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Abstract

The resilience of a system is generally defined in terms of its ability to withstand external perturbation(s),
adapt, and rapidly recover. This paper introduces a probabilistic formulation to predict the recovery
process of a system given past recovery data, and estimate the probability of reaching or exceeding a
target value of functionality at any time. A Bayesian inference is used to capture the changes over time
of model parameters as recovery data become available during the work progress. The proposed
formulation is general and can be applied to continuous recovery processes such as those of economic or
natural systems, as well as to discrete recovery processes typical of engineering systems. As an
illustration of the proposed formulation, two examples are provided. The paper models the recovery of
a reinforced concrete bridge following seismic damage, as well as the population relocation after the

occurrence of a seismic event when no data on the duration of the recovery are available a priori.

Keywords: Decision Support, Recovery, Resilience, Resilience Metrics, Probability, Reliability Analysis.



27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

Introduction

Civil infrastructure enables the conveyance of goods, services, and resources to communities (Corotis
2009; Ellingwood et al. 2016; Gardoni et al. 2016). Past disasters continue to show the vulnerability of
civil infrastructure to natural and anthropogenic hazards and highlight the significance of risk mitigation
and management (Murphy and Gardoni 2006; Gardoni et al. 2016). Buildings, bridges, and other
structures and infrastructure may experience extreme natural events, such as floods, earthquakes,
hurricanes, and anthropogenic hazards, such as accidents and terrorist attacks, which may lead to
significant damage making infrastructure networks inoperative (Gardoni and LaFave 2016). Past
disasters stressed the importance of being prepared and to be able to recover in a short period (e.g.,

Bruneau et al. 2003; McAllister 2013; Caverzan and Solomos 2014).

The concept of resilience has gained relevance in the last fifteen years as a desirable feature for
communities (Bruneau et al. 2003; McAllister 2013; Caverzan and Solomos 2014; Ellingwood et al.
2016; Guidotti et al. 2016, 2017; Sharma et al. 2018; Gardoni 2018). The relatively recent interest in
resilience has resulted in several definitions of the concept of resilience and several approaches to
measuring resilience across several application domains. In general, resilience is defined as the ability
of systems to recover after a disturbance to the pre-disturbance state or a new (improved) state (e.g.,
Bruneau et al. 2003; Cimellaro et al. 2010a; Bocchini et al. 2012). The U.S. Presidential Policy Directive
21 (PPD 21) defines resilience as the ability to prepare for and adapt to changing conditions and
withstand and recover rapidly from disruptions. Resilience includes the ability to withstand and recover
from deliberate attacks, accidents, or naturally occurring threats or incidents. A review of the current
state of the research in community resilience can be found in Koliou et al. (2018). Going beyond the
engineering domain, Doorn et al. (2018) explored how philosophical and social science considerations

can be incorporated into a multidisciplinary definition of resilience to account for social justice. The
2
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choice of a defined recovery curve plays a key role in resilience analysis in terms of quantifying the
resilience of a system. A recovery curve describes the behavior of a system as a function of time
following the impact of a hazard as the system recovers to achieve a desired state (of functionality or of
reliability.) In absence of disrupting shocks during the recovery phase, the recovery curve is, in general,
a non-decreasing and time-dependent function. Different studies have attempted to model and define the
recovery curve of engineering systems subject to a hazard (e.g., Cimellaro et al. 2010b; Deco et al. 2013;
Titi et al. 2015). Recovery curves are usually assumed based on qualitative attributes, such as the
preparedness of the society, that influence the recovery process. As such, they 1) are not based on the
actual physics of the recovery process, i1) do not account for the underlying uncertainties, and iii) are not
able to incorporate additional information as it becomes available (such as ongoing progress of the work
or increased resource availability, which affect the recovery models and reduce the uncertainty involved.)
As a result, models of recovery typically only provide crude approximations and not accounting for the
underplaying uncertainties makes it not possible to estimate the probability of reaching or exceeding a
target percentile of interest of the ultimate desired state (e.g., a target value of functionality or reliability).
To overcome these limitations, Sharma et al. (2018) proposed a mathematical formulation for resilience
analysis that models the recovery curves based on the actual work plan of activities involved in the

TECOVETY Process.

Once a recovery curve is defined, there is a need to define a metric or a set of metrics of recovery
that distinctively characterize the recovery curve. A typical resilience metric has been defined as the
integral of the recovery curve over a specified interval of time (Bruneau and Reihnorn 2007; Cimellaro
et al. 2010a; Bonstrom and Corotis 2016). However, such metrics do not uniquely and fully characterize
a recovery curve. Sharma et al. (2018) defined a set of resilience metrics in analogy with the moments

of a random variable to quantify the resilience of a system. The Sharma et al.’s metrics i) are intuitive
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because of their analogy with the moments of a random variable, and i1) define a complete set of partial

descriptors that uniquely and fully characterize a recovery curve.

This paper contributes to the literature in resilience analysis. In particular, this paper proposes a
probabilistic formulation to predict a recovery process of a system, and then estimate the probability of
reaching or exceeding a target value of functionality (or reliability) of the system at any given time as
the system recovers. The proposed formulation uses Sharma et al.’s resilience metrics obtained from
historical recovery data to predict possible recovery processes along with their likelihood, as well as to
estimate the probability of reaching or exceeding a desired level of recovery by a desired time. The
proposed formulation can be applied to systems in different fields, i.e., economical, natural, and
engineering systems. The proposed formulation first defines the joint probability density function (PDF)
of resilience metrics that captures the underlying uncertainties. Then, parametrized recovery curves are
introduced to model the time-varying recovery process, and the joint PDF of model parameters is
obtained as a function of the joint PDF of the resilience metrics. The joint PDF of the model parameters
defines the variability in the possible recovery curves, which is used to estimate the probability of
reaching or exceeding a target value of functionality by conducting a reliability analysis (Ditlevsen and
Madsen 1996; Gardoni 2017). A Bayesian inference is also proposed to include possible information
from the field while the work for the recovery is in progress. We use field data to update the predicted
recovery curve such that the recovery curve is updated to reflect the advancement of the actual recovery
in the field. Thanks to the Bayesian updating, the uncertainties in the recovery process diminish while
more data become available. The main benefits of the proposed formulation are that the estimates of the
recovery curve can be simply defined as a function of resilience metrics and the modeling can take
advantage of data collected both before and during the recovery process. We illustrate the proposed

formulation considering the recovery of a typical reinforced concrete (RC) bridge following a seismic
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damage, and the population relocation after the occurrence of a seismic event when no data on the

duration of the recovery are available a priori.

Following this introduction, Section 2 gives a brief review of mathematical formulations for
resilience analysis. Section 3 presents the proposed probabilistic formulation. Section 4 illustrates the
proposed formulation considering the recovery of an example bridge following a seismic damage.

Finally, Section 5 uses the propose approach considering the population relocation after a seismic event.

Review of Mathematical Formulations for Resilience Analysis

The resilience analysis of engineering systems plays a key role in mitigation planning and allocation of
resources in pre- and post-disruption scenarios (Ellingwood et al. 2016). Resilience of a system is, in
general, defined as its ability to maintain or promptly resume a level of functionality or performance after
a disruption. What is promptly enough is usually defined based on the owner’s, customers’ or, more
generally, societal needs. A performance measure (e.g., the system functionality), typically indicated as

0O(t) , can be used to describe the system state as a function of time # (Cimellaro et al. 2010a; Bocchini

et al. 2012; Bonstrom and Corotis 2016; Sharma et al. 2018). An external shock, such as a natural or

anthropogenic event (a shock), might reduce Q(#) instantaneously. Such reduction is typically a function

of the intensity of the shock, the system design specifications (which define the system robustness at
t=0, e.g., Bai et al. 2009), and the system state immediately before the shock (which reflect the
deterioration of a system over time and also define the system robustness at time #, e.g., Kumar and
Gardoni 2014; Kumar et al. 2015; Jia and Gardoni 2018a,b). After a shock, the recovery process starts
to retrieve the system functionality to a desired level, which may be below, same or better than the pre-

disruption value (Ayyub 2014, 2015).
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Resilience, independently from the field of application, consists of four properties (Bruneau et al.
2003; Tierney and Bruneau 2007): 1) robustness as the ability to withstand a given level of stress or
demand without suffering degradation or loss of function or, if a degradation occurs, the residual level

of Q(¢); 2) resourcefulness, interrelated to the ability to diagnose and prioritize issues and to initiate

solutions by identifying and monitoring all resources; 3) redundancy, defined as the extent to which the
system and other elements satisfy and sustain functional requirements in the event of disturbance; and 4)
rapidity as the ability torecover in a timely manner to limit losses and avoid future disruptions. These

four properties define the resilience of a system and characterize the recovery process.

Recovery curves capture the changes in system functionality over time and defined how the system
state improves to achieve a desired value of functionality at the end of the recovery process. Different
studies have attempted to quantify the resilience of a system based on the shape of the recovery curves.
As a first attempt to quantify the resilience of a system, Bruneau et al. (2003) proposed to measure the
resilience as the area underneath the recovery curve. Chang and Shinozuka (2004) assessed the resilience
as the probability that the time needed for the recovery due to a performance loss after a disruption would
be less than a predefined threshold. Garbin (2007) outlined an approach to quantitatively measure the
resilience of a network as the percentage of links damaged and the percentage of nodes damaged versus
a network performance measure. Bruneau and Reinhorn (2007) proposed metrics for measuring
resiliency based on the expected degradation in the quality of an infrastructure by quantifying robustness,
redundancy, resourcefulness, and rapidity to recovery. While these contributions show the importance
of quantifying resilience in an objective and formal way, the metrics they define only provide partial
information about the actual resilience and might not be able to distinguish among different resilience

levels (as noted in Sharma et al. 2018). Uniquely and fully characterizing the resilience of the system
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requires capturing all of the relevant characteristics of the recovery curve. Consequently, a single metric

cannot represent a curve and capture all of its attributes.

Sharma et al. (2018) showed that the existing metrics are not able to uniquely and fully characterize
recovery curves with different shapes and might not be able to capture the difference in the resilience
levels. To address this issue, they developed a complete set of resilience metrics able to fully describe
the recovery process and capture the differences in the shapes of different recovery curves. Sharma et
al.’s resilience metrics are analogous to the partial descriptors commonly adopted in probability and
statistics (e.g., mean, standard deviation and higher moments of a random variable.) The recovery curve
O(t), which Sharma et al. (2018) call the cumulative resilience function (CRF) in analogy with the
cumulative distribution function (CDF) of a random variable, represents the overall recovery process as
a function of time. If the CRF is a continuous and differentiable function of the time, it is possible to
describethe instantaneous rate of recovery as the resilience density function (RDF) ¢ defined as the time
derivative of the CRF (in analogy with the definition of the probability density function (PDF) of a
random variable). If the CRF is not continuous and differentiable, it is possible to define a resilience
mass function (RMF) that describes the instantaneous change of the recovery occurring as a step-wise

function (in analogy with the probability mass function (PMF) of a random variable).

Based on these definitions, Sharma et al. (2018) introduced a set of resilience metrics to capture the
specific characteristics of the recovery process in analogy to the moments of random variables. In
analogy to the mean and standard deviation of a random variables, Sharma et al. (2018) defined the center

of resilience p and the resilience bandwidth, y as two fundamental partial descriptions. The definition

of these metrics is general and can be systematically extended to higher order metrics to fully characterize any

Q(t) . The metric p defines where the recovery curve is centered with respect to the time of the initial



161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

shock. In addition, Sharma et al. (2018) also introduced the resilience quantile, 0, , which is the time instant

corresponding to the @” (0 < @ <I) quantile of the CRF. Mathematically, the recovery quantile can be
written as o, =min{t €[0,7,]: @ <[Q(t)/ XT})]}, where T, is the recovery time (i.e., the time needed
to reach a desired final level of Q(¢).) The metric y gives the breath of the recovery process, small

values represent a situation in which a significant percentage of the recovery process is completed over

a short period concentrated around p . By contrast, a large value of y captures a recovery process

spread over a prolonged period of time. To further characterize the recovery curve, Sharma et al. (2018)

also introduced the skewness of the recovery, w . If ¥ =0 the recovery progress is symmetric about p

(i.e., the recovery process has the same pace beforeand after p .) If v <0, the process is slower during

the initial phases (i.e., in the interval [0, p]) and then it becomes faster over the next period (0,7;],

which is the most typical case for recovery processes that include a lengthy planning phase in the post-
disruption period. If planning is done ahead of the disruptive event as a pre-disruption planning and

preparation, then y > 0. In this case, the recovery progress picks up quickly and the relative most time-

consuming portion is the completing of the repairs/reconstruction (i.e., faster in the interval [0, p], and

slower in the interval, (©,75]). Finally, to uniquely and fully characterize the recovery curve, Sharma

et al. (2018) also introduced higher order partial descriptors (in analogy with higher order moments or a

random variable). However, in most cases, p and y are sufficient to characterize a recovery process.

Based on Sharma et al. (2018), we can write the center of resilience as



frq(z‘)dz'
p= (1)

;fq(r)dr

179  Likewise, we can write the resilience bandwidth as

1=t )

180  Finally, as a generalization, the n” recovery moment can be written as

p (3)

181
182 Proposed Probabilistic Formulation

183  This section explains the proposed probabilistic formulation to develop recovery curves accounting for
184  the relevant uncertainties and estimate the probability of reaching or exceeding a target level of

185  functionality at any time.

186 Work progress for civil structures and infrastructure typically advances continuously, or near-
187  continuously, over time (Klinger and Susong 2006; Gardoni et al. 2007), whereas, the system state
188  changes only at completion of a group of activities (Sharma et al. 2018). As a result, the functionality of
189  a system typically changes in a step-wise fashion with discrete increments at the completion of each

190  group of activities. Besides civil structures and infrastructure, or more generally, engineering systems,
9
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the recovery might be a continuous function of time when we deal with the restoration of natural systems,
such as the recovery and resilience of tropical forests (Cole et al. 2014;. van Leeuwen 2008), or the
Gross Domestic Product (GDP) as a monetary measure of the market value of all final goods and
services produced in a period to quantify the economic performance of a whole country or region.
The proposed methodology is general and allows to estimate processes described either by discrete or
continuous recovery curves. The proposed formulation has the following four steps: Step 1: Obtaining
the joint PDF of the Sharma et al.’s resilience metrics, Step 2: Obtaining the joint PDF of the model
parameters of the recovery curve, Step 3: Obtaining point and predictive estimates of the recovery curve
and confidence bounds, Step 4: Estimating the probability of reaching or exceeding a target percentile of
interest of the ultimate desired state, and Step 5: Updating the model parameters as new data become

available.
Obtaining the joint PDF of the resilience metrics

The first step of the proposed formulation consists in collecting historical recovery data for the system
of interest and with them obtaining estimates of the statistics (means, standard deviations and
correlation coefficients) and marginal PDFs of Sharma et al.’s resilience metrics (reviewed in Section

2). Based on the obtained statistics and marginal PDFs, we can then construct the joint PDF of the

resilience metrics using a Nataf formulation (Liu and Der Kiureghian 1986). Let f.(0), fx (%), up

to me (p") be the marginal PDFs of Sharma et al.’s resilience metrics, and let 7; be the estimated

th

correlation coefficients between the i” and the jth resilience metric. Following the Nataf

formulation, the joint PDF of the resilience metrics is

10
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where z, = CD’I[FPI_ (p)], () is the standard normal PDF, ¢, (zR') is the n-dimensional standard

normal PDF with correlation matrix R'. The elements #;" in the correlation matrix R' are obtained

based on the correlation coefficients 7; through the integral

2% i () _
:J;J;(p( )(;ﬂ,-]{p ]O-. H; JWZ (zl.,Zj,l”ij ')dzidzj

J

In case historical recovery data for the system of interest are not available, one can choose a
distribution that either reflect some degree of judgement and experience, or a distribution with
minimal information (i.e., a noninformative distribution as usually done in Bayesian inference), to
reflect the fact that little or no information is available a priori. In addition, the Bayesian inference
discussed later in Section 3.5, can be used to update the state of knowledge every time new knowledge

becomes available (i.e., recovery data are collected as the recovery unfolds) (Box and Tiao 1992)

Obtaining the joint PDF of the model parameters of the recovery curve

The second step consists in introducing parametrized recovery curves to describe the recovery process
over time. In general, the functional form of the selected parametrized recovery curve may affect the
time-varying recovery process of a general performance measure. However, one can choose the
parametrized recovery curve based on engineering judgement and experience of the problem. In

addition, one can use flexible functional forms, such that the recovery curve can be updated as the actual
11
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recovery progresses and data become available. Example of parametrized recovery curves can be found
in Gardoni et al. (2007) and Ayyub (2015). A parametrized CRF describes the time-varying recovery

process of a general performance measure in the following form:

T[0(0.7)|=0(0,7)+0e (6)
where, T[-] is a transformation function, @ =(0,0); 0=(8,0,,..)is a vector of unknown model

parameters associated with Q, that needs to be estimated; and o€ is an additive model error term of QO

(additivity assumption), in which O is the standard deviation of the model error, assumed not to depend
on 7 (homoskedasticity assumption), and & 1is a standard normal random variable (normality
assumption). The additivity, normality and homoskedasticity assumptions typically can be satisfied
using an appropriate variance stabilizing transformation from the parametrized family of transformations
introduced by Box and Cox (1964). We then define the joint PDF of the unknown model parameters

O based on the joint PDF of the resilience metrics (Hogg et al. 2012; Ang and Tang 2006). Let the set
(P, 7>..., p™) have a jointly continuous distribution with PDF f,(p, 7, ..., p(n)) on a defined support
set C . According to the definition of the resilience metrics, the resilience metrics are a function of
the model parameters 0 = ((91,...,6’”) in the support set D, such that p =k, (6’1,...,9” ) , ¥=k, (6?1,...,9n) ,

upto p” =k, (6,,...,6,), where the generic i" function k,(6,,...,6, ) represents the expression of the "

resilience metric p’ based on Equations (1)-(3), after introducing a parametrized recovery curve

according to Equation (6). We first evaluate the #7X#n Jacobian given by

12



o O
006, 00, 00,
o o x
I=| 66, 06, 00, (7)
ap(n) ap(n) ap(n)
| 06, 00, 00, |
243 Then, let us consider two subsets of the supports, respectively named 4 and B, where B denotes

244 the mapping of 4 under a one-to-one transformation. Due to the conservation of the probability the

245 event {(p, z,...,p") € 4} is equivalent to the event {(¢}.0;....6,) € B}. Therefore, we can write

P[(&’l,ﬁz,...,ﬁn)eB]zP[(p,;(,...,p(”))eA]:I...‘[fp(p,Z’m’p(n))dp dyd p” ®

246 We change variables of integration by writing 6 =h (0, #-.. 0", 6, =h(p, ¥».. "), up to

247 0 =h(p,y,.... 0" such that

| fo (p,;(,...,p(”)) dpdy..dp™ =

LN

]
]

€))
| £ [k(6,,0,,....0,),k,(6,.,6,,...,6,),....k,(6,.,6,,...,0,)]| ]| d6,d6,...d6b,
B
248  Therefore, for every set B < D, we can write
P[(6,.6,....0,)eB]=
10
[ /o [51000s00,).K,(6,01....8, )k, (6,,6.....,)]|T| d6,d6,...d0, (10)
B
249 We conclude that the joint PDF of interest f,(,6,,...,6,) is
k(6,,0,,...,0,),...k,(6,.0,,....0) || (6,.0,,..,0,)eD
f‘e(el,ez,“‘,en): fé[ 1( 15729 n)’ > n( 15725 n)]| | ( 15725 n)E (11)
0 elsewhere
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Eq. (11) represents the state of knowledge on the model parameters 0 =(6?1,...,<9 ) We can now

n

derive the expected recovery curve and the related uncertainties based on the distribution of the

parameters in Eq. (6).
Obtaining point and predictive estimates of the recovery curve and confidence bounds

Different estimates of the recovery curves can be obtained depending on how we treat the model

parameters. Following Gardoni et al. (2002), we can obtain point estimates or predictive estimates.
A point estimate of the recovery curve is obtained using a point estimate of 0, in place of ®. In
general, the mean value of @ or the maximum likelihood estimate (MLE) @, can be used.

However, the point estimate does not incorporate the epistemic (statistical) uncertainties in the model
parameters @. To incorporate these uncertainties, we need to consider @ as random variable. The
predictive estimate of the recovery curve is then the expected value of the recovery curve over the

space of the model parameters, i.e.,

0(r) = [ 0(0,7)f(©)d® (12)
This estimate incorporates the epistemic uncertainties in the model parameters @ . In addition, we can

construct probability bounds on the recovery curve using the PDF of the model parameters, as

illustratively shown in Figure 1.

Estimating the probability of reaching or exceeding a target percentile of interest of the ultimate

desired state

Once we obtained Q(@,7), we can estimate the probability of reaching or exceeding a target value of
O by reliability analysis (Ditlevsen and Madsen 1996; Gardoni 2017). We can write a limit-state

function g(®,7) as
14



270

271

272

273

274

275

276

277

278

279

280

281

282

8(0,7)=0(0,7)-0, (13)
where Q isa level of performance we desire to reach or exceed, expressed as a percentile of the ultimate

desired state, Q_. Mathematically, we can write the probability that the recovery process is above O,

atatime 7, H(0®,7), as

H(0©,7)=1-P[g(0,7)<0| | (14)
Figure 2 shows a conceptual representation of Q(@®,7) and the corresponding H(®,7) over time.
Following Gardoni et al. (2002), we can construct a point estimate of H (7), a predictive estimate as well
as confidence bounds as previously proposed for the recovery curve. Hence, we define the point estimate
of the probability that the recovery process is above O, ata time 7 using a point estimate of ©, in place

of @, whereas the predictive estimate H (7) is defined taking the expected value of the quantity of

interest over the space of the model parameters, in the same way as previously showed for the recovery
curve. Furthermore, we obtain confidence bounds on the estimate in Eq. (14). We can define the

reliability index as

B(0,7)=0"[H(0,r)] (15)

where CITI(-) indicates the inverse of the standard normal CDF. Following Gardoni et al. (2002), the

variance of 3(0,7) can be estimates as

o, (7) = VoB () ZeoVe(7) (16)

15
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where Vg (7) is the gradient of 3(@®, 7) evaluated at the mean value and Xggis the estimated covariance

matrix. The gradient vector Vgf(7) is obtained by performing a FORM (First-Order Reliability

Method) analysis (Ditlevsen and Madsen 1996). Therefore, we obtain

{@[-B(r)-0, () @[-B(z)+0,(r) ] (17)
as one standard deviation bounds, where ,B(T) =®'[H()]. The bounds represent approximately 15%

and 85% probability levels.
Updating the model parameters as new data become available

Finally, Bayesian inference can be used to update the model parameters @ combining existing
information with new information as it might become available during the actual recovery process

(Gardoni et al. 2007). Steps 3 and 4 can then be repeated to obtain updated recovery curves and updated
probabilities of reaching or exceeding a desired level (J,. Mathematically, we can write the posterior

distribution f"(®) that includes the updated status of knowledge about ® as (Box and Tiao 1992)

/"(©1Q)=«L(0]|Q)f"(0) (18)
where L(®]Q) is the likelihood function that contains the objective information on @ in a set of

observations, f'(0) is the prior distribution, reflecting the state of knowledge about @ prior to obtaining

the observations Q=(0,,...,0,), and x = UL(@ 1Q)f (@))d@)I1 is a normalizing factor.

The prior distribution includes the status of knowledge based on previous experiences,

engineering judgments, and/or past data. The likelihood function is proportional to the conditional

probability of observing the recorded data Q=(Q0,,...,0,) for given values of the parameters @. In

16
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general, the likelithood function permits to include lower, upper and equality data (see Gardoni et al.

2002). A lower bound datum is defined as an observation of Q that is larger than a certain value Q. at

time 7; an upper bound datum is defined as an observation that is smaller than a certain value (, at time
7; an equality datum is defined as the value of Q recorded at time 7. Following Gardoni et al. (2002),

the likelihood function can be written as

L®,0)c [] Plos=Q~Q(6,7)]

equality
data

X lowelr_b!und ]P[Gg[ > Q;‘ - Q(Ba T)] (19)

data

X H Ploe, <Q,—Q(0,7)]

upper bound
data

Based on the normality assumption, we can then write

L(0,0) oc H {é (P{—Qi — g_(e’ ) }}

equality
data

T B

lower bound o
data

L e

upper bound o
data

where ¢(-) is the standard normal PDF, and ®(-) is the standard normal CDF.

Egs. (15)-(20) can be used every time additional information is available to update the model

parameters. For instance, when a set of samples Q) is available, we can write

1"©]Q)xL(O]|Q)/(®) 21
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Then, let us suppose another set of samples Q), is available and this is independent from the previous

one, we can update the posterior PDF evaluated in Eq. (21) such that

"(©]Q,.Q,)xL(0]Q,)L(®]Q,) f'(0)x L(0]Q,) /"(0]Q,) (22)

Generally, if 7 independent set of observations are available, we can write

f(k+1)(®|Q1’ Qk)ocL(®|Qk f(k)( |Q1’ Qk-l)

(23)
k=2,...n

Field measurements can often be inexact and include measurement errors (Gardoni et al. 2002;
Murphy et al. 2011). Following Gardoni et al. (2002), measurement errors can be incorporated in the

updating process. To incorporate the measurements errors in the updating process, we assume that

0=0+ e, 1s the true value of the i" observation, where O, represents the measured value and €y is
the measurement error. We also assume that e, has zero mean, which reflects that the measurements
have been corrected from any systematic errors, and variance s, which represents the uncertainties
inherent in the measurements. For the equality data we have Q[ +e, =0(0,7) + o¢,, for the lower bound
data we have Q +e, <0(0,7)+0¢,, and for the upper bound data we have Q +e, >0(0,7)+0¢, .

Therefore, the conditions for the three type of data can be, respectively, written as o, —e, Q 0(,7),

o¢, —e, >Q —-0(0,7), and o¢, —¢, < Q 0(0,7). The left-hand sides of these expressions are a

. . . A 2 2 :
normal random variable with zero mean and variance 0(0,0)=0"+s,”. Hence, in presence of

measurement errors, the likelihood function is
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. 1 |9-00.7)
0 ily{&@mﬂ¢{<ﬂ&a)}}

data

0,-0(0,7)
Xlowelr_b!und{q{_ 5(8,0) }} (24)

data

y 0,-00.7)
uppgund {CD |: 6-(97 O-) :|}

data

Example 1: Recovery curves for an example bridge

This section presents the proposed formulation considering the recovery process of a typical RC bridge
subject to seismic excitations. The first example demonstrates the application of the formulation in a

realistic case related to civil structures in support of risk and resilience analysis.

We previously discussed that for civil structures the work progress is a continuous, or near-
continuous, function, whereas a discrete function describes the performance indicators (e.g.,
functionality) with jumps when a group of activities is completed. This section illustrates the proposed
formulation applied to a RC bridge. Figure 3 shows the configuration of the considered (single column,
single bent) testbed bridge from Kumar and Gardoni (2014a) and Jia et al. (2017). Following the
proposed formulation, we obtain the estimates of the first two resilience metrics to describe the recovery

process of the selected engineering system. Figure 4 shows the pair (p, ) used in this example, and
their correlation. Based on the data in Figure 4, we assume that both p and y follow a lognormal

distribution, whose parameters are listed in Table 1. Then, based on the estimated coefficient of
correlation and the marginal PDFs we can construct the joint PDF of the resilience metrics as described
in Section 3.1. Next, we introduce a parametrized recovery curve to describe the changes of a selected
performance measure over time. The performance indicator considered in this example is the reliability

index . Moreover, in this example we assume that there is only one recovery step that restores the
19
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reliability of the bridge, as described in Sharma et al. (2018). Consequently, we consider the recovery
curve in the following form:

6 <6,

0, 7206 25)

0(0,7)= {

where ¢, is the residual reliability index after the occurrence of the hazard, and before the completion of
the recovery; and @, is the time at which the reliability index reaches the ultimate desired value O, . To

model the reliability, we consider the reliability-based resilience metrics coming from previous analyses.
Thus, we do not need to model the occurrence of earthquake mainshock-aftershocks sequence and their
impact on structural properties because the resilience metrics capture all these information. Based on the

definition of the resilience metrics in Eqs. (1) and (2), the parameters ¢, and 6, can be written as a

function of the resilience metrics. Specifically, Figure 5 shows the RMF of the adopted parametrized
curve. Following the proposed methodology, we compute the joint PDF of the model parameters and

the corresponding expected recovery process in terms of the reliability index £ . We observe that the
number of resilience metrics needed to adopt the formulation is at least equal to the number of the model
parameters of the selected parametrized recovery curve. Therefore, considering the possibility of having
a drop in the functionality, during the recovery process due to aftershocks, would require implying higher
resilience metrics. Next, we estimate the probability of reaching or exceeding a target value of
functionality at any time setting, for instance, O, =3.5.

Initial estimate of the recovery curve and corresponding probability of exceeding the target
value of functionality

As previously discussed, in this example we assume that there is only one recovery step that restores the
reliability of the bridge. Nevertheless, we can also estimate the behavior of the system toward the desired

value of the functionality at the end of the recovery in terms of the mean value of the different probable
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recovery curves. Figure 6 shows the expected changes of the instantaneous reliability index over time.
Adopting the reliability-based definitions for the damage state proposed in Sharma et al. (2018), the

initial damage level is moderate. Figure 7 shows the probability of exceeding the target value of Q, .

The figure also presents the confidence band due to the statistical uncertainty in ®. Based on the

expected initial value of the reliability index, we can observe that the probability of exceeding the target
value of functionality, O, =35, at time 7 = 25 days, is equal to 0.5. The observed result matches the

results provided in Sharma et al. (2018), where the expected value of the time to recover is approximately

26 days when the initial damage level is moderate.

Updated estimate of the recovery curve and corresponding probability of exceeding the
target value of functionality

We assume that after the occurrence of the hazard we collect data on the state of damage for the first 10
days, and then we update the model parameters. In the presented example, we assume that inspection
data are collected after the occurrence of the hazard. Specifically, we assume that a qualitative
description of the damage state indicates moderate damage following the definition in ATC-38 (ATC
2000) and Bai et al. (2009) (i.e., “Repairable structural damage has occurred. The existing elements can
be repaired in place, without substantial demolition or replacement of elements”.) Then, the qualitative
definition of the damage state is mapped into a reliability-based definition in terms of the corresponding
reliability index g (i.e., 1.5< f<2.5) following in Sharma et al. (2018). As a result, we obtain the new
expected changes in the reliability index and the corresponding time-varying probability of exceeding
the same target value of functionality, as shown in Figure 8 and 9. Figure 8 shows the expected changes
of the reliability index over time, after updating the model parameters based on the observed data. First,

we can observe that the recovery process follows the observed data in terms of its mean; then, the
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Bayesian inference also reduces the relevant uncertainties. The probability of exceeding the target value

of functionality reflects both the effects of the Bayesian inference.

Example 2: Population relocation after a seismic event

The second example shows the application of the formulation in a scenario where historical recovery
data are not available. In this example, we consider the population relocation of the city of Seaside, OR,

after the occurrence of an earthquake originated from the Cascadia Subduction Zone. We consider a

seismic event of magnitude M;, =7.0, located 25 km southwest of the city. Since no data are available,

we consider a noninformative PDF of the first resilience metric p inthe form f,(p)=1/p, p >0, which

reflects the fact that little is known a priori. We consider a parametrized S-shape recovery curve proposed

in Gardoni et al. (2007) in the following form:

2

T T

0,(0,7)=1-0, +(Q®—QR)[3] {3—2[3H <6 (26)
1 1

where Q, represents the percentage of population dislocation at time 7. (i.e., after the occurrence of the

seismic event), Q_ represents the percentage of the population that relocates at the end of the recovery,

and @, is the time at which the recover ends.

Ground Motion Prediction Equations (Boore and Atkinson, 2008) are used to obtain maps of the
seismic intensity measure at the residential building location. Next, we perform a building damage
analysis using different fragility functions (e.g., HAZUS-MH (FEMA 2015), and Steelman et al. 2007).
Then, we estimate the initial percentage of population dislocation due to structural damage using a
logistic regression model (Lin 2009). For the purpose of this example, we assume that the entire

population returns to their homes at the end of the recovery (i.e., O, =100% .)
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Based on the definition of the resilience metric in Eq. (1), the parameter 6, can be written as a
function of the resilience metric o . Therefore, we obtain the PDF f, (6) according to Eq. (11), as well
as the corresponding estimate of Q, over time (shown in Figure 10(b).) More generally, O, could also
be taken as a parameter (i.e., O, = 6, ). In this case, we would obtain the joint PDF f,(6,,6,) again using
Eq. (11) given p and y .

After the occurrence of the seismic event, recovery activities start to retrieve structures and
infrastructure functionality, thereby we can observe the population returning to their homes. For the

purpose of this example, we assumed that data on the population relocation are available at given time-

steps. The relocation data at different times can be used to obtain the corresponding values of O, (shown
by dots in Figure 10(b).) Using these values of Q,, we obtain the new expected value of Q, as a function

of time, as shown in Figure 10(b). In particular, we can observe that the uncertainties in the initial
estimate in Figure 10(a) reflect the fact that little is known in terms of the duration of the recovery. In
Figure 10(b) the confidence band is significantly smaller around the mean line indicating that the values

of O, used to update the mean prediction also reduce the prediction uncertainty.

Finally, Figure 11 shows the probability that the population dislocation is higher than 25% of the
total population (i.e., @, =0.25) before and after we update the recovery curve, including the confidence

band due to the statistical uncertainty in ®. We can see that the information used to update the model
parameter can also adjust the prediction in terms of the probability of exceeding a target level of

functionality, as well as reduce the prediction uncertainty.
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Conclusions

The paper proposed a formulation to (i) predict the recovery curves that define the recovery of
engineering systems subject to a hazard, and (ii) estimate the probability of reaching or exceeding a target
value of a selected performance indicator at any given time. The formulation uses the resilience metrics
defined in Sharma et al. (2018), which quantify the resilience of systems and form a complete set of
partial descriptors that characterize the recovery curve of the system of interest. To evaluate the recovery
process of an engineering system, the paper proposed to use the probability density function (PDF) of
the resilience metrics, defined based on historical data, to obtain the PDF of the model parameters that
define the recovery curve. The proposed formulation incorporates the Bayesian inference to update the
estimates of the unknown parameters when additional information is available. The paper illustrated the
implementation of the proposed formulation by predicting the recovery of a single-bent, single-column
reinforced concrete (RC) bridge subject to seismic damage, and the population relocation after the
occurrence of a seismic event when no data on the duration of the recovery are available a priori. The
proposed formulation is general and suited to applications such as risk analysis and mitigation, and

resilience-based design.
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Figures

Figure 1. 90% Confidence bounds on the estimate of the recovery curve

Figure 2. Conceptual representation of probability of reaching or exceeding a target value of functionality at any time
Figure 3. The considered RC bridge (adapted from Jia et al. 2017)

Figure 4. Correlation between the adopted resilience metrics

Figure 5. RMF of the adopted parametrized recovery curve

Figure 6. Mean value and corresponding 95% confidence band of the recovery curve

Figure 7. Probability of exceeding the selected value of 0, =3.5

Figure 8. Mean value and corresponding 95% confidence band of the recovery curve after updating the model parameters

Figure 9. Probability of exceeding the selected value of 0r =35 after updating the model parameters

Figure 10. Mean value and corresponding 95% confidence band of the population dislocation recovery curve (a) before and
(b) after updating the model parameter

Figure 11. Probability of population dislocation (i.e,, Or =25% ) (a) before and (b) after updating the model parameter
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Tables

Table 1. Distribution parameters of the resilience metrics

Resilience metric A g
p —-0.94 0.22
% 1.14 0.20

30



Performance measure Q (1)

Time, 7



Performance measure Q (

Q

o e

v

Time,






200

180

160

140

120

=100

80

60

40

20

4
3
r =0.7765
2 124
0.2 0.4 0.6
[ ]
[} " Y 1
[ ) [ ]
°® °
a0 o R
10 20 30 40 50 60

70



RMF




¢ xepu| Aljigerisy

100

80

60

40

20

Time, [day]



H, (7

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Il 1

20

40 60
Time, [day]

80

100



0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Il 1

20

40 60
Time, [day]

80

100



09

0.7

0 50 100 150 200 250 300
Time,r [day]

(@)

350




Q, (")

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Fitted !
I values<_|l
i |
1
. L . .
50 100 150 200

Time,r [day]

250

300

(b)

350




(7)

N

H

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

O 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350

Time,r [day]




H, (7

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

I L

(b)

50

100

150 200
Time, [day]

250

300

350




