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Strichartz estimates for the metaplectic
representation

Alessandra Cauli, Fabio Nicola, Anita Tabacco

Abstract. We provide new estimates for the matrix coefficients of the
metaplectic representation, inspired by a formal analogy with the Stri-
chartz estimates which hold for several classes of evolution propagators
U(t). The one parameter group of unitary operators U(t) is replaced by
a unitary representation of a non-compact Lie group, the group element
playing the role of time; the case of the metaplectic or oscillatory repre-
sentation is of special interest in this connection, because the Schrodinger
group is a subgroup of the metaplectic group. We prove uniform weak-type
sharp estimates for matrix coefficients and Strichartz-type estimates for
that representation. The crucial point is the choice of function spaces able
to detect such a decay, which in general will depend on the given group
action. The relevant function spaces here turn out to be the so-called
modulation spaces from Time-frequency Analysis in Euclidean space, and
Lebesgue spaces with respect to Haar measure on the metaplectic group.
The proofs make use in an essential way of the covariance of the Wigner
distribution with respect to the metaplectic representation.

1. Introduction and statement of the main results

We study some new estimates for matrix coefficients of the metaplectic represen-
tations which are inspired by a formal analogy with the dispersive and Strichartz
estimates in PDEs (see e.g. [26] and the references therein). Namely, we know
that the Schrodinger propagator U(t) = €2 in R” satisfies the so-called disper-
sive estimate

U@l S 2] s
as well as mixed-norm estimates, known as Strichartz estimates, which read
U@ La@;Lr@ny) S 1]z @ny
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for % +2=1%4,2<¢q,r<ooand (¢q,r,n)# (2,00,2).

The propagator U(t) is a strongly continuous unitary representation of the
abelian group R. Now, for a non-compact abelian group G, the irreducible unitary
representations are one-dimensional and their matrix coefficients are just (multiples
of) the group characters, with no decay at all. The above decay is in part due to a
lack of “coherence” of the irreducible components of U(t): frequency components
move in different directions and with different speeds.

Motivated by the importance of decay estimates in representation theory and
ergodic theory (see e.g. [19, 21] and the references therein), Strichartz-type es-
timates seem worth investigating for strongly continuous unitary representations
w: G — U(H) of a non-compact locally compact group G, where H is a Hilbert
space. The representation u(g) plays now the role of the above propagator U (t).
Generally speaking, we are interested in estimates of the type

(1-1) ||M(')¢||Lq(c;xg) S WHH

for some scale of Banach spaces Xy, valid for a range of pairs (g, 0).

In this note we develop this idea for the metaplectic group G = Mp(n,R), that
is the double covering of the symplectic group Sp(n,R), and the corresponding
metaplectic, or oscillatory, representation, first constructed by Segal and Shale
[24, 25] in the framework of quantum mechanics (see also van Hove [17]) and by
Weil [29] in number theory. This is a strongly continuous unitary representation
of Mp(n,R) in L?(R™), which turns out to be faithful, so that we can think of
Mp(n,R) as a subgroup of U(L?*(R™)), and the representation is given just by the
inclusion. Following [12] we will therefore denote by Sa metaplectic operator and
by S = 7r(§) € Sp(n,R) its projection in the symplectic group.

Now, it turns out that the operator €2 is a particular metaplectic operator, so
that a natural candidate for the spaces Xy in (1.1) would seem to be the Lebesgue
spaces. However, the Fourier transform is itself a metaplectic operator, and there-
fore we should actually look for spaces invariant with respect to the action of the
Fourier transform. U(n)-invariance (see Section 4) finally suggests, as right func-
tion spaces, the modulation spaces MP, widely used in Time-frequency Analysis;
see [12, 15] and also [10, 11] for the original source and a historical perspective.

In short, for a given Schwartz function ¢ € S(R™) \ {0}, consider the time-
frequency shifts o, (y) = eYo(y — x), z = (x,£) € R® x R™. Then for 1 <p < oo
we define the MP norm of ¥ € §'(R"™), as

e = ([ 1o0az)”

(with obvious changes when p = 00). Different windows ¢ give equivalent norms.
We have S(R") € MP C S'(R") for every 1 < p < oo, M? = L*(R"), MP C M4
if and only if p < ¢, (M?) = M? if p < co. Modulation space norms measure
the phase space concentration of a function; roughly speaking we can think of a
function in MP as a function having LP decay at infinity and F'LP local regularity.
Let us also observe that modulation spaces have been recently applied in PDEs by
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several authors, see e.g. [3, 4, 5, 23, 28] and the references therein (some of their
properties are collected in Section 2).

We begin with a uniform pointwise decay estimate for matrix coefficients.

Theorem 1 (Uniform pointwise estimate). The following estimate holds:

(1.2) (S%, ) S (M (S) - An(9) 729 lar ol arn

for S e Mp(n,R), ,p € S(R™), where A\1(S),..., A\, (S) are the singular values
>1 of S =mn(S) € Sp(n,R).

The result is sharp as far as the decay is concerned (see Section 4).

As a consequence we can obtain the following weak-type estimates.

Corollary 2 (Uniform weak-type estimate). Let G = Mp(n,R), endowed with its
Haar measure. The following estimate holds:

(1.3) (5%, @) Lan (@) S (¥ llarr lollaer,

for i, o € S(R™).

Here L™ is the weak-type L*" space on G = Mp(n,R).

Corollary 2 refines a result by Howe [18], who proved that for fixed o1, 92 €
S(R™) the matrix coefficient in (1.3) is in L4"*¢ for every ¢ > 0 but in general not
in L*". In fact, in the proof of this result we use the K AK decomposition and, in
the subsequent Proposition 5, bi-invariant functions as in [18].

Estimates for matrix coefficients have a long tradition in representation theory,
see for example [7, 9, 18, 19, 22] and the references therein. Usually, dealing with
a unitary representation of a group G in a Hilbert space H, one takes ¢1, @2 in
K-invariant finite dimensional subspaces of H, K C G being a maximal compact
subgroup, and the constants in the estimates will depend on the dimension of
such subspaces. Sometimes this finiteness condition is replaced by taking 1, @2
in higher order Sobolev-type spaces, and often an e-loss in the decay appears, as
above (see e.g. [21]). On the contrary, in (1.3) we have the low regularity space M*,
and functions in M! do not need to have any differentiability, even in a fractional
sense.

Weak-type estimates for matrix coefficients such as (1.3) seem of great interest
in their own right; for example, they could play a key role in extending Cowling’s
strengthened version of the Kunze-Stein phenomenon [8] to groups of rank higher
than 1.

As a consequence of the dispersive estimates we therefore obtain the following
Strichartz-type estimates.

Theorem 3 (Strichartz estimates). Let G = Mp(n,R), endowed with its Haar
measure. The following estimates hold:

IS¢l Laceinry S 1]l Le,

for
4n
— + 2<q,r <o0.
q

)

S
DO | =

<
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The range of admissible pairs (¢,7) in Theorem 3 is represented in Figure
1, which also shows a comparison with the case of the Schrodinger group (as
already observed, the one-parameter group e**2 is a subgroup of Mp(n,R)). Notice
however that the exponent r refers to different function spaces; in fact we have
L™ € M7 for 2 < r < oo, with strict inclusion when r > 2. As one can see, the
admissibility condition implies ¢ > 8n. Also, we have a whole region of admissible
pairs, and not just a segment, because the modulation spaces M" are nested, unlike
the Lebesgue spaces. Let us observe that, compared with the trivial estimate for
q = oo,r = 2, the other admissible pairs (g,r) represent a gain (loss) of time
(space) decay at infinity, as in the case of the propagator e!*2, but we do no longer
have any smoothing effect, as expected: among the metaplectic operators we also
meet linear changes of variables, which do not produce smoothing in any reasonable
space. This is in turn related to the fact that M! C M in (1.2).

1/r (Lebesgue/modulation space exponent)

Schrédinger equation

N[

metaplectic representation

Figure 1: Admissible pairs for Strichartz estimates

Let us observe that similar estimates seem worth investigating for other uni-
tary representations, e.g. the oscillatory representation restricted to subgroups
of Mp(n,R) (cf. [1, 2, 6]), unitary representations of linear Lie groups such as
SL(n,R) or more general semisimple Lie groups. Part of the problem is to iden-
tify low regularity spaces strictly tailored to the given representation, playing the
role of the modulation spaces used here. We plan to carry on this investigation in
future work.

The paper is organized as follows. In Section 2 we recall some preliminary
results on time-frequency methods used in the proofs of the main results. That
material is mainly extracted from [12]; see also [14]. Section 3 is devoted to the
proof of the above results. Finally in Section 4 we collected some concluding
remarks.

2. Preliminaries

We recall here a number of definitions and results that we will use in the following.
We refer to [12, 16, 20] for details.
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2.1. Notation

We denote by (-,-) the inner product in L?(R™), linear in the first argument. The
notation A < B, for expressions A, B > 0, means A < CB for a constant C
depending only on the dimension n and parameters which are fixed in the context.
We also write A < B for A < B and B < A.

The symplectic group is denoted by Sp(n, R), and we set U(2n,R) := Sp(n,R)N
O(2n,R) ~ U(n). We also set

0 I
(5 ).

We will need the Young inequality for weak type spaces, which reads as follows.
On a measure space X, for 0 < p < oo the weak-type Lebesgue space LP*°(X)
is defined as the space of measurable functions f : X — C such that

1fllzro := sup{A - (meas{z : |f(x)] = APYPY < oo,
>
Let now G be a unimodular locally compact Hausdorff group. Let

1 1
1<PaQaT<OOa _+_:_+1'
p T q
Then there exists a constant Cp, 4, > 0 such that for all f in L?(G) and ¢ in
L™°(G) we have
(2.1) 1 *gllLaa) < Cparllgllre@llfliLe@)-

2.2. Modulation spaces

Fix a window function ¢ € S(R™)\{0}. The short-time Fourier transform (STFT)
of a function/temperate distribution ¢ € S'(R™) with respect to ¢ is defined by

Vb(a, ) = (2m)" / VY ()l — D)y, @€ € R™.

n

For 1 < p,q < oo and a Schwartz function ¢ € S(R™) \ {0}, the modulation space
MP2(R™) is defined as the space of ¢ € §'(R™) such that

ol i= ([ ([ Wevtwopar)a) " < .

with obvious changes if p = co or ¢ = oc.

If p = ¢, then we write MP instead of MPP,

We will also need a variant, sometimes called Wiener amalgam norm in the
literature, defined by

lwirsesn = ([ ([ 1Wostwora) as) "
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where the Lebesgue norms appear in the inverse order. Both these norms provide
a measure of the time-frequency concentration of a function and are widely used
in Time-frequency Analysis [12, 15].

We have MPv%r C MP2% if and only if p; < ps and ¢ < ¢o. Similarly
W(FLPr, L) C W(FLP2, L%) if and only if p; < ps and ¢1 < ¢o.

The duality goes as expected:

(2.2) (MP9) = MPH9 | 1 <p,q< oo,

and in particular
[(F ) S M aeellgll por -

Particularly important is the case of the Gelfand triple
M' C L*(R™) ¢ M.

We observe that
S(R™) c M' c L*(R")

with dense and strict inclusions. For atomic characterizations of the space M' we
refer to [12, 15].

We will also use the complex interpolation theory for modulation spaces, which
reads as follows: for 1 < p,q,p;,¢; < 00,i=0,1,0<0 <1,

1 1-9 9
= -~

1 1-9 9
P Do g q0 «

)

we have
(Mpoﬂo,Mphth )19 = MP1,

2.3. The Wigner distribution

We now introduce a quadratic time-frequency distribution which will play a key

role in the following. Again it represents a basic tool in the analysis of signals [15]

and in phase space Quantum Mechanics [12, 13]. We refer to [12, 13] for details.
The cross-Wigner distribution W (1, ¢) of functions 1, € L?(R") is defined

to be
o 2ol Do

W )(e6) = 2n) " [ y

We also set Wip = W (1), 1).
We recall the important Moyal identity (see e.g. [12, Theorem 182]):

n

(23) <W1/Ja W(JD>L2(]R2") = (27T)_n| <wa (P> |2'

We will also need the following estimates.

Proposition 4. We have

(2.4) W (@, o)L @eny S lellaer 191l are,
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(2.5) / sup W, @) (. E)IdE < llollarn [bllageen
R z€R™
and
(2:6) [ swp W)@ Olde < llelan [¥lwirs oo
R™ §€ER™

Proof. Formula (2.4) is proved in [12, Proposition 3.6.5].
Let us prove (2.5) and (2.6). It is easy to see that

(2.7) W (W, ) (2, )] = 2" [Vt (22, 2€)

so that it is sufficient to prove similar estimates with W (v, ¢)(z, &) replaced by
Vo(x,€). To this end we recall from [15, Lemma 11.3.3] that, for ¢, g € S(R™)
such that ||@o|| # 0 and ¢ € S'(R™) we have

(2.8) Vi, 6)] < —

~ ||900H2 (|V¢0w| * |V<P500|)(za§)7

for all (z,¢) € R?.
Now, we apply this inequality with a fixed Schwartz window ¢y and we also
observe that

|V<,D(100('Ta§)| = |V‘Po(p(_$a _p)|

The desired estimates for V¢ (z, &) then follow by applying the Young inequality
for mixed-norm Lebesgue spaces in (2.8). O

We have already recalled in the Introduction the existence of the metaplectic
representation y : Mp(n,R) — U(L*(R™)). One of the most important property of
the cross—Wigner distribution (essentially, the defining property of the metaplectic
representation) is its covariance with respect to the action of metaplectic operators
(see e.g. [12, Corollary 2.17]). Namely

(2.9) W (S, Sp)(2) = W(,9)(S7'2), z€R"xR"

for every S € Mp(n,R), with projection S € Sp(n,R).

3. Proof of the main results

In this section we prove Theorem 1, Corollary 2 and Theorem 3.

Proof of Theorem 1. By the Moyal identity (2.3) and the covariance property (2.9),
we have

(8w, @ = @)W (8), Wp)rageon)
= (2m) (Wip(5 "), Wip) 12 gan).
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We now can write S~ = S1U; with S; € Sp(n,R) positive definite and U; €
U(2n,R). Hence, by an orthogonal change of variable we obtain

(S, @) = (2m)™ (W (S1-), W (UT ) 2 gon-
We now diagonalize Sy, S1 = U2T DU, where

D =diag( A, ..., A, ATY A

r'n

with A\; > ... >\, > A0t > ... > A\ > 0and U € U(2n,R). With a further
change of variable we obtain

(S, @)* = (2m)" (W (U3 D), W(UT U3 ) L2 (man)-

Let
Fy = Wo(UL) =W(Uxp),  Fo=WeULUL) =W (U:Ur9).

We estimate
(Wip(Uy D), Wo(U[U3 ")) 2 ren)

= Fiz1, o Ay AL Y0, A6 P, €) dadé
R2n

S/ sup |F1()\1-T13---a)‘nxnagla"'agn)l sup |F2(.’L',§)|d.’1]d§
R2n £ER™ TER™

:)\fl...)\;l/R sup |F1(:C,£)|d$/R sup |Fa(z, &)|dE

n fERn’ n IER"
SO AN || U2 lw (roe, oy [[U2Ur o ar [|U2Ur || aree

where we used, in the last line, Proposition 4.
Using the inclusions

M'= MY — Mt MY =W(FL', L') — W(FL>™, L")
we continue the above estimate as
(Wop(U3 D), WU UJ ) p2meny S AT A N0 30 10201130

It is then sufficient to show that

(3.1) 1Us¢ |2 < Cllb]|am
and
(3.2) 102010l ar < Cllpllan

for a constant C' > 0 independent of [71, Us.
Let us verify (3.1), which implies (3.2) too.



STRICHARTZ ESTIMATES 9

This follows by observing that, for a suitable choice of the window, U is an
isometry of MP, for 1 < p < 0o, U € U(2n,R). In fact, if ¢o denotes a (conveniently
normalized) Gaussian, we have Uy = cpy, || = 1 ([12, Proposition 252]; see also
[14]), so that

Vo Uth(2)| = [V, O¥(2)| = Vi (U™'2)], 2 € R,

whence ||ﬁ’l/)||MP = |9l are- -

In order to prove Corollary 2 we need the following preliminary result.

Proposition 5. Let o > 0, 8 > 0. Consider the function
h(S) = (Aa(S) - An(S5)) "

on Sp(n,R), where A1(S) ...\, (S) are the singular values > 1 of the symplectic
matriz S.
We have h € LP> on Sp(n,R), with respect to the Haar measure, if a8 > 2n.

Proof. We have to estimate the measure of the set
Dy ={S € Sp(n,R): h(S)>A}, A>0
or equivalently

/ XDy dS,
Sp(n,R)

where xp, is the indicator function of Dy. Observe that Dy = 0 if A > 1 so that
we can suppose 0 < A < 1.

Recall that if f : Sp(n,R) — Cis U(2n,R)-bi-invariant, its integral with respect
to the Haar measure is given by

(3.3) /S . £(8)ds

t; —t; Loty
= C’/ f(ay) | | sinh 2| | sinh Ldty...dt,
1>, >,>0 ! H 2 H 2

i<j 1<

for some constant C' > 0, where

et 0 . n
at:(o eé)’ t =diag(ty,...,tn), (t1,...,tn) € R™.

We use formula (3.3) with f = xp, since h, and therefore f, is U(2n,R)-bi-
invariant. We have

h(ay) = e~ @ttt ttn)/2,
Hence h(a;) > A if and only if

t1+to+ ...+, <Ay:=—-2log\/a.
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By (3.3),

B L ti—ty Lttt
measDy =C HZQZ”ZMNHsmh 5 Hsmh 5 dt, ...dt;.

t14.. tn <Ay <] i<j
Now we have
L it 7 o
H sinh 5 H sinh —
1<J i<j

ti—t;  tit+t
<o (L (52 + 55 7) tu ke tin)

1<j

=exp((n—Dt1+(n—2ta+ ...+ tn1 + b1+ ... +t5)

tn 2tn,—1€3tn—2 .

=ere nh

.. €

By first integrating with respect to the variable t,, from ¢, =0to ¢, = Ay —t,_1—
... —t1, we obtain

meas Dy < C/ eretn-1 | e(n—hh dtp—1...dt1.

tp2tg=>... 2ty 120
tn—1SAxN—tp 22— —t1

Now we can repeat the same argument for ¢,,_; and so on. We obtain
meas D) < Ce"4r = C)\_Q"/O‘, 0<A<1.
Hence meas Dy < C’A™7 if 2n/a < B, which is the desired result. O

Proof of Corollary 2. Using (1.2) it is sufficient to prove that the function
Si— (A(S) ... A (9)) /2

is in L™ on Mp(n,R) with respect to the Haar measure. Since this function
factorizes through Sp(n,R), it is enough to prove that the function

h(S) := (A1(S) ... A (S)) /2

is in LA on Sp(n,R). This follows from Proposition 5 with o = 1/2 and
8 =4n. o

We are now ready to prove the Strichartz estimates for the metaplectic repre-
sentation.

Proof of Theorem 3. We know that

(3.4) 150122 = [l 2

for ¢p € L?(R™), which gives the desired Strichartz estimate for ¢ = oo, r =
because M? = L?, and also for ¢ = 0o, 2 < r < oo, because L2 < M" for r > 2.
Hence from now on we can suppose ¢ < 0o.
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By Theorem 1 and (2.2) we have

159 1ar S (A1 (S) - Aa(9) ™Il ars-

By interpolation with (3.4) we obtain, for every 2 < r < oo,

1 1

(3.5) 158 l1ar S A1 (S) -+ Aa ()™ E =l pgor-

Let G = Mp(n,R), as in the statement. We apply the usual TT* method (see

[26, page 75]) to the operator Ty = §1/1. To prove that T : L? — Li(G;MT")

continuously, we will verify that 77* : L7 (G; M T/) — L1(G; M™) continuously.
We have

T*F(-) = /G§1F(§, )dS

if I (§ ,x) is, say, a continuous function on G x R™ with compact support.
Hence

~

[T F)(S, ) = /G§§’_1F(§’, 3dS.
Using (3.5) we can estimate this expression, for every 2 <r < o0, 1 < g < 00, as
17T Flisgar <1 [ 155 (8"l a5
(3.6) < /G(how)(§§/_1)||F(§/, Marr a5 | aca,

where we set h(S) = (A1(S)... A\ (S))"(27%) as a function on Sp(n,R) and = :
G = Mp(n,R) — Sp(n,R) is the projection.

Finally suppose that the pair (g, r) satisfies 2 < ¢, < 0o and 47” + % < %; see
Figure 1. Observe that this implies ¢ > 2 and we are also supposing g < oo, which

implies r > 2. Choose
1 2

1 —
roB ¢
We see that o, 8 > 0 and a8 > 2n so that, by Proposition 5, we have h € L#> in
Sp(n,R) and how € L#> on G. Moreover we have i—i—l = %—l—%, 1<q,¢,6<
oo. Hence we can apply the weak-type Young inequality (2.1) on G to the last
expression in (3.6), and we see that it is therefore dominated by ||F[| ;o (. prr)-
This concludes the proof.

o=

N | —

4. Concluding remarks

4.1. The motivation for modulation spaces

Let us point out the main elements which led us to consider the modulation space
M* and its dual M as natural candidates for the dispersive estimate (1.2).
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Estimate (1.2) clearly does not hold with M! and M®® replaced by L' and
L°, respectively, because, for example, the pointwise multiplication by eitlel” is a
metaplectic operator but Lebesgue norms do not detect any decay as |t| — +oo.
Hence we focused on a space which controls L' decay in space and L' decay in
momentum, as M indeed does.

But in the course of the proof of Theorem 1 we also used in an essential way
another property of M ! namely that the set of operators U are uniformly bounded
on M! when U = n(U) varies in U(2n,R), as proved in (3.1).

Motivated by these issues, it would be very interesting to get characteriza-
tions of function spaces, in particular modulation spaces, in terms of symplectic

invariance.

4.2. Sharpness of the results

It is easy to see that the exponent —1/2 in (1.2) is sharp. In fact, one can ap-
ply that estimate to a Gaussian function ¥ and the metaplectic operator §1/J(x) =
evdet Lp(Lx) (for suitable ¢ € C, || = 1), with L = diag(A1, ..., A\n)s A1, An >
1. We have S = (A7%, ..., A5 A1, .., M) (cf. [12, Proposition 116]) and

150|aree = (A1 ... An) " /2,

as proved in [5, Lemma 3.2] (and in [27, Lemma 1.8] in the case \y = ... = \,).

Let us observe that the exponent 4n in (1.3) is sharp as well; in fact Howe
[18] proved that for fixed 1, p2 € S(R™) the matrix coefficients in general do not
belong to L4".
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