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ON SOME STRONG POINCARE INEQUALITIES
ON RIEMANNIAN MODELS AND THEIR IMPROVEMENTS

ELVISE BERCHIO, DEBDIP GANGULY, AND PRASUN ROYCHOWDHURY

ABSTRACT. We prove second and fourth order improved Poincaré type inequalities on the hyper-
bolic space involving Hardy-type remainder terms. Since theirs 1.h.s. only involve the radial part
of the gradient or of the laplacian, they can be seen as stronger versions of the classical Poincaré
inequality. We show that such inequalities hold true on model manifolds as well, under suitable
curvature assumptions and sharpness of some constants is also discussed.

1. INTRODUCTION

Let M be a Cartan-Hadamard manifold of dimension N (namely, a manifold which is complete,
simply-connected, and has everywhere non-positive sectional curvature). It is well known that if
the sectional curvatures of M are bounded above by a strictly negative constant, then M admits a
Poincaré type, or L?-gap, inequality, namely there exists A > 0 such that

/M |V yul? dv, > A/M u?dv, VYue CX(M).

Recently, there has been a constant effort to improve the Poincaré inequality in terms of adding
possibly optimal Hardy weights, i.e. adding on the r.h.s. a term of the form fM W u? dvg with W > 0
“as large as possible”, see [I1] for a general treatment of Hardy weights for second-order elliptic
operators. Starting from the works [2] and [4], where a Poincaré-Hardy inequality was shown with
sharp constants, further generalisation to p-Laplacian and higher order case have been obtained in [6]
and [5], respectively. We also refer to [7] for more general improvements and the study of extremals.
The kind of weights obtained in these papers, which are singular at a fixed point of M, makes this
subject a sort of lateral branch of that very rich field of research originated from the seminal paper
[8], and dealing with possible improvements (not only of L? type) of the classical Hardy inequality
on bounded euclidean domains or on curved spaces, see e.g. [Il B [0 10, 15, 16, 17, I8, 20] and
reference therein.

The most studied example of M is clearly the hyperbolic space HY, where A = (%)2 In this
setting the following improved Poincare inequality was established in [4] for all u € C°(HN):

N-1)\°
(1.1) / |V~ ul|? dogn > <> / u? dvgw
HN 2 HN

1 u? (N —1)(N -3) u?
- —d d
+ 1 /HN 2 vgN + 1 /HN b2y VRN

where N > 3, r := p(z, 0) denotes the geodesic distance function and o € HY is fixed. Moreover, all
constants in are proved to be sharp in a suitable sense.

In view of the work [22], where a similar question has been recently posed in the context of Hardy
inequalities, one may wonder whether inequality still holds if we replace |V u|? with its radial

part (%7;)2' Since, by Gauss’s lemma one has |Vgyu|? > (%)2, giving an answer to this question
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2 ELVISE BERCHIO, DEBDIP GANGULY, AND PRASUN ROYCHOWDHURY

is by no means obvious and it represents the first goal of this paper. Indeed, we prove that the
following stronger version of (|1.1]) holds

ou\> N—-1)\?
(1.2) /IHIN ((%> dog~y > (2) /]I-]IN u? dvgw

1 u? (N —=1)(N -3) u?
Rl d
+ 4 AN 2 VyN + 4 AHN Sinhz ; UHN ,

for all u € C*(HY) and N > 3. Clearly, reproves inequality but we derive it by
using a different technique: here the main tool exploited is spherical harmonics decomposition
technique, while the proof of was based on finding a ground state and on criticality theory,
see [4, Theorem 2.1]. Furthermore, we argue quite differently also in proving the optimality of the
constants appearing in . Notice that the sharpness of all constants in can be derived by
combining Gauss’s lemma with the sharpness of the corresponding constants in . Nevertheless,
in this paper we provide and alternative, and more direct, proof of the sharpness of the dominating
term at infinity of , namely of the constant %, which is based on the delicate construction of
a suitable minimising sequence. This argument may have its own interest in the study of related
partial differential equations, furthermore it can be carried over to more general Riemannian models
having negative sectional curvatures bounded above, see Theorem below.

It is known from [25] that in the Hyperbolic space there also hold the following second order
Poincare inequalities:

N 1)\22D
(13) / (AHN’LL)szHN Z (2) / |V]ZH1N U|2d’l)HN,
HN HN

for all uw € C°(HY) with N > 3 and with [ = 0 or [ = 1. We refer to [2I] for a proof of the sharpness
of the above constants. Now, in view of and for what previously stated in the first order, it is
natural to think about possible extensions of to the second order. In this respect the following
inequality from [22], Theorem 5.2] turns out to be meaningful:

(1.4) / (AHNU)2 d’UHN > / (AT’HNU)Q dUHN
HN HN

for all w € C°(HY) with N > 5, where A, g~ denotes the radial part of the Laplace-Beltrami
operator Ay~ on HY, see also Lemma below. Clearly, inequality suggests that a possible
stronger version of might involve the operator A, g~ . Motivated by this, in the present paper
we prove the following improved Poincare type inequality:

) N_1 2/ % 2
(15) AN (AT,HNU) d’UHN Z (2 . or dUHN

+1/ i@2dv +(N2_1)/ ! @de
4 HN r2 \ Or oY 4 HN sinh2r or Y

for all u € C°(HY) with N > 3.

We notice that the interest of is not only due to the fact that it looks likes the proper second
order analogue of (1.2)), but also to the fact that it improves from several points of view. In
fact, on one hand, by combining and a related weighted inequality, from we derive the
inequality:

(1.6) /]I:HN(AT‘,HNU’)Q dogny > (N2_1>4

N—4\> [ u? (N2-1) [ u?
- —d ) —d
-l-( 1 )/HNT4 vgN + 16 /HNT2 VN
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for all uw € C°(HY) with N > 5; in view of (T.4), (1.6) reads as a strong (and improved) version
of (1.3) with [ = 0. On the other hand, a clever exploitation of (|L.5)), jointly with the spherical
harmonics decomposition technique, yields the following improved version of (1.3)) with I = 1:

N—1\?
(17) / (AHNU)2 dUHN > <> / |VHNU|2 d’UHN
HN 2 HN
1 |V~ ul? (Nzl)/ |V~ ul?
- —d d .
* 4 /]HIN 2 vav + 4 g~ sinh?r Vi

for all w € C°(HY) with N > 5. We note that, despite their similarity, and are not
mutually implicated.

We complete this short discussion by mentioning that inequality can be compared with the
following improved Poincare inequality proved in [4]:

N-1\*
(1.8) / (Apgvu)? dogy > (2> / u? dvgy
HN HN

9 u? (N —1)2 u?
B LS N B T
16 Jyu 7t EY T TR /HN r2 YUY

for all uw € C°(HY) with N > 5 and where the constant % was proved to be sharp. In view of

(1.4), (1.6) has a l.h.s. with a stronger impact than that of (1.8)), furthermore, since 1975 < (N_4)2 for
N > 8, inequality (1.6)) gives a better improvement than ([1.8]) of the Poincare inequality (1.3 near
the pole, when N > 8. However, for all dimensions, the r.h.s. of (L.8)) performs better at infinity.

Also we mention that, unfortunately, neither (1.6)) or (1.8) solve the problem of sharpness of the

constant in front of %4 which is still open.

We notice that within the paper we prove and state all results on general model manifolds satisfying
suitable curvature bounds and having HY as a remarkable particular case, see Section 2 below.

The paper is organized as follows: we state our main results in Section [2] and Section [3] while
the rest of the paper deals with the proofs of the results. More precisely, in Section [2] we first
briefly recall some useful facts concerning to Riemannian model manifolds and we introduce some
curvature bounds related to the models on which we will settle our analysis. Then, we state our first
and second order improved Poincaré inequalities. In Section [3] we discuss the first order results on
suitable prototype model manifolds allowing for unbounded curvatures from below. In Section |4] we
give the proof of our improved strong Poincaré inequality in the first order, namely inequality
but on more general Riemannian models. Section [5| contains the proof of inequalities related to the
radial part of Laplace-Beltrami operator and to the radial part of gradient, namely the analogous
of inequality on model manifolds. In Section [6] we first prove on general models and then
we derive our improved strong Poincaré inequality in the second order, which reads as on HY.
Finally, in Section [7| we derive our improved version of with [ = 1 on model manifolds, i.e.

(C7) on HY.

2. PRELIMINARIES AND STATEMENT OF MAIN RESULTS

This section is devoted to the statements of the main results. Before stating our theorems let us
briefly recall some of the known facts concerning Riemannian model manifolds.

An N-dimensional Riemannian model (M, g) is an N-dimensional Riemannian manifold admitting
a pole o € M and whose metric g is given in spherical coordinates by

(2.1) ds? = dr? 4 ¢?(r) dw?,
where dw? is the metric on sphere S¥~1 and 9 satisfies

(2.2) ¥ is a C*° nonnegative function on [0, +00), positive on (0, +00)
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such that ¢'(0) = 1 and %) (0) = 0 for all k> 0.

These conditions on 1 ensure that the manifold is smooth and the metric at the pole o is given
by the euclidean metric [19, Chapter 1, 3.4]. The coordinate r, by construction, represents the
Riemannian distance from the pole o, see e.g. [12, 13, 19] for further details. In particular, all the
assumptions above are satisfied by ¢ (r) = r and by 9(r) = sinh(r): in the first case M coincides
with the euclidean space RY | in the latter with the hyperbolic space HY.

It is known that there exist an orthonormal frame {F};};=1 .~ on (M, g) where Fy corresponds
to the radial coordinate, and Fi,. .., Fjy_1 to the spherical coordinates, for which F; A F; diagonalize
the curvature operator R :

1

R(F@/\FN):*%Fi/\FN, i < N,

7\2
-1
R(Fi/\Fj)Z—%Fi/\Fj 1,7 < N.
The quantities
ra ¢N an (w/)Q -1
(2.3) Kmrd = Yy and wa = R

then coincide with the sectional curvatures w.r.t. planes containing the radial direction and, respec-
tively, orthogonal to it. In what follows we will sometimes need to assume that

(2.4) K< —1 in (0,400).

Since, by the Sturm-Comparison Theorem, the above condition also implies that Hfr“ﬁ < —1, with

(2.4) we basically require the boundedness from above of both sectional curvatures. See also Lemma
in the following. Finally, a further crucial quantity in our statements will be

(2.5) ALt = —2K7% — (N — 3)HL"
A:r‘ff is related to the bottom of the spectrum of the laplacian, see inequality (2.8) below; in
particular, when 1 (r) = sinh(r), then A7% = N — 1 hence (]\]4;1)/\;‘};1 coincides with the bottom of

the spectrum of the laplacian in HY.

Next, we recall that the Riemannian Laplacian of a scalar function v on M is given by

1 0 1
(26) Agu(r, 017 cees HN—l) = ﬁa |:(w(r)) B 7(T7 ela ceey oN—l):l + EASN’IU(T7 01) ey 01\7—1)7
where Agny—1 is the Riemannian Laplacian on the unit sphere SN 1. In particular, for radial functions,
namely functions depending only on r, Aju reads

1 a N—lau o u// r o W(T) u/ r
e |G )] =)+ v -2,

where from now on a prime will denote, for radial functions, derivative w.r.t r.

(2.7 A gu(r) =

We are now ready to state our results.

Theorem 2.1. Let (M, g) be an N-dimensional Riemannian model with N > 3 and with metric g
as given in (2.1)) with ¢ satisfying (2.2). Then, for all u € C°(M \ {0}) there holds

ou\? (N —1) 1 [ u? (N—1)(N-3) [ u?
2.8 =) dv, — X [ Ared,24 >7/ —4d A S .4 —d
28) /M(ar) K 4 /M mr e = M T? Vo 4 m P2 Yo

with AT as defined in (2.5)). Moreover, if condition (2.4) holds and furthermore

™
/

(2.9) %NCT’G as r — 400
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for some C > 0 and a > 0, then the constant i in (2.8]) is sharp, i.e.
M (@)2 dvg — (Nil) fM A;(,l;-i u’ duy

or

(2.10) Lt

: 7 = taran\{o}
4 M rz duyg

Remark 2.1. A couple of remarks are in order about the further conditions required in the second

part of the statement of Theorem . Condition (2.4)) seems by no means technical as suggested by

the following simple example. Consider the euclidean space, then ¥(r) = r and (2.4)) clearly fails.

On the other hand, in this case, AT = 0 and inequality [2.8)) becomes the (strong) Hardy inequality:

7'I"I”7

Ou (N —2)? u?
= N> dugw
/RN (87") dvg 2 4 /]RN r2 dvgs

hence 1/4 is no more the sharp constant in front of the term 7:—2 As concerns condition (2.9),

it is needed to show that the quotient is finite for our minimizing sequence, see Section
[ Nevertheless, we notice that this condition is not “too restrictive”, in the sense that it allows
unbounded curvatures from below as it happens, for instance, if ¥(r) = rer for which holds
with C =2 and a = 1; see also Section[3 for further examples and the related disussion.

We point out that when (2.4) holds inequality (2.8) implies the following more explicit inequality:

Corollary 2.1. Let (M,g) be an N-dimensional Riemannian model with N > 3 and with metric g
as given in (2.1) with ¢ satisfying [2.2) and ([2.4). Then, for all u € C"?"(M) there holds

(2.11) /M (Z)deg—c\];l)z/ u? dv, > / —d )(N_?’) /M 7 v

A remarkable particular case to which Theorem [2.1|applies is when M = HY, i.e. ¥(r) = sinh(r).
In this case all constants in (2.8) are proved to be sharp.

Corollary 2.2. Let M = HY, the Hyperbolic space with N > 3. Then, for all u € C°(HY) there
holds

ou\> N -1\’ 1 u? (N —1)(N —3) u?
— ) dogy—| —— 2 dogy > = —d d
/HN <8T> vHN ( 2 ) AHN Y UHy = 4 /HN 7“2 UHN+ 4 AﬂN (sinhr)2 UHY

with all constants sharp. More precisely, the Poincaré constant (%)2 is sharp in the sense that

no inequality of the form
o\ 2
/ <u> dogn > c/ u? dogy
HN 87’ HN

holds, for u € C*(HY), when ¢ > (%)2 The constant i is sharp in the sense explained in

Theoremn while the constant W is sharp in the sense that no inequality of the form

ou\ 2 N —1\? 1 u? u?
) dvgy — [ —— 2 dugn — - dogn > _ W g
/HN (57") had < 2 ) /HN w dan 4 /HN r2 vE C/HN (sinhr)?2 had

holds, for uw € C°(HY), when ¢ > W_

We refer the interested reader to Section [3| for further examples of prototypes model manifolds to
which Theorem applies and the interpretation of the corresponding results. Next we turn to the
statement of our second order results. By combining spherical harmonics decomposition technique
with Theorem [2.I] we derive the following second order analogue of Theorem [2]]

Theorem 2.2. Let (M,g) be an N-dimensional Riemannian model with N > 3 and with metric g
as given in (2.1)) with ¢ satisfying (2.2). Then, for all u € C°(M), there holds

2
2 gt dn = S [t (G av
M M ,
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1 [ 1 [ou\? (N2 —1) 1 [(ou)?
> == A — (=
74/M r2<3r) v+ 4 /M 1/)2<(97") s
with A7 as defined in (2.5).

Under suitable curvature bounds inequality (2.12]) implies the following more explicit inequality:

Corollary 2.3. Let (M,g) be an N-dimensional Riemannian model with N > 3 and with metric g
as given in (2.1)) with ¢ satisfying (2.2) and (2.4). If furthermore

(2.13) KIod > Hin (0,400)

then there holds

(2.14) /M(Awu)2 dv, — <N2_1)2/M (;‘)201@9

1 [ 1 [ou\’ (N2 —1) 1 (ou\?
> = — = N — (==
_4/M7’2<87") g+ 4 /MT/)2<87") o
for allu € C(M).

Remark 2.2. Condition ([2.13)) holds with the equality if M = HY ; exzamples of models satisfying
[2.4) and for which the strict inequality holds in (2.13) can be given by taking ¥(r) = re’™ for r
large, with b > 1, see the proof of Corollary[3.3 in Section[3

When M = HY (2.12) clearly coincides with (2.14)) but we also have the optimality of the constant

(A=t

5 )2. For the sake of clarity we give the precise statement here below:

Corollary 2.4. Let M = HY, the Hyperbolic space with N > 3. Then, for all u € C°(HY) there

holds
N-1)2 ou\>
\/HN(AngU)Q dUHN — <2> /HN <87"> d'UHN

>1/ i@2d _|_(N2_1)/ 1 %2(1
4 Jy~ 2\ Or vy 4 g~ (sinhr)2 \ or VN

for allu € C(HY). Purthermore the constant (%)2 in the above inequality turns out to be sharp
in the sense that no inequality of the form

ou\?
/HN(AWU)2 dogny > C/]HIN (87“) dogn

holds, for u € C°(HN) when ¢ > (%)2

Next we state a Rellich type improvement for the second order Poincaré inequality with
¢ = 0 but on more general model manifolds. The proof comes by exploiting either inequality
on Riemannian models (see Lemma in the following) and inequality (2.12)), the first brought the
restriction N > 5 and the latter yields the curvature conditions and (2.13)) below.

Theorem 2.3. Let (M,g) be an N-dimensional Riemannian model with N > 5 and with metric g

as given in (2.1)) with ¢ satisfying (2.2), (2.4) and (2.13)). Then for all u € C°(M) there holds

N-—1\* (N—4)2 [ o2 (N—1)2 [ u?
2.1 Agu)? doy — [ 2= 2 qu, > T [ W Y q,.
(2.15) / (Agu)* du, ( 5 ) / u” dvg > T / " dvg + 6 / 2 dvg

Remark 2.3. As already explained in the Introduction, inequality [2.15) with M = HYN must be

compared with inequality (1.8). In particular, it gives rise to the interesting fact that the constant

appearing in front of the Rellich term ﬁ—i can be larger than 1%'
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We conclude by stating a Hardy-type improvement of the second order Poincaré inequality (1.3
with £ = 1 on model manifolds. Here the main tools exploited in the proofs are spherical harmonics
decomposition and reduction of dimension technique. The latter yields the restriction N > 5, while

conditions (2.4) and (2.13) come again from inequality (2.12)) that we apply for each component of
the decomposition.

Theorem 2.4. Let (M,g) be an N-dimensional Riemannian model with N > 5 and with metric g

as given in (2.1)) with ¢ satisfying (2.2), (2.4) and (2.13)). Then for all u € C°(M) there holds

N-1\2 1 [ |Vgul? (N2—1) [ |Vgul?
2.1 Agu)? do,— (21 2 qu, > / g / g .
(2.16) /M( Ju)? du, ( . ) /M|vgu| vy > ¢ [ S S [ Ee

3. SOME PROTOTYPE MODEL MANIFOLDS

In this section we discuss our first order results on N-dimensional Riemannian models (M, g) with
N > 3 and with metric g as given in (2.1)) with ¢ satisfying condition (2.2)) and the further condition
for large r:

(3.1 P(r) = A forr >R

or

(3.2) P(r) = Are™™ forr >R

for some R, A,b > 0 and a > —1. The case includes HY (for a = 0), while the case (3.2)
includes RN (for a = —1). In both cases the sectional curvatures satisfy

K:rf‘rd ~ —b*(a+1)*r**  and H;ard ~ —b*(a+1)*r** asr — 4oo.

Hence, for a > 0 unbounded curvatures from below are allowed. We refer to [I4] Section 2.3] for
further possible choices of 1) and their geometric interpretation.

In case (3.1)) from Theorem we derive the following improved Poincaré inequality for functions
supported outside Br(0):

Corollary 3.1. Let (M,g) be an N-dimensional Riemannian model with N > 3 and with metric g

as given in (2.1) with ¢ satisfying conditions (2.2)) and (3.1) for some R, A;b >0 and a > 0. Then,
for alluw € C*(M \ Bg(0)), there holds

ou\ > N-—1)\? 1 [ u?
) > 1)2p2 2a ,,2 7/
(3 3) /7\4 (87‘) dvg N ( 2 ) (a+ ) b /Mr “ dUg+ 4 M r2 dvg

n 2ba(a+ 1)(N — 1) / pa1,2 o,
M

4

Notice that (3.3) can be seen as an improved Poincaré inequality since [ M r2e 42 dvg > [ M u? dvg
for a > 0 and v € C°(M \ Br(o)) with R > 1, for instance. In particular, for a = 0 and b =1 we

. , . . —1\2
recover the sharp Poincaré constant in HY, i.e. (%) .

Proof. For r > R we compute:

ra a a— an e L
Kot = =0 (a+ 1) —ba(a+ )" ™", H = =% (a+ )P + o
and
rad a—1 2 2 2a N -3
AT = Zba(a+ Dr* ™t + 62 a + 1PN = D — s

Then, the desired inequality comes by inserting the above term into (2.8), summing up and rear-
ranging all terms.
O
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In case (3.2) from Theorem we derive an improved Hardy inequality for functions supported
outside Bg(0):

Corollary 3.2. Let (M,g) be an N-dimensional Riemannian model with N > 3 and with metric

g as giwen in (2.1) with ¢ satisfying conditions (2.2) and (3.2)) for some R, A,b > 0 and a > —1.
Then, for all uw € C°(M \ Bg(0)), there holds

ou\? (N—-2)2 [ u? (a4 1)2%(N —1)2 e 2
4 — dv, > —— —d Yucd
(38.4) /M<87"> fo = 4 /M 2 Vet 4 /MT v
i bla+1)(N *;)(N* 1 +a) / =12 du,.
M

When a = —1 the decay of the manifold is of euclidean type and (3.4]) reduces to the standard
Hardy inequality. On the other hand, when a > 0, since [, r2®u?do, > [ Iy u?dv, for all u €
C°(M \ Bgr(0)) with R > 1, (3.4)) reads as an improved Hardy-Poincaré inequality.

Proof. For r > R we compute:

ra a a— an a a— 1 1
Kﬂyrd = —b*(a+1)*r**—b(a+1)(a+2)r* ", H,tmﬂ = —b?(a+1)%*r**—2b(a+1)r 17T—2+W

and
ra a— a N -3 N -3
A'n',g =2b(N —1+a)r '+ b2(a + 1)2(N - 1)T2 + 12 A2p2g2bretl
Then, the (3.4) comes by inserting the above term into (2.8)), summing up and rearranging all terms.
O

A further remarkable consequence of Theorem is the following improved Hardy inequality:

Corollary 3.3. Let (M,g) be an N-dimensional Riemannian model with N > 3 and with metric
g as given in [2.1)) with ¥(r) = re”"" for some positive integer m. Then, for all u € C(M \ {0})

there holds
ou\® (N — 2)2 u? 2 2 4m—2 2
— ) dv, > — " —d N -1 m- d
/M(ar) Yo = 4 /M r? vy ) /MT v

+m(N —1)(N -2+ 2m)/ P22 42 du,
M

(3.5)

2
where the constant % is sharp.

Remark 3.1. It’s worth noticing that, under the assumption of Corollary[3.3, we have:
(N -1) (N—l)(N—Zi)ii(N—l)(N—S) 1
4 r2 4 P2(r)

AR = + fm,N (7)),

4
for some fum, n(r) > 0. Once this observed, we readily infer that, as stated in Theorem the

constant in front of the term T% on the right hand side of (2.8) cannot be larger than i otherwise

2
we would contradict the sharpness of the Hardy constant %.

Proof. Clearly, the function ¢(r) = re”" satisfies condition (2.2)), hence Theorem applies. On
the other hand, some computations yield:

1
Krd = —(2m)%r4™=2 — 2m(2m + 1)r?™=2 | HI = —(2m)?rim 2 - - = dmr?™=2 4
; ; r

1
7.2627"27” ’
and
N-3) (N-=-3)

g ) dm—3 am—2 , (
A= (2m)* (N — )r*™ 72 4 4m(N — 2+ 2m)r?" =2 + 2 p2garem




POINCARE INEQUALITIES ON RIEMANNIAN MODELS 9

Finally, inequality (3.5)) comes by inserting the above term into (2.8)), summing up and rearranging

2
all terms. As for the sharpness of the constant (NZZ) , it comes from the results in [9].

O

4. PROOFs OF THEOREM [2.1], COROLLARY [2.1] AND COROLLARY [2.1]

4.1. Proof of Theorem This section is devoted to the proof of Theorem [2.1] Before starting
we recall the following useful lemma that can be easily derived from the Sturm-Comparison Theorem,
see [24) Lemma 2.1] and that we will repeatedly exploit in our proofs.

Lemma 4.1. Let (M,g) be an N-dimensional Riemannian model with metric g as given in (2.1)
with ¥ satisfying (2.2)). If (2.4) holds, then
U(r)

Next we discuss some basic facts on spherical harmonics. More details can be found in [23].

>cothr and ¥(r) >sinhr Vr>0.

Spherical harmonics.
Let u(z) = u(r,0) € C°(M), r € [0,00) and o € S¥~1, we can write

o0

u(x) :=u(r,o) = Z dp(r)Pp(0)
n=0

in L2(M), where {P,} is an orthonormal system of spherical harmonics and

dp (1) :/ u(r,o)P, (o) do.
SN—I
A spherical harmonic P, of order n is the restriction to SV—1!
nomial of degree n. Moreover, it satisfies
—Agn-1 P, = A\ Py

for all n € Ny where A, = (n? + (N —2)n) are the eigenvalues of Laplace Beltrami operator —Agn 1
on SN~ with corresponding eigenspace dimension c,,. We note that A\, >0, \g =0,co=1,¢c1 =N

and
N+n-1 N+4+n-3
Cp = —
n n—2
We are now ready to begin the proof.

Proof of (2.8). The proof is divided into two steps.

Step 1. Let u € C°(M \ {o}), where o denotes the pole, and define the transformation

v(z) = P(r) (N;I)u(x) where 7 = p(x,0) and = = (r,0) € (0,00) x SV~ 1.

Then clearly v € C°(M \ {o}).

An easy calculation gives

of a homogeneous harmonic poly-

for n > 2.

o0 ew\ . maou (N-1)P@)
&—m(wm u)—w) T

By arranging the terms we obtain:

ou 1 [811 (N —-1)¢'(r)

(4.2) or ¢(r)% a2 Y(r)
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Step 2.
Now, expanding v in terms of spherical harmonics:

v(z) =v(r,o) = Zdn(r)P o

9o _ > di,(r)Pulo
.
n=0

Furthermore, from (4.2) we observe that

ou\? 1 ov\? 1 ovy
/M (m) d“":/M P71 (m) d”g_(N_l)/ EERTRTR

N —1 2 1 w/Z
(4.3) —|—( 1 ) /M T 47 v? du, .

We will evaluate each term of (4.3|) separately. Using the integration by parts formula and the
orthonormal properties of {P,} i.e ISN71 P,P,, do = dpm, we find

1 o\ > = [,
(44) [ () :nz_o/o ()"
1 a,v wl B ,lp,(/// 1p/2
(4.5) /M prEey: = _—72/ a2 dr

2 2
(4.6) / 1/’(; :/;}2 v? dv, = Z/ d? = w

By substituting (4.4 . ) and (| into ( and after simplifying, we obtain

ou\” ST (N 1) o~ [ o 0 — 0
4.7 / () dv, = / d,)? dr + ~—— / 2" d
1) M \Or ! Z 0 (dn) 2 Z:o 0 Y2

21//2
e /d

_ > 1\ 2 r— rad tan j2 r

_nz_%/o (d)? d Z/ 2K —3)H]d2 d
(N —1)(N - 3) &

(4.8) e 1; /0

Next, by using the 1-dimensional Hardy inequality:

[e’e) d2
!/ > mn
/O(d)d 4/0 o ar

we find

into (4.7)) we get

/M (gz:) @ 2 42/

(N-1)(N-3) ?L
(4.9) = Z / o dr

[2K7% 4+ (N = 3)H ! d2 dr
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Finally, inserting the equalities:

/ [2K7% + (N = 3)HLMw? dvg = Z / [2K7% + (N — 3)HIm]d? dr,
M

/—dvq Z/ "drand/MZZ g / "dr

into (4.9) and recalling (2.5) we obtain the desired inequality (2.8 Wlth u € CxP(M\ {o}).

Remark 4.1. If (2.4) holds inequality (2.8)) can be extended to functions belonging to C°(M) by
density arguments. Indeed, in this case M is a Cartan-Hadamard manifold with strictly negative
curvatures and, since, for N > 2, the set {0} is compact and has zero capacity, the following inclusion
holds: CgO(M)” I: C Ce(M\A{o }) Vel (see [10, Proposition A.1 and Theorem 6.5]). Then, by
using Gauss Lemma |9%| < |Vul, one deduces the validity of [2-8) for all C°(M).

Optimality : We set

fM(%)z d”Ug B

Mr2

rad ,,2
AT u® do,

(410) CM = lanl(M)\{O} dvg

If (2.4) holds, then AQ‘},C.I > 0 and, by combining density arguments with Fatou’s Lemma, we infer
that (2.8) holds in H'(M) and, in turn, that Cj; > 7. So it remains to show that Cj; < § and this
will be done by giving a proper minimizing sequence. Again we divide the proof in some steps.

Step 1. Let us define the sequence {¢,} for n € N as follows

0 0<r<i1

n~¥r—-1) 1<r<2
(4.11) On(r) = o 9<r<

r¢ n<r

where @ > 1+ a and a > 0 is as given in (2.9). Clearly, ¢, € L}OC(O, +00) and its weak derivative
writes

0 0<r<i
12 , n-¢ 1<r<2
(' ) d)n(r)i O QSTSTL
—aro7t <
1
Next we recall that, from the proof of Proposition 4.1 in [4], the function ug(r) := —%~+ satisfies:
P2
N-1), . 1 N-—-1)(N-3
(4.13) —Aygup — ( ) arad o = 20 (N= DIV =3) o forr > 0.

g mr U0 g 4 02

Using polar coordinates and by exploiting (2.9)), it follows that ug¢, and ugp? both belong to
HY(M) for all n > 3 and for @ > 1 + a. In particular, (2.9) assures (ugd,)’, (uogp?) € L?*(M).
Indeed, for r > n, we have that

2
O ((a —3) w+ e a -y c)

and this term turns out to be integrable at infinity for @ > 14 a, if ¥ satisfies the above condition;
the term (ug¢?)’ can be treated similarly.
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Step 2. Let R > n, by multiplying the equation (4.13) by ug¢? and integrating by parts, we
obtain

(4.15)

6u0) (8(u0¢2)> / <8u0> (N — 1) / d 2
— || ——= ) dv, — $2 dS, — AT (ugpy,)* do
/BR(O) ( or or " Jopaoy \0r ) ! 4 Jppoy T (togn)” dvg

1 2 N-1)(N-3 2
L[ sy, WU [ e,
4)Bro) T 4 Bro) ¥
where we have exploited the fact that ¢, is supported outside B;(0), hence no problem of integrability
arises at r = 0.
Next we note that

8’&0)
uod;,
/833(0) ( or 0

/ uh(R) ug(R)$2(R) dS,
9BRr(0)

_1 — — w/(R) L_0 as o0
_2<1 (N 1)R1/J(R)>RO‘_ (1) asR— +

where in the above we have exploited the fact that |0Br(0)| = wy ¥ ~1(R).
On the other hand, for r > n, we have that

0
() (20980 | = 1262 + 2uai6t|

1 /11 (N=12/¢'\° N—-1\¢'1 1
e (G S () () 2)

1 /11  (N-1)? N-1 1
< <+(4)02r2“+<a+>0ra1 ag

as r — 400 (using (2.9)

— p2a-1\ 42 2

(u0¢n)2 1 1

r2 - r2o+1 wal

(uphn)? 1 1
02 < 2o+l pN-1 (using (2.4) and -

As for the terms involving the curvatures, we first note that if (2.4) holds then Amd > 0 (see the
proof of Corollary - 2.1| below) and, by density arguments, (2.8 yields

2
(N_l)/ A;“ﬁlu2dvg§/ <8u> dv, forallue H'(M).
4 M ’ M or

Hence, since ug¢p, € H 1(M ) we deduce that

2
' (uodn) dvgg/M (W) dvg

where the boundedness of the latter term and, in turn, of the first, follows by (4.14).
Since for all terms listed above we have integrability at infinity whenever o > 1 + a, by Lebesgue
Theorem, we can pass to the limit in (4.15) as R — 400 and we conclude that

wo L)) -

1 (Uo¢n)2 (N - 1) (u0¢n)
Rt A /M g

U0¢>n dvg
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Step 3. Next we observe that

/M (a(;:)> (W) dvg :/M (W)z dvg_/Mu0<a£"> du, .

Note that, by the above discussion, the first two terms are well defined. Furthermore, for r > n,
we have that
Odn, No1 a?
u ( 1/) = 2at1

which is in fact integrable for a > 0.

By using this into (4.16)) we have

d(uodn) (N —1) o ,
/M (&1") dUg o 4 /M Aﬂ',r (u0¢n) dUg

1 bn)? N —1)(N -3 bn)? b\ >
=7 /M LOTQ) duy + ¢ l( ) /M (uipg) du, + /Mué( 8r> dug

and, by considering the quotient in (4.10) with u = ug¢,, we obtain

fM u%(@(ugfn)f dvg dvg 1) fM Amd U0¢n)2 dvg
fM (umbn) dvg
1, (V-1 -3) Sy —‘“W" dvy [ ud(%)” dv,

=+
4 4 fM (uo¢n dog fM {uoga dog

Tz Tz

Then, from definition of C); and the above, we infer

(uodn)” ¢n »
(4.17) Cu < 1 + (N -1)(N - fM [ dvg fM O(Bgr ) dvg
’ M= 4 4 (u0¢n (U0¢" d
Jor =57 Jur Ug

Step 4. We estimate each term of the r.h.s. of (4.17)). Note that wx denotes the N dimensional
measure of unit sphere, hence a finite number.

First we estimate the denominator

[ L8l = [T D =y [T
M
>wN/ ¢" dr—i—wN/ (b” dr

(4.18) =wyn [log(2) + 201} .

Now we consider
[ (22) vy = [P0 ar = [l ar
= wN /12 r(¢),)? dr +wy /:O r(¢),)? dr
(4.19) = wy n2 [3 + a} :

2 2
Finally, using integration by parts, a > 1, (4.1]) and sinhr > r, we obtain
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(uopn)? o —wn [ (uopn)? V-1 gy — o [T n)2
f - N/o S ) o= [
n)

ety v [ 4 / o

2a -1 12«
gw/wdw I %MN/ L
1 sinh® r 5 sinh”r n  Sinh®r

—2a 00

2 n
< L{V n2 / rir—1)% dr + wy n_QO‘/ (cschr) dr + wN/ roiT2a gy
sinh“1 Jy 2 n
exp(—n) — 1 ‘ B exp(—2) — 1‘ 1]

8 exp(—n) +1 & exp(—2) +1 * a

(4.20) =wnn_

2a
[12 (sinh? 1)

Step 5. We are now in the final stage. Using (4.20]) and (4.18]) we have

exp(—2)—1
exp(—2)+1

exp(—n)—
Jor L% du, P D) T 108 | Sp T

St (uoj)?n) dog log(%) +om
and, using (4.19)) and (4.18]), we deduce that

— log + i

—0 forn —

Jar v ( Ogﬁ: ) dvg 2
fM (u0¢n d'Ug log(%) _|_ i

T rz

— 0 forn — .

Finally, combining these two and (4.17]), we can say that,

u ¢'n
O <t 1 n (N — fM (e dvg [y u 0(8¢rn) dvg 1

4 4 fM (“0¢n dUg fM (u0¢n d,Ug B 4

Hence, {ug¢,} is the required minimizing sequence and, in turn, Cj; = i.

4.2. Proof of Corollary [2.1] Recalling (2.8]), we know that

ou\> N-1 vad 2 g o L[ (N—1)(N=3) [ u?
() a5t s B 2,

for all u € C2°(M). Therefore, to prove the statement, it is enough to show that AZ% > (N — 1)
for all » > 0. This follows by using (2.4) and (4.1), by which we deduce that

rad w//() _ M — = e
A7) = {2w(r)+(N D) }>(2+(N 3 =N—1

forall r >0. [O

4. 3 Proof of Corollary -. Let M = HY, the statement of Corollary n comes from Theorem

by taking #(r) = sinh(r), once proved the sharpness of the constants (T_l) nd %}N)
This issue readily follows from the sharpness of the same constants in inequality (1.1)) otherwise, by
Gauss’s Lemma, we would get a contradiction. [
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5. PROOFS OF THEOREM AND COROLLARY [2.4]
5.1. Proof of Theorem For any u € C°(M) we have

0%u Y Ou
A =—4+(N-1)——.

rg = B2 +( )w or

Exploiting the spherical harmonic decomposition, we write
u(z) == u(r,o) =Y an(r)Pa(o)
n=0
and we obtain
o] / 2 du 2 0o 2
2
(A gu)? = (;0 (aiﬁ + (N - 1)wa;) Pn> and (ar) - (ga;&> .

Recalling that {P,} is orthonormal and by using polar coordinates and integrating by parts, we

get
2 _<N—1>/ rad (O
/]W(AT7QU) d’Ug 4 MAﬂ',T or dUg

- ngo 7 [ = o (4) - S o) ar.

Now, exploiting Theorem for each al,, we get
| e rar> B2 [T e o ar
0 0

L[ (an)? N (N-DIN=3) [*(a,)* ~-
+1/0 et dr 1 /0 v Ldr

and, in turn, we infer

2 _(N—l)/ raa (00 >1/16u2
/M(Angu) dvg 1 MAW’T o dvg_4 e\ do,

(N2—1)/ i @ 2 o / rad _ prtan @ ’
+74 02\ ar dvg + (N —1) y [Kmn H,m,} 5 duy .

By rearranging we obtain the desired result. [

5.2. Proof of Corollary The desired inequality follows at once by (2.12) simply noting that,
when (2.4) and (2.13)) holds, then

A A(KZ% — HI*M) > N —1 forallr > 0.
See also the proof of Corollary O

5.3. Proof of Corollary When M = H” all assumptions of Theorem are satisfied and
since K;‘,‘rd = Hfraﬁ = —1, the desired inequality follows at once. Concerning the sharpness of the

constant (%)2, it follows by combining (L.3) with (1.4)) and Gauss’s lemma. O

For future purposes, we conclude the section by stating a further inequality that follows directly
by combining Theorem [2.2 and Corollary 21}
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Corollary 5.1. Let N > 5 and M as given in (2.1)) satisfying (2.4) and (2.13). Then, for all
u € C°(M) there holds

N-1\* —1)2 —1)3(N = 3) 2
/M(Ar,gu)2 dvy — (2) /M u? dvg > / — dvg + )16( /M % dv
1 [ 1 [(ou\’ (N 1) au

6. PROOF OF THEOREM [2.3]

A key ingredient in the proof of Theorem 2.3 will be Lemma[6.1] below which is proved buying the
lines of [22, Theorem 5.2] where the same inequality is given in HY. Here we extend its statement
to more general manifolds using Sturm Comparison Principle, i.e. our Lemma [£.1]

Lemma 6.1. Let (M,g) be an N-dimensional Riemannian model with metric g as given in (2.1))
with ¢ satisfying (2.2)) and (2.4). Then, for 0 < 5 < N — 4, there holds

(6.1) / (Agu)?r=" dv, > / (A, gu)?r P dv,  for all u € C°(M).
M M
Moreover, the equality holds when w is a radial function.

Proof. Consider any u € C°(M), then

0%u P’ Ou 0%u P ou 1
N-—-1)—— d A N-1)">——+ —
gz W=Dy ad Agu=gn + (V=g 5
Now, by decomposing into spherical harmonics the above expressions, see the proof of Theorem
for more details, we write

AT7gu ASN—l .

u(z) = u(r,o) Zan

From this decomposition of u we have

Ay gu= Z Agan ()P, (o)
n=0

and N
Agu = nz:% <Agan(r) A ;’Egg)zﬂn(a) .

Hence, to prove (6.1)) it is enough to show that
a? an(Agyan)
)\/ dv 2/ 9N qu, >0 foralln > 1.
M Byl Pt v TPP? g
Since we have that 2a,(Aga,) = Ay(a?) —2|V4a,|?, using by parts formula, the above inequality
is equivalent to

(6.2) An/ §i4 dvg —/ a;iAg< %2) du, + 2/ |Vg‘;’;|2 dvg >0 for all n > 1.
M7 M M T
Set k(r) := ﬁ, by exploiting ([2.4)), we have

(6.3) —Agh(r) = K(r )(272)" + (N - 4)15:2 SPBED s - 5);@)
¥* BB+ ¥
ZH(T)(Q—FQ(N iy - B +,8(N—5)w).
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We claim that for f € C°(M) radial there holds

Vo fI? (N —B—4) f?

(6.4) /M R dvg > 1 i dvg

which, in polar coordinate, is equivalent to

N —B—4)2 [
(6.5) /“ o wN*3drzAL44{%gglf/m FArPyN =5 dr
0

Integrating by parts we have the following

(6.6) 41/‘ ff%A”ﬂ*4(%)N*5dr::
0
(N 5 4) / f27,—3¢1v—5 dr + (N 5) / fQT_BwN_4 (w :/}2 ¢) dr .

On the other hand, using Young’s inequality and Lemma E by Wthh <1 for all r > 0, we
have

/ ff/ N—p— 4(1/)) -5 dr:_/Do(fr—g/zw(N—s)m)(f/r—ﬁ/zw(N—a/zﬁ)dr
0 (G
(N54)/ 2751\75 / /275N73
. —— dr+ ——— d
_4Of¢r+(Nﬁ4f1/)r
and, by combining the above inequality with (| and recalling that by Lemma there holds
(111';7;1/1) > 0 for all r > 0, we obtain (6.5]).
With the help of (6.3) and (6.4)) into (6.2)), it is enough to prove

az, (N —B—4)° 2 P? V'Y
Z?MWJ&H—2+M;+KN—4W —ﬂw+1y—+ﬂ( )T]d%>0
for all n > 1, which, in our assumptions, follows by showing that
— 3 _4)2 2 /
ht DA o2 o —ap® = 58+ ) Yy + 80520 2 0

for all » > 0. Indeed, by (4.1) and (cothr) > %, we can estimate the above term by below as follows

(N-B—4)° W
2

Finally, the conclusion comes by noticing that
2N —4)— B(B+1) + BN ~5) > 0

An + +2¢% + |2(N —4) — B(B+ 1) + B(N —5)

foral0 < B < N —4.

Proof of Theorem [2.3l
Let u € C°(M), by combining Corollary [5.1| and Lemma we obtain

) N-1\*'7[ , (N=1)2 [ u? (N—1)3(N—=3) [ u?
Jatan = (552) [ atany = B [ San+ B [ G
1 [ 1 [(0u)’ (N2 —1) ou
. LA (R (),

Now, from [22] Theorem 3.1], we know that for all u € C°(M) with N > 5 there holds
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1 [ou\® (N —4)? u?
/M 7‘7 (&-) d'Ug 2 74 /M 7‘7 d’Ug

which, substituted into (6.7]), gives

N-1\* N — 4)2 2 N—1)? [ u?
/ (Agu)? dvy — | —— / u? dv, > u/ Y dug + u/ v dv,
M 2 M 16 HN T4 16 M 7'2

VOIS [ 0 (3,

and the non-negativity of last two terms immediately gives (2-15). This concludes the proof. [

7. PROOF OF THEOREM [2.4]

Let u € C2°(M), by spherical harmonics decomposition we have

u(x) :=u(r,o) E an(r)P,(0),

see again the proof of Theorem [2.2] for more details. Then

o0

Vgul* = (ar,)*P; + *|VSN 1P,|?

and

Let us compute the r.h.s. of (2.16|) in terms of a,, and P,. Using the fact that fstl P, P,,do = dpm,
we obtain

1 [Vgul® (N2_1)/ [Vgul? WN /Oo (an)® N1
- | —=—d dvg = — = d
4/M r? vat 4 Mo WP o 4 nzz:o 0 r? v '
2 2 00 oo (12
Ay, N 1 (N _1) (an) N-1
Z)\ /0 gV A by — ; T
2
- a
7.1 +wy——— )\n/ Nl dr,
Next we consider the Lh.s.of (2.16]), we have
N-1)°
/ (Ayu)? dvy — () / |V gul? dvg
M 2

=wN§%/OOO <<a;;+(zv )Z/Z ) )w Ly
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+ 2wy /SN_l /Ooo (i (a;;+ (N — 1)15} > 0 “(Agnv-1P,) P, ) YN~ drdo
n=0
w2 e () (f(aw) R ey b (i W) oY

n=0
We consider each term of the r.h.s. of (7.2 separately.
First we use (2.12)) for each a,(r) and we get

oo o / _ 2 o0
MNZ/ (aiﬁ+( —1)1ia)z/)N1dr>wN( 1) Z/ 2N=1 qp
(7.3) “’NZ/ ()1 gy gy D Z/ 152 $NLar.

Then, we exploit the equation —Agn-1 P, = A, Py, the orthonormal properties of the {P,} and
by parts formula to obtain

(7.4) /sm/o ZWL Agn—1P,)2 N~ 1drda—wNZ/\2/ ¢4¢N Ldr

and

(g Y
o [ S (v-1) B ror a
N - " w/ / n _
:_2WNT;))‘"/O (an-f—(N—l)wa )ZﬁﬂN Ldr
:—ZWNZ)\H/OOagawﬂbeBdr_wN ~1) Z)\/ /15)/}1/)1\7 3 dr
*QWNZ)\ / )N 3dr72wNZ/\ / )/Z/’pr 3 g

0

_QWNZ)\/ wN 3 dr +2wNZ)\/ ai(zi” (1222>¢N_3dr

n=0 0

/N 2
-3) wNZ)\n/ a? <1§}> WN =3 dr
_QWNZ)\/ (al) N3dr—|—2wNZ)\/ aﬂf;/ N=3 4,

n=0 0

_ 2 (V' nos
(7.5) +2(N 4)wan_;)/\n/0 an<w> P dr.

Now we estimate the first term of ( . by using (2.11)) for “N — 2” dimension. Notice that,
to this aim, we need N -2 > 3, i.e. N > 5. For the remalnlng two terms we use ., .,
(cothr)? =1+ (bmhr)Q >1+4 wQ and -5 > 5 for 7 > 0, to obtain

S (g Y, o
2/§N—1/0 nz:;) <an+(N )w ) 7/)2 (ASN 1P, ) nw drdo

(N*3)2 - * 5 N3 1 o Ooa% N-3
22WNTN§A” i a2y dr+2wN17;0)\n i N dr
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N = >
+2wN(—Z)\ 1/1N3dr+2wN —3)2%/ a2yN3dr
0 ne0 0
az N
+2(N—4)wNZ/\n/ wa”dr
N —3)(N +1)
— oy AW ZA wN1d+ ZA/ 2w2¢N1dr
0 0

ON? — 8N — 1)
(7.6)  + wN(—S 3 )\n/ %W*l dr.
n=0 0

4

Therefore, taking into account (7.3), (7.4)), (7.6) and using the fact that A, > (N — 1) = A\; into
(7.2), we infer that

N-1)\?
2 2 n N 1
/M(Agu) dvg — (2 ) /M|vgu| dvg > —Z/ 5 dr
o0 o) 2 2
Wy Gy N1 V2-1) 5 / [
1 nz;))\n/o r%/ﬂw dr +wy 1 7;) e (0 dr

IN2 — 4N —5) & < g2
+WNQZ>\H/ %W*l dr
n=0

4
+WN[(N3)2(N+1)< ) ]ZA /0 ¢N Ldr.

Hence, by noticing that w — (%)2 >0 and (2N2744N75) > (Nifl) for N > 5, and

by combining the above inequality with m, we conclude that

2 2 _ 2
/ (Agu)z dvg — / Vg ul? dug > */ Ve U| dug + 1) / [Vul dug ,
M r2 4 v U2

which is the thesis. 0O
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