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A computationally efficient concurrent multiscale framework
for the nonlinear analysis of composite structures

I. Kaleel ∗, M. Petrolo † and E. Carrera‡

Politecnico di Torino, Torino, Italy, 10129

A.M. Waas§
University of Michigan, 1320 Beal Avenue Ann Arbor, MI 48109-2140

This paper presents a computationally efficient concurrent multiscale platform to under-

take the nonlinear analysis of composite structures. The framework exploits refined 1Dmodels

developedwithin the schemeof theCarreraUnifiedFormulation (CUF), a generalized hierarchi-

cal formulation that generates refined structural theories via a variable kinematic description.

CUF operates at the macro and microscale, and the macroscale interfaces with a nonlinear

micromechanical toolbox. The computational efficiency derives from the ability of the CUF to

obtain accurate 3D-like stress fields with a reduced computational cost. The nonlinearity is at

the matrix level within the microscale, and its effect scales up to the macroscale through homog-

enization. The macro tangent matrix adopts a perturbation-based method to have meliorated

performances. The numerical results demonstrate that the framework requires some 50% of

the computational time and 10% of memory usage of traditional 3D finite elements (FE). Very

detailed local effects at the microscale are detectable, and there are no restrictions concerning

the complexity of the geometry. The present paper is a companion of a linked work dealing

with linear material implementations.

I. Nomenclature

C = material coefficient matrix

C̄ = homogenized material coefficient matrix

D = differential operator matrix

f = internal force vector

Fs = expansion function of the variation

Fτ = expansion function of the variable
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E1, E2, E3 = Young moduli

G12, G13, G23 = shear moduli

H = strain-hardening modulus

l = axial length

K = stiffness matrix

Nj = shape function of the variation

Ni = shape function of the variable

p = external force vector

u = displacement vector

ux , uy , uz = displacement components

V = volume

W = work

x, y, z = reference system axes

δ = virtual variation

ε = strain vector

ε̄ = homogenized strain vector

ν12, ν13, ν23 = Poisson ratios

σ = stress vector

σ̄ = homogenized stress vector

φ = yield function

Ω = cross-section domain

II. Acronyms

1D = One-dimensional

3D = Three-dimensional

CUF = Carrera’s Unified Formulation

CW = Component-Wise

DOF = number of Degrees Of Freedom

FE = Finite Element

Gb = Gigabit

GP = Gauss Point

LE = Lagrange Expansion
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MPI = Message Parsing Interface

RVE = Representative Volume Element

III. Introduction

Integrated multiscale modeling of materials and systems to imitate the behavior of the material response at multiple

scales is a major enabler for addressing the materials and structures challenges in an effective manner [1]. Although

such a modeling technique effectively increases the fidelity of the solution, factors concerning the scalability to

practical engineering problems undermine a widespread adoption. Additionally, the significant computational overhead

depreciates the overall efficacy of the modeling technique.

Even though continuum-based constitutive models proved to be well-suited for predicting the overall response of

structures, modeling localized phenomena such as damage and failure propagation using such approaches remain

questionable as such mechanisms depend heavily on the underlying lower-scale features. Micromechanics-based

multiscale modeling techniques can help in such cases via computing the effective behavior of the heterogeneous material

at the macroscale from the behavior and architecture of the individual constituents [2, 3]. Micromechanics-based

multiscale frameworks often consist of the macroscale modeled using FE models and interfaced with a lower microscale

with explicit heterogeneous material definitions. Based on the approach adopted at the microscale, a multiscale method

can follow a mean-field or full-field approach.

The mean-field approach mostly uses analytical methods such as the concentric cylinder model (CCM) [4], Mori-Tanaka

method [5], and generalized self-consistent method (GSCM) [6] to compute the effective response at the microscale.

Even though these methods are computationally efficient, the lack of spatially resolved information often restricts their

usage in the nonlinear regime. The secant-modulus based approach can extend mean-field theories for the nonlinear

analysis but often leads to overestimated responses due to lack of stress concentrations [7]. Zhang and Waas developed

an analytical subscale micromechanics model based on two-phase CCM and three-phase GSCM to undertake the

nonlinear evolution of matrix constituents within composites and offering distinct computational advantages [8] via the

analytical subscale analysis based on a secant method and has been extended by Patel and Waas [9] to make the subscale

model more accurate. The method was successful in an integrated multiscale modeling framework for undertaking the

progressive failure analysis of laminated fiber-reinforced composites and hybrid 3D textiles [10, 11]. Commercial codes

such as DIGIMAT utilize mean-field methods for the multiscale modeling [12].

A class of semi-analytical methods proved to alleviate the limitations of mean-field approaches. Unlike analytical

methods, semi-analytical methods offer a spatial resolution of fields with significant computational advantages over

fully numerical approaches. The Method of Cells (MOC) [2] and its extensions, including the Generalized Method of

Cells (GMC) [13] and High-Fidelity Generalized Method of Cells (HFGMC) [14], are powerful semi-analytical tools
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to model the effective behavior of hierarchical materials and structures at the microscale. Such methods can provide

the anisotropic response of heterogeneous material via semi-closed-form solutions with a high degree of accuracy.

For instance, GMC-based multiscale models are powerful tools for undertaking the progressive failure and damage

modeling of composite structures [15–18]. In most cases, the micromechanics toolbox interfaces with a commercial FE

solution for the macroscale modeling.

Most commonly adopted fully-numerical approach within the multiscale paradigm are based on FE models applied

at both scales, and often referred to as FE2. Introduced by Feyel for modeling the elasto-visco-plastic analysis of

composite structures [19], FE2 methods is an active area of research [20–23]. Even though the generality of FE

facilitates applications to complex problems with highly heterogeneous phases, the high computational cost associated

with solving a large set of nonlinear micromechanical boundary value problems at every macro Gauss point impedes the

use of the FE2 method for practical problems such as impact analyses. To an extent, parallel implementations alleviate

such a significant computational cost.

Reduced-order modeling is yet another powerful technique to scale down the dimensionality of problems using methods

such as the Proper Orthogonal Decomposition (POD) and the Proper Generalized Decomposition (PGD) methods

[18, 24–26]. When implemented at the lower scales, such techniques can significantly boost the computational efficiency

within a multiscale framework and increase the viability of large-scale problems. Chinesta et al. demonstrated that PGD

scales linearly with the dimension of the problem in contrast with the exponentially-growing characteristics exhibited by

mesh-based discretization methods [24]. Néron and Ladevèze integrated PGD techniques within the LATIN method for

treating multiscale problems and showed significant gains concerning computational costs and storage [25]. Recently,

Radermacher et al. presented a new multiscale modeling technique - FEPOD - for the nonlinear analysis by embedding

reduced Representative Volume Elements (RVE) based on POD into an FE-based macromechanical simulation [26].

Readers may refer to the review paper by Kanouté et al. for a comprehensive review on recent developments within the

multiscale modeling techniques for composites [27].

This paper presents a computationally efficient multiscale framework to model the nonlinear response of composite

structures. The concurrent multiscale framework adopts the CUF, a unified framework to obtain any-order structural

theories through a variable kinematic formulation [28]. In particular, the proposed methodology makes use of

one-dimensional (1D) models having enriched displacement fields over the cross-section. CUF models can provide

accurate 3D displacement and stress fields at a reduced computational overhead concerning analysis time and memory

usage [29–32]. To date, the computational efficiency of CUF proved to be high for a variety of problems such as

progressive failure analysis in composites [29], buckling and post-buckling [30], biomechanics [31], and nonlinear

global-local approaches [32].

In the present work, CUF models act at multiple scales to obtain an efficient multiscale framework. The variable

kinematic nature of the formulation enables to balance the efficiency and fidelity requirements via exploiting the order

4



of the formulation as an input of the analysis. Analogously to standard FE2 methods, 1D CUF models can model the

macroscale, i.e., the structural level components such as open-hole specimens and coupons, and the microscale RVE.

Explicit FE computations at lower scales are efficient via the CUF Component-Wise (CW) micromechanics approach

[33] that can model every constituent retrieving geometrical and material characteristics. In this paper, for comparison

purposes, the framework makes use of standard linear brick elements as well. The material nonlinearity acts at the

microscale and then upscales back to the macroscale through the homogenization. A perturbation method enables

an efficient numerical calculation of the tangent matrix [34] to improve the convergence behavior at the macroscale.

Parallelization of the framework uses a hybrid OpenMP-MPI approach.

The paper structure is the following: Section IV describes in detail various aspects of the multiscale framework. Three

sets of numerical cases are discussed in Section IV. Concluding remarks are drawn in Section VI.

IV. Nonlinear concurrent multiscale framework

A. Nonlinear CUF

According to the CUF, the 3D displacement field u(x, y, z)makes use of generic expansions of the primary unknowns.

In the 1D case, the displacement becomes

u(x, y, z) = Fτ(x, z)uτ(y), τ = 1,2, ...,M (1)

where Fτ(x, z) are the expansion functions acting at the cross-section level, x-z plane, and have M terms. uτ(y) is the

generalized displacement field along the beam axis. Various basis functions can define Fτ and this choice determines the

class and order of the 1D CUF models. The present work uses Lagrange polynomials as expansion functions, referred to

as LE models, and characterized by having only pure displacements as primary unknowns. More details on LE models

are in Carrera and Petrolo [35].

Via FE along with the y-axis, the displacement field becomes

u(x, y, z) = Ni(y)Fτ(x, z)uτi τ = 1,2, ...,M; i = 1,2, ..., p + 1 (2)

where Ni is the shape function of order p and uτi is the nodal unknown vector. Via the principal of virtual displacements,

δWint − δWext = 0 (3)
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where Wint and Wext are the internal work and work due to external loading respectively and δ denotes the virtual

variation. In the case of nonlinear analysis, the governing equations become a system of nonlinear algebraic equations,

K i jτs
s uτi − pτi = 0 (4)

where ki jτs
s and pτi are the fundamental nucleus of the secant stiffness matrix and of external loading vector, respectively.

The derivation and implementation aspects for formulating such nuclei are in Carrera et al. [28]. Via Eq. 4, the global

assembled FE matrices for a generic higher-order 1D model by expanding the nuclei using indices τ, s = 1,2, ...,M and

i, j = 1,2, ...., p + 1,

KSu − p = 0 (5)

where Ks, u and p are the global assembled FE arrays. By adopting the Newton-Raphson method, the incremental

linearized of Eq. 5 becomes

KT (u)∆u = λp − fint (u) (6)

where KT is the global tangent stiffness matrix, λ is the load scaling parameter and fint is the global internal force vector.

Since the current work restricts to the physical nonlinearity, the tangent fundamental nucleus is [36]:

ktan
i jτs =

∫
l

∫
Ω

BT (Ni(y)Fτ(x, z)) Ctan B(Nj(y)Fs(x, z))dl dΩ (7)

where B is a differential operator and Ctan is the tangent material matrix. Within the multiscale framework, the tangent

material matrix at the microscale makes use of the constitutive modeling of the material behavior, e.g., the elastoplastic

tangent matrix. At the macroscale, the lack of analytically derivable constitutive equations compels to formulate the

material tangent numerically. A perturbation method provides such a numerical scheme [34], see Section IV.D.

B. Constitutive models

In this work, the nonlinear response of the structure stems from the inelastic behavior exhibited by the individual

constituents at the micro level, in particular, the nonlinearity originates within the matrix. On the other hand, fiber is

linear elastic. The inelastic model for matrix accounts for plasticity to simulate the shear-driven nonlinear behavior

[37, 38].

Based on the incremental theory of plasticity, the infinitesimal strain increment in matrix, dεm, have and elastic, dεem,
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and plastic, dε pm, strain component,

dεm = dεem + dε pm (8)

Assuming the von Mises plasticity potential, the yield function reads

φ = J2(σ) − σ
y
m (9)

where J2(σ) is the von Mises plastic potential and σy
m is the yield stress of the matrix [39]. The incremental stress, σ, is

related to dε pm through following associative flow rule :

dε pij = dλ
∂φ

∂σi j
(10)

where dλ is the proportionality factor expressed as:

dλ =
3
2

dε p

σ
=

3
2

1
Hm

dσ
σ

(11)

where Hm is the strain-hardening modulus from experimental data. More details on the numerical aspects regarding the

implementation of plasticity models within CUF, including the formulation for of the elastoplastic tangent matrix Cm
ep ,

are in Carrera et al. for [36].

C. Micro model: CW micromechanical framework

As in Fig. 1, the CUF micromechanics framework models the RVE as beams using the CW approach [33]. The RVE

has its cross-section discretized in some Lagrange elements. The cross-section domain is x2 − x3 and extends along the

beam direction, x1. The local refinement in the RVE is achievable through the discretization of the RVE using multiple

L9 elements in the cross-section, in which L9 indicates a nine-node element. The beam element may have two, three or

four nodes, namely, B2, B3 or B4. Periodic boundary conditions maintain the compatibility of displacement and stress

along the faces of the RVE as in Kaleel et al. [33]. The homogenized response of the RVE uses the volume averaging of

the macrostate variables, H̄, from the local microstate variables, H, computed at every Gauss point of the RVE,

H̄ =
1
V

∫
V

HdV (12)
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(a) (b)

+

(c)x2

x3
x1

Fig. 1 An illustration of the CW modeling of a composite microstructure with arbitrary constituents: (a) a
triply periodic composite microstructure with three different phases, (b) a triply periodic RVE with individual
components modeled as separate components and (c) assembled cross-section with Lagrange elements along
with the beam for the RVE

D. Numerical computation of consistent macroscopic tangent matrix

The efficiency and convergence behavior of a multiscale iterative scheme hinges on accurate computation of the

macroscopic tangent matrix, which must be consistent with the macroscopic stress evolution. The lack of explicit

macroscale constitutive formulations necessitates the extraction of macroscopic stress and material tangent matrix in an

ensemble-averaged sense. The numerical tangent matrix computation within a multilevel FE framework originated in

Kouznetsova et al. [40], via a fourth-order consistent macroscopic tangent tensor condensing the micro FE tangent

matrix. The procedure involves the computation of the Schur complement for the matrix inversion, which could be

memory expensive for large micro models. In this work, the computation of the macroscopic tangent matrix is numerical

via a perturbation technique based on the forward difference approximation developed by Miehe and Koch [41]. Such a

numerical scheme has proved successful in a wide range of nonlinear multiscale problems [34, 42, 43].

The macroscopic material tangent matrix exploits the numerical linearization around the current macroscopic loading

and stems from applying six infinitesimally small perturbation strains δε on the current equilibrium strain field,

δσ = Cδεδε (13)

where δσ is the perturbed stress due to applied perturbed strain δε . The perturbation value depends on the machine

precision, as too small values may lead to numerical problems and error would accumulate in the case of large values

[34]. In this work, the perturbation value | |δε | | is set as 10−6, which yielded sufficiently accurate results. During the

perturbation step, the internal variables H must be able to evolve to obtain a consistent numerical tangent matrix [34].

Therefore, the perturbation takes place by adding the perturbed strain to the current macro strain. The perturbed stress
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δσ̄ increment is

δσ̄n+1 = σ̄(εn+1 + δε,Hn+1 + δH) − σ̄(εn+1,Hn+1) (14)

Each column of the numerical tangent matrix Cδε stems from solving six nonlinear microscopic systems.

E. Concurrent implementation and parallelization

The generality within the CUF framework facilitates the usage of the same implementation scheme at multiple

scales. Additionally, the variable kinematic nature of the framework aids in integrating various classes of FE efficiently.

The macroscale interfaces with the microscale by updating the macro Gauss points. Such an update derives from the

current incremental macro strain passed to the microscale as an input. The micro framework computes the updated

macro tangent matrix, macro stress and solution variables, and sends it back to update the macro Gauss points. Due to

the iterative nature of the framework, the solution variables of every Gauss point within the micro RVE associated with

a macro Gauss point need storage, leading to an exponential increase in the memory usage as the size of the numerical

problem grows. To alleviate such a problem, the current framework stores the solution variables for micro RVE only

when it enters the nonlinear regime.

Further efficiency stems from the use of a hybrid MPI-OpenMP based parallelization strategy [44]. MPI-based

constructs parallelize the global level operations such as updating solution variables at macro Gauss points and the global

stiffness assemblage. OpenMP commands act at the local level operations, such as the macro tangent computation,

by parallelizing the six nonlinear solutions. Within the multiscale framework, since the majority of the analysis time

addresses the solving of the micromechanical nonlinear problem at every macro Gauss point, the parallelization strategy

adopted above yields a near-ideal speedup as depicted in Fig. 2.

V. Numerical results
This section presents three sets of numerical cases. The validation and assessment of the robustness of the framework

is the aim of the first case dealing with a multilayered structure under pure shear loading conditions. The second set

investigates the nonlinearity exhibited by off-axis laminates including comparisons against experimental results. The

last case shows the nonlinear response of an open-hole specimen.

The present framework can handle standard eight-node brick FE, commonly used in literature for FE2 framework based

multiscale analyses. Depending on the kind of FE used in the two scales, the numerical results stem from various

multiscale models, as enlisted in Table 1.

A. Nonlinear shear response of multilayered composites

The present numerical case deals with a multilayered structure under pure shear loading conditions. The problem

definition derives from the work of Tikarrouchine et al. [21]. The microscale model has a periodic stack of two
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Fig. 2 Speed up obtained in the parallel version of nonlinear multiscale framework for the second numerical
case

Table 1 Nomenclature for various models used in multiscale analyses

Model name Macroscale Microscale
1D-1D CUF beam element CUF beam element
3D-1D Standard linear 3D brick element CUF beam element
3D-3D Standard linear 3D brick element Standard linear 3D brick element
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Table 2 Material properties for the two-layered RVE under pure shear loading conditions

Volume fraction Young modulus Poisson ratio Yield Stress
[-] [GPa] [-] [MPa]

Elastic phase 0.5 6.0 0.2 -
Elastoplastic phase 0.5 2.0 0.3 10.0

x

z
y

u
z
 =

 1

ux = 1

ux = -1

u
z
 =

 -
1

(a)

+

(b)

1L9 1B4

+

Elastic phase

Elasto-plastic 

phase

2L9 1B4

(c)
x

z

y

x

z

y

Fig. 3 Model information of the two-layeredRVEunderpure shear loading conditions: (a)Boundary conditions
formacromodel, (b) Cross-section and beammodeling ofmacromodel and (c) Cross-section and beammodeling
for micro model

composite layers with a volume fraction of 0.5 each. As in Fig. 3(c), the first layer has as an elastic material whereas

the second layer exhibits an elastoplastic response with material parameters tabulated in Table 2. Figure 4 depicts the

plastic response of the elastoplastic phase, based on the power-law hardening function. The boundary conditions of the

macrostructure correspond to a pure shear loading case, see Fig. 3(a). The macrostructure is a cube modeled using 1 L9

along the cross-section and 1 B4 along the beam axis, as depicted in Fig. 3(b). The dimensions of the cube are unitary.

Since the boundary conditions imposed on the macro model yield pure shear loadings, i.e., all strain components except

ε23 are zero, the overall response of the macrostructure must be identical to the micromechanical analysis of the RVE

with an imposed non-zero shear strain ε23.

Figure 5 shows the overall macro response along with results from the CUF-micromechanical analysis, semi-analytical

solutions and the reference FE2 solution from Tikarrouchine et al. [21].

The assessment of the convergence behavior of the framework is the aim of another analysis having a total strain of

the 5% applied in one large increment. Similarly to the study undertaken by Haj-Ali and Aboudi in [17], this study

aims at evaluating the robustness of the framework to handle severe nonlinearities. Figure 6 shows the convergence

behavior regarding the norm of the residual vector of the 1D-1D model versus the CUF micro model, where 1D-1D

(Global) refers to the multiscale global convergence behavior of the macro 1D model and 1D-1D (Local) refers to the

convergence behavior exhibited at the local micromodel interfaced to one of the Gauss points of the macro model.

Results suggest the following:

1) From Fig. 5, it is evident that the overall macro response of 1D-1D matches well with CUF micromechanics and

reference solutions.
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Fig. 4 Plastic response of the elastoplastic phase for the two-layered RVE under pure shear loading conditions
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Fig. 5 Comparison of the overall macro response of the two-layered RVE under pure shear loading conditions
against semi-analytical solutions and the FE2 approach
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(a) Boundary conditions

+

8L9 1B4

(b) Macro model of the unnotched laminate under uniaxial
tension

Fig. 7 1D-1D macro model

2) The convergence behavior of CUF micro and 1D-1D (Local) matches the findings of Haj-Ali and Aboudi in [17].

On the other hand, the multiscale framework, i.e., 1D-1D (Global), exhibits a superior convergence, see Fig. 6.

B. Unnotched plate under uniaxial tension

O’Higgins et al. conducted experimental and numerical investigations on the nonlinear response of off-axis glass

fiber-reinforced composite laminates under tension [45, 46]. The emergence of permanent strains in specimens during

cyclic loading revealed the plastic-like behavior of laminates. The authors also developed a Continuum Damage

Mechanics (CDM) plasticity model for the lamina for undertaking numerical analyses of off-axis laminates under

tension [46], which shall serve as a reference solution for the following study.

In this paper, the inelastic deformation phenomenon stems frommodeling the matrix plastic deformation at the microscale.

The numerical results deal with three stacking sequences, namely, [10]2s , [55]2s and [67.5]2s . The multiscale models

adopted are the following:
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Carbon ber

Epoxy matrix

2 B4

+

20 L9

Fig. 8 Micro model for the 1D-1D multiscale of the unnotched laminate under uniaxial tension

Table 3 Micro model information for the unnotched laminate under uniaxial tension

Micromodel Information DOF GP Analysis time per increment [s]
Without tangent With tangent

1D-1D CUF beam element - 20 L9 cross-section ele-
ments with 2 B4 beam elements

1,869 1,440 0.45 2.90

3D-3D 1656 linear brick elements (2 elements per
layer)

6,405 13,248 0.75 5.24

DOF: Degrees of freedom. GP: Gauss points.

(a) 1D-1D: Microscale and macroscale models have 1 B4 element with 1 L9 element per layer, see Fig. 7(b). The

total number of Gauss points in the macrostructure is 288.

(b) 3D-3D: Analogously to the traditional FE2 method and similarly to the modeling technique undertaken by

O’Higgins at al. [46], both scales use two linear 3D brick elements per layer. the total number of Gauss points in

the macrostructure is 1152.

The thickness of each layer is 0.125 mm and Fig. 7(a) shows the boundary conditions of the macrostructure having

unitary length and width.

As depicted in Fig. 8, the micro structure model is a square-packed RVE. In the 1D-1D case, the micro model

consists of 20 L9 along the cross-section and 2 B4 along the beam with 1869 degrees of freedom (DOF). In the 3D-3D

case, the mesh adopted derived from Kaleel et al. [33] and consisted of 1656 brick elements amounting to 5796 DOF.

The model information for the microscale models are in Table 3 along with analysis time with and without macro tangent

material matrix computation. The fiber is transversely isotropic linear elastic and the von Mises plasticity models the

inelastic deformation in matrix constituents. The transverse and shear response of the RVE derives from calibration to

Table 4 Elastic properties of the RVE for the unnotched laminate under uniaxial tension

E1 E2 G12 G23 ν12

(GPa) (GPa) (GPa) (GPa) (-)
HTA Fiber 223.0 23.0 32.0 7.0 0.28
MY750 matrix 4.3 4.3 1.7 1.7 0.27

14



0 0.01 0.02 0.03 0.04 0.05

Plastic strain 
p
 [-]

0

30

60

90

120

150

S
tr

e
s
s
 

 [
M

P
a

]

HTA-6376

Hardening curve equation

R(
p
) = R

0
+R  (1-  e p)(1-  e p)

Hardening curve parameter

 = -12.50,  = 0.40,  = -170 

R  = 120.0, R
0
 = 40.3

Fig. 9 Calibrated hardening curve used for the RVE model of the unnotched laminate under uniaxial tension
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Fig. 10 Comparison of calibrated 1DCUF-Micro and 3D FE-Micro model against experimental [45] and CDM
plasticity model [46] for transverse and shear response of the RVE

experimental data available for [90] and [±45] coupons [45], see Table 4. The hardening curve of the matrix plasticity

model makes use of a four parameter model [47] as shown in Fig. 9.

Figure 10 presents the overall response of 1D, referred to as CUF-Micro, and 3D, referred to as FE-Micro, micro models

under transverse and shear loadings with comparison against experimental [45] and literature solutions [46]. Figure 11

shows the accumulated plastic strain in calibrated RVE models at an applied shear strain γ12 = 0.05.

The calibrated microscale RVE models interface with the macro models for the three different laminate systems. Figure

12 compares the tensile stress versus strain with comparison against experimental [45] and CDM plasticity model

results [46]. It is important to emphasis that both the reference results include the final failure point whereas the current

simulation restricted to only modeling the nonlinear behavior. Table 5 enlists the total time taken for the analysis and the
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Fig. 11 Accumulated inelastic strain in calibrated RVE at an applied shear strain γ12 = 0.05

Table 5 Numerical results for the unnotched laminates under uniaxial tension

Laminates [10]2s [55]2s [67.5]2s Average
Model 1D-1D 3D-3D 1D-1D 3D-3D 1D-1D 3D-3D 1D-1D 3D-3D

Total analysis time (hh:mm) 0:47 2:32 0:50 2:12 0:39 2:20 0:46 2:22
Average memory usage per
core (Gb)

1.52 28.1 1.51 28.0 1.51 28.1 1.51 28.1

memory usage for different multiscale models. The numerical results suggest that

1) Figure 11 shows that 1D micro models exhibit similar accumulated inelastic strain field in comparison to 3D

micro models under shear loading.

2) In comparison to experimental and reference results, both multiscale approaches capture varying degree of

nonlinearity exhibited by different laminates with acceptable accuracy, see Fig. 12.

3) Table 4 shows that 3D micro models require twice the time to undertake a single micro RVE analysis in

comparison to 1D models. The speed-up obtained affects the overall analysis time for the multiscale analysis

with 1D-1D requiring only 46 minutes whereas 3D-3D needs 2 hours and 22 minutes on average, see Table 5.

4) Significant differences characterize the memory usage of the multiscale models, see Table 5. Such a difference

stems from the large variation in the required number of Gauss points in the microscale for both models. In fact,

1D uses 1,440 Gauss points whereas 3D requires 13,248 Gauss points. On average, 1D-1D models are 18 times

more memory-efficient than the respective 3D-3D models.

C. Open-hole specimen under tension

The last numerical case focuses on an open-hole specimen under tension, as illustrated in Fig. 13. The specimen has

an imposed displacement of 0.5625 mm applied in 20 incremental steps. The three multiscale models have the same

micro model but differ concerning the macro models,

(a) 1D-1D: The cross-section of the macro model has 37 L9 with each layer modeled with B2 beam elements.

(b) 3D-1D Coarse: The macro model has 792 3D linear brick elements, one element per layer.
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Fig. 13 Geometry and boundary condition for the open-hole specimen under tension

Table 6 Computational information for the open-hole specimen models

Model Information DOF GP Total analysis time Memory requirement
[hh:mm:ss] [Gb]

1D-1D 37 L9 cross-section ele-
ment with 4 B2 beams

2,655 2,664 01:53:38 2.02

3D-1D Coarse 792 3D brick elements
with one element per
layer

3,450 6,336 05:27:12 7.28

3D-1D Refined 1088 brick elements
with one element per
layer.

4,650 8,704 08:24:37 8.75

(c) 3D-1D Refined: The mesh density is increased around the hole region, thereby raising the total number of 3D

brick element used to model the specimen to 1088. One element is used to represent each layer.

The micro model consists of a fiber-reinforced composite system with an elastoplastic matrix. Fiber is linear isotropic

material with a Young modulus E = 414 GPa, Poisson ratio ν = 0.15, and has a volume fraction of 0.6. The material

properties of the matrix are in Fig. 14 with the yield stress and post-yield hardening curve. Figure 15 shows the mesh

configurations for the different multiscale models. Due to the high-stress gradient within the zone around the hole, the

material nonlinearity in the micro model is active only in the integrations points within the shaded region in Fig. 15.

Table 6 enlists the model information along with analysis time and memory requirements.

Figure 16 depicts the remote stress-strain response via the three multiscale models. The remote stress is the reaction

force at the applied displacement end divided by its area. The ratio between the applied displacement and the length

of the specimen is the remote strain. Figure 17 shows the accumulated inelastic strain via various multiscale models

including the spatial resolution of the equivalent inelastic strain at the microscale. Figure 18 presents the von Mises

stress distribution within the matrix constituent of the micro RVE for various multiscale models. Stress contour plots for
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Fig. 14 Material properties for the inelastic matrix for the micro model of the open-hole specimen under
tension

individual plies in the macro model are in Fig. 19. Figure 20 shows the convergence behavior of the multiscale models

by comparing the number of iterations required at each loading increment. The numerical results suggest that

1) From Fig. 16, 1D-1D and 3D-1D refined exhibit similar remote stress-strain responses.

2) The contour plots for accumulated inelastic strain at both scales illustrate the superior capability of the 1D-1D

model to capture the nonlinear behavior across scales, see Fig. 16. Figure 18 further emphasizes the capabilities

of the framework by comparing the von Mises stress field at the microscale.

3) According to Table 6, 1D-1D exhibits multifold efficiency concerning the analysis time.

4) Even though all multiscale models interface with the same micro 1D model, 1D-1D requires only 2,664 macro

Gauss points whereas 3D-1D coarse and 3D-1D refined need 6,336 and 8,704 Gauss points, respectively.

Therefore, the total memory requirement for 1D-1D is 2.02 Gb whereas 3D-1D coarse and 3D-1D refined need,

7.28 Gb and 8.75 Gb, respectively.

5) Figure 20 shows that the present framework exhibits good convergence behavior via the numerical computation

of the full tangent matrix of the macro model through the perturbation method. For the current analysis, the

framework required on average three iterations per load increment.

VI. Conclusions
This paper presents a computationally efficient concurrent multiscale framework for modeling the nonlinear behavior

of multilayered structures. Built within the scheme of CUF - a unified framework to generate any-order structural theories

through a variable kinematic formulation -, the present approach exploits CUF models at the macroscale to model
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(a) 1D macro model with 37 L9 cross-section elements and 1 B2 per layer

(b) 3D coarse macro model with 792 3D brick elements

(c) 3D Refined macro model with 1088 3D brick elements

Fig. 15 Mesh configurations for various multiscale models for the open-hole specimen under tension
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Fig. 16 Remote stress-strain curve for open-hole specimen under tension

the structural level components, e.g, open-hole specimens plates, interfaced with an efficient CUF micromechanics

toolbox. The nonlinearity is at the constituent level within the microscale and the effect scales up to the macrostructure

via homogenization. A perturbation-based numerical homogenization scheme leads to the macro tangent matrix and

enables a numerically efficient framework. According to the numerical results,

1) The proposed framework exhibits multifold enhancements of efficiency concerning the analysis time and memory

usage as compared to traditional multiscale implementations based on 3D FE.

2) The accuracy of the solution is high and comparable to 3D FE. In particular, detailed local effects at the microscale

are obtainable.

3) The capability of using the same 1D formulation at every scale independently of the complexity of the material

system and geometry makes the present methodology appealing as a way to reduce the computational overhead

of multiscale frameworks.

Future work shall include integrating damage models within the microscale to model complete failure of the structure.

Damage models often exhibit convergence issues, dictating smaller load increments, may affect the computational

efficiency and needs to be further studied. Scaling the framework to computationally intensive problems such as impact

is also a future task. A key issue for an explicit dynamic analysis is the computational effectiveness. The present model

can be an alternative to standard FEM-based micromechanics due to superior efficiency. Also, an explicit numerical

integration does not require macro tangent matrix computations with further enhancements in the efficiency.
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Fig. 17 Comparison of accumulated inelastic strain at multiple scales via various multiscale models for the
open-hole specimen under tension at an applied displacement loading of 0.5625 mm
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