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ABSTRACT In recently published papers, an innovative analytical approach for the design of a class-E
resonant dc-dc converter has been first proposed and further extended to many other class-E converter
topologies. Its peculiarity is to be dimensionless and based on the exact solution of the system of differential
equations regulating the behavior of the circuit, ensuring very high precision and reliability with respect
to all methodologies previously proposed by the state-of-the-art and based on the so-called sinusoidal
approximation. Here, we review this methodology and improve it in a twofold way. On the one hand,
we propose alternative modeling for some devices (in particular the transformer), increasing both flexibility
and generality, with the possibility to extend the application to more topologies and more working points.
On the other hand, a new normalization is proposed, showing that the actual dimension of the design
workspace is 2, and not 3 as assumed in the previous works. This has important consequences. As an example,
the solution existence condition can be represented on a simple 2D plot, with the possibility to immediately
check whether the optimal class-E condition can be ensured or not. Furthermore, we can completely and
conveniently explore the entire design space to investigate properties such as the stress on the switching

devices or the root-mean-square currents, allowing further optimization of the converter design.

INDEX TERMS Circuit theory, class-E converters, dc-dc converters, resonant converters.

I. INTRODUCTION
Resonant dc-dc converters have been introduced to operate
at high switching frequencies and so increase system power
density [1]-[8], with advantages also in terms of dynamic
performance [2] and EMI [8], [9]. Frequencies up to the
VHF range 30 — 300 MHz are possible [6], [7] by lowering
switching losses thanks to techniques used in radio-frequency
(RF) power amplifiers [1], [2], [10], thus overcoming the
main drawback of conventional switching topologies given
by the frequency-dependent losses.

We focus here on the class-E approach [2], [5], featuring
the so-called soft-switching technique in opposition to the
hard-switching of class-D converters. It was first proposed

The associate editor coordinating the review of this manuscript and
approving it for publication was Yuh-Shyan Hwang.

by Sokal and Sokal [1] to improve performance in RF ampli-
fiers. In details, we refer to Zero-Voltage Switching (ZVS)
if the reactive components reshape the voltage on a switch,
either controlled (e.g., a power MOS) or non-controlled (a
rectifying diode) in a way that it slowly goes to zero before
the turn-on instant, and gradually increases from zero after
the turn-off. We refer to Zero-Voltage-Derivative Switching
(ZVDS) if it approaches zero also with zero-time-derivative.
Alternatively, one may focus on the current flowing into the
switch devices; this is referred to as Zero-Current Switch-
ing (ZCS) and Zero-Current-Derivative Switching (ZCDS).!

INote that with ZVS/ZVDS and ZCS/ZCDS we refer both to the con-
trolled and non-controlled switches. However, some authors prefer to reserve
these terms for the controlled switches only, and use the expression low dv/dt
and low di/dt [8], [11], [12] for diodes.

This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.
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If both the zero-level and the zero-derivative conditions
(either for voltages or currents) are satisfied, we achieve the
optimal class-E operation. We refer to the achievement of
the zero-level condition only (i.e., without zero-derivative) as
suboptimal class-E operation [13]-[15].

Itis a common practice to consider resonant dc-dc convert-
ers as composed of the cascade of an inverter and a rectifier
stage. While in some cases [3], [4], [8] a dc-dc converter
is considered belonging to class-E when the inverter only
is designed according to the class-E methodology and the
rectifier is non-resonant, the converters we consider in this
paper are composed of both a class-E inverter and a class-E
rectifier [8], [16]. Note that they are sometimes called class-
E? converters [17]-[19] to distinguish them from converters
where the inverter only relies on the class-E approach. Fur-
thermore, we also focus on the voltage waveforms (i.e., ZVS
and ZVDS) that, due to better performance [8], [20], is the
technique considered in all recent papers.

Since the first proposal in [2], many papers have appeared
in the Literature proposing improvements in the class-E dc-dc
converter state of the art, even in recent years [21]-[28]. Many
works are focused on the efficiency improvement or device
stress reduction [29], [30]; others aim at improving the con-
verter control [25], [27], [28], [31] or the design methodology
[19], [23], [26], [29], [31], [32] in already known topologies.
Recently, the class-E converters have received attention also
for the possibility of relying on them the design of a wireless
power system [33]-[37], and of embedding also data transfer
in isolated converters without the need of additional isolating
devices [38].

In this paper, we follow-up the works in [23], [26], and
improve the normalized semi-analytical design methodology
proposed there. In particular:

« the methodology is extended to cover more converter
topologies and more operating regions (such as dif-
ferent duty-cycles for the switching clock, or different
sequences of on and off configuration of the switches);

« we are able to reduce any considered converter, with
any combination of input and output voltages, output
power and switching frequency, to a 1 V-to-1V, 1W
normalized converter operating at 1 rad/s.

Even if, apparently, these improvements are only minor
ones, the second point is actually of a paramount impor-
tance, since it allows to reduce the dimension of the design
workspace to 2, whereas 3 was assumed in [23], [26] (ignor-
ing in both cases the additional design parameter given by
the clock duty-cycle). This paves the way to the exploration
of the entire design space. One can either look for an in-depth
converter optimization, or explore the many trade-offs of the
converter. In this paper we are able to investigate, at the
same time, properties such as the existence of the optimal
or sub-optimal condition, the stress on the switching devices,
the converter efficiency, the robustness to parameter variation
and the uniqueness of the optimal solution, and to evaluate
which trade-off may represents the optimal point according
to designer specifications. Such an exhaustive analysis was
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not possible with any other design approach presented so far
in the Literature. An example can be found at the end of this
paper.

The paper is organized to be self-consistent, and we choose
on purpose to restate the description of the design problem
from start. In this way we can avoid to systematically refer
[23] or [26], with an increased paper readability. For a better
organization, many details have been moved to the appendix,
so that the main part of the paper can focus on the exploration
of the converter design space.

In detail, Section II presents a brief overview of the state of
the art in the class-E dc-dc converters design. In Section III
the normalized converter is introduced, whereas the exact
analysis and the semi-analytical approach for its optimal
design are postponed in Appendices A and B. In Section IV
we show how to denormalize the proposed converter into
many real class-E topologies. Then, in Section V we inves-
tigate the converter design space and many properties such as
the existence and uniqueness of the optimal class-E condition,
the stress of the devices, the robustness of the operating
point to parameter variations, and the converter efficiency.
In Section VI a design example taking into account all the
considered issues is presented, and in Section VII we compare
the proposed improved approach with that introduced in [23].
Finally, we draw the conclusion.

Il. STATE OF THE ART IN CLASS-E CONVERTER DESIGN
The design of a class-E dc-dc converter is not an easy task,
mainly due to the combination of non-linearities and of reac-
tive elements in the circuit, which does not allow an exact
symbolic solution of the circuit evolution. So, the design
procedure has to be based on some approximated approach.

Historically, the most common approach is the well-known
sinusoidal (also known as first harmonic) approximation
originally used in RF circuits design [2], [3]. In detail,
the design procedure is separated into the two steps con-
cerning the design of the inverter stage (providing a dc/ac
conversion with angular frequency wy; = 27f;) and of the
rectifier stage (providing the final ac/dc conversion). First,
the rectifier circuit is linearized and averaged by computing
its input impedance, under the assumption that the input
voltage is a sinusoidal tone at ws. Then, the design of the
inverter is obtained assuming that it is a class-E power ampli-
fier loaded by the equivalent rectifier impedance. Since the
reflected rectifier impedance does not generally lead to the
optimal primary load, which ensures both ZVS and ZVDS at
the primary side, a matching network is interposed between
the RF power amplifier and the rectifier to ensure the optimal
class-E working condition. The first harmonic of the wave-
form on the equivalent rectifier impedance has to match (both
in amplitude and phase) the sinusoidal tone assumed at the
inverter input. An example of design relying on this approach
can be found in [5].

It is clear that, with this approach, only approximated
solutions can be achieved, and a subsequent refinement by
means of additional, time-consuming SPICE simulations is
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often required. Furthermore, the approach is effective only if
the sinusoidal assumption is verified. To support this assump-
tion, a (high loaded quality factor) LC filter is sometimes
added between the inverter and the rectifier, thus increasing
converter size and cost. Furthermore, also large RF choke
inductors can be added (typically, at the converter input
and/or output node) to ensure the additional assumption of
a constant current, and so to further simplify the converter
analysis.

The recent years’ Literature focuses on improving the
standard design methodology with the main aim of removing
(or, at least, replacing with smaller, resonant counterparts)
bulky elements such as the input RF choke inductor or the
high-Q LC filter. More complex design procedures have
been proposed since, without the aforementioned structure,
a meaningful difference between expected and actual wave-
forms would be observed.

We consider the state of the art in the design of a class-E
converter as given by [23] and [26]. Bertoni et al. [23] analyze
the converter of Figure 1(a). The converter is isolated, and the
distinction between the inverter stage (the primary side, that
includes a MOS as a controlled switch) and the rectifier stage
(secondary side, that includes a diode as a non-controlled
switch) is clearly visible. The inverter and the rectifier stages
are connected by means of the isolation transformer only and
do not feature any additional LC filter or large RF choke
inductor.
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FIGURE 1. Canonical isolated class-E converter schematics. (a) In-phase
(direct) coupling. (b) 180° out-of-phase (inverse) coupling.

For this circuit, a semi-analytic design approach based
on the exact solution of the system of differential equations
regulating the converter evolution is proposed. The approach
relies on the exact symbolic evolution of the converter, and
only minor and negligible approximations are introduced;
however it requires some coefficients whose numerical com-
putation is necessary, hence it has to be considered semi-
analytic.

This approach, differently from many others proposed in
the Literature and based on ideal devices only, is also capable
of taking into account the main circuit sources of losses.
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For the sake of generality, it is dimensionless, and based
on the design of a normalized converter (1 V output volt-
age, 1 W output power, 1rad/s angular frequency), that is
then denormalized to deal with any output voltage, output
power, and operating frequency. The only constraint is that
the ratio between input and output voltages has to be equal
to the design parameter Vi, /Vou = u, and each value of u
identifies a different converter family.

In [26] Pareschi er al. extend the semi-analytic design
approach to the circuit of Figure 1(b). The converter is identi-
cal to that of Figure 1(a), except that the transformer features
an inverse coupling (i.e., 180° out-of-phase) instead of a
direct (in-phase) one. Then, the authors show that these two
converters are equivalent to many other non-isolated class-E
dc-dc converters appeared in the recent Literature, and that
the proposed design approach can be extended as is to all of
them.

Here we further improve the design approach developed in
[23], [26]. We are able to show that the parameter p is not
actually necessary, lowering to 2 the size of the design space
and paving the way to an in-depth converter optimization
through a comprehensive design space analysis. Note that,
in this paper, we focus on the theoretical model only. Adher-
ence of the model both to low-level circuit simulations and to
measurements from prototype has been already extensively
proven in [23] and in [26], and are out of the scope of this
paper. This choice has been preferred to allow a more concise
discussion.

Note that a class-E converter is typically designed for a
given operating condition, which could be the one ensuring
the nominal or the maximum output power. To cope with
different output power, a control methodology among the
many presented in the Literature may be applied. In this
paper we consider any control methodology to be applied
to the designed converter out of scope and, referring to the
notation of Figure 1, we will always assume that quantities
that may actually exhibit variations such as Vi, or I,y are
a-priori known and fixed. As a matter of fact, a limitation
of all resonant converters is that their behavior depends
also on these quantities, and a designer can ensure ZVS
and ZVDS for a given operating condition only, i.e., for a
well-defined value of Vi, and /. Control methodology such
as frequency control [2], [25] or ON-OFF control [31], [39]
ensure the correct output power even with a variable load
or a non-precisely known Vj,, but typically, at the cost of
a perfect ZVS or ZVDS. To cite a simple example, we can
consider the design in [5], where the optimal behavior is
observed at the maximum output power only; at a lighter
load, the converter is regulated by increasing the switching
frequency, but in this way, the system features suboptimum
class-E condition only: a diode connected in antiparallel to
the MOS switch (we refer to this as the body diode since,
in most of the cases, it is just the parasitic diode present in
any discrete MOS, not been depicted in the schematics of
Figure 1 for the sake of simplicity) turns ON earlier than the
MOS turn-on instant, thus ensuring ZVS operation, but not
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FIGURE 2. Schematic of the normalized (1 V-to-1V, 1W, 1rad/s) isolated class-E converter

considered.

ZVDS. We refer the reader to the aforementioned works for
possible ways to control the converter.

1Il. DIMENSIONLESS CIRCUIT ANALYSIS AND DESIGN
Let us consider the schematic of Figure 2, depicting a class-E
converter very similar to that of Figure 1, and designed to
work as a 1 V-to-1V converter clocked at 1rad/s witha 1 W
output power. Ideal devices only are considered, with many
of them introduced to model the main sources of losses in
non-ideal converters. To allow a simpler analysis, the output
network (i.e., the filter capacitor and the load) is replaced with
a 1V voltage generator.

The actual inductors Liyy and Ly are replaced with two
inductances gy (1 — ky)/k; and gy (1 — kg)/kg, and the two
series resistances gy (1 — ky)/k;/Qr and gpr (1 — kr)/kr/ Ok,
respectively, whereas the transformer with the inductance gy
and the series resistance gy /Qum, as well as with two con-
trolled current generators to model the interaction between
the primary and the secondary side. The actual capacitors
Ciny and Cye are replaced with capacitances 1/g; and 1/qg,
with series resistances g; /Qc,,, and qr/Qc,... The rectifying
diode is ideal, with a series resistance 1/ gfl)N and a voltage
drop vgN The MOS is an ideal switch with a series resis-
tance 1/ gDS ; its body diode has also been considered as an
ideal diode with series resistance 1/ gbON and a voltage drop
vl?N. Finally, three additional resistances 1/ginv, 1/grec and
1/gm have been introduced to model additional losses in the
inverter loop, in the rectifying loop, or in both.

This circuit is described by the five main dimensionless
parameters (circuit design parameters)

q1, qr, qm ki, kr (H

and by the many secondary dimensionless parameters related
to circuit losses (lossy parameters)

N | ON
vb ’ le QRv QMa QCinv’ checa
ON _ON ON
8inv, 8ps > 8p » 8cm> 84 s 8rec (2)

that can be set to O (in the case of v?N and deN) or to infinity
(all other ones) in case of an ideal associated device (lossless
analysis).
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The circuit of Figure 2 has been introduced with no actual
physical meaning, but with the only aim of supporting a math-
ematical model of a class-E converter. Values of inductances
and resistances, in fact, can be either positive or negative.
Furthermore, we have considered a normalized time variable
6, so that the main switch is driven by a clock with 27 period
and duty cycle D. This circuit:

o can be used to describe both converters of Figure 1
(and also many others) by means of a simple change of
variables, as detailed in Section IV;

o can be analytically solved through a step-wise anal-
ysis similar to that proposed in [23], and based on
the assumptions that the evolution of the converter
relies on the succession of many different configu-
rations (Z1, Z>, Z3, Z3a, Z4, Z4q, as described in
Appendix A) according to the on/off state of its three
non-linear devices (i.e., the MOS switch and the two
diodes);

The circuit solution, detailed in Appendix A, leads to the def-
inition of the mathematical expressions for the four (normal-
ized) state variables of the circuit, i.e., ijn(0), irec(6), vDs(0),
and vga(@) (lower case to indicate electrical quantities of
the normalized circuit). These are expressed as functions of
the circuit garameters and of the circuital initial conditions
iiny(0) = i1 irec(0) = i, via(0) = X, but independently
of vps(0) thanks to the particular choice of the reference time
6 = 0. The Matlab software developed, along with all the
software used in this paper, is freely distributed in [40].

As an example, in Figure 3(a) we have shown the evolution
analytically computed in the normalized time 0 < 6 < 4x
(two consecutive periods) for a lossless system, with D =

50% and assuming the parameters lfg‘), = 0, ﬁgg 0.463,

VO = 2.156, g1 = 2.193, gr = 1.586, g = 3.04,k; = 0.8,
kr = 0.8. The evolution starts at 8§ = 0 with the rectifying
diode off, and shows in the first period the configuration
sequence Z3Z42Z17Z>, with vps(27~) = 0.398 > 0, i.e., ZVS
is not achieved. In the second period the observed sequence is
Z374717>73,, and actually features ZVS since the body diode
turns on at 0 = 3.86wr < 4w and vps(4mr ™) = —vb =0,
but not ZVDS.
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FIGURE 3. Evolution of the normalized lossless converter for 0 < 6 < 4x: (a) random values of the parameters; (b) optimal class-E
condition, achieved for k; = 0.8 and k; = 0.8; (c) optimal class-E condition, achieved for k; = —0.8 and kp = —0.8.

Note that the achieved evolution is exactly what we could
get from any circuital simulator. However, in this case it is
achieved by means of exact mathematical functions, that can
be used for any further mathematical optimization instead of
time-consuming transient circuital simulations. Our aim is to
exploit these functions to describe ZVS and ZVDS in terms of
mathematical constraints, and use a numerical optimization
software to manipulate the circuit parameters so that the
evolution of the converter actually features optimal class-E
condition at stationary regime.

This approach leads to the set of constraints (B.1a)—(B.1g),
whose detailed explanation can be found in Appendix B.
Now, let us assume that D is known an fixed, that all design
parameters in (1), as well as initial conditions, are free design
variables, and that lossy parameters in (2) are given (con-
strained, for example, by technological limits). According
to this point of view, (B.1a)~(B.1g) can be considered as a
s(ystem of seven equations to be solved in the eight unknowns
iigz, iﬁgg, vi&, q1, 4R, qM, k; and kg, i.e., in the set including all
initial conditions and all design parameters. However, being
the system strongly non-linear (all the expressions of the
evolution of the state variable are non-linear), properties such
as the existence and the number of solutions cannot be a-priori
determined by only looking at the number of equations and
of unknowns.

Anyway, the system is under-determined. Empirically, two
degrees of freedom exist, and once they are set, a single
solution can be found for almost all combinations of the
degrees of freedom. For example, assuming D = 50% and
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by imposing k; = 0.8 and kg = 0.8, the solution of the above
mathematical problem is ensured by ii(r?\)/ =0, z§23 = —0.331,
W = 3.593, g = 1.687, qg = 1.687, gy = 2.338. The
evolution of the converter when using these parameters is
depicted in Figure 3(b), showing that the stationary condition,
the ZVS, and the ZVDS are perfectly achieved. The observed
sequence of configurations is Z3Z4Z12;.

Interestingly, the mathematical problem has solutions also
for negatives values of k7, kg and gy . B&/ imposing k; = —0.8
and kg = —0.8, we get a solution for ii(m), =0, iﬁS& = —1.755,
VA =0, g = 2581, gg = 2.581, gy = —2.55, and
the corresponding evolution has been plotted in Figure 3(c).
The sequence of configurations is different from the previous
case, and given by Z4737,7;.

Note that, in both cases, we have iggi = 0. This is
actually a constraint when asking for ZVDS, as observed
in Appendix B. Note also that in the normalized converter,
by indicating with the notation (f(6)) the average value of
f(0) over one period, we have that the output delivered power
is 1 - (—irec(0)) = 1, and the input power 1 - (ijpy(0)) > 1.
The efficiency of the converter is n = 1/(ijpy(0)) < 1.

IV. DENOMALIZATION OF THE NORMALIZED
CONVERTER
By introducing simple changes of variables, as detailed in the
following, both schematics of Figure 1 can be reduced to the
normalized converter of Figure 2.

First, for both topologies, let us consider the output net-
work replaced by a (real) voltage source V. Let the design

VOLUME 8, 2020
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TABLE 1. Real device models used for the lossy converter analysis.

Device Eq. sch. Mathematical model
Vp() [ Lp +M\ d [Ip(t)
ols—Jo Vs(t) T \xM Lg dt Is(l’) +
b [ LP/Qu  £M/Qu Ip(t)
T\EM/Qu  Ls/Qr ) \Us(t)
L dI(t) ws
~wr— AT V() = L=~ + Lo 0
dVve(t)
— e V() = Velt) + g 10, 100 ==Y
wsLLc
—@— —’\/\/\/—@— V(t) = Vs — Rsls(i’)
V(t) = RONI(t) (mON =1)
il . I(t) =0 D(SmON =0)
V(t) = —VONLRONI(H), I(t) <0 (dON =1)
< M mCagie V(t)>0,1d(t):0d (dON = 0)

rely on the state variable liny(?), Irec(?), VDs(?), Vka(t) (upper
case to indicate electrical quantities at the real circuit) as
a function of the time f. Let us also define the design
meta-variable (liny (7)) and (—I.c(¢)) as the average values of
Liny(?) and —Ic(¢) over one converter period Ty = 1/f;, and
Vinv and Viec, defined as, for both schematics?

Vinv = Vin,
(Iinv(t)) = I, (3)

With this, the inverter and the rectifier loop are similar, with
avoltage generator (Vipy and Viec), an inductor (Lipy and Lyec),
one side of the transformer, and one capacitor (Cipy and Crec)
in parallel with a switching device.

Then, let us replace all devices according to Table 1 in
order to include the main sources of losses, so that both
schematics can be described by the main parameters (circuit
design parameters)

Viee = Vout,
<_Irec([)> = Iout~

Liny, Lyec, M, L[n Ly, Cinv, Crec
and the secondary parameters (lossy parameters)

ON ON
Va' ’ Vb ’ QLinv ’ QLrec ’ QM ’ QLp ’ QLS ’ QCinv’ chec’
ON pON pHON
Rina Rout, RDS ) Rd s Rb

where REI)N and Va(l)N refer to the rectifying diode, RSN and
VL?N refer to the MOS body diode, Oy, , and Qy . are the
quality factors of Liyy and Lyec, Om, QLp and Qy indicate the
losses of the transformer, Qc, , and Oc,,. are the quality factor
of Cjuy and Crec, and the R;, and Ryt are the series resistances

2The reason for introducing these meta-variables is to allow the analysis
also when considering non-isolated converter topologies, where the relation
between Vj, and Vot with the introduced Vijpy and Vrec, and between I, and
Iout With (Ijny(¢)) and (—Irec(?)), is not straightforward as in this case. The
choice of (—Irec(?)) as meta-variable is due to the advantage of dealing with
positive value variables only.
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of the real generators (Thevenin equivalent) used to replace
the input source and the output network, respectively.

Now, let us write down the equations regulating the evo-
lution of the converters following the same procedure used
for the normalized converter in Appendix A, and leading to
(A.1). We can get exact equivalence between all systems by
imposing

Viec{—Irec(?)) .

Ly (1) = ] Iinv(0),  Irec(t) = (—1rec(?)) irec(0),
Vps(?) = Vinyvps(0),  VRA(?) = Viecvka(9), 0 = st
“4)

and, for the in-phase coupling case

_ Vrec <_Irec(t)> 1 _ <_Irec(t)> 1
q1 = -

grR =

Vi%w @y Ciny ’ Viee  @5Crec’
(—lrec(?))
Gy = M,
Viny ’
Vi M Vi M
ky = 11’1V_7 kg = rec—, 5)
Vrec Linv +Lp Vinv Lrec +Ls

whereas for the 180° out-of-phase coupling

;= Vrec<_1rec(t)> 1 — <_Irec(t)> 1

Vi%lv @5 Ciny ' Viee  @sCrec '
<_I rec(t ))
M = ——— W, M,
Vinv *
Vi M V M
T ©6)
Vrec Liny +Lp Vinv Lrec +Ls

Transformation rules for the lossy parameters are postponed
to Appendix C.

The main difference between the in-phase and the 180°
out-of-phase coupling is that in the former we have gy > 0,
k; > 0 and kg > 0, whereas in the latter )y < 0, k; < 0 and
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Schematic Denormalization
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<Iﬂ£)'> 1J__r ' '&I%\ %é‘g:(t):i'[rec(tP Vin = Vinv — VreCr Vout = _Vrec <0
. }J In® Trec(t) T%Lr: (o) Lout = (Iinv(£)) — (= Irec(t)) <0
Vin~Veee () [ = -Vrec , v
(Vi) ,_—!! (Vour) 11— {iiny (0)) < B 1 <Vrec - 1 >
T L ) R T~ P 1) A R )
(inverting buck-boost, type A) "
Tin(t, : T (8)>-<-Ieo(E
) é)> . IJ__F . Ié“orl\&\ ) ,m(mf\; ©> Vin = VreC/ Vout = Vrec - Vinv
= L%Jm@méme = {line (1) = (= Trec(0), Tout = (e (1)
VrecViny = [ OVeee v
(Vour) (Vin) ree ]
‘ %z: 1 = iy (0)) — > (%>Q
<Zinv(9)> V::\c -1 Viny
(buck)
<Imv(t):><'lrec(t)> Lrec e <'£ﬂt)> Vout — Vinv _ ‘/rec <0
" o | 30 L4FJ (f) fin = (T () = (= lrec(t)) Tout = =(~lrec(t)) < 0
va — = Vlnv‘Vrec
(\/m)CD (Vour) “;rec | 1 v
_| n= inv < < rec 1>
T <iinv (9)) \‘;m, -1 <Zinv(9)> Vinv
(inverting buck-boost, type B) "
Tiny(t) >-<-Iioc(t Trec(t,
) ()E' ( );RTO" rg{%\ 1< <::()> Vin = Vinv — Viee, Vout = Vinv
) ,\I/lmv(t)l Lm{m) I (i) In= <1reC(t)>/ Iout = (‘IreC(t)> - <Iinv(t)>
VS = NG ‘ v
(Vou) _| (Vi) 1= (i (0)) = <Vrec <! >
T 1 1- h VinV (iinv(9)>
(boost)

FIGURE 4. Schematic of non-isolated class-E converter topologies derived from the in-phase coupling isolated converter, and
denormalization rules for perfect equivalence for the normalized converter of Figure 2. Only differences with respect to (3), (4) and (5)
are shown. Rules for the lossy parameters can be found in Appendix C.

kg < 0. In both cases, the efficiency of the converter is given
by n= Vrec<_Irec(t)>/Vinv/Uinv(t)) = 1/<iinv(9)>-
Interestingly, we may note that a designer may be not
interested in an isolated topology. In this case, the transformer
can be replaced by a real single inductance with L, =
Ly = M and O, = Qr, = Ou. The two schematics of
Figures 1(a) and 1(b) can be modified to get all schemat-
ics of Figures 4 and 5, respectively. All of them are simply
obtained from the isolated converters by rearranging elements
in the inverter or in the rectifier loop in order to obtain a
ground-referred Vg, As for the isolated converters, it is
possible to show equivalence between these schematics and
the normalized one of Figure 2. The changes of variables
required are similar to thatin (3), (4) and (5) for all schematics
of Figure 4, and to that in (3), (4) and (6) for all schematics
of Figure 5. The exact relations, when different from the
reference isolated converter cases, are reported next to each
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specific schematic. As in the previous case, transformation
rules for the lossy parameters are postponed to Appendix C.

The main differences with respect to the already considered
cases involve how Vin, Vout, fin and Iy are related to the
meta-variables Viny, Viee, (linv(?)) and (—Iec(2)), and the
definition of 1/gin, 1/gcm and 1/gout.

Note that the equivalence between the canonical isolated
converter with 180° out-of-phase coupling and the schematics
of Figure 5 was already observed in [26]. This includes
the class-E buck converter [41]-[43] and the class-E boost
converter [31], [44]-[47], well known in the Literature. Con-
versely, almost all schematics of Figure 4 are new and have
been obtained using the same circuital transformation as that
used for the obtained schematic of Figure 5.

Note also that in the schematics derived from the 180°
out-of-phase coupling, in the definitions of input or out-
put voltages and currents, the terms Vipy + Vi and
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Schematic Denormalization
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FIGURE 5. Schematic of non-isolated class-E converter topologies derived from the 180° out-of-phase coupling isolated converter, and
denormalization rules for perfect equivalence for the normalized converter of Figure 2. Only differences with respect to (3), (4) and (6)
are shown. Rules for the lossy parameters can be found in Appendix C.

(liny(2)) 4+ (—Iiny(2)) appear. These are always positive quan-
tities. Instead, in some schematics derived from the in-phase
coupling, we can identify the terms Vipy — Viec and (liny(2)) —
(—Itec (1)), that can be either positive or negative.

Interestingly, for the feasibility of the converter, these two
terms must feature opposite signs. This happens either for
Vinv/Viee < 1/(iimv(8)) < 1, or Viny/Viee > 1. Accord-
ing to which one among these two assumptions is verified,
we deal with two different schematics, where in one of them
the roles of source and load of energy are exchanged with
respect to what we have seen up to now (i.e., Vi plays
the role of source voltage and ([jhy(¢)) > of load current,
or Viny the role of load voltage and (—Ic(f)) of source
current). The case 1/(iiny(0)) < Viny/Viee < 1 is not
interesting, since it leads to converters where both sides act as
sources of energy, that is entirely dissipated by the converter
losses.

Finally, the converter efficiency as a function of (i (6))
has been computed for all considered schematics, and can be
equal, smaller, or even larger, with respect to the reference
value 1/(iiny(0)).

In conclusion, to analyze the behavior of the real converter,
it is enough to get a solution of the normalized one, and
convert it by using the proposed denormalization rules using
the value of wg, Viny, Viec and (—Iec(f)) only. The approach
is not different from that proposed in [26], but the design
parameter 1, defined both in [23] and in [26] as it = Vi /Vout,
is not necessary anymore.

From the designer’s point of view, this is indeed a very
important advantage. Referring to the normalized system,
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the number of degrees of freedom is two. In other words, it is
possible to set two among the parameters in (1) and find all
the others by solving the mathematical problem imposed by
the optimal class-E condition. The space of the solution can
be plotted in a 2-D graph, and it is possible to identify areas of
the solution space where the choice of the degrees of freedom
allows a solution of the design problem, and others where no
solutions exist. Another advantage of this approach is given
by the normalization with respect to both the input and output
voltages (the converter of Figure 2 is 1 V-to-1 V). This allows
the fair comparison of performance in terms of quantities
related both to the primary side and to the secondary side.
As an example, one of the most important stress conditions
for the MOS device is given by the maximum value of the
Vps(#) in the off state. In the proposed approach is possible
to study this problem by looking at the normalized vps(6)
waveform only, since its denormalization depends on the
input voltage only, and not on the output voltage.

V. DESIGN STATE SPACE EXPLORATION FOR THE
NORMALIZED CONVERTER

As already anticipated, the design optimization problem of
Section III for the normalized converter, and that can be
applied also to all converters of Section IV, has two degrees
of freedom. We focus on k; and kg as free design variables
for many reasons, all of them inferred from (5) and (6).

The first practical reason is that k; and kg, fix the ratio of the
inductors in the circuit. Since the selection of the inductors
is typically the most constrained problem in circuit design,
we prefer to give to a designer the choice of k; and kg.
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FIGURE 6. Existence of the solution of the class-E design problem in the lossless normalized system for different values of the duty
cycles D, assuming k; and kg as free variables. Blue points refer to the optimal (ZVS + ZVDS) class-E solution, whereas orange points to
a sub-optimal solution (ZVS only). (a) D = 30%. (b) D = 40%. (c) D = 50%.

Furthermore, as already observed in [26], a designer can opt
to set either Liyy = 0 or Ly = 0 in the aim of simplifying
the circuit design. This option can be enabled by setting the
proper value of k; or kg.

As a second reason, let us consider to model the trans-
former according to the coupling factor k and the turns ratio
np/ng as in [23]. Since k = M /,/L,L; and n, /ng = /Ly /Ly,

it is possible to rewrite the definition of k; and kg as
Lp ﬁ Viny

Liny + Lp np Viec ’
Ly ’2 Vrec

Lrec + Ls ng Viny

kr = £k

kr = %k

@)

i.e., k; and kg can be considered the extension (at the inverter
and the rectifier side, respectively) of the coupling factor k of
the transformer, which is a parameter quite difficult to control.

A final mathematical reason is that the values of k; and kg
are constrained. Since Lipy > 0, Lec > 0and 0 < k < 1,
we have

also mutually constrained, i.e., kjkg < 1 independently of all
other parameters.

A. EXISTENCE OF AN OPTIMAL SOLUTION

Once the degrees of freedom k; and kg have been
selected, one may wonder if this choice effectively allows a
solution.

In Figure 6 we have plotted, using blue dots, all points
for which we were able to find a solution to the optimal
class-E design problem, i.e., ensuring ZVS and ZVDS. The
figure refers to the lossless system, i.e., with vgN = vgN =0
and all quality factors to infinity. All the datasets are included
in [40]. In our intention, these plots have to be used as a
proxy for checking the existence of the solution in a real lossy
system, under the assumption that the results may slightly
change once the lossy parameters are considered, and actual
existence has to be verified. The figure, also, refers both to
the in-phase coupling (i.e., k; > 0 and kg > 0) and the 180°
out-of-phase coupling (i.e., k; < 0 and kg < 0), and for the
cases D = 30%, D = 40% and D = 50% (i.e., 6o = 0.67,

(lim) _ s Viny (lim) _ "p Vrec 6> = 0.8 and 6, = ). Larger values of the duty-cycle are
kil <k; 7= ———, kel <kz ~=———, : .
- 1y Viec - 1y Viny characterized by a much smaller area, and we consider these
kikp <1 (8) cases not interesting.

i.e., k; and kg are both independently constrained (where the
bound is known only once Viny/Viec and ny,/ng are set) and
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The values of g7, gr and gps associated to each point can
be found in the datasets provided in [40]. Interestingly, g;
and gr do not feature a large spread of their value but are
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FIGURE 7. Component and stress analysis for relaxed design solutions for k; = 0.8 and kg = 0.8, with D = 50%. (a) values of g, qg
and gy, that are proportional to the capacitances and inductances values; (b) voltage peak value across the MOS and the rectifying
diode, respectively; (c) RMS value of the i;,,(6) and /rec(9) currents.

indeed limited from a few tenths to a few units. Conversely,
both for the in-phase and the 180° out-of-phase coupling the
absolute value of gy goes to infinity when the considered
point approaches the existence boundary condition kjkg = 1,
plotted as a red line in the figure. Since |ga/| is proportional to
the value of all inductors, it is not suggested to set a working
point next to the existence boundary condition.

In the figure, we have also indicated the configura-
tion sequence observed. In the large majority of the cases,
the observed sequence is Z3Z4ZZ; for the in-phase coupling,
and Z4Z37Z>7; for the 180° out-of-phase coupling, exactly
as in the examples of Figure 3. Indeed, in some cases, and
especially for low values of D, we observe that the rectifying
diode is always off when the MOS switch is on, and the
Z4 configuration is missing. In these cases, the sequence is
Z37,717,, either for the in-phase coupling or the 180° out-
of-phase coupling.

B. EXISTENCE OF SUB-OPTIMAL SOLUTIONS

Sometimes it is possible to relax the requirements for a
class-E converter, asking for a ZVS condition only. This case
is addressed as sub-optimal. In terms of the mathematical
problem discussed in Appendix B, it is enough to remove the
constraint identified by (B.1g).

As a matter of fact, a sub-optimal solution is not unique
since the value of d vps(6)/d6 at the MOS turn-on instant
is not constrained to 0, so an additional degree of free-
dom is introduced. Instead of looking at the derivative of
vps(0), we prefer to focus at the value of the parameter
iy that is indeed proportional to it when ZVS is ensured.
As already observed, ii(x% = 0 leads to ZVDS; otherwise
itis i) < 0.

As an example, let us consider for the sake of simplicity
the case k; = 0.8, kg = 0.8, with D = 50%, that allows an
optimal solution already plotted in Figure 3b. It also allows a
family of relaxed solutions associated to —21.1 < ii(g\), < 0.
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To show how these relaxed solutions differ from the optimal
one, we have plotted in Figure 7 the obtained values of the
parameters gy, gr, and gy as a function of ii(r?z, along with the
peak values of vpg(0) and vga(0), and the root-mean-square
(RMS) value of the ij,y(0) and irec(0).

The more we deviate from the ZVDS, i.e., the larger the
value of ‘ii(r?‘)/’, the smaller the values of g, gg, and qu.
This leads to a denormalized system with smaller induc-
tance values and larger capacitor values, according both to
(5) and (6). This is indeed a positive outcome: smaller induc-
tors are always welcome, with a reduction in the size of the
converter. Conversely, capacitors for which size is typically
not a problem, should be as large as possible to be able to
mask the parasitic of the semiconductors.

Furthermore, deviating from the optimal solutions allows
also an advantage (even if quite limited) in terms of reduction
of the peak value of both vps(0) and vka(6). The topic will
be discussed in Section V-C.

However, the RMS values of the currents are increased.
This topic will be deeply discussed further in Section V-D,
and leads to a reduction of the converter efficiency. Accord-
ing to this point of view, the optimal solution (under the
assumption that the values of inductors and capacitors make
the design feasible) has to be preferred.

As a final comment, allowing a sub-optimal solution
expands the solution space with respect to what observed in
Section V-A. The orange area of the plots in Figure 6 includes
all points (k;, kg) for which the solution of the design problem
can only be found by relaxing the system of equations. Also,
these datasets are included in [40], where the considered point
is that ensuring the smallest value of zfgi

C. DEVICE STRESS ANALYSIS

One of the main problems of resonant converters is the high
peak level of both Vpg(#) and Vka(z) voltages. Particular
attention is given to the Vpg(#), which should be limited to
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FIGURE 8. The class-E boost converter based on the ®, inverter. (a) Simplified schematic; (b) Desired shape for

the Vpg(t) waveform.

avoid stress on the MOS switch that could cause a breakdown
in the device. This voltage stress can, in fact, reach over four
times the input voltage.

This problem has been considered many times in Litera-
ture. As an example, Rivas et al. proposed in [29] a boost
class-E converter, whose schematic is very similar to the
boost topology of Figure 5, but where the inverter is based
on the ®, topology [45], [48]. Basically, an additional LC
resonator (in details, Lyr and Cyr) is added in parallel to
the MOS, as depicted in Figure 8(a), in order to tune the
Vps(t) waveform on the third harmonic of the clock, and
obtain a trapezoidal-like shape similar to that in Figure 8(b),
with a reduced peak value. The converter proposed in [29] is
operated at fixed switching frequency f; = 30 MHz and duty
ratio D = 30%, and the obtained peak drain-source voltage
to input voltage ratio is & 2.35.

Interestingly, the normalized circuit proposed in this paper
allows to estimate the peak drain-source voltage to input volt-
age ratio simply by looking, for almost all class-E topologies
considered,? at the peak value Pps of vps(f). In a similar
way, we can also look at the peak cathode-anode voltage to
output voltage ratio simply by looking at the peak value Vg
of VKA(G).

We have computed these two peak values for all points in
the solution space (both optional and sub-optimal solutions
have been considered). Results are shown in the contour plots
of Figure 9.

Interestingly, the Yk has important variations across the
solution space, and it can be lowered by using low values
of |k;|. Conversely, Vps is almost constant, and apparently
is mainly depending on D, and ranging from about 2.6 for
D = 30%, up to about 3.7 for D = 50%. From a math-
ematical point of view, this is reasonable. Let us consider
the schematic of Figure 2, and let us assume that lossy ele-
ments are negligible. The KVL at the inverter loop imposes
vps(0) +vg,, (0)+vi, (0) = 1, where v, (8) and vy, (6) are the
voltages across the two inductances gy and gp (1 — kp)/k;.
By integrating over one full period, we have

2 2 2
/ vps(8)dO + f Vg (0)d6 + / Vi, (0)d6
0 0 0

2
_ / vps(@)do =27 (9)
0,

D
3More precisely, to all topologies for which Vj,, = Vj;.
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where the first integral term can be computed over a limited
interval since vps(f) = 0,0 < 6 < 6Op, with Op = 27D,
and where the second and third ones are zero assuming
to be in the stationary condition. So, the integral of the
vps(f) has a constant value, and the larger the integration
interval 27 — 6p, the smaller the expected vps(f) peak
value. Since vps(fp) = vps(27) = 0 and assuming a half
sine-wave shape, the first integral terms can be approximated
as 2vps(2m — 6p)/m, that leads to Vps = n2/Q2n —
0p) = m/2/(1 — D). Observed values are very similar to
those obtained with these very simple and approximated
models.

According to the plots, the value of Vpg is slightly reduced
for relaxed solutions, as already observed in Figure 7(b).
Empirically, the peak value is also further reduced when intro-
ducing losses in the converter. This can be easily explained
by considering that any lossy circuital elements in the inverter
loop will add a positive contribution to the first term in (9),
whereas the second term is constant.

In light of this, it appears that the best option when design-
ing a resonant converter is to keep the value of D as low as
possible to reduce the stress on the main switch. Furthermore,
it also appears that the reduction in the peak drain-source
voltage to the input voltage ratio observed in the &, converter
in [29] is mainly due to the low value of D.

With a similar analysis, we can say that the value of Vga
can be reduced by reducing the duty cycle of the rectifying
diode. According to the figure, this is obtained by setting low
values of |k;|.

D. CONVERTER EFFICIENCY

In Section IV we were able to express the converter efficiency
n, for all considered topologies, as a function of (ijyy(6)). The
aim of this section is to investigate if all points in the existence
solution space are equivalent in terms of efficiency, or if some
of them are instead capable to ensure a higher efficiency with
respect to others.

Note that a comprehensive investigation relying on the
computation of (ijny(6)) would require the exact knowledge of
all lossy parameters, and would be of no general validity; for
this reason, we propose high-level consideration only using
the behavior of the lossless converter as a proxy for that of
any lossy converter.

When investigating the sources of loss on a real con-
verter, we may note that switching losses on the MOS are
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FIGURE 9. Contour plots of the stress on the switching devices according to the design point for the normalized converter. The black
dashed line indicates the separation of the optimal from the sub-optimal solutions, and the red solid lines the existence boundary
condition k; kg = 1. (a) Vps. D = 30%; (b) Via. D = 30%; (c) Vps, D = 50%; (d) Va, D = 50%;.

already been limited by soft switching techniques. Further-
more the average power Pp dissipated on the rectifying
diode, being Ix(t) and Ic, (f) the currents on the diode
and on the Cree With Lec(t) = Ix(t) + Ic,.(2), can be
approximated with

1 Ts fo) 1 Ts O
Pp~ —— f VNI (Dt = —— [ Vi rec(t)dt
Ts Jo Ts Jo

1 (T
o /O VONIe (0dt = VON (—Lee(t)) (10

where the last equality holds due to stationary condition on
the Ciec. In other terms, rectifying diode losses are dependent
on the (—Ic(?)) (i.e., according to Section IV, on the Iyyy),
but do not depend on the converter operating point.

Conversely, all ohmic losses such as that due to the non-
infinite quality factor of the reactive elements of the circuit or
to the Rggl, depend on the RMS value of the current flowing
through the corresponding element. In this section we con-
sider these kinds of losses, and we focus on the RMS values
Iiﬁys and IRMS of the inverter and rectifier loop currents
only, assuming that these two currents can be considered
a good proxy for all RMS current flowing into any circuit
devices.

In detail, let us consider the ratios Iiﬁz,vls /{Linvw) and
IRMS /([ (1)), equal to the normalized currents RMS values
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iil}ll\\,ds and ifelgls, respectively. These quantities are interesting

since the average current values set the lower bound for
losses, whereas actual losses are given by the RMS current
values, that in a resonant converter can be much higher than
the average value.

In the contour plots of Figure 10 we have shown how ;7
and iﬁ%’ls depend on the values of k; and kg for the cases D =
30% and D = 50%. Independently of D, for small values of
|kr|, the iililfs quickly increases, also increasing the converter
losses at the inverter side. Conversely, small values of |k;|
generate solutions with a large iXMS, thus increasing losses at
the rectifier side. In conclusion, in order to not increase ohmic
losses, a designer should set a point where both k; and kg are
not too small.

Note that the proposed analysis does not aim to be exhaus-
tive, for many reasons. First, an exhaustive analysis would
require the computation of the RMS current for all ohmic
device considered, and the single computation of i}g\//{s and
iféfs has to be considered just a proxy. Then, the choice of
the optimal values of iﬁys and iRMS involves many trade-
offs. As an example, focusing on the losses of the inductors,
changing the values of k; and kg will not result in a change of
i{fﬁ,’ls and RMS only, but also in the change of the value of the
inductors, and so in their parasitic resistance. An example can
be proposed by considering Figure 7. The more the converter
is working far from the ZVDS condition, the higher iRMS and

mv

-RMS
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FIGURE 10. Contour plots of the inverter and rectifier loops RMS currents according to the design point for the normalized converter.
The black dashed line indicates the separation of the optimal from the sub-optimal solutions, and the red solid lines the existence

boundary condition k kg = 1. (a) i*MS, D = 30%; (b) i*MS, D = 30%; () iRM

inv ’

iRMS but also the lower the gy, i.e., the smaller the induc-

tances, and this effect should also be taken into account. Note
however that losses increase linearly with the inductance size,
but quadratically with the RMS currents, so that a working
point with low RMS currents is typically preferable.

E. ROBUSTNESS OF THE SOLUTION TO PARAMETER
VARIATION

In any effective implementation, we have to cope with
an unavoidable tolerance of the values of capacitors and
inductors, which is reflected in a variation of the dimen-
sionless parameters from the desired value. As a result,
the actual operating point is not the expected, optimal one.
The aim of this section is to investigate if some points
of the design space feature higher robustness to these
variations.

As a first step, we observe how a variation in a circuit
element may change the value of a dimensionless parameter.
According to (5) and (6), a variation in the value of Cjny, Crec
and M implies a variation of the same relative amount in gy,
qr and gy, respectively. Conversely, to estimate the effect of
a variation in Liyy and Ly it is simpler to look at (7). Under
the reasonable assumptions that n,/n; is fixed, and that k
shows very limited variations only, the relative deviation of
kr and kg is always a fraction of the relative variation of Liny
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and L. In particular, by approximating the derivative of ky
and kg by means of their finite difference, we can write

A_kl ~ (1 _ k[l”_p Vrec) ALiny
ky k ng Viny Lipy
kl ALinv
=1-m
kl( Liny
Akg 1 ng Viny \ | ALpec
— | ~1- kR__
kg k np Vrec Lrec
_ _ kg ALrec
B kgim) Lyec

where kl(hm) and k,glfn) have been defined in (8), and are such
that 0 < 1 —k;/k™ < 1and 0 < 1 — kg/ky™ < 1.1n
other words, the relative variations of k; and kg are always
fractions of the variation of L;,y and Lyec.

Then, in Figure 11 we have considered a small subset
of points associated to an optimal solution for the in-phase
coupling case (i.e., k;j > 0, kg > 0) with D = 50%.
We consider this particular case representative for any other
cases with different coupling type or duty cycle, since all of
them lead to very similar results. For each point, we have
introduced a variation of one parameter among gy, gr, gum.
kr, kg uniformly distributed in the 3% range with respect
to its nominal value ensuring the optimal class-E condition.
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Design point 0y, Ogr Ogm Ok, Ok
k=04, kp =24 057% 1.65% 421% 44.08% 47.80%
25| k; =08 kg =12 067% 071% 3.05% 42.68% 37.70%
kj =12, kp =08 072% 036% 284% 39.34% 39.43%
S ki =24, kg =04 082% 005% 2.61% 44.44% 44.20%
k=04, kg =16 059% 122% 3.68% 8.88%  9.06%
L5 © k=08, kg =08 077% 040% 2.92% 7.36%  6.61%
= o k=16, kg =04 090% 003% 256% 7.13%  6.55%
s kj =04, kp =12 062% 087% 353% 537%  552%
o O ki =12, kg =04 097% 0.14% 2.61% 564%  3.95%
5 "60 o0 © kj =04, kg =08 075% 027% 2.77% 3.84%  3.24%
. I k=08, kg =04 125% 048% 257% 4.58%  2.26%
0 05 1 15 2 25 ki =04, kg =06 1.05% 042% 259% 4.07%  1.95%
ki k=06, kp =04 153% 110% 2.65% 544%  1.02%

(a)

(b)

FIGURE 11. Robustness of the optimal solutions to parameters variation in the case D = 50%, in-phase coupling (k; > 0, kg > 0),
when parameters are perturbed with a +3% error. Data refer to the observed variation of the output power. (a) Design points
considered. The area of the circle representing each point is proportional to the average value of the observed statistical deviation
of the output power, and the red solid line is the boundary existence condition k;kp = 1. (b) Statistical deviation observed when

only one parameter is perturbed.

We have evaluated the perturbation of the system by measur-
ing the variation of the output delivered power. In the table
of Figure 11(b), with the term o,, we indicate the standard
deviation of the observed output power in a Montecarlo sim-
ulation of 100 runs when the perturbed parameter is gy, and a
similar notation is used when perturbing the other parameters.
The considered points have also been highlighted in the k;-kg
space plotted in Figure 11(a). The area of the circle indicating
the position of each point is proportional to the average value
of the standard deviation observed. We focus on the standard
deviation only since variations in the average value of the
delivered power, even if present, are much smaller.

Interestingly, the converter is quite robust to variations of
qr and g, but may be extremely sensitive to variations of
k; and kg. The parameter gy, plays an intermediate role.
In particular, it is strongly suggested to set a working point
that is as far as possible to the boundary existence condi-
tion ktkg = 1, plotted as a red line in Figure 11(a). In
this area, in fact, even small variations of k; and kg may
lead to a completely different converter behaviour. Even if,
as observed above, the relative variations of k; and kg are
always a fraction of the variations of Li,y and Ly, the sensi-
tivity to these parameters in this area may lead to unreliable
implementations.

F. UNIQUENESS OF THE OPTIMAL SOLUTION
In the previous sections we have implicitly assumed that,
even if the normalized system may present an infinite number
of solutions to the relaxed design problem, it always has
(if existing) a unique solution.

This assumption is actually not correct. The existence of
multiple solutions has been observed in [49], where authors
addressed additional solutions as higher harmonic solutions
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since currents and voltages waveforms present more than one
oscillation in a clock period. The name reflects the common
approach to tune an RF amplifier on the second or higher
harmonic to increase its operating frequency.

According to [49], tuning the design of a converter on
the second harmonic may lead to two advantages: i) the
reduction of either the size of the magnetic elements or the
clock frequency; and i) a small but non-negligible increase
in the converter efficiency. Therefore, this approach deserves
investigation.

As an example, in Figure 12 we are able to plot many
different solutions one can find for D = 30%, k; = 0.975,
0.975. The case of Figure 12(a) is the standard
(first harmonic) solution, with igg\), = 0, l§23 = —0.033,
v = 2568, g = 0.429, g = 0.429, gy = 11.256.
This solution is characterized by Vps ~ Vka =~ 2.57 and
iﬁ%’ls ~ RMS ~ 3.26. The second harmonic solution has
been plotted in Figure 12(b). This case is characterized by
0 = 0, i = —0.095, WX = 2.668, ¢; = 1.240,
gr = 1.240, gy = 6.898, and leads to Vps ~ Vga ~ 2.71
and iﬁ%’ls ~ iRMS ~ 2.65. For this point it is also possible to
find a third harmonic solution, that is depicted in Figure 12(c),
obtained for (¥ = 0, iQ) = —0.168, VA = 2.582, ¢; =
1.954, gr = 1.954, gy = 4.585. In this case, we have
Vps A Vka ~ 2.75 and iRMS A~ RMS & 253, All three
solutions are characterized by the sequence Z3Z4717;.

The example confirms that higher harmonic solutions fea-
ture a smaller gy, i.e., either a smaller magnetic size or a
lower operating frequency, and lower RMS currents, with an
expected higher efficiency. Conversely, we can observe an
increase in the stress on the switch devices.

However, the exhaustive analysis of higher harmonic solu-
tions is quite a complex topic. Despite the fact that the

kp =
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FIGURE 12. Multiple solutions observed for D = 30%, k; = 0.975, kg = 0.975 of the normalized lossless converter for 0 < ¢ < 4x.
(a) first harmonic solution; (b) second harmonic solution; (c) third harmonic solution.

convergence of a standard solution is quite easy, finding a
higher harmonic solution is not easy and requires some guid-
ance of the design optimization algorithm. Many higher har-
monic solutions are proposed in the datasets provided in [40],
but it is not possible for us to show either a solution existence
space as that of Figure 6, or a stress and efficiency analysis.

VI. DESIGN EXAMPLE
In the previous section, thanks to the proposed normalization
approach that reduces the degrees of freedom to k;, kg and
D, we were able to propose the exhaustive analysis of many
properties of class-E converters according to the selected
design point. Here, we propose an example of how to take
into account the developed guidelines in the design of a
real converter. Note that, as already observed, the focus of
this paper is on the theoretical model and on the possibili-
ties given by the reduction of the design space dimension.
Adherence of the analytical model both to low-level circuital
simulations and to measurements from the prototype has been
already extensively proven in [23] and in [26]. For this reason,
we limit ourselves to provide the design of the converter.
Let us consider a 500 mW isolated dc-dc converter (i.e.,
according to one of the canonical schematic in Figure 1),
with Vi, = 12V and Voyy = 5V (so Ioye = 100mA)
operating at the frequency f; = SMHz. Let us focus on
possible solutions that allow optimal class-E condition with
Liny = 0. Let us also assume a non-ideal transformer with
a coupling factor k = 0.98, and that all magnetics have a
quality factor Oy = Qr,, = Q1, = Or,. = 100 at the oper-
ating frequency f; = 5 MHz. Conversely, we assume ideal
capacitors (Qc,,, = Qc;,,, —> ©°) as it is known that ceramic
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capacitors with high-quality dielectric (such as COG) have
high a quality factor (typically, Q > 1000) with negligible
series resistance. Diodes have been modeled with a voltage
drop V(?N = 0.7V and a series resistance Rfi)N = 0.1,
and the MOS transistor reckons with its series resistance
RSIS\I = 0.1 Q when turned ON. The converter model is then
completed with two additional resistors Rj, = Royt = 0.25 Q2
to take into account other non-idealities, or simply to consider
current sensing resistors.

As a first step, we may investigate possible candidate
operating points assuming a lossless system employing an
ideal transformer with turns ratio n,/n, = 1. With the above
specs, for both coupling, we have Viyy = 12V, Viee = 5V
and (—Iipy(¢)) = 100 mA. Accordingly, equation (7) leads to
|k7| = 2.4 and |kg| < 0.41.

The existence of the optimal solutions at the constrained &y
and for different duty cycle choice, as according to Figure 6,
allows values of kg approximately in the range 0.2 < kg <
0.4,0.275 < kg < 0.41 and 0.325 < kg < 0.41 for the
in-phase coupling at D = 30%, D = 40%, D = 50%,
respectively, and —0.41 < kg < —0.275 for the 180° out-
of-phase coupling with D = 30%. No solutions exist for
D = 40% and D = 50% with 180° out-of-phase coupling.

Among all these possibilities, we limit ourselves to D =
30%. The reason is twofold. Fist, a lower value of D leads to
a larger kg range, with additional optimization possibilities.
Then, this value of D allows a reduction of the stress across
the main switch.

Then, kg may be selected by taking into account its effects
on the other design parameters. In the in-phase coupling, with
k; from 0.175 to 0.41, the parameter g; ranges from 0.28 to
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FIGURE 13. Spice simulation results for the three design examples proposed in Section VI. (a) Optimal design (ZVS + ZVDS) based on
the 180° out-of-phase coupling; (b) sub-optimal design (ZVS only) based on the 180° out-of-phase coupling, with a 25% reduction in
the magnetic size; (c) optimal design (ZVS + ZVDS) based on the in-phase coupling and a second-harmonic solution.

0.35, gr from 4.11 down to 2.12, gps from 1.62 up to infinity
at the existence boundary condition. In the 180° out-of-phase
coupling, with k; from —0.41 to —0.25, the parameter g;
ranges from 0.40 to 0.44, gg from 2.63 to 9.27, gy grows
from minus infinity at the existence boundary condition up
to —2.49. According to these values, ¢q; (whose value sets
Ciny) has only minor variations, whereas gg (Whose value sets
Crec) has larger variations, but we may assume that no value in
the range gives rise to any problem. Conversely, g3 parameter
is critical due to its very large variation, and a solution far
from the existence boundary condition kjkg = 1 (where
the value of gy is actually slowly changing) is required in
order to minimize inductance values. A solution far from the
existence boundary condition also ensures higher robustness
to parameter variations in an actual implementation.

However, the exact value of kg has to be set accord-
ing to other trade-offs. For example, across the kg interval,
as observed in Section V, values of Vg and Vg4 have opposite
trends. The same is observed for i}}}\\,’[s and RMS,

The solution we propose is to look at the (i, (6)), that
is inversely proportional to the converter efficiency and can
be computed since the converter specs are given, leading to
kil = 2352, VN = 0.14, 0 = Qg = 100, g9 =
2880, g9N = 500, giny = 1152, gem — 00, grec = 200.
When considering the lossy parameters, the solution space
is slightly enlarged for all considered cases. For the in-phase
coupling, itis 0.15 < kg < 0.42, and the minimum observed
average inverter current is (ijpy(0)) = 1.267 for kg = 0.25.
For the 180° out-of-phase coupling, the solution space is
enlarged to —0.42 < kg < —0.2, and the average inverter
current is minimized for kg = —0.2, with (ij,,(0)) = 1.304.

Another possibility is to configure the transformer with a
turns ratio n,/ng = 2. This gives rise to |k;| = 1.2 for the
associated ideal system, and |k;| = 1.176 when considered
the non-ideal transformer, and allows a much broader range
of solutions for any value of D. With the same considerations
as in the previous case, we limit to D = 30% and to the lossy
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system, we have solutions for 0.175 < kg < 0.85 for the
in-phase coupling, with the optimum point at kg = 0.25 with
(linv(0)) = 1.262, and —0.88 < kg < —0.22 for the 180°
out-of-phase coupling, with the optimum point atkg = —0.22
with (ijpy(6)) = 1.256. The latter represents the point with the
maximum efficiency, with n = 79.6%, Vps = 2.53, Vka =
4.33. This solution is given by g = 0.338, gp = 3.102,
gm = —0.396 and it is denormalized to

L, =3.08uH (Ly = 771nH), Lgyc =2.09uH,

Ciny = 327pF,  Crec = 205pF

that gives rise to a converter whose spice simulation is
depicted in Figure 13(a).

Assuming that magnetic values of this solution are too
large for an actual implementation, it is possible to relax
the requirements in terms of soft switching and look for a
sub-optimal solution. By considering the previous design, and
imposing a derivative of Vpg(#) at the MOS turn-on time such
that iﬁg(): = —1.6, we have a solution given by ¢; = 0.338,
qr = 3.102, gy = —0.396, that leads to

L, =2.35pH (Ly = 588nH),
Cinv = 537pF, Ciec = 536pF

Lrec = 1.59 nH,

with (iiny(0)) = 1.298, Vps = 2.51, vga = 3.54. Magnetics
are reduced in size by 25%, but the efficiency is decreased to
n = 77%. The spice simulation of this converter is depicted
in Figure 13(b).

Another possibility is to investigate the existence of higher
harmonics solutions. Interestingly, considering the lossy sys-
tem with D = 30% and n,/ng = 2, ie., |k| = 1.176,
we have a second-harmonic optimal solution for 0.425 <
kr < 0.85 (in-phase coupling only). An interesting point is
given by kg = 0.6 (g1 = 0.633, gr = 1.54, g = 0.708),
characterized by (ijny(0)) = 1.215,Vps = 2.38, Vga = 3.56,
that is more convenient than previously considered solutions
both in terms of efficiency (n = 82.3%) and peak voltage
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FIGURE 14. Class-E converter prototype proposed in [23]. (a) Prototype photograph. (b) Measurements from the prototype showing
Vps(t) (top, left axis), Vi (t) (bottom, left axis), I, (t) (top, right axis), Irec(t) (bottom, right axis). (c) Normalized waveforms obtained
from the analytical model proposed in this paper, scaled to approximately match the resolution of the measurement plot. Voltages
vps(9) and vy, (0) are referred to the left axis, currents i, (6) and irec(6) to the right one.

stress. This solution leads to

L, =2.77pH (Ly = 693nH),
Ciny = 300pF, Cyec = 357pF

Lyec = 439 1H,

The spice simulation of this converter is depicted in
Figure 13(c).

VIl. COMPARISON

In [23], a 5V-to-12V, 1.25MHz, D = 50%, 500 mW
class-E prototype based on the in-phase coupling schematic
of Figure 1(a) has been presented. The prototype, whose
photograph is proposed in Figure 14(a), features a very good
adherence between theoretically expected waveforms and
actual measurements. In this section we show that, by using
the procedure proposed here, the design of the prototype is
much easier than what proposed in [23], and leads to the same
result. Furthermore, other converter features such as stress
devices can be well predicted in advance.

The class-E dc-dc converter in [23] relies on a WE-FLEX
commercial transformer by Wiirth Elektronik, inn,/ny = 1/2
configuration, with coupling coefficient k ~ 0.98, L, =
10.9uH (so, Ly = 43.6pH and M =~ 21.4 uH) and quality
factor QLp = Om = Qr, ~ 45. Furthermore, Lipy = 0 and
Liec = 33 pH, with Oy, & 47. According to the procedure
in [23], the design is achieved by considering an equivalent
5V-to-6 V, where all the elements at the secondary side
are referred to the primary side. So, the equivalent voltage
conversion ratio is © = 1.2, and the equivalent rectifier
inductance is 8.25 pH. Once the design is achieved, all the
equivalent elements at the primary side are referred back to
the secondary.

Indeed, with the new approach, one can use (5) to imme-
diately compute k; ~ 0.817 and kg =~ 0.670. This is
enough to allow us to extrapolate many results from the ideal
lossless model: i) according to Figure 6, the optimum class-E
condition can be ensured using these magnetics; ii) the 1/2
choice of the transformer ratio is good, since it leads to a
solution point that is quite distant from the existing boundary

205584

condition kjkg = 1; iii) since D = 50%, we expect (see
Figure 9) a quite high peak voltage, in particular for the
inverter circuit, with 7Jps ~ 3.63 (i.e., VDS ~ 18.2V)
and Vga ~ 3.82 (i.e., VKA ~ 45.8 V). Furthermore (from
Figure 10) we expect lRMS ~ 1.9 and iRMS ~ 1.8.

Then, referring to [23] for the complete modeling of the
circuit elements, we consider Ci,y and Crec ideal, we ignore
the bulk diode parameters since it is never turned on, and
we compute the other lossy parameters as vSN ~ (.058,
Oy ~ 45, Qg ~ 47.6, giny ~ 500, g9 ~ 1850, gem — 00,

ON ~ 96 and grec & 56. The optimal class-E design problem

solutlon is g = 1.305, gg = 1.337 and gy = 1.391, that
given f; = 1.25 MHz leads to
L, =108pH (L =43.3pH), Ly =32.8uH,

Ciy = 1.950nF, Crec = 330pF

that is exactly the design proposed in [23]. The measurements
from the prototype are shown in Figure 14(b), and can be
compared with the waveforms expected from the theoretical
model, depicted in Figure 14(c). From the measurement,
we get VDs ~ 17.8V and VKA ~ 40.6V, quite similar
to the predicted values. Furthermore, Ilﬁivls/( Iin(2)) = 2.0
and IRMS /(I..(1)) & 2.2. All these values have been well
predicted just by using the lossless system as a proxy, and can
even better approximated when considering the lossy model
of the converter, with Vps =~ 3.56, Vga ~ 3.63 (i.e., VDS 5
17.8V and Vga ~ 43.5V), iRMS ~ 2.3 and RMS ~ 2.1. The

theoretically computed efflclency isn = 1/{iin(0)) = 77%,
and approximates quite well the measured one (75%).

VIil. CONCLUSION

In this paper, we have considered an analytical approach
for the design of Class-E dc-dc converters recently appeared
in the Literature and improved it mainly by observing that
the design space dimension, neglecting the clock duty-cycle
ratio, is only two and not three as assumed in previous works.
The most important consequence is that this reduction allows
us an exhaustive analysis of all the design space, with the
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TABLE 2. Possible different configurations of the circuit of Figure 2 according to the state of the MOS and the diodes.

Config. | MOS and diodes state | state variables | constrained variables
Al mON =0, N =0, dON =1 diny (0), irec(8), vps(0) vga(0) = —vdN
Za mON = 0, bON = 0, dN =0 iinv(e)7 irec(a)a UDs (9)1 UKA(G) -
Z3 mON = 1, bON = 0, dON =0 iinv(9)1 irec(9), vka(0) vps(f) =0
Z3a mON =0, ¥ON =1, dON =0 Hiny (0), drec(0), vra (0) vpg(0) = —vdN
Z4 mON =1, pON =0, dON =1 tiny (0), irec(6) vpg =0, vra (0) = —v9N
Zga mON = 0, pON — 1, dON =1 tiny (0), rec(6) vps = 71}19N, vka () = 71}‘(1)N

possibility to investigate the optimal design according to the
design requirements. An example of a possible optimization
is provided at the end of the paper.

APPENDIX A

DIMENSIONLESS CONVERTER ANALYSIS

In order to study the dimensionless converter of Figure 2 and
get a closed expression for the four state variables describ-
ing the evolution of the circuit in the normalized time 6,
i.e., finv(0), irec(@), vps(@), and vka(0), the following two
simplifying assumptions are taken into account.

o The circuit can be found in many different configura-
tions, according to the on/off state of the three non-linear
devices considered (i.e., the MOS switch and the two
diodes). Three binary variables mON, pON and dON are
introduced to account for the device state (1 is on, O is
off) of the MOS switch, its bulk diode, and the rectifying
diode. Each circuit configuration is so identified by a dif-
ferent combination of {mON , bON, dON}. Furthermore,
to allow a simpler analysis, when either m®N = 1 or
bON = 1 we assume that the capacitance 1/g; (and its
parasitic series resistance) has no effect on the circuit,
and that the capacitance 1/gg (and its parasitic resis-
tance) has no effect when d°N = 1. We also assume the
additional constraint that the MOS switch and its bulk
diode cannot be on at the same time.

o When m®N = 1 we constrain vpg(9) = 0 and consider
1/ ggg belonging to the inverter loop; when b°N = 1 we
set vps(0) = —vbON and include 1/ g?N in the inverter
loop; when mON = pON — ¢, vps(0) takes the value of
the voltage across the capacitance 1/g7, and its parasitic

resistance q;/Qc,,, is considered. When d°N = 1 we
have vga(0) = —deN and include 1/ ggN in the rectifier
loop, otherwise vka(6) takes the value of the voltage
across the capacitance 1/gg, and its parasitic resistance
qr/Qc,. 1s considered. At the time instant when the
MOS switch is turned on, the vpg(f) is allowed to be
discontinuous, with an abrupt change to 0; in any other
condition, the continuity of all four state variables is
ensured.

Under the assumptions detailed above, six different circuit
configurations are possible, as summarized in Table 2. For all
of them, the converter evolution is regulated by the system of
linear equations in (A.1), as shown at the bottom of the page.

The first and the second rows in (A.1) come from the
Kirchhoff voltage law at the inverter loop and the rectifier
loop, respectively. The last two rows come from the equations
of the two capacitances 1/g; and 1/qg, and hold only if the
corresponding switching devices are off.

System (A.1) is piece-wise linear, and can be divided into
a number of linear systems (depending on the value of mON,
pON and dON) whose solutions, once continuity is ensured,
can be combined to give the solution of (A.1) in an exact and
semi-analytic way. Even if many approaches can be followed
to solve each linear system (e.g., using the Laplace domain),
we follow a procedure similar to that suggested in [23] based
on the direct solution of the system of differential equations.

In more detail, let us conventionally set the initial time
6 = 0 as the time instant when the MOS switch is (instan-
taneously) turned on, and 6p 27D as the time instant
when it is (instantaneously) turned off, with 0 < D < 1
being the clock duty-cycle. This pattern is then repeated with

VOLUME 8, 2020

1 ;Ikl » img]e) ! ;Ikl o ii;;(e) N ( ng N Z_A; ) (s®) 1@ + s (im(ezl ; iee(0)) |
ON"Z}# +pON (’géﬁ) - v?N) + (1= mON= pON) ( i (©) + vDs<9>) + ii;“_ff)) —1=0
DS b inv inv
1 ;Rk’" am ir‘“’éf) .1 ;Rk’* an® i;;(e) + (gim + g—”;) (rec®) + i (6)) + s ("m(@;;r in @) n
+dON (% - vgN) +(1—-d% ( T ie®) + vme)) + ’gﬂ ~1=0
d Tec rec
linv(0) — ql—[% =0 (mON+ PON =0 only>
Irec(0) — q%% =0 (dON =0 only) .

205585



IEEE Access

A. Celentano et al.: Methodology for Practical Design and Optimization of Class-E DC-DC Resonant Converters

a 2w period, i.e., at every 6 = 2km the switch is turned
on, with k = 0, 1,2, .... At all these time instants we have
vps(2km+) = 0 independently of the value of vpg(2km ™).

Let iggz, i§23 and vﬁgz be the values of ijny(0), irec(0) and
vka(0) at the reference time 6 = (. For angular time instants
0 immediately after the zero, the bulk diode is off (mON =1,
so that bON = 0), while the rectifying diode can be either on
(configuration Z4 with mON = 1, if irgg < 0 and V%& = deN)
or off (configuration Z3 with mON = 0, if vigi > (). Once
the circuit configuration has been properly identified, we can
consider the Cauchy problem given by (A.1) with the proper
values of mON, dON and dON and the initial conditions, and
analytically compute the converter evolution. We refer to [23]
for the mathematical details.

This solution is valid until the circuit configuration
changes, i.e., either at the earliest instant between 6p and the
time 674 when the rectifying diode turns off (when iec(0)
turns positive) assuming configuration Z4, or 6z3 when it
turns off (vga(0) + deN decreases down to zero) assuming
configuration Z3. Even if the value of either 674 or 673 has to
be numerically computed, the expression for #jpy(6), irec(0),
vps(f) and vga(0) are actually non-linear but expressed in
an analytic way. The values of the state variables at the time
instant when the circuit configuration changes is used as
initial conditions for the successive configuration.

APPENDIX B

DIMENSIONLESS CONVERTER DESIGN

Being able to have a closed mathematical expression for
Iinv(0), irec(6), vps(@) and vga(P) allows use to express as
a mathematical expressions the constraint of a class-E con-
verter operating at the optimal condition.

First, we have a stationary condition when the evolution is
periodically repeated every 2. This happens if

iiny27) — i) = 0 (B.1a)
irec(2m) — i = (B.1b)
kA7) — VL =0 (B.1c)

while the vpg(6) does not give rise to an analog condition
since it may be discontinuous at 8 = 2 km, k =0,1,2,....
Furthermore, it is necessary to satisfy the output power nor-
malization by imposing an average value to the rectifying
current
1 2
e+ 1= 5= [ ic@)d6 110 ®B.10)

2w 0

Finally, ZVS and ZVDS need to be achieved, i.e., the
vps(f) has to reach gradually the zero level immediately
before the MOS turn-on instant given by 6 = 2m. Let us
define HEN as the angular time when the body diode would
turn on if the converter was an autonomous circuit (i.e.,
the MOS was not externally turned on). The effective switch
time is given by 65, = min(2rw, OIS)N). We have ZVS and
ZVDS if

Osw — 2 =0 (B.1e)
vps(fsw) = 0 (B.1f)
d
EVDS(Q) = qriiny(@sw) =0 (B.1g)

6=0s

where (B.le) ensures that the body diode is not turned on,
(B.1f) ensures ZVS and (B.1g) ZVDS. The first equality in
(B.1g) holds since, given the definition of Oy, for 6 < Oy
it is mON = 0 and pON = 0, so that iy is actually flowing
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into the capacitance 1/g;. Note also that (B.1g) is not strictly
necessary if a designer is looking for class-E sub-optimal
condition.

Note that the ZVDS constraint (B.1g), assuming that both
constraints (B.1a) and (B.1e) are satisfied and g; # 0, can be
simplified in i) = 0. This initial value of iy will be always
observed when optimal class-E condition is ensured.

APPENDIX C
LOSSY PARAMETERS CONVERSION
Equation (C.1), as shown at the bottom of the previous page,
includes lossy transformation rules for the in-phase coupled
converter of Figure 1(a), whereas (C.2) for the 180° out-
of-phase coupled converter of Figure 1(b).

Transformation rules of (C.1) generally hold also for all
converters of Figure 4, with the following exceptions.
Inverting buck-boost configuration, type A:

1 _ VI’CC<_11’CC(I)) (ViIlV - VI‘CC)<_I['€C(I)>

—_— = in — R
8inv Vi%lV " Vi%lV o
1 (—lrec(D)) I (Viny = Viec)(—Irec(?))
- = < ty — t
8cm Viny o 8rec Vinv Viec o
(C.3)
Buck configuration:
1 _ (Viee = Vinw) (—Trec(?)) R Vrec<_1rec(t)>R
] — 2 1n 2 out
8inv Vinv inv
1 <_Irec(t)) 1 (Vrec - Vinv)<_Irec(t))
- = —Rln ) - = Rln
8cm Vinv 8rec Vinv Vrec
(C4)
Inverting buck-boost configuration, type B:

1 (Vrec - Vinv)<_1rec(t)> 1 <_Irec([))
._ = 2 RlIl 5 - = V RlIl
8inv Vinv 8cm inv
L _ _(Vrec - Vinv)(_Irec(t)) Riy + <_Irec(t)>Rom
8rec Vinv Viec Viec

(C.5)

Boost configuration:

1 _ (Vinv_Vrecx_Irec(t»R 1 _ <_Irec(t))R
= - outs =

8inv Vi%lv 8cm Vinv
1 . <_Irec(t)) R — (Vinv - Vrec)<_lrec(t)>

- in
Vinv Viec

8rec Viee

Transformation rules of (C.2) generally hold also for all
converters of Figure 5, with the following exceptions.
Buck configuration:

L o Vrec<_1rec(t))R

out

Rouww  (C.0)

(Vinv + Vrec)<_lrec (t)>

= : R
Ginv ‘/1%1 n ‘/1%1 out
1 (—Trec(1)) 1 (Viny + Viec)(—Trec(?))
= —————Ron, —= Rout
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(C.7)
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Boost configuration:

1 (Vinv + Vrec)<_Irec(t)) 1 <_Irec(t))

— = - Rin, — =—"—""Ri
8inv inv 8cm Viny

1 _ (Viny + Vrec)<_1rec(t)) R, + (_Irec(t» Rout (C.S)
8rec Vin Vrec Vrec
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