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DECAY AND SMOOTHNESS FOR EIGENFUNCTIONS OF
LOCALIZATION OPERATORS

FEDERICO BASTIANONI, ELENA CORDERO, AND FABIO NICOLA

ABSTRACT. We study decay and smoothness properties for eigenfunctions of lo-
calization operators A?'-#2. Considering symbols a in the wide modulation space
MP> (containing the Lebesgue space LP(R%)), p < oo, and two general windows
©1, 2 in the Schwartz class S(R?), we show that L2-eigenfuctions with non-zero
eigenvalue are indeed highly compressed onto a few Gabor atoms. Similarly, for
symbols in the weighted modulation space le@(RQd), s > 0, the corresponding
L2-eigenfunctions are actually in S(RY).

An important role is played by quasi-Banach Wiener amalgam and modulation
spaces. As a tool, new convolution relations for modulation spaces and multi-
plication relations for Wiener amalgam spaces in the quasi-Banach setting are
exhibited.

1. INTRODUCTION

The study of localization operators has a longstanding tradition. They have be-
come popular with the papers by I. Daubechies [12, 13] and from then widely inves-
tigated by several authors in different fields of mathematics: from signal analysis to
pseudodifferential calculus, see, for instance [1, 2, 5, 8, 9, 11, 27, 28, 38, 39, 40, 44].
In quantum mechanics they were already known as Anty-Wick operators, cf. [36]
and the references therein.

Localization operators can be introduced via the time-frequency representation
known as short-time Fourier transform (STFT). Let us though introduce the STFT.
Recall first the modulation M,, and translation 7}, operators of a function f on R%:

M,f@)=e" f (), Tf(t)=f({t—-12), waeR.

For z = (21, 22) € R?? we define the time-frequency shift n(z) = M_,T,,. Fix ¢ €
S(R?)\ {0}. We define the short-time Fourier transform of a tempered distribution
f € S'(RY) as

(1) Vof(z,w) = (f,n(z,w)p) = F(fTop)(w) = /Rd Fy) ely —x) e 2™ dy.
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The localization operator A?*¥? with symbol a and windows ¢y, 5 is formally
defined to be

(2) A2 f(t) = / a(z,w)Vy, f(z,w)M,Typs(t) drdw.

R2d

If @1 (t) = @a(t) = e ™, then A, = A?¥* is the classical Anti-Wick operator and
the mapping a — A2 is a quantization rule in quantum mechanics [6, 14, 36, 44].
If one considers a symbol a in the Lebesgue space LI(R??) (1 < ¢ < oo) and
window functions ¢y, ¢ in the Feichtinger’s algebra M*(R?) (see below for its defi-
nition) then the localization operator A?"#2 is in the Schatten class S, (see [8]). This
implies, in particular, that A?1¥2 is a bounded and compact operator on L?(R?).

Sharp results for localization operators on modulation spaces (Banach case) were
obtained in [10], thus concluding the open issues related to this problem.

The focus of this paper is the properties of eigenfunctions of localization operators.

The study of eigenvalues and eigenfunctions of a restrict class of localization
operators, namely of the type A%, where () is a compact domain of the time-
frequency plane and the window ¢ is in L*(R%), was pursued in [1, 3, 4]. The focus
of the previous papers, as well as new recent contributions [32, 33|, extending the
previous results, is the asymptotic behavior of the eigenvalues, depending on the
domain €.

Our perspective is different: properties of eigenfunctions of a localization operator
having a general symbol a, without any requirement on the geometry of the function
a. In particular, the symbol a does not need to have a compact support. Besides,
the related localization operator A?#? is not necessarily a self-adjoint operator. It
is easy to check that the adjoint of a localization operator is given by

(Afl#&)* — Agz,%;

hence the self-adjointness property forces the choice 1 = o and the symbol a real
valued, as for the case AY:¥ mentioned above. Our framework can allow the use of
two different windows (1 and @9 to analyze and synthesize the signal f, respectively.
Moreover, the symbol a can be a complex-valued function.

To chase our goal, the new idea is to use properties of quasi-Banach modulation
and Wiener amalgam spaces. Some of these issues are investigated for the first time
in this paper.

To give a flavour of these results, we recall the definition of modulation spaces
(un-weighted case: for the more general cases see below).

Fix a non-zero window function g € S(RY) and p,q € (0,00). The modulation
space MP9(R?) consists of all tempered distributions f € S'(R?) such that
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1 fllagea = [IVof lre = ( / d ( / d |v;f<x,w>|pdx)pdw) <

(with natural modifications when p = oo or ¢ = 00). For p, ¢ > 1 the function ||-||asp.a
is a norm, and different window functions g € S(R?) yield equivalent norms, thus
the same space. Modulation spaces MP4(R%), p,q > 1, are Banach spaces, invented
by H. Feichtinger in [20], where many of their properties were already investigated.
The (quasi-)Banach space M4, p,q > 0, were first introduced and studied by Y.V.
Galperin and S. Samarah in [23], see the next section for more details. Roughly
speaking, the mapping f is in MP4(R?) if locally behaves like a function in FL?(R9)
and “decays” as a function in LP(R?) at infinity.

In this paper we extend convolution relations for Banach modulation spaces ex-
hibited in [8, 42] to the quasi-Banach ones, see Proposition 3.1 below. This result
seems remarkable by itself.

Such convolution relations will be crucial for our main result, that can be simplified
as follows (cf. Theorem 3.6).

Theorem 1.1. Consider a symbol a € MP>*(R?*?), 0 < p < oo, and non-zero
windows 1,0 € S(RY). If f € L*(R?) is an eigenfunction of the localization
operator AgV¥2, that is ALV f = Mf, with A # 0, then f € ()5, M (RY).

Roughly speaking, this means that L? eigenfunctions of such localization operators
reveal to be extremely well-localized. To make this statement more precise, we use
Gabor frames. Let A = aZ? x BZ? be a lattice of the time-frequency plane. The
set of time-frequency shifts G(g,A) = {r(\)g : A € A}, for a non-zero g € L*(R?),
is called a Gabor system. The set G(g,A) is a Gabor frame if there exist constants
A, B > 0 such that

(3) AIFIE <D KL xNa) P < BIIFIB,  Vf € LA(RY).
AEA
If the eigenfunction f above satisfies f € m7>0 M7 (R%), then f is highly com-

pressed onto a few Gabor atoms 7(\)g. Indeed, for N € N, its N-term approxi-
mation error oy (f) presents super-polynomial decay. We define

(4) YSy={p= Z crnm(ak, Bn)g : cpn €C, F CZ%* x 7% card F < N}

kneF

(the set of all linear combinations of Gabor atoms consisting of at most N terms).
Note that Xy is not a linear subspace since Xy + Xy = Yon. That is why the
approximation of a signal f by elements of Xy is often referred to as non-linear
approximation. Given a function f € L?(R?), the N-term approximation error in
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) ox(f) = it 1S = pll

That is, on(f) is the error produced when f is approximated optimally by a linear
combination of N Gabor atoms.

We shall show in Corollary 3.8 that, if f € ()
there exists C' = C(r, f) such that

M7 (R?), then, for every r > 0

v>0

O'N(f) < CN™".

Since oy (f) is the error produced when f is approximated optimally by a linear
combination of N Gabor atoms, the decay above shows the high compression of the
eigenfunction onto such atoms.

Another main result (Theorem 3.9) states, in the same spirit, that for symbols
in the weighted modulation space M, (R*!), s > 0 (see Definition 2.4 below),
the corresponding L? eigenfunctions are actually in S(RY). These symbol classes
include certain measures and the result applies, in particular, to Gabor multipliers.
We leave the precise statement to the interested reader.

In short, the paper is organized as follows. Section 2 is devoted to the function
spaces involved in our study. In particular, we show new multiplication relations for
Wiener amalgam spaces in the quasi-Banach setting and we prove convolution rela-
tions for quasi-Banach modulation spaces. Section 3 represents the core of the paper.
We first exhibit continuity results for Weyl operators on modulation spaces (involv-
ing the quasi-Banach setting), cf. Theorem 3.2. Then we study the eigenfunctions’
properties for Weyl operators (Propositions 3.4 and 3.5 below). Next we show our
main result on the eigenfunctions’ regularity and smoothness of localization opera-
tors: Theorem 3.6 and related consequences in terms of the N-term approximation
(Proposition 3.7 and Corollary 3.8). The last Section 4 is devoted to the study
of eigenfunctions of localization operators with symbols in the weighted Lebesgue
spaces L4 (R%), 1 < g < oco. This section suggests a wider study of the topic for
localization operators on groups [44]. We shall pursue this issue in a subsequent

paper.

2. PRELIMINARIES

Notation. We define t> =t -¢, for t € R?, and zy = x -y is the scalar product on
R?. The Schwartz class is denoted by S(R?), the space of tempered distributions by
S'(R4). We use the brackets (f, g) to denote the extension to S’(R?) x S(R?) of the

inner product (f,g) = [ f(t)g(t)dt on L*(R?). The Fourier transform of a function
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f on R? is normalized as

Fi©) = [ e de

The involution ¢g* is given by g*(t) = g(—t). We use T™* for the adjoint of an operator
T. Observe that 7(2)* = m(—z) and the following commutation relations hold

(6) m(2)m(w) = e 2 1 (w) 7 (2).

2.1. Weight functions. In the sequel v will always be a continuous, positive, sub-
multiplicative weight function on R? (or on Z9), i.e., v(2; + 20) < v(21)v(22), for all
21,29 € R? (or for all 2y, 2y € Z%). We say that m € M,(R?) (or m € M,(Z%)) if m
is a positive, continuous weight function on R? (or on Z%) v-moderate: m(z; + 2z3) <
Cv(z1)m(z) for all 21,2, € R? (or for all 21,2, € Z%). We will mainly work with
polynomial weights of the type

(7) vs(2) = (2)* = (14 |2[)¥%, seR, zeR? (orZd).

Observe that, for s < 0, vy is v|s-moderate.
Given two weight functions my, my on R? (or Z%), we write

(my ® my)(z,w) = my(z)my(w), z,weR? (orZ?).

2.2. Spaces of sequences.

Definition 2.1. For 0 < p,q < oo, m € M,(Z*?), the space (29(Z*?) consists of all
sequences & = (Appn)gnezd for which the (quasi-)norm

g

1
lallge = | > <Z Iak,nlpm(km)p)

neZd \kezZd
(with obvious modification for p = oo or ¢ = o0) is finite.

For p = q, (2:9(Z*) = (P (Z??), the standard spaces of sequences. Namely, in
dimension d, for 0 < p < oo, m a weight function on Z¢, a sequence a = (ay)pez is
in (P (2) if

1
p
lallez, = (Z \ak|pm(k)p) < o0.
kezd
Here there are some properties we need in the sequel [22, 23]:
(i) Inclusion relations: If 0 < p; < py < o0, then (P1(Z%) — (2(Z%), for any
positive weight function m on Z<.
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(ii) Young’s convolution inequality: Consider m € M, (Z%), 0 < p,q,r < oo with

1 1 1
(8) —+-=14+—-, for 1<r<o
p q r
and
(9) p=qg=r, for 0<r<l.
Then for all a € 7,(Z%) and b € (4(Z?), we have a * b € (7 (Z¢), with
(10) Ja* s, < Clalle 1ol

where C' is independent of p,q,r, a and b. If m =v =1, then C' = 1.
(iii) Holder’s inequality: For any positive weight function m on Z%, 0 < p, q,r <
oo, with 1/p+1/g=1/r,

(11) (79 - ¢

1 (L) = 07(2%).
2.3. Wiener Amalgam Spaces [17, 18, 19, 21, 23, 29, 34, 35].

Definition 2.2. Consider p,q € (0, 00|, a weight function m € M, and the compact
set Q = [0,1]%. The Wiener amalgam space W (LP, L1 ) (RY) consists of the functions
f : R* — C such that f € LY (RY) and for which the control function:

loc
(12) FP (k) =If - Tixall,» € 6, (2%),  keZ
The norm on W (LP, L% ) is given by
- Q
£l (o0, = || FF ],
= I - Texall ol 5,

(13) = (Z ([ 1ot m <k>)q,

kezd

with suitable adjustments for the cases p,q = oco.

This special definition allows us to grasp the sense of the amalgam: we first view
f “locally” through translations Tjx¢ of the sharp cutoff function x¢, and measure
those local pieces in the LP-norm, then we measure the global behavior of those local
pieces according to the ¢ -norm. The “window” through which we view f locally
need not be a unit d-dimensional cube, cf. [18, 23, 29, 35]. In the sequel we shall
use the following properties:

(i) Inclusion relations: For 0 < p; < ps < 00, 0 < g2 < ¢1 < 00, we have
(14) W (L2, LZ)(RY) — W (LM, L) (R?).
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(ii) Convolution relations (for the quasi-Banach case see [23, Lemma 2.9]): Con-
sider m; € M,, 0 < p;, ¢ < o0, i € {1,2,3}, and p3 > 1. Assume that
LPY % [P? — L[P3 and €8 * (82 < (% then

m3’
(15) W(Lpl,Lfél)*W(Lm,L?,fz) ‘—)W(Lm,ngl).
(iii) For m € M,, 0 < p < o0, we have
(16) L, = WP, 12,).

Proposition 2.3 (Multiplication relations). Consider m,w € M,, 0 < p;,¢; < o0,
i=1{1,2,3}. Assume pil +Ll=Lygpg Ll 41— qig, then

P2 D3 a ' oq

(17) W(LP', LOY) - W(LP?, L%, ) < W (LP®, L%).

w/m

Proof. The result is well known for 1 < p;,q; < oo, cf. [17, 29]. Here we show
that the same proof works for quasi-Banach spaces. Indeed, since the standard
Holder inequality holds for Lebesgue exponents in (0, +oc], for f; € W(LP*, LL),
fo € W(LP2, L”, ) we have

w/m

1A foTexelles = 1A TexQ) (2 Tixo) e < LAiTexollcr [l f2Thxell e -

Defining a, = ||fiTkxollp and by = || f2Tkxqllp, and using Hélder’s inequality for
sequences (7092 — (% for 1/q1 +1/g2 = 1/q3 (0 < ¢; < 00, i =1,2,3), we obtain

larbrw (k)| es = [ (arm(k))(brw(k)/m(k))|les < [laxm(k)|en[|bx/m(k)]| e
This completes the proof. O

2.4. Modulation Spaces. We use the extension to quasi-Banach spaces introduced
first by Y.V. Galperin and S. Samarah in [23].

Definition 2.4. Fiz a non-zero window g € S(R?), a weight m € M, and 0 <
p,q < oo. The modulation space MP4(R?) consists of all tempered distributions
[ € 8'(RY) such that the (quasi-)norm

(18) I fllagze = [|Vyfllzee = (/Rd (/Rd !V},f(x,w)|pm(:z:,w)pdx> ’ dw)

(obvious changes with p = 0o or ¢ = 00) is finite.

1
q

The most famous modulation spaces are those MP4(R?) with 1 < p,q < oo,
invented by H. Feichtinger in [20]. In that paper he proved they are Banach spaces,
whose norm does not depend on the window g, in the sense that different window
functions in S(R?) yield equivalent norms. Moreover, the window class S(R?) can
be extended to the modulation space M (R?) (so-called Feichtinger algebra).

For shortness, we write M? (R) in place of MPP(RY) and MP4(RY) if m = 1.
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The modulation spaces MP4(R%), 0 < p,q < 1, where introduced almost twenty
years later by Y.V. Galperin and S. Samarah in [23] and then studied in [30, 34, 43]
(see also references therein). In this framework, it appears that the largest natural
class of windows universally admissible for all spaces MP4(R%), 0 < p, q < oo (with m
having at most polynomial growth) is the Schwartz class S(R?). There are thousands
of papers involving modulation spaces with indices 1 < p, ¢ < oo, whereas very few
works deal with the quasi-Banach case 0 < p, ¢ < 1. Indeed, many properties related
to the latter case are still unexplored.

In this paper their contribution is fundamental, since they are the key tool for un-
derstanding the properties of eigenfunctions of localization operators having symbols
with some decay at infinity, measured in the LP-mean, 1 < p < oc.

In the sequel we shall use inclusion relations for modulation spaces, we refer to
23, Theorem 3.4] and [24, Theorem 12.2.2].

Theorem 2.5. Let m € M,(R*). If0 < p; < py < oo and 0 < q; < g < 0o then
Mﬁ}’ql (Rd) SN Mf;f"h (Rd).

The duality properties for modulation spaces with indices p, ¢ < 1 where studied
in [31] and completed in [43, Proposition 6.4, page 163]:

Proposition 2.6. Let s € R and 0 < p,q < oo. If p > 1 we denote 1/p+1/p = 1;
if 0 < p <1 we denote p = co. Then (MPL, (RY)) = MP? (RY).

We will repeatedly use the following result, cf. [23, Theorem 3.3] (see also [24,
Theorem 12.2.1] for p > 1).

Theorem 2.7. Assume that m € M,. For 0 < p <1 let g be a non-zero window
in S(R?), though, for 1 < p < oo, the function g can be chosen in the larger space
MIRY). If f € MP(R?), 0 < p < oo, then V,f € W(L*>,LE,) and there exists
C > 0, independent of f, such that

(19) VoS llw etz < ClIVyfllrz,.

We also need to recall the inversion formula for the STFT (see ([24, Proposition
11.3.2]: assume g € M} (R?)\ {0}, 1 < p,q < oo, f € MPAI(R?), then

1
(20) f= —2/ Vo f(x,w)M,T,g dz dw,
Ig1l5 Jrza

and the equality holds in MP4(R?).

2.5. Gabor Frames. Let A = aZ? x 8Z% be a lattice of the time-frequency plane.
The set of time-frequency shifts G(g, A) = {7m(A\)g : A € A}, for a non-zero g €
L*(RY), is called a Gabor system. The set G(g, A) is a Gabor frame, if there exist
constants A, B > 0 such that (3) holds true.
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If G(g,A) is a Gabor frame, then it can be shown that the frame operator

Sf = {fm(Ng)w(Ng, f e L*(R?)

AEA

is a topological isomorphism on L*(R¢). Moreover, the system G(v,A), where the
function v = S1g € L?(R?) is the canonical dual window of g, is a Gabor frame
and we have the reproducing formula

(21) F=Y) (faNg Ny = (f,7(M)7w(Ng, f € L*(RY)

A€A AEA

with unconditional convergence in L?(R¢). More generally, any window function
v € L*(RY), such that (21) is satisfied, is called alternative dual window for g. In
general, given two functions g,y € L?(R?), it is customary to extend the notion of
Gabor frame operator S, ,, related to g,, as follows

Sunf = S Ng)m Ny, f € LARY,
AEA
whenever the previous operator is well-defined. With this notation the reproducing
formula (21) can be rephrased as S,, = I on L*(R?%), with I being the identity
operator.

Modulation spaces provide a natural setting for time-frequency analysis, thanks
to discrete equivalent norms produced by means of Gabor frames. The key result
is the following (see [24, Chapter 12] for 1 < p,q < oo, and [23, Theorem 3.7] for
0<pqg<1).

Theorem 2.8. Assume m € M,(Z*?), A = aZ® x BZ%, g,v € S(R?) such that
Sy =1 on L*(R?). Then

(22) f=Y {LrNgrNy =) (La(M)nr(Ng, € LP(RY)
AEA AEA

with unconditional convergence in MP4(R?) if 0 < p,q < oo and with weak-* con-
vergence in Mf;’v(Rd) otherwise. Furthermore, there are constants 0 < A < B such

that, for all f € MPI(R?),

1
q

(23)  Alfllage < | D (Z |(f, m(ak, Bn) >|”m(ak,ﬁn)p> < Bl fllasgs

n€Zd \kezd

RSl

independently of p,q, and m. Similar inequalities hold with g replaced by .

In other words,

[ azgaay = IS ) g)Mlezzsa) = N VoS ))allegzsa)-
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3. MAIN RESULTS

We first study convolution relations for modulations spaces. Let us recall that,
for the Banach cases, convolution relations were studied in [8] and [41, 42]. Our
approach is general, the techniques use Gabor frames via the equivalence (23), plus
Holder’s and Young’s inequalities for sequences.

Proposition 3.1. Let v(w) > 0 be an arbitrary weight function on RY, 0 < p,q,r, t,u,v <

oo, with
1 1 1
24 4=
(24) iy
and
1 1 1
(25) -—+-=1+—-, for1<r<oo
p 4q r
whereas
(26) p=q=r, for0<r<l

For m € M,(R*), m;(x) = m(z,0) and my(w) = m(0,w) are the restrictions to
R? x {0} and {0} x RY, and likewise for v. Then
(27) MEY L (RY « MEY L (RT) < MT(RY)

m1Qv v1Q@uor—1

with norm inequality

1 * hllagge S I fllazze,, (1]l pga
v ®

mi1 Qv vov—

Proof. We use the key idea in [8, Proposition 2.4] to measure the modulation space
norm with respect to the Gaussian windows go(z) = e ™" and g(z) = 2792~ ™"/2 =
(go * go)(7) € S(RY).

A straightforward computation shows V, f(z,w) = e 2™ (f x M,g*)(z) (recall
that g*(z) = g(—=)). Thus, using the identity M, (g5 * g5) = Mog§ * M,g5, we can
write the STFT of f x h as follows:

Vo(f xh)(w,w) = e ((f % h) x Mog®) (x) = e ((f * Maugg) * (h* Maugy)) (2) -

In the following, we first use the norm equivalence (23), written in terms of the
STFT as || f|laze = [|(Vof(N))reallms(a), where A = aZ? x BZ%. Then we majorize
m by

—TX

m(ak, fn) < m(ak,0)v(0, Bn) = my(ak)ve(Sn),

and finally use Young’s convolution inequality for sequences in the k-variable and
Holder’s one in the n-variable. The indices p, q,r, s, t, u fulfil the equalities in the
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assumptions. In details,
1S # Rl = ([(Vo(f * h))(ek, Br)m(ak, Bn))knll e z2a)

v/ 1
<| X (Z (f * Mings) * <h*Mﬁngs><ak>|’“m1<ak>T) va(n)’
n€Zd \mezd
/v
= ( ST * Mongi) = (s Mon)l7, (azd)vzwn)v)
n€ezZd
1/~
§ Z Hf * Mgng(ﬁ;“z%l(azd) Hh * MgngSHZgl(aZd) U2(5n)’v>
bezd
1 1
‘i w) ) va(Bn)"\ *
S DI Mangs i, (azay(Bn) ) (leh*MﬁngoHZzl(amW
nGZd neZd
= (Voo ANl ) II((Vgoh)(A))AIqu,t® o)
'U1 U21/
<o, Wl
This concludes the proof. O

3.1. Weyl Operators. Every continuous operator from S(R?) to S’(R?) can be
represented as a pseudodifferential operator in the Weyl form L., with Weyl symbol
o € 8'(R?). The operator is formally defined by

(28) Lyf(x) = / o (x ;— y’w) 627rz‘(z—y)wf(y) dydw.
Rd

The crucial relation between the action of the Weyl operator L, on time-frequency

shifts and the short-time Fourier transform of its symbol is contained in [25, Lemma
3.1].

Lemma 3.1. Consider g € S(R?), ® =W (g,g). Then, for o € S'(R*?),

) ULl = [Vor (325w =2) | swern

where j(z1,29) = (22, —21).

Theorem 3.2. (i) Assume p,q,7y € (0, 00| such that
1

1 1
(30) -4 - =
p qg 7
If o € MPminN(R2) then the pseudodifferential operator Ly, from S(R?) to

S'(R?), extends uniquely to a bounded operator from M?(R?) to M7 (RY).
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(ii) If s,7 > 0, t > r+s, and the symbol o € M%) (R??), then the pseudodifferential

Vs @t

operator L, extends uniquely to a bounded operator from M2 (R?) into M3T+S(Rd).

Proof. (i) Assume first v > 1, then, by (30), p > v > 1 and ¢ > v > 1 and the claim
was proved by Toft in [41, Theorem 4.3].
Consider now the case v < 1. We set
(31> Kltv)\ = <LU(7T()‘>9>’7T(M)9>’ A €A,
where A = aZ*® is a lattice in R?? and g € S(R?). Notice that, by Lemma 3.1,

Voo (NTH,J'(M - A))

We choose the Gaussian window g(t) = 2#/4e~"* t ¢ R?. Recall that G(g,A) is a
frame whenever A = aZ*@ (with o < 1) and it admits a dual window h € S(R?),
see [26]. Then, taking f € M9(R?) we can expand f by means of the Gabor atoms

F=Y (fm(Mh)w(Ng

A€A

(32) | K| = . A pEA.

and write
Lof = 32 4f. 70 Lo(m(N)g).
AEA
Expanding now the function L, f we get

Lof = 32 S (Lo (r(Ng) 7 () g} ().

HEN AEA

Using the continuity properties of the coefficient operator C, from MP9 into £79(A)
and the synthesis operator from ¢74(A) into M?? 0 < p,q < oo, cf. [23, Theorems
3.5 and 3.6], we can decompose the Weyl operator as L, = C, o K o D, with the
operator K defined on sequences by the infinite matrix K,  above and the following
diagram is commutative:

Lo
M? — M7
K

9 —F— 7

where L, is viewed as an operator with dense domain S(R?). Whence, it is enough
to prove the continuity of the operator K from ¢? into £.

For the Gaussian window g(t) = 2¥/%e 7 t € R?, it is a straightforward
calculation to show that the related Wigner distribution is the rescaled Gaussian
d = W(g,g)(z,w) = 2% 27+ Now, the Gabor system G(®, A x A) is a frame
for L?(R??), whenever A = aZ*¢, for any o > 0 satisfying o® < 1/2, as shown by M.
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de Gosson in [15, Proposition 10] (take h = 1/(47)). Hence we choose a < 1/+/2
from the beginning, so that all the Gabor systems involved are frames.

By assumption, 0 € MP7(R?*), and using the characterization in Theorem 2.8,
this is equivalent to saying

(33) lollarmo = { > (Z [ (o m (s, A)@\p)

AEA \peA

DR
2

This is the main ingredient in the continuity of K : /# — (7. Indeed, for any
sequence ¢ = (cy), we have, using ||c[[a < ||¢||er, 0 <y <1, and (32), we can write

1
o
e = (X
HEA NEA
Apo K ”
- (e (S5 ) ()
AEA peA
204350\ !
— (| (25 el
AEA peA
20450 'Y )
< (3 (S (2N (Stewr] )
AEA \peEA AEA
where we applied Holder’s inequality with
1 1
v

Hence, performing the change: 4+ j(A) = X € A in the last sum we get ||c||s,
whereas the change of variables p + j(A)/2 = p/ € LA gives

Voo (MH(A)’A)

¥
:D)P

<lellea | D | Do Homl!, M@ < llelleallol[azrr,

AEA /LIE%A

2

1K el < lellen | > (Z

AEN \peA

SIS
2|~

where in the last inequality we used (33). This proves the claim.
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(ii) Let g € S(R?) with ||g||z2 = 1. From the inversion formula (20),

VLof)w) = [ {Law(2)g. mw)g) Vi (2) =

R2d
The desired result thus follows if we can prove that the map M (o) defined by

MOGw) = [ (Lar(2)g.7(w)g) 6(2)d:

is continuous from L2 (R*®) into L7 (R*?). Using (29), we see that it is sufficient
to prove that the integral operator with integral kernel

O ) | T

is bounded on L?(IR??). This follows from Shur’s test. Indeed, by assumption o €

M>=!  so that
z+w
Vqﬂ( 5 ,](w—z))

VsQut )
sup / (z+w)*{(w — 2)'dz <
weR2d JR2d

and similarly

sup / Voo (Z+w,j(w—z))
Z€R2d R2d 2

Hence it is sufficient to prove that for some positive constant C' > 0 we have
(34) (z+w) ™ {w—2)7H2) (W) <O, VYw,z e R™

Let us prove the estimate (34). Setting © = z + w, y = w — z, the inequality (34)
can be rephrased as

(35) (@) () e —y) (x+y)™ <O, Yo,y e R

For |z| < 2|y|, observe that |z+y| < 3|y| and since t > r+s we get the estimate (35).
For |z| > 2]y, we use (x +y) < (x —y) =< (x) and (35) immediately follows. O

(z +w)*(w — 2)'dw < co.

We remark that
M (RY) = LI (RY) N H*(RY) = Q(RY),
the Shubin-Sobolev spaces, cf. [7, 36]. In particular, for s = 0, M?(RY) = L*(R?).
Thus,

Corollary 3.3. If s,r > 0, t > r + s, and the symbol o € M%) (R, then the

Vs QUt
pseudodifferential operator L, extends uniquely to a bounded operator from Q,.(R?)

into Qr—i—s (Rd) :

An application of the previous theorem concerns the study of eigenfunctions’
properties for Weyl operators.
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Proposition 3.4. Consider a Weyl symbol o € MP? for some 1 < p < oo and
every v > 0. Then, any eigenfunction f € L?*(R?) such that Ly f = \f, with X # 0,
is in Ny M7 (RY).

Proof. By Theorem 3.2, if the symbol o is in MP?(R??), for every v > 0, then the
Weyl operator acts continuously from M?(R9) into M7 (R%), with 1/p+1/2 = 1/y
and, since p < oo, we have 7; < 2. Thus, for f € M?(R?) eigenfunction with
cigenvalue A # 0, we have f = $L,f € M™(R?). Starting with f € M (RY),
we repeat the same argument, obtaining that the eigenfunction f is in the smaller
modulation space M?(R%), with

P m
(observe 5 < 71 since p < oo). Continuing this way we construct a decreasing
sequence of indices 7, > 0 and such that lim, ., 7, = 0. This proves the claim. [

1 1 1
_|_

Proposition 3.5. Consider a Weyl symbol o € M{f:é}vt (R%) for some s > 0 and
every t > 0. Then, any eigenfunction f € L*(RY) such that Ly f = \f, with X\ # 0,
is in S(RY).

Proof. By Theorem 3.2, if the symbol ¢ is in M, (R?®), for some s > 0 and every
¢ > 0, then the Weyl operator acts continuously from L*(R%) into M2 (R?) = Q4(R%).
Starting now with the eigenfunction f in Q,(R?) and repeating the same argument
with ¢ > s we obtain that the eigenfunction is in Qa5(R?). Proceeding this way we
infer that f € Npen, Qns(R?). The inclusion relations for Shubin-Sobolev spaces and
the property

Nr>0@r(RY) = S(RY),

prove the claim. O

3.2. Localization Operators. The study of eigenfunctions for a localization op-
erator A¥1¥2 uses its representation as a Weyl one:

ATV = Laww (a.01)
(cf. [8] and references therein). Therefore, the Weyl symbol of A¢:#2 is given by
(36) o=ax*xW(p2,¢1).

We will deduce properties for Af*%? using its Weyl form La,w (s, as detailed
below. Precisely, we shall focus on properties of eigenfunctions of localization oper-
ators.

Theorem 3.6. Consider a symbol a € MP>*(R??), for some 1 < p < oo, and non-
zero windows @1, o € S(RY). If f € L2(R?) is an eigenfunction of the localization
operator AgV¥2, that is ALV f = Mf, with A # 0, then f € (), MY (RY).
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Proof. Since the windows @1, 0o € S(R?), the cross-Wigner distribution is in S(R??) C
MY (R*), for every 0 < v < oo. We next apply the convolution relations for mod-
ulation spaces (27) with ¢ = 1, so that r = p, and we obtain that o € MP7(R?),
for every v > 0. Hence the claim immediately follows by Proposition 3.4. 0

As a consequence, the eigenfunctions are extremely concentrated on the time-
frequency space, having very few Gabor coefficients large whereas all the others are
negligible.

Consider a Gabor frame G(g, A) for L2(RY), with A = aZ? x BZ¢ and g € S(RY).
For N € N, we defined in (4) the space Xy to be the set of all linear combinations
of Gabor atoms consisting of at most N terms.

Given a function f € L*(R?), the N-term approximation error in L*(R?) is recalled
in (5). Namely, on(f) is the error produced when f is approximated optimally by
a linear combination of N Gabor atoms.

Assume f € MP(R?) for some 0 < p < 2 (thus, in particular, f € L?(R%)). The
series of Gabor coefficients in (3) are absolutely convergent, hence also uncondi-
tionally convergent. Thus we can rearrange the Gabor coefficients |(f, 7(\)g)| in
a decreasing order. Precisely, set ¢, = (f,n(ak,Bn)g), k,n € Z% x Z?, and let
v : N, — Z¢ x Z% be any bijection satisfying

lam] > e = 2> lem)| 2 leimen] = -+

The sequence (¢m)men, = (|€im)|)men, is called the non-increasing rearrangement
of (¢kn)kn above. With this notations, the best approximation of f in Xy is

N
Popt = Z CL(m)ﬂ-(l’(m))g
m=1

and the the N-term approximation error becomes

o 2
aN<f>=pi€ng||f—p||2=||f—popt||2=< > |cb<m>|2> .

m=N+1
By abuse of notation, given a = (am)m, an > 0 for every m, a non-increasing
sequence ((a; > ag > -+ > Gy > Qg > -+ ) We write
1
oo 2
_ 2
on(a) = ( E am> :
m=N+1

The key tool is now the following lemma, see [37] and [16] (we also refer to [24,
Lemma 12.4.1]):
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Lemma 3.2. Let a = (am)m, am > 0 for every m, be a non-increasing sequence and
consider 0 < p < 2. Set

(37) v =

Then there ezists a constant C = C(p) > 0, such that

> 0.

= | =
(NN

1
o0

(39) Zllallo < (Z(Nwm(a))p%)p < Cllalle-

N=1

Proposition 3.7. Assume f € MP(RY) for some 0 < p < 2. Then, there erists
C = C(p) > 0 such that the N-term approximation error satisfies

(39) on(f) < Clfllar@ay N7,
where v > 0 is defined in (37).

Proof. If G(g, A) is a Gabor frame with g € S(RY), and A = aZ¢ x BZ%, a, 3 > 0,
then the sequence of Gabor coefficients of f, given by ((f, 7(ak, Bn)9))k nezixza, are
in (7 (A) by Theorem 2.8, with

[f e = N[(CF, w(ak, Br)g))kmller(a)

and the sequence (|(f,m(ak, fn)g)|)kn can be rearranged in a non-increasing one
(am), as explained above. Applying Lemma 3.2 to such a sequence, from the right-
hand side inequality in (38) we infer (39). O

Corollary 3.8. Consider a Gabor frame G(g,\), with g € S(R?), and A = aZ? x
BZE, a, > 0. Under the assumptions of Theorem 3.6, any f eigenfunction of
A2 (with eigenvalue X # 0) is highly compressed onto a few Gabor atoms w(\)g,
in the sense that its N-term approximation error satisfies the following property: for
every r > 0 there exists C = C(r) > 0 with

(40) on(f) <CN.

Proof. By Theorem 3.6, the eigenfunction fulfils f € MP(R?), for every p > 0.
Hence the assumptions of Proposition 3.7 are satisfied for every 0 < p < 2. This
immediately yields the claim. 0
We next consider the case of localization operators with symbols a € M%,, (R*),
s > 0. In this case L? eigenfunctions reveal to be Schwartz functions, as shown
below.
Theorem 3.9. Consider a symbol a € M, (R*), for some s > 0, and non-zero
windows 1,0 € S(RY). If f € L*R?) is an eigenfunction of the localization

operator A?1¥2  that is AY%2f = \f, with X\ # 0, then f € S(RY).
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Proof. Tha assumption ¢y, gy € S(R?) implies W (g, 1) € S(R?) C M, ', (R?),
for every r,t > 0. We next apply the convolution relations for modulation spaces
(27), obtaining that A¥1%2 = L, with o € M%), (R*), for some s > 0 and every

Vs @Ut

t > 0. Hence the claim immediately follows by Proposition 3.5. 0J

4. SYMBOLS IN LP(R??) SPACES
We now consider localization operators with symbols in weighted Lebesgue spaces.

Theorem 4.1. Let m € M,, m(z) > 1 for every z € R*, a € L4 (R*), 1 <
q < oo, and non-zero windows o1,y € S(RY). If f € L2(R?) is an eigenfunction
of the localization operator ALv%2  that is APv¥2f = Nf, with A\ # 0, then [ €

M=o ME(RY).

Proof. By assumption and using (16), we start with a symbol a in L (R*?) =
W (L9, L9 )(R?*®). Consider the eigenvector f € L*(R?) and the window ¢; €
S(RY). Then by Theorem 2.7 the STFT V,, f is in the Wiener amalgam space
W (L>, L?)(R*"). Proposition 2.3 yields that aV,, f € W(L?, LF})(R?*®), with
111
qg 2 p
so that the index p; satisfies p; < min{q,2}. Consider now a non-zero window

g € S(R?). Using (6),
V(AP ) (w) = (A7 fon(wlg) = [ @V ) () (g mw)g) d
= [ @Vuh @pnr(=2rw)g) d:

N /md (aVi, f) (2)e™ 252 (g, m(w — 2)g) dz

so that,
(1) 145 NI < [ 1@V DN Vigalw = 2ldz = |aVi ] Vo).
Taking the modulus of the above expression, we estimate
[Vo(AZ-2 f)(w)] < aVi, | # |Vyal (w) € W (LT, LE) (R*) + W (L™, L) (R*).
Observing that W(L*®, L})(R*) — W(L?, L))(R?*!) and applying the convolu-
tion relations (15) we infer |V, (A%v¥2f)| € W(L*>, LP}) — LP'. This proves that

Agver f e M2 (RY).
Recalling the assumption A¥1%2f = \f X # 0, we infer f € MP!(R?).
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We now repeat the previous argument starting with f € MP?!(R?). By Theorem
2.7 the STFT V,,, f € W(L>®, LP})(R*) and aV,, f € W(L9, L) — W(L?, LF?),
(since m? > m), with

1 1 1

a9 p1 P2
so that py < p;. Arguing as above we infer |V, (A2 f)(w)| € W (L™, LP2) — LP2.
Thus, the eigenfunction f belongs to the smaller space MP2.
Continuing this way we construct a strictly decreasing sequence of indices p,, > 0
and such that

lim p, = 0.
n—oo
By induction and using the same argument as above one immediately obtains that
if f € MPr(RY) then f € MP»+1(R?). This concludes the proof. O
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