
20 March 2024

POLITECNICO DI TORINO
Repository ISTITUZIONALE

PEC Wedge Structures in Complex Environment using the Generalized Wiener-Hopf Technique / Daniele, V. G.;
Lombardi, G.; Zich, R. S.. - ELETTRONICO. - 2019 IEEE International Conference on Computational Electromagnetics,
ICCEM 2019 - Proceedings:(2019), pp. 1-3. (Intervento presentato al  convegno 5th IEEE International Conference on
Computational Electromagnetics, ICCEM 2019 tenutosi a Shanghai, Cina nel 2019) [10.1109/COMPEM.2019.8778902].

Original

PEC Wedge Structures in Complex Environment using the Generalized Wiener-Hopf Technique

IEEE postprint/Author's Accepted Manuscript

Publisher:

Published
DOI:10.1109/COMPEM.2019.8778902

Terms of use:

Publisher copyright

©2019 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any
current or future media, including reprinting/republishing this material for advertising or promotional purposes, creating
new collecting works, for resale or lists, or reuse of any copyrighted component of this work in other works.

(Article begins on next page)

This article is made available under terms and conditions as specified in the  corresponding bibliographic description in
the repository

Availability:
This version is available at: 11583/2784777 since: 2020-01-24T11:54:58Z

Institute of Electrical and Electronics Engineers Inc.



PEC Wedge Structures in Complex Environment 
using the Generalized Wiener-Hopf Technique 

 

Vito G. Daniele, Guido Lombardi, Rodolfo S. Zich 
DET - Politecnico di Torino 

Istituto Superiore Mario Boella 
Torino, Italy 

vito.daniele@polito.it, guido.lombardi@polito.it, rodolfo.zich@torinowireless.it 
 

 
Abstract— In this work we present a new methodology to 

study complex canonical electromagnetic scattering problems 
constituted of perfectly electrically conducting (PEC) wedges 
immersed in complex environment. The method is based on the 
Generalized Wiener-Hopf Technique (GWHT) proposed by the 
authors. Engineering applications are considered in the field of 
electromagnetic compatibility and antenna technology. 
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I. INTRODUCTION 

Recently, the Generalized Wiener Hopf technique (GWHT) 
[1-2] has demonstrated its efficacy in studying complex 
diffraction problems (see for instance [3-9] and references 
therein).  

In particular in this paper we consider wedges in complex 
environment. By slightly modifying the structure we present 
different electromagnetic practical problems. 

For example, using the proposed method, the structures 
presented in Fig. 1 are modelled via similar mathematical 
equations although they represent different applications. 

Fig. 1.a may be considered a wedge structure lying on a 
inhomogeneous material (half dielectric, half free space) while 
Fig. 1.b can be considered a waveguide structure filled by 
dielectric material and terminated by an infinite horn. Both, for 
instance, may be considered for modelling inlets in aerospace 
engineering.  

The solution method based on the Generalized Wiener-
Hopf Technique consists of the following steps:  

1) For each canonical sub-region we deduce the 
Generalized Wiener-Hopf Equations (GWHEs) in spectral 
domain 

2) We perform the Fredholm factorization technique [10-
11] to reduce the GWHEs to integral representations by 
eliminating some of the WH unknowns (plus or minus)  

3) By coupling the integral representations of the regions 
we obtain a system of Fredholm integral equations (FIEs) in 
terms of one kind of WH unknowns. The integral 

representations allow to obtain approximation of the other kind 
of unknown. 

4) We perform analytical continuation of the 
approximate solution of the FIEs via difference equations 
obtained from the GWHEs 

5) We evaluate physical and engineering parameters in 
terms of field components.  

With steps 2-4 we substitute the fundamental mathematical 
procedure used in classical Wiener-Hopf (WH) technique [12] 
based on kernel factorization, decomposition and application of 
the Liouville’s theorem. 

 
Fig. 1. Scattering by PEC Wedge structures in Complex Environment: a 

PEC wedge lying on a inhomogeneous material (half dielectric, half free 
space). Case (a) with > /2, case (b) with </2 (the infinite horn). 



With reference to Fig. 1, cartesian coordinates (x,y,z) as 
well as cylindrical coordinates (,z) centered in O are used to 
describe the problem.  The geometry of the figure is basically a 
a PEC wedge lying on a inhomogeneous material. 

With reference to Fig. 1, two regions are identified: the 
angular region A (0<y>0) and the inhomogeneous region 
B (-d<y<0) subdivided into two sub-regions: the free space 
rectangular region B1 (x>0, -d<y<0) and the rectangular 
dielectric region B2 (x<0,-d<y<0) characterized by the 
dielectric permittivity r. 

In this work we consider time harmonic electromagnetic 
field with a time dependence specified by ejt which is omitted.  

For the sake of simplicity, in this work we present the 
problem only at Ez-polarization thus the field is independent 
from z and it has non-null Ez(x,y,z), Hx(x,y,z), Hy(x,y,z).  

The structure can be illuminated either by a modal field 
coming from the waveguide B2 or by a plane wave from 
region A with azimuthal direction o and with propagation 
constant k. In this paper we focus the attention on the modal 
source. 

For each region, taking inspiration from [13-15], we 
introduce the use of network representation of the relevant 
GWHEs and their integral representations. This framework 
allows to order and systematize the mathematical procedure 
avoiding redundancy. 

II. FORMULATION 

The formulation of the problem in spectral domain is 
defined in terms of Laplace transforms 

( ),  ( ),  ( )aV I I m      respectively of the Ez at Hx at 

and H at : 
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(1). 

With reference to [1-2] the GWHE of region A is 

 ( ) ( ) ( ) ( )aY V I I m          (2). 

where ( ) ( ) / oY k Z    , 2 2( ) k    , 

cos ( )sinm       .  

We note that the unknowns defined in (1) and used in (2) 
are defined into different complex planes, i.e.  and m, thus (2) 
is a generalized version of Wiener-Hopf equation. The 
introduction of a special spectral mapping [1-2] and the 
application of Fredholm factorization [10-11] allows to 
eliminate the minus unknown ( )aI m   yielding an integral 

representation that relates the plus unknowns (1). Mapping 
back the integral representation to  plane we obtain [15] 

 ( ) ( ) ( ) [ ( ')],I Y V V         Y  (3). 
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and u(t) is the unit step function. 

In (3) we have used an abstract notation that is associated to 
an equivalent network as in [15]. In particular region A is 
modelled via algebraic-integral operator admittance that relates 
the plus unknown ( )V   to ( )I  see Fig. 2. 

 

 
Fig. 2. Equivalent network model of region A corresponding to (3) 

 

For what concerns region B, due to the presence of 
inhomogeneous sub-regions, the procedure to get an integral 
representation for ( ),  ( )V I   presents some difficulties 

that were not present in a similar problem with a homogenous 
region B, see [6-7]. 

In this case, we need to start from the analysis of the wave 
equations with the help of the characteristic Green function 
procedure as applied in [13-14]. Continuity at the interface x=0 
allows to obtain the final representation. 

By applying the unilateral Fourier transform to the wave 
equation for the Ez component we get  
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in  plane where the right-hand-side is related to the field 
components at the interface x=0 (initial conditions) and 

2 2k    is the spectral propagation constant. 

Focusing the attention on region B1, enforcing the 
boundary conditions we obtain: 
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To have a closed mathematical problem we represent  

1 ( )f y  with a modal representation of the field obtained for 

x=0- thus in region B2: 
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Finally we obtain 

 ( ) ( ) ( ) ( ) ( ) ( )i
dI Y V                 (7). 

where the  functions depend on the source, the modal field 
expansion of region B2 ( n ) and ( )V 
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Considering the regularity properties of ( )I   and ( )V   

we obtain a representation of the coefficients Cn in terms of  
( )nV   , thus (7) is a closed problem. 

The application of Fredholm factorization to (7) allows to 
eliminate the minus function ( )   and it yields the integral 

representation  

 ( ) ( ) ( ) ( ) ( ) [ ( ')]i
d dI Y V V              Y  (8). 

As per (3), (8) can be interpreted as an equivalent network 
where the algebraic-integral operator admittance (right hand 

side) relates ( )V   to ( )I   with a source term ( )i   and 

a dependent source term ( )  . 

After noting that   and  are the same spectral variable 
and considering (3) and (8), we eliminating by substitution 

( )I  .  

The result is a Fredholm integral equation of second kind in 
terms of ( )V   where a limited number N of Cn can be 

considered. The equation is amenable of solution with simple 
discretization procedure [16].  

Approximate representation of ( )I   are obtainable via 

(3) or (8). 

To compute practical engineering parameters we need an 
analytical extension of the approximate solution, thus we resort 

to difference equations obtained from the GWHEs in the 
angular complex plane w (=-k cos w). 

Details on the implementation and numerical results in 
terms of physical and engineering parameters will be reported 
during the presentation at the conference. 
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