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When a local and attractive potential is quenched in a nanowire, the spectrum changes its topology from
a purely continuum to a continuum and discrete portion. We show that, under appropriate conditions, this
quench leads to stable coherent oscillations in the observables’ time evolution. In particular, we demonstrate that
ballistic nanowires with spin-orbit coupling (SOC) exposed to a uniform magnetic field are especially suitable to
observe this effect. Indeed, while in ordinary nanowires the effect occurs only if the strength U0 of the attractive
potential is sufficiently strong, even a weak value of U0 is sufficient in SOC nanowires. Furthermore, in these
systems coherent oscillations in the spin sector can be generated and controlled electrically by quenching the
gate voltage acting on the charge sector. We interpret the origin of this phenomenon, analyze the effect of
variation of the chemical potential and the switching time of the quenched attractive potential, and address
possible implementation schemes.

DOI: 10.1103/PhysRevB.100.155306

I. INTRODUCTION

The race for quantum technologies requires the real-time
manipulation of quantum systems to be performed in a con-
trolled way and as rapidly as possible. The analysis of out-of-
equilibrium dynamics thus plays a crucial role in view of the
so-called quantum supremacy. In particular, when a quantum
system is sufficiently well isolated from dissipative baths and
one or more of its parameters are varied over time, [1–3]
a quantum quench is performed. Quantum quenches can be
either global or local. While in the former case the quench
parameters extend over the whole system so that an extensive
amount of energy is injected into the system [4–10], in the
latter case the quench is localized in a limited portion of
the system, such as single sites in lattice models or resonant
levels coupled to one-dimensional systems [11–24]. Lately,
the analysis of local quenches has attracted much interest in
view of the long-time crossover between different phases and
of the entanglement entropy [14,18,20–22].

When a quantum quench is performed, the crucial ques-
tion is whether the isolated system eventually reaches a
steady state and, if so, which one and how. The eigenstate
thermalization hypothesis (ETH) [25] states that a generic
isolated quantum system does relax to a steady state that
is independent of the initial state and is well described by
standard statistical mechanics. There are, however, relevant
cases where the time evolution deviates from such behavior.
In integrable systems [26], for instance, the steady limit of
local observables is described in terms of a generalized Gibbs
ensemble (GGE) [4,9,27–34] that can be constructed out of
the local conserved quantities of the system. This enables
one to predict the long-time behavior of quenched integrable
systems even in the presence of nonequilibrium quantum
phase transitions [35,36]. Another relevant situation where

ETH does not hold is in interacting disordered systems, due to
the mechanism of many-body localization [5,37–39]: Energy
exchange among localized states becomes suppressed and
thus the system retains local memory of the pre-quench state.
The out of equilibrium dynamics after a quench is thus no
trivial question to answer.

There exist two main platforms where quantum quenches
can be implemented and investigated. Cold atom systems are
considered an excellent example, as they can be effectively
decoupled from the environment and their parameters can be
controlled in real time with high accuracy, typically by means
of lasers [40–44]. However, condensed matter systems are
more straightforwardly integrated with conventional electron-
ics, and offer the possibility to analyze transport properties in
a quite natural way and to realize a quench electrically, e.g.,
by simply varying the gate voltage of a nearby metallic gate
electrode. Moreover, condensed matter systems characterized
by strong spin-orbit coupling (SOC) are also ideal candidates
for spintronics [45–49], as information encoded in the spin
degrees of freedom can be manipulated electrically.

In this context, Rashba SOC nanowires (NWs), such as
InSb [50–53] or InAs [54–58] NWs, have recently attracted
a lot of interest, due to their peculiar properties. When a mag-
netic field is applied along the NW axis, the electronic states
inside the thereby created magnetic gap mimic quite well the
helical edge states of quantum spin Hall effect [59–61], as
electrons propagating in opposite directions along the NW
also have opposite spin orientations. Furthermore, when a su-
perconducting film is deposited on top of a SOC NW, the two
ends of the NW exhibit the appearance of Majorana modes,
i.e., quasiparticles that are equal to their antiparticles and that
have nontrivial braiding properties, which make them ideal
candidates for quantum computational purposes [51,62–70].
So far most of these investigations have focused on
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FIG. 1. Sketch of the setup. A SOC nanowire coupled to narrow
metallic gates, which generate a localized potential. An attractive
gate potential is quenched at the time t = 0, generating localized
bound states near the gated region, and causing coherent oscillations
both in the charge and in the spin sector of the nanowire observables.

equilibrium properties [71,72] or steady-state transport
[58,73–75]. Concerning time-dependent perturbations, the ef-
fects of periodic driving have been discussed [76], whereas
the case of quantum quenches in these systems is much less
explored. It is known, for instance, that when the magnetic
field is suddenly applied the magnetization exhibits a non-
monotonic response [77].

In this paper we study the quench of a local and attractive
potential in a single-channel ballistic NW in the mesoscopic
regime. Our motivation is that this quench changes the intrin-
sic structure of the spectrum, which is purely a continuum
when the potential is absent, while after the quench it also
exhibits some discrete energy levels related to the localized
bound states. Since the pre-quench state is not an eigenstate
of the post-quench Hamiltonian, the time evolution of the
system crucially depends on the interplay between and within
discrete and continuum states. In particular, we show that
under appropriate circumstances the system does not reach a
steady state. Instead, the NW observables display long-living
coherent oscillations, which persist after the transient dynam-
ics represented by the propagation of a “light cone” from the
potential [19]. The period of these oscillations is related to
the energy difference between discrete states. Importantly, the
presence of the discrete energy levels is a necessary, but not
sufficient condition to observe this effect. Indeed, selection
rules may forbid the dynamical coupling between two discrete
levels, hindering the oscillatory effect. This is the case, for
instance, for an ordinary NW with parabolic spectrum where,
due to the parity selection rule, the effect typically does not
arise when only two discrete levels are present, and only
appears if the quench attractive potential is strong enough to
give rise to at least three levels.

A much more interesting scenario emerges in SOC NWs.
Indeed the interplay between spin and charge degrees of
freedom has two important implications. First, the threshold
of the potential strength for the coherent oscillations to emerge
is strongly reduced. Second, in this system a quench on
the charge degree of freedom, performed, e.g., simply by a
gate voltage switch in a nearby finger gate (as sketched in
Fig. 1), directly generates persistent oscillations in the spin
channel. We describe this phenomenon in detail and also
discuss the space evolution of these oscillations along the NW.

Furthermore, we investigate its robustness to variation of the
chemical potential and the switching time of the attractive
potential.

The paper is organized as follows. In Sec. II we illustrate
the idea underlying the emergence of long-living oscillations
caused by the quenched attractive potential, pointing out the
limitations of the case of a conventional NW. In Sec. III we
introduce the model for SOC NWs and describe the method
we use to investigate the dynamics upon the quench. Then, in
Sec. IV, we present our results and show that SOC are ideal
to observe the effect. We discuss the time evolution of charge
and spin sector observables under the quench of a localized
attractive Gaussian potential, interpret the results, and address
the effects of variation of the chemical potential and a finite
switching time in the quench protocol. Finally, conclusions
are drawn in Sec. V.

II. THE EMERGENCE OF QUENCH-INDUCED
OSCILLATIONS

To illustrate the mechanism underlying the emergence
of coherent and long-living oscillations, we consider a NW
directed along the x axis. Within the customary effective
mass m∗ approximation, the NW spectrum before the quench
has a parabolic dispersion ε(k) = h̄2k2/2m∗, describing a
continuum of propagating plane waves labeled by the wave
vector k. Suppose, e.g., that the system is initially prepared
in the many-body ground state, filling up all levels up to
a given chemical potential value μ. At the time t = 0 an
attractive potential U , localized over a lengthscale λU around
the origin x = 0, and characterized by a potential strength
U0, is suddenly switched on. The Hamiltonian describing the
system thus reads

H (t ) = p2
x

2m∗ − μ + θ (t )U (x), (1)

where px = −ih̄∂x is the momentum operator, μ the chemical
potential, and θ indicates the Heaviside function. As a defi-
nite example one can consider an attractive Gaussian profile
U (x) = −U0 exp[−x2/2λ2

U ]. In the presence of such local-
ized potential, the system loses the translational invariance,
and the wave vector k is no longer a good quantum number. In
addition to the continuum part of the spectrum, some discrete
energy levels ε1 < . . . < εN appear after the quench, whose
number N depends on the values of U0 and λU . If the attractive
potential is spatially even, U (x) = U (−x), like the Gaussian
one, the discrete energy levels εn have an alternating spatial
parity pn = (−1)n+1 (n = 1, . . . , N) the ground state being
even (p1 = +1). Furthermore, in an ordinary NW, each level
has a trivial twofold spin degeneracy s = ±.

The post-quench electron field operator with spin s thus
consists of a superposition of the continuum (c) states
φc,s(x)—with c a continuum index—and the N discrete local-
ized states χn,s(x), both equipped with the related fermionic
creation operators γ †,

ψ†
s (x) =

∫
dc φc,s(x)γ †

c,s +
∑

n

χn,s(x)γ †
n,s. (2)

The time evolution of any NW observable depends on all
combinations of these two types of components. Let us
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consider, for instance, the time evolution of the charge density
expectation value, given by

ρ(x, t ) = 〈�†(x, t )�(x, t )〉0 =
∑

s

〈ψ†
s (x, t )ψs(x, t )〉0, (3)

where 〈. . .〉0 denotes the quantum average on the pre-quench
ground state of H (t < 0), while the time evolution is governed
by H (t > 0). Since the NW Hamiltonian is diagonal in spin,
the two spin sectors simply decouple and the density consists
of three terms,

ρ(x, t ) =
∑

s

[
ρ (cc)

s (x, t ) + ρ (dc)
s (x, t ) + ρ (dd)

s (x, t )
]
, (4)

where

ρ (cc)
s (x, t )=

∫∫
dc dc′ φ∗

c,s(x)φc′,s(x) e
i
h̄ [ε(c′ )−ε(c)]tCs(c, c′),

ρ (dc)
s (x, t ) =

∑
n

∫
dc χ∗

n,s(x)φc,s(x) e
i
h̄ [εn−ε(c)]t Bs(n, c′),

ρ (dd)
s (x, t ) =

∑
n,n′

χ∗
n,s(x)χn′,s(x) e

i
h̄ [εn−εn′ ]t As(n, n′),

and

As(n, n′) = 〈γ †
n,sγn′,s〉0, (5)

Bs(n, c) = 〈γ †
n,sγc,s〉0, (6)

Cs(c, c′) = 〈γ †
c,sγc′,s〉0. (7)

Since the ground state of the pre-quench Hamiltonian
H (t < 0) is not an eigenstate of the post-quench Hamiltonian
H (t > 0), the expectation values of the post-quench bilinears
over the pre-quench ground state, Eqs.(5), (6), and (7), are in
general nonvanishing, and so are ρ (dc)

s (x, t ) and ρ (cc)
s (x, t ) and

ρ (dd)
s (x, t ). In particular, the term ρ (cc)

s (x, t ) describes the usual
“light cone effect” observed in quenches [19]: two counter-
propagating dispersive density bumps originating from x = 0
travel as a wave, transferring the quench information along the
NW. Because this term contains an infinite number of phase
factors oscillating in time with a continuum of frequencies
[ε(c′) − ε(c)]/h̄, in the long time behavior a dephasing of
all c �= c′ components occurs, and ρ (cc)

s (x, t ) saturates to the
value given by the diagonal terms c = c′ only, ρ (cc)

s (x, t ) →
ρ̃ (cc)

s (x).
The term ρ (dc)

s (x, t ) represents the mixed discrete-
continuum contribution. Similarly to the previous term, it also
contains a continuum of frequencies, depending on the energy
separation between each discrete level with the whole set of
continuum states, which dephase causing damped oscillations.
In the long time limit this term eventually vanishes [78].
Finally, the term ρ (dd)

s (x, t ), related to the discrete states
localized near the attractive potential, can be rewritten as
ρ (dd)

s (x, t ) = ρ̃ (dd)
s (x) + δρ (dd)

s (x, t ). While the first term, de-
fined as ρ̃ (dd)

s (x) = ∑
n As(n, n)|χn,s(x)|2, and stemming from

the diagonal contribution (n = n′), is time independent and
yields a steady term to the density, the second term, defined as

δρ (dd)
s (x, t ) =

∑
n �=n′

χ∗
n,x(x)As(n, n′)χn′,s(x)ei[εn−εn′ ]t/h̄, (8)

oscillates in time. In sharp contrast to the previous time-
dependent terms discussed above, which involve a continuum
set of frequencies and eventually dephase in the long time
limit, the term δρ (dc)

s (x, t ) only involves a few frequencies
(εn − εn′ )/h̄ related to the finite energy differences between
the discrete bound states. As a consequence, such a term
describes a localized density perturbation that coherently os-
cillates without any dephasing and survives after the “light
cone” has propagated away from the attractive potential.

From the very structure of the term in Eq. (8), one can
see that a necessary condition for the effect to arise is that
the potential strength U0 must be strong enough to give rise
to at least N = 2 nondegenerate levels. There are, however,
selection rules that further increase the actual minimal num-
ber of levels. Indeed in a realistic case where the attractive
potential is created by a finger gate voltage, it is reasonable
to assume that such potential is well described by a spatially
even attractive potential U (x) = U (−x), like the Gaussian one
mentioned above. Then, since any two consecutive discrete
states have opposite parity, they cannot be coupled to each
other and the effect vanishes. This can also be seen in a more
hand-waving way, e.g., at the origin x = 0 by realizing that, if
only two levels are present, Eq. (8) vanishes, since the second
bound state wave function χ2,s has a node at x = 0. Therefore,
in order for the coherent oscillations to emerge from Eq. (8),
one needs As(n, n′) �= 0 with n �= n′ and equal parity (pn pn′ =
+1). Since the parity of bound states εn alternates with n, the
actual realistic minimal required number of discrete levels is
N = 3. Thus, there is a threshold on the impurity strength U0

to induce this effect.
These arguments are illustrated in Fig. 2 for the case

of a quenched Gaussian attractive potential centered around
the origin over a lengthscale λU = 150 nm. The three panels
show the post-quench time evolution of the density ρ(0, t ) at
the origin x = 0, for three different values of the Gaussian
potential strength U0, normalized to the constant pre-quench
density ρpre = ρ(x, t < 0). Figure 2(a) displays the case of a
weak potential U0 = 0.15 meV, generating only one bound
state. As can be seen, the density exhibits strongly damped
oscillations in the transient and, in the long time limit, the
density approaches a steady state. Even when the attractive
potential strength is increased to the value U0 = 0.30 meV,
where two bound states are present [see Fig. 2(b)], the same
qualitative behavior occurs, as the two states are decoupled
by parity selection rules. However, for the stronger value
U0 = 0.6 meV displayed in Fig. 2(c), three bound states
appear, and the density exhibits stable oscillations, with a
period τ = 2π h̄/�ε ≈ 10 ps which corresponds to the inverse
energy separation �ε = 0.4 meV between the first and the
third bound states sharing the same parity p = +1.

To summarize, the appearance of the density oscillations
discussed here is due to (i) the fact that the pre-quench state
is a complex excitation of the post-quench Hamiltonian,
and (ii) the presence of various discrete energy levels
corresponding to bound states, which effectively have an
“internal dynamics” characterized by a few frequencies and
decoupled from the continuum states, which instead exhibit a
long time dephasing.
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FIG. 2. The case of a conventional NW after the quench of an
attractive Gaussian potential with λU = 150 nm, μ = 0.2 meV, and
three different values of the potential strength: (a) U0 = 0.15 meV,
(b) U0 = 0.30 meV, and (c) U0 = 0.60 meV. The left panels show the
corresponding number of localized bound states, the color denoting
the parity (blue for p = +1 and red for p = −1). The parabolic
band of the pre-quench Hamiltonian is shown as a guide to the eye.
The right panels display the corresponding behavior of the electron
density at the origin (center of the quenched potential) normalized
to its pre-quench value ρpre; the left panels depict schematically the
energy of the bound states per spin band and the parity pn (blue for
+1, cyan for −1).

Effects of a uniform magnetic field

As discussed above, the coherent oscillation effect arises
only if the strength U0 of the attractive potential overcomes the
threshold needed to generate at least N = 3 localized levels.
One may naively think of effectively reducing this thresh-
old by applying a uniform magnetic field, which would lift
the spin degeneracy (εn → εn,↑, εn,↓) and thereby double the
number of the localized states. However, because the quench
potential purely acts in the charge channel, in a conventional
NW lacking of any internal spin structure each spin species is
dynamically decoupled from the other. Thus, if the coherent
oscillation effect is not present in the absence of a magnetic
field, it cannot be induced by its application. As an illustrative
example, if the magnetic field is applied, e.g., along the NW
axis and the chemical potential is set to μ = 0, so that the
higher Zeeman split band is empty before quenching the

attractive potential, it will remain so even after the quench,
and the polarization will be constantly equal to 1 at any time.
More in general, in conventional NWs exposed to a uniform
magnetic field the spin polarization components that are or-
thogonal to the magnetic field direction will always remain
vanishing even after the quench. In the following sections we
shall show that the situation is quite different in a SOC NW,
where the interplay between SOC and a uniform magnetic
field generates an effectively inhomogeneous magnetic field
that couples the states.

III. SPIN-ORBIT COUPLED NANOWIRES

While in the previous section we have outlined the general
idea underlying the emergence of long-living coherent oscil-
lations, in this section we show that SOC NWs are ideal to
observe such effect.

A. The model

Spin-orbit coupled NWs, such as InSb and InAs, are char-
acterized by a strong spin-orbit coupling, mainly arising from
structural inversion asymmetry due to the underlying sub-
strate, which leads the electron flowing along the NW to ex-
perience an effective ‘magnetic field’. The NW Hamiltonian
can be written as Ĥ = ∫

dx �†(x)H � (x), where �̂(x) =
(ψ↑(x) , ψ↓(x))T denotes the electron spinor field, and ↑,↓
correspond to spin projections along positive and negative
spin-orbit effective “magnetic” field direction. Here below
we shall describe the pre- and the post-quench single-particle
Hamiltonian operator H .

Pre-quench Hamiltonian. Before switching the attractive
potential the NW Hamiltonian is

H0 =
(

p2
x

2m∗ − μ

)
σ0 − α

h̄
pxσz − hxσx, (9)

where α is the coupling constant of the Rashba spin-orbit
“effective magnetic field” and z its direction, while hx > 0
is the Zeeman energy related to an actual external magnetic
field directed along the NW axis x. Finally, σ = (σx, σy, σz )
are Pauli matrices and σ0 the 2 × 2 identity matrix.

The spin-orbit term and the magnetic field lead to a split-
ting of the otherwise degenerate bands of an ordinary NW, so
that the spectrum of H0 consists of two bands ν = ±

ε±(k) = h̄2k2

2m∗ ±
√

h2
x + α2k2. (10)

In particular, while the upper band (ν = +) always has only
one minimum εmin

+ = hx at k = 0, the structure of the lower
band (ν = −) strongly depends on the relative weight of the
Zeeman energy hx and the spin-orbit energy,

ESO = m∗α2

2h̄2 . (11)

Explicitly, one finds [72]

εmin
− =

⎧⎨
⎩

−hx at k = 0 if ESO < hx
2

−ESO− h2
x

4ESO
at k = ±kmin if hx

2 < ESO

, (12)

155306-4



COHERENT CHARGE AND SPIN OSCILLATIONS INDUCED … PHYSICAL REVIEW B 100, 155306 (2019)

i.e., while for strong magnetic field there is only one minimum
at k = 0, for weaker magnetic field two degenerate minima
are present at k = ±kmin where kmin = kSO(1 − h2

x/4E2
SO)1/2

and kSO = m∗|α|/h̄2 is the spin-orbit wave vector. In partic-
ular, in the SOC dominated regime (ESO � hx/2) one has
εmin
− ≈ −ESO and kmin ≈ kSO. The spin-orbit wave vector kSO

also determines the spin-orbit length scale over which spin
precesses,

lSO = k−1
SO = h̄2

m∗|α| . (13)

Post-quench Hamiltonian. When the attractive potential U
localized around the origin is quenched, the Hamiltonian,

H = H0 + H ′(t ), (14)

acquires the additional term,

H ′(t ) = f (t )U (x)σ0, (15)

where f (t ) is a generic dimensionless function, increasing
from 0 to 1 and describing the quench protocol. While most
results will be given in Sec. IV for the case of a sudden
quench, f (t ) = θ (t ), in Sec. IV E we shall explicitly discuss
the effect of a finite switching time in the quench protocol.
Concerning the spatial shape U (x) of the attractive potential,
we assume like in the previous section that it extends over a
lengthscale λU around the origin, and that it is characterized
by a maximal strength U0.

B. Symmetries

We observe that various discrete symmetries are broken
in the pre-quench Hamiltonian H0: the spin-orbit term breaks
both parity P and σx-spin symmetries, whereas the magnetic
field breaks time-reversal symmetry. However, it is straight-
forward to verify that the product � = Pσx still commutes
with the pre-quench Hamiltonian, [H0,�] = 0. Furthermore,
if the potential is spatially even, U (x) = U (−x), also the
post-quench Hamiltonian commutes with the operator �. In
this case a selection rule thus exists: Because this operator
has eigenvalues λ = ±1, subspaces characterized by different
values of λ are completely decoupled even when the local
attractive potential is quenched.

C. Density matrix approach

In order to investigate the dynamical evolution of ob-
servables, such as charge and spin densities, we adopted a
simulation strategy based on the single-particle density-matrix
formalism, successfully employed for the investigation of
energy relaxation and decoherence phenomena in semicon-
ductor quantum nanodevices [79] as well as in carbon-based
materials [80]. More specifically, labeling by β the eigenstates
of the pre-quench Hamiltonian H0 and by εβ the correspond-
ing energy levels, for any single-particle quantity described by
the operator Â its average value can be written as

A(t ) =
∑
β1β2

ρβ1β2 (t )Aβ2β1 , (16)

where

ρβ1β2 (t ) = 〈
ĉ†
β2

(t )ĉβ1
(t )

〉
(17)

is the usual single-particle density matrix expressed in terms
of corresponding creation and annihilation operators acting on
the generic eigenstate β. The time evolution of the single-
particle density matrix in (17) is obtained by solving the
Liouville-Von Neumann equation,

dρβ1β2

dt
= εβ1 − εβ2

ih̄
ρβ1β2

+
⎛
⎝ 1

ih̄

∑
β3

H ′
β1β3

ρβ3β2
+ H.c.

⎞
⎠, (18)

where H ′
ββ ′ denote the matrix entries of the quench Hamil-

tonian Eq. (15) in the pre-quench basis β. In the case under
investigation, the pre-quench Hamiltonian is translationally
invariant and can be diagonalized exactly. The quantum label
β = (k, ν) thus consists of the plane-wave wave vector and
the upper/lower band index ν = ±, the eigenvalues are given
in Eq. (10), and the eigenvectors are [72]

wk− =
(

cos θk
2

sin θk
2

)
wk+ =

(
− sin θk

2

cos θk
2

)
, (19)

where the angle θk represents the angle that the electron spin,
lying in the x-z plane, forms with the z axis, and is given by

cos θk = αk√
(αk)2 + h2

x

sin θk = hx√
(αk)2 + h2

x

. (20)

Then, the Liouville–Von Neumann Eq. (18) is solved nu-
merically via a fourth-order Runge-Kutta scheme. To this
aim, we adopt a uniform discretization of the wave vector k,
which amounts to introducing a periodic-boundary-condition
scheme with a characteristic length L; in turn, this determines
the existence of a “revival time” τr = 2L/vF for the excitation
to turn around the effective “ring,” where vF is the Fermi
velocity of the system (in our case vF ∼ 105 m/s). To get rid
of these spurious effects, we have taken L much longer than
a realistic NW length (L ≈ 16 μm) and we have performed
simulation for time scale shorter than such recursion time
τr ≈ 400 ps.

Finally, as a model for the spatial profile for the quench
potential in Eq. (15) we adopt the Gaussian profile,

U (x) = −U0 e−x2/2λ2
U , (21)

centered around the origin, extending over a lengthscale λU ,
and with a typical strength U0 already considered above.

IV. RESULTS FOR SOC NANOWIRES

In this section we present our results about SOC NWs.
Our analysis shows that there are two main reasons why SOC
NWs are ideal candidates to observe the effect of long-living
coherent oscillations. The first one is that the effect arises
already for much lower values of U0 than in ordinary NWs.
The second one is that, despite the quench potential is applied
on the charge sector, the SOC also transfers the effect to
the spin sector, so that coherent oscillations in spin density
components arise, which are absent in ordinary NWs. We
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FIG. 3. The time evolution of the charge density ρ at x = 0
(normalized to the constant and uniform pre-quench value ρpre) after
a sudden quench of the attractive Gaussian potential, in the case of
a SOC nanowire with ESO = 0.05 meV (thin red solid curve) and
ESO = 0.25 meV (thick black solid curve); other parameters given in
Sec. IV A. Coherent oscillations are clearly visible. For comparison,
the case of a conventional nanowire with the same parameters, except
for vanishing SOC, is also plotted as shown (dashed curve). In that
case oscillations rapidly decay.

explicitly illustrate these features here below in Sec. IV B for
the case of a sudden quench, while in Sec. IV C we explain
why SOC leads to these advantageous features. Then, in
Sec. IV D and Sec. IV E we discuss the effects of the chemical
potential and a ramp with a finite switching time.

A. Numerical values

For definiteness, we shall focus on the case of InSb NWs
[50–53], with m∗ = 0.015me (with me the electron mass), and
consider a typical spin-orbit energy ESO = 0.25 meV, which
corresponds to a lSO ≈ 100 nm [81]. We assume that the
external magnetic field applied along the NW axis yields a
Zeeman energy hx = 0.2 meV. Concerning the parameters of
the Gaussian profile (21) we take a lengthscale λU = 150 nm
and a strength U0 = 0.15 meV. The pre-quench state is the
thermal equilibrium state at low temperature T = 250 mK
and μ = 0 (corresponding to the middle of the magnetic gap),
unless otherwise specified.

B. Sudden quench

We start by discussing the case of a sudden quench, where
the quench protocol function of Eq. (15) is f (t ) = θ (t ).

Charge density. In Fig. 3 the time evolution of the charge
density ρ(0, t ) at the origin x = 0 (center of the localized
potential) is shown, normalized to the constant pre-quench
value ρpre, for a SOC NW (solid curves) and two different
values of ESO, compared to the case of a conventional NW
(dashed curve) where all other parameters except the SOC
are the same. For the value U0 = 0.15 meV of the potential
strength, a conventional NW only has one bound state per
spin channel and the oscillations are damped down rapidly
due to dephasing, as discussed in Sec. II. In contrast, even for

E [meV]
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FIG. 4. (a) Scheme of the four bound states of the post-quench
Hamiltonian H ′(t > 0) as found by exact diagonalization. For ref-
erence, we plot also the energy bands of the nanowire before the
quench. Parameters as in Sec. IV A. (b) Plot of the density profile of
the four bound states.

a rather weak value of ESO = 0.05 meV and the same value of
U0 the SOC NW—thin red solid curve—exhibits long-living
coherent oscillations. Further increasing ESO—thick black
solid curve—results in oscillations with larger amplitude. Let
us focus on the latter case. Indeed four bound states are found
in the SOC NW, whose energies are schematically depicted in
Fig. 4(a). The NW bands before the quench have been added
as a guide to the eye. As one can see, three bound states, which
we shall denote as A, B,C, lie below the lower band, while a
fourth state D is located below the upper band and inside the
magnetic gap. The related density profile |χ↑(x)|2 + |χ↓(x)|2
of the bound states is plotted in Fig. 4(b). While the bound
states A and D have a bell shape centered at the origin, B
and C exhibit two sharp lateral maxima. The eigenvalue λ

of the operator � = Pσx, shown in Fig. 4(a), emphasizes the
selection rule imposed by such discrete symmetry: When the
quench is performed only pairs of bound states with the same
λ can get coupled. The energy scales associated with the two
transitions A ↔ C and B ↔ D identify two time periods: The
shorter one τBD = 2π h̄/(εD − εB) ≈ 7.8 ps is the period of
the oscillations of the solid curve of Fig. 3, while the smaller
bound state energy difference determines the longer period
τAC = 2π h̄/(εC − εA) ≈ 40 ps associated with an envelope of
the oscillations and is hardly visible in the density behavior
shown in Fig. 3.
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Spin polarization. Let us now turn to the spin polarization,
defined as

P(x)
.= 〈�†σ� 〉

〈�†� 〉 = s(x)

ρ(x)
|P| � 1. (22)

The time evolution of Px (the component along the external
magnetic field), shown at x = 0 in the solid curve of Fig. 5(a),
also exhibits oscillations, again characterized by a period
τBD ≈ 7.8 ps. For comparison, the dashed curve in Fig. 5(a)
shows the behavior of Px for a conventional NW exposed to
the same external magnetic field and quench potential: In that
case the polarization is locked to 1 at any time and does not
exhibit any oscillation. This is because for these parameter
values the spin-↓ band is empty, and in a conventional NW
the quench potential cannot cause any coupling between the
two spin sectors.

Concerning the components Py and Pz of the spin polar-
ization, they turn to be odd functions of the x coordinate, so
that they exist away from the origin, as shown in Figs. 5(b)
and 5(c) at a position x = 200 nm. Besides the coherent
oscillations with a short period τBD ≈ 7.8 ps, also the longer
envelope period τAC ≈ 40 ps becomes visible. Importantly, the
existence of nonvanishing spin polarization components Py

and Pz that are orthogonal to the externally applied magnetic
field is again a hallmark of the SOC, since in conventional
NWs these components are strictly vanishing, regardless of
the value of the initial chemical potential μ. To provide a
thorough overview of the space and time dynamics, we have
plotted in Fig. 6 a colormap of the three components of
the spin polarization (22). The “light-cone” effect departing
from the origin can be clearly observed in the Px and the Pz

components (dashed lines are meant as a guide to the eye)
and is due to the fact that, when the attractive potential is
quenched, electrons from the whole nanowire first tend to
move towards the origin to fill up the thereby created potential
dip. However, the analysis of the spin polarization provides
further interesting insights. Indeed the light cones are spatially
even in Px, while they are spatially odd for Pz. This can be
accounted for by recalling that in the equilibrium pre-quench
state the spin polarization of each electron lies in the x-z plane,
forming an angle θk with the z-polarization axis [see Eq. (20)].
The spin polarization component Px is determined mainly by
the magnetic field hx, and is independent of the electron group
velocity, whereas the Pz component is mainly determined by
the SOC and depends on the sign of the momentum k. In par-
ticular, in the case displayed in Fig. 6, where the Fermi level
lies in the middle of the magnetic gap, the spin component
along z is positive for right-moving electrons and negative
for left-moving electrons. Thus, when electrons move towards
the origin from the two sides after the potential quench,
they carry equal spin polarization component Px but opposite
spin polarization component Pz. This behavior, similar to the
phenomenon of photoexcitation in quantum spin Hall edge
states [82], explains the different colors of the “light cones”
displayed in Figs. 6(a) and 6(c).

Besides such effect, one also clearly observes the oscilla-
tory dynamics taking place around the origin, in the vicinity
of the quenched potential. The Px component, for instance,
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FIG. 5. Time evolution of the spin polarization components after
a sudden quench of the attractive Gaussian potential (parameter
values given in Sec. IV A): (a) the Px component at the origin x = 0;
(b) and (c) the Py and Pz components at x = +200 nm. Solid curves
refer to the case of a SOC nanowire, whose polarization components
exhibit coherent oscillations. For comparison, dashed curves refer to
the case of a conventional nanowire: Only the component Px along
the direction of the applied magnetic field is nonvanishing (and is
constant in time), whereas the two components Py and Pz orthogonal
to the applied field are vanishing.
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FIG. 6. Space-time colormap plots of the three components of the spin polarization given in Eq. (22) after a sudden quench of the impurity
along (a) the x direction; (b) the y direction; and (c) the z direction. Parameters are given in Sec. IV A.

periodically alternates between a polarization dip around x =
0 and two lateral peaks located symmetrically with respect to
the origin. The temporary dips further attract electrons located
away from the origin, thereby creating a sort of secondary
light cones with evanescent amplitude. A similar behavior is
observed in the Py and Pz components, which are spatially
odd around the origin, though. Importantly, the Py component,
which is completely absent in the pre-quench equilibrium
state, is a purely out-of-equilibrium effect induced by the
quench. It mainly varies in the vicinity of the applied quench
potential, with bumps of opposite signs on the two sides
of the origin, a clear hallmark of the lateral peaks of the
localized wave functions B and C (see Fig. 4). In general,
as compared to the electron density, the polarization exhibits
more interesting features. This is because the electron density
oscillations are strongly determined by the selection rule for-
bidding coupling between bound states with different eigen-
value of λ, while the intrinsic spinorial nature characterizing
the polarization allows coupling between different λ’s as well.

C. Interpretation of the results

When the attractive potential is quenched, bound states
can appear below both the minima of the two NW bands,
opening up the possibility for the coherent oscillation effect
to emerge. However, as shown in Fig. 3, in SOC NWs the
effect appears already for much smaller values of the attractive
potential strength U0 as compared to the conventional NWs.
In order to illustrate why this is the case, it is first worth
showing the following property: the interplay between the
external magnetic field and the SOC effectively gives rise to
an inhomogeneous magnetic field varying over the (half of
the) spin-orbit lengthscale (13). Indeed by applying the fol-
lowing spin-dependent gauge transformation on the electron
field spinor,

�(x) = exp {iθSO(x)σz}�̃(x), (23)

where θSO(x) = 2x sgn(α)/lSO, the original Hamiltonian is
rewritten as H = ∫

�†H� = ∫
�̃†H̃�̃ , where

H̃ =
(

p2
x

2m∗ − μ′ + f (t )U (x)

)
σ0 − heff (x) · σ⊥. (24)

Here μ′ = μ + ESO denotes an effective chemical potential
increased by the spin-orbit energy and σ⊥ = (σx, σy). Thus,
in the new gauge, the Hamiltonian H̃ describes electrons
with a customary parabolic spectrum, exposed to an effective
inhomogeneous magnetic field,

heff (x) = hx(cos θSO(x), sin θSO(x)), (25)

whose magnitude hx is determined by the actual externally
applied magnetic field, and whose direction rotates along
the NW with a wavelength lSO/2 determined by the SOC.
Importantly, such wavelength is tunable because the SOC
can be varied, e.g., by applying a backgate between NW and
substrate.

Because a bound state typically extends over the length-
scale λU of the attractive potential, if the condition λU > lSO

is fulfilled, the electron spin in the bound state effective “sees”
a spatially varying magnetic field rather than the uniform
external magnetic field, as schematically depicted in Fig. 7(a).
As a consequence, bound states that are spin orthogonal in
the absence of SOC, get a finite overlap in the presence of
SOC, which causes the appearance of the coherent oscillations
shown in the solid curve of Fig. 3. In contrast, when λU �
lSO, the electron spin inside the bound states cannot “see”
the long wavelength inhomogeneity of the effective magnetic
field, and it is essentially determined by the external magnetic
field only, as sketched in Fig. 7(b). Their coupling tends
to vanish. Moreover, a short-range potential causes a large
momentum transfer, which displaces spectral weight from the
bound state in the upper band to the continuum states almost
degenerate to it, so that the bound states in the lower band get
coupled mainly to a continuum, thereby inducing dephasing
as discussed in Sec. II. Indeed the case of a conventional NW
α → 0 in fact corresponds to the limit lSO → ∞, where the
two bound states with opposite spin are strictly orthogonal
and oscillations are damped in the long time limit (see dashed
curve in Fig. 3). Furthermore, the inhomogeneous magnetic
field heff also favors the formation of bound states, since the
rotation of its direction along the NW causes a locking of
the electron spin orientation to the orbital momentum. Thus,
an electron attempting to escape the attractive potential must
experience a change in its momentum, which in turn amounts
to a spin mismatch, similarly to what happens in magnetic
“domain walls.” The result is the enhancement of the electron
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xx

(a) (b)

heff (x) heff (x)

λU lSO λU lSO

FIG. 7. The interplay between the SOC and the external mag-
netic field gives rise to an effective inhomogeneous magnetic field
heff (x) [see Eq. (25)], whose direction rotates over the spin-orbit
length lSO, whereas the attractive quench potential extends over a
lengthscale λU around the origin, which also corresponds to the
typical lengthscale of the bound states. (a) In the regime λU > lSO

electron spin in the bound states experience the inhomogeneities
of heff (x) and rapidly varies along the bound states, causing a
finite overlap between different bound states and thereby leading
the coherent oscillations to appear after the quench. (b) In the
opposite regime λU < lSO the electron spin cannot experience the
long-wavelength inhomogeneity of the effective field, so that bound
states are spin orthogonal: The spin selection causes the decay of the
density. In particular, the limit of lSO → ∞ corresponds to the case
of conventional NWs.

localization. Finally, the rotation of the magnetic field heff

along the NW also explains why, despite the quench potential
(15) directly acts on the charge channel, a response indirectly
appears also in the spin channel and, in particular, also in
polarization components that are orthogonal to the actual
external applied magnetic field.

In summary, our results can be interpreted in terms of
the effective inhomogeneous magnetic field (25), caused by
the interplay between SOC and actual magnetic field, which
entails various effects: (i) It couples the bound states related
to the two bands; (ii) for a fixed value of U0, the number of
bound states increases with the SOC; (iii) it induces coherent
oscillations also in spin polarization orthogonal to the actual
magnetic field.

D. Effects of the chemical potential

The results about the coherent oscillation effect shown
in the previous sections have been obtained for chemical
potential μ = 0, which corresponds to the center of the gap
created by the external magnetic field. Let us now address how
variations of μ affect the phenomenon. For definiteness, we
shall focus on the spin polarization Px along the NW axis, i.e.,
the component in the external magnetic field direction, whose
time evolution is shown in Fig. 8 for different values of the
chemical potential. On the right, the position of the chemical
potential values can be located with respect to the pre-quench
NW band structure and the quench potential bound states. As
μ is increased from the center of the magnetic gap towards
the bottom of the upper band, oscillations tend to be reduced.
Then, for values above the magnetic gap, μ > hx = 0.2 meV,
they are strongly suppressed. Indeed in this situation the
states of the upper band are already occupied before the
quench, the overlapping of the bound state below this band

FIG. 8. Time evolution of the spin polarization component Px (t )
(along the external applied magnetic field) after the quench, for
different values of the chemical potential μ (all other parameters
are as in Sec. IV A). To help locate the various chemical potential
values with respect to the pre-quench energy band extrema and to the
post-quench bound state energies—shown in Fig. 4(a)—they have
also been reported here on the right.

with continuum states becomes larger, and this “leakage” of
spectral weight ultimately results into a dephasing induced
by the continuum. In contrast, when μ < 0, the effect of
coherent oscillations turns out to be stable. Again, we can
interpret this fact as a substantial decrease of the already very
small overlapping of the bound state of the upper band with
continuum states.

E. Effects of a finite switching time

So far, we have considered the customary case of a sudden
quench, where the switching time of the attractive potential
is assumed to be instantaneous. We now want to analyze
the effect of a finite switching time. To this purpose, we
have performed calculations adopting in Eq. (15) the quench
protocol,

f (t ) = 1

2

[
1 + Erf

(
4(t − τsw/2)√

2 τsw

)]
, (26)

where Erf(t ) is the standard error function, and τsw identifies
the switching time of the ramp from f (t < 0) ≈ 0 to f (t >

τsw ) ≈ 1. In the case of a sudden quench, corresponding to
τsw → 0, the oscillations have a period of about 8 ps. In
Fig. 9(a) we compare the electron density behavior obtained
for the sudden quench to the cases of two smooth ramps with
τsw = 5 ps and τsw = 25 ps. One concludes that oscillations
are robust as long as the switching time is shorter than
the oscillation period, and their visibility is slightly reduced
(see dashed red curve). Only when τsw is much longer than
such oscillation period (thin blue curve), the oscillations are
strongly damped, as shown by the thin blue curve. Figure 9(b)
shows the same comparison for the Px component of the spin
polarization, with similar results as the charge density.

V. CONCLUSIONS

In this work we have shown that quenching a localized at-
tractive potential in a NW can induce coherent oscillations in
the dynamics of the observables, which thus do not relax to a
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FIG. 9. (a) The time evolution of the charge density after a
quench performed with different switching time τsw of the ramp
protocol function (26). While the thick black curve corresponds
to the case of sudden quench (τsw → 0) analyzed in the previous
section, the dashed red curve and the thin blue curve describe the
behavior for τsw comparable and much longer than the coherent
oscillations period ≈8 ps, respectively. (b) The same as panel (a) for
the Px component of the spin polarization.

steady-state value. The origin of this phenomenon is twofold:
On the one hand the spectrum, which is purely a continuum
of states before the quench, undergoes a “topological” change
across the quench by acquiring a discrete portion arising
from the formation of bound states. On the other hand, the
pre-quench state is a complex excitation of the post-quench
Hamiltonian. While the continuum part of the spectrum would
lead to a saturation of the long-time dynamics, the bound
states form a sort of “dephasing-free” subset with an internal
oscillatory dynamics, and the period of these oscillations is re-
lated to the energy separation between different bound states.
Selection rules impose having at least three bound states for
this effect to occur. In conventional NWs, this requires that the
quench potential must be sufficiently strong (see Fig. 2).

The conditions to observe the effect are much more fa-
vorable in SOC NWs exposed to an external magnetic field,
which naturally offer a twofold advantage, as we have shown

in Secs. III and IV. First, the effect arises already for weak
attractive potential strength (see Fig. 3). Second, the quench
of the potential, which directly couples to the charge sector,
also indirectly yields nontrivial coherent dynamics in the spin
sector as well, and coherent oscillations can be observed in all
components of the spin polarization, including the ones that
are orthogonal to the applied magnetic field (see Figs. 5 and
6). The space-time patterns of spin polarization is particularly
insightful, for it carries traces of the bound state wave func-
tions. The emergence of these remarkable features is due to
the interplay between the external magnetic field hx and the
SOC, which effectively generates a inhomogeneous magnetic
field, whose magnitude depends on hx and whose direction
rotates over a lengthscale determined by the spin-orbit length
lSO. In particular, in the regime where the lengthscale of the
localized quench potential is larger than the spin-orbit length,
λU > lSO, the effective magnetic field favors the formation of
bound states and also causes a coupling between bound states
that would otherwise be decoupled [see Sec. IV C].

While the results presented here were given for the case
of a Gaussian attractive potential, the method we used is
straightforwardly generalizable to other confining potential.
We have discussed the effect of the variation of the chemical
potential, showing that the situation where it lies in the middle
or below the magnetic gap (−ESO � μ < 0) seems to be par-
ticularly suitable for the observation of the effect (see Fig. 8).
Furthermore, while most results were presented for the case
of a sudden quench, in Sec. IV E we have explicitly analyzed
the effect of a finite switching time of the ramp protocol
function (26), showing that the coherent oscillation effect is
robust as long as the switching time τsw is smaller than (or
comparable to) the oscillation period (see Fig. 9). Concerning
the steady state achieved when oscillations cannot develop, it
is generally expected that in integrable one-dimensional (1D)
systems, such as the one under investigation, the asymptotic
state is described by a GGE ensemble in the thermodynamic
limit, at least after a global quench. However, since the quench
analyzed here is local, it does not inject an extensive amount
of energy onto the system, and the question about the nature
of asymptotic state is open. Further investigations will be
undertaken to address this problem.

In terms of experimental implementations, we observe
that the local attractive potential can be realized by apply-
ing a narrow metallic gate near the NW, whose geometrical
size determines the lengthscale λU of the quench potential
[51,65–70], while the applied gate voltage implements the
potential strength U0 utilized here (see Fig. 1). Importantly,
the SOC coupling can be tuned with various techniques
[53,55,57,83,84], even by some order of magnitude, enabling
one to directly control the spin-orbit length. These features
thus provide various handles to control the formation of
the bound states and the period of the coherent oscillations
related to their energy separation. Finally, we observe that,
as in any quantum quench, the predicted oscillations can be
observed as long as their period is much smaller than the
characteristic decoherence time for charge or spin degrees
of freedom due to environment. As shown in the previous
section, for typical parameters one has τ ≈ 5–10 ps. For InSb
and InAs wires, values of τφ > 100 ps have been estimated
[85,86] for the spin degrees of freedom at low temperatures.
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Moreover, recent experiments on cold atoms have shown that
SOC one-dimensional systems can be realized also using laser
beams connecting the hyperfine levels in Fermi gases [87].

The predicted effect can thus be observable in experimentally
realistic situations, and may open up interesting scenarios for
the investigation of quantum quenches in spintronics.
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[5] D. A. Abanin and Z. Papić, Ann. Phys. (Berlin) 529, 1700169

(2017).
[6] P. Calabrese, F. H. L. Essler, and M. Fagotti, Phys. Rev. Lett.

106, 227203 (2011).
[7] M. Heyl, A. Polkovnikov, and S. Kehrein, Phys. Rev. Lett. 110,

135704 (2013).
[8] M. Schiró and A. Mitra, Phys. Rev. Lett. 112, 246401 (2014).
[9] S. Porta, F. M. Gambetta, F. Cavaliere, N. Traverso Ziani, and

M. Sassetti, Phys. Rev. B 94, 085122 (2016).
[10] A. Branschädel, G. Schneider, and P. Schmitteckert, Ann. Phys.

(Berlin) 522, 657 (2010).
[11] P. Calabrese and J. Cardy, J. Stat. Mech. (2007) P10004.
[12] V. Eisler and I. Peschel, J. Stat. Mech. (2007) P06005.
[13] J.-M. Stéphan and J. Dubail, J. Stat. Mech. (2011) P08019.
[14] R. Vasseur, K. Trinh, S. Haas, and H. Saleur, Phys. Rev. Lett.

110, 240601 (2013).
[15] S. Ghosh, P. Ribeiro, and M. Haque, J. Stat. Mech. (2014)

P04011.
[16] D. M. Kennes, V. Meden, and R. Vasseur, Phys. Rev. B 90,

115101 (2014).
[17] I. Weymann, J. von Delft, and A. Weichselbaum, Phys. Rev. B

92, 155435 (2015).
[18] Y. Ashida, T. Shi, M. C. Bañuls, J. I. Cirac, and E. Demler, Phys.

Rev. Lett. 121, 026805 (2018).
[19] P. Calabrese and J. Cardy, J. Stat. Mech. (2007) P06008.
[20] K. Bidzhiev and G. Misguich, Phys. Rev. B 96, 195117 (2017).
[21] N. Bondyopadhaya and D. Roy, Phys. Rev. B 99, 214514

(2019).
[22] M. Ljubotina, S. Sotiriadis, and T. Prosen, SciPost 6, 004

(2019).
[23] A. Dhar and D. Sen, Phys. Rev. B 73, 085119 (2006).
[24] A. Dhar, D. Sen, and D. Roy, Phys. Rev. Lett. 101, 066805

(2008).
[25] M. Rigol, V. Dunjko, and M. Olshanii, Nature (London) 452,

854 (2008).
[26] B. Sutherland, Beautiful Models (World Scientific, Singapore,

2004).
[27] M. A. Cazalilla, Phys. Rev. Lett. 97, 156403 (2006).
[28] M. Rigol, A. Muramatsu, and M. Olshanii, Phys. Rev. A 74,

053616 (2006).
[29] M. Cramer, C. M. Dawson, J. Eisert, and T. J. Osborne, Phys.

Rev. Lett. 100, 030602 (2008).
[30] T. Barthel and U. Schollwöck, Phys. Rev. Lett. 100, 100601

(2008).
[31] T. Langen, S. Erne, R. Geiger, B. Rauer, T. Schweigler, M.

Kuhnert, W. Rohringer, I. E. Mazets, T. Gasenzer, and J.
Schmiedmayer, Science 348, 207 (2015).

[32] B. Wouters, J. De Nardis, M. Brockmann, D. Fioretto, M. Rigol,
and J.-S. Caux, Phys. Rev. Lett. 113, 117202 (2014).

[33] F. M. Gambetta, F. Cavaliere, R. Citro, and M. Sassetti, Phys.
Rev. B 94, 045104 (2016).

[34] L. Vidmar and M. Rigol, J. Stat. Mech. (2016) 064007.
[35] S. Roy, R. Moessner, and A. Das, Phys. Rev. B 95, 041105(R)

(2017).
[36] S. Porta, N. T. Ziani, D. M. Kennes, F. M. Gambetta, M.

Sassetti, and F. Cavaliere, Phys. Rev. B 98, 214306 (2018).
[37] I. V. Gornyi, A. D. Mirlin, and D. G. Polyakov, Phys. Rev. Lett.

95, 206603 (2005).
[38] D. M. Basko, I. L. Aleiner, and B. L. Altshuler, Ann. Phys.

(Amsterdam) 321, 1126 (2006).
[39] J. A. Kjäll, J. H. Bardarson, and F. Pollmann, Phys. Rev. Lett.

113, 107204 (2014).
[40] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys. 80, 885

(2008).
[41] I. Bloch, J. Dalibard, and S. Nascimbéne, Nat. Phys. 8, 267

(2012).
[42] T. Kinoshita, T. Wenger, and D. S. Weiss, Nature (London) 440,

900 (2006).
[43] L. Hackermuller, U. Schneider, M. Moreno-Cardoner, T.

Kitagawa, T. Best, S. Will, E. Demler, E. Altman, and I. Bloch,
Science 327, 1621 (2010).

[44] L. Vidmar, J. P. Ronzheimer, M. Schreiber, S. Braun, S. S.
Hodgman, S. Langer, F. Heidrich-Meisner, I. Bloch, and U.
Schneider, Phys. Rev. Lett. 115, 175301 (2015).

[45] S. A. Wolf, D. D. Awschalom, R. A. Buhrman, J. M. Daughton,
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