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Positive solutions for autonomous and
non-autonomous nonlinear critical elliptic
problems in unbounded domains

Sergio Lancelotti and Riccardo Molle

Abstractlhe paper concerns with positive solutlons of problems of the
type -Auta()u=u "' +eu? " inQ <RV, N23,2 " = A 2<p<
2”. Here Q can be an exterior domaln i.e. R'\Q is bounded, or the whole
of RV . The potential a € L {X/f (R ) is assumed to be strictly positive and
such that there exists lim x-« a(x):=a «~ >0. First, some existence
results of ground state solutions are proved. Then the case a(x) 2 a « is
considered, with a(x) =a « orQ=R ¥ In such a case, no ground state
solution exists and the existence of a bound state solution is proved, for
small €.

Keywords. Sdtlinger equations, Unbounded domains, Critical
nonlinearity.

1. Introduction and main results

This paper deals with a class of problems of the type

“Au+ax)u=u Pt +eu? !t inQ,
(P¢) Lu> 0 in Q,
u 6H1(Q)

where Q <R", N>3, and we consider both the case Q =R " and RV 1Q
bounded with smooth boundary; 2* = ,\,2_—’; is the critical Sobolev exponent,
£>0,2<p<2 "andon the potential we assume

aELl,Xzz (RN), |Xllim ax)=aw alx)=zaog>0 a.e.in = (1.1)

Problem (P¢) has a variational structure: its solutions correspond to the
nonneaative functions that are critical points of the functional & : H1(Q) - R
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defined by

2" dx.

&
Ee(u) = (| Vul? +a(x) u?) dx - 1 lulPdx - — |u
Q p 2

Q Q

NI =

Problems of the type (P ¢) have been widely studied: itis well known
that they come from problems in Physics and Mathematical Physics like
Schrédinger equations and Klein-Gordon equations, and from other applied
and theoretical sciences.From a mathematical point of view, problems like
(Pe) present a number of difficulties related to the lack of compactness due
both to the critical exponent and to the unboundedness of the domain. If RIQ
is a ball and a is radially symmetric, then a classical feature is to employ the
compactness of the embedding of H,, (RY) - LP(R"), that allows to recover
existence results and qualitative properties of solutions for equations of the
type —Au + a(|x|)u = f (|x], u) ([12, 30]).

For exterior domains and potentials without any symmetry, severalpa-
pers treat the subcritical case,i.e. e=0in (P &), starting from the seminal
papers [7], concerning the autonomous case, and [5, 6], concerning also the
nonautonomous case;in those papers the authors analyze how the lack of
compactness works.Then, many papers deal with the non autonomous case,
in the subcritical setting (see [15, 17, 25, 263nd references therein). We re-
fer the reader to [3, 4, 9-11, 21, 28] and references therein for related problem:
in unbounded domains, with non homogeneous nonlinearities having different
asymptotic behaviour at zero and at infinity.

When ¢ > 0 it is interesting to study problem (P ¢) because there is an
overlapping between the effects of the subcritical and the critical growth in
the nonlinearity. Actually, if € > 0, the analysis of the Palais-Smale sequences
done in the subcritical case does not work, so that it is not possible to apply
in a straight way the methods developed in the cited papers. Indeed, some
concentration phenomena can appear,related to the critical nonlinearity. Of
course, if €is very large the effect of the critical nonlinearity is relevant, as
one can see,for example, in [27]. In [27] the authors prove the existence of
solutions of problems similar to (Px), in bounded domains, and point out some
concentration effects as € - .

Here we want to analyze the problem for small &, so that we have a
critical perturbation of the subcritical case. Then, besides the analysis of the
lack of compactness as in [7], we make a further study of the Palais-Smale
sequences, that takes into account the concentration phenomena in the spirit
of [8, 14, 24, 29)We emphasize that in the problems considered in this paper,
in order to study the compactness, it is not possible to use only the classical
analysis of the compactness developed in the subcritical case, nor the classica
analysis developed in the critical case,but some delicate estimates involving
both cases need (see Proposition 3.2). The aim of this analysis will be not
only to show that compactness is restored below a “bad energy level”, but also
that it is restored in a suitable range above this “bad level”.  This done, we
can recover a result similar to the well known result stated in [6] about the
existence of a bound state solution in the subcritical case.
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The first results we prove concern ground state solutions.

Theorem 1.1.Q =R ", a(x) verifies (1.1) and
ax)<a« ae inR", (1.2)

then there exists & > 0 such that problem (P:) has a ground state solution for
every € €(0, §).

In Theorem 1.1 assumption (1.2)  allows to apply in a straight way
concentration-compactness arguments. Let us consider now the case in which
at least one of the assumptions of Theorem 1.1 is not true, that is either
a(x) >a «» in a positive measure subset of R", or Q =R ™. Then, the exis-
tence of a ground state solution is not guarantee. To check the existence of
such a solution, the potential a(x) has to be below a in a suitable large region
of Q, to balance the effect of the boundary of Q or of the part of R M in which
a(x) has higher values than a« . In order to state a quantitative assumption,
we introduce the problem

-Au+aou=|uP2uinRY,

(P°°) UEH1(RN)_

Then, we denote by w the ground state, positive, radial solution of (P « ) and
we call

W (x) 1= 9(X) w(x - 2), zeRY, (1.3)
where 9=1ifQ =R ", otherwise 9 is a cut-off function verifying

S(x)=1if dist(x, RV 1Q) = 1

dec RV
€C (RY, [0, 1)), 3(x)=0ifx eR MiQ.

(1.4)

Theorem 1.2ssume that a(x) verifies (1.1). If there exists z € R such that
2 2 w
w, W,

V"2 dgx+ akx) —= dx<
Q Wz Lr(Q) Q Wz Lr(@Q) w Lp(RN)

2
H1RY)

. (1.5)

then problem (Px) has a ground state solution for small €.

We point out that the r.h.s.  in (1.5) is a constant independent of the
domain and the potential a(x), and we observe that if a(x) =a « and Q =R"
then in (1.5) the equality holds for every zinR .

Consider now a(x) =a « . In Proposition 4.1 we state thatif Q =R "
ora(x) =a », then a ground state solution for (P ¢) does not exist. In this
setting, to find a solution one has to look at higher energy critical levels and
this is more difficult than the minimizing problem. A first difficulty to be faced
concerns compactness above the ground state of some related limit problems.
By the concentration phenomenon due to the critical nonlinearity, the problem
to be considered is

-Au=¢lu] 22u  inRY,

(CPe) liMmivl oo U(X) =0



Page 4 of 28 S. Lancelotti and R. Molle

while the natural limit problem related to the translations is

“AU+a o u=|uP2u+eu22uinRY,

(P&m) UEH1(RN).

A proof of the existence of a ground state solution of (P ¢« ), for small &, is
proved in [1]. Looking for least energy solutions of (P ¢« ), the minimization
problem to deal with is

me :=inf Eeo, (1.6)
N g
where
E 1 2 2 1 P dx — € 2" d
go (U) = 5 RN(|\7u| tae ) dx - 5 " |ulP dx 7 |ul2" dx
and

New = u€H'RV)WO}: E.o (u)[u] =0

Testing the functional E ¢~ on a concentrating sequence of least energy solu-
tions of (CP¢), in Proposition 2.3 we show that for all € >0
N2

m< Tone 1 7
&g = N E ’ (17)

N-2

where S is the best Sobolev constant. We observe that the valeSV2 1 2
in (1.7) is the ground state level of the solutions of problem (CP ¢), that is
N-2
1 1 2 1 € -
SN2 =min = Vu|2dx - — ul2’gx: uebl2RrN
N : min 2RN| | > RN||dx. (R™),

[VUl2dx=¢  |ul2"dx (1.8)
RN RN

(see Proposition 2.3). So, the compactness cannot hold at the level 7 SN2

N2

1 727 neither for problem (P<) nor for problem (P« ), by the concentration
phenomenon described.Here we give an alternative proof of the existence of
solutions of (1.6), that will be useful in the paper. As a consequence of that

N2
proof, we get that actually m ¢ < & SN2 1 "2 for small ¢ (see Theorem

2.2 and Corollary 2.4). Nevertheless, neither unicity nor nondegeneracy of the
positive solution of (Pe¢« ) are known. Hence, it is not possible to obtain a
complete picture of the lack of compactness,as in the purely subcritical or
critical case. Anyway, a local Palais-Smale condition can be restored for small
€ by using the solutions of (P » ). This done, we can prove the existence of a
solution both for the autonomous and for the non autonomous problem, in R
or in exterior domains.

In [1] the authors consider problem (P¢) in the autonomous case a(x) =
a. and they found a solution assuming that R " 1Q is contained in a small
ball. That result here is improved, because we have no assumption on the size
of RV 1Q. In order to find a solution for every exterior domain, a fundamental
tool is a fine estimate of the interactions of “almost minimizina” functions.
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Indeed, this estimate allows us to work in a suitable compactness range (see
Lemma 4.4).
Our result is the following

Theorem 1.3\ssume that a(x) verifies (1.1) and

v
ax)=a e @(x) —aw~ x|V e T M dx <o, (1.9)
RN
then there exists € >0 such that forany 0 <& < & problem (P ¢) has at
least one positive solution, that js a bound state solution when Q N= g
a(x) ®a

Remark 1.4fboth Q=R " anda=a« hold, problem (P¢) is nothing but
(Pe,» ) and Theorem 1.3 coincides with Theorem 2.2.

The paper is organized as follows: in Sect. 2 we introduce some notations
and recall some known facts we use; Sect. 3 deals with ground state solutions;
in Sect. 4 the proof of Theorem 1.3 is developed, moreover we report some
remarks that describe the asymptotic shape of the solution given by Theorem
1.3 and some ways to use it to get multiplicity results (see Remarks 4.12 and
4.13).

2. Notations and preliminary results

Without any loss of generality we may assume & = 1, up to a rescaling, and
0 eRM\Qif Q=R". Throughout the paper we make use of the following
notation:
*H "(RM)is the usual Sobolev space endowed with the standard scalar
product and norm

(wv):= (VU +uv)dx; u 2:= VU2 + 42 dx.  (2.10)
RV RV
We shall use also the equivalent norm

u 2:= [VUI2 + a(x)u 2 dx.
0
*H ' denotes the dual space of H'(R").
*D "2(RN) s the closure of Gy (RV) with respectto thenormu o :=
o | Vul2dx 2

*L 90), 1sqg<sw, O <R" ameasurable set, denotes the Lebesgue
space,the norm in L 9(0) is denoted by | - | Laqo) When O is a proper
measurable subset of R and by | - | when O =R".

«Foru e H {(Q)we denote by u also the functionin H '(R") obtained
settingu=0in R V1Q.

S denotes the best Sobolev constant, namely

v | VUI2dx

S= min T
ueD 12 (RN )if0} |uls.
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eForany p >0andforany z eR N B,(2) denotes the ball of radius
p centered at z, and for any measurable set O <R N, 10| denotes its
Lebesgue measure.
*c,c,C C,G, ... denote various positive constants.
When € =0, (P ¢) becomes
-Au+a(x)u=u P inQ,
P) Lu> 0 in Q,
uEeHI (@

and the related action functionalis E : H {(Q) - R defined by

E(u) = 1 (1 VU2 + a(x) u?) dx - T Jupax.
2 g P q
Furthermore, we denote by E« » Ec. 1 H '(R") - R the functionals related
to (P« ) and (P& ) respectively, defined by

Ee (u) = 1 (VU2 +u?) dx - T P,
2 RN p RN
€ .
Ece (U) = 1 (| Vul? + u?) dx - 1 ulPdx - — [u]?" dx.
2 gy P gw 27 gy
In a standard way, we consider the following Nehari manifolds:
N= UueHlQW0}: E (uu=0 ,
Ne= ueHjQ\o}: E (uul=0 .
N, = ueH'R")W0}: E.u)u=0 ,
New = UEH'RY)WO}: Ecw (U)u]=0
Remark that there exists ¢ > 0 independent of small € such that
u=c vueN. , u ,2c VWueNn, (2.11)

indeed
0=u 2-lf-¢ul3.2u 2-cu P-ceu 2, WuENL,

O=u 2-lulb-¢ul3.2u Z-cu B-ceu 2, VueN.

Straight computations allow to state the following

Lemma 2.4:£tU €H(Q)\0} and v e H "(R")\{0}, then:

1
2 -2
N

u
etu eNifandonlyift= e ;
p

*tveN . ifandonlyift= e ;
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stueN . ifandonlyifu 2 =tpr2ulp+e22ul2:;
*tv €N ¢ ifandonlyifv  2=tp2|v[h+ g2 -2|v|3..
Moreover, t, >0 such thatt wU € N is characterized as the unique real value
such that
E(tvu) = max E(tu
(tuu) = max E(w)

andu - t , is a continuous map from H JQyopinR +. Analogous results
hold if we consider E, , E. and E.., respectivelyonN,, N, and N, .

Let us def“ e:
m = i E mg = 'n E .
|n£ 0 71 & INf & 00 (212)

£

We denote by w the unique positive solution, up to translations, of the problem
(Pe ); itis well known thatw € C® (RV), w is radially symmetric about the
origin, and

w(lx)) eM IXIN-D2 ¢ as |x| - +oo, (2.13)
w(Ix|) e IXIND2 L —c as x| - e, (2.14)

withc >0; moreoverw e N « and E» (W) =m, namely wis the ground
state solution of (P« ) (see [12, 22, 23] and also (2.19), (2.20) in [6] for a precis
estimate of ¢ in (2.13) and (2.14)).

For the limit problem (P ¢~ ) the following existence result holds.

Theorem 2.2here exists & > 0 such that for any € € (0, £o) problem (Pe )
has a positive radially symmetric ground state solution w;.

Proof. \We first observe that mes <m, V&> 0. Indeed let T ¢ > 0 be such that
W € Ng., | then

Mg <SE o (TeW) S E w (TeW) S E w (W) = m. (2.15)

As shown in [30], by Schwartz symmetrization, in order to solve the min-
imization problem for m ¢ we can restrict our considerations to

H'RYY={ueH "(R") : uradially symmetric}, N:=Ngw 0 H'RY).
Let {u n}n in N+ be a minimizing sequence, that is

Up 2=unld+elunl3 (2.16)
1_1 1_1 .
Ee,oo (Un)= E_f_) un 2+ l—)_? Elun §*=m$+0(1).
(2.17)
Inequalities (2.15) and (2.17) imply that
unp?2s< 1—1_1ms+o(1)< 1—1_1m+o(1) (2.18)
2 p -2 p ' '

Observe that from (2.16), (2.11), (2.18) and the Sobolev embedding Theorem
it follows the existence of €9 > 0 such that, for alln €N,

luP=u , 2-ceu , 2" >const>0 e (0. 8). (2.19)
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Now, since HJ(RN) embeds compactly in L p(RN) (see [30]) we deduce
the existence of e € H(R") such that, up to a subsequence,
strongly in L P(RM)
weakly in H '(RY)and in L 2 (RV),
moreover by (2.19) ve = 0. By Ekeland’s variational principle the minimizing
sequence {t}n in N; can be chosen such that

E.w (un)IVI=2AnG (un)V] + o(1)v W eH(R") (2.21)
where, foralln € N, \» € R is the Lagrange multiplier and G(u) = E ¢ (u)[u].
By definition of N g , G(un) =0 for all n €N, so using (2.21), we deduce

0=G(Un)=E ¢ (Un)lun]=A nG (un)[unl+o(Mu n- (2.22)
Hence, taking into account that u » is bounded and that G (un)[un]<c <0
on Nr, we get An =0(1). Choosing v=w¢e in (2.21), by (2.20) and standard

arguments it follows that w e € Neo .
Using again (2.20), we get

n- o

Up 2= w (2.20)

1T L, 11

1
< im i _ - - P —
Me SE o (We) < lim inf 5 5 Un 5 5 luply =me,
that is w ¢ is the minimizing function we are looking for. Thus, w ¢ solves
—Au+u=ul P2u+eu)?2u inR". (2.23)

In order to verify that w ¢ is strictly positive we just observe that |w ¢l
too is a minimizer of E¢ constrained on N« , S0 we can assume w = 0.
Furthermore, since w solves (2.23), w > 0 as a consequence of the maximum
principle.

Proposition 2.Bhe following estimate holds:
N2

me < Ni Sz e > 0. (2.24)

™l =

Sketch of the proof. Since the computations that prove (2.24) are classical, we
only sketch them. First we verify (1.8). Observe that for every u e B(R" )\{0}
the function tu verifies v |Wtu)| 2dx=¢ o ItUl2 dxif andonlyif ¢ =

1
1 o VUl 2dx 272

g—iN—mﬂx— , and

1 |V(tu)|2dx—i* |tu|2" dx = 1—1* t2 | Vu|2dx

2 gy 2" g 2 2 RN
11 T [Vij2ax 7

Noe o lul27dx 77

11 IVUjdx F
S ) i
= % ; SNz (2.25)
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So we obtain (1.8) by (2.25), taking into account that the equality in (2.25) is
attained by choosing u as a minimizing function for the Sobolev constant (see
[2, 20, 31])). _

Now, let U € D12(RV)) be a fixed radial function that realizes the mini-

mum in (1.8), for example considerJ(x) = — ¢, where C is a normaliz-
(1+x] 2) 72—

ing constant. In order to prove (2.24), we consider the concentrating sequence
of functions v (x) = {(|x]) n Z-u (nx), n €N, where { € Cy (R*, [0, 1])is a
cut-off function such that {(s) = 1, for s €[0, 1]. Then we test the functional
E:. on the sequence of functions un :=t nVn, n €N, where tn is such that
Up GNe,oo ,that is

[V, |% +|vn |% =th2 vy |g +et3 2 |v, %* (2.26)

Well known estimates provided in [13] ensure that

Vo =N "5 U (nx)|2- ===-_. 0, (2.27)
| W0 = Wn "%~ U (nx))|2 —==-_ 0, (2.28)
Vo 2222 0,in L2(RY). (2.29)

From (2.29) and the boundedness of {w}n in L 2*(R'\’ ) we obtain alsova - 0
in L P(R), by interpolation. Hence,tn — 1 follows from (2.26) — (2.29) and
S0

N2 = & N2 — . e
E¢e (un) - 1 [Wn 2 U (nx))| 2dx - — In2~U (nx)|? dx =2 o
2 RN 2 RN
Since
o — & = )
D MO - S IO o o
RN 2 RN
— 1 1 N_22 SN/2 \7/ N
"N ¢ ’ n €N,
then (2.24) is proved.
Corollary 2.4.0r ¢ small the following estimate holds:
N2
me< g LT (2.30)
& N < .

Indeed, in the proof of Proposition 2.3 we have exhibited a sequence {u}n of
radial functions in N ¢ that converges weakly to 0 in L2 (R" ) and such that

Eew (vn) - & 1 2= SM2 Byt in the proof of Theorem 2.2 we have proved
that for small € every minimizing sequence of radial functions converges weakl
to a nonzero minimizing function of Es» on New , Up to @ subsequence. Hence
(2.30) must hold, for small €.

Let us give another estimate of m:, more precise for small €, and analyze
its asvmptotic behaviour.
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Lemma 2.5:0r @l ¢ > 0 the relation m ¢ <m holds and
lim Mg =m.
£-0

Proof. Inequality m ¢ < m has been shown in (2.15).

Now, for € € (0, &) let we be the minimizing function whose existence is
stated in Theorem 2.2 and ts > 0 be such that t éWe € N , namely

w o 2 =
[We [
Observe that w ¢ is bounded, uniformly with respectto € € (0, € o), because
1— 1 w ¢ 2 + 1— l
2 p p 2
Moreover, |We|§ > ¢ > 0 follows from (2.19). As a consequence, ts is bounded
by (2.31) and

te = (2.31)

Ee,oo (we) = €|We|§* =meSmMm.

8 *
MSE  (teWe) = E o0 (teWe) + > (teWe)? dx (2.32)
RN

8 *
SEcw (we) + > (tewa)z ax
RN
=me+0(1). (2.33)

Inequality (2.32) completes the proof.

3. Existence of a ground state solution

In this section we prove Theorems 1.1 and 1.2, which provide some cases in
which a least energy solution u of (P¢) exists, that is U € N verifies

Ec(u) = m/\'/n E..
A basic tool to prove the existence of a ground state is the analysis of the Pala

Smale sequences at a levet ((PS)c-sequences for short) below the minimum
of the limit problem (P ¢« ). We start with the following lemma.

Lemma 3.1etc eRand let{u n}n be a (PS).-sequence for E, then {u .},
is bounded and c = 0.

Proof. From
Ec(un)unl=u n 2= Unld—€lunl3:=o(1)u n

we infer
11 11 .
Ec(un) = 57 b Upi+e 5 [unl3. + o()u n =c+o(1),

that implies our claims.
Proposition 3.2ssume that a(x) verifies (1.1). Lete>0and{u ntn bea

(P S)c-sequence for E constrained on Ne. If c <m & then {un}n is relatively
compact.
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Proof. First, let us observe that the sequence {un a}n is bounded away from
0, by (2.11), and that it is bounded above, by the argument developed in
Lemma 3.1.

Then, arguing exactly as in (2.21) and (2.22), we getthat{u n}n isa
(P S)c-sequence also for the free functional &, namely Y € H(Q)

Wln' Wdx+ aupvdx— |u,|P2u,vdx-¢ |un|2*_2 Upv dx = o(1)v.

Q o o Q
(3.34)
From now on, we denote by {un}n not only the sequence {un}n but also

its subsequences.
Since {un}n is bounded in H}(Q), there exists a functionU € H{(Q) such

that
. J weakly in H(}[gQ) andin L 2°(Q)
Up —=——_U L strongly in L2 (R") andinLZ (R") (3.35)
a.e.inR".
By (3.35) and (3.34), u is a weak solution of (P¢), hence
U 2= U+ U2 (3.36)

We have to prove that u — uin H1(Q). Assume by contradiction thatu, U
in H '(Q), so the sequence vi :=un — U verifiesv n =~ ¢>0, Vh eN. By
(3.35) and the Brezis-Lieb Lemma,

Ec(un) =E ¢(u) + E&(vn) + 0(1) (3.37)
and, sinceu is a solution of (P &), {Vn}n turns out to be a (PS)-sequence for
E.. We claim that )

Val3. = >0. (3.38)
If this is not the case,  — uin LZ*(Q) and by interpolation in L *(Q), because
{un}n is bounded in L 2(Q). So,fromu n 3 =|unlp +&lunl3. and (3.36) we
get
lim U 2= U+ e[ulz. ="u 2
which implies un - uin H '(Q), contradicting our assumption.
Let{yi}i =Z N and let us decompose R' in the N -dimensional hyper-

cubes @ with unitary sides and vertices iny i. Since v €L 2*(RN ), we can
define

dy = max Valizs g, vh eN.

By (3.38) and the boundedness of {untn in H '(Q)

00
0<T<|v,l3, = |V”|EZ*(Q,-)
i=1
00 0

2%-2 2 27"-2
<2 WVl o,y <€ 2
i=1 =1

<c 2’2, (3.39)

Vin Bion
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and, then,dn 2y >0 Vh €N, where y > 0.
Now, let us call z» the center of a hypercube @i, such that

Vi |L2*(Qin) =dn
and put
Wn(X) =V n(X+Zzn).
Since {vn}n is a (PS)-sequence, {wi}n is a (PS)-sequence, too.
Setting Qo= ~ % % , one of the following two cases occurs:

@ o, Wa()|Pdx=c>0

(b) o, Wa(x)|Pdx “==-_. 0.
Assume first that (3.40)(a) holds. Then |z | — o because v» - 0in LP (RN )s

— loc
s0, since {un}n is a (P S)-sequence and/ is a solution of (P¢), we get

(3.40)

W/n : V(O adx+ Wh @ ax- |Wn |p—2 Wh @ dx —¢€ |Wn |2*_2 Wn @ ax

R RV RN RN

= [1=a(-+ zn)]wne dx + o(1)p = o(1), (" G{;(RN ).
RN

(3.41)
The sequence {w:}n is bounded in H '(R"), so W € H1(R") exists such that
A { weakly in H '(R") andinL?2 (RY)
Wy —=—— W | strongly in L P(RY) andinL2 (RY) (3.42)
a.e.inR"™.
Now, from (3.40)(a), (3.41), (3.42) we deduce that W is a nonzero solution of
(P& ). Then fwn— W}, is a (P S)-sequence for & and Egeo (Wn — W) = 0(1)
can be deduced arguing as in Lemma 3.1. Hence, applying the Brezis-Lieb
Lemma, we get

c=Ees(un)+o0(1)=E S(D) + E go (VI_/)
+E g (Wn — W) +0(1) 2 E gw (W) +0(1) =2m ¢ + 0(1)
contrary to the assumption c <m ¢ and proving that (3.40) (a) can not be
true.

To conclude the argument, we assume that (3.40) (b) holds and show tha
a contradiction arises again. Remark that in this case we can also assume that

dy = max Valo(g;) = max Walio (o) () (3.43)
Indeed, if it is not true, we can argue by substituting Q i, with a cube Q ;,
such that |vn |LP(Q7n) 2C 4 >0 and then proceed as in case (3.40)(a). So, let
us assume (3.43). Then, rewriting the inequalities in (3.39) with the L P-norm
in place of the L 2" _norm and d, in place of dn, we obtain

Valo = wnlp 222~ 0. (3.44)
Notice that (3.44) implies

w, 222_ 0 inL2.(RV) (3.45)
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Now, assume that {zn}n is bounded, so that in our argument we can consider
Z, =0, WheN. LetR>0besuchthat|a(x) -1 <n vk eR VB g(0),

where n is a suitable small constant to be fixed later. Consider the functionals
f,fo :D¥2(RM) - R defined by

~ & *
f(u)= % | VU|2ax + % (a(x) - 1)u 2dx - > ul2 dx,
RN Br(0) RN
fow)= & IVURdx- = |ul¥’dx.
2 RN 2 RN

Then, (3.34), (3.44), and (3.45) imply that {w n}n is a (PS)-sequence also for
f.So, Theorem 2.5 of [8] applies: there exist a number k & N\{0}, k sequences
of points {y4}n, 1 <j <k, k sequences of positive numbers {oh}n, 1 <j<k,
with g/, — 0 because of (3.45), such that
ke —vyi
wn() = (0h) Y T g,
=1 I

with¢ » - 0in D*2(R") and U; nontrivial solutions of
~AU(X)=€elU(X)] 22U xeRY; (3.46)
moreover,
K
fwn)=  fu (Uj) +0(1). (3.47)
=1
By the estimate of the ground state level of the solutions of (3.46) given in
(1.8), we get

1 1
fo (Uj) = NSN/Z = ) (3.48)

Finally, by (3.37), (3.47), (3.44), (3.48) and Proposition 2.3 we have
Ee(Un) =E e(a) + E¢(vn) + 0(1)
- 1
2E ¢(u)+ f(wn) - glwnlg - 5|Wn 5+ o(1)
k
2E.+ fa(U)-Tn+o(1)

=1
N-2

2
= Nl SN2 ; -tn +o(1) (3.49)

2M¢ —-"cn+o(1)
>c

for n small and large n. So a contradiction arises because of the assumption
EE(Un) — C.

Finally, let us consider || — . In such a case, the argument developed
in the case /z»}» bounded can be repeated in an easier wav. Indeed bv (3.35)
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(3.44) and (3.45) we can simply consider the functiondk in place off and get
a contradiction with E ¢(un) - ¢ <me as in (3.49). So the proof is completed.

Proof of Theorem 1.1. By Remark 1.4 we may assume that a(x§ 1. We claim
that
inf Ec <m. (3.50)

Since Q =R ", we can consider the minimizing function w ¢ introduced in
Theorem 2.2 and t > 0 such that tw ¢ € N¢. Then

I,\I;\f E.<E e(tWe) <E g (tWe) SE g0 (We) =M e

By (3.50) and Proposition 3.2 the existence of a minimizing function u for the
functional E ¢ constrained on N follows. Arguing as in the proof of Theorem
2.2 one can verify that u is a constant sign function, which can be chosen
strictly positive.

Proof of Theorem 1.2. et z € RN be such that (1.5) holds and ¢ > 0 be such
thatt :W.; € N¢. In order to obtain the statement, it is enough to prove that
for small €

Ee(tawz) <me- (3.51)

Indeed, once (3.51) is proved, infn, Es <M ¢ follows and we can argue as in

the proof of Theorem 1.1.
;

Let s >0 be such that swz € N, namely s = -,ﬁp-f— "™ We claim that
(1.5) implies

E(swz) <m. (3.52)
Let us evaluate
11 s 1 _1 W, g P2 9
Eows)= 27p W24 27p Twp V7@
P
1 1 w, 2 p2
= -7z T 3.53
2 p Wlp , ( )
Observe that, by (1.5),
et oW E 3.54
W, Tl (3.54)
and that, since w is the ground state of (P « ),
1_1
W 2=|w|f and Ewow)= 57 b w 2=m, (3.55)

Then, putting (3.54) in (3.53) and using (3.55), we get (3.52).

Finally, remark thatt ¢ — s, ase — 0, becausew: 3 =t 272 [W,[} +

et2’ 2 |wW, 2.2 andthatm ¢ — mase — 0, by Lemma 2.5, so for small €
(3.51) follows from (3.52).



Positive solutions for autonomous and non-autonomous Page 15 of 28

4. Existence of a bound state solution

In this section we construct the tools for the proof of Theorem 1.3 and prove
it. Weassume Q=R " or a(x) =1. First we prove that no ground state
solution can exist, then we show that, in spite of the difficulties due to the
few information about the solutions of (Ps ), alocal compactness can be
recovered in some interval of the functional values.

Proposition 4.Assume € €0, &). Let a(x) = 1 and suppose that at least
one assumption between Q  M=dvd a(x) = 1 holds true, then

i,\rl1f Ec=me (4.56)

and the minimization problem (4.56) has no solution (here we mean E o =
E,N0=N,m0=m,...).

Proof. Letu e Ne and tu €R be such that tuU € N¢., . Since a(x) = 1 a.e. in
RY, we have

Mg SE g (tuu) < E e(tuu) < E e(u).
Hence IivnfEe 2M . Let us prove that inf Ecsmg.

First, assume Q N . I &der to exhibit a sequence {u n}n in N ¢ such
that E ¢(un) — M¢, wedefineun =t n[3(-) we(- — ne 1)], where we is the
minimizing function introduced in Theorem 2.2, e 4 is the first element of the
canonical basis of R’ , 9 is the cut-off function introduced in (1.4)andt n >0
is such that un =tn [3(-) we(- —ne4)] € Ne-

Letus fix r>1suchthatR M1Q B —1 (0), then

[5() we(: = neq) —we(- —neq)lp = o (8(x) = 1) we(x = ne4)|” dx

< |We (x - ne 1)|° dx = IWe (2)|° dz = o(1).
B (0) B (-ne 1)

Hence [9(-) ve(- — neq)|h — [Wel5. Analogously we have [9(-) ve(- — ne1)|§: -
IWel3: and S(-)w ¢(- —neq) 2 - W ¢ 2,
Taking into account un =t n [3(-) we(- —neq)] € Ne and Lemma 2.1, we
have
(W e(- —ne1) 3 tE2 19 we(- — neq)|s — €32 19(-)we(- — neq)|3- =0,
(4.57)
so that
82 |9 we(- = ne)lh + & th 2 |9 )we(- = neq)[3-
=9()W e(-—-neq) 2=w ¢ 2+0(1).
Hence {tn}n is bounded and, up to a subsequence,t — t. Gettingn — o in
(4.57) we obtain

W, 2-tP2|wP-et2"2|\w,.|2. =0
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namelytwe: €N ¢o . Sincew: €N ¢ , we deduce thatt =1. It follows
thatu n 2 - W ¢ 2, |Un|g - |W£|g and |Un|%* - |W£|2~«. Then Ee(Un) -
E¢o (we) =m e and we can concludel\ilnfEs =Smy,

£

If Q=R M, thenwesetun =t nWe(- - ne 1) and the same argument
developed in the case Q N shdws that E(un) — me, so that inf Ec<sm,

holds again.

Now, let us prove that nx is not attained in N¢. By contradiction, assume
that u € N ¢ verifies E<(u) = m «.

First,assume Q V. leR>0besuchthattu €N &« , then

Mg SE o (tU)<E e(tu)<E e(U)=me

i.e. tuis a minimizing function for E ¢~ on Ngw . But then the arguments
developed in the proof of Theorem 2.2 show that |t u| > 0, contrarytou=0
in RV 1Q.

Now, assume Q=R anda =1. Again, let t > 0 be such that tu € e ,
then

Me=FE¢(U)ZE ¢(tu) >E e (tU)2M &
that is a contradiction, and the proof is complete.

About the compactness, in the subcritical case we remind an almost
classical result (see f.i. [7]).

Proposition 4.2:t {v n}n be a (P S) c-sequence of E, let ¢ belong to the
interval (m, 2m), then {vn}n is relatively compact and, up to a subsequence,
converges to a nonzero functionV € H}(Q) such that E('v) & (m, 2m).

Here we prove:

Proposition 4.80 every € (0, m/2) there corresponds € 5 > 0 having the
following property: V& €(0, &), Ve e(m+ 6, 2m - 9), if {Un}n isa (P S)ec-
sequence of Econstrained on N, thenun U = 0 weakly(ld)HMoreover
u is a critical point of E ¢ on Ne and E¢(u) < c.

Proof. As in the proof of Proposition 3.2, we deduce that every (PS)sequence
for the constrained functional is also a (PS) c-sequence for the free functional,
and its weak limit is a critical ~ point. Moreover, by Lemma 3.1 every (PS)-
sequence is bounded in H'(R"), so it has a weak limitin H "(R"). Arguing
by contradiction, then we can assume that there existd € (0, m/2), a sequence
{Ch}n in(m+ 8, 2m -3), a sequence {&}n in (0, +), withe n — 0, and, for
every n €N, a sequence {({}x in H {(Q) such that

Y
ur k22 o weakly in H (Q).

Since p is subcritical, we can also assume

Ut kzel 9 inlP RV,
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Now, up to a subsequencenc— ¢ € [m+ S, 2m—c§] and by a diagonal argument
we build a sequence {w}n :={u Zn}n such that

n-

Ee (Vo) === E. (va) 2="=5 0, Vo -==-_ 0 inL?_(RY).
(4.58)
Furthermore

1_1 1 1 -
Een(Vn)= E_l_) Vo §+ l_)_? €n |Vn|%*=C+O(1) (4.59)

implies {v n a}n bounded. Hence we obtain

8 * — 00 —
E(vn)=Ee,(va)+ 55 IVal?"dx =220
Q

E (vn) Het SE ¢ (vn) o +Cenvp 271 2251 0,
so that {vn}n is a (P S)e -sequence of E, with ¢ € (m, 2m). Then, by Proposi-
tion 4.2, V€ H(Q), V=0, exists such that vin — v, contrary to (4.58).
_Finally, if {‘in}n is a (PS) c-sequence for E¢, constrained on N ¢, and
Up  u,then E¢(u) <c by (4.59) with e n =g and cin place of c.

4.1.Energy estimates
Here we first construct some test functions to explore some sublevels of the
functional E: and we prove some basic estimates on the action of these test
functions. Later, we introduce a barycenter map to analyse some features of
the sublevels.

Letus setZ =0B ,(eq), where ¢ is the first element of the canonical
basis of R, and for any p > 0 define the map @, : [0, 1] x £ —— H{(Q) by

Yols, ¥I(x) = 9(x) [(1 = s)w(x — pe +) + sw(x - py)],

where w is the ground state solution of (P« ) and 3 is the cut-off function
defined in (1.4). Letus denote by t psy and 7psy the positive real numbers
such that tpsy Wo[s, y] €Ne and 1o,y Wo[s, y] EN .

Lemma 4.4here exists p >0 and A € (m, 2m) such that for any p > p~and
forany € >0
Acp =max {E ¢ (tpsy Yols, y]): s €[0, 1,y €} <A<2m.

Before proving Lemma 4.4, let us recall two technical lemmas. We refer
the readers to [18] for the proof of Lemma 4.5 while the proof of Lemma 4.6
is in [5] (see also Lemma 2.9 in [16]).
Lemma 4.80r all a, b >0, for all p =2, the following relation holds true

(@+bfzal+p’+(p-1)@”'b+ad™m).
Lemma 4.6{9 €L ® (RV)and h eL '(R") are such that, for some a =0,
b=20,y eR
lim gx)e™ x|° =y (4.60)
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and
lh(x)|e ™ 1X]Pdx < o, (4.61)
RN

then, for every z € R {0},

lim gix + p2)h(x)dx  €P4 pzP =y h)e ™ T dx.

p- RN RN
Proof of Lemma 4.4. |n this proof we shall consider r > 1 fixed such that
RVIQ cB 4 (0),ifQ =R", and any fixedr>1ifQ=R "

Letus setd = PN-D2 €% ~' and, in order to simplify the notations,
we omits, yand write t p =tpsy, Tp =Tpsy and Yp = Ypo[s, y]. Being p Y €
Na

w o 2 1/p—2

a

T W, 2=11,Wl°, T, =
oW & =|TpWolp P A

hold true, so, for every € > 0, we have
Ee(tp Wo) < E(t p¥p) < E(T p¥p)

1 1

= ET pWo 3+ 5|Tp‘-up|g

1 1
= 3 p WYea

1.1 @2 7

P a

= 1-_ . 4.62

2 b T (4.62)

So, to get the statement of the Lemma, we need to estimate the ratio in the
last line of (4.62).
Estimate of ¢ p 3: we have

Yo Z=90)[(1-sw(- —pe 1)+sw(--py)] 2

S I (1-SWix - pes) + swix - py)  dx
RN

+2 » IX)VOx) - [(1 - s)w(x = peq) +sw(x = py)] -

V(1 - S)wix - pe) + swix - py)] - 0
VI - wix—pes) + suix-py]

+a(x) (1-s)wix - pe 1)+ sw(x - py) ¢ odx (4.63)

Let us evaluate the addends in (4.63). By direct computation and since wis a
solution of (P« ), we obtain

| VI(1 - s)w(x — peq) + sw(x - py)] | 2

+a0d0[(1 = S\W(x — pe 1) + swix — oy)] 2 dx
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= (1-5)2+s? W 2+25(1-5) WPt (x — peq)w(x — py) dx
RN
2
+ (@x)-1) (1-smwx-peq)+swx—py) dx (4.64)
RN
By Lemma 4.6 there exists ¢; > 0 such that

Jim o WPt (x - peq) w(x - py) dx = (4.65)
— 00 RN

=im, &' wx=pe)w (x=py)dx=c:
Taking into account assumption (1.9) and (2.13), by Lemma 4.6 we have
(@00 =1) (1 -s)wix=peq) +s wix—py) X
<2 » (@) = 1) W2(x - peq) + wi(x - py) dx=0(3p).
Hence (4.64) becomes

IVI(1 - s)w(x — peq) + sw(x - py)] | 2

+a(x)[(1 - s)w(x — pe 1) +sw(x - py)] > dx
< (1-5)2+s2 W 2+25(1-5)c1% +0(Sp). (4.66)

Since V4 has supportin B-(0) and |y| =1 V¥ €Z, from (2.13) it follows

IVB0012 (1 - S)wix - pe) + swix - py)  cx
RN

(4.67)
< 2| V3| W2(x — peq) + w2(x — py) dx = 0(dp).
B/ (0)
Taking into account (2.14) and arguing as above we obtain
2 ) VX)) - [(1 - s)w(x - peq) + sw(x = py)] -
RN
- VI(1 - s)w(x — peq) + sw(x - py)] dX (4.68)

- % B/ (0) M9(x)) 2 VI(1 - s)w(x - per) + sw(x - py)] * dx = 0(3p).
By (4.63), (4.66), (4.67) and (4.68) we deduce

5 2< (1-5)2+52 W 2425(1-=5)c+0, +0(5,). (4.69)
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Estimate of |@plh: since 0 < 9(x)<1inR M and 9=1inR VB, (0), we
get

W13 90 [(1 - S)w(x - pe 1) + swix - py)] o

[\

p
(1-s)w(x —peq) +swix —py) dx
RN

p
- (1-s)w(x —pe+) +sw(x —py) dx.
B (0)

By the asymptotic behaviour of w,

p
(1= s)w(x - pe ) + sw(x - py) dx
B/ (0)

<27 Wl pen) +wPlx—py)l b= 0@ o)

Therefore, from Lemma 4.5 and (4.65) it follows

Wl = . (1=s)wlx - peq) +sw(x - py) g dx + 0(dp)
[(1 =s)P+sPIwh+(p-1) (1-5)P's+(1-5s)sP™" €10 +0(Jp).
(4.70)

Estimate of (4.62): combining estimates (4.69) and (4.70) and taking
advantage of a Taylor expansion, we obtain forany s €[0, 1]andy €

W3 [(1-s)2+s2]w 2+25(1-s)c 18 +0(5p)
Welp (1 -s)PesPI B+ (-1 [(1-5) P s+ (1-5)s 51 &1 &+ 0(Bp)
(1-s)2+s%2 w 2
= + y(S)0p + 0(dp),
(1 —s)P + PP W3 y(s)dp + 0(dp)

where

_ _ _ 2 2
y(s) = 2o = s)er _p-1{0=s) s (1-5)P2 + P2

(1 =s)P +sP1?P |wl|2 P (1-s)P+sP
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Since p > 2 we have that y(1/2) <0, so there existt > 0 and a neighbourhood
1(1/2) of 1/2 such that for any s €/(1/2) and any y € ¥

p

1_1 Y2 2z
Ee(toPp)s =— =
s(P P) 2 5 W’pl%
_P_
11 (1-s)2+s2 w 2 =
= 37p + 3o+ 0(d
2 P [1-s)p+sPP W V()05 + 0(9)
p
1 1 p2 W 2 pz
S 575 - ¢,
2 p 27 Tup b +0(35)
17 1

5 B b |W|/€ = €9 + 0(p)

2
=2m - C6p + 0(dp),

where we have used w 2 = |w|} and E« (W)=~ & W =m.

Similar computations show that for any s €[0, 1]\/((1/2) and y € Z we
have

Jim max(E«(to¥p) : s €[0, 1U(1/2), y €5}
{ (1 _ s)2 + 32 ﬁ% ]f

< max m: s [0, 1\I(1/2 <2m.
TP 0. V)

Finally, we may conclude that the relation
Agp =max {E ¢ (tpsy Yols, y]): s €[0, 1],y €} <2m
holds true for p large enough, independent of € > 0.

Corollary 4.7here exist p, € > 0 such that for any p > p and for any € €
(0,%)

Agp =max {E e (tosy Yols, y]): s €[0, 1],y €} <2m &
Proof. |tis a direct consequence of Lemmas 2.5 and 4.4.

The following definition of barycenter of a function u € H 1(RN NA{0},
has been introduced in [19]. We set

1 N
uu(x) = u(y)|dy x €eR (4.71)
B0 a6 ")
and we remark that p(u) is bounded and continuous, so we can introduce the
function

+

ux) = p(u)x) - % max u(u) x eRY, (4.72)

that is continuous and has compact support. Thus, we can set 8 : HR" )\{0}
- RV as
1

B(u) = o b(x) x dx.
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The map S has the following properties:

B is continuous in H 1(RN {0}, (4.73)

if u is a radial function, then B(u) = 0; (4.74)

B =Bu)  vteR{0} YuEHRY)\O (4.75)

B(u(x - z)) = B(u) + z vz eR VueHRY)0).  (4.76)
Let us set

Co=inflE(u): UEN, Bu)=0}, Cos =infE (u): UEN, B(u)=0}
Lemma 4.8he following facts hold:
(b) slmg) CO,e =Co-

Proof. Let us prove inequality a). By Proposition 4.1, Cy >m. Assume by
contradiction that C ¢ =m. Let{u n}n be a sequence in N with B(u n) =0
such that E(u n) —~ mandt »n >0be suchthatt ntn €N« , Yh €N. Since
a(x)=1a.e.inR" we have

M<E o (thUn) < E(t nUn) < E(U n) =m +o(1), (4.77)

that implies that {t nUn}n is a minimizing sequence for E » on N« . Hence
there exists a sequence {y}n in RM such that

hUn(X) =w(Xx —y n) +@n(X), ® - 0 stronglyin H "(R")
(see [7, Lemma 3.1]). By (4.75), (4.76) we have
0=pBun) =Bt ntn)=BW(- =y n)+@n)=PW+@(-+yn))+yn-

From @n - Ostronglyin H "(RV)and (4.73), (4.74), it follows that B(w +
@(- +yn)) - B(w) =0, because w is radially symmetric. Hence y» - 0 and
thUp — wstronglyin H "(R"). We shall prove that this is not possible. If
Q=R thentnls =0inR "Qwouldimplyw=0inR "\Q, contrary to
w>0inR V. 1fQ=R " and a(x) treerl, taking into account (4.77), we
have

m=E « (W) <E(w) = Iin’g , E(tnln)< Iinmoo E(un)=m,
a contradiction. So a) is proved.
Let us prove b). Let € >0 be fixed and for everyn >01letu , €N be

such that B(u n) =0and E(u ) <C o +n, moreover let s, >0 be such that
Snun ENs. Then

Coe SE e(snln) < E(s nUn)<E(u n)<Co+n,
so, by the arbitrary choice of n, we get

C,.<C, Ve >0, (4.78)
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Letve €Ne sothat B(ve) =0and E ¢(ve) < C g + & and let t £ > 0 such that
teUs €N . Then

Co < E(t eVe) = E e(teVe) + —lt Ve|2
SE g(ve) + 2—It Vel (4.79)

SCocte+t ?tg |Ve|§*-

Now, observe that by (4.78)

Es(Vs): %_:—) Ve§+8 })_% |Vs|2 <cog+£SC0+£,
that implies that |v e|§: is bounded. Moreover, taking into account a(x) = 1
a.e.inRY and v €N¢, and arguing as in the proof of (2.11), we deduce that
Vea ~ 0. Hence, as in (2.19), we concluddghat (voo. Finally, since
teVe €N, by Lemma 2.1 we have that {t ¢} is bounded. So, from (4.79) we
infer lim inf .o Co 2 C 4 that, combined with (4.78), gives b).

Lemma 4.9here exists € >0 such that forany e € (0, &) the inequality
Co > Satm. holds.

Proof. The assertion follows combining (a) and (b) of Lemma 4.8.

Lemma 4.10¢t A, be as in Lemma 4.4. Thenp > 0 exists such that Gy <
Ae,p Vp >p, Ve>0.

Proof. We claim that, for p large, B 9(-)w(- —py) -y >0 V¥ €Z. Indeed, by
(4.73)—(4.76) we have

B S(w(--py) —PY = B3(-+py)w -0,

because (- + py)w —» win H'(R") as p — ». Hence

B@(-)w(- - py)) = py + o(1),
that implies the claim. So, for p large, the deformation G : [0, 1]xZ — RY \{0}
given by

G(s, y) =sB(el1, y) + (1 -5) y (4.80)
is well defined. Then, the existence of (s Y) &[0, 1]1xZ such that B(We[sp: ¥»])

= 0 follows, because by the continuity of the maps 3 and ¢ and the invariance
of the topological degree by homotopy we have shown that 0 =d(G, Z x
[0, 1), 0) =d(B - ¢p, 2 [0, 1), 0).

By (4.75) we also have B(p,s, .y, YolSp: Yp]) = 0. Since tps,.y, Yolsp: o] €
N¢, the assertion follows.

Lemma 4.146f £asin Lemma 4.9 and € € (0, "¢). There exists p > 0 such
that forany p > P

Bep :=max{E ¢ (tp1y Yo[1,y]): ¥y €T} <C -
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Proof. et us settp = tp1y and gp = Yo[1, yl. By contradiction, assume that
there exist pn » o and y n € X such that E (tp, Y, ) = C o for everyn eN.
Since t, ¥, € Ne we can write

1_1
Ee(tpn l’Upn)= 5 7 tpn ’“/an §+€

1 *
- t 2*
2 o | Pn l’Upn |2

2*

Tl =

11 (R .
= 5% 2 9w(-—p n¥n) 2+¢ L t2 19w(- — pn¥n)l3-

(4.81)
Observe that in our setting 0 <m < C o < E ¢(tp, Yp,) <A &p <2m and that
O0<c<IW(-—p nYn) a<C <o, Vh €N. Hence from (4.81) it follows that
0<cqsty, <Cy <. So, up to a subsequence, we can assumed, — t> 0.
Since ;m — o, the same estimates provided in the proof of Lemma 4.4
prove Ee(tp, Yp,) » Ee» (tw), and we get

8 *
Coe SE o (W) = E o (W) - ?ItWI%
8 *
<Eow)- 5l
8 *
=m - ?|tw|§* <m,
contrary to Lemmas 4.9 and 4.8 (a).
4.2.Proof of theorem 1.3
Let us recall the values
Aep =max{E ¢ (tpsy Wols, ¥]): s €[0, 1],y €%},
Bep =max{E ¢ (tp1y Yol1,¥]): y €2},
Coe =infE ¢(u): U €N, B(u)=0} (4.82)
By Corollary 4.7 and Lemmas 4.4, 4.8, 4.9, 4.10 and 4.11, the inequalities
ﬁf (@ Bep <Cpe=Agp

L(b) Irz\7< ﬂ:;ﬁ<CO,£SA£,pgA<2m (4.83)
(c) &p <2 mMe

hold true for every p > max{ p,p,p} and for every 0 <& <min{ ¢, &}. Let0<

d<min %,2m-A, =™ and let us consider €5 according to Proposition
4.3.

We claim that E ¢ constrained on Ne has a (PS)-sequence in [G s Aep]
forevery0<e< e&:=minfe s ¢ €. This done, the existence of a non-zero
critical point u with E ¢(u) < A &p follows from Proposition 4.3.

Assume, by contradiction, that no (PS)-sequence exists in [C g¢s Aep].
Then, usual deformation arguments imply the existence of n >0 such that
the sublevel £ " := {u€eN ¢: E¢(u)<C o —n}is a deformation retract
of the sublevel E£ = {ueN ¢: Ef(u)<A ¢p}, namely there exists a
continuous function o : E£* - E£° ™ such that

alu) = u foranv uy e E Sos ™. (4.84)
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Furthermore, by (4.83) (a) we can also assume n so small that
Coe ~N>Bep- (4.85)
Let us define the map H: [0, 1] x £ — R" by

H(s, y)=B 0 tpsy Wols, y]

By (4.85), (4.84) and by using the map G introduced in (4.80), we deduce that
H maps {1} x Z in a set homotopically equivalent to pZ (and then to %) in

R |{0}. Moreover, taking also into account Lemma 2.1, we see that H is a
continuous map. Hence, by the argument developed in the proof of Lemma
4.10, a point (5, y) €10, 1] x £ must exist, for which

0=H(s,y) =PB(a(t psy Yl3, 7))

Then, E(0(tpsy W[5, 1)) 2 C o, contrary to 0 tpsy Upls, y] €Eco " for
every (s, y) €[0, 1] x Z, so the claim must be true.

Let U €E ¢ be the critical point we have found. To show that u is
a constant sign function, assume,by contradiction, that u="U" - U, with
u* = 0. Multiplying the equation )imyAU* we deduce thatU* € N¢, so

Ee(ZI) =E S(U+ )+ ES(U_ )=2me,
contrary to (4.83) (c).

Remark 4.12¢t us set
R(Q)=max{r>0: 3 eR" suchthatB,(x:) cR"1Q}.

Assume By (0) = RN 1Q and call Uaq the solution provided by Theorem 1.3.
Arguing as in [26], the following asymptotic behaviour of yq can be described,
as R(Q) — o, up to some sequence:

Ugo(X) =W 1(X =X 10) + W (X — X 20) + O(Q),
where O(Q) —— 0in H '(R"), as R(Q) - o, X 1qs X0 €R" verify
X10 *X20

2

and wqg, Wy are solutions of (Pes» ). The same behaviour of U;q can be
obtained considering a sequence of potentials a (x) verifying (1.1) and (1.9)
and such that

X109 =X2ql=— ® and -0, as R(Q) - oo,

lim @n(x) = ae. inR".
n- o

On the contrary, if the capacity of R M \Q goes to zero and |an ~ @w |y, - O,
then ua, o converges to a solution of the limit problem (P ¢ ).

Remark 4.13he behaviour of the solution ¢ o described in Remark 4.12 can
be employed to obtgin multiplicity of solutions of (P ¢) when Q = RMI Uf’:1 W
anda(x)=a « + 4 Oj(x), withsuitable w i cc RN, i=1,...,h and
a; eLN2 (RN j=1,. .. k.See [25]for a description of the method.
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