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Abstract

It is well known that for higher order elliptic equations, the positivity preserving prop-
erty (PPP) may fail. In striking contrast to what happens under Dirichlet boundary condi-
tions, we prove that the PPP holds for the biharmonic operator on rectangular domains
under partially hinged boundary conditions, i.e., nonnegative loads yield positive solutions.
The result follows by fine estimates of the Fourier expansion of the corresponding Green
function.
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1 Introduction

One of the main obstructions in the development of the theory of higher order elliptic equa-
tions is represented by the loss of general maximum principles, see, e.g., [9, Chapter 1].
Nevertheless, due to the central role that these technical tolls play in the general theory of
second-order elliptic equations, in the last century a large part of literature has focused in
studying whether the related boundary-value problems possibly enjoy the so-called positiv-
ity preserving property (PPP in the following). As a matter of example, let us consider the
clamped plate problem:

Au=f in Q
u=|Vu| =0 onoQ 1

where Q C R"is a bounded domain and f € L*(Q); we say that the above problem satisfies
the PPP if the following implication holds

f20inQ = u>0inQ,
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where u is a (weak) solution to (1). The validity of the PPP generally depends either on the
choice of the boundary conditions or on the geometry of the domain. For instance, from
the seminal works by Boggio [5, 6], it is known that problem (1) satisfies the PPP when Q
is a ball in R”, while, in [7], Coffman and Duffin proved that the PPP does not hold when Q
is a two-dimensional domain containing a right angle, such as a square or a rectangle.

Things become somehow simpler if in (1), instead of the Dirichlet boundary conditions,
we take the Navier boundary conditions, i.e., we consider the hinged plate problem:

Au=f in Q
u=Au=0 onodQ.

Here, the PPP follows by applying twice the comparison principle for the Laplacian under
Dirichlet boundary conditions. It is worth noticing that smoothness of the domain cannot
be overlooked since it has been shown by Nazarov and Sweers [15] that, also in this case,
the PPP may fail for planar domains with an interior corner. We refer to the book [9] for
more details and PPP results under different kinds of boundary conditions, e.g., Steklov
boundary conditions, and to [10-12, 16-19, 21] for up-to-date results on the topic.

In the present paper, we focus on the less studied partially hinged plate problem which
arises in several mathematical models having engineering interest, e.g., models of bridges
or footbridges. In particular, a 2-d model for suspension bridges has been proposed in
[8]; here, the bridge is seen as a thin long rectangular plate Q C R? hinged at the short
edges, see also [4] for further details. More precisely, if, by scaling, we assume that
Q = (0, 7) X (—d,d) with d > 0, the partially hinged problem writes:

Au=f in Q
u0,y) =u,(0,y) =u(z,y) =u,(z,y) =0 fory € (—d,d)

Uy, (X, £d) + U, (X, £d) = u,, (X, +d) + (2 = o)u,,, (x, £d) =0 forx € (0, 7),

2
where f € L*(Q), o € [0, 1) is the so-called Poisson ratio and depends on the material by
which the plate is made of. It is known that the validity of the PPP for a problem is related
to the sign of the associated Green function. Indeed, if G,(g) := G(p, g) denotes the Green
function of (2), the (weak) solution to (2) writes

u(g) = / G@fdp  VYgeQ
Q

and the PPP becomes equivalent to
G@>0 V(g eQ.

The proof of the above inequality represents the main result of the present paper. More pre-
cisely, we first write the Fourier expansion of G,, i.e.,
+o0
1 ¢,(,1)
G )=y "
2 m?

m=1

sin(mé) sin(mx) Vp=(,n)and g = (x,y) € 5,

where the (involved) analytic expression of the functions ¢,, is given explicitly in for-
mula (15) of Sect. 3. We remark that, differently from what it happens in the second-order
case, the use of a single Fourier series solution is not common for fourth-order problems;
indeed, it often does not work; for plates with two opposite edges simply supported, the
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effectiveness of its use was highlighted by Lévy in 1899 and we refer to [14, Section 2.2]
for a discussion of the original Lévy method and its generalizations. Nevertheless, bound-
ary conditions (2) were not considered in [14] and they require some additional effort, see,
e.g., [8] and Sect. 3.

As a subsequent step, in the article we develop an accurate analysis of the qualita-
tive properties of the ¢,, and we show, in particular, that they are strictly decreasing with
respect to m € N*. This monotonicity issue is achieved by studying the sign of the deriva-
tives of the ¢,,; since they have highly involved analytic expressions, in order to detect their
sign, we set up a clever scheme where, step by step, we cancel out the dependence of some
variables through optimization arguments, see Remark 4.1 of Sect. 4. From the monotonic-
ity of the ¢,,, through an asymptotic analysis, we also deduce their positivity. These pieces
of information are essential for the subsequent part of the proof where we study the sign of
G,. More precisely, by means of suitable lower bounds, we first show the positivity of G, in
a rectangle contained in Q, far from the hinged edges; then, we obtain the positivity in the
remaining parts through suitable iterative procedures which, step by step, stick rectangles
where G, is positive up to the boundary, see Sect. 5 for all details.

As already remarked, the validity of the PPP for problem (2) is by no means an obvious
fact; recall that it does not hold for problem (1) on rectangular planar domains; by numeri-
cal observations, we do not even expect its validity for the partially clamped plate problem,
i.e., (2) with Dirichlet conditions instead of Navier, see Figure 1 on the right. Furthermore,
we believe that the validity of the PPP will help in making a significant step forward in
the spectral analysis of the operator in (2) and in the related stability analysis for partially
hinged plates, especially in the nonhomogeneous case, see, e.g., [2] and [3].

The paper is organized as follows. In Sect. 2, we introduce some notations and we state
our main results: the Fourier expansion of G, together with the qualitative properties of
its components, which is given in Theorem 2.1 and the precise statement of the PPP result
which is given in Theorem 2.2. The rest of the paper is devoted to the proofs. More pre-
cisely, in Sect. 3 we compute explicitly the Fourier series of the Green function as the limit
of the solution to (2) for a specific L? forcing term converging to the Dirac delta function.
In Sect. 4 we prove the monotonicity and the positivity of the ¢,,, while in Sect. 5 we show
the positivity of the Green function. Finally, we collect in “Appendix” the proofs of some
technical results needed either in Sect. 4 or in Sect. 5.

Fig. 1 Finite element approximated solution u of the partially hinged (left) and partially clamped (right)
plate problems under, respectively, a concentrated load in (%, d); the regions where u > 0 are gray, while the
regions where u < 0 are colored from blue (less negative) to red (d = /6,0 = 0.2)
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2 Notations and main results

The natural functional space where to set problem (2) is
HXQ) ={ueH*Q) : u=00n{0,7} x (~d,d)} .

Note that the condition # = 0 has to be meant in a classical sense because Q is a planar
domain and Hf(Q) C C°%Q). Furthermore, for ¢ € [0, 1) fixed, by repeating the proof of [8,
Lemma 4.1] with minor changes, Hf(Q) is a Hilbert space when endowed with the scalar
product

V) 2= /Q [AuAv + (1= 0)Quyyv,, —u, vy, — u),yvxx)] dx dy

2
H2(Q)
H*(Q). Then, we reformulate problem (2)in the following weak sense

with associated norm ||u|| = (u, W)y > Which is equivalent to the usual norm in

UV = (Vg Vv E HA(Q). 3)
Iffe H*‘z(Q) 1= (Hz(Q))’, we write (f, v) instead of (f, v);2q), i.€.,
U,V = (fv) Vv € HA(Q). @)

Clearly, problem (4) (and consequently (3)) admits a unique solution u € Hf(Q); in the
following, we shall specify the cases when f € H_?(Q), otherwise we will always assume
f € L*(Q). For all p € Q, the Green function G, of (2) is, by definition, the unique solution
to

(G Vi) = (8,,v) =v(p) Vv € HX(Q). (5)

By separating variables, in Sect. 3 we derive the Fourier expansion of G, and in Sect. 4
we prove some crucial qualitative properties of its Fourier components. We collect these
results in the following:

Theorem 2.1 Let 6 € [0,1) and p = (£,) € 5, and furthermore let G, e Hf(Q) be the
Green function of (2). Then,

+o0
G,(x.y) = % 2_:1 d)n(; " sin(mé) sin(mx) ~ V(x,y) € Q,

where the functions ¢,,(y,n) are given explicitly in formula (15) of Sect. 3. In particular,
the ¢,,(v, n) are strictly positive and strictly decreasing with respect to m, i.e.,

0< ¢ 0om) < b, () YmeN* Yy, ne[-£,7]. (6)

In Figure 2 on the left, we provide the plot of ¢, (v, #) with d = 7 /150 and 6 = 0.2; on the
right, we provide the plot of ¢, (v, ) and ¢, (y, ) for d = 37z /4. Qualitatively, we have similar
plots for any m € N* and they all highlight that the points where the positivity of ¢,,(y, ) is
more difficult to show are (+d, Fd). This confirms the physical intuition that a concentrated
load in w = d produces the largest vertical (positive) displacement in y = d and the smallest
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Fig.2 On the left plot of ¢, (y,#) with d = 7/150 and ¢ = 0.2; on the right plot of ¢,(y,#) (orange) and
¢, (v, 1) (blue) withd = 3z /4 and 6 = 0.2

iny = —d. We refer to [1] for a detailed analysis about the torsional performances of partially
hinged plates under the action of different external forces. Instead, Figure 2 on the right high-
lights how the monotonicity issue (with respect m) becomes more difficult to be proved at
(+d, +d), where the difference between the ¢,, reduces. Numerically, we see that this becomes
more evident for large d. However, Theorem 2.1 assures that the ¢,, never intersect and pre-
serve their positivity for all d > 0.

By exploiting Theorem 2.1, we derive the main result of the paper, namely the positivity of
G, More precisely, we set

Q :=(0,7) X [~d,d]

and we prove

Theorem 2.2 Let 6 € [0,1) and p € EZ, and furthermore let G, be the Green function of
(2). There holds

G,(x,y)>0 V(x,y) € Q.
Therefore, if f € L*(Q) and u is the solution of (2), the following implication holds
f20,f20nQ = u>0inQ

Remark 2.3 The Poisson ratio o of a material is defined as the ratio between the transversal
strain and the longitudinal strain in the direction of the stretching force; for most of materi-
als, we have o € (0, 1/2). Nevertheless, there are materials having negative Poisson ratio;
hence, the range o € (-1, 1/2) includes all possible values. Numerical experiments lead
us to conjecture that Theorem 2.2 still holds for ¢ € (—1,0). In Remark 4.2 of Sect. 4, we
highlight the points where our proof fails when assuming ¢ negative.
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3 Green function computation

The aim of this section is to provide the Fourier expansion of the Green function G, namely
of the solution to (5). This is done by developing a suitable limit approach where, in principle,
8, 1s replaced by a suitable L? function converging to it. To begin with, we fix p = (£,1) € Q
and we introduce a, f > 0 sufficiently small so that[¢ — a,& + a] X [n — f, 1 + f] C Q; then,
we denote by ug s €H *2(9) the unique solution to the auxiliary problem:

(Ml;’ﬂ’ V)HE(Q) = (f(f’ﬁy Vg VYVE H,%(Q)s @)
where

Xie-az+a) ) Xig—parp V)

fopry) 1= Taf

and y, denotes the characteristic function of the set A CR. Recalling that
Hf(Q) CcC(Q) for any 0<y <1, by the mean value theorem there exists
(GopTap) €€ —a,&+al X [n— B,n+ Blsuch that

67 ) = 8, 0| = 10 T p) = VE M < ClO g Tarp) = E I V]300,

forallv e HZ(Q) and for some C > 0. Since (6, 5, 7, 5) = (£, 1) as (a, f) — (0,0), we infer
that ff ;= 6,in H7*(Q) and, in turn, that

i), G, inH}Q) as(@p)—0,0). ®)
Next, we provide the explicit Fourier expansion of u’; g To this aim, we set:

¢ i=c(m,n, p) =
mAmd)[V,,, J(d)+V,,, s(=d)] + Bmd)[W,,, ,(d) =W, ;(=d)]
2m3(1 — 6)F(md)

(&) = CZ(ma n, ﬁ) =
mAmA)[V,,, 5(d) =V, , (=) + Bmd)[W,,, o(d) + W,,, 5(~d)]
2m3(1 — o)F(md)

)
c3 i=c3(m,n, p) =
m cosh(md)[V,,,, 5(d) =V, s(=d)] = sinh(md)[W,, , 5(d) + W,y , (=]
2m2F(md)
¢y t=cy(m,m, p) =
msinh(md)[V,, , ;(d) + V,, , 5(=d)] — cosh(md)[W,, , 5(d) = W,,, , s(=d)]
2m2F(md)
where the functions F, F,A,A,B,B : (0,+c0) = Rand V,,, 5, W, 5.®,..; : [-d.d] = R
are defined as follows
3+ . — 3+ .
Fo) = : 9 Ginh(22)— 21 =), F@) := S Ginh22) + 2(1 — ), (10)
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A(z) := (1 4+ 0)sinh(z) — (1 — o)z cosh(z),

A(2) := (1 + o) cosh(z) — (1 — o)z sinh(z),

B(z) :=2cosh(z) + (1 — o)zsinh(z),

B(z) :=2sinh(z) + (1 — 6)zcosh(z)

VigO) 1= 0m @, 50) = (@,,,)" ),
W,onsO) 1= (0 = 2m*(@,,, ) 0) + (@, )" ).

with

L[ A+ mly = iyeb—l
D == dt.
map0) 1= 55 /’7 y o (11)

®@,, , 518 given by the convolution of the H3(R) function % and the L2(R) function

M hence @, , € C3(R), and all the above constants are well defined.

We prove
Lemma3.1 Let u‘Zﬁ be the unique solution to (7) , then
+0oo
i, ,(xy) = 21 ZAOELICE
"=

with

_ 2 sin(ma)

(p’; . /;(J’) : sin(mé) [c1 cosh(my) + ¢, sinh(my) + c;y cosh(my)

S (12)
+c4y sinh(my) + q)m.ﬂ,ﬂ(y)]

where the constants ¢;and @, , ; are defined in (9) and (11). Furthermore, the above series
converges in Hf(Q) and in CO(Q).

Proof First, we denote the Fourier coefficients of f;’ 5 by

Hin—pon+P) » sin(ma) sin(mé) .
ma

fzz,a,ﬂ(y) L= %/Oﬂf(f’ﬁ(x,y) sin(mx) dx = 7

Then, for M > 1 we define
M
iy ny) = 2‘1 ROEICE)
=

where, foreachl <m <M, ¢, = ¢’

m.

am(wm! d)) = (frg,a,ﬂ’ ¢)L2(—d,d) V(»b € Hz(_d’ d) ’ (13)

» ﬂ(y) is the unique solution to the problem:

with
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d
a (@, @) 1= / [@"¢" +2m*(1 — 0)g' ¢ — om* (¢ ¢ + @@") + m* o] dy
—d

continuous and coercive bilinear form in H?*(—d,d) with associated norm
||(p||H2( i) = a,,(p, p) . In strong form, problem (13) reads
o) = 22l () + m* wm(y) =10, ,0) ¥ E (=d.d)
@l(xd) — om* @, (+d) =
@ (xd) - (2 - a)mch;n(id) =0

and some computations yield that the (pp
checked that, for M > 1 fixed, up satlsﬁes

p AT€ S in (12). Let v € Hf(Q), it is readily
@ e = Ey e » (14)

where W and fp denote, respectively, the partial sums of the Fourier expansion of v and
f By the standard theory of Fourier series, we get fp - fr 5 in L*(Q) and v/ — v in
H:(£2) as M — +oo. Furthermore, since

M
P P12
1 Wi = 5 2 1l = lefma,,llu( way SIS 0
m=l

we have that i’ M ! in H2(Q) as M — +co. Finally, the proof of Lemma 3.1 follows
by passing to the limit i 1n (14). O

In order to write explicitly the Fourier expansion of Gp, for allm € N, we set
C(my, md w(my, md w(my, md
_md[cosh(mﬂ)<6(my md) POy md)  wmy,m )>
F(md) F(md) F(md)
(my, md) w(my, md) w(my, md) >] (15)
— —mn
F(md) F(md) F(md)
+ (14 mly = p)e

¢ (vsm) 1=

+ sinh(mn) <

with the functions F, F as in (10) and Z, 9, v, . R X (0,+00) — R defined as follows

& = <% -1+ U)) cosh(r) cosh(z) + <(11+ o)

— 2rsinh(r) cosh(z) + r(1 + o) sinh(r) sinh(z)
9(r,2) 1= r(1 + &) cosh(r) cosh(z) — 2r cosh(r) sinh(z)
1+0)?
(555
¥ (r.2) := (2+ (1 - 0)z) cosh(r) cosh(z) + ( — (1 + 6) + z(1 — 6)) cosh(r) sinh(z)
— r(1 — o) sinh(r) cosh(z) — r(1 — o) sinh(r) sinh(z)
(r,z) := —r(1 — o) cosh(r) cosh(z) — r(1 — o) cosh(r) sinh(z)
+ (= (1 +0) +z(1 — o)) sinh(r) cosh(z) + (2 + (1 — 6)z) sinh(r) sinh(z) .
(16)

+ 2z> cosh(r) sinh(z)

+ 2z> sinh(r) cosh(z) + <1i —z(1+ a)) sinh(r) sinh(z)
-0
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From Lemma 3.1, we get:

Proposition 3.2 Let 6 € [0,1) and p = ({,n) € ﬁ, and furthermore let G, € Hf(Q) be as

in (5). Then,

2 & (v, 1)
m3

G,(x.y) = sin(mé) sin(mx) ~ V(x,y) € Q, (17)

27

m=1
where the functions ¢,,(y, n) are given in (15).

Proof By expanding in Fourier series, we have: G (X, Y) = Zm \ gh () sin(mx). Let
up €H 2(Q) be the unique solution to (7), by Lemma 3. 1 its Fourier coefficients (pﬁl " ﬂ(y)

wrlte as in (12) and, by (8), (pfnaﬁ(y) - gh () in C%([—d, d]) as (a, f) = (0, 0).
Since, as f — 0,

(I +mly—npeb= — —

. 0
q)m,r],ﬂ(y) - 4m3 L q)m(y’ i’]) m C ([_d’ d])
Vo ed) - d—nl(1
napEd) = ==+ 0 —m|£d-nl(1-0),
—ml_d— |
Wnsxd) = + T(Z +m|+d—-n|(1-0)),
from (12) we get
¢ (y, n)

(pina ﬂ()))

sin(mg)  as (a, f) — (0,0),

where the ¢,, are as given in (15). This proves (17) for all p € Q. Let now p € Q and let
G;; be the corresponding solution to (5). It is readily seen that 6, — &5 in H*(Q) for all
{pn} C Q : p, — p; then, arguing as in (8), it follows that G, - G in HZ(Q) and, conse-
quently, in C° Q). By this, we infer that (17) extends contlnuously to all p € Q. The con-
vergence of the series (17) in H*Q(Q) and in C°(Q) can be easily checked by exploiting the
monotonicity property (6) (see Sect. 4.1 for the proof). Indeed, we have

) bl _ C
m3

1
2 2 omd

)

| sin(m&)| <

|82, sin(m)| < p

by which the convergence in Co(ﬁ) follows. The convergence in Hf(Q) comes from similar
estimates. a

Remark 3.3 An alternative and more neat way of writing the Green function expansion (17)
is by means of the oscillating modes of the partially hinged plate Q; indeed, they have been
explicitly computed in [8, Theorem 7.6] and have the form {sin(mx)‘Pk_m(y)}zf’mzl. How-
ever, the corresponding frequencies, which necessarily enter into this expansion, are only
known implicitly by means of very involved equations. Therefore, in order to perform the
explicit computations of the subsequent sections, it seems more convenient to follow the
direct approach outlined in this section and write the Green function as in (17); clearly, the
two-form solutions can be properly related.
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4 Proof of Theorem 2.1

The first part of the statement, namely the Fourier expansion of the Green function, has
already been derived in the previous section, see Proposition 3.2. Here, we focus on the
sign and monotonicity properties of the functions ¢,,(y, n).

4.1 Proof of the monotonicity issue in (6)

We rewrite the ¢,,(y,#) in a more convenient way; to this aim, we introduce the func-
tions {, 9, w,w : [-1,1] X (0,+00) > R

C(k,2) 1= C(kz.2), Ik.2) 1= O(ke,2), wik.2) 1= W(kz.2), wk.2) = w(ks,2), (18)
where E 9, v, o are given in (16). We observe that

{(=k,z2) = ¢k, 2) w(—k,z) = w(k,z) Vke[-1,1]1Vz>0

9(—k,z) = =9(k, 2) w(—k,z) = —w(k,z) Vke[-1,1]Vz>0 (19)

and the same symmetry properties hold for the derivatives with respect to z of the previous
functions.

Putting into (15) z=md >0, y = kd with k € [-1,1] and n = sd with s € [-1,1],
each ¢,,(y, n) rewrites as the three-variable function:

@(s,k,z) = e *g(s, k,z) + h(s, k, 2), (20)

where

8(s,k,z) 1= cosh(sz) < ¢k2) + w(k,2) _ gzw(k, 2) )

Fo 7 F@ T Fe
+ sinh(sz) ( 19£k’ 2 + Zwik’ ) _ sz v (k, 2) >
F(2) F(2) F(2)

and A(s, k,z) := (1 + z|k — s|)e~?*=|. The monotonicity issue (6) follows by showing that
the function ¢(s, k, z) is decreasing with respect to z > O for all k, s € [-1, 1], i.e.,

B.(5.k,2) =e7*(g.(5,k,2) — g(s,k,2)) + h.(s,k,2) <O Vz>0,Vk,s € [-1,1].

Since h,(s, k,z) = —(k — 5)*ze~?*=51 < 0, for all z > 0 and k, s € [-1, 1], a sufficient condi-
tion for the validity of the above inequality is:

gz(sskaz)_g(sskrz)<o VZ>OaVkaS€ [_1, l] (21)
The proof of this inequality will be the goal of this section. To this aim, we compute
8.(s,k,2) — g(s,k, z) = W(s, k, z) cosh(sz) + O(s, k, z) sinh(sz)

in which we set
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_|Ckz) | wk2) | Sk wik2)

W(s, k,z) := [ e +z G ]Z [F(z) +z 78 ]
ro(AeD  pted)_[ah0) ) _ e
F(z) F(z) F(z) 1: F(z)

and

Os.k,2) 1= [—‘9£k’ 9, 2D [—8£k’ 9, wkd) Z)]
F(z) F(z) 1z F(z) F(z)
¢k, 2) y(k, 2) y(k, 2) 2 (k,2)
2 - - 220D
+s< Q) +2z Q) [ FQ ]Z> §°z I?(z)

In view of the elementary implication:
W@ +10@)| <0 = W(z)cosh(vz) + O(z)sinh(vz) <0 Vz>0,VveER (22)

for all W, Q : (0,+00) — R continuous functions, it follows that a sufficient condition for
(21) to hold is

W(s,k,2) + O(s, k,2) <0 A W(s,k,z) — O(s,k,2) <0 Vz>O0,Yk,se[-1,1].
(23)

We consider

W(s, k,2) + O(s, k, 2) = — 5°2 [M + M]

F(2) F@)
Ik,z)  C(k,2) w(k,2) y(k,2) wk,2) w2
2 2 -
+s< F(z) + E) + 2z F(z) + 2z Q) [Z F(z) +z Q) Z)

$(k,2) wk,z) Ik, z2) w(k,z)

[ FQ) +2z G + f(z) +z I?(z) ]

B [C(k,z) le/(k,z) + (k. 2) +Zw(k,z)]
F(z) F@  F F2)

W(s, k,2) — O(s, k,2) = — S2Z[M _ M]

F(2) F@)
Ik,z) C{(k,z) w(k, z) y(k,z) wk,z) _yk,z)
— 2 ) — —
+s< o PO rm R [ Fo | FQ@ >
[C k,z) w2 Ik ok, z)]
+z - =
F& F& Fo  F@
[C k2 | wkaz) Ik ok, z)]
- +z - 7= .
F(z) F(z) F(z) F(2)

(24)
The maps [—1,1] 2 s = W(s,k,2) + O(s, k,z) are concave parabolas for all z > 0 and
k € [—1, 1] fixed. Indeed, we have
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w(k,2) N w(k, z)

F(z) — F(2)

>0 Vz>0,ke[-1,1]. (25)

Furthermore, there hold:

[ vik,z) alk, z)] [5 (k,z)  I(k,z)
Z + 72— - * —=
F(2) Fo 1. LF@ = F@o

<0 Vkel[-1,1],z>0 (26)

and

+ =
F@) — F 1.

[C(k,z) kD _ vk e [-1,1],z> 0. 27)

The first condition assures that the abscissa s of the parabolas vertex satisfies, respectively,
s> lors < —1, implying that the maximum is achieved, respectively, ats = lorats = —1;
condition (27) implies the negativity of such maxima proving (23) and, in turn, (21). We
postpone the (long) proofs of (25), (26) and (27), respectively, to Sects. 4.3, 4.4 and 4.5.

Remark 4.1 1t is worth pointing out that the proofs of (26) and (27) are achieved by repeat-
ing several times the scheme outlined above, i.e., we first put in evidence an expression
of the type: W cosh(vz) + Q sinh(vz), for suitable functions W and Q, and then, in order to
show that this expression is always negative, we exploit (22) and we come to study the sign
of W+ Q. As in (24), the functions W + Q can always be seen as parabolas with respect
to one of the variables: we locate the maximum point of these parabolas, and we estimate
the sign of the maximum in a suitable interval. The advantage of this procedure is that, at
each step, we obtain a reduction in the number of variables. Indeed, we start with the three-
variable functions W and Q in (24) and we reduce to two or one variables functions, see
e.g. (33).

Remark 4.2 Except for (26), all steps in the proof of the monotonicity issue (6) hold for all
o € (—1,1). Our numerical experiments suggest that (23) is still satisfied when ¢ € (—1,0)
but the vertex of the parabolas s —» W(s, k,2) + O(s, k, z) in (24), differently to what hap-
pens for o € [0, 1), may belong to the interval [—1, 1]. Therefore, to extend the proof to the
case o € (—1,0), condition (27) should be modified accordingly.

4.2 Proof of the positivity issue in (6).

By (20) the sign of ¢,,(y,#) is the same of the function ¢(s, k,z) = e~*g(s, k, z) + h(s, k, z).
Since h(s, k,z) > O forall z > 0, k, s € [—1, 1], to obtain the positivity of ¢,, in (6) we prove
that e~*g(s,k,z) = 0 for all z> 0, k, s € [-1, 1]. For z — 400, by direct inspection, we get
that e *g(s, k,z) > Lwith L=0forall k,s # +1and L = % if k = s = +1. Therefore,
the strict monotonicity of e™*g(s, k, z) proved in Sect. 4.1 assures the positivity of ¢(z, k, ),
i.e., the positivity issue in (6).

4.3 Proof of inequality (25).

Here and after, we will exploit the inequalities
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2 cosh(vz) — (1 + o) sinh(vz) > 0 Vz>0,VWweR, (28)
1 1 1 1
—+—>0 d ——+ —— >0 Vz>0,
PO e FOR T For @)

where F(z) and 1_7(1) are as in (10). The proof of (28) is immediate, while inequality (29)
simply follows by noticing that F(z) > F(z) > 0 for all z > 0. Next, we prove (25).

Lemma 4.3 Given F(z), F(Z) as in (10) and w(k, 2), w(k, z) as in (18), we have

y(k,2) N w(k,z)

F@) ™ F(p)

>0 Vke[-1,1],z>0. 30)
Proof Thanks to (28) and cosh(kz) — k sinh(kz) > O for all z > 0 and k € [—1, 1], we have
that

w(k,2) = (2+ (1 — 0)z) cosh(kz) cosh(z) + ( — (1 + 6) + z(1 — 0)) cosh(kz) sinh(z)
— kz(1 — o) sinh(kz) cosh(z) — kz(1 — o) sinh(kz) sinh(z) >0 Vke[-1,1],z> 0.

Hence, through the first of (29), a sufficient condition for the validity of (30) is
v (k,2) + w(k,z) > 0. But by (28), we immediately deduce

w+o=(2+1=0)1—-kz)cosh[(1+k)z]+ (= (1 +0)+2z(1 =)l —k)sinh[(I +k)z] >0,
y—o=(2+1-0)1+kz)cosh[(1-kz]l+ (= (1 +06)+z(1 - 6)(1 + k) sinh[(1 — k)z] > 0,

for all k € [-1, 1]and z > 0. This concludes the proof. O

4.4 Proof of inequality (26).
The proof of (26) is given in Lemma 4.4.

Lemma 4.4 Given F(z), I?(z) as in (10) and ¢(k,z), 9k, z2), w(k,z2), w(k,z) as in (18), we
have that

<0

— —
v w ¢ 9 (w+zy,—OF —zwF' (0 +z0, — OF — z0F
I=xZ=| —|=x=| = 2 + )

. FF F F
(31
forallk € [-1,1]and 7 > 0.

Proof Thanks to the symmetry properties of the functions involved, see (19), the second
term of (31) is given by the sum of an even and an odd function with respect to k. Hence, to
obtain (31), it is enough to prove that

— —
(W +zy, —OF@) —zwF  (0+z0, — OHF — zoF
F2 + FZ

<0 Vke[-1,1],z>0.

(32
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We rewrite (32) as
cosh(kz) W(k, z) + sinh(kz) Q(k,z) < 0 Vke[-1,1],z>0 (33)
where

Wk, 2) 1= k222 s(2) + kz1(2) + u(@), Qk,2) := K2 p(2) + kzq(2) + r)

and
pz) :=— (1__ ) [cosh(z) + sinh(z)] < O
F(2)
. 1 . . F'(2)

q@) : F( ) <2(1 + o) cosh(z) — 4 sinh(z) + z(1 — o)[cosh(z) + sinh(z)] 70 >
rz) : = _L { [cosh(z) + sinh(z)]< 20 + 6) +2z(1—0)+ 221 - o-))

F(2)

- z< cosh(z)[=1 — & + z(1 — 0)] + sinh(2)[2 + z(1 — 0)]) F@ }
F(2)

s(z) © = ( Fz ))[cosh(z) + sinh(z)] < 0
() s = —— ( 4 cosh(z) + 2(1 + 6) sinh(2) + z(1 — 6)[cosh(z) + sinh(z)] = (Z)>

F(z F(z)
u@) {[cosh(z) + sinh(z)]( 21+ ") +22(1 — 0) + 22(1 — 0'))

(34)
Clearly, the above definitions can be simplified by exploiting the identity
cosh(z) + sinh(z) = ¢* but for the sake of computations it is convenient to keep the hyper-
bolic functions here and after. By (22), (33) follows if y*(k,z) := W(k, z) = Q(k, z) < O for
all k € [-1,1]and z > 0, namely if

2k, 2) 1= K22 5@ + p@)] + kz [12) + @)1 + u@) + r(x) < 0 Vke[-1,11,z>0
(35)

and

1 (k,2) 1= K222 [5(2) — p(2)] + kz [1(2) — ()] + u(z) — r(z) < O Vk e [-1,1]1,z> 0.
(36)
We prove the validity of (35) and (36) here below; this concludes the proof of Lemma 4.4.
Proof of (35).
By (34), s(z) + p(z) < 0 for all z > 0, hence y*(k,z) is a concave parabola with respect
to k. Therefore, y*(k,z) < 0 if the ordinate of its vertex is negative, namely if

4[5(2) + p()][u(z) + r(2)] = [1(z) + q(2)]? _. u(@)
4[s(z) + p(2)] " 4ls() + p(2)]

Through many computations, we obtain

<0 Vz>0O0.
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) 1 1 : (F@ F/(Z)>]
=2(1-0)3+ — =t T F
H@) =201 =) +0) [[F(z)]2 FOP  FQFQ ( Fa - Fo

+ B +0)?

= [cosh(Zz) <(7 + 106 — ¢%) sinh®(2z) — 4(1 — 6)2z2>
[F(x)F(2)]

+ sinh(27) <(7 + 100 — ¢2) sinh?(27) + 4(1 — a)zzz)]

2F(:) - F'(z)  2F() - F (2) ) y

— [cosh(2z) + sinh(22)]z(1 — 2< F
[cosh(2z) + sinh(22)]z(1 — o) [F(2)]2 [F(2)]?

[(4 +22)F(2) — z2F'(2) N (4 + 29)F(z) — zF’(Z)]
[FQP [FQ)P2 '

‘We have

F'@) F@ _G+ol-o)
F& Fo FFQ@

[2z cosh(27) — sinh(22)] >0 Vz >0

since [2z cosh(2z) — sinh(2z)]’(z) = 4z sinh(2z) > O for all z > 0. Hence, recalling (29), the
first term in the definition of u is positive. Moreover, by estimating sinh(2z) > 2z for z > 0,
we have

(7 + 106 — 62)sinh?(22) — 4(1 — 6)°2% > 822 (6 +2V3 =33 +2V3-06)>0 Vz>0

(7 + 106 — 62) sinh?(22) + 4(1 — 6)222 = (6 + 4V2 = 5)(5 + 4V/2 — 0) sinh?(22)
+4(1-0622>0 Vz>0.

2PQ-F@) | 2F(@)-F (

2) ;
TAEIE For < 0, therefore if

By Lemma 6.1 in “Appendix,” we know that

4 +2F() —2F'(2)  (4+20F@) —2F (2)
+ — >0
[F@P [F)P

vz >0, (37)

then u(z) > 0. To this aim, we consider
11(2) =4 +22)F(z) - 72F'(z) = (3 + 0){z[sinh(2z) — cosh(2z)] + 2 sinh(2z)} — (1 — 6)(Bz + 222);
since y;(0) = 0 and

11 (2) = 3 + o){cosh(22)[3 + 2z] + sinh(22)[1 — 2z]} — (1 — 6)(3 + 42)
> 2{(3 + o)z[cosh(2z) — sinh(22)] + 3 + 36 + z(1 + 30)} > 0 Vz >0,

we have yu,(z) > 0 for all z > 0. On the other hand, for all z > 0, we have
() =@+ ZZ)F(Z)—ZF,(Z) = (3 + 0){z[sinh(2z) — cosh(2z)] + 2 sinh(27)}
+(1-0)Bz+225) > u(2) >0,

implying (37). This assures y*(k,z) < O for all k € [—1, 1] and for all z > 0.
Proof of (36).
First of all, we notice that y~(k, z) is a concave parabola with respect to k, since
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s2)—p(2)=-(1-0) [% - ?] [cosh(z) + sinh(z)] < 0 Vz>O0.
F(z

We prove that the parabola has a point of maximum for k < —1, i.e., that
(@) 1= 1z) — q(2) + 2z[p(x) = s(x)] <O Vz> 0. (38)

To this aim, we study

1) =

[sinh(z) [(1 + 6)F(2) + 2F(2)] — cosh(z)[2F(2) + (1 + a)F(z)]]
F(2)F(2)

+ z(1 — o)[cosh(z) + sinh(z)]

2FQ) - F'()  2F@)— f’(z)]
[F(2))? For |

By Lemma 6.1 in “Appendix,” we have that the last term above is negative; about the
remaining terms, we distinguish the cases z € (0, 1]and z > 1. For z € (0, 1], we have

sinh(2)[(1 + 6)F(2) + 2F(2)| — cosh(z) [2F(2) + (1 + 6)F(2)]
2
= M sinh(2z)[sinh(z) — cosh(z)] + z(1 — &)*[cosh(z) + sinh(z)]

< 2z[(6® + 20 + 5) sinh(z) — 4(1 + o) cosh(z)| := V(o).

We observe that L = 4z[(1 + o) sinh(z) — 2 cosh(z)] < 0; hence,
v(o) < 2z[5 sinh(z) — 4 cosh(z)] < 0 for z < log3, implying u(z) <0 for z € (0, 1]. For
z > 1, we rewrite

7i(z) = cosh(z2)W(z) + sinh(z) 0(z) ,

where
_ 4 20+0) 2F(Q) - F'() 2FQ)~F (2)
W() 1= ——— — 1- -
© Fo  Fo ( w( [FG)P? [F))? )
_ 2l+e) 4 <2F(z) ~F'@) 2F@) - F'(z))
= + —4+z(1- -
O TR T TR T er

and, by (22), we prove that U is negative by showing that W(z) + @(z) <Oforz> 1
The case W(z) — Q(z) < Ois trivially true for all z > 0; then, it remains to study

W) + é(z) = Z& [(3 +0)? <(1 + z) cosh(4z) — 2zsinh(4z) — 1 — z) —-82(1-0) ]

[FQF()]?

We consider u,(z) := (1 + z) cosh(4z) — 2zsinh(4z) — 1 and ﬁ'l (z) = (1 — 8z) cosh(4z)
+2(1 + 2z) sinh(4z), so that u,(z) has stationary points satisfying tanh(4z) = (8z—1)/
[2(1 +22)] :=y(@). We observe that y(z) is always increasing for 7 > 0, y(z) = 1if and only
if z=13/4 < 1, implying u/(: "(2) < 0 for z > 1; since u;(1) = 2¢7*—1 <0, then 1;(z) <0
for z > 1and in conclusion W(z) + Q(z) < O for all z > 1. This proves (38). In view of (38),
to obtain y~(k,z) < Ofor all k € [-1, 1]and z > 0, it is enough to study the sign of
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2 (=1,2) = 27 [s(2) — p(2)] - 2[1(2) — 9(2)] + u(2) — r(z)
M+l 1 1 -
=0 (F(Z) o ) [cosh(z) + sinh(z)]
2F(2) = F'(2) 2F(2) - F (2)
el et [zmT T ’[—F(—)J]

2R -FQ) 2F(2) - F (2) }
[F()1? [F)2

— sinh(z) [(1 +0)

__2+09) (L _ ;) [cosh(z) + sinh(2)] + z{ cosh(z) W(z) + sinh(z) @(z)}
-0 \F(2) F(2)

where

~ 2F(2) - F'(2) 2F@) ~F ()
W) =22 WL (1, 2R
© For T For
and
2P -F'@) _2F)-F ()
[F@P FoPr

0@) := —(1 +0)

Recalling that F(z) > F(z) > Oforall z > 0, if
cosh(z) W(z) + sinh(z) 0(z) < 0 Vz> 0,

we conclude that y(—1,z) <0 and the thesis. By (22), this follows by showing that
W(z) + O(z) < 0 for all z > 0, namely that

1—0) 2FR)-F@) _ 2F(z_)— F (z)] <0 Gto) W -F@ 2F(z_)— FQI o
[FQP [FQ)P [FQP [F2)P
These inequalities hold true for all z > 0 thanks to Lemma 6.1 in “Appendix”. O

4.5 Proof of inequality (27).
The proof of (27) is given in Lemma 4.5.

Lemma 4.5 Given F(z), I?(z) as in (10) and { (k, z), 9(k, 2) as in(18), we have

—_— —

F—¢F  9F—0OF

[C+'9} Il L <0  Vke[-1.11.z>0. (39)
Z

F- IE [FI? — [1?]2
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Proof Thanks to the symmetry properties of the functions involved, see (19), the second
term of (39) is given by the sum of an even and an odd function with respect to k; hence, to
obtain (39), it is enough to prove that

L DFR) — Lk DF'() 9.0k 2)F() — k. DF (2)
[F(2)2 [F2)I2

<0, (40)

for all k € [-1, 1]and z > 0. We rewrite (40) as
cosh(kx)V(k, z) + sinh(kz)P(k, z)
where
Vk,2) i=k* a(z) + kbz) + c(2), Plk,2) 1= k> d@) + ke@) +f(2),

and

a(z) := —ﬂ[Z cosh(z) — (1 + o) sinh(z)] <

b(z) := _L < 24 +0) [cosh(z) + sinh(z)] + z[2 sinh(z) — (1 + &) cosh(z)]ﬁ>

Fiz\ l-o F()
@) = i{ cosh(z)(M N 2z> . sinh(z)<—2(3 —9) 1+ a))
(@) l-o¢ -0
2 !
o ) 2 ) )
d(z) 1= —=—[2sinh(z) - (1 + o) cosh(z)]
F(2)
() 1= —— (2(1 +0) [cosh(z) + sinh(z)] + z[2 cosh(z) — (1 + &) sinh(z)] ’(z)>
FOA 1= F)
f@) = —L{ COSh(Z)< 26-9) —z(1+ a)) + sinh(z)( 200 +0) 22)
F(z) l-0o l-0

2
— [cosh(z)(g +21> + Slnh(Z)(i _Z(l + )>] F (Z) }
F(z)
(41)

Then, by (22), we obtain the thesis if E(k,z)* := V(k,z) = P(k,z) <0 for all k € [—1,1]
and z > 0, i.e., if

E*(k,2) := K [a(2) + d(@)] + k[b(2) + e@)] + c(2) +f(2) <O Vk € [-1,1],2>0 i
and -
E(k,2) =k [az) — d(@)] + k[b(z) — e(@] + c(z) —f(z) <0 Vke[-1,1],z>0 .43
We prove the validity of (42) and (43) here below. This concludes the proof of Lemma :5)

Proof of (42).
We consider
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o= _Z[COSh(Z)<F?z) (; :)> ’ Sinh@(% - )]
z z

Since, from (29), we have
2 (1+0) 2 (1+0) 1
s _ 7 F(1 — 0 v 0,
Elie (F(z) o > 2T+ )]( ot F@) > 7>

by (22) we infer that a(z) + d(z) < 0; hence, the map k — Et(k,z)is a concave parabola for
all z > 0. Now we prove that the parabola has the abscissa vertex at k = k with k > 1; this
follows by showing that

b(z) + e(z) + 2[a(z) + d(z)] > 0 vz > 0. (44)
We have

2(1+0) 1
(= 5y [c0sh(@) + sinh(2)] <F( ) %>

Flm 2 Fo_ 2
fonb(-7)-0en(Z2- )

. Fo 2 P _ 2
h(z) |2 CF@) S
+ sinh(z) [ (F(z)z F(z)> I+ )< FR? F() >] }

b(z) + e(z) + 2[a(z) + d(2)] =

Through (22), (44) holds if

F@-2FQ) F ) - 2F(z)> o

251
2 +6)]< F@? = g2

this condition 1is guaranteed for all z>0 by Lemma 6.1 in “Appen-
dix”. Hence, the maximum of E*(k,z) is achieved at k=1, we prove that
Et(1,z) = a(@) + d(z) + b(2) + e(z) + c(z) + f(z) < 0 for all z > 0. To this aim, we consider

2
{ cosh(z) [2(1;"%( )+ F(2) <z(3 +o)— iﬁ)]

2
8 F(z) - F’(2)<z(3+a)+ (L+0) >]}
-0 l-0

— 2
4 {Cosh(z)[ _F(o) - F(z)<Z(3+6)+ (L+0) )]
F(z)? o

=+ -1
E7(1,2) = FQ?

+ sinh(z) [ I

=
( +o) F()+F(z)<z(3+a)—i6>]}

=d@+d@
F(z)? F(z)? ’

+ sinh(z)

Recalling that F(z) > F(z) > 0 for all z> 0, we obtain that Z+(1,z) < 0 by showing that
¢(z) < 0and ¢(z) + ¢(z) < 0. Through many computations, we get
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B+o)l+o0)

€(Z)=%Z[—(1—6)zz—4(1+a)—4 e F+ (B +0)ze .

-0
Considering T i=—(1 -0 z—4(1 +0)+ B +0)ze™™, we have that
c0)=-414+0)<0 and C(z) » —o0 as Z = +o0; furthermore,
') = —(1 -0 +@B+0)e*(1 -4z so that ¢'@=0 if and only if
4z _ e _ (-o)
e = 1Grop” We have

@ =-1 -a)2<2+ %) —4(1 +6)+(3+0')2%4Z.

Since —(1 — 0)2(_+ )—4(1 +0o)+(3+ ()')2—E < 0 for all z > 0, we infer that ¢(z) < 0
and, in turn, that

@) =-(1-06lz—40+0)+B+0)V ¥ <0 Vz>0. (45)

This yields ¢(z)<0 for all z>0. On the other hand, we have
c@+5(zx) = 4% % < 0 for all z > 0. By this, we conclude that Z*(1,z) < 0 for
all z > 0 and, in turn, ~that 2t(k,z) <Oforallk € [-1,1]and z > 0.

Proof of (42).
We have
2 (1+0) . 2 (1+0)
a(z)—d(z) = [cosh(z)( o + o > Slnh(Z)<F(z) + o >] .
Since
2 (1+0) 2 (1+0) 1 1
= = = 1 — 0 Vz>0,
F@) F(2) i(F(z)+ F(2) > 2= +G)](F(Z)+F(z)> g <

by (22), we infer that a(z) — d(z) < 0 and the map k — E7(k, z) is a concave parabola for all
z > 0. Now we prove that the abscissa k of the parabola vertex satisfies k < —1, namely that

b(z) — e(z) + 2[d(z) — az)] <O Vz> 0. (46)
‘We have that
D) e+ 20d) - a(2)] = =D [eosh(a) + sinh(2)] <_ ) _L>
(1-0) F@ R
5 2 fl(z)
sh 21 — 2
+ z{ cos (z)[ (F(z) F(z)? ) (F(z) F(2)? )]

. 2 Fo 2 _Fo
+s1nh(z)[ 2<F(Z) F(z)2> (1+6)(F(Z) F(Z)2>]}.

Through (22), (46) follows if

2@ = F'@) |, 2F@) = F’(z)> <o

2+ (1
2 ”)]( Fr T R
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this condition is guaranteed for all z>0 by Lemma 6.1 in “Appendix”.
Hence, by (46), E7(k,z) achieves its maximum at k= —1; we prove that
E(-1,2)=a(@) —d(@) —b(z) +e(z) + c(z) —f(z) <0 for all z>0. To this aim, we
consider

E (L=

2
{cos ()[ (d+0) F(z)+F’(z)<z(3+a)—%>]

2
Fo) - F'(z)<z(3 +oy+ LFO) >] }
-0 l1—-0

—_ 2
! {cosh(@[ 8 Fo- F(z)<z(3+a)+(l+") )]
F(Z)2 — 0 (o2

1
2_ —
+ sinh(z) [%F(z) +F (z)(z(3 to) -1~ i - >] }

_s <@
F@?  Fyp

1
F(2)?

+ sinh(z) [ 1

where ¢(z) and ¢(z) are as defined in the proof of (42). We have already proved that ¢(z) < 0
for all z > 0, by (45) we also get ¢(z) — ¢(z) = €*¢(z) < 0 for all z > 0.

Hence, through (29) we deduce that 27 (-1, z) < 0 for all z > 0. This assures 27 (k,z) < 0
for all k € [-1, 1], z > 0 and concludes the proof of (43). O

5 Proof of Theorem 2.2

The proof is achieved by showing the positivity of the Green function G,(q) for p and ¢
belonging to suitable rectangles or union of rectangles covering Q. By Theorem 2.1, we
know that

v 1 601
m3

5 sin(mé) sin(mx) Vg =(x,y) €Q, Vp=(&n) € Q.

G,(q) =

m=1

In this section, we will omit the dependence of ¢,, from y and #, implying that all relations
we write hold true for all y, # € [—d, d]; for this reason and for brevity, we will write G(x, &)
instead of G,(q) = G(x,y, &, n). Furthermore, we will repeatedly exploit the fact that

Gx,H=GEx) VY e[0,x]x[0,7]. 47)

We start by showing the positivity of G,(g) for p or g far from the hinged edges of €2.

Proposition 5.1 There holds

3
G(x,8) >0 V(x,¢) e [Z i

X (0,7) and V(r,&) € (0,7)x [% %n] .

Proof Thanks to Theorem 2.1-(6), we know that
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0<¢,<d, Vm>1.

Noting that| sin(mé&)| < msin(¢) for all £ € (0, z), see, e.g., [13], we obtain
D, . . b . .
—3| sin(mé) sin(mx)| < — sin(€)| sin(mx)| Vx, & € (0,7x),
m m

from which

Z ¢—'§I sin(mé) sin(mx)| < ¢, sin(&) Z “L’z’”‘)' Vx, & € (0, 7).
m=2 " m=2 m

Since
3, Lsinon] owl < Lz =21 weOm,
m=2 =2 m
we infer that
< P . . . 7>
D = sin(mé) sin(mx) > —¢, sm(.»:)<— - 1> Vx, & € (0, )
= m 6
and, in turn, that
¢ 2
G(x, &) > — sm(c‘j) [sm(x) <— - 1)] Vx, & € (0, m). (48)

We denote by

. 7 T
= ——1)~=070< =;
X, arcsin < 5 y)

hence, through (48) we have G(x, §) > 0 for all (x, ) € (x;, 7 — x;) X (0, ), implying

Gx, &) >0 V(¢ e [Z %7‘[ X (0, 7).
The positivity in the region (x, &) € (0, 7) X [— —71'] follows by (47). O

Our next aim is to show the positivity issue for both p and g near the same hinged edge,
i.e.,near x = 0 and & = 0 or near x = z and £ = z. The first step of the proof is given by the
following:

Lemma 5.2 Fixing N > 3 integer, there holds

T V3
G(x, &) >0 V(Xé)G[NJrz N+1> <O’N+1>

and
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7 7 b4
Gx, &) >0 V(¢ e (O’N+1) X [N+2’N+1>'

Proof We fix N > 3 and we rewrite G(x, £) as follows

N e
G(x, &) = % Z % sin(mx) sin(mé) + i Z % sin(mx) sin(m¢) .
m=1 m=N+1

Then, we exploit the elementary inequality
sin(mx) sin(mé&) > sin(x) sin(&) Vx, & € <0, ﬁ), Vm=2,...,N

(see Lemma 6.2 in “Appendix” for a proof) and Theorem 2.1-(6) to get

N N
mzz; % sin(mx) sin(mé) > ¢y sin(x) sin(éj)”; # Vx, £ € (0, NLH> (49)
On the other hand, through | sin(m&)| < msin(¢€) for all £ € (0, #) and Theorem 2.1-(6), we
get

) (»bm . . co d)m ' - | . l
m;ﬂ e} sin(mx) sm(mﬁ)’ < m=ZN+1 $I sin(mx) sin(mé)| < ¢y sin($) m;ﬂ ot

(50)
By combining (49) and (50), we infer

N

G(x, &) > ;”—Z sin(§)<2 #) [sin) - Cy]  Wnée (0, ﬁ) . 6D

m=1
where
o 1

m=N+1 m?

Cy == :

(52)
m=1 m3
Next, we denote by x,, the unique solution to the equation

sin(xy) = Cy xy € (0,7/2);

the above definition makes sense for all N > 1 since the map N — C) is positive, strictly
decreasing and 0 < Cy < 1. We prove that

z
xN<N_+2 VN > 3. (53)

When N = 3, we have x; = 0.25 < g and (53) follows. We complete the proof of (53) by
showing that
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T
Cy <si —_— VN > 4.
N sm<N+2> > (54)

To this purpose, we write some estimates on the numerical series; it is easy to see that

A &1 ® 1
z%>1 and Z ﬁg/ ;dXZN VN > 2,

m=1 m=N+1 N
implying
Cy < 1 VN > 2. (55)
N
To tackle (54), we use the estimate:
sin) > 2x wre (0,Z]. (56)
T 6

Combining (55) and (56), (54) follows by noticing that Il\’ < N i 5 for all N > 4. Finally,

in view of (53), the first part of the statement of Lemma 5.2 readily comes from the posi-
tivity of the r.h.s. of (51). Instead, the second part of the statement follows by exploiting
(47). O

Finally, from Lemma 5.2, we get

Proposition 5.3 There holds

G, &) >0 Y(xé) e <o, %) x <o,%> and V(x,&) € Gn,n) X <%ﬂ,7r> .

Proof Fixing N > 3 integer, from Lemma 5.2, we get

2 2
T T
G(x,&)>0 V(x,§)€<0,m> \<O’N+2>

and taking the infinite union of the above sets, we get

) 2 2 2
Gx.o>0 Vxoel <0’N11) \<0,N’frz> = (0,%) (57)

N=3

which is the first part of the statement of Proposition 5.3. To complete the proof, we set
X =nx —x,&=nr— &and we observe that

T

GO =Gr-% -8 =GXé Vxée <§n,n> VEE € (o, Z) .
Then, the thesis comes from (57) written for x and E O

It remains to study the sign of the Green function for p and ¢ near to opposite
hinged edges, i.e., near x = 0 and £ = # or near x = 7 and & = 0. At first, we prove the
following:
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Lemma 5.4 Fixing N > 3, odd integer, there hold

T = T
Gx,&) >0 V(& e NT3 N+1>X<H_N_+1’”>

and

T

b3 n
G(x,&)>0 V(.8 e <O’N_+1> X (n— NI NI3

Proof We consider the function G(x 5) =G, — §) with .f € ( ) For N > 3, odd
integer, we have that

G(x, &) = Z( 1)'"+1 % sin(mx) sin(mé)

¢m+1

(m+1)>

[— sin(mx) sin(mé&) — sin[(m + Dx] sin[(m + 1)2]]

L S m+1 ¢ T
+ 2 m;NJrz( 1) sm(mx) s1n(m§) Vx, 5 € < N+l >

By Theorem 2.1, we know that ¢,, > 0 and is strictly decreasing with respect to m € N* for
all y,n € [—Z, ¢]; hence, we have

¢, sin(x) sin(&) — % $in(2x) sin(2&) = sin(x) sin(&) [d)l - % cos(x) cos(E)]

> % sin(x) sm(é) > ¢ sm(x) sm(.f;‘) Vx,E € <O, %), VN > 3.
(58)
Exploiting the inequality
. .= . . - 2
sin(mx) sin(mg)  sin[(m + D)x] sin[(m + 1)¢] > sino) sin(E)[ 13 B 1 : ]
m3 (m+ 1)3 mi (m+1):

vrée (0,—2— ), Vm=3,...,N, VN > 3,odd,
N+1

(see Lemma 6.4 in “Appendix” for a proof) and (58), we get

v (@ ¢
m . . - m+1 . . -
Z 1 [% sin(mx) sin(mé) — m sin[(m + 1)x] sin[(m + 1)5]]
m=
odd

> Py, SIN() sin(€)

N 2
i+ 2 (o) | e o)
i3 vr,é e (o0, VN > 3,0dd.

odd
(59)
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On the other hand, since | sin(mE)l <m sin(E) for all E € (0, ) and through the monotonic-
ity of the ¢,,, we get

Z (- l)m+1¢ sin(mx) sm(mf)’ N sin(&) Z V& € (0, 7), VN > 3.

m=N+2 —N+2
(60)
From (59)—(60), for all N > 3 odd, we infer
¢N+1 - 1 .
G(x é) sm(é) Z — - (sm(x) CN) Vx, 5 € N a1l
—3\m:  (m+ 1) +
odd
where
v L
= . m=N+2 m2
TR 7 61
L 3 ©1)
2 a3 lm m+1):
odd

Next, we denote by X, the unique solution to the equation
sin@y) = Cy Xy € (0,7/2).

The above definition makes sense for all N > 3, odd, since the map N — EN is positive,
strictly decreasing and 0 < Cy < 1. We prove that

Cy < sin <Iﬁ> VN > 3, odd. (62)

To this aim, we note that

N

1 1 1 1 1 /°° 1 1
= —_ - > - and — —dx= ——,
2 m§3 m3 (m + 1)% 2 m:ziwz m N+1 X N+1
odd
implying
Cy < VN > 3.
NUN+1 ~

.. 2 3 T
F 56), (62) foll b t that < ——— ) for all N > 3.
rom (56), (62) follows by noticing tha N1l N+3\Sm<N+3> or a >

Recalling that G(x, &) = G(x,m — &), the above estimate yields the proof of the first part of
the statement of Lemma 5.4. Similarly, the proof of the second part follows by exploiting
the fact that G(x, &) = G(&, x) for all (x, &) € [0, x] X [0, 7], by which

= - - T T T
G(x,&)>0 V(& e <0,N+1) X [N+3,N+1).
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Finally, by Lemma 5.4, we obtain:

Proposition 5.5 There holds

Gx,&) >0 V(&) e (0, %) X <ZII,7‘[> and V(x,¢&) e (%7‘[,7[) X <0, %) .

Proof Fixing N > 3, odd integer, from Lemma 5.4 we have that

/4 V4 ¥V /4
G(x,&) >0 V(X,f)e (O’A’_—i-l> X (7[— m,ﬂ') \ (0,1\]—_'_3) X (7[— 1V—+3,7L'> .

and taking the infinite union of the above sets (over N > 3 odd), we conclude that

G(x,&) >0 VY(x&) e (0,%) x <%7r,7r>,

which is the first part of the statement of Proposition 5.5. The second part simply follows
by (47). ]

Proof of Theorem 2.2 completed The proof follows by combining the statements of Proposi-
tions 5.1, 5.3 and 5.5.

Acknowledgements The authors are members of the Gruppo Nazionale per I’Analisi Matematica, la Proba-
bilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) and are
partially supported by the INDAM-GNAMPA 2019 grant: “Analisi spettrale per operatori ellittici con con-
dizioni di Steklov o parzialmente incernierate” and by the PRIN project 201758MTR2: “Direct and inverse
problems for partial differential equations: theoretical aspects and applications” (Italy).

Funding Open access funding provided by Politecnico di Torino within the CRUI-CARE Agreement.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Com-
mons licence, and indicate if changes were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix 1

In this section, we prove an inequality used in Sect. 4 to get the monotonicity issue (6) of
Theorem 2.1.

Lemma 6.1 Given F(z) and 1_7(2) as in (10), there holds:
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<0 Vz> 0.

2FD-F@ [zF@ ~F@
[F(2)]? [F(2)]?

Proof We have
2F(z) — F'(2) = (3 + 0)[sinh(2z) — cosh(22)] + (1 — 6)(1 — 22) := a(2)
—_ —
2F(z) — F (z) = (3 + o)[sinh(2z) — cosh(2z)] — (1 — o)(1 — 27)
and we observe that a(0) = —-2(1 +0) < 0 and a(z) ~ —2z(1 —6) —» —o0 for 7z — +o0;
a(z) has stationary points satisfying (3 + o)[sinh(27) — cosh(27)] = —(1 — ¢), hence
a(@) =—-2(1 —0)z <0 for all z> 0, implying a(z) <0 for all z> 0. From above and

recalling that F(z) > F (z_),> 0 for all z> 0, a sufficient condition for the thesis is:
2F(z) — F'(z) + [2F(2) — F (2)] < 0 for all z > 0. To this aim, we notice that:

2F(z) — F'(2) + 21?(z) - F,(z) = 2(3 + o)[sinh(2z) — cosh(2z)] < 0 Vz>0

— — 1
2F(2) = F'(2) =2F(2)+F (2) =2(1 —06)(1-27) <0 Vz > 5
Therefore, it remains to prove the negativity of the term below for all 0 < z < 1/2:

2FQ) - F(x) 2F@) ~F (2)
[F)? [F(2)]2
a—ﬂum%4 " (1-0)? , 3}
= {eR(1-27) +e (1 +62) — 47 -2+ 16— (> - 27°)
SFQF@P L (=22)+e o Grop™ 7

_ 2
< M{e“z(l —27) +e (1 +62)—4z -2+ E(z2 - 2z3)}
SIF()F(2)]? 9

(1-06)3+0)?
8[F()F(2))?

We have p(0)=p'(0)=0 and 2p'(z) = 9[ —ze¥ e %3z - 1)] +1-6z:=7(2).
For z € [é, %] we get p(2) < 9z[e™® —e%] <0, while for ze€ (0, é] we have

)< 1= ge_g < 0, implying p(z) < O for all z € (0, %] and, in turn, the thesis. O

Appendix 2

In this section, we prove two inequalities that we repeatedly exploit in the estimates of the
Fourier series of the Green function in Sect. 5.

Lemma 6.2 Let N > 2 be an integer. There holds

sin(mx) sin(mé&) > sin(x) sin(&) Vx, & € <0, NZ— ] > Vm=2,...,N. (63)

Proof Let m > 2 be an integer. It is readily seen that
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sin(mx) —sin(x) =0 << x= 2kn Vx= 2k + Dz for ke Z.
m—1 m+1

By this, since (sin(mx) — sin(x))’(0) = m — 1 > 0, we infer that sin(mx) — sin(x) > 0 for all
e (0, mL-I—l) and, in turn, the thesis. O

Before stating and proving the second inequality, we need the following lemma.

. . 1 1 2 .
Lemma 6.3 Let m > 3 be an integer and set a,, 1= [W - W] . The function
in(mt i + 1t .
o (o= S0 _sinlm+ DALy e |- 2 2
m2 (m+1)2 m+1 m+1
vanishes att =0 and t = +t, with t| € (2211 Ew ) Furthermore, v,,(t) > 0 in [-—— —tl)

and (0,t,) while v,,(t) < 0in (=t,,0) and (¢,, m]

Proof of Theorem 2.2 completed Since v,, is odd, it is sufficient to study its behavior in
[0, 2—”] We compute
m+1
t 1)t
o (1) =cos(m ) B cos[(m + 1)¢] —a cos(t),
m m m + 1
v”y’l(t) =sin[(m + 1)t] — sin(mt) + a,, sin(?).

> / = mi-m-1 L 2 _
For all m > 3, we have that v (0) oD T e (m3/2 (m+1)*/2 )

WDr) = —sin (222) = —sin (37) and (56), that

> 0 and, by exploit-

ing the fact that sin(

2m+1 2m+1
2 . T 1 1 1 :
vm(m) > sin (2m+1)[m—2 + m] — — > 0. Let us write
Qm + 1yt

0" (1) = 2cos —5 + a,, cos % sin % =: 2w(¢) sin % .

Clearly,
tive and then negatlve 1n [0 2—] Since v,,(0) =0, v’l ,(0) > O and v, (—) > 0, we con-

clude that v,, > 01in [0, o +1]
Now, by exploiting the complex identities for the trigonometric functions, we observe
that

) ) B 142
sin[(n+ ] —sinmf) =0 > 7= 2kn, ST ez
2m +
_ _ - 2kx
cos[(m+ 1)t] —cos(mt) =0 << t=2kn, Vke Z.
2m+ 1

. . T 3 2z 7/
Hence, sin[(m + 1)1] > sin(mr) for 1€ (0, 2m+l)U( o=, ==] and V(1) >0 for

t€ (0, Jﬁ) u (2;11 m+l] Since v (2”) = —# - (m+1)2 sin [(m + 1)3”] -a, sm( ) <0
and v ( ) < 0, the convexity of v,,(z) implies that v,,(f) < 0 fort € 3:1 mz:l |

On the other hand, from the fact that cos(mt) < cos[(m + 1)¢] for t € ( 2n 2—”] and

2m+1" m+1
cos(mt) < Ofort € (zm’il ;’;) we get cos(mr) < —— cos[(m + )t]fort € (2 ot 2m) This
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3z
2m+1’ 2m

2r
( 2m+1’ 2m ) which is the thesis. -

1mp11es v () <0forre ( ) and yields the existence of a unique zero for v,,(?) in

Lemma 6.4 Let N > 3 be an integer. For all x,& € ( N+1) and all m=3,...,N, there
holds

sin(mx) sin(mé) B sin[(m + 1)x] sin[(m + 1)&]
m3 (m+1)3

1 1V
> sin(x) sin(§) [—x - —%] .
mz  (m+1)2

(64)

! ] and we consider the

Proof As in the previous lemma, we set g, := [m - W

function

sin(mx) sin(mé) B sin[(m + 1)x] sin[(m + 1)&]

Snlx.£) = m m+ 1y

— a,, sin(x) sin(&)

with Q := [O —] By Weierstrass Theorem, S admits maximum and minimum in Q.
To locate the statlonary points of S it is convenient to exploit the change of variables:
(1, 7) := (£ — x,& + x) according to which S,, reads

- 1 { cos(mi) — cos(my)  cos[(m + 1)i] — cos[(m + 1)y]
S (l» 7) =3 m3 - (m + 1)3

-a, [cos(t) - cos(y)])

for (1,y) € Q) 1= [— mL-l—l’ mL-l—l] X [0 T For v, as defined in the statement of Lemma
6.3, we have

%o y) =-22=0
m(l y) U (}’) — 0.

By Lemma 6.3, it is readlly deduced that S admits only two stationary points (0, 0) and

(0,2;) with ¢, € ( 23:1 o ) Since (O 0) e 0Q1, we only need to study the nature of (0, 7,).

We have —=——- v ,(0) < 0 S (0, t;) =0 and %(S’I') = u}’n(t]) < 0, see the proof of
Lemma 6.3. ThlS implies that (O,t ) is a maximum point. Coming back to the original vari-
gbles, from the above analysis we infer that ( %‘ %‘_) is a local maximum point for S,,. About

S,.(x, €) constrained to 00, we have: S, (x, 0) S,(0,&) = 0 for all x,E€ |0, ] 1]~ hence,
we only need to study S,,,(x, —) and S ( 5) forall x,& € [0 ] since they have the
same analytic expression, we only focus on

Sm (x, mL-i-l> =sin <m7j_ 1 ) [sinn(;zx) -a, sin(x)] 1=sin (mL-l-l > W, (%)

forx € [0, il ]
m+1

()S (01
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where  sin (%) = sin (#) >0 for all m>3 We have #,0)=0 and

~ T . V4 1 2 1 .

w (—) =sin(— = - >0 for all m>3. Moreover, since
m(m+1) (m+1)(m+1)% [m% (m+1)%] 1 =z

sin(mx) — sin(x) >0 for all xe€ (0, mLI) and —>a, for all meN*, we get

Wrx) = —[2 — g, sin(x)] < 0 for x € [0, ], implying i, (x) > 0 for all x € [0, =]

Once established that S, (x, &) is nonnegative on dQ and admits no internal minimum points
in Q, we conclude that S,,(x, &) 2> 0 for all (x, &) € Q. Finally, the strict inequality in (64)
comes by observing that S,,(x, &) = O for (x,¢§) € O, ifand only if x =0 or ¢ = 0. O
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