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Featured Application: The work provides an extremely useful method to predict the static failure
of Micro- and Nano-Electromechanical Systems (MEMS, NEMS). The Finite Fracture Mechanics
approach may have an enormous impact on the failure characterization of notched and cracked
components in the field of nanodevices.

Abstract: The present paper focuses on the Finite Fracture Mechanics (FFM) approach and verifies its
applicability at the nanoscale. After the presentation of the analytical frame, the approach is verified
against experimental data already published in the literature related to in situ fracture tests of blunt
V-notched nano-cantilevers made of single crystal silicon, and loaded under mode I. The results show
that the apparent generalized stress intensity factors at failure (i.e., the apparent generalized fracture
toughness) predicted by the FFM are in good agreement with those obtained experimentally, with
a discrepancy varying between 0 and 5%. All the crack advancements are larger than the fracture
process zone and therefore the breakdown of continuum-based linear elastic fracture mechanics is
not yet reached. The method reveals to be an efficient and effective tool in assessing the brittle failure
of notched components at the nanoscale.

Keywords: finite fracture mechanics; nanoscale; silicon; brittle; notch; fracture; nanodevice

1. Introduction

Recent technological developments have enabled the fabrication of electronic devices with
high-density integration. Small size components, e.g., at the nanometer scale, can be fabricated
with different shapes including features such as notches and may have defects such as cracks [1,2].
These circumstances have brought problems commonly addressed by fracture mechanics and fatigue
theory to a completely new scale level, raising several new questions, experimental challenges, but
also attractive new scientific possibilities [3–5]. The demand for static and fatigue assessment of
nanoscale components is increasing, on the one hand, and the validity of continuum-based approaches
is questioned on the other. Indeed, at a very small scale, the simplification of a body as continuum and
homogeneous may not hold, and the discrete nature of atoms should be considered [6–8]. Clarification
of these aspects could not only bring enormous development in the field of nanotechnology, but
macroscale could benefit as well, e.g., multi-scale modeling of fatigue with focus on short cracks
and interaction with local micro-structure [9,10], atomistic investigation of stresses, strains and grain
boundaries [11], fracture properties of advanced materials [12,13], experimental evaluation of fatigue
curve of microscale samples [14].
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Several studies have recently quantified the small scale breakdown of continuum-based linear
elastic fracture mechanics (LEFM) and have demonstrated that continuum-based methods are still
valid at small scale if that limit is not reached [15–18]. The breakdown was expressed in terms of
the ratio between the crack singular stress field length, which surprisingly is still characterizing the
crack at a very small scale [19–21], and the fracture process zone. When this ratio is in the order of
4–5, continuum-based LEFM breaks down and the discrete nature of atoms cannot be ignored. Some
researchers have gone at a further small size, and have tried to propose approaches that consider
the atomic structures and would be valid at different scales. In this regard, it is worth mentioning
those based on Griffith’s criterion applied to single crystal silicon [22,23] and graphene [24], and more
recently on averaged strain energy density concept [17]. On the other hand, as briefly mentioned
earlier, when that limit is not reached, continuum-based approaches should be valid. This conclusion
opens up a large number of possibilities in the field of nanotechnology since well-known tools could
be extended to small scale for, e.g., nanoscale mechanical characterization, static/fatigue assessment of
cracked or notched components [14,25]. For example, the continuum formulation of averaged strain
energy density concept has been demonstrated to be valid for nanoscale notched-samples [26,27].
Similarly, by using the Theory of Critical Distances (TCD) [28,29], a fast and extremely simple method
was proposed to evaluate with high accuracy the fracture toughness of single crystal silicon by using
notched samples [30]. At small scales, indeed, the fabrication of pre-cracks is extremely difficult, since
an atomic sharp crack is ideally necessary to obtain a reliable fracture toughness when dealing with
brittle materials. Even for small values of the tip radius, the defect would behave as a notch and would
result in an apparent fracture toughness [19,31]. In regard to the experimental challenges, it is also
worth mentioning a recent study on experimental conditions affecting the measurement of the fracture
toughness in elastic-plastic materials [32].

Among well-known fracture models, the Finite Fracture Mechanics (FFM) approach has several
similarities with the methods mentioned before [33]. The FFM was originally proposed to deal with
crack initiation in brittle material and to overcome the limitation of classical fracture mechanics, which
assumes the pre-existence of a crack and deals only with its growth [34,35]. The FFM, instead, is a
coupled criterion, i.e., it requires two conditions to be full-filled simultaneously: One based on a stress
requirement and the other involving the energy balance. When these conditions are met, there is an
instantaneous formation (or growth) of a crack of finite size (finite step). This assumption drastically
re-defines the concept of crack growth, which becomes a structural parameter rather than a simple
material constant. Over the past decades, the approach has been applied or extended successfully to a
large variety of problems, both in static and fatigue, by considering different materials, features and
loading conditions, e.g., to rounded V-notches made of ceramic, metallic and plastic materials [36,37],
crack at interfaces and at bi-material junctions [38,39], 3-D failure onset from sharp V-notch edge [40],
failure initiation at the atomic scale by means of molecular simulations [41], multiaxial loading
conditions and notch sensitivity [42,43], moderate and large scale yielding regimes [44]. Furthermore,
FFM predictions have been recently proved to be very close to those by the powerful cohesive zone
model (CZM) in different research frameworks [45–48], so one can use FFM for preliminary sizing in
structural design, letting the CZM for subsequent study refinements. By considering the advantages of
the FFM approach and the similitude with other methods successfully applied to small scale specimens,
it is worth investigating the validity of the FFM at the nanoscale. FFM would be, indeed, a very useful
method for the brittle failure characterization of nanostructures.

By considering experiments available in the literature, the present paper verifies the applicability
of the FFM approach at the nanoscale. At first, the analytical frame of FFM is presented; subsequently,
recent experimental tests on nanoscale notched cantilevers, made of single crystal silicon, are briefly
reviewed and presented; finally, the results are discussed. Only mode I loading condition and brittle
fracture are considered. The work represents an additional proof that, when far from the small scale
breakdown of continuum-based LEFM, classic concepts such as FFM can be employed successfully to
characterize the fracture process of nanodevices.
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2. Materials and Methods

2.1. Fundamentals of FFM Approach for Blunt V-Notches

The FFM approach [35] assumes that a crack advances of a finite length l when two criteria, one
based on stress and the other on the energy balance, are full-filled simultaneously. The stress criterion
requires that the average stress σy(x) upon the crack advance l is higher than the material tensile
strength σu:

∫ l

0
σy(x)dx ≥ σul, (1)

where (x, y) is the Cartesian coordinate system centered at the notch root (Figure 1). The energy
criterion ensures that the energy available for a crack increment l is higher than the energy necessary
to create the new fracture surface. Irwin’s relationship allows expressing the requirement in the form

∫ l

0
K2

I (c)dc ≥ K2
Icl, (2)

KI(c) and KIc being the stress intensity factor (SIF) related to a crack of length c stemming from the
notch root (Figure 1) and the fracture toughness, respectively. At incipient failure, Equations (1) and (2)
coalesce into a system of two equations in two unknowns: The critical crack advancement lc and the
failure load.

 

x 

c 
y 

ρ 

ω 

Figure 1. Blunt V-notch geometry: c represent the length of a crack stemming from the notch tip.

Focusing on blunt V-notched geometries [37] and assuming the notch tip radius ρ sufficiently
small with respect to the notch depth a (Figure 2), the stress field along the notch bisector can be
expressed as [49]:

σy(x) =
KV,ρ

I
[2π(x + r0)]1−λ

[
1 +

(
r0

x + r0

)λ−µ

ηθ(0)

]
, (3)

where KV,ρ
I is the apparent generalized (or notch) SIF, and

r0 =
π −ω

2π −ω
ρ. (4)

The parameters λ, µ and ηθ(0) depend on the notch amplitude ω, and their values are reported in
Table 1. Furthermore, supposing a crack of length c sufficiently small with respect to the notch depth a
(Figures 1 and 2), the following relationship was proposed for the SIF KI [50]:
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KI(c) =
βKV,ρ

I cλ−0.51 +

[
r0

c

(
β

α

) 1
1−λ

]m 1−λ
m

, (5)

where

α = 1.12
√

π
[1 + ηθ(0)]
(2π)1−λ

, (6)

and β,m are provided in Table 1.

Table 1. Dimensionless parameters used in the present analysis as a function of the notch amplitude ω.
See [37] as reference.

ω (deg) m λ µ ηθ(0) β

0 1.82 0.5000 −0.5000 1.000 1.000
33 1.45 0.5021 −0.4515 1.035 1.005
48 1.38 0.5040 −0.4285 1.007 1.010
59 1.35 0.5075 −0.4105 0.9700 1.017
68 1.34 0.5122 −0.3950 0.9310 1.030
150 1.22 0.7520 −0.1624 0.2882 1.394

Within brittle structural behavior, it is legitimate to suppose that failure takes place as soon as the
apparent generalized SIF reaches its critical value KV,ρ

I = KV,ρ
Ic , usually termed as apparent generalized

fracture toughness. As expected, FFM can be implemented by inserting Equations (3) and (5) into
Equations (1) and (2), respectively, and integrating. Simple analytical manipulations lead to the
following two coupled equations:

KV,ρ
Ic

σur1−λ
0

= f (lc), (7)

and

r0
σ2

u

K2
Ic

=
h(lc)

f 2(lc)
, (8)

where the functions f , h rising from the integration procedure are [37]:

f (l̄c) =
l̄c(2π)1−λ[

(l̄c+1)
λ−1

λ

]
+ η0(0)

[
(l̄c+1)

µ−1
µ

] (9)

h(l̄c) =
l̄c∫ l̄c

0

c̄(2λ−1)β2

1 +


(

β

α

) 1
1− λ 1

c̄


m

2 (1− λ)

m

dc̄

, (10)

l̄c = lc/r0 and c̄ = c/r0 . The system of Equations (7) and (8) is solved numerically through a simple
MATLAB R© code: For a given structure, after extracting lc from Equation (8), the apparent generalized
fracture toughness can be estimated through Equation (7).
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2.2. Review of Recent In Situ Experimental Tests

The analytical frame presented in Section 2.1 is verified against experimental tests recently
published by Gallo et al. [30]. That work was originally proposed to characterize the fracture toughness
of silicon by using the TCD. In detail, in situ fracture tests were carried out in a transmission electron
microscope (TEM). Four specimens were considered, made of single crystal silicon, and fabricated by
a focused ion beam (FIB) processing system. The fabrication process and orientation are simplified
in Figure 2 while the detailed procedure is provided in [30]. Geometry and example of a sample are
presented in the lower-half of Figure 2, whilst Table 2 gives the geometrical details.

Figure 2. Example of main steps of fabrication process, orientation, final sample (specimen 2) and
geometrical details of the blunt V-notched nano-cantilevers. At first, a block is carved from bulk single
crystal silicon plate; later, the block is positioned on a gold wire and the nano-cantilever is cut; the
notch is finally introduced by focused ion beam (FIB).

Table 2. Geometrical parameters of the blunt V-notched nano-cantilevers (see Figure 2).

Sample ω (deg) ρ (nm) a (nm) d (nm) S (nm) L (nm) B (nm) W (nm) Pf (µN)

1 33 ≈10 155 217 837 1307 494 502 45.33
2 48 ≈14 161 96 682 1019 529 544 84.80
3 59 ≈20 179 119 651 1201 484 495 65.11
4 68 ≈6 144 87 875 1252 454 456 30.84
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The samples have different notch radii ρ and opening angles ω measured at the best of authors
capability by means of scanning electron microscope (SEM). It is worth noting that the samples have
an a/W ratio varying between 0.3 and 0.36, while ρ/a varies between 0.07 and 0.11. Experimental
mechanical characterization at the considered scale gave an ultimate strength σu of 13.9 GPa, and
a fracture toughness KIc of approximately 1 MPa m0.5. The latter is determined experimentally by
employing the TCD [30], pre-cracked samples [19] and even by considering the atomic scale by means
of molecular simulations [15,22]. The fracture tests are realized by pushing the nano-cantilevers
towards an indenter which is able to detect the applied load. Table 2 summarizes the load at failure, Pf,
as obtained in [30], which should be consulted for additional details on experimental procedures and
loading device.

3. Results

The analytical frame developed in Section 2.1 is fully applicable provided the low ratios a/W and
ρ/a presented in the previous section (Table 2). By recalling the apparent fracture toughness of a sharp
V-notch defined according to [35]

KV
Ic = λλ

[
(2π)2λ−1

β2/2

]1−λ K2(1−λ)
Ic

σ1−2λ
u

, (11)

the dimensionless apparent generalized fracture toughness is plotted in Figure 3 versus the
dimensionless notch root radius ρ/lch, where lch = (KIc/σu)2 ≈ 5.18 nm is the so called “Irwin’s length”
(see Section 2.2 for the mechanical properties). In addition to the geometries considered in the present
work, Figure 3 also includes the results for the opening angle ω = 0◦ and ω = 150◦, as references.
When ρ→ 0, the fracture toughness ratio correctly tends to 1 since KV,ρ

Ic is approaching the value of the
sharp (ρ = 0) V-notch KV

Ic. Given a fixed value of the normalized notch root radius, the ratio increases
as the the opening angle ω decreases, i.e., the lower the notch amplitude, the higher the influence of
the radius.

0 2 4 6 8 10

/l
ch

1

1.5

2

2.5

3

3.5

K
IcV

,
/K

IcV

=0°

=33°

=48°

=59°

=68°

=150°

Figure 3. Dimensionless apparent generalized fracture toughness versus dimensionless notch root
radius for the opening angles of the nano-cantilever considered in Section 2.2. For the sake of clarity,
two additional opening angles are added as references, i.e., ω = 0◦ and ω = 150◦. Irwin’s length
lch = (KIc/σu)2 ≈ 5.18 nm.
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The dimensionless crack extension is plotted in Figure 4. As ρ→ 0, the geometry reverts to the
sharp V-notch case, with the curves approaching the values provided by the function [35]:

lV
c =

2
λβ2(2π)2(1−λ)

lch, (12)

which leads to a decreasing crack length for higher notch amplitudes. As ρ increases the element

becomes smoother, and each function converges to the asymptotic value lc = 2/π
(

KIc
1.12σu

)2
. The

most significant deviations from the sharp case are again generally observed as the notch amplitude
decreases. Semi-analytical values of crack advancements are also reported in Table 3, showing that for
the current geometries all the crack advances were within 10%. Dimensionless values of the notch root
radius are reported as well.

0 5 10 15

/l
ch

0.3

0.4

0.5

0.6

0.7

0.8

l c
/l

c
h

=0°

=33°

=48°

=59°

=68°

=150°

Figure 4. Critical crack advancement versus notch root radius normalized by Irwin’s length, lch =

(KIc/σu)2 ≈ 5.18 nm.

Table 3. Critical crack advancement for the geometries under consideration. The reference crack
advancement related to a sharp notch provided by Equation (12) is also reported. Irwin’s length is
equal to lch = (KIc/σu)2 ≈ 5.18 nm.

ω (deg) ρ/lch lV
c (nm) lc (nm) lc/lV

c

33 1.97 3.27 2.64 0.806
48 2.67 3.25 2.62 0.807
59 3.90 3.23 2.60 0.805
68 1.22 3.17 2.83 0.894

Finally, the theoretical FFM estimations based on Figures 3 and 4 are compared with experimental
values. In order to obtain the experimental apparent fracture toughness, the stress at the notch
root σmax = σy(0) at incipient failure must be evaluated through FEM analysis. Indeed, numerical
simulations were already carried out in [30] to study the local stress state and are here exploited, for
the sake of simplicity. The experimental values of KV,ρ

Ic can be then easily obtained from Equation (13):
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KV,ρ
Ic exp. = σmax

(2πr0)
1−λ

[1 + ηθ(0)]
, (13)

and results are summarized in Table 4 and Figure 5. It is clear that FFM accurately estimates the
apparent generalized fracture toughness with a negligible error of 4.7% in the worst case (ω = 33◦),
and an excellent agreement in the best case (ω = 48◦).

0 1 2 3 4 5

/l
ch

0.5

1

1.5

K
IcV

,
 F

F
M

 /
 K

IcV
,

 e
x
p
.  = 59° = 48°

 = 33° = 68°

-5%

+5%

Figure 5. Comparison between experimental (denoted by exp.) and Finite Fracture Mechanics (FFM)
apparent generalized fracture toughness for the considered nano-cantilevers. The ratio is plotted
against the dimensionless notch root radius.

Table 4. Comparison between experimental (denoted by exp.) and FFM apparent generalized fracture
toughness (MPa m1−λ) for the considered nano-cantilevers. For the sake of clarity, dimensionless
values of the notch root radius are reported as well, where lch = (KIc/σu)2 ≈ 5.18 nm.

ω (deg) ρ/lch KV
Ic KV ,ρ

Ic FFM KV ,ρ
Ic exp.

33 1.97 1.04 1.50 1.43
48 2.67 1.08 1.70 1.70
59 3.90 1.15 2.05 2.04
68 1.22 1.25 1.56 1.50

4. Discussion

The results presented in Section 3 clearly show that the FFM is able to characterize the fracture
process of single crystal silicon nanoscale samples. The main advantage of the approach is that,
similarly to the TCD [30], it can easily handle notched and cracked geometries. Difficulties in realizing
accurate cracks, when dealing with ideal brittle fracture, are indeed well-known and could result in
apparent scale dependent fracture toughness. Figure 3 clearly shows that also for a very small notch
radius, the apparent generalized fracture toughness deviates from the sharp case. This means that
small notch radii cannot be assumed or simplified as sharp. This mistake is commonly made when the
FIB processing system (or chemical etching) is used to directly introduced a crack-like notch, based
on the assumption that for a small ρ/a ratio the geometry could be treated as a crack. Unfortunately,
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this assumption does not hold at a very small scale for ideal brittle materials such as the single crystal
silicon, that would require, ideally, an atomically sharp crack (ideal Griffith’s crack) [22] to determine
the proper constant and scale independent fracture toughness. The FFM approach proposed here,
instead, provides directly the generalized apparent fracture toughness and gives the possibility to
handle different notch radii and opening angles. This conclusion is supported by Figure 5, where the
failure assessment is reliable for all the geometries, with negligible differences.

FFM is added therefore to the list of methods that have been proven to be successful when applied
at small scale, such as the TCD [30] and the strain energy density [17]. Indeed, these methods share
several similarities. Strain energy density and FFM have the same proportionality between the critical
notch stress intensity factor and the two fundamental properties i.e., the fracture toughness and the
ultimate tensile strength. The difference is that in the FFM the relation depends on notch opening
angle only, while in the strain energy density it depends on Poisson’s ratio as well [51]. TCD and
FFM, instead, both rely on the definition of a critical length scale parameter. While according to the
TCD the critical distance is a material constant, the FFM critical crack advancement lc depends both
on the notch radius and amplitude [33]. Figure 4 shows that when the notch radius tends to large
values, i.e., smooth samples, all the curves converge towards the same constant value. In this case, the
energy requirement provides a constant crack advancement in agreement with the quantized fracture
mechanics (QFM) [52], while the stress condition reduces to σ = σu and determines the final failure.
When the notch radius tends to zero, the geometry reverts to the sharp V-notch case: In the crack case
(ω = 0◦), the energy balance reverts to KI = KIc and governs the failure mechanism, while the stress
requirement leads to the constant critical crack advancement related to the TCD line method [36].

Generally speaking, for all the methods based on a length parameter, the latter can be related
to Irwin’s length lch = (KIc/σu)2, with lch ≈ 5.18 nm in the present work. Recalling the synthesis by
means of the TCD presented in [30,36], it could be asserted that all the critical distances are proportional
to [53]:

lc =
1
π

(
KIc
σu

)2
=

1
π

lch. (14)

By substituting numerical values in Equation (14), a critical length lc ≈ 1.65 nm is obtained. This
value obviously agrees with the critical distance evaluated experimentally in [30] i.e., ≈ 1.3–1.9 nm,
and it is very close to the critical singular stress field length of 1.5–3 nm at which the continuum-based
LEFM breaks down, i.e., 4–5 times the fracture process zone of 0.4–0.6 nm [15,17,22]. Interestingly,
all the crack advancements presented in Table 3 are well far from the fracture process zone size.
Generalizing, Figure 4 shows that lc can only vary in a range of ≈ 0.45–0.65 lch, i.e., 2.3–3.4 nm. Again,
these values are larger than the fracture process zone size and the critical length. The results confirm
that if that low limit is not reached, continuum-based FFM method is still valid, despite the small
scale involved.

At a smaller scale, e.g., atomic scale, extension and generalization of the approach are possible.
The FFM, as introduced earlier, is a coupled criterion, i.e., it requires two conditions to be full-filled,
one based on stress and the other on energy considerations. The stress criterion could be developed by
considering the virial stress, provided that it is accepted as a representation of the mechanical stress at
the atomic scale as recently showed in [20], or by employing a traction vector-based stress recently
proposed in [54]. The energy criterion, instead, could be defined based on interatomic potential energy
as provided in some recent examples based on the energy release rate [22,23] and on the averaged
strain energy density [17].

The analysis presented here is limited to mode I loading conditions and to ideal brittle material.
In case of semi-brittle materials, experimental conditions could affect the elastic-plastic fracture
toughness, and scale dependency of fracture properties may occur [32,55]. This aspect should
be carefully considered to define proper mechanical properties and therefore failure conditions of
semi-brittle materials.
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5. Conclusions

When approaching small scales, the validity of continuum-based LEFM methods is questioned.
The present work sheds light on the applicability of the FFM approach by using experimental data
available in the literature related to blunt V-notched nano-cantilevers, made of single crystal silicon. The
work, therefore, focuses on ideal brittle fracture and mode I loading condition. The main conclusions
can be summarised as follows:

• The comparison with experimental tests shows that the FFM is able to predict the failure load
of notched nano-cantilevers at the considered small scale (Figure 5). The agreement between
experimental and theoretical apparent fracture toughness was excellent for all the opening angles
and notch root radii considered, with a maximum discrepancy of 4.7%.

• The validity of the FFM at the considered scale is due to the fact that the low limit of
continuum-based LEFM is not yet reached. Indeed, the crack advancements obtained are larger
than the fracture process zone of 0.4–0.5 nm evaluated by other authors (Figure 4 and Table 3).

• The critical length lc ≈ 1.65 nm agrees well with the critical distance and the singular stress
field length available in the literature and at which continuum-based LEFM breaks down. The
crack advancements obtained here are all well far from this value (Figure 4), further justifying the
validity of the method.

• Moreover, for very small notch root radii, the apparent generalized fracture toughness deviates
from the sharp case (Figure 3). The deviation is larger for small notch opening angles. When
dealing with cracks, if attention is not paid in the realization of an ideally sharp crack-tip, an
apparent size dependent fracture toughness may result from experimental tests.

• Based on the evidence presented in the current work, the FFM can be an extremely useful method
to predict the static failure of micro and nanodevices made of ideal brittle materials. Further
investigations should be done when dealing with semi-brittle materials.

• As further development, the extension of the method to the atomic scale is possible by substituting
continuum stress and energy formulations with the virial stress and interatomic potential
energy, respectively.
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