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Composite wing box deformed-shape reconstruction based on

measured strains: optimization and comparison of existing approaches

Marco Esposito*, Marco Gherlone

Politecnico di Torino

Department of Mechanical and Aerospace Engineering

Corso Duca degli Abruzzi 24, 10129 Torino, Italy

Abstract

The reconstruction of the displacement field of a structure (shape sensing) has become crucial for the

Structural Health Monitoring of aerospace structures and for the progress of the recently developing morph-

ing structures. As a consequence, shape sensing techniques based on discrete surface strains measurements

have seen a consistent expansion in the last few years. In this paper, the three main shape sensing methods,

the Modal Method, the Ko’s displacements theory and the inverse Finite Element Method, are presented.

The most recent and also novel improvements are discussed and added to the methods’ formulations. Then,

the three methods are numerically applied to a complex aerospace structure such as that of a composite

wing box experiencing bending and twisting deformations. For the first time, a detailed investigation on

the optimal strain sensors configuration is performed for all the three techniques simultaneously. Finally,

the methods’ performances, in terms of accuracy of the reconstruction and of number of required sensors,

are compared. The three methods show different characteristics that make them suitable for different ap-

plications, depending on the level of accuracy and the number of strain information required. The iFEM is

proven to be the more accurate but the more demanding in terms of required sensors; the Ko’s displacement

theory is capable of giving a rough estimation of the displacement field, but requires a small amount of

sensors; the Modal Method represents a trade-off between the other two in terms of accuracy and number

of sensors required.

Keywords:

Structural Health Monitoring; Shape Sensing; Strain Measurement; Wing Box.

1 Introduction

Structural Health Monitoring may have in the future a crucial role in the design and maintenance of aerospace

wing structures, where the use of composite materials is rapidly increasing. Since damage-tolerance design

of composite is strongly influenced by the difficulties in detecting non-visible damages, techniques capable of

monitoring damages in real time through the reconstruction of structural shape could significantly improve

composite wing structures performance and service life. Moreover, the recent development of morphing struc-

tures [1] can benefit from the application of the shape sensing techniques. Thanks to the real-time evaluation

of the displacement field, a feedback control system for the morphing mechanisms can be implemented [2].

The recent advancement in the strain sensing technology is also a factor that facilitated the progress in the

shape sensing methods based on the discrete strain measurements. The development of fiber optic strain sensing

*Corresponding author: marco.esposito@polito.it (Marco Esposito)

1



systems gives the opportunity to have a multiplex, highly sensible and highly integrated sensor for strain mea-

surement of composite structures. In fact, the Fiber Optic Systems based on fiber Bragg gratings (FBGs) and,

more recently, distributed systems based on Rayleigh scattering and Optical Frequency Domain Reflectometry

(OFDR), can be embedded in composite laminates during the layup phase [3, 4].

Four main categories of shape sensing methods based on discrete strain measurements have been proposed:

(1) methods based on numerical integration of experimental strains [5–11]; (2) methods using global or piece-

wise linear continuous basis functions to approximate the displacement field [12–25]; (3) inverse Finite Element

Methods (iFEM), based on a finite-element discretization and on a variational principle [26–46]; (4) method

based on the use of the Artificial Neural Networks (ANNs) [47,48].

This study will focus on the three methods that have proven to be more successful for aerospace applications

in the existing literature, the Ko displacement’s theory, the Modal Method and the inverse Finite Element

Method. They belong to the first, the second and the third category respectively. For an extensive review of

the other existing methods and their application, refer to [49].

The method proposed by Ko et al. [8] (Ko’s Displacement theory) is based on the classical Bernoulli-Euler beam

theory and it has been designed for the reconstruction of the deflection of wing structures. Axial strains are

measured at discrete locations along the wing span and curvature can be easily evaluated. Double integration

of the curvature provides the deflection shape at the same discrete locations. In addition, using more than one

sensing line along the wing span, it is possible to evaluate the cross-sectional twist angle due to torsion. The

method was applied to the doubly-tapered wing of the Ikhana unmanned vehicle in [9]. The test was conducted

on a high-fidelity FE model of the wing and resulted in an accurate prediction of the deformed shape of the wing

model. In [7], an experimental validation of the method was accomplished. The method was proven capable of

evaluating the tip deflection of the Global Observer UAV’s wing during a ground test. The vehicle was equipped

with two strain sensing lines of optical fibers along the span. A recent improvement of the Ko’s approach is due

to Pak and allows the full reconstruction of the displacement field by means of a modal transformation [50].

Pak’s methodology is based on a two-step process. In the first step the deflection along the sensing lines are

computed using the classical Ko’s displacements theory. The second step expands the shape sensing to the

whole structural domain using the SEREP modal transformation [51]. Pak validated the two-step procedure

numerically and experimentally on a wing shaped flat plate.

The methods based on basis functions use known spatial functions and unknown weights to describe the dis-

placement field of the structure. The weights are determined through the fitting of the reconstructed strains

function to the experimental discrete strains. In particular, the Modal Method makes use of the modal shapes

as basis functions. Foss and Haugse [15] and Pisoni et al. [23] introduced the method. Foss and Haugse used

experimentally measured modal characteristics to predict the static deformation of an aluminum cantilevered

plate. They also performed a study on the influence of the number and position of the strain sensors on a

numerically simulated plate. The possibility to use genetic algorithms to optimize the sensors configuration

was also explored. Pisoni et al. applied the method to the reconstruction of the displacements of a vibrating

clamped beam. The evaluation of the modal shapes of the structure is mandatory for the application of this

method although it can often result in an onerous process. The previously cited works used experimentally

computed modal characteristics of the structure. Differently, Bogert et al. [13] used modal characteristics com-

puted numerically through a FE model for the application of the Modal Method to a cantilevered plate. The

study also included a criterion for the selection of the modes more suitable for the application of the method.

The selection criterion is based on the evaluation of the strain energy of each mode. Rapp et al. [24] examined

in deep the influence of the number and location of strain sensors on the accuracy of the method. The authors

highlighted the importance of the strains location when using a little number of discrete strain measurements.

The inverse Finite Element Method is based on the minimization of a weighted-least-squares functional that

expresses the error between the strains due to the reconstructed displacements, discretized using finite elements,

and the actually measured ones. The formulation only makes use of strain-displacements relations. Therefore,

any information about materials or load acting on the structure is unnecessary. The iFEM method has been in-

troduced by Tessler and Sprangler [44]. They developed a three-node inverse shell element, iMIN3, based on the
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Mindlin plate theory. The method was extended to truss and beam structures by Gherlone et al. [30,31]. Since

its first development, the iFEM method has been successfully applied to a wide range of structural problems,

both by numerical simulation and by experimental campaigns. Tessler et al. [45] numerically reconstructed the

full-field structural displacements of a plate under bending loads. Quach et al. [43] demonstrated the applica-

bility of the iMIN3 elements to the detection of structural anomaly by an experimental application of iFEM to

an aluminum bar specimen. Gherlone et al. [49] validated the full-field displacements reconstruction capability

of the Inverse Finite Element Method on the application to a real wing-shaped thin aluminum plate. Recently,

Miller et al. [41] applied the iFEM to a half-span wing model with the aim of computing the wing deflection, the

wing twist and the internal loads. They used the classical triangular inverse element formulation and compared

the effect of three different sparse strains sensors configurations. They also evaluated the effect of noisy sensors

data.

To further enrich the iFEM capability, the elements library was extended by the implementation of a four-node

quadrilateral element by Kefal et al. [32], the iQS4. The iQS4 was developed using the Mindlin plate theory

and it has 6 degrees of freedom per node, including hierarchical drilling rotations. The new element was tested

on a cantilevered plate subjected to a bending load and a cantilevered beam under transverse shear loading.

The iQS4 was subsequently applied by Kefal et al. to the study of marine structures. The reconstruction of

the displacements and the stresses of a typical chemical tanker mid-ship [33], of a Panamax container ship [34]

and of a capsize bulk carrier [37] were successfully accomplished by the authors. Recently, another marine

application, the monitoring of cylindrical structures, inspired the development of a eight-node inverse curved

element, the iQS8 [38].

Few comparative studies involving the shape sensing methods have been carried on. Devorkian et al. [52] com-

pared the Ko’s displacement theory and the Modal Method on a swept cantilevered plate. The only comparison

of the three methods was performed by Gherlone et al. [49]. The three methods were applied on a real swept

wing-shaped aluminum plate. In both these works a study on the effect of sensors configuration is missing.

Aim of this work is to perform a comparative study on the performances of the Ko’s Displacement theory, of

the Modal Method and of iFEM, for the structural shape reconstruction of a complex structure such as that

of a composite wing box. The novelty of this work is represented by the structural complexity that the three

methods have to address and by the implementation of the most recent improvements in the application of the

Ko’s Displacement theory and of the iFEM, i.e., the modal extension due to Pak’s work and the 4-node element

formulation due to Kefal et al. A rigorous investigation of the optimal strain sensors configuration for all the

three methods is also conducted for the first time. A high-fidelity FE model of the wing box undergoing bending

and torsion is used to provide both input strain data and the displacement field as reference result. The three

methods are compared on the evaluation of the full vertical displacement field of the wing box.

The paper content is organized as follows. In sections 2-4 the three investigated shape sensing methods are

described in detail. In section 5, the test case and the results obtained during the research campaign are pre-

sented. In this section the wing box geometry, the load configuration and the sensors optimization process are

reported. In section 6, the obtained results are further discussed and some conclusions and recommendations

for future research development are proposed.

2 Modal Method

The Modal Method (MM), firstly introduced by Foss and Haugse [15], is based on a modal transformation

algorithm. This algorithm makes use of the modal characteristics of the structure in order to recover the

displacement field from discrete stain data.

Using the classical modal transformation from structural dynamics and a FE discretization of the displacement

field, both the displacements and the strains can be expressed in terms of the M modal coordinates q

w = Φd q (1)
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ε = Φs q (2)

where wDx1 is the displacement degrees-of-freedom vector, εSx1 is the discrete strain vector, [Φd]DxM is the

displacement modal shapes matrix (simply known as modal matrix) and [Φs]SxM is the strain modal shapes

matrix. More precisely, the i-th column of the Φs matrix correspond to the strain vector associated to the i-th

modal shape.

Displacement modal shapes and strain modal shapes can be easily computed through a Finite Element analysis

but they could be significantly difficult to estimate experimentally. The typical modal excitation source adopted

during modal tests results in very low strains, therefore requiring high degrees of accuracy, which are not always

easily achievable by measurement systems [15].

From Eq. 2 it is possible to express the modal coordinates in function of the strain modal shapes

q = Φ−1s ε (3)

Then, substituting Eq. 3 into Eq. 1,

w = ΦdΦ
−1
s ε (4)

thus obtaining an expression of the displacements in terms of modal matrices and strain vector.

Since in practical situations it is unlikely that the number of available strains (S) is equal to the number of

calculated modes (M), the method has to deal with non squared matrices. This problem is easily overcome

by the use of a least-square approach by means of Moore-Penrose pseudo inverse matrix formulation. Eq. 3 is

modified as follows

q = (ΦT
s Φs)

−1ΦT
s ε (5)

and consequently Eq. 4 is

w = Φd(ΦT
s Φs)

−1ΦT
s ε (6)

In the case of S < M , the problem would admit infinite solutions whereas, with S > M , the number of equations

is higher than the number of unknowns and the problem can be solved with the aforementioned least-square

formulation [21].

2.1 Modal selection criterion

The limitation on the number of retained modes, constrained by the number of available strain measures

(S > M), leads to the problem of finding a modal selection criterion. It is fundamental that the retained modes

are capable of representing the static deformation that the structure experiences under the load configuration

of interest.

Following the procedure described by Bogert et al. [13], it is possible to calculate the least-square fit of the modal

coordinates to the static solution with a limited number of retained modes (Mr) and consequently non-squared

modal matrix, [Φdr]DxMr
. Pseudo-inverting Φdr in Eq. 1 gives the possibility to compute the approximated

modal coordinates qr that can best represent, in a least-square sense, the static deformed shape w using a
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limited number of modes.

qr = (ΦT
drΦdr)−1ΦT

dr w (7)

Using the least-square approximated modal coordinates qr in Eq. 1, it is possible to compute the approximated

modal representation of the static solution wr using only the retained modes

wr = Φdrqr (8)

The modal representation of the static solution can be written as the summation of the contribution of each

mode

wr =

Mr∑
i=1

Φdriqri (9)

where Φdri is the i-th column of the Φdr matrix and qri is the i-th modal coordinate.

Therefore, the contribution of the i-th mode shape to the total modal representation is

wri = Φdriqri (10)

The strain energy associated with the i-th modal representation of the static deformation is

Eri =
1

2
wT

riKwri (11)

where K is the stiffness matrix.

Substituting Eq. 10 into Eq. 11 yields

Eri =
1

2
qTri ΦT

driKΦdri qri (12)

if modal shapes are normalized with respect to mass matrix

ΦT
driKΦdri = ω2

i (13)

where ωi is the natural angular frequency associated to the i-th mode, Eq. 12 becomes

Eri =
1

2
ω2
i q

2
ri (14)

Comparing the strain energy contribution of each mode with the total strain energy due to the static deformation

E =
1

2
wTKw (15)

it is possible to evaluate how much each mode and the summation of the retained modes is capable of representing

the static deformation. Therefore, a selection criterion based on the strain energy contribution is easily obtained.
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3 Ko’s Displacement theory

Ko’s Displacement theory exploits the Bernoulli-Euler beam theory to calculate the deflection and curvature of

a beam-like structure along a line where strains are measured.

According to the Bernoulli-Euler theory, the axial strain and the second derivative of the deflection along a

longitudinal coordinate p are correlated by the equation:

εpp(p) = −zw,pp(p) (16)

where z is the distance between the neutral axis and the strain sensor.

Since the strain in the current paragraph is always measured along the coordinate p, the subscript pp will be

omitted in the rest of the paragraph for notation simplicity.

If axial strain is evaluated at (N+1) discrete pi locations and it is assumed to be linear between two consecutive

locations along p, it is possible to evaluate the axial strain as a function of the coordinate p:

ε(p) = εi−1 +
(εi − εi−1)

(pi − pi−1)
(p− pi−1), pi−1 ≤ p ≤ pi (i = 1, 2, ...N) (17)

The double integration of ε(p) with respect to p leads to the following expression of the deflection at the i-th

discrete sensing point along the measurement line [49]

wi =− 1

6z

[
i∑

j=1

(2εj−1 + εj)(pj − pj−1)2 + 3

i−1∑
k=1

(εk−1 + εk)(pk − pk−1)(pi − pk)

]
(i = 1, 2, ..., N) (18)

Since Ko’s displacement theory was developed for the application on wings structures, the cantilevered beam

configuration was the one the theory was developed for. Therefore, clamped end boundary conditions (w(p =

0) = w(p = p0) = 0 and w,p(p = 0) = w,p(p = p0) = 0) have to be taken into account to obtain Eq. 18.

The Eq. 18 is valid for measurement points located at a constant distance from the neutral axis. This case is

suitable for the application of the present article. Other more general formulations that take into account the

variability of z have also been established [8, 9].

As described so far, the Ko’s displacement theory is able to evaluate the deflection only at the same location

where the strains are measured. In case of torsional deformation, the method can also be applied to roughly

estimate twist angle distribution along the chord of the wing-like structure. To achieve that, it is needed to

compute the difference between vertical deflection of different lines located at known distance along the chord.

3.1 Extension

Pak developed a method able to further extend the applicability of the Ko displacement’s theory [50]. Thanks

to a modal expansion process, the method is therefore capable to extend its capabilities to every degree of

freedom (DOF), in points different from the ones where the strains sensors are.

To apply the transformation, it is necessary to split the vector of the investigated DOFs into two groups, master

DOFs and slave DOFs. The ones that are calculated applying the standard Ko’s displacement theory are defined

as master (wm) those which it is desired to expand the method to are defined as slave (ws).

w =

{
wm

ws

}
(19)
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Once the slave and master DOFs are defined, a transformation that expresses both in terms of only the master

ones can be adopted

{
wm

ws

}
= Twm (20)

Through the System Equivalent Reduction and Expansion Process (SEREP) [51] it is possible to define the

modal transformation matrix in terms of the master DOFs modal shapes matrix, [Φdm]DmxM and the slave

DOFs modal shapes matrix, [Φds]DsxM , where Dm is the number of master DOFs, Ds is the number of slave

DOFs and M is the number of the retained modes. The two matrices are computed so that the i-th column of

the matrix contains the value of the i-th shape mode correspondent to the master or slave degrees of freedom

according to which matrix the construction refers to

T =

[
Φdm(ΦT

dmΦdm)−1ΦT
dm

Φds(Φ
T
dmΦdm)−1ΦT

dm

]
(21)

The use of SERP can therefore allow the calculation of every desired DOF starting from discrete strains mea-

surements. This kind of extension applied to the Ko’s Displacement theory improves the method but on the

other hand adds complexity in terms of required knowledge of the problem’s features. In fact, the knowledge

of the modal shapes become compulsory when this process is to be applied.

The same criterion previously applied (Sec. 2.1) for the selection of the modes to retain can be used for the

construction of the modal shapes matrices adopted by the SERP.

In the following of this paper, for simplicity, reference will always be made to Ko’s displacements theory although

it should always be considered the extended version of the method as described in this paragraph.

4 iFEM

Starting from the same direct FEM approach, the inverse FEM requires the discretization of the structural

domain with finite elements. Consequently, the kinematic variables inside each finite element are interpolated

from the nodal degrees of freedom values using shape functions. Finally, the displacement field is expressed

in terms of the kinematic variables according to a specific structural theory. Similarly to what happens for

the direct FEM, several structural models and theories are available for the development of inverse finite

elements, ranging from the Timoshenko beam theory [30] to the Mindlin plate theory [45] and the Refined

Zigzag Theory [29, 35, 36]. Considering that the numerical application considered in this paper is a composite

wing box with thin-walled components (skin, spars, stringers, ribs) and with a quasi-isotropic stacking sequence

(refer to Section 5.1), the Mindlin theory is considered to be adequate. In the following, the description of the

iFEM formulation will be introduced for a specific inverse element type based on Mindlin theory. Nonetheless,

the described iFEM approach is valid for different theories and elements.

The structural theory for plates adopted throughout this paper is the First order Shear Deformation Theory

(FSDT). According to this theory, the displacement field, coherent with the notation of Fig. 1, is

ux(x, y, z) ≡ ux = u+ zθy (22a)

uy(x, y, z) ≡ uy = v − zθx (22b)

uz(x, y, z) ≡ uz = w (22c)
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Figure 1: Plate notation.

where ux, uy, uz are the displacement components along the coordinate axes (x, y, z), u and v are the plate

mid-surface in-plane displacements, w is the transverse deflection, θx and θy are the bending rotations.

The structural domain is discretized using iQS4 four-node 2D inverse elements [32]. The formulation of iQS4

element, in terms of shape functions, is the same adopted in the MIN4 element developed by Tessler and

Hughes [53]. Moreover, to improve the membrane behavior of the element, the hierarchical drilling DOF, as

described by Cook [54], has been introduced in the formulation. Consequently, the element has 3 translational

and 3 rotational DOFs per node, accounting for a total of 24 DOFs. The elemental DOFs vector ue is then

formulated as follows

ue = [ ue
1 ue

2 ue
3 ue

4 ]T (23a)

ue
i = [ ui vi wi θxi θyi θzi ] (i = 1, 2, 3, 4) (23b)

The in-plane displacements are interpolated with bi-linear shape functions with respect to the nodal in-plane

DOFs, whereas a parabolic interpolation involving the drilling nodal degrees of freedom is added

u(x, y) =

4∑
i=1

Niui +

4∑
i=1

Liθzi (24a)

v(x, y) =

4∑
i=1

Nivi +

4∑
i=1

Miθzi (24b)

The transverse displacement and the two bending rotations are interpolated using the same anisoparametric

functions of the MIN4 element, using both linear (Ni) and parabolic (Li and Mi) functions

w(x, y) =

4∑
i=1

Niwi −
4∑

i=1

Liθxi −
4∑

i=1

Miθyi (25a)

θx(x, y) =

4∑
i=1

Niθxi (25b)

θy(x, y) =

4∑
i=1

Niθyi (25c)
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The detailed expressions of the shape functions Li, Ni and Mi can be found in [32].

It is possible to express the strains in terms of the nodal degrees of freedom as follows


εxx

εyy

γxy

 =


u,x

v,x

v,x + u,y

+ z


θy,x

−θx,y
(θy,y − θx,x)

 = e(ue) + zk(ue) = Bmue + zBbue (26a)

{
γxz

γyz

}
=

{
w,x + θy

w,y − θx

}
= g(ue) = Bsue (26b)

where Bm, Bb and Bs are the matrices containing the derivatives of the shape functions related to the strain

measures e, k and g, respectively. These strains measures represent the membrane strains, bending curvatures

and transverse shear strains of the element, respectively.

The aim of the iFEM is to reconstruct the displacement field that minimizes the error between the strains

generated from the reconstructed displacements and the actually measured ones. Therefore, an error functional

has to be defined.

The error is expressed by means of a weighted least-square functional that takes into account the error for each

one of the strain components. Following the method guidelines, the functional Ψe for each element is then

formulated

Ψe(u
e) = λe ‖e(ue)− eε‖2 + λk ‖k(ue)− kε‖2 + λg ‖g(ue)− gε‖2 (27)

where superscript ε denotes the strains measures evaluated from experimentally measured strains and e(ue),

k(ue), and g(ue) are the analytical strain measures expressed in terms of the nodal degrees of freedom.

The coefficients λ in Eq. 27 serve as penalty factors to take into account for the presence or absence of the

strain measures within the element. Since the transverse shear strains can not be measured, the transverse shear

contribution to the functional is always penalized, λg = 10−4. In the case that an element has no measurements,

all the members of Eq. 27 are penalized using λe = λk = λg = 10−4. On the contrary, when strain measures

within an element are available, the weighting factors λe and λk are set to 1. More in general, if one single

measure is present or absent, the correspondent λ coefficient is set to 1 or 10−4.

In case of existing strain measures, the squared norms in Eq. 27 are given as

‖e(ue)− eε‖2 =

∫∫
Ae

(e(ue)− eε)
2
dxdy (28a)

‖k(ue)− kε‖2 = (2h)2
∫∫

Ae

(k(ue)− kε)
2
dxdy (28b)

where h is the half-thickness of the plate and Ae is the area of the element.

In case of absence of measures, the squared norms in Eq. 27 are computed as follows

‖e(ue)‖2 =

∫∫
Ae

e(ue)2dxdy (29a)

‖k(ue)‖2 = (2h)2
∫∫

Ae

k(ue)2dxdy (29b)

‖g(ue)‖2 =

∫∫
Ae

g(ue)2dxdy (29c)
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Once the error functional is computed, it has to be minimized with respect to the nodal degrees of freedom.

This leads to the system of linear equations typical of the finite elements problem

∂Ψe(u
e)

∂ue
= keue − fe = 0 (30a)

ue = ke−1fe (30b)

The problem is completed by operating a standard finite element assembly procedure over all the elements of

the structure. In fact, from the local matrices and vectors it is possible to evaluate the global coefficients matrix

K and the global vector of known terms F and therefore calculate the vector of the global degrees of freedom

of the structure U (after imposing the boundary conditions)

U = K−1F (31)

The method’s input data relative to membrane strains (eε
i ) and bending curvatures (kε

i ) can be easily computed

from experimentally measured surface strains at the i-th point location (Figure 2) [45]. These input data can

be evaluated measuring the surface strains on top and bottom surface of the plate

eε
i =

1

2


ε+xx + ε−xx

ε+yy + ε−yy

γ+xy + γ−xy


i

(32a)

kε
i =

1

2h


ε+xx − ε−xx
ε+yy − ε−yy
γ+xy − γ−xy


i

(32b)

𝑥(𝑦)

𝑧
𝑥&(𝑦&)

ℎ

ℎ

𝜀))* 𝜀++* 𝛾)+* &

𝜀))- 𝜀++- 𝛾)+- &

Figure 2: Strains measurements.

The experimental strains measures can be evaluated, thanks to Eq. 32, at a discrete finite number of locations

within the elements. Since in Eqs. 28 the strains measures are evaluated on the entire element domain, a

method to expand the experimental measure to the entire domain has to be established.

4.1 Single strain smoothing

In typical finite elements applications, the integrals are calculated numerically. In particular, the Gauss quadra-

ture is commonly used. By using this technique, the integrals in Eqs. 28 are transformed into summations of

the function over the nxn Gauss points multiplied by the corresponding ωi quadrature weights. Consequently,

to exactly perform the squared norms, at least nxn strain measurements for each element are required.

To reduce the number of measurements to only one, the same smoothing approach used for the functional in

case of missing strain data has been introduced. Considering that for odd number of Gauss points there is

always a Gauss point located at the centroid of the element, only one measure at centroid location of each

sensorized element has been considered. Then, weighting factors χi within the Gauss summation have been
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introduced [55]. As for the aforementioned smoothing technique, a penalty factor of χ = 10−4 has been associ-

ated to the Gauss points without measures, while a factor of χ = 1 has been associated to the centroid.

The novel approach modifies the integrals in Eqs. 28 as follows

‖e(ue)− eε‖2 =

nxn∑
i=1

χiωi (e(ue)i − eε
i )

2

‖k(ue)− kε‖2 = (2h)2
nxn∑
i=1

χiωi (k(ue)i − kε
i )

2


(
χi=centroid = 1

χi 6=centroid = 10−4

)
(33)

5 Numerical analysis

The three methods mentioned above were numerically tested and compared on a rectangular composite wing

box. The reference displacements and the relative strains for the application of the methods were calculated

from a high-fidelity direct FE model, using the commercial FEM code MSC/NASTRAN®. For the computation

of the modal shapes, necessary for the application of the Modal and Ko methods, the same model was used. An

optimization of the sensor positioning for all the three methods was conducted in order to compare the three

techniques performing each at its own best possibilities.

5.1 Test case

The test case analyzed was a composite wing box with a constant rectangular cross-section along the wing span.

The wing span length considered was 1600 mm, while the cross-section was characterized by a height of 201

mm and a chord of 667 mm. The wing box presented four T-shaped stringers located two on the top and two

on the bottom panel and its wing span was divided into three bays by two rectangular ribs. Four stiffeners were

used in the corners of the box to connect skin and spars (Fig. 3a).

All the structural components are composite laminates whose lamina characteristics are summarized in Table

1. A quasi-isotropic (+45/ − 45/0/90)s stacking sequence was assigned to all the components. The lamina

thickness for the skin and spars was set to 0.25 mm while for the other components it was set to 0.2 mm.

E11[GPa] E22[GPa] ν12 G12[GPa]

111 7.857 0.34 3.292

Table 1: Lamina characteristics.

The load case considered for the analysis was the following. Root section clamped boundary condition were

considered and a distributed trapezoidal load along the chord direction was applied on the upper skin at the

tip section, as showed in Fig. 3b, where q = 16 N/mm. The investigated deformation that resulted from this

load case showed both bending and torsional components.
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𝑞

2𝑞

a) Geometry b) Boundary conditions

Figure 3: Wing box.

5.2 Models

Two models of the structure were realized. A high-fidelity reference FE model and an inverse FE model.

The high-fidelity model is constituted of 21004 CQUAD4 NASTRAN® elements and 16027 nodes (Fig. 4a).

The use of plate elements based on Mindlin theory is considered to be accurate since the wing box is made of

quasi-isotropic and thin-walled components. Moreover, the mesh pattern and the number of CQUAD4 elements

have shown to provide convergent results.

The data for the investigated deformed shape were retrieved from the direct analysis of this model. More in

details, the reference value for the reconstruction of the displacements and the input strains for the application of

the three methods were calculated with the high-fidelity FE model. The modal characteristics of the structures

were also computed using this model. The results of the modal analysis will be discussed more in details in the

next paragraph.

The inverse model was realized using a coarser mesh of 1427 iQS4 quad elements and 1064 nodes (Fig. 4b). The

requirement of a coarser mesh for iFEM is due to the fact that a good ratio between sensorized and unsensorized

elements is necessary. A finer mesh, although capable of better representing the deformation, would require a

larger number of sensors.

𝑥

𝑦

𝑧

a) High fidelity FEM b) iFEM

Figure 4: Models.

12



The two models have some compatibility characteristics necessary to compare the iFEM solution with the

reference one and to correctly attribute the input strains to the inverse finite element method. All the nodes

of the iFEM model have a corresponding node in the FE model, so that a comparison between the nodal

displacements can be performed. Moreover, the centroids of the inverse element are located where the FE mesh

has a node. Thanks to this correlation it is immediate to attribute the nodal strain from the FE solution to the

corresponding elements of the iFE model, according to the single strain smoothing technique (Sec. 4.1).

5.3 Modes selection

The modal analysis was developed using the high-fidelity model. The first 50 mode shapes were calculated with

the NASTRAN®’s SOL 103. Once the mode shapes were evaluated, the strain energy contribution to the static

deformation’s strain energy of each mode shape was computed (Sec. 2.1). The mode shapes from 31 to 50 were

discarded because of the low level of reliability the numerical high frequency mode have. The first 30 modes

are able to represent the 90.7% of the total deformation strain energy. Within the selected range of the first

30 modes, the modes that contribute most to the total strain energy are the 1st, 3rd and 26th, as shown in

Fig. 5. The summation of these three modes contributes to the total strain energy for the 89.7%. Therefore,

these modes were selected for the construction of the modal matrices necessary for the application of the Modal

Method and for the extension of the Ko’s Displacement theory.

Figure 5: Modes contribution to the total deformation strain energy.

a) Mode 1 b) Mode 3 c) Mode 26

Figure 6: Selected mode shapes.

5.4 Strain sensors optimization

The three methods’ performance strongly depend on the number and position of the strains information that

are provided to them. In order to make a consistent comparison of the three methods, it was chosen to compare

them when performing in their optimum condition with a limited number of sensors. Therefore, the best strains

sensors locations and directions, using a fixed number of sensors, were investigated for each technique.

The investigation over the best sensors configuration can be expressed as the search for the configuration

13



that minimizes the value of the error between the reconstructed and the reference deformation. The solution

landscape, that represents the different solutions for the different configurations, can result really complex and

rugged, with multiple local minima values of the error. This kind of solution landscapes are particularly suited

to be explored with a genetic algorithm optimizer. Moreover, genetic algorithms have been already successfully

applied to the study of the sensors configuration for shape sensing by Foss and Haugse in [15]. As a consequence,

also in this work, the sensors configuration investigation was carried on using a genetic algorithm optimizer.

The optimizer operated in two selection phases. During the first one, a selection criterion based on the individual

fitness value was adopted. During the second one, a selection criterion based on the individual ranking was used.

The first phase is capable of a broader search that helps to not get stuck in local optima whereas the second

phase is capable of increasing the selective pressure towards the best configuration, only after the broader search

is accomplished. Both phases were stopped when no significant increase in the objective function was observed

over 10 generations. Each generation comprised a population of 500 individuals and within each generation, the

one-point crossover, the two-points crossover, the mutation and the permutation genetic operators have been

applied with a probability of 1, 0.9, 0.001 and 0.001 respectively.

The detailed description of the optimization parameters will be provided in the next sections.

5.4.1 Objective

The objective of the optimization was to minimize the root mean square percent error between the displacements

along the z direction (Fig. 4) of the high-fidelity FEM (wref ) and the ones reconstructed with the three methods

(w):

%ERMSw = 100×

√√√√ 1

n

n∑
i=1

(
wi − wref

i

wref
max

)2

(34)

where wref
max is the maximum value of the reference vertical displacements. The vertical displacements were

considered because they are related to the main global deformation of the wing box.

In order to perform a consistent comparison, for every method, the vertical displacements, and consequently

the %ERMSw, were calculated over the n nodes that the iFEM mesh and the reference mesh have in common.

5.4.2 Variables

As previously noted, the aim of the optimization was to find the best sensors configuration for the three meth-

ods. As a consequence, the optimization variables for this problem were the sensors location and the kind of

strain measured by the sensor. The kind of measurement is defined by the strain component or the strains

components measured by the sensor.

Since the Ko’s Displacements theory is formulated for strains along the wingspan direction, the only type of

sensor admitted in the optimization was the single component strain gauge in that direction. On the other

hand, the iFEM and MM can admit different direction strain measurements. Therefore, the optimizer could

select two type of sensors, the single component strain gauge and the 3 components rosette.

The number of sensors was initially established in 108 units and could not be directly changed during the opti-

mization process. Nevertheless, the possibility to select one sensor more than once, and consequently decrease

the total number of information actually used, was left.

Summarizing, the optimization process consisted in selecting 108 sensors for each method. For the Ko’s Dis-

placement theory this resulted in a maximum of 108 single strain gauges. For the iFEM and MM it resulted

in a minimum of 108 single strain gauges and maximum of 108 strain rosettes, accounting for a maximum of

324 single strain measures. The selected number of sensors could be decreased for each method if some sensors

were picked more than once by the optimizing algorithm.
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5.4.3 Sensors search space

The search for the optimum sensors locations was performed selecting them between a limited number of possible

positions. As for the evaluation of the ERMSw, the iFEM model is the one that somehow limited the sensors

search space. In fact, the iFEM method, using the approach described in (Sec.4.1), only admit one sensor in

the centroid of each element. Therefore, the admissible sensors positions are the ones that lay in the centroid

of the inverse elements.

Considering the practical difficulties connected to the application of sensors inside the wing box, only strains

measured on the external surface were considered. Therefore, for the computation of the strain measures in Eqs.

32, constant values of the strains through the thickness of each plate were considered. This approximation is

admissible if the thickness of the skin panels is considerably smaller than the one of the entire wing box. In that

case, the variation of the strains through the plate thickness can be considered negligible with respect to the

variation of the strains through the entire wing box. As a consequence, the areas were structural components

overlap were not considered part of the sensors search space because of the resulting increase in the global plate

thickness.

Given the previous considerations, the resulting variables search spaces for the optimization algorithm are

showed in Fig. 7 for lower and upper skins and in Fig. 8 for front and rear spars.

𝑦"#$

𝑥"#$

Figure 7: Skins sensors search space.

𝑥"#$𝑦"#$
45°

Figure 8: Spars sensors search space.

The Ko Displacement’s theory was applied considering the entire wing box as a beam-like structure. Conse-

quently, the only considered strains for this method were the one from the upper and lower skins (Fig. 7).
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According to the method’s prescriptions, only the strains in the wingspan direction εxst were considered.

For iFEM and MM all the positions showed in both the skins and the spars were allowable. For each position

either single strain gauge, measuring the strain along the wingspan direction εxst , or strain rosettes, measuring

the three strain components εxst , εyst and γxstyst , were considered. The strains sensors directions on the spars

were inclined by 45 degrees to better catch the shear deformation that these components typically experience.

5.5 Results

The results of the optimization in terms of ERMSw and number of selected sensors are summarized in the

following table:

Ko MM iFEM

ERMSu [%] 49.9 62.3 15.8

ERMSv [%] 11.8 8.4 4.3

ERMSw [%] 6.9 4.8 1.8

Sx 28 27

Rxy 45 108

Stot 28 162 324

Table 2: Optimization results.

The numbers of single strain sensors (Sx), strain rosettes (Rxy) and total strain measurement (Stot), reported

in Table 2, are referred to the real number of sensors used in the application of each method, removing the

repeated sensors that the optimizer selected. In Table 2, the ERMSs are also reported for the displacements

along the x direction (ERMSu) and along the y direction (ERMSv). As already explained in Section 5.4.1,

the vertical displacements are the prevalent ones in this application, therefore, the ERMSw is used as the

primary variable to assess the accuracy of the shape reconstructions. Moreover, when analyzing the errors of

the reconstruction along x and y, it is important to take into account that the sensors configurations have not

been optimized in order to minimize these values, but the ones along z.

The sensors distribution for the configurations described in the table and the resulting reconstructed deforma-

tions are plotted in Figs. 9-14. Figure 15 shows the deflections, computed with the three methods and with the

high-fidelity Finite Element reference model, of a line of nodes belonging to the lower panel and located close

to the mid-chord position (x = 363.182).

The best accuracy, with respect to the ERMSs along all the three directions, is obtained by the iFEM method.

An ERMSw slightly below 2% is observed. The optimization process, in this case, selected the maximum num-

ber of sensors to reach this value of the error. As showed in Fig. 10, the rosettes are all positioned on the spars

of the wing box. The resulting reconstructed deformation doesn’t show large discrepancy with respect to the

reference one.

On the other hand, the Ko’s Displacement theory’s results were obtained with a low number of sensors

selected by the optimizer to reach a modest 6.9% value of the ERMSw. The few sensors are located on the lines

located as close as possible to the leading and trailing edge of the wing (Fig. 12). The low number of sensors

is due to the fact that the optimizer selected many times the same sensors. This behavior was studied in more

details. A second optimization was performed, adding a penalization factor to all the solutions with repeated

sensors, in order to force the optimizer to select the maximum number of sensors available. The results showed

an even poorer ERMSw value for the optimal solution. A high number of sensors, for this test configuration,

seemed to not have a beneficial effect on the evaluation of the vertical displacements in the application of the

classical Ko’s theory in the first step of the extended procedure. Therefore, a larger number of sensors resulted

in a larger number of inaccurate vertical displacements used in the subsequent modal transformation. As a

consequence, the transformation somehow amplified the errors from the master DOFs, leading to a higher value
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of the global error.

Looking at Fig. 11 is possible to notice some discrepancy between the reconstructed and the reference deforma-

tion. Especially in the bay at the tip, it is possible to observe that the reconstructed displacement is strongly

biased by the skins’ deflection waves of the first mode shape of the structure (Fig. 6). From Fig. 15 it is easy

to observe the inaccuracies of the method in the reconstruction of the deflection inside the last two bays and

the tendency of the method to reproduce the modal shapes.

A trade-off between the two methods previously described is provided by the Modal Method. The method is

capable of reaching an acceptable accuracy with a modest number of sensors.

The optimizer selected both single strain sensors and strain rosettes and some repetitions occurred. The distri-

bution of the sensors over the structure doesn’t show a recognizable pattern (Fig. 14). A study that avoided

the repetition was performed for this method too. In this case, the use of all possible sensors didn’t affect the

global error. The study suggested that the 4.8% ERMSw seems to be the maximum accuracy the method is

capable to reach, regardless of how many strain measurements and modes are used. In fact, an analysis with

the full set of strains measures and including all the 50 computed modes, resulted in the same ERMSw value

of 4.8%, proving that the modes selection and the sensors optimization is capable to reach an asymptotic best

value of the error.

The shapes comparison (Fig. 13) and the bottom mid-chord line deflection (Fig. 15) showed the same behavior,

although with less intensity, of the Ko’s Displacements theory. Deflection waves in the second and third bays’

lower and upper panels are observed. These waves are present in the 1st mode shape (Fig. 6) of the structure.
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a) isometric view b) lateral view

Figure 9: iFEM shape reconstruction (Scale factor for the displacements = 7).
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a) front spar (x = 0)
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45° R*+

b) rear spar (x = 670)

Figure 10: iFEM sensors distribution.
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a) isometric view b) lateral view

Figure 11: Ko’s displacements theory shape reconstruction (Scale factor for the displacements = 7).
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a) upper skin (z = 201) b) lower skin (z = 0)

Figure 12: Ko’s displacements theory sensors distribution.
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a) isometric view b) lateral view

Figure 13: Modal Method shape reconstruction (Scale factor for the displacements = 7).
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c) rear spar (x = 670)

Figure 14: Modal Method sensors distribution.
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Figure 15: Vertical displacement along the mid-chord line (x = 363.182) on the bottom panel.

6 Conclusions

This paper compared three shape sensing methods, iFEM, the Modal Method and the Ko’s Displacements

theory, on a complex structure undergoing a complex deformation, a composite wing box subjected to bending

and torsion. The methods have been described in details and some modifications to the classical formulations

have been discussed. In particular, an extension of the Ko’s Displacements theory, that allows to predict dis-

placements in arbitrary positions on the structure, has been described. Moreover, a modified approach, able to

increase the reliability regarding the strain association to the iFEM’s 4-node elements, has been developed.

The comparison involved an optimization of the sensors configuration that allowed to compare the best perfor-

mances of each method. The final configurations have been compared evaluating the accuracy to predict the

vertical displacements of the whole structure. The number of sensors was established and could be lowered only

if it was proven to increase the accuracy of a method.

The iFEM showed to be the more accurate in reconstructing the vertical displacements of the wing box. Al-

though being more accurate, it also required the largest number of sensors to reach its best performance. The

Modal Method was able to predict the deformation with acceptable accuracy using less sensors. Finally, the

Ko’s Displacements theory was able to provide a rough estimation of the deformed shape requiring very few

sensors.

To complete the comparison, it has been verified that the use of a higher number of sensors for the Ko’s Dis-

placement theory and the Modal method was ineffective or even detrimental for the methods’ performances.

Therefore, it was demonstrated that even with the same number of sensors they could not reach the level of

accuracy obtained by the iFEM.

In conclusion, the methods showed different characteristics that could be useful for different purposes and dif-

ferent requirements. The possibility to have a high number of sensors and the requirement for a high precision

suggests the use of the more accurate iFEM method whereas, a scarcity of sensors and the requirement of a

first-approximation estimate suggests the use of the Ko’s Displacement theory. The Modal Method represents

a trade-off between these two methods, being capable of a decent accuracy with a medium number of sensors.

The Modal Method and the Ko’s Displacement theory, as formulated in this work, require the knowledge of the

modal characteristics of the structure whereas the iFEM doesn’t have this requirement. Consequently, a further

study on the robustness of the first two methods with respect to uncertainties of the structural characteristics

should be considered for a more complete comparison. A sensitive study on the influence of noisy strain data

should also be considered for further analysis, as it is a problem to address in the case of real structures ap-

plications. Moreover, a more exhaustive study on the influence of the number of sensors on the performance

of the three methods should be carried on in future works. In particular, the possibility of virtually expanding

fewer sensors’ data through interpolation or other techniques should be considered.
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