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ON THE THIRD COEFFICIENT OF TYZ EXPANSION FOR
RADIAL SCALAR FLAT METRICS

ANDREA LOI, FILIPPO SALIS, FABIO ZUDDAS

ABSTRACT. We classify radial scalar flat metrics with constant third coeffcient
of its TYZ expansion. As a byproduct of our analysis we provide a character-

ization of Simanca’s scalar flat metric.
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1. INTRODUCTION

A Kéhler metric g on a complex manifold M is said to be projectively induced
if there exists a K&hler (isometric and holomorphic) immersion of (M, g) into the
complex projective space (CPY, grg), N < 400, endowed with the Fubini-Study
metric gpg, namely the metric whose associated Kéhler form is given in homoge-
neous coordinates by wrg = $991og(|Zo|> + -+ - + |Zn|?). Since requirement that
a Kahler metric is projectively induced is a somehow strong assumption, one could
try to approximate an integral Kdhler form on a complex manifold with suitable
normalized projectively induced Ké&hler forms through the following construction.

Assume that there exists a Hermitian line bundle (L,h) over M whose Ricci
curvature Ric(h) equals w (this is always possible in the compact case). For every
postive integer m one considers the holomorphic line bundle L™ = L®™ endowed
with the Hermitian metric h,, induced on L™ by h, such that Ric(h,,) = mw.
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Let H,, be the separable complex Hilbert space consisting of global holomorphic

sections of L™ such that

n

(5, 5hm = /M 5,907 < o0

Ifsj,7=0,...,Npm, Ny +1 = dimH,, < oo is an orthonormal basis of H,,, the

smooth function N
€mg(®) =Y hm(5;(2), 55())
§=0

is globally defined on M and, as suggest by the notation, it does not depend on
the orthonormal basis or the Hermitian metric chosen (see e.g. [B]). This function,
also known in literature as distortion function, constitutes a tool to evaluate how
a Kéhler metric differs from being projectively induced. Indeed, if there exists a
sufficiently large integer m such that, for every point of M, we can find at least
one element of an orthonormal basis {s;},=0.... n,, of H,, which does not vanishes
at this point (the free based point condition in the compact case), coherent state

map, namely the holomorphic map
Om : M — CPNm
x = [so(x),...,sn,, (z)],

is well-defined and, moreover (see, e.g. [1] for a proof), it satisfies
orwrps = mw + %85 log €mg-

Although not all Kéhler metrics are projectively induced, Tian ([24]) and Ruan
([22]) solved a conjectured by Yau by proving that any polarized metric on a com-

pact complex manifold is the C'°*°-limit of normalized projectively induced metrics
€mIFS  Then, Catlin ([8]) and Zelditch ([27]) independently generalized the Tian-

L
Ruan theorem by proving the existence of a complete asymptotic expansion for
the distortion function related to any polarized metric defined on compact complex

manifold. This asymptotic expansion
o0
emg(x) ~ Y aj(@ym™7, (1)
j=0

is called Tian—Yau—Zelditch expansion and it means that there exists a positive

constant Cj, depending on two positive integer constants [ and r such that

!
—; a,
Emg(x) - Za](x)m" / cr = mlJ:l’
j=0
where ag(z) = 1 and a;(x), j = 1,... are smooth functions on M. In particular, Z.

Lu [20] computed the first three TYZ coefficients. The expression of the first two
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coefficients are (for the rather involved expression of third coefficient as see (I3))

below):

az(z) = 1Ap + 5 (|RI* — 4|Ric|? + 3p?)
where p, R, Ric denote respectively the scalar curvature, the curvature tensor and
the Ricci tensor of (M, g),

Due to Donaldson’s work (cf. [9], [I0] and [I]) in the compact case and respec-
tively to the theory of quantization in the noncompact case (see e.g. [3], [6] and
[7), it is natural to study metrics with the Tian-Yau-Zelditch coefficients being
prescribed. For instance, the vanishing of this coefficients for large enough indexes
turns out to be related to some important problems in the theory of psedoconvex
manifolds (cf. [2I], [2]). Furthermore, in the noncompact case, one can find in [19]
a characterization of the flat metric as a Taub-NUT metric with ag = 0, while Z.
Feng and Z. Tu [I3] solve a conjecture formulated in [26] by showing that the com-
plex hyperbolic space is the only Cartan-Hartogs domain where the coefficient as
is constant. In [I8] A. Loi and M. Zedda prove that a locally hermitian symmetric
space with vanishing a; and as is flat.

The present paper deals with radial Kadhler metrics, namely those Kahler metrics
admitting a Kéhler potential which depends only on the sum |z|? = |22+ - -+ |2, |?
of the moduli of a local coordinates’ system z;.

Our main results are the following

Theorem 1.1. The third Tian- Yau-Zelditch coefficient as of a radial Kdahler metric
with constant scalar curvature (cscK metre) is constant if and only if the second

Tian- Yau-Zelditch coefficient as is constant.

Corollary 1.2. The flat metric and the Simanca metric are the only radial pro-

jectively induced metrics with a1 = az = 0.

The proof of Theorem [[T]is based on Feng’s work [12] which classifies the radial
metrics whose first and second coeffcients of TYZ expansion are constant functions.
Since the proof of Feng’s classification theorem given in [I2] is quite technical and
not so easy to read we have provided in the next section a more readable (to the

authors’ opinion) proof. In the last section we prove Theorem [Tl and Corollary
1.2

2. RADIAL METRICS WITH CONSTANT aj E as

Theorem 2.1 (Z. Feng [12]). The only radial Kahler potentials defined on a com-
plex domain of dimension n which have constant first and second TYZ coefficient

are:
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1. the Euclidean metric,
2. constant multiple of the hyperbolic metric defined on B ,
A

3. constant multiple of the Fubini-Study metric.
Moreover, if n =2

4. |z|* + Aog |z|? on C2\ {0},
5. plz)?> — Xog|z|? on C? \Ei,

6. —p(log(1 = g[2[*) + 5% log|2|*) on B2 , 1 \ B
3

7. —pu(log(1 — &]2[20HD)) — X og|2|2) on B'(21)ﬁ1 \ {0},
3

8. p(log(1 + &|z| 72 HD) 4 22 Jog |2[?) on C2 \ B L

—~
N
ol
—
=
M
+>
>
—
=
>
I
o

9. u(log(1 + |2|7%) + £ log2[?) on C2\ {0},
10a. —p(log(—logl|z* + k) + M) on B2, \Eivz,

O, z 2 =2
1la. —p(log|cos(Alog|z|? + k)| + %) on Bfl(h%/\) \ By, (hie0)s

orifn=1

10b. —plog| —log|z|? + k| on C\ (0B~ U{0}),
11b. —H log | COS()‘ 1Og |Z|2 + K)|) on Bn(h,m)\) \Erg(h,n)\)'
Where of B}* denotes the ball of radius v in C", OB]' denotes the boundary of B},

B =BrUdBY, u\ECERY, 0< (<1, k€ER, heZ ri(hk)=ex(*

ro(h, Kk, \) = ex (5 T=R) and rg(h, K, A) = ex (hmtarctan(gx) —r)

T—K)
)

Proof. Let ®(logr) be a Kéhler potential defined on a radial complex domain of

complex dimension n, where 7 = |21]% + ... + |2,]?.

Firstly, we classify Kéhler metrics related to such kind of potentials which have
constant scalar curvature (namely a; is constant). By definition, the metric tensor

reads as 52 a ) . , .
P(logr " — P d

;= = iz + — 0, 3

9ii 02;0%; 2 s + r Y (3)
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where 0;; is the Kronecker delta and ®’ represents the first derivative of ® with
respect to
t =logr.

Since Riemannian metrics are positive definite, ®” needs to be a positive function.

Hence we can consider the following substitutions
y='(1),
P(y) = 2"(1).
From eq. @), we easily get

P’ n—lq)//
det (g;5) = #
r
By considering that
d (b// (b/// 1/}
a((n —1)log @' +1log®”) = (n — 1)5 + o7 = (n — 1)5 + Y,
we introduce the further substitution
n—1 /
y vy
o) = L — (-2 ey,
Y Y
and we compute the Ricci tensor’s components:
) 0% log det Ji5 —o'p+o—n_ n—o
Rlcij = — 3282( ]) = 2 Ziz5 + T(Sij, (4)
i0Zj

to be in the position to represent the scalar curvature as a function of y:
nn—1) (n—1)c+0o'y
y y '
Thus we reach our initial objective by solving the ODE obtained by imposing p to

p = 9" Ric;; =

be constant, namely

nin—1) " '¥)”

— =—An(n+1),
Y yn! ( )
whose solutions are
9 B C
Y(y) = Ay” +y + 2 + g1 (5)

where A, B,C € R.

Now, we determinate which conditions have to be satisfied so that the previous
metrics also verify the PDE
as = K, (6)
where K is a real constant.
We are going to represent the first term in the previous PDE (see eq. ) as a

function of y, ¥(y) and its derivatives, in order to convert it to an ODE.
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e 3%g.1 pg 99ip 0941
Riemann tensor’s components R are by definition equal to 5 o5, 9" oy B
Therefore, the following derivatives (cf. eq. Bl)
89,7 ' _ _ " 3" 428’
T = 2 bz + Ouzr) + 52225,
8%g,7 ' q>//// 60" +110" —6d — _
Pmon = (0k10ij + 0u0kj) + 4 ZiZj 21 % (7)
"o ’ _ _ _ _
+<D3T#(6kj2izl + 5kleZi + 6z'l2j2k + 6ij2l2k)

allow us to state that the unique (up to consider tensor’s symmetries) nonvanishing

components in (21,0, ...,0) are equal to
// 2
Ryt = T;p )
Rig; = 5%, (8)
Ruu 2Rﬁ]3 = 2¢T—2U,

where i # j and 4,j # 1. By taking into account the invariance of |R|? under the
action of the unitary group, we can use Riemann tensor’s components of formula
([®) and the metric tensor’s components evaluated in (z1,0,...,0) (cf. eq. B) to get

the general formula

IR = (¢")*(Riri1)? + 4(n — 1)(¢")(¢")*(Ry1:7)?
(o) (AR (R o+ (0= D (Rii)?) (9)
Z(’Q/JH) 4(n _1)(¢ZQ¢) +2n(n —1 (111 y)2

Similarly, we compute

[Ricl” = (") (Riey)? + (n = 1)(g") (Ric;;) o
ag—n 2
Therefore the equation (@) is equivalent to
V'y — 2 Y —y\?
1 —1)( - ) +2n(n— 1)(7)

- 4((0’)2 +(n— 1)(

ag—n

) + @
= 24K — 3A*n*(n 4+ 1)%
By imposing in the previous ODE, ¢ to be equal to the solution (@), we get
(n—1) (2BCn2y_2" n 4 1) 4 C?ny= 2D (n + 1) (n + 2)
F B2y (n +1)(n — 2) + A%n(n + 1)(3n + 2)) ~ 24K =0.
Hence, the previous equation is satisfied if and only if
C=B=0, K=A%n(n+1)(n—1)3n+2)/24 ifn>2
C=0, K=2A2 ifn =2
K=0 ifn=1
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By definition of ¢» and y and by renaming the constants for more convenience, one
gets that as = K if and only if
a(®’)? + o’ if n>2
" =)+ +c ifn=2, (11)
a(®)? +bd" +c ifn=1.

In order to solve this equation let us first suppose a # 0. Therefore

@%w_a<@w+§92+§—£;>. (12)

We distinguish now three different cases.

Case 1: ¢ — % = —D? where D € R*. By solving this ODE, we get
P'(t)+ L —D

2aDt
=cLe s
(I)I(t) + % + D 5

where £ € RT. Thus we have to distinguish two further different possibilities.
la) @' + £ - D<0<® + L +D.

Hence oab .
e t b D— >

P(t)=——— ([ D4+ — _—  2a

( ) 582aDt +1 + 2a + €e2aDt + 1’

namely
1 b
O(logr) = - <log(1 + ¢r2eDy 4 (5 - Da) 1ogr> .

Since " > 0, then a < 0. If n > 2, also ® has to be positive by definition of
Kahler potential. This condition is trivially satisfied if n > 2, while if n = 2 it
is equivalent to (2aD + 1)ér2?P > 2aD — 1. Moreover, if n = 1, we recall that
00logr = 0.

1b) @ + £ — D> 0o0r & + £ + D < 0. Therefore
2aDt -5
@@:—é%Fj(D+%>—é%ﬁﬁ,
namely
S(logr) = —2 (log |1 —&r2*P| 4 (g — Da) 1ogr> .
Since ®” > 0, then a > 0. If n > 2, also @' has to be positive. This condition is

satisfied if and only if £722P < 1 and &r2eP > %;g‘fg ifn=2.
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Case 2: ¢ — % = 0. This case may occur only if n = 1 or n = 2. By solving the

initial ODE (I2), we get
1 b
O(logr) = ——log|logr + k| — — logr,
a 2a

where k € R. Since ®”’ > 0, then a > 0. If n = 2, also ®’ has to be positive, hence
—2 — Kk <logr < —k (in this case b = 1).
Case 3: £ — % = D?. Also this case may occur only if n = 1 or n = 2. By solving

a

the initial ODE (I2)), we get
1 b
P(logr) = ——log| cos(aDlogr + k)| — % logr,
a a

where k € R. Since ®”’ > 0, then a > 0. If n = 2, also ®’ has to be positive, hence
L (arctan(4525) + hr — k) < logr < -5(% + hw — k), where h € Z.
To conclude we have to consider that a may also be equal to 0, hence we have
to solve
O (t) = bd" + c.
If b £ 0, we get

1
D(logr) = b—2§rb — l—c)logr.

If n > 2, ® has to be positive, hence &r® > 7- This condition is always satisfied if
n > 2, since ¢ = 0. Moreover ®” is always positive.

Instead, if b = 0 (this case may occur only if n = 1), we get
D(logr) = g (logr)? + rlogr,

which is the Euclidean metric (already considered before). O

3. PrRoOF oF THEOREM [[LT] AND COROLLARY [[.2]

In order to prove Theorem [Tl we recall the expression of the term az in Tian-

Yau-Zelditch expansion:

az(z) = $AAp + Fdivdiv(R, Ric) — ¢divdiv(pRic)
+35A(IR[* — 4[Ric|] + 8p%) + g5p(p* — 4[Ric]® + |R[?) (13)

+5 (03(Ric) — Ric(R, R) — R(Ric, Ric)),
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where we are using the following notations (in local coordinates z1,. .., 2z, ):

! ji Op O
|D P|2 = gﬂa_z%u
|D'Ric|? = g‘”gﬂﬁgkalc kRic,5.,
|D R|2 = galg]Bnggwgeplekl pRaﬁ'yé,eé2
divdiv(pRic) = 2|D p|? + gngO‘RiCﬁm + pAp,
divdiv(R, Ric) = —¢”'¢/*Ric;; 54— — 2| D'Ric|?
—i—g‘“gﬂBg”’“ngU)kll‘i@m;;Y — R(Ric, Ric) — o3(Ric),
R(Ric, Ric) = g‘ﬁgj'ég%glgRijklfRic/gaRicﬁ,
Ric(R, R) = g*'¢"" 97" ¢°P 9" Ric;5 Ro5pq Rcs:
o3(Ric) = g°'¢’* ¢ Ric;Ric, zRic, 5

where the gﬁ’s denote the entries of the inverse matrix of the metric (i.e. gkggﬁ =
drj) and “ p” represents the covariant derivative in the direction aizp and we are
using the summation convention for repeated indices. The reader is also referred
to [14] and [I5] for a recursive formula for the coefficients a;’s and an alternative
computation of a; for j < 3 using Calabi’s diastasis function (see also [25] for
a graph-theoretic interpretation of this recursive formula). Moreover note that,
given any Kéhler manifold (M, g) it makes sense to call the a;’s Tian-Yau-Zelditch

coeflicients, regardless of the existence of Tian-Yau-Zelditch expansion.

Proof of Theorem[I1. The same arguments about unitary invariance of terms of
as shown in the proof of Theor. 2] hold true also in this case for the term as.
Therefore, we can easily compute by using eq. (8) and (@) evaluated at (21,0,...,0)

the following terms:

Ric(R, R)
= (g'")* Riex ((g1)* (R 111)2+2(n—1)911( )2 (Ra1i)?)

+( R Cii (gn 17) zuz + 2(” - 1)(” - 2)(Rﬁj5)2) 14
<n 1)(g'1)2(g")* Ricgg(Byri)? (14)
—2(n - 1) ”( < Y+ Wy - v)°)
( 1/}// 1)(#’ Z/Zw) );
R(Ric, Ric)
= (9" (Riewt)* Runyt + 2(n = 1)(9'")*(9")* Rieu RicaRia (o

+(g")*(Ric;)*((n — DRy + (n = 1)(n — 2)Ry555)
= (0/)21/]// _ 2(7’L _ 1)% + n(n _ 1)(1/;—;/)11#0)2'

By using formulas (@) and (I0), we define

x(y) = |R[* — 4|Ric|?,
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to get
— 82X
A(|R]* — 4|Ric|?) = g%
(R~ aRicf?) = g 55
’ 1" Ioly! /
G XY YN =X n-1
—g J(XT(Sji + Xif—QXszz') =(X¥) + TX/W (16)

Since Christoffel’s symbols I'}. are equal to gP? %‘Zf, we easily deduce from ()
that they are all equal to zero when evaluated at (21,0, ...,0) except for:
ry = (32 )g7)21 = wr_lglv
@//7@/ _ . _
L= (EEE)()n = Ls

We also compute that the unique first derivatives of Ricci tensor’s components
different from zero in (z1,0,...,0) (cf. @) are:

851 Ricyy = a'w—(o/w)’wzh
621 Ric; = %Ricii = U_Ur/#zl,
and we use them to evaluate Ricci tensor’s first covariant derivatives at (21,0, ..., 0),
which are defined as Ric;; ) = aisz — Ric,;I'},, and we get
[D'Ric|* = (g"")*| Ricy1,|* + 2(n— Dg'(g")?|Ric;i 1 |2 (17)
=(0")? ¢+2(n—1) 2(0' +222)2%
Because some Riemann tensor’s components in (21,0, ...,0) are equal to zero (cf.

eq. @), we need to compute just some Ricci tensor’s second covariant derivatives,
of which we recall the definition: Ric;j 7 = 0;0k Ric;; + I‘ZZI‘f Ricqp — T}, 0;Ric,; —

BngiRicpj — I‘%@kRiciﬁ. In particular, we preliminary evaluate at (z1,0,...,0) the
following derivatives (9;T%, = gP? 68221%1;,6 gPY god 85‘;” %ZI:)
8111%1 = /:w,
&'lel = w,zr—w,
o'y = 1”;‘2;”’1#,
0T}, = 20515, = 2424
and > _pi —<<o/w)’w>’w+2<a/w)’w—a'w
821951 161 =
az?azl Ricg az 85 Ricy; = = w+20 e
az oz, [tici; = 28z a5, llici; = 82 82 RZC i~ QW’
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to be in the position to express

(9")* RiniiRici1 a1 +2(n = 1)(9"")*(¢")* Ryzia (Rici 5 + Riczag)
+(9")*((n = DRy Ricg 5 +2(n — 1)(n — 2) Ryz;5 Ricg j5)
= (= (@ 0)') — (0" + 20 (') + ')
+2(n — )Y (2(0'p) + 2% (n — o) + 4%0')
+2(n - )L (9 = L) (of + 252)
+2nk(n —1)(¥ —y)(o —n—o'y)
as a function of y, ¢» and its derivatives.

Therefore, thanks to the formulas (@), (I0), (&), @), (I6), (I and (I8]), using
), we convert the PDE

(18)

ag =K, (19)
where K is a real constant, to the identity:
n(n—1)(n+1) (143ny3"+3(n—|—1)(n—2)—|—ABQny"+3(2—n)(n—l—3)—2Bny’“L2 (AC(n+
1)(n+4)+ B(n?—4)) = Cy" ! (n+1)(n+2)(AC(n+6)+4Bn) —2C%y"(n+1)(n+
2)(n+3)+2B%*ny3(2—n)(2n+1) — 6B2Cny*(2n+1) —6BC?y(n+1)(2n?+ 3n +
2) — 2C%(n + 1)(n + 2)(2n + 3)) — 48Ky,

Therefore, if n = 1 and K = 0 the previous equation holds true independently
from A, B and C. If n # 1, C needs to be equal to 0. By putting C' = 0 the equality
issatisfied if K = 0andn =2orn >2,B=0and K = —‘2—83712(71+1)2(n—1)(n—2).

To sum up, we have just proved that as = K if and only if

Ay? +y if n> 2,
V()= Ay’ +y+B  ifn=2
Ay’ + By +C ifn=1.

By recalling that y = @ and eq. (II), we get that as is constant if and only if
a3z = K is constant, which concludes the proof of Theorem [T 0

In order to prove Corollary[L.2we need the following result, proved by the authors
in [I7] (Lemma 2.2 and Corollary 2.3).

Lemma 3.1. Let n > 2 and p = (s,0,...,0), with s € R, s # 0, be a point

of the complex domain U C C™ \ {0} on which is defined a radial metric g with

radial Kahler potential ® : U — R and corresponding diastasis D, : U — R. Let

f:U = R defined by f(r) = ®(2), 2 = (21,...,2n) where U = {r = |z|* =

|12+ -+ |za]? | z € U} and, for h € N, let g, : U — R given by:

dhef(r)
drh

gn(r) = e ), (20)
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If there exists r € U and h € N such that the function gien by (20) is negative,

namely gr(r) < 0, then the metric g is not projectively induced.

Proof of Corollary[L2. Let us first recall that the Simanca metric is the Kéhler
metric g on C?\ {0} defined by the Kihler potential

|2[* + log |2/ (21)
This metric, used by Simanca in [23] to construct constant scalar curvature
metrics on blowups, was studied by the authors in [I7] (Theorem 1.3), where it was
proved that it is projectively induced.
Now, Theorem [[.T] implies that that the Simanca metric, the flat metric on C"
and the metric on {z € C? | |z|? > 1} given by the potential

|2 —log |2 (22)
are, up to homothety, the only radial Kahler metrics g with a1 = ag = 0. Indeed,
more precisely, by Theorem [[LT] if a1 = a3 = 0 then ¢ must be one of the metrics
of the list in the statement of Theorem 21l In particular, since a; = 0 we are in
the case ®” = b®' + ¢ (being ® a Kahler potential of g) considered in the proof
at the end of Section 2: after an easy integration of this ODE, as seen above,
one gets the Euclidean metric and the metrics given by 4. and 5. of the list in the

statement of Theorem 2.I] which, respectively after the change of variables w = %
and w = \/gz, proves our claim.

Since it is well-known and easily verified that the Euclidean metric is projectively
induced (see e.g. [4]), in order to conclude the proof of Theorem[[.2we need to show
that the Kéhler metrics whose Kéhler forms are given by w = A299(|z|? — log ||?)
are not projectively induced, for any A > 0.

Set f(r) = A(r —logr), r = |z|%. Thus e/(") = 2= and g3(r) in the previous

Lemma reads as:

g3(r) = d—e*f = MNP 3N 43N+ D)r = A+ D(A+2)]. (23)

3
Since the metrics are defined on {z € C? | |2|> > 1}, we can let r tend to 1 in

@3) and get
lim g3(r) = AN =3A2 +3A2 +3XA - A2 —30—2] = -2\ <0

r—1+

which, by Lemma [31] proves our claim and concludes the proof of Corollary[[2) [
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