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Abstract

The mechanical response of fibre-reinforced brittle-matrix structural elements sub-

jected to bending is discussed in the framework of fracture mechanics. By means of

numerical simulations based on the bridged crack model, the flexural behaviour of

steel fibre-reinforced concrete (FRC) beams has been investigated, taking into

account pull-out or yielding bridging mechanism of the secondary phase. In both

cases, the numerical results predict a transition of the global structural behaviour,

which can range from ductile to catastrophic. This behaviour is governed by a dimen-

sionless parameter, the brittleness number, NP, in which the effects of the structural

size and the fibre volume fraction are included. An experimental campaign is carried

out on FRC beams subjected to three-point bending tests, considering three different

beam sizes and four different fibre contents. A comparison between experimental

tests and numerical simulations shows that the bridging mechanism is due to the

fibre slippage into the matrix, rather than the fibre plastic flow. The expected ductile-

to-brittle transition is found for each beam scale, as predicted by NP. As a conse-

quence, the minimum fibre volume fraction can be defined according to this model,

providing an effective structural bearing capacity of FRC structural members.

K E YWORD S

bridged crack model, constitutive laws, ductile-to-brittle transition, fibre-reinforced

composites, fibre volume fraction effect, minimum reinforcement, scale effect fibre

1 | INTRODUCTION

In recent years, a significant part of structural engineering makes a wide use of fibre-reinforced concrete (FRC), ie, a cementitious brittle matrix

(mortar, concrete) coupled with a secondary phase represented by reinforcing fibres, randomly orientated and distributed within the volume of

the composite. For this material, the secondary phase plays a key role related to the bridging action, which affects both the macrocracks and the

microcracks in the process zone, so as to prevent their coalescence, opening, and growth. These bridging toughening mechanisms are due to

debonding, sliding, and frictional pulling-out between the matrix and the high-resistance fibres or to yielding of the low-resistance ductile fibres.

They result in an improved global structural response of the component, due to an increase of several mechanical properties: flexural and com-

pressive strengths, fracture toughness, and ductility.1 In this context, knowledge of the mechanical behaviour of these materials leads to an

improvement in the material design through an optimization of the components. The bridged crack model2–4 is a fracture mechanic-based

approach able to describe the mechanical response of fibre-reinforced beams in bending, taking into account the brittle-matrix behaviour, and the

reinforcement action, that can be represented either by yielding or slippage. During the last decades, different versions of this model have been

used to describe the crack propagation process in materials with diffused reinforcements in the matrix and materials reinforced with a small num-

ber of elements.5–7 The model has been validated both for monotonically increasing or cyclic loading.8–10 In all cases, the bridged crack model
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reproduces and explains the constitutive flexural response of concrete composites, which is characterized by discontinuous phenomena in the

postcracking phase, ie, snap-back and snap-through instabilities. It is worth noting that snap-back and snap-through branches can be captured

under deflection or load control, respectively. The model is able to predict a transition in the global structural response, which can range from duc-

tile to catastrophic. This ductile-to-brittle transition can be described by a dimensionless parameter called brittleness number, NP. This parameter

is a function of the toughness of the matrix, of the yielding or slippage limit of the fibre-reinforcement, of the fibre volume fraction of the rein-

forcement, and of the characteristic structural size. In this work, the bridged crack model with multiple fibres has been successfully validated on

the basis of an experimental campaign carried out at the Fracture Mechanics Laboratory of Politecnico di Torino. Three-point bending (TPB) tests

have been carried out on notched FRC beams, characterized by three different sizes (h = 50 mm; 100 mm; 200 mm) and four different fibre vol-

ume fractions (Vf = 0.08%, 0.20%, 0.96%, and 1.28%). In this way, it has been possible to study the ductile-to-brittle transition in FRC beams sub-

jected to bending.11–17 Moreover, a minimum critical value of fibre volume fraction can be evaluated, providing a ductile postpeak response of

FRC members, avoiding any loss in the structural bearing capacity.

2 | NUMERICAL SIMULATIONS

As briefly introduced in the previous section, the bridged crack model is able to describe the flexural behaviour of a fibre-reinforced brittle-matrix

beam, characterized by a rectangular cross section, an edge crack, and subjected to an applied bending moment M. The geometry of the model is

shown in Figure 1, where h and t are the section height and thickness, respectively; a is the initial crack depth; and hi, i = 1, … n defines the posi-

tion of the generic fibre reinforcement. A normalized crack depth ξ = a/h, and a normalized position of the generic fibre reinforcement ζi = hi/h

can be defined. The fibre reinforcements crossing the crack are considered as active, exerting a bridging action described by the forces Fi

(Figure 1).

Within the bridged crack model, the fracture process zone of FRC beams is considered as sufficiently small, since it is confined to the inter-

space between two subsequent fibre reinforcements. Under these circumstances, the concepts of linear elastic fracture mechanics are fully appli-

cable: the composite matrix is then assumed to be elastic-perfectly brittle and it is characterized by the fracture toughness, KIC, and the Young

modulus, E. On the other hand, a rigid-perfectly plastic constitutive law is assumed for the reinforcements (Figure 2), characterized by the ultimate

force, FP, in both the yielding and slippage hypothesis. In the hypothesis of yielding, FP represents the force that makes the fibre plastically flow

(Equation (1)). In the hypothesis of slippage, FP is related to the frictional bonding force, acting on the lateral surface of the fibre (Equation (2)):

F IGURE 1 Fibre-reinforced brittle-
matrix beam model

F IGURE 2 Reinforcement constitutive laws: Fibre yielding or
slippage
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FP,i = σuAi , ð1Þ

FP,i = τuπdf,i
lf,i
2
, ð2Þ

where Ai is the fibre cross-sectional area, σu and τu represent the ultimate stress related to the bridging mechanism of yielding or slippage,

whereas df and lf are the diameter and the length of the fibre, respectively.

The mathematical problem consists in the determination of the crack opening displacements and the reinforcement actions, for each rein-

forcement level. By using the superposition principle, these quantities can be described by the following relationship:

wf g= λMf gM− λ½ � Ff g, ð3Þ

where the minus sign is due to the crack-closure action exerted by the active reinforcements. Being the problem statically indeterminate, as the

fibre reactions are unknown, the compatibility displacement conditions are introduced for the cracked cross section. Considering a rigid-perfectly

plastic behaviour for the fibres, the crack results to be closed until the ultimate force, FP,i, is reached. Then, the fibre reactions can be calculated,

as a function of the applied bending moment M, and by solving the following linear equation system:

λ½ � Ff g= λMf gM: ð4Þ

When a fibre reaches the ultimate force related to yielding or slippage mechanism, the fibre reaction becomes known and equal to FP,i,

whereas the crack opening displacement at the same level becomes greater than zero. From this point forward, the problem is solved by par-

titioning the system of Equation (3). In addition to yielding or slippage crisis of the reinforcement fibres, the model includes also the crack propa-

gation phenomenon occurring within the cross section. The crack propagation condition, defined in agreement with linear elastic fracture

mechanics, states that the crack propagates when the stress-intensity factor reaches its critical value, KIC, namely, the fracture toughness of the

matrix. Consistently with the theoretical framework of the model, the stress-intensity factor, KI, is evaluated in virtue of the superposition

principle18,19:

KI =KI,M−
Xn

i=1

KI,i, ð5Þ

where the sum of two contributions emerges, one due to the external bending moment, the other taking into account the fibres bridging action.

Equations (3) to (5) enable to fully describe the mechanical response of fibre-reinforced structural elements in bending in terms of applied bending

moment and localized rotation. With particular regards to the postcracking phase, the model is able to capture local discontinuity phenomena, ie,

snap-back and snap-through instabilities, represented by virtual branches, as extensively reported in previous studies.9,20,21 The stability of the

fracturing process of the cracked beam section can also be discussed by a global point of view. It is worth noting that the global response, which

can range from ductile to catastrophic, is governed by a dimensionless parameter called brittleness number,3,9 NP, which is a function of the vol-

ume fraction of the reinforcement Vf (Vf = ρ, being ρ the fibre fraction in the cross-section area); the fracture toughness of the matrix, KIC; the

characteristic structural size, h; and a generalized ultimate stress, σu or τu, related to the fibre bridging mechanism:

NP = ρ
ffiffiffi
h

p σu
KIC

, ð6Þ

for the yielding mechanism, and

NP = ρ
ffiffiffi
h

p τuλf
KIC

, ð7Þ

for the slippage mechanism.

In this latter case, the relationship between the shear stress, τu, acting on the lateral surface of the reinforcement, and the corresponding axial

stress, σu, acting on the cross-sectional area of the fibre, is found as

FP = σuA= σuπ
df

2

4
= τuπdf

lf
2
, ð8Þ
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explaining the dependence of the brittleness number on the fibre aspect ratio, λf = 2lf/df = lf/rf. As a result, in the slippage hypothesis, the brittle-

ness number still depends on the reinforcement volume fraction, Vf, on the matrix fracture toughness, KIC, and on the ultimate stress describing

the bridging mechanism, τu, but it is also affected by the geometric parameter describing the fibre. In both cases, the critical value of the brittle-

ness number, NPC, defines the so-called minimum reinforcement condition.9 The bridged crack model has been used to investigate the flexural

behaviour of FRC beams in bending, by varying the structural size, the fibre volume fraction, and considering two different bridging mechanisms

(yielding or slippage). In particular, in the present work, three different beam sizes (h = 50 mm, 100 mm, and 200 mm) and eight different fibre vol-

ume fractions depending on the fibre bridging mechanism are taken into account. A continuous reinforcement distribution has been modelled,

considering a fibre number n > 20, since it represents the asymptotical condition for a number of fibres n ! ∞.9 In Figures 3A to 3C, the flexural

behaviour of 24 beams subjected to TPB test is described by means of the bridged crack model in terms of load vs midspan deflection, considering

a yielding bridging mechanism of the fibres. These diagrams are obtained considering the concrete fracture toughness KIC = 19 MPa
ffiffiffiffiffiffiffiffi
mm

p
, and the

concrete Young's modulus E = 31500 MPa. The fibre yielding stress is assumed as σu = 1100 MPa.

In Figures 4A to 4C, the design abacus is obtained considering a slippage mechanism between the matrix and the steel fibres. In this case, the

ultimate shear stress is evaluated as a function of the mean compressive strength of the concrete matrix.

F IGURE 3 Design abacus based on fibre yielding mechanism. The
numerical results are described in terms of load vs midspan deflection
for beam size h = 50 mm (A); h = 100 mm (B); h = 200 mm (C). The red
curve indicates the minimum reinforcement condition
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F IGURE 4 Design abacus based on fibre slippage mechanism. The
numerical results are described in terms of load vs midspan deflection
for beam size h = 50 mm (A); h = 100 mm (B); h = 200 mm (C). The red
curve indicates the minimum reinforcement condition

F IGURE 5 Three-point bending test geometry

ACCORNERO ET AL. 5



In some cases, the postcracking response is characterized by local instabilities phenomena, represented by snap-back and snap-through due

to the discontinuous location of the fibre reinforcements in the cracked cross section. As previously remarked, a ductile-to-brittle transition occurs

in the global response. This transition is pointed out by the brittleness number, NPC, as described in Equations (6) and (7), for yielding or slippage

F IGURE 6 Steel fibres adopted for three-point bending tests. From left to right: READYMESH MX-500, READYMESH MS-350, and
READYMESH MM-150

TABLE 1 Steel fibre characteristics

Description MM-150 MS-350 MX-500

Geometry

Shape Straight Straight Straight

Surface Plane Plane Plane

Cross-section Circular Circular Circular

End anchorage None Hooked ends Double-hooked ends

Parameters

lf, mm 15 35 50

df, mm 0.75 0.75 0.75

λf 40 93 133

σu, MPa 1100 1100 1100

TABLE 2 FRC beams

ID Height Thickness Length Notch MM-150 MS-350 MX-500 Tot.

h t L a Vf Vf Vf Vf

[cm] [cm] [cm] [cm] [kg/m3] [kg/m3] [kg/m3] [%] [kg/m3]

FRC-5-04 5 5 30 1.5 2.1 4.2 - 0.08 6.2

FRC-5-15 5.2 10.4 - 0.20 15.6

FRC-5-75 25 49.9 - 0.96 75

FRC-5-100 33.3 66.6 - 1.28 100

FRC-10-04 10 10 60 3 2.1 - 4.2 0.08 6.2

FRC-10-15 5.2 - 10.4 0.20 15.6

FRC-10-75 25 - 49.9 0.96 75

FRC-10-100 33.3 - 66.6 1.28 100

FRC-20-04 20 10 115 5 2.1 - 4.2 0.08 6.2

FRC-20-15 5.2 - 10.4 0.20 15.6

FRC-20-75 25 - 49.9 0.96 75

FRC-20-100 33.3 - 66.6 1.28 100
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bridging mechanism of the fibres. The transition is highlighted in each diagram, making possible the evaluation of the minimum amount of rein-

forcement in terms of fibre volume fraction, that is necessary for a globally stable response. Considering the same beam scale, under the assump-

tion of yielding mechanism of the fibres, the amount of reinforcement required to have a stable structural response is about 5 times lower than

that related to the fibre slippage mechanism, since FP,yielding = 5FP,slippage. On the other hand, Figures (3) and (4) show a decrease in the fibre vol-

ume fraction corresponding to the minimum reinforcement condition, when the structural size is increased. As predicted by Equations (6) and (7),

the size effect is still described by the square root of the beam height h, regardless of the bridging mechanism considered.

3 | EXPERIMENTAL TESTS

TPB tests are carried out on FRC notched beams, as schematically represented in Figure 5. FRC beams were characterized by rectangular cross

section, with a central precrack, in order to investigate the cracking behaviour of the midspan section.

The matrix of the composite material is made of a normal strength concrete C25/30, characterized by a compressive characteristic strength

equal to 30 MPa. Three different types of steel fibres, supplied by AZICHEM Ltd, are adopted: straight steel fibre without end anchorages

(READYMESH MM-150), straight fibre with single-hooked ends (READYMESH MS 350), and straight fibre with double-hooked ends

(READYMESH MX-500), as pointed out in Figure 6. The steel fibres have diameter, df, equal to 0.75 mm; length, lf, equal to 15, 35, and 50 mm;

and aspect ratio, λf, varying from 40 to 133. All fibres have a tensile strength, σu, equal to 1100 MPa. Their mechanical and geometrical properties

are summarized in Table 1.

F IGURE 7 A, Experimental
set-up; B, Crack propagation
process

F IGURE 8 Fracture surfaces. A, FRC-
5-04; B, FRC-5-15; C, FRC-5-75; D, FRC-
5-100

ACCORNERO ET AL. 7



Concrete and fibres are combined in a dedicated mixer supplied by AZICHEM Ltd. and according to the above-mentioned fibre volume frac-

tions. A uniform distribution of fibres in the matrix, without any signs of balling or clustering, is provided. The experimental campaign aims to

investigate the effect of the dimensional scale and the fibre content on the mechanical response of FRC beams in bending; thus, three different

beam sizes are tested, being the beam height, h, geometrically scaled by a factor equal to 1:2:4. For each specimen size, four different combina-

tions of microfibre and macrofibre volume fractions, ranging from 0.08 to 1.28%, are considered (see Table 2).

Abbreviation: FRC: fibre-reinforced concrete.

The experimental setup is shown in Figure 7A. Experimental tests have been carried out under displacement control, by means of a hydraulic

jack connected to an MTS testing machine with a maximum load capacity of 500 KN. A displacement rate of 4 μm/s is imposed, whereas the crack

propagation process is carefully examined (Figure 7B).

Experimental tests provide the postcracking phase until the beam failure is obtained, in order to survey the fracture surface of each specimen

at the end of each test (see Figures 8–10).

F IGURE 9 Fracture surfaces. A, FRC-
10-04; B, FRC-10-15; C, FRC-10-75; D,
FRC-10-100

F IGURE 10 Fracture surfaces. A,
FRC-20-04; B, FRC-20-15; C, FRC-
20-75; D, FRC-20-100

8 ACCORNERO ET AL.



4 | RESULTS AND DISCUSSION

In Figures 11–13, the flexural behaviour of the tested FRC beams is represented in terms of load vs midspan deflection, varying the beam size

and the fibre content. For each specimen, numerical results obtained for both yielding (red curve) and slippage (blue curve) mechanism are com-

pared with experimental results (black curve).

In all cases, experimental data fit with numerical results obtained in the slippage hypothesis, suggesting a pull-out mechanism between the

matrix and the fibres, rather than steel fibre yielding. This response occurred also when macrofibres, MX-500 and MS-350, were used, even if the

plastic flow of the steel fibres was expected in those cases, considering their hooked ends as able to provide mechanical anchorage. Instability

phenomena during the crack propagation phase are experimentally verified. Considering the experimental curves, the postpeak response is char-

acterized by a sawtooth-like shape. Snap-back instabilities are observed, identified by several vertical drops in the load vs midspan deflection dia-

grams. In addition, experimental tests confirm a ductile-to-brittle transition in the ultimate structural response of the FRC beams in flexure, as

F IGURE 11 Experimental results vs
numerical model for the specimen with
h = 5 cm. A, FRC-5-04; B, FRC-5-15; C,
FRC-5-75; D, FRC-5-100. The red and
blue curves are obtained by the numerical
model, in the case of yielding and slippage
mechanism respectively. The black curve
indicates the experimental results

F IGURE 12 Experimental results vs
numerical model for the specimen with

h = 10 cm. A, FRC-10-04; B, FRC-
10-15; C, FRC-10-75; D, FRC-10-100.
The red and blue curves are obtained by
the numerical model, in the case of
yielding and slippage mechanism
respectively. The black curve indicates the
experimental results
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predicted by the bridged crack model. For each beam scale, a different structural behaviour could be observed by varying the fibre volume frac-

tion, Vf. Starting from a strain-softening structural response, occurring for low Vf values, the strain-hardening behaviours take place for large fibre

volume fractions, Vf. This transition in the global response allows one to define the minimum reinforcement condition able to ensure a safe bear-

ing capacity of FRC beams in flexure.

5 | CONCLUSIONS

In this work, an application of the bridged crack model has been proposed for predicting the postcracking behaviour of FRC members in bending.

A numerical investigation is carried out in order to investigate the effect of the fibre volume content and the structural size on the mechanical

response. With regard to the fibre bridging mechanism, the hypothesis of yielding law or slippage law of the fibres has been considered. In both

cases, numerical results show that a ductile-to-brittle transition occurs in the mechanical response, governed by the brittleness number, NP, in

which the effects of the structural size and the fibre volume fraction are included. When the slippage mechanism controls the structural response,

the brittleness number NP takes into account also the aspect ratio of the fibre reinforcement. Experimental tests, carried out on notched FRC

beams characterized by three different sizes and four fibre contents, show a good agreement between experimental and numerical results related

to the slippage hypothesis, rather than the yielding one. The experimental results confirm also the transition in the global structural response by

increasing the fibre volume ratio, Vf, revealing the effectiveness of the bridged crack model.
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