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BMO SPACES ON WEIGHTED HOMOGENEOUS TREES

LAURA ARDITTI, ANITA TABACCO, AND MARIA VALLARINO

ABSTRACT. We consider an infinite homogeneous tree V endowed with the usual metric d defined
on graphs and a weighted measure p. The metric measure space (V,d, p) is nondoubling and of
exponential growth, hence the classical theory of Hardy and BMO spaces does not apply in this
setting. We introduce a space BMO(u) on (V,d, 1) and investigate some of its properties. We prove
in particular that BMO(u) can be identified with the dual of a Hardy space H'(u) introduced in
a previous work and we investigate the sharp maximal function related with BMO ().

Dedicated to Guido Weiss on the occasion of his 90th birthday

1. INTRODUCTION

The classical space of functions of bounded mean oscillation BM O was introduced in the Eu-
clidean setting by John and Nirenberg [11]. It is defined as the set of locally integrable functions f
such that

1
S%pijlf—fBIdw<oo, (1)

where the supremum is taken over all Euclidean balls and fg denotes the average of f on B. A
celebrated result of Fefferman and Stein [7] identifies BM O with the dual of the classical Hardy
space H'.

Various extensions of such theory have been considered in the literature. The first extension was
developed on spaces of homogeneous type in the sense of Coifman and Weiss [5, 6, 15, 16]. These
are metric measure spaces (X,d, ) where the doubling condition is satisfied, i.e., there exists a
constant C' such that

w(B(z,2r)) < C p(B(z,r)) Vee X, Vr>0, (2)

where B(x,r) denotes the ball centred at x of radius r in the metric d. In this setting functions
in BMO(p) satisfy the analogue of condition (1), where metric balls are involved. Subsequently
extensions of the theory of Hardy and BMO spaces have been considered in the literature on
various metric measure spaces which do not satisfy the doubling condition (2). Due to the lack of
the doubling condition, it is less clear which is a suitable condition to define a BM O space which
enjoys all the properties of the classical one, and in particular it is not clear which subsets of the
space can be chosen to replace balls in condition (1).

The literature on this subject is huge and we shall only cite here some contributions. In particular,
various results on this subject have been obtained on nondoubling Riemannian manifolds [3, 14, 17]
and on Lie groups of exponential growth [13, 18]. A few results have been obtained in the discrete
setting of infinite graphs [4, 9].

Key words and phrases. Hardy spaces; BMO spaces; homogeneous trees; nondoubling measure; sharp maximal
function.
Math Subject Classification 05C05; 30H35; 42B30.
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The goal of the present paper is to develop a theory for a BMO space on a homogeneous tree
V endowed with the usual metric d defined on a graph and a weighted measure u (see Section 2
for the details), such that (V,d, ) is a nondoubling space. Such weighted homogeneous trees were
first studied by Hebisch and Steger [10], who developed a Calderén-Zygmund theory on them. In
particular, they proved that there exists a family of appropriate sets in V', which are called Calderén—
Zygmund sets, which replace the family of balls in the classical Calderén-Zygmund theory. In [1]
we introduced an atomic Hardy space H'(u) on (V,d, 1), where atoms are functions supported in
Calderéon—Zygmund sets, with vanishing integral and satisfying a certain size condition.

We shall define here a space of functions of bounded mean oscillation BMO(u) adapted to this
setting, for which the oscillation in the analogue of condition (1) is measured on Calderén-Zygmund
sets. Then we show that BMO(u) can be identified with the dual of the Hardy space H' (). More
precisely, we introduce a family of spaces BMO,(u), with ¢ € [1,00), for which the integrability
condition (1) is expressed in terms of an L%-norm, and show that all such spaces coincide. As a
consequence, we find the real interpolation spaces between L"(u) and BMO(u), for r € [1,0).
It would be interesting to find the complex interpolation space between L"(u) and BMO(u), as
well. To work in this direction, we introduce and study the sharp maximal function associated with
Calderon—Zygmund sets, and show that the LP-norm of a function is controlled by the LP-norm of
a variant of its sharp maximal function (see Theorem 20).

The paper is organized as follows. In Section 2 we introduce weighted homogeneous trees, we
recall the definition of Calderén—Zygmund sets and study some of their geometric properties. In
Section 3 we recall the definition of the Hardy space H! (i), we define the space BMO(j1) and prove
the duality between these two spaces. As a consequence, we deduce a real interpolation result and
a boundedness result for integral operators whose kernel satisfy a suitable Hormander condition.
The last section is devoted to some inequalities involving the sharp maximal function defined in
terms of Calderén—-Zygmund sets.

Positive constants are denoted by C'; these may differ from one line to another, and may depend
on any quantifiers written, implicitly or explicitly, before the relevant formula.

2. WEIGHTED HOMOGENEOUS TREES AND CALDERON-ZYGMUND SETS

In this section we first introduce the infinite homogeneous tree and we define a distance and a
measure on it.

Definition 1. An infinite homogeneous tree of order m+1 is a graph T = (V,E), where V denotes
the set of vertices and £ denotes the set of edges, with the following properties:

(i) T is connected and acyclic;

(ii) each vertex has exactly m + 1 neighbours.

On V we define the distance d(z,y) between two vertices x and y as the length of the shortest
path between x and y. We also fix a doubly-infinite geodesic g in T, that is a connected subset
g < V such that

(i) for each element v € g there are exactly two neighbours of v in g;
(i) for every couple (u,v) of elements in g, the shortest path joining u and v is contained in g.

We define a mapping N : g — Z such that
IN(z) = N(y)| = d(z,y)  Va,yeg. (3)
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This corresponds to the choice of an origin o € g (the only vertex for which N(0) = 0) and an
orientation for g¢; in this way we obtain a numeration of the vertices in g. We define the level
function ¢ : V — Z as

l(z) = N(2) - d(z,2'),

where 2’ is the only vertex in g such that d(z,2') = min{d(z, z) : z € g}. For z,y € V we say that
y lies above x if

Uz) = L(y) —d(z,y).

In this case we also say that = lies below y.
Let p be the measure on V such that for each function f:V — C

L fdu=Y fam!®. (1)

zeV

Then p is a weighted counting measure such that the weight of a vertex depends only on its level,
and the weight associated to a certain level is given by ¢ times the weight of the level immediately
underneath. In particular, it can be proved [1] that for every xzo € V and r > 0 the measure of the

r+1 T__ .
%. Hence, the metric measure space

ball centred at zo of radius r is p(B(zo,r)) = m! (o)

(V,d, ) is of exponential growth and nondoubling.
To develop a Calderén—Zygmund theory on this nondoubling setting, it is useful to introduce

suitable subsets of V, called trapezoids. These sets were first defined in [10]. We shall recall below

their definition and their properties.
Definition 2. We call trapezoid a set of vertices S <V for which there exist xg €V and a,be Ry
such that
S ={xeV:a lies below xs,a < l(zs) — l(x) < b}. (5)
In the following we will refer to xg as the root node of the trapezoid. Among all trapezoids we

are mostly interested in those where a and b are related by particular conditions, as specified in
the following definitions.

Definition 3. A trapezoid R < V is an admissible trapezoid if and only if one of the following
occurs:
(i) R = {xr} with xr €V, that is R consists of a single vertex;
(i) Jzr €V, Fh(R) € NT such that
R={xeV:x lies below xr,h(R) < {(zgr) — l(x) < 2h(R)}.

R is called degenerate in case (i) and non-degenerate in case (ii).

We set h(R) = 1 in the degenerate case. In both cases, h(R) can be interpreted as the height of
the admissible trapezoid, which coincides with the number of levels spanned by R. We call width
of the admissible trapezoid R the quantity w(R) = m‘®#). We have that

(R) = h(Rym""®) = h(R)w(R). (6)

We now introduce the family of Calderon—Zygmund sets. They are trapezoids, even if not of
admissible type (except for the degenerate case); they consist of suitable enlargements of admissible
trapezoids, constructed according to the following definition.
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Definition 4. Given a non-degenerate admissible trapezoid R, the envelope of R is the set

~ h

R = {x eV :x lies below xR,gR) <l(xgp)—L(z) < 4h(R)} ; (7)
we set h(R) = h(R). The envelope of a non-degenerate admissible trapezoid is also called a non-
degenerate Calderdn—Zygmund set. Given a degenerate admissible trapezoid R, the envelope of R
is the set R = R. We denote by R the family of all the Calderon—Zygmund sets.

We refer the reader to [1] for the properties of such sets, in particular see [1, Propositions 2, 4]
for the proof of the following result.

Proposition 5. Let R be an admissible trapezoid and R its envelope. Then

(i) u(R) < 4p(R);

(ii) for all z € R, we have R c B(z,8h(R)).
For any Calderén-Zygmund set R we define an enlargement of it, whose measure is comparable
with its measure. This can be thought as a substitute for the doubling condition in this setting.

Definition 6. Given a Calderén—Zygmund set R, we define the set
R = {a: eV:d(z,R) < h(R)/4} . (8)

It is easy to see that there exists a positive constant C' such that for every Calderén-Zygmund
set R

WER*) < Cu(R). 9)

In the following proposition we construct a covering of V made by an increasing family of
Calderén—Zygmund sets.

Proposition 7. There exists a family of Calderon—Zygmund sets {Qn ©_o such that Qn < Qnit
and | J,, @Qn = V.

Proof. Consider the family {Qn}fzo where

e Qp is the Calderén—Zygmund set with root node 2y = o and height hg = 1 (where o denotes
the only vertex in the doubly-infinite geodesic g such that ¢(o) = 0);

e Vn =1, Q, is the Calderén-Zygmund set with root node z,, that is the father node of z,,_1,
i.e. it is the only neighbour of x,,_; that lies above x,,_1, and height h,, = h,—1 + 1 (then
we have h, =n + 1).

We first show that Q, < Qn+1. Let z € Q,,. By definition z lies below z,,, then by construction z
also lies below x,,41. Moreover, {(zy4+1) — ¢(x) = €(zy) + 1 — £(x) and we have that
hn hn
Uanr) = 0(@) <dhn + 1 <dhner,  U(enp) = 2) > T +12 ?*1
So we conclude that x € Qnait.

To show that | J,, @ = V, consider x € V. Denote by k the smallest index such that x lies below
xy (and so z lies below x;, Vj > k) and set £(xy) — ¢(x) = d. We seek for an index j > k such that
x € ()j, that is

j+1 h

T = <lay) @) <4h; = 4(j +1).
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Observe that £(x;) — l(x) = l(xj) — l(xy) + l(x) — (z) = j — k + d, so that
+

- d—k—4
J+1 . . j >
P <j—k+d<4(j+1) = 3
2 S/ G+1) {j>1+2(k—d)

Thus it is sufficient to take j > max{k, 1+ d_§_4, 1+2(k— d,)} a

For every p € (1,0) and for every n € N, let X% be the space L5(Q,,) of all functions in LP(u)
which are supported in the set Q,, introduced in Proposition 7 and have vanishing integral. The
space (X7, | - [zr) is a Banach space. We denote by X? the space L () of all functions in LP(p)
with compact support and vanishing integral, interpreted as the strict inductive limit of the spaces
XPh (see [2, 11, p. 33] for the definition of the strict inductive limit topology). This space will be a
key ingredient of next section. In particular, we shall use the following fact.

Proposition 8. Let p € (1,00). For every function F : V — C, the functional defined by

é(g)szgd,u:f(F—i—c)gdu Vge XP ceC, (10)

lies in the dual of XP.On the other hand, for every functional £ in the dual of XP there exists
F :V — C such that (10) holds.

Proof. On one hand, let F' : ¥V — C and consider the linear functional ¢ : XP — C defined by
l(g) = § Fgdu. Then for every n € N by Holder’s inequality we have

| Fodu] < 1Pl lolan  Voe X2

where ¢ = p’. Hence, £ is continuous on every X} and continuous on XP.

Suppose now that ¢ is a continuous linear functional on X?. Then, for every n € N, ¢ € (X})*,
hence it can be extended to a bounded linear functional on L?(Q,) and there exists a function
F, € LY(Q,) such that

lg) = J(Fn—i-c)gdu Vge XP, ceC.

Notice that we used the fact that g has vanishing integral in the formula above. For every n € N we
choose the constant ¢,, such that SQl(Fn + ¢,) dp = 0. This implies that the restriction of F), + ¢,

on Qj coincide with F}; + ¢; for every j < n. Hence for every x € V we can define
F(z) = F,(z) + ¢,
where n is any integer such that z € Q,,. Then
E(g)zf(F+c)gd,u Vge XP, ceC,
as required. O
3. HARDY AND BMO SPACES
In this section we first recall the definition of atomic Hardy spaces given in [1].

Definition 9. A function a is a (1,p)-atom, for p € (1, 0], if it satisfies the following properties:
(i) a is supported in a Calderén-Zygmund set R;
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(ii) afrr < p(R)VP7Y;

(iii) §,adu=0.
Definition 10. The Hardy space HYP(u) is the space of all functions g in L'(u) such that g =
2.jen Aj aj, where aj are (1,p)-atoms and A; are complex numbers such that 3oy |A;| < 0. We

denote by [gllgrp the infimum of 3o |A;| over all decompositions g = >,y Ajaj, where a; are
(1, p)-atoms.

The space H"P(;1) endowed with the norm || - | 1., is a Banach space.
For every p € (1, 0] we also introduce the spaces

N
Hflif(u) = {g eLt(u): g= 2 Ajaj, aj (1,p) —atoms,\je C,N € N} .
j=1
Proposition 11. For any p € (1,00), the following hold:
(i) HYP(u) = HY®(u) and there exists a constant C,, such that

lgl e < lglare < Cpllglmre;
(ii) for every L e (H'(1))*, | Ll (zreys < CpllLll(rrys;
(i) Hg (1) = Hg? (n);
(iv) for every Calderdn-Zygmund set R, LY(R) < Hél’loo(u)
Proof. Property (i) follows from [1, Proposition 5]. Take now L € (H'(x))* and g € H'(u). Then
IL() < [Lhay« gl < Cpll Ll gl e

so that (ii) follows.
Property (iii) holds since every (1, o0)-atom is a (1, p)-atom.
To prove (iv) let R be a Calderén-Zygmund set and g € L5(R) be a function in LP(u) supported

in R, with vanishing integral. Then |g|z» = max,_z|g(x)| < . Hence, u(R R) gl ihg is a
(1,00)-atom. This proves (iv). O

In the sequel we shall denote by H'(u) the space HY* (1) endowed with the norm ||| g1 = || 1.0+

We now introduce the space of functions of bounded mean oscillation. For every locally integrable
functlon f and every Calderén—Zygmund set R we denote by [ the average of f on R, ie.,

T5 = s S d A

Definition 12. Let g € [1,0). The space BMOgy(u) is the space of all functions in LL () such
sup (

that
1/q
> < 0.
ReR

The space BMOy(p) is the quotient of BMOgy(p) by constant functions. It is a Banach space
endowed with the norm

v, = s { (o [ 1 = faltaw) " Rer).

We now prove the duality result between BMO1 (i) and H'(p) and then show, as a consequence,
that all BM O, () spaces coincide with BMOq (), for g € (1,00).
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Theorem 13. The following hold:

(i) for every function f in BMOs(p) there exists a bounded linear functional Ly on H(u)
such that

Li(g) = Lfgdu Vg e HE®(u), (11)

and there exists A > 0 such that |Ly| gy« < Al flBrmo,;

(ii) for every bounded linear functional L on H' (i) there exists a unique function f € BMO1(p)
such that L = Ly and | f|Bmo, < C2|L| 1y, where Ca is the constant which appears in
Proposition 11(i).

Proof. We first prove (i) in the case when f € L®(u). Let g be a function in H!(x) and choose an
atomic decomposition g = )’ j Aja; such that a; are (1, 00)-atoms supported in Calderén—Zygmund

sets R;. Since f € L*(u) we have

ffgdu—Z/\jff%‘du- (12)
J
For every j

Ufajd“‘ - UR(f—fR)ajdu‘

< [ 1 =gz laslan

< (k)™ L% |f = fg,ldp

< [ flBaro, -
By (12) we deduce that

[ 193] < Z N1 lmsion
J
Taking the infimum over all atomic decompositions of g we get

| 90| < ol lmsion. (13
Let now f € BMO1(u) be real-valued and define for every k € N the function f : V — R by

fula) - {f (0) i) <k

B it | f(2)] > k.

Then || fxllze < k and | fxllBaro, < C|flBao,. Moreover | fi, — f| tends monotonically to zero when
k tends to co. Let g € Héfo(u). By (13) we deduce that

| seadu] < lalls 1 elmwro, < Clglus | flnsion.

Since frg tends to fg everywhere, g is compactly supported and f is integrable on the support of
g, by the dominated convergence theorem

| rodu] = i | [ seadu| < Clalinflwo, Vo< ). (14
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Since H, é;loo () is dense in H'(y), it follows that the functional L extends to a bounded functional
on H'(u) and there exists a positive constant A such that |Lg |y« < Al fllBao,-
If f e BMO;(u) is complex-valued, then we apply (14) to Re f and Im f and prove (i).

We now prove (ii). Let {Q,} be the sequence of Calderén-Zygmund sets constructed in Proposi-
tion 7 and, for any n € N, let X2 and X2 be the spaces introduced at the end of Section 2. Observe
that Héf(u) and X? agree as vector spaces. For any g € X2 the function M(Qn)*l/QHgHZglg is a

(1,2)-atom, so that g is in H'2(u) and |g|gr2 < w(Qn)*?|g|2. Hence X? ¢ HY2(u) and the
inclusion is continuous.

Let L bein (H'(u))* = (H%?(u))*. Hence L lies in the dual of X2. Then by Proposition 8 there
exists a function f :V — C such that

L(g) = ffgdu Vge X?.

We now show that f € BM O2(1). Take a Calderén—Zygmund set R. For any g € X2 supported in
R the function u(R)_l/QHgHZr}g is a (1,2)-atom. We then have

| f9du] = 1L < [Llanapelaln(B) 2.

This implies that f — fz is a function in L%(R) which represents the restriction of the bounded
linear functional L on L2(R). Hence

I = Fallar) < Ll aqays < 1Ll rraye.
It follows that
1
) JR |f = faldp < [Llgr2)x < Co| L]z,
so that f € BMO:(p) and | f|snmo, < Cal Ll gy« - O
Corollary 14. For every q in (1,00) the space BMOgy(n) coincides with BMO1(n) and
|flBaor < [flBro, < AGy| flBmo,  Vf e BMO,y(n),

where p = ¢', C,, is the constant which appears in Proposition 11(i) and A is the constant which
appears in Theorem 13(i).

Proof. Tt follows from Hélder’s inequality that

|flBaeor < [flBro, Ve BMOg(p) .
Take now f € BMO;(u) and let Ly be the functional on H'(yx) such that

Ly(g) = ffgdu Wg e Hg (1)

Let g€ (1,0) and p = ¢'.

Let {Qn} be the sequence of Calderén—Zygmund sets constructed in Proposition 7. For any
n e N, let X} and X? be the spaces introduced in Section 2. Observe that Hé;lp (1) and XP agree
as vector spaces. For any g € X% the function M(Qn)_lﬂ/pHgHE,} g is a (1, p)-atom, so that g is in
HY () and ||g| g0 < (Qn) " Y?|g|Lr. Hence XP ¢ HYP(1) and the inclusion is continuous.
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Hence Ly lies in the dual of X”?. Then by Proposition 8 there exists a function F': V — C such
that

Lf(g)szgd,u Vge XP.

We now show that F' € BMO,(n). Take a Calderén-Zygmund set R. For any g € XP supported in
R the function u(R)"'+P|g|1g is a (1, p)-atom. We then have

| Podu| = L@ < 1Ll lgli n(B)

This implies that F' — F is a function in Lg(R) which represents the restriction of the bounded

linear functional Ly on LE(R). Hence

IF ~ Fal gy < Il < mRYIL ] sy
It follows that

1 1/q
<M(R) L}’F— Fg\qdu> < Lgllareys < CpllLg|anys < ACy| fllBanto »

so that ||F|pamo, < ACy| f|Bao,, where Gy is the constant which appears in Proposition 11(i).
Take any Calderén-Zygmund set R. Since by Proposition 11(iii) L5(R) < H, é;loo(,u), we have that

Ly(g) = Jfgdu= Jngu Vg e Ly(R).

Hence there exists a positive constant cz such that f = F'—cp on R, so that

1 J 1/q 1 1/q
—_— ~’f—f~‘qdu = ~f~‘F—F~‘qu .
<M(R) R X ) <M(R) R 3 )
In conclusion, f € BMOy(p) and | f|srmo, = |F|smo, < ACy| flBro; -
O

In the sequel we shall denote by BMO(u) the space BM O (1) endowed with the norm ||-||garo =
|- IBat0, -

As a consequence of the duality result, by [1, Theorem 2], arguing exactly as in [18, Section 5]
we can deduce the following real interpolation results involving Hardy and BMO spaces.

1= 1%19, 6 e (0,1). Then
[L™ (1), BMO(p)]o,q = L" (1) -
Moreover, if% =1—0, with § € (0,1), then
[H' (1), BMO(1)]o,r = L (1)

As a consequence of the duality result and of [1, Theorem 3] we deduce that integral operators
whose kernels satisfy a suitable integral Hormander condition are bounded from L® (1) to BMO(u).

Corollary 15. Suppose that 1 <1y <7 < 0

Corollary 16. Let T be a linear operator which is bounded on L*(p) and admits a locally integrable
kernel K off the diagonal that satisfies the condition

sup sup | K (y,a) - K(z,0)] dafe) < o,
R y,zeRYJ(R*)°
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where the supremum is taken over all Calderdn-Zygmund sets R and R* is defined as in Definition 6.
Then T extends to a bounded operator from L*(u) to BMO(pu).

4. THE SHARP MAXIMAL FUNCTION

In this section we introduce the sharp maximal function associated with the family of Calderén—
Zygmund sets and investigate some of its properties. This sharp maximal function is related with
the definition of the BMO-space and might be useful to study interpolation properties of such
space.

Definition 17. Let g € [1,00). For every function f in L{ (u) its sharp mazimal function fhe s
defined by

/
fH9(x) = sup ~(M£%»J;|f——féﬁdu>lq Ve,

ReR,meR

Notice that || f#4

= = | flBmo, for every function f e BMO(u).

Proposition 18. Let g € [1,0) and f,g € BMO(un). The following hold:
(i)

1
_ ﬁ:q < o (
U (z) < sup ol

1 f 1/q
— | |f—c|'du < fH9(x) VreV;
ReR,zeR M(R> R )

(ii) for every x € V, |f|*9(x) < 2f%4(x). Then |f| € BMO(u) and
I/ Bro, < 21 flBaro, ;

(iii) (f + ¢)P(z) < f54(z) + gh¥(x) for every z € V;
(iv) there exists a positive constant C such that if f and g have real values, then for every x € V,

[max(f,9)]%(z) < C (|f[*%(z) + g/(2)),  [min(f,9)]*(z) < C (|f[**(x) + |g*(2)) .

Proof. We first prove (i). Given z € V and R € R which contains z for every & > 0 we choose a
constant cp such that

1 1/ 1 1/
<~ff—cé\qd,u> qéinf( — j]f—c]qdu> "t
w(R) Ji ccC\u(R) JR
Then, by applying Holder’s inequality, we obtain

1 /a 1 1
(M(R) L% |f = f§|qdﬂ> < WW - CngLq(é) + W”fé - CQHLq(R)

1 o 1/q
B L{|f ‘| d,u) + 2.

Since € > 0 is arbitrary and taking the supremum over all sets R € R we obtain the first inequality
in (i); the second one is immediate.

< 2inf (
ceC
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Let us now prove (ii). For every R € R, we have

1 1/q
If|P9(x) <2 sup inf ~J~ |f] —c|*dp
ReR,ae € <M(R) R‘ | )

1 1/q
<2 sup (~L~%|f|—|f1§||qdﬂ>

Rer.zek “M(R)

1 1/q
<2 swp (< | 1F - fyltdn
ReR,meé(M(R) R r )

= 2f%9(z).

Property (iii) is an immediate consequence of the definition of the sharp maximal function.
Property (iv) follows from (ii) and the fact that

max(f,g) = LI =90 a min(f,g)

_fHg—If—yl
5 SR i -l

2
g

Notice that, as a consequence of Proposition 18 (iv), the set of real valued functions in BMO(u)
is a lattice.

In the following result, we explain how the duality of H'(u) with BMO(u) can be quantitatively
expressed in terms of the sharp maximal function.

Proposition 19. Let g € (1,00). There exists a positive constant C' such that for every f € L*(u)
and g € H' (1) 0 L9(p)

[ rgan|<c | Foarqgm)ean,
where )
M(|g|?)(x :supf g9 du Ve eV,
(lg) () SUD T R! |

where the supremum is taken over all admissible trapezoids that contain x.
Proof. Take g € H(u) n Lq(u). For every j € Z arguing as in [1, Lemma 1] we can construct a
family of disjoint trapezoids R{C, a function ¢ and functions bi such that

e UpRLc Q= {zeV: M(lg7) > 271} < U, Bi;

¢ g=¢ +3,b =9+

. Iyl < 0% | | |

e by is supported in R}, has vanishing integral and |b}||1« < C27pu(R])V4.
These facts implies that ¢’ tends to 0 uniformly when j — —oo and [b| g1 < €279 g|,, hence

b/ tends to 0 in H'(x) when j — +co. Thus
N N

= [ J+l _ 0y — i i i+l
g ngilooj;oo(g ) nggooj;oo(bj v, (15)

Notice that we can write bf; = /\iai, where )\i = Cqu(Ri) and ai is a (1, ¢)-atom supported in f%i
Take now f € L*(u). We have

| f faj.du| <| f [F =S ) @) < lahuallf =Ly | gy < OB V2T = Fay o ) < P27 (@),
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Uf ')Ly F dp.

Using (15) and Proposition 5, it follows that

‘J‘fgdﬂ} ZAJ‘jfa?ch’ Z)‘]Jrl‘JfajJrld/«“

for every z € Ri,. Hence

. ~ 1
<C)» 2u(R)) : fﬁq dp+C Y 27+, R]+1) ‘ J t.q du
%; k R] RJ ;; (R%+1) Rerl

J hd J+1 £
<C;fﬂj2 f du+C;fQjH2 4 au
<cf Fl@ S Ydue) +C f @Y 2 du(a)
%

29 <(M]g|®)¥/a(x) v 29+1<(M|g|a)V/a(x)
<C [ 7@ Mlgl") (o) dute).

as required. ]

The following theorem can be thought as a weak version of the classical LP-inequality involving
the sharp maximal function in the Euclidean setting (see [15, Theorem 2, §2, Ch. IV]).

Theorem 20. Let p e (1,0) and pg € (1,p). There exists a positive constant C such that
[flze < CIFA e WF e LM (u). (16)
Proof. Given f € LP°(u) real-valued we define for every k € N
filw) = {f(;v()) if |7 ()] <
k:|f( i |f(x)| > k.
Then fj, converges to f in LP°(u) when k — 400, fr € L*(u) and by Proposition 18 (iv)

f]gvpo < Cfﬁ?p() . (17)

Denote by ¢ and ¢p the conjugate exponents of p and py, respectively. Take a function g € LI(u) N
LD () with ||g|ze < 1. For every k € N define

9k = 9Xp, ~and Iy = Jﬁk du,
where Qk are the sets introduced in Proposition 7. We then define
gk = Gr = I (@) "' Xg,, = Gk — Tk

The function g is in L%(u), it has vanishing integral and is supported in QQk; hence g; lies in
H'(p). Moreover, gj tends to g pointwise for k — +00 and |gx| < |g| + r, where r = >, |ri|. We
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have that L
S N o -1+ (k) )1/‘1/
Irilin < W@ (@)™ = (e o 5)
and then r € L9(u). Hence gg tends to g also in L9(u) for k — +o0.
By applying Proposition 19 to f; and g and Holder’s inequality we get

| f Jrgrdu| < f FEP (M (g |®))0 dp < | FE o (M (19w ™))V 1

Taking the limit for k¥ — +00 on the left-hand side and by applying (17) and the boundedness of
the HardyLittlewood maximal function on L9/% (1) (see [1]) we deduce that

[ 798| < CLE™ Lo lonlin < 5™ in gl < C 1P s (18)

Since the previous inequality holds for every g € Li(u) n L% (pu) with |g||ze < 1 with constants
independent of g, we deduce that | f|z» < C | f5P] Ls.

The case when f is complex-valued follows by applying 18 to Re f and Im f and arguing as
above. g

Remark 21. Proposition 19 and Theorem 20 are inspired by similar results involving the sharp
mazimal function in the FEuclidean setting (see [15, §2, Ch. IV]). More precisely, Proposition 19
differs from [15, Formula (16) Ch. IV] because we require an extra integrability condition on the
function g € H'(u) and the mazimal function involved here is a variant of the Hardy-Littlewood
mazximal function. This is due to the fact that a maximal characterization of the Hardy space H* (1)
is not available in our setting.

The inequality (16) is a weak version of the inequality

|flee < CUFH e

which is still unknown in the setting of the present paper. The proof of such inequality would prob-
ably require a distributional inequality involving both the Hardy—Littlewood and the sharp mazimal
functions (or a dyadic version of them) that is still work in progress.
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