of 1/1;‘, as

/g v
Yoy = " 2es e Py Vb a,, (7.124)
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by using the gamma matrix relation v, = v, — guv-

These results show that Siu and _4 ,, are not independent fields since they can be expressed
in terms of the supervielbein (E°,,11.4,) and their curvatures.

Their transformation laws are therefore on a different level with respect to the other non-
composite fields, as they also appear at a subleading order compared to the other fields:

. . . g 2% . ,
08" = DK'—0S' —67S;+ A4 + &7,
T i . 1
0p_a = Dna-+ 9 S"vinay — 9 K'yitpya — 5 oY_a
1 1 1
— 0o g+ — A B__— 4 Biva. 7.125
1 7 vie-at o, €ABYZ 57 A€ABn= + XA ( )

Eqgs. (7.120)—(7.125)), together with the transformation law of B = V:de“ given by eq. (7.117)),

define the full set of N' = 2 superconformal transformations on the boundary 1-forms E?,
B, S, w9, A, ¥+4. The factors ¢ ensure dimensional consistency of the equations with
Vil =1L (8] =L [pf,] = L7V [¢"] = [¢] = L and [] = L'/2.

The contributions £ = £, dz* and »A = Zﬁ dz* come from the contraction of the curvatures
and read

i 2 = ki 1 =i3 A g A ¢j
Ey = 7 R(g)jk‘f B+ 7 O5/2)-4); (77+E]u - 7’/)+M§J)
v 1 1—4 i 1=i3 v j
= 2 <D[u5 p [27%—7 @ZJMA) - E@A\j—(5/2)(£ 7/};4+ - ﬁf)Efu
il -
S = 2BLEY (vwa_ +3 Skywﬁ) §¢E,, (7.126)

where we have used the expressions of the rheonomic parameters in Appendix [E]
The spinor E"L is the contraction of the Cottino, which is the leading term in the expansion

of pA:

. z (0
pé;w = 7 (Qﬁy> + O(Zg/Z)a (7.127)

with Qf}u = 2V[u1/1fy} -1l ’yl-wa[NSiV] . The tensor Eiu can be compared to the result described
in the pure gravity case: the first term is the contraction of the super Cotton tensor

i ; 21 —4
C = 2DS') - 72 VY Y- A (7.128)
whereas the second term contains the contraction of the Cottino and of the curvature ﬁé Py
as shown by
3|7 i . (i~§)3 1 . A
Osa—a = ~27B(3 901 + 5 BBy, (7.129)

In the end we get

24 = 04,
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. PR N .
We now observe that we could in principle fix the value of Hf} " by solving [)241 Nt = 0 and
we could fix its form by suitably solving 6H;‘ . = 0 in terms of the subleading parameter né)_.
However, the result does not have observable consequences near the boundary, thus we will
not proceed in this direction.

If we restrict the set of fields to EZ, Yy Ap, w,aj, A, and the parameters to £ mya, 09

and A, we see that EL transforms as a boundary vielbein, w}f as a boundary spin-connection
and 14 4, as a boundary gravitino, charged with respect to the SO(2) R-symmetry connec-
tion A,. Correspondingly, the parameters €, nya, 09 and X\ are associated to boundary
diffeomorphisms, supersymmetry, Lorentz and SO(2) gauge transformations, respectively.

On the other hand, the boundary function o, with respect to which all the above fields
have definite weight (1 for Ef“ 1/2 for 14 4,, and 0 for w,/ an A,,), is identified with the local
parameter associated to Weyl dilatations because it produces rescaling of the vielbein, and
therefore of the metric.

In the same fashion, the superconformal transformation is characterized by the local pa-
rameter 7)_ 4, with the corresponding gauge field 1¥)4_. The parameter K, although not inde-
pendent within the gauge choice V/f = 0, corresponds to special conformal transformations,
whose associated gauge connection is the super-Schouten tensor.

Let us conclude with a comment on the obtained transformation laws: the variations of
the super-Schouten and of the conformino fields contain additional terms coming from the
contraction of the curvatures. If we had chosen a gravity theory on global AdS these terms
would be absent.

As we recall from the review of the geometric approach, their presence indicates that we are
indeed studying a dynamical theory and that the theory is only locally invariant under the
OSp(2|4) group. This is perfectly analogous to what happens in GR without cosmological
constant, which only locally is a Minkowski space having the Poincaré group as the symmetry
group.

We will further discuss on this matter in the following Subsection [7.7]

Consistency of the sub-leading gauge fixings.

On top of the previous analysis of the asymptotic parameters, it remains to look for
potential inconsistencies in having some linear terms vanishing, in particular V(?)u =w? =

) (Dp
From (D.11]) we see that we can solve 6“8)# in terms of 6¢a,+

ij

Ot

It is then sufficient to look at 5V(?i)u and ¢ ;ﬁ_: the first relation reads

. Vi 1 —=A . vt ¢~ )
=i BV EY By, 60,7 08y, — A Y060, a0, -
3 L i3 1 i —A _A
Wiy = | =3P T3 ) Bin+ 57+ 27)" 08 + TG = (1) - Yusa
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2 v ~ v A
= Zg (T + QT)[VM] + 2 1/}+[VC/L]—A =0,

in virtue of (7.94). The remaining condition reads

1 ) o
ﬁq%rp?l) + 250524156 Bl — @pr(l)peABwa
+ 77 VB iu€ijh A, e + 2(7;€AB¢B+y + 2%77(41)_]3# - ?EA(I)MEABUB—F

i )
O = = CuE" =

Beinynp+ B A1),E* =0,

1 i
A(l)#eABnBJr — IEEA

iR
as all terms proportional to Ay, and (,— incredibly cancel out, by plugging in the expressions
of ﬁ{}, A(1) and né)

7.7 Superconformal currents in the holographic quantum theory

The asymptotic symmetries obtained in pure N' = 2 AdS; Supergravity are given by the
three-dimensional superconformal transformations. According to the AdS/CFT correspon-
dence, these are also asymptotic symmetries underlying the dual SCFT.

These transformations are expressed in terms of the local parameter 6% (associated to Lorentz
transformations), K* (special conformal transformations), n4, (supersymmetric transforma-
tions), na— (special superconformal transformations) and A (R-symmetry). The associated
fields are the spin connection w)?, the vielbein E? . the dilatation gauge field By, the super-
Schouten tensor Si“, the gravitino QM}H, the conformino d}éu and the graviphoton A,,.

The structure described above is summed up in the following table, where we also associate
to each symmetry the corresponding quantum operator on the SCFT side.

Transformation Local parameter Source Current
Lorentz 0 wy Jh =0
Translation '3 124 J*
Dilatation o B, = 0 J“(D) =0
Special conformal K s, J(“K)i =0
Abelian R-symmetry A A, JH
Supersymmetry NA+ VAt J“AJr
Superconformal NA— Va—p J“A_ =0

When all boundary fields (sources) are independent, the quantum operators are all non

vanishing. However, when the sources are expressed in terms of other boundary fields, they
become composite fields and the associated quantum operator vanish. In our case, the spin
connection is completely determined by a constraint on the translation curvature (super-
torsion), whereas the super-Schouten tensor and the conformino are expressed in terms the

boundary conditions (7.123)) and (7.124). At last, we fixed B,, = V?L = 0, which effectively
eliminates the dilatation gauge field and the corresponding quantum operator.
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As explained in the bosonic analysis, the fact that some currents are vanishing simply means
that a part of the symmetry group is realised non-linearly. We now describe the properties of
the three-dimensional superconformal group osp(2|4) [59] and from this discussion we will be
able to better understand our specific case.

The full OSp(2|4) superalgebra describes the symmetries of the vacuum bulk theory and
of its dual SCFT. From a gravity point of view, it is encoded in the definition of the vanishing
curvatures R* = {R% R?, p4 F},

- 1
R = dp? + 5 Csr p® A pb | (7.131)

where Cxp? are the osp(2]4) structure constants and p= {&%, Vo, ¥4, A} the Cartan 1-
forms. These curvatures can be expressed as

O R 1 y
RY =R+ 5 VAV - S AT 0,

~ N 1 . 1 — .
;:DVinszE/\ngE%\I!i/\F“I/Ai,

~ 2 ) _

R3:dV3+szr/\V,i+\Ifi‘/\\I'A+, (7.132)

F =dA—2e,p T ATE,

ﬁA:D\Ilﬁi%‘/j[/\l“i\léi%v?’/\llfﬁ—%eABA/\\Iff,
where V3 is the 1-form associated with the Weyl transformations, Vf_ the ones associated with
the spacetime translations, V! with the conformal boosts, \I/ﬁ with the supersymmetries, U4
with the superconformal transformations [60,61].
The very same algebra can be expressed in terms of the Cartan 1-forms describing the su-
perconformal algebra in d = 3, which can be obtained as the leading order 1-form in the
z-expansion of the above bulk quantities.
Let us summarize below the correspondence between the D = 4 gauge field and d = 3 super-
conformal field in the table below

O = Wb Lorentz symmetry ,
V3 — B Weyl symmetry ,
Vj - LK spacetime translations,
| A conformal boosts,
\I/j? — @Df supersymmetry ,
L superconformal symmetry ,
A = A SO(2) R-symmetry .
Indeed, if we define
1 d
B= <V3 - ez) = B, (z)da" (7.133)
z
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which is non vanishing only for generalisations of the FG parametrization ((7.11) and after
rescaling the various fields by z//¢ factors according to their O(1,1) gradings one can rewrite
the algebra in terms of SCFT quantities as

g g A L1 g
R =RY — 2Bl A8 — z@uﬁ Aynpa_

Ri:DEi+BAEi—%EﬁAfyi¢A+,
i 2 i i i 1—a i
C'=-5RL=DS'=BAS' = 50° Ay"Ya,
. 1_
R:dB—Ez/\Si—FZ@Dé/\wAJF,
F =dA — 2eap 97 A5, (7.134)

Lo a_ 1 B
ZEZ/\%I/J,—QGABA/\¢+’

1 i 1
QAEpé:Dz/Jf—iB/\Q,Z)é+§SZ/\’yi¢f—Q—EGABA/\IZ)_B,

1
pﬁzpwﬁ+§BA¢ﬁ+

where D is the usual Lorentz-covariant derivative. Notice that each D always appears in
the combination D + AB of the Weyl-covariant derivative, as naturally expected from a the-
ory with local Weyl symmetry, where A is the scaling dimension of the corresponding field,
A(EL) = £1, A(pf) = £3, A(S?) = —1 and A(w”) = A(A) = A(B) = 0. This is a useful
feature that can allow to reconstruct the B-term in the transformation laws 7,
in the same way as it was done in the pure AdS gravity given by egs. .

We notice that the curvatures in are not all zero in our case: indeed we can recognise,
in the B = 0 case, the non-vanishing super Cotton and the Cottino tensors, which appear in
the variations of the boundary fields. From the above analysis, these additional terms can
really be understood as contractions of curvatures and they signal that the dual quantum
theory is a deformation of a theory truly invariant under the global OSp(2|4) group.

We are now ready to explore the quantum symmetries in the theory dual to Supergravity.

Superconformal currents

In the AdS/CFT framework, the obtained boundary fields J*(z) = {E (), w,ﬁj(x),
Yiau(z), Au(z)} become sources for the corresponding operators in the dual quantum the-
ory Ji = {J", J“Z-j, Jh,, J#}. The latter are the energy-momentum tensor, spin current,
supercurrent and U (1)-current, respectively and are identified with the expectation values of
the Noether currents associated with the residual symmetries of the boundary action. How-
ever, we shall refrain from writing explicitly the expectation value symbol (...).

According to the AdS/CFT correspondence, the bulk action in classical Supergravity approx-

imation is identified with the effective action of the dual boundary theory as

Ion—shen[E", W, i, Al = WIE', W9, 44, Al = —i I(Z[E", w7, ¢4, A]). (7.135)
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This identification allows to obtain the explicit expression of the currents and conservation
laws that they have to satisfy. Let us start from the currents: in the derivation it is convenient
to retain a four-dimensional notation. Indeed, by taking the variation of the above formula,
we obtain

on-shell

0 . _ 1 .. .
OW = 61on—_shell = / (—4 5P Roe g — 21060 T pa + 3 5A F)

(7.136)

oM z=dz=0

We can now asymptotically expand all fields in the above formula and write only the finite
contributions, as all other contributions vanish when we set z = dz = 0. The result has to be
compared to the variation of the left hand side, which reads

SW = /5JAAJA: / <5Ei/\JZ~+;(5wij/\J¢j+Jﬁ/\5¢A++JA5A). (7.137)
oM

This procedure yields the explicit form of the currents

1 2 — j
Ji = = €ijk [ E]/\(Tk + 27~'k) + wﬁ/\'}’]kg“—} )

2 e
Jij =0,
1 . )
J = e FRVIAVE )
Jit = 21BNt + Aqy Aeapdl . (7.138)

Here we find that the current associated to Lorentz transformation J;; vanishes, because the
spin connection is a composite field, as we expect. The other composite fields (S pand Y )
have not been taken into account as sources.

The Hodge dual of the obtained expressions yields the Noether currents

1 ) ) i
4= =2 (4 27%) - BT+ 27%) ) + UG

! l
N 21 Hrp 1 mep A B
A+ — _% € ’YVCA—,D + % € (1)v€AB ¢+p ’
vV T 1 v
JH = _gﬁ)) F,. = % géLO) A(l)y ) (7.139)

where in the first equation the traces 7Fj, 7% are defined using the vielbein tensor (e.g.
=1k, ER).

Let us conclude this analysis by recognising the holographic stress tensor J,, = J,;E*,: as a
consistency check, we remember that in the bosonic case this quantity is traceless and this is
confirmed by setting fermions to zero. In the supersymmetric case, the trace of 7, + 27, is
not necessarily zero and it has to be computed from the conservation law of the local Weyl
symmetry. We now move on to the computation of the conservation laws that these operators
must obey.

99



Conservation laws

We now derive the explicit form of the conservation laws that the quantum operators have
to satisfy. In the next paragraph we will prove that they are satisfied. The variation of the
quantum action evaluated on the corresponding symmetry transformation of the fields must
vanish: an integration by parts yields the following conservation laws

DJ; =& Jij — %j’i%ﬂmf + 8" Jy B — %Sjijé%’%u,
DJij =2E;J; — %7f%j¢,4+ - %7’3%3'@0%17 )
0= 0, [E*“’ (Jz-j B~ ifJAwA+>] +E i+ %E Yas — %71‘ Ya-
dJ = %GAB (T By + T2 ¥p_)
Viay = %VUQ/JA— Jij +17 Yay Ji — %Si ViJa- +2€app-J+ %@Dit— Jij B
- % Vi T viBy (7.140)
Vs = 2%7”%% Jij +2eap ¥y J — % E' i Jay — %@H Jij BV + %wiur Jp_ibpy -

The above conservations laws reduce to the bosonic ones (7.59), as it can be checked in the
absence of fermions and of the U(1) gauge field. Moreover, we can notice that fermions are

sources for the electromagnetic current J.
Let us now comment on the third equation in (7.140): since J;; = J A =0, we have

i 1
E /\Jiz—gJﬁ Athay . (7.141)

By plugging in the explicit expression of the currents, we find the trace of the bosonic part
of the holographic stress tensor, namely

27 + 7)1 = =1 LT Pt yiCa i, (7.142)

which can be proven to be consistent with the results achieved in [58]. We notice that the
trace of the bosonic part is different from zero, but this is to be expected from the structure of
the superalgebra. This does not mean that we have an anomaly, because an anomaly would
imply having different contributions to J? A E; than the one given in eq. .

Similarly, both J,,, and 7, + 27, are not symmetric: the second conservation law gives
the antisymmetric part as Ej; A J;)= ijJr%j A 4. This indicates that, with our gauge fixing
choice, J,, is not, as in pure gravity, the traceless Belinfante-Rosenfeld stress tensor. However,
we know that, in principle, it is possible to use an ambiguity in definitions of Noether currents
to construct so-called ‘improved’ stress tensor which would be symmetric and traceless.
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The Ward identities

We now prove that the Ward identities are indeed satisfied, by requiring the effective
action to be invariant under the superconformal transformations. It is important to notice
that even if all the expressions are evaluated on shell in the bulk Supergravity, they will yield
off shell identities for the QFT side, computed on the curved background.

This result will be achieved by noticing that we can identify the variation of the effettive action
with the bulk/boundary gauge tranbformationb written in terms of the gauge parameters
Az, z) = {5, p®, e, A} and Az = {6Y,¢', 0, ni,/\} namely

SW = SAW = s W |omhel (7.143)
The above expression vanishes provided that the coefficient of the independent symmetry pa-
rameters vanish as well. This method will thus allow to obtain the four dimensional expression
of the Ward identities and clearly makes use of an already renormalised quantum effective
action.

Let us start by integrating by parts

e(2 .
SW = / [ FDR e g — < a0V e&r“”m) R qpeq + 2ie' T5Dpa

—A
pAUT
E “+2

_ ab g,
214( T+ 0 20 20

AABT 5 — 1 jease B — 76141“ 1% > Tspa

on-shell

1 . 5
—SAAF+ evPe,p F] (7.144)

z=dz=0

By making use of the Bianchi identities ((7.62)), we obtain

22
SW = / |: ab\:[/ FCdPAEabcd <€2 avb gAFab\IIA) RCdeabcd

~ 1 1 . 1 A
+ 2i¢ (MAeABeAF5ﬁB — %ﬁ‘mraﬁ AV + 7RabgAr5rab\1/ 4— 27614317@,4&\1; B)

1., 1. i
— 9 <4j“b\IIAFab + 5P PO, 4 7)\ ABT %AGABEB - ;Eef‘rava> Tspa

on-shell

1. - 5
—AdF+ evPe,p F] (7.145)

z=dz=0
Let us start from the Lorentz transformations: the coefficient in front of j? is given by

o b=Ad ~ il —A .
1 FT T 4 €aped — 3 FOT Ty Is5pa =0 (7.146)

and identically vanishes, due to the identity (B.7)) of four-dimensional gamma matrices.
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As for the terms containing p®, one finds, up to terms which vanish in the z — 0 limit,

1oy e A
—5 PV R eupea + U Tspa . (7.147)

The above expression disappears at the boundary by effect of the equations of motion (see
(7.71))),

1 . _ 1 o 1 a
-5 VO Re o + p U T Tspa = 3 P €apeaV?® <FCdF - b s chd> , (7.148)

since the two terms on the right hand side are zero at z = 0.

The terms involving the parameter €4 are given by
N il A A
iAeABeTspp + e T5TapaVe + %Rab#‘rg,rabm —iABFe Uy
L . . .
~ ZEAI‘“b\IJ AR egpeq + 1A PepTspa — T Ts5paVe + e Beyp * F
= N2, VT 5pa + eap PP *F —ieap FT505) (7.149)

and all vanish as a consequence of the equations of motion of the gravitino (|7.71]).

Finally, the terms depending on A and find
. 1 . . _
A <—2 d*F — ieAB\I/BI‘5;3A> , (7.150)
which vanishes by virtue of the gauge field equations of motion in ([7.71]).

This concludes the proof of §W = 0, which, as said, corresponds to proving that the equa-
tions , which were derived from W = 0 in the three-dimensional notation, are indeed
satisfied. This can be seen as a consequence of the absence of any anomaly, in particular
conformal anomaly, in d = 3.

Note that, in the above derivation, we have neglected the curvature-contraction terms occur-
ring in the general expression of the symmetry variations of the fields which one can check to
give vanishing contributions at the boundary.

We now conclude this Section with some comments on the obtained results and on the possible
future developments.

7.8 Discussion

In this Section we developed in detail the holographic framework for a N' = 2 pure AdS4 Su-
pergravity in first order formalism, including all the contributions in the fermionic fields. This
analysis generalises the results of [58,/62/63] and includes a general discussion of the gauge-
fixing conditions on the bulk fields, which then lead to the asymptotic symmetries at the
boundary. The corresponding currents of the boundary theory are constructed and shown to
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satisfy the associated Ward identities, once the field equations of the bulk theory are imposed.

We then conclude that the boundary terms originally introduced in [46] to restore the
Supersymmetry invariance of the action also manage to regularise the theory from an asymp-
totic point of view. In this sense, the vanishing of the curvatures at the boundary ,
which is a direct consequence of the way the theory has been regularised, proved to be the
key to obtain a finite resulting dual theory. They indeed cancel all diverging terms appearing
in and allow to derive the super-Schouten tensor, genearlising the bosonic expression
and the conformino.

These results then prove that this procedure actually generalised the topological regularisa-
tion to the supersymmetric case.

By working in first order formalism, we were able to keep the full superconformal structure
of the vacuum theory manifest in principle, even if only a part of it is realized as a symmetry
of the theory on OM, as the rest appears as a non-linear realization on OM.

It would be now interesting to choose specific solutions on the gravity side: for example
we could consider a special choice for which ¥4_, o ¥44,. We expect the dual theory to
describe fluctuations around a maximally symmetric three dimensional background, AdSs,
dSj3 or Minks depending on the explicit form of Schouten tensor and conformino. Such theory
would be obtained as a suitable projection on the OSp(2|4) asymptotic symmetry group. This
research line would be interesting for including the mentioned Unconventional Supersymmetry
in the gauge/gravity duality framework.

For this specific reason, we also refrained from imposing y#%4, = 0 in the dual theory,
because this would mean setting the spin-1/2 field x to zero. We shall pursue this objective
in a future investigation, where it may be necessary to generalise the FG choice, which at the
same time could allow for non vanishing spin-1/2 fields and which would put special conformal
transformations on the same level as other transformations.

Furthermore, as anticipated, the results presented in this Section are a first step towards an
extension to A > 2 bulk Supergravity, which would be relevant for extending the work [34]
to a holographic context.
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A Differential form conventions and Levi Civita symbol

In this Appendix we state some useful formulas used throughout the text involving differential
forms. Given a smooth m-dimensional manifold M, a p-form is locally expressed in terms of
differentials dz* in the following way
@_1 dzt At Al
w —me_._upx AL .. Adxtr, (A1)
where the Einstein summation convention is understood. If the starting manifold is endowed
with a metric structure, the Hodge dual is a map * : QP(M) — Q™ P(M) can be defined as

fw = 7'( V9 )'em__umw“l“"‘?’dx“?““ Ao Adxtm.
pl(m — p)!

The Levi-Civita Symbol appearing in the above definition and in Part [I] of this thesis is
defined as
€0123 = —60123 =1 (AQ)

and it is related to the d = 3 symbol in the following way

— ijk . _ijk3 _ 012 _
€ijk ‘= €ijk3, €% := -9 = =€ =1. (A.3)

B Gamma matrices and spinors conventions

In this Appendix, we clarify the convention used for spinors and gamma matrices, appearing
in the text. The D = 5 gamma matrices and charge conjugation matrix appearing in (6.1)
are defined as

Fa = iFaF5, f‘4 = F5, 05 = f0f4 = Fo, (Bl)

in terms of the D = 4 gamma matrices, which are given here in terms of the Pauli matrices

as
I'=01®7, =0y, 7' =ior, ~*=ios,
: (B.2)
P =io3®1l, I;=ilT'IMMP=-001= ( 9 112) .
—112 0
Here n% = diag(4, —, —, —) and a, b,... = 0,1,2,3 and the Clifford algebra is given by

(T, T} = 27% 144 (B.3)
The matrices defined in (B.1]) satisfy the following relations

Loy = Lap, Loa = ily, Cs=Cit=-Ct=-Cz, C:s'TACs = (T4)T, (B.4)
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where A = (a,4). In particular, the five dimensional charge conjugation matrix C5 acts on
four dimensional gamma matrices in the usual way

O3 'T,Cs5 = —(Ta)". (B.5)
In these cases we will just indicate the charge conjugation matrix as C. These last relation

allows to derive a general property of the antisymmetric product of k& gamma matrices

k(k+1)
p)

(Cral...ak)T — _(_1) CFal"'ak, (B6)

which is particularly useful, when ones exchanges the order of spinors in bilinears. Since in
four dimensions one cannot have more than 4 antisymmetrised different gamma matrices, one
has the following important relation

1 }
5 Cabed =il Ts, (B.7)

where the Levi-Civita symbol has been defined in the previous Appendix.

Let us now focus on the spinor conventions: the Dirac conjugate of a four dimensional
spinor is given by

U= Uiy = —WTyly, (B.8)
whereas Majorana spinors satisfy the reality condition
U =0* = —C50'. (B.9)

Gravitini are Majorana spinors, which are also 1-forms, which have to be expanded along
both bosonic and fermionic direction of superspace, after the Principal bundle breakdown has
been performed.

Let us state here properties of bilinears involving gravitini: they descend from and read

U Pp =—Pply,
WI®p = Ol Wy
U T ?®p = Bl w , (B.10)
WA T5®p = —®pIlT5U 4
U ls®p = —PplsTy,
where A, B are R-symmetry indices.
For the purposes of this thesis, gravitini are decomposed with respect to the I'® matrix, instead

of the usual I's: this is due to the fact that we always consider asymptotic limits along the
radial direction identified by the a = 3 component. We define the projectors

1T

Pe=—3 = PiVi=U., U,=U,Pg, (B.11)
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provided that I'® has eigenvalues
— iU, =40, . (B.12)
For the sake of completeness, we state here the D = 3 relation corresponding to
N = iRy, (B.13)

where 4,5 = 0,1, 2.

C Radial foliation and Gaussian coordinates

Let us consider a pseudo Riemannian spacetime manifold M and introduce a radial foliation
(X,)rer in such a way that each hypersurface is described by some coordinate system x# and
that 2/ = (r, z*) is a well-behaved local coordinate system on M [64]. This choice introduces
a natural basis on T, M

a’l"? aﬂ?

whose dual basis on T;M is dz”. In particular, we have dr(9,) = 1. We now write the
following vector identity

8. = Nn+ 8, (C.1)

where n is a normal spacelike vector whose norm is g(n,n) = —1, N is a positive real function
called lapse and B = #0, is a vector tangent to X, called shift vector. The identity
states that the normal vector Nn and the vector induced by the radial coordinate r in general
differ by an horizontal vector 3. They only coincide if the coordinates of the foliation satisfy
x# = const.

We can now compute the components of the metric:

9rr = g(ar, 87’) =—N? + /BMB#,
9rp = g(ara 8#) = B,u, (02)
Guv = g(a,ua 0,) = Yuv-
The obtained metric is then
9rr Grr -N% 4 ﬁuﬁu Bu >
i = = ; C3
a (gT"" g,l“/) < B,u Yuv ( )

which can be equivalently rewritten as
g=—N?dr?® + v, (dz* + dr)(dz” + B¥dr). (C.4)

The lapse function and the shift vector are a redundancy of the theory, as the choice of the
foliation is arbitrary. The metric written above can be further simplified by choosing the
gauge fixing 3 = 0 and N = 1. This means that @, truly coincides with the unit normal
vector n. The obtained coordinates are called Gaussian normal (radial) coordinates and the
spacetime metric tensor can be simplified to

g = —dr® + v, datdz”. (C.5)
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D Asymptotic expansions

D.1 Spin connection

In pure AdS4 gravity, a spin connection wgb(m‘, z) satisfies the torsion constraint Tl‘jy =

DﬂVl,a — D,;V[f = 0. In the supersymmetric case, the vielbein satisfies instead the super-
torsion constraint f{ZV = ﬁﬂvﬁa — f),;Vﬁ” — i@A[ﬂF“\I} 4p) = 0, where the contribution of the
gravitini can be taken into account as a contorsion term in the spin connection

o =0+ 0%, O =C% dat (D.1)
We now explicitly evaluate this contribution: from the decomposition
we find the following expression

1—4
)‘[NV] Q\I’ﬂFS\\IjAQ

The solution is obtained by taking different permutations of the expression above

Cf\/lﬁ

. =4 i—4
:5‘1’5\FQ\I’A5—§\I’ﬂrj\\I’Aﬁ+§\l’j\rg\l’Aﬂ, (D.B)
which can be restated in the following way

- 1A L anybdy, gA
b, = SV, oW 4 — 3 VPBITOW 4, + 3 VPV, T, TOU 5 (D.4)
Note that, since @QAFC\IJ A= —@;\AFC\II Ap, the tensor C’“bﬂ is explicitly antisymmetric in ab.

The various components of the contorsion asymptotically depend on fermions in the fol-
lowing way

2 : 2
i z7 1 ([ . z° .
C = E K (QO_HLSOA z 572 901:1#90144-2) + 5 <$Dilzl—‘z‘;0A—z + 572 @ﬁZFZS@A—s—z) ,

.. 12 o~ 1 [ . . . 2 A oA = .
Czjz = ? E'u[l <(Pﬁ,u,rj]9014+z + (,0‘:1#1—‘]](,0‘472) + 276 E" B (@é#@AJrU - 90-?“90‘471/) ’

X 2 aa _ iz ; _ ;
B, = @ EY (@hu0a-n = 20parn) + 55 (BT 0arn + 2T 0a)

—~ ﬂ ® BB, (0 Mpar. + 80, Vea L) (D.5)

i i (=A ] A U rivzing (=4 pk 24k
CY, =1E"" | o, M par, + z o ay ) + 5 BYE By | 9,1 pasn + 2 Pl M pa-n
and from eq. ([7.27)) for the full spin-connection we obtain

WP = (30+ +274, Fz) 0a_z+ 2 2 ( i 2¢+ZF > DAtz
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wf = % (@i‘[if Npar. + i To4, + 77 [WJH)
o = % i~ %k:,wE“’ + o <<,0f?_i<PAu — 22 a0 0ty

— BT oAtz + i3, Ty — isoAirusoAz) , (D.6)
@l = @l + iﬁﬁrﬂs"flw + %¢firu‘ﬁ£+ + zi ( Ay, + o 5 ‘PAZFM‘PA )

We see that the O(1/z) term of d)ff’ is not modified by the fermions and this is consistent
with the asymptotically AdS behaviour of the extrinsic curvature.
The most general gauge fixing with W, # 0, is

OB = wi(z,z),

o = Zul(e,2), (D.7)

where w’, w” = O(1) and the boundary fields are

~13 7 7 F1 3
(U“ = *EH—ES —673 +O(Z)7
2
~ij i i z
off = w4 Gl T m et e T O, (D-8)

where now SZ # 5” i L 7' and wu # W 0”
As particular Cases, let us notice that When \Ilf_‘z = 0 and \Ilf_z # 0, the behaviour
yields w’ = O(z?%) and all other components remain the same. Furthermore, if we set to zero

both components \Ilﬁz = 0, we have exactly w® = 0.
This behaviour of w’ and w%” that we just described is summed up in the table (7.84).

D.2 The supercurvatures

In this Subsection we evaluate, without imposing any gauge fixing conditions on the radial
components of the gravitini \Ilfi, the first contributions in the asymptotic expansion of the
super field strengths, decomposing them with respect to a world-volume basis on the four-
dimensional spacetime. Let us generically denote by RA = {f{“b, RY, P4, f‘} any 2-form field

strengths given by eq. (7.61)),

- 1 - N N .
RA = 5 R,z A da” = 3 R, dz" Adz” + RS, dzt Ad. (D.9)
We use the following notation for the supercurvature expansion
00 I\
R =Y (Z) RE - (D.10)
N=Nmin

where npy;, denotes the minimal power of % in the expansion, that is the order of the most
divergent term.
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From the supertorsion constraint f{ZV = 225[ﬂV‘},] - i@;llmlllg‘ = 0, with nym, = —1, we
find the following expansion coefficients in terms of the boundary quantities
E—l)uu = 2D[M 1¢+ ;Lfy ¢l/]+
. . N
?O);w — QMEJ)[#E. —21C+[Mfy zpyH:O7 (D.11)
Z(l)lw = 21)[“51 i 2W( 2)[u Ejp)
: —A
=i (Chpn' ¢y + 2T ey + 02 'v) =0
R% = 2 D[“le} + 2w(1)[MSj|l,] +2 w(g)[qull,}
(A <A A
—2i (CHufyleH + A+[u’71wtﬁ+ + C*[ufylwﬁ—) =0,
where we identified Aﬂ 0= Q/Jé) e Note that the last equation gives the expression for wg)u

in the supersymmetric case. The next supertorsion components to be expanded are RLZ,
which behave as

i 1 &i i L
Ripu: = bY (Su - Su) ) Wy Eiju
1 — i - i
_5 (wA-i-u’)/ ¢A+Z + ¢A—,ﬂ wA—Z) = 07 (D12)
i Lo i L ij 1 — i
R = 7 (P = 7) = ) wzjl)Ej# D) (Yaru'Cass
+ @A—u’inAfz + ZA+//,’YZ'¢A+Z + ZAf;L’YiwAf,z) =0. (D]-S)

The R3 components of the supertorsion start at nyi;, = 0 and in the vicinity of the boundary
read

- 2 . _
Rl = —3 (Spw1 = S = 21 asgutoa sy =0
~ 2 ~ . .
Rl = =7 (M) = 27,) = 2i (¢A+[MCA% +CA+[,J¢A7V]) =0, (D.14)

while the projected to dz A dz* are

1, P
R( vuz = 5 Woytin — 5 Yapu¥a-=0,
R 1, i _
R?O)/LZ = 92 w(l)EiM D) (¢A+M<Afz + <A+M¢Afz) =0,
R? —lis.liE._i*
Wz = 3 Woydin T 5 W Ein = 5 Ya-uPase
i — _ _
-3 (Vasp Tz + Caypla—z +Mappa—.) =0, (D.15)

where T4, = ¢(A2)_Z. The last equation gives the expression for wé2).
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Focusing now on the AdS supersurvature R = Rij—i—% VJ[:VE] —% (@ﬁf” vA 4 @éf” \I/ﬁ) ,
which starts at nyi, = 0, we get

_ 9Rii iogil _27A oA _
Ry = 2R —4E S, — 590001, =0, (D.16)
4 . ,
g = i/ _Jl ~J]
Rl = 273[# () — @ B +27)

e ijrA A _ij A
-3 (w,mfgy] + P,

ij T ) B Sy’ S |
R(]fl),uz = F ”wZO) - *1/’+,ﬂ]¢_z7

L 1

ij _ [i J] ij ij
Ry = %( 20 B will, + Wil +¢+,ﬂg )
o 1 . 1 . .

ij _ ij L4 gl J]

Ripu: = 3 Puto) = 3%@u =5 %0

1 /—a .. _ .. — A s
o7 (PLA i, + BT, + TR )

Next, from RB = Dwi — %2 Viys — ﬁ (@ﬁf’\lff — @éfi\lﬂi‘), we find nyi, = 1 and

Rl = iDWS '4*5“’( 2) (i (w V) = T e,
_2ﬁ+[zﬂzw+u]> ,

RS, = 3Duule+ 0o,

RE),. = 5 Duwly +efMiugy + 50 07, +7) + 5wl S
+% (Pt + Thriut,) (D.17)

where we have also exploited the vanishing supertorsion equations (D.12) and (D.13)).
As regards to the graviphoton super field strength F = dA — 2e45V AV _p, we obtain
Nmin = 0 and

Foyw = 20,4, —4eaply, o, =0, (D.18)
Fou = 23[ Ay =4 (P04680 + TP ) eas
Flie = - 3 A1)z ¢+u¢ L€AB
Fopu: = 3 3uA<0)z - Q%Au)u — PpBean,
Foy. = %%A(l)z - %A@)u - @iﬂ/’fz + @fAuH?Q €AB -

At labt we analyse the gravitini supercurvatures the positive chirality reads pya =
AU 441 W JFZJ\I/+A 2@ eABA\I/+B +e V+I‘ U_4 — 2€ U, 4 V3 which starts at npy, = —1/2
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and leads to

R 2i
P(—1/2)+ A = 2 v[p,(zbﬁy] + 7 ’Y[;ﬂ/]é,,] =0, (D.19)
) 2 1 1
P/2)+Aw = 2VuCian + 7 Vul—av] + 3 YWty an) — 7 A [u+BrI€AB s
R i i
P(=3/2+Ap = 5 (’YW—AZ - 2A(—1)z¢+Bu€AB) :
A i 1 1
P(—1/2)+Apz = 27%4—,4,2 t (A©):0+Bu + A—1):C1Bu) €aB — % CAp
. 1 1, P 1
P(1/2)+Apz = ) v,uw—i-Az - g w ]’Yijw—i-A,u + Ze (S w SN) Vih—Az — E H—l—A,u

i, i20 1
7 WriV-aut o5 Yull-ast (A(1)Z1ZJ+BM + Ay + A(O)z<+Bu> €AB -

Finally, the negative chirality gravitino curvature p_4 = d\If_A—I—% @ijFij W—A_i eABA\I’_B—
%foi\IlJrA + 2% W_ V3 has npin = +1/2 and reads

ﬁ(1/2)—AHV = 2v[u¢—Au] - ié'}/ﬂ/J.;.A[“Siy] ,

id

P32 -Aw = ViuC-oay — %5%C+A[u3i,4 + iw(]lm#'yij@/)—%lu]
—2% A p¥-Bui€aB + 2% (Ti[u + Q?iw) ViVt Au] >
P(-1/2)-Apz = % Vuth—a: + 4% A—1)z €aBY-Bp + %%’wéo)imfm ;
P1/2)-Apz = % ViuC-az + 4% A(0)z €ABY-Bu + i%wél)?/hmu
—% Cap+ % A(1)2C-Bueas - (D.20)

We observe that the Ré\nmm)uu components of RA = {f{ab, R, P, f‘} define the curvatures

{R¥, R, pA,F,C", Q4 of the N = 2 superconformal group OSp(2|4) discussed in Subsection
and given by egs. (|7.134]). These expressions would all vanish in a vacuum theory having
OSp(2]4) isometries, but in our case the negative grading curvatures Rff’y and p_4,, do not
vanish and lead to contraction terms in the variation of the boundary fields, as we see in the

main text.

D.3 Equations of motion of the graviphoton

Here we analyse the relation between gauge fixing and asymptotic behaviour of the fields by
using radial field equations. In Appendix [D.I] a similar problem was discussed for the spin
connection using the vanishing of the supertorsion.

Radial evolution of the graviphoton is given by the respective field equation in that,
in components has the form

DR = éeﬂf’j‘ﬁ @‘;‘ﬁﬁfﬁ €AB - (D.21)
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Using the conventions (A.3) and (7.21]), the component i = p acquires the form

D,V 4 D, = —é etr (2@fr5f)fz + @;“rmg) €AB . (D.22)

For convenience, we factorise the relevant field strength components as

a N 1

B ()R ahe - () Sk 23

Fruv _(5)41:#1/ HA _(z)jF%:A (D-23)
- /¢ ) p/,l,V:t — \7 —uv+t >

where F,, = F),, and the tensors F,,, F},,, Eﬁi and El‘:‘ui have to be expanded in power

series in z. The metric g, (x,2) and its inverse g"” rise and lower the spacetime indices on
OM. Recalling the FG metric ((7.11)) and the tensor k., = 0.g,, introduced by eq. (7.28), as
well as using the Christoffel symbols

- 1 1 . .
A 1 1 A 1 (D.24)
B=—Sgw+phw,  Th=—1,
the radial graviphoton equation becomes
v v k v\ % v %
D, F"F — [ k*Y — 3 g | ¥y, + ¢g" 0. F,, (D.25)

i
_ VA (A =B A =B |, —A 1 =B _A . =B
= e (2, TsEN, + 292, TsEY_ 4+ P IsE, + B2 T5E)_) €aB -

Now we calculate F/m El‘:‘i and Eﬁyi defined in () Evaluation of the components

Fﬂl) = gﬂdgﬁfé (8@143 —_ 8/3,14& — QEAB Eé@g) y

R N 1 N i
Py = 2DV — 5 eap ARV — STV (D.26)
leads to
- A 20 - 2z o
Fuz = 8“143 - azA'u — ; €EAB @ﬂu(pz_ — 7 €EAB gOéMgDZB_,'_ s
FHY = glJ»agVﬂ (]:aﬁ — 4€AB @f—awéﬁ) =0 (DQ?)

and, by means of the rescalings (7.79)), we get

1 /z2\1F1 .. 2\ F1 1
=A A A A
Spr = Dupi. -7 <Z) w ik, — (g) 0= Py — 55 €AB Ak,
i A 1 /2\F1 -~ B 1 /z\F2 _. A
:Fi wZFiQD:F'u“_ 27€ (E) €EAB Azwiui Z (Z) E;:uficp:Fz,
21 . 1
—A A A B
Ewe = Dueys+ 5 Ey v — 7648 APy - (D.28)
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We also assume that the gauge-fixing functions are

. 14 z
A, = ; A(fl)z + A(O)z + z A(l)z + 0(23) )
- 14 z 22 3
A, = > A+ A+ 7 A+ 2 Ay +0(2%),
z
P = Popent 7 Pyt O, (D.29)

in general allowing the linear terms (in contrast to eq. (7.86)) valid in pure gravity), where Ey
expand as (7.80f), and we find

. / l _

F,uz = ; A(—l)ﬂ + ; (aﬂA(—l)Z —2¢4B ¢$)+M¢(B)z_) + 0(1) ’

=4, = 5.2 (A(,l)z B gt 21Eufi<p(%)fz) T2 (2 €AB A(O)z‘f’g))w - ‘Pf‘l)w) +0(1),
P gl 20 =0(1). (D.30)

Remembering that k., = O(z), the graviphoton equation (D.25|) then yields

14
3 Ay =0,
£ 9, A I EELGA L TsTy ) eapel
2 pd(=1)z = P0)+u es 90)uo AP(0)4v1 5L i | CABP(0)—2 >
1 VA —A 1 A
; : 0=¢e" A ¢(0)+VF5 <2 A(O)ZQO(O)JFH + @g)+’u€AB> (D31)

and all other terms are finite. We used the fact that the term @jﬁyfyp A+ 1s symmetric in (v )
so it vanishes when contracted with ¢”**. From the last equation in (D.31]), when 4,02%) iu 70

A
(and otherwise), we can choose a particular solution A, = 0, gp*(Al) I (4#6*') = 0, which is
in agreement with eq. (7.103) obtained in the main text. This choice was also taken in [58]
in the context of N'= 1 Supergravity. Then (D.29) implies

N V4 z
A, = 2 Az + 7 Aqy. +0(z%),
~ z 22 3
A, = AM+ZA(1)/L+€72A(2)/L+O(Z ),
P = Pyt OGE). (D.32)

We also conclude that the gauge-fixing functions A(_;), and ‘PE))_Z are correlated, which
is consistent with the table (7.84]). In addition, the boundary graviphoton does not acquire
divergent terms of the form 1/z even when @E%)zf # 0. We have not considered the logarithmic

terms here.
The graviphoton curvature behaves in the following way on the boundary,

. ‘ _ 1
F,. = (8MA(—1)Z — 2€AB QOE%HH@E))_Z) 7 A(l)u + O(z2),

z
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A

This shows that it is possible to have the components Fuz = 0 on the boundary z = 0,dz = 0,
with a suitable gauge choice which changes the asymptotics.

D.4 Equations of motion of the gravitini

The equation of motion that describes the dynamics of gravitini ((7.71)) in components has the
form

o . i . .
0 = eA* <V5FGF5pAﬁ5\ +3 eABFMrE;\pXB) +eecap VYV, (D.34)
where the expression of the Hodge dual was used. The radial expansion of the gravitini is

given by the components 7 = p which, with the conventions in Appendix [Aland (7.21]), leads
to

. ; . i - . -
0 = e <_VZ3F3F5PAV/\ =2V Til5pazn + 3 eapF 5070 + IEABFZVF5lII§>
B fpzu B jvp
teeap (VPR 4wl E) (D.35)

Projecting the last expression along the two chiralities through the projector Py defined in

(B.11), we find
0 = A <:|:1VZ3FSPZFAV>\ =2V T D5 prann + 5 EABF,,)\F5\I/§Z + IEABFZ,,Fg,\I/g)\)
+eeap (\Ifﬁz | QR L ﬁ‘”“) . (D.36)

Now we can use eqgs. (D.23), (7.21)), (7.83)) and (7.119)), to obtain the equation expressed in
terms of the auxiliary quantities with known asymptotic behaviour,

+1-1 .
0 — (%) 27 e (:FiF5E,f‘A:F+2EZ,FiF5Efi)

+(7)

2\ T3 i
+ (Z) ® eAB <2 e“”)‘F,,AF5g0§Z +e3 F”“cpij> . (D.37)

D=

€AB (_1 G'LW)\FBSOZB;)\ +e3 glwsojB:z> Fuz

All tensors appearing above are finite, except Fuz and Eﬁ . With this at hand, we identify
the leading orders of the z-component of the gravitini equations of motion (looking at the two
projections separately). By requiring the most divergent terms to vanish (that are (¢/ 2)5/ 2
and (f/z)‘?'/2 in the two chiralities), we get

0 = éiF (A(—l)z €AB Fisog))wEf + 2iFij<PA(O)—z> )

0 = e (i = s — 2E§ria(f§m_> (D.38)
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+€eaB (—ie’“j}‘tp{%H)\ + €3(0) 9{6”)F5<Pﬁ),z> <6VA(—1)Z — 2eac @E%)Jr,,(ﬂ(%)fz) )

where we multiplied the equations by I's. Since 9,A(_y), is correlated with gpé)_z through
the condition , it can be used in the second equation.

It turns out that we can solve the gauge fixing functions from the first equation in ,
in terms of the dynamic fields. Contracting it by e;;/, it acquires an equivalent form

0=—A1).ea8 BT j90) 4, + 2i0i0a0) - (D.39)

We can contract the above equation by I'Y and use the contractions of the gamma matrices,
which in this case become I';I" = 3, I'I'; = 21" and I'I';; = —6. As a result, we obtain a
solution which relates the gauge fixing ‘Pé))fz with the gauge fixing A(_);,

i )
00—z = = A1) Thop0) 1, B - (D.40)

Then second equation in (D.31) becomes a linear differential equation in A(_;),. One possible
solution is A(_y), = 0 that, from eq. () yields wz%)_z = 0. On the other hand, when

A1)z # 0, we can solve goz%) o from the first equation in 1) as

A A
AP0y = 2 EuFisDé%),ZEAB (D.41)

and the differential equation becomes
A(1):04A 1y = A E®ly (2r’f n eijkrg,rij) o). =0, (D.42)
where the last zero is due to antisymmetry of the fermionic bilinears, namely @E%)_ZF’“QOZ%)_Z =
0 and @é)_zf5fi]~gpz‘é)_z = 0 so that each term in the sum vanishes independently. The only
solution of the above equation is A(_y), = const.
Let us observe that taking A(_;). = 0 and plugging 50241);1 = 0 into the last equation in
(D.31), we are left with A ). = 0, meaning that, in this case, A, =0, cpé)ﬂt = 0 is actually

the only solution to the aforesaid equation.
On the other hand, if we take A(_;), # 0 and use (D.41)) and oh ., = 0 into the last equation

L+
of (D.31]), we obtain
A0 200y Tr (). = 0, (D.43)

which is identically satisfied since @é))_zl“kgoé))_z = 0. In particular, this means that, in this
case, the last equation in (D.31) is solved by (D.41)) and goé) + = 0, without forcing A ) to
vanish.

Summing up the results, the following gauge fixings for A, and ¢, are allowed:

A =0, Ay, =0, %)_Z =0,

D.44
Az =const, Ay, #0, 902%)—2 ( )

é A(—l)z EABF“SOB(O)Jru )
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where the first line can be seen as a special case of the general solution given in the second
line. If one imposes the condition F’l\Ifﬂ = 0 as in [58|, then eq. 1) implies ¥_, = 0 and
therefore A(_y), = 0 as the only solution.

In this text, we mostly focus on the case ‘PE%)_z = 0 and we actually take the whole gauge-

fixing function ¥4, to vanish.

At the end, let us recall that, in our approach, the gauge-fixing functions are invariant under
the gauge transformations (&ZXZ = 0). Thus, the above solutions are consistent because, since
A(_1)z s constant, it also implies 0A(_y), = 0 for the asymptotic transformations.

E The rheonomic parametrizations

In this Section we presentWe finally study the asymptotic expansion of the rheonomic parametriza-
tions R% bcd, ﬁab and F,. The procedure is the one described in the main text the applied
gauge fixing corresponds to A(_y), = 0 and ¥4 =0

We start from the graviphoton field strength

F=dA— U,0pet? = Fvove, (E.1)

By expanding both sides of this equation onto the basis dz# A dz”, one can derive the explicit
expression of the rheonomic parametrizations

- 2 —A —A
Fy= (Z) LBy (a Aqyy — 264500, CB — QEABcwa‘_) +OGY,

- 1 /72\2 Z\ 3 2 —A B 4
2F;3 = ~7 <Z> Aqy B+ (?) (%A(m - EA@)“ + 2€AB¢z+T/)#—> El +0(2"), (E2)

where we have used that F,, = O(z).

We now focus on the curvature of the gravitini. The analysis is the same as for the gauge
field strength: we take the expression of the curvature and its rheonomic expansion

1
d\IlA F Aab\I]A A AB\IJ . 71—1 \I/A a
*1 20 B9 v
~ 1 -
— VeV - %F“\I/ BV Fue'? = DTV P e ey (E.3)

and expand this relation onto the basis dz” A dz” to obtain

1 1
~A A A
pz]-i— <£> E[z 7] <V#Cz/+ + eEkfkaV— + 4w ,[YkﬂbH- 46 (1);ﬂpu+B€ B

i
+ M6lmn7l¢By+E;nEpnA(1)p€AB> + 0(27/2)>

1/2\% .4 Z\3 a1 g A 1 ap
2Pz3+ Z(Z) Eﬁ@w"‘(z) E£‘<Vu¢z+—4u{0mk%+ 2€ A sz;Hr
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EH:L) +O(T)

- 1€
pf}; - <£> E[z J] ( kuf + u7k¢;/4+) + 0(27/2)

5 .
5 1
2=~ (3) E( ZG e P B Ay B )+0< "), (E.4)

where we used that [)Z‘V = 0(z'/?).
This result allows to compute the spinor-tensor
e%le — _giplepble 4 jpepep (E.5)

as an intermediate step necessary to find the remaining parametrizations. In particular we
obtain

i 5 o . o i/
@]|k . (%)2 (—’YIE[J‘LLEk]V +’Y]E[“LEk]V —i—’ykE[”LEJ]V) <V;/(/JAV + 1281u7l¢AV+>

+ O(277?)
Oy = - (e)

1 1
+ ZE];%CAV— + iw'&l)ﬂm@mw—@A(DM%JFBEAB R %+ElyEpmA(1)p€AB>

M\U‘ ~

% 1 z 3 7, v
[EJ]N (gcAN 4£6AB")/ ’lﬂ;ﬁ_ (1)p E]?) _ <Z>2 E[ “E]] (VMCAV-‘r

44
+ (’)(27/2)
? z 7 v z 3 7 i|lv
@ 3\] (Z) (i EJ < CAM 4€€AB'Y ¢p+ 1)VEk> _ (Z)2 E[ﬂEJ] <V}LCAI/+
i 1
+ ZE;ijYkCAV— + ZW’(Cll)“’YklwAu—i-_@A(l)uwl/—&-BeAB + Meklm7k¢5+E,lepmA(l)p6AB>
+0("/?),
i3(3 1 3 i z i Lk 1 B
O, = ~7 ( ) Cap+ BN + <£> EY\ Vythazy — Zw(oﬂjkwAm + ﬂEABA(l)z¢M+

2
- EHA,LL'F) + 0(27/2)’

§ . . . . . 3 1
@ljl,k ; (%) 2 (_,YzE[J#Ek]V + ,YJE[wEk]V + ,chE[ij]u) <VM<AV+ + %EL,’Y[CAV—

1 1
+ Zwl(%MWlmwAu+_@A(l)ul/}y-i-BﬁAB + 4£6lmn7 Wl BB A, 6AB> +0(:"?),

i ir2Ns o AT 1
052 = = (2) VB M Cas +1(5) A Eﬂ“<vmz+ — v a

1 2 i/
+ ean Al - EHA,H) + ( 5) Blirpiv (v ar-+ oS ﬂw%) O,
i/z

3 5
i3|j 2 _(ipj (22 A g 1 1
@A‘_J = Z <Z> ? ’7( EJ)HCA;L+ —1 <Z> ’ ’Y( EJ)# <vu¢Az+ 0)’7kl'¢Au+ + ZEABA zd)p-}-
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2 FAL il
- EHAu+> + <Z> * Elinpal <VM¢AV + 25ku7k1/)Au+) +0(2"?),
5
B33 _ (Z\? pip (1 p 7/2
Ot = ()7 1 (o + gream VA, 7) +OCT)
We are now ready to compute the rheonomic parametrization of the curvature R Since

Rab — da)ab + wacwcb ﬁvavb o 276\11141—\(%\1/14

= R® veved —o% WelaVe — §\I’A\I/BEABFab - ieadeaArs)‘I’BéABﬁcdv (E.6)

applying the usual procedure yields

1 /2 2 z
R’ngk ] k]@ZJ +7 (Au—i- + =1 EF]LEk @ZJ utY CAp—&-EluE
20 \¢ 2€ [ [

Lz v Gi iza

+t3 (z) E{;Ek]{ — DS}, + Wiy, Bl — 1H#+V “Yavy — 5 Cut Y Cave
i*A ) —A (2 1 mn

+ 51%77 wA—V + wu+Elu |: - 1'7( El)p (vaAz—‘r - 7w(0) 'YmnwAp-i-

1 2 il
+ —eaBAqyp, — eﬂAer) + Eleglle (V VYao— + 5 7m¢Aa+>] } +0(2Y),

20
i3 Z\3 L k L -4
2R"j3 = <Z) Ej - Zw(l)kE Tt 2 (4Tu -7 ) - *C;H-V ¢Az+ wﬂ_;ﬁ Caz+
1—a Vi —A 1% 1
+ zwufc‘Al/-i-E - ¢M+E (KCAI/— 4£6AB’Y wy+ ) Elp> } + 0(34)7 (E7)
Ry = AN Ef Al fwiy W™, 4wl W — ( . QT[Z)EJ]
kl / [k ] (1)1/ (L)ymp v mE=(1)v EQ
1 /—4 .. —A s . —A ) . - - -
- Z (Q;Z);L-‘rryUCAuf + @+7”¢Au7) + 1Emu7w[}u+ < - VzE[]pEm} + FYJE[ pEm]
m [t o 1
+y E[ pEﬂ > < pCAanL + KEprTLCAo'f + 4W( ’anq/}AaJr
1
—@ p¢g+eAB + 4Eenpq'y"w/ﬂrEpE A0 ))\eAB)} + 0(24)7

~ Z\ 2 1 ii 1i—A i il
2B = ) (et )
Z2\3 i 2 ij ilj i o (i i g
+ <Z) E), {Ehw J — 9@ + wipwig) — whw ]u + 7 <Eﬂw(0) — w(O)EfL>

1—a 7] —A . iy 1 m
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To obtain the above formulas, we used RZZI’, = O(z) and that the supertorsion is zero (see, in

particular, (D.12])).
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