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A computationally efficient concurrent multiscale framework
for the linear analysis of composite structures

I. Kaleel ∗, M. Petrolo † and E. Carrera‡

Politecnico di Torino, Torino, Italy, 10129

A.M. Waas§
University of Michigan, 1320 Beal Avenue Ann Arbor, MI 48109-2140

This paper presents a novel multiscale framework based on higher-order one-dimensional

finite element models. The refined finite element models (FE) originate from the Carrera Uni-

fied Formulation (CUF), a novel and efficient methodology to develop higher-order structural

theories hierarchically via a variable kinematic approach. The concurrent multiscale frame-

work consists of amacroscale model to describe the structural level components interfaced with

efficient CUF micromechanical models. Such micromechanical models can take into account

the detailed architecture of the microstructure with high fidelity. The framework derives its

efficiency from the capability of CUF models to detect accurate 3D-like stress fields at reduced

computational costs. This paper also shows the ability of the framework to interface with

different classes of representative volume elements (RVE) and the benefits of parallel imple-

mentations. The numerical cases focus on composite and sandwich structures and demonstrate

the high-fidelity and feasibility of the proposed framework. The efficiency of the framework

stems from comparisons with the analysis time and memory requirement against traditional

multiscale implementations. The present paper is a companion of a linked work dealing with

nonlinear material implementations.

I. Nomenclature

C = material coefficient matrix

C̄ = homogenized material coefficient matrix

D = differential operator matrix

Fs = expansion function of the variation

Fτ = expansion function of the variable
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E1, E2, E3 = Young moduli

G12, G13, G23 = shear moduli

l = axial length

K = stiffness matrix

Nj = shape function of the variation

Ni = shape function of the variable

p = body force vector

P = point force vector

q = surface force vector

r = line force vector

u = displacement vector

ux , uy , uz = displacement components

V = volume

W = work

x, y, z = reference system axes

δ = virtual variation

ε = strain vector

ε̄ = homogenized strain vector

ν12, ν13, ν23 = Poisson ratios

ρ = density

σ = stress vector

σ̄ = homogenized stress vector

Ω = cross-section domain

II. Acronyms

1D = One-dimensional

3D = Three-dimensional

CPU = Central Processing Unit

CUF = Carrera Unified Formulation

CW = Component-Wise

DOF = number of Degrees Of Freedom

FE = Finite Element
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GB = Gigabyte

GP = Gauss Point

LE = Lagrange Expansion

MB = Megabyte

MPI = Message Parsing Interface

PVD = Principle of Virtual Displacements

RVE = Representative Volume Element

III. Introduction

Advanced fiber-reinforced composite structures have extensively penetrated various components of aerospace

structures, e.g., primary structures of aircraft and turbine blades. Currently, the design and certification of

lightweight aircraft composite components depend extensively on experimental testing, which leads to budgetary and

time constraints [1]. The exorbitant cost associated with design and testing of new composite structures can diminish

by incorporating high-fidelity simulation tools [2]. Also, virtual testing frameworks can expand the design space at

early stages and provide a possibility to consider configurations that were too complex to verify with purely empirical

methods. Existing computational tools only account for a fragmented portion of the testing domain covering the various

length and time scales with limited reliability and robustness. The microstructure can be very complex, e.g., 3D wovens

or tens of fibers, and the direct numerical simulation unfeasible. Understanding physical behaviors such as failure at

lower scales and bridging the effect accurately to upper scales can significantly boost the fidelity of simulations. An

integrated multiscale structure and material modeling framework can account for complex interactions across multiple

scales within the structural hierarchy of an aircraft component [3]. Even though tremendous advances in the field of

computing has spearheaded the development of multiscale computational tools, improving the solution robustness

and efficiency remains an active area of research with the aim to extend such methodologies to increasingly complex

structures.

The macroscale constitutive modeling assumes the material point as a homogeneous and accounts for heterogeneities,

such as inclusions and voids, through implicit mathematical formulations. Within a multiscale framework, the

constitutive response at a material point interfaces with a lower scale with explicit heterogeneous definitions through

homogenization [4]. Thus, the effective behavior originates through solving a micromechanical boundary value problem

(BVP). In an FE framework, such an approach is often referred to as the FE2 scheme [5]. For example, Ladavèze et al.

developed a LATIN based methods, which is a non-incremental iterative computational strategy for multiscale modeling

[6] for the nonlinear modeling of composites. The FE2 scheme can tackle various classes of multiscale problems such

as nonlinear analyses of composites [7], thermo-mechanical analyses of heterogenous solids [8], and the micro-diffusive
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damage modeling with interface elements [9]. The fundamental disadvantage often associated with the FE2 method is

the computational cost, since every integration point in the macroscale has an associated micro BVP to be solved. In the

case of nonlinear analyses, solutions require iterative strategies, thereby leading to an increased computational cost.

The commonly adopted scheme to address the computational cost is the development of highly parallelized imple-

mentations [5, 10]. Fritzen et al. developed a massively parallel GPU implementation of a hybrid computational

homogenization method for visco-plastic materials using the NVIDIA CUDA framework [11] to reach an overall speedup

in the order of 104 with respect to high-performance FE implementations. Given that improving efficiency at lower

scales can significantly boost the computational efficiency, the use of efficient analytical and semi-analytical methods at

microscale is yet another commonly adopted approach [12, 13]. Lagoudas et al. developed a numerical scheme based

on the Mori-Tanaka averaging scheme for elastoplastic predictions of binary composites [14]. The Generalized Method

of Cells (GMC) originated a class of tools and extensions, such as the High-Fidelity Generalized Method of Cells

(HFGMC), for the multiscale analysis of various kinds of hierarchical structures [4]. Within GMC, the unit cell has some

sub-cells and the macroscopic constitutive equation couples with microscopic state variables. The HFGMC is a popular

methodology to model damage and failure analysis at the constituent scales of composites [13, 15, 16]. Zhang et al.

proposed a novel multiscale framework to predict the effective nonlinear response of composites coupling a macro FE

model and an analytical micromechanical method based on the Concentric Cylinder Model (CCM) [17]. The framework

can undertake the failure response analysis of hybrid 3D textile composites [18]. The method is computationally

efficient because the subscale analysis is done analytically using a secant method and has been extended by Patel and

Waas [19] to make the subscale model more accurate. Reduced multiscale methodologies based on reduced basis and

proper orthogonal decomposition techniques are other successful techniques from literature [7, 20, 21]. These methods

improve the computational efficiency of the framework by adopting model reduction for micro BVP. The RVE modeling

requires only a few modes with significant decrements of the computational effort and negligible drops in accuracy.

The objective of the present paper is to introduce a novel multiscale framework based on a class of refined FE. The refined

FE stems from the CUF [22, 23]. The CUF is a method to generate higher-order 1D and 2D FE hierarchically. Over

the course of last decades, CUF models have efficiently handled various classes of problems such as micromechanical

progressive failure analysis of composites[24], rotordynamics [25], hygrothermal analysis [26] and incompressible

flow analysis [27]. In this work, the ability of CUF models to provide accurate three-dimensional (3D) displacement

and stress fields at a reduced computational cost leads to building an efficient multiscale framework. Analogous to

standard FE2 methods, the 1D CUF models the macroscale to describe the structural level components, e.g., open-hole

specimens and coupons. Explicit FE computations at lower scales take place via the CUF-CWmicromechanics tool, first

introduced by Kaleel et al. in [28]. The vast spectrum of applicability of 1D CUF models enables to generate various

classes of RVE architectures. The interfacing between the two scales uses homogenization techniques by exchanging

stress, strain and material matrices. The computational effort augments further via the parallel implementation of the
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proposed framework.

This paper is organized as follows: 1D CUF models are introduced in brief in Section IV together with the multiscale

framework and the related parallel implementation. Three sets of numerical results for the multiscale analysis of various

hierarchical structures are enlisted in Section V. Concluding remarks are outlined in Section VI.

IV. 1D CUF and multiscale framework
1D CUF models decomposes the 3D displacement field into an axial displacement function u(y) and a cross-section

expansion function Fτ(x, z). Therefore, the generalized displacement field, u becomes

u = uτ(y)Fτ(x, z), τ = 1, ...,M (1)

where M is the number of terms in the expansion function Fτ(x, z). The choice of Fτ and M remains arbitrary and defines

the adopted structural theory and, for instance, Fτ can use Taylor polynomials, trigonometric, harmonic or exponential

expansions, and combinations thereof [22]. This work exploits Lagrange polynomials as expansion functions, henceforth

referred to as LE models. The component-wise approach (CW), a modeling technique stemmed out of LE models,

models both the macro and microscale components. CW employs nine-node (L9) Lagrange polynomial functions to

describe the kinematic field over the cross-section of the beam element.

A. Finite element formulation

The displacement vector is

u(x, y, z) = {ux uy uz}T (2)

where ux , uy and uz are the components in the global coordinate system. The strain ε and stress σ are

ε =
{
εxx εyy εzz εxy εxz εyz

}T
, σ =

{
σxx σyy σzz σxy σxz σyz

}T (3)

With small strain assumptions, the linear strain-displacement relations are

ε = Du (4)

where D is the differential operator and its explicit expression is not reported here for the sake of brevity but can be

found in [22]. The constitutive law is

σ = C ε (5)
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where C is the material matrix [29]. The discretization along the beam axis adopts standard FE shape functions Ni(y)

and the generalized displacement field becomes

u(x, y, z) = Fτ(x, z) Ni(y) uτi, τ = 1, ...,M; i = 1, ..., p + 1 (6)

where Ni is the beam shape function of order p and uτi is the nodal displacement vector,

uτi = {uxτ i uyτ i uzτ i }
T (7)

The orders of expansion functions M and shape functions p remain independent. B2, B3 and B4 indicate two-, three-

and four-node beam elements, respectively.

Governing equations make use of the Principle of Virtual Displacement (PVD),

δWint = δWext (8)

where Wint is the internal work done by the stresses, Wext is the external work applied on the system and δ denotes the

virtual variation of the displacement. The virtual variation of the internal work is

δWint =

∫
l

∫
Ω

δεTσ dΩ dl (9)

where l and Ω correspond to length of the beam and area of the cross-section, respectively. Further manipulation of

Eq.9 using Eq. 4 and Eq. 5 leads to

δWint = δuT
js

∫
l

∫
Ω

[
Nj(y)Fs(x, z)DT C D Fτ(x, z)Ni(y)

]
dΩ dl

= δuT
js ki jτs uiτ

(10)

where kτsi j is the fundamental nucleus of the stiffness matrix of size 3 × 3. Indices i and j correspond to the beam

shape functions Ni and Nj , respectively; while τ and s to the cross-section expansion functions Fτ and Fs , respectively.

The explicit expressions of the nine components of the fundamental nucleus is not repeated here, but it is given in [22],

with additional information on the implementation aspects. The virtual variation of the external work is

δWext =

∫
V

δuTpdV +
∫
S

δuTqdS +
∫
l

δuT rdl + δuT Pm

= δuT f
(11)
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Fig. 1 Illustration of multiscale modeling within the CUF framework

where p, q, r and Pm are body, surface, line and concentrated forces acting at point m, respectively. The equilibrium

equation (Eq. 8) becomes

δuT
js ki jτs uiτ = δuT

jsfjs (12)

The assemblage of the global matrices and vector takes place as per classical FE schemes.

B. Multiscale framework

The present multiscale framework makes use of the CUF micromechanics and macroscale modeling capabilities,

as schematically illustrated in Fig. 1. In the proposed multiscale scheme, the material response of each integration

point in the macro model originates from the application of macroscopic strain on micro RVE models through periodic

boundary conditions. The scale transition between the scales makes use of homogenization, i.e., the volume averaging

of the microscopic quantities in the microscale RVE.

C. Micromodeling via the component-wise micromechanical framework

As in Fig. 2, the CUF micromechanics framework models the RVE as a beam structure using the CW approach [28].

The RVE model is 1D with the cross-section discretized in some Lagrange cross-sectional elements. The cross-section

lays on the x2 − x3 plane and extends along the beam direction, i.e., the x1 direction. The local refinement in the

RVE stems from the discretization of the RVE using multiple L9 elements in the cross-section. The beam makes use

of four-node cubic beam elements (B4). Periodic boundary conditions maintain the compatibility of displacements
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(a) (b)

+

(c)x2

x3
x1

Fig. 2 An illustration of a Component-Wise (CW) modeling of composite microstructure with arbitrary con-
stituents: (a) a triply periodic composite microstructure with three different phases, (b) CW idealization of
a triply periodic RVE with individual components modeled as separate components and (c) assembled cross-
section with Lagrange elements along with the beams for the RVE [28]

and stress along the faces of the RVE. Readers are referred to the original paper by Kaleel et al. [28] on the CUF

micromechanics framework for further information on the implementation. The homogenized response of the RVE is

obtainable by volume averaging the stress and strain fields within all the constituents of the RVE,

ε̄i j =
1
V

∫
V

εi jdV

σ̄i j =
1
V

∫
V

σi jdV
(13)

The overall stiffness matrix of the homogenized RVE becomes

σ̄i j = C̄i jkl ε̄i j (14)

where C̄i jkl is the homogenized stiffness of the RVE. The components C̄i jkl matrix originate column-wise by computing

the overall response based on applied individual unit strains.

D. Parallel implementation of multiscale framework

A standard single-scale FE implementation spends a significant amount of time on the stiffness matrix computation

and global matrix decomposition for solution [30]. As the system grows large, the contribution from the latter tends

to increase. In the case of multiscale frameworks, due to the requirement of solving significantly large sets of local

problems associated with micro-solutions, the majority of the computational effort goes to the macro Gauss point update

procedures. The proper handling of such a significant computational effort requires parallel implementations.

In this work, parallelization applies to the three most computationally intense tasks, namely, assembly of global matrices,
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Fig. 3 Speed-up obtained in the parallel version of multiscale framework for a system with ∼ 130,000 degrees
of freedom

Table 1 Nomenclature for various models used in multiscale analysis

Model name Macroscale Microscale
1D-1D CUF beam element CUF beam element
1D-3D CUF beam element Standard linear 3D brick element
3D-1D Standard linear 3D brick element CUF beam element

linear solution and macro Gauss point updates. The present framework makes use of standard MPI commands [31].

Finite elements distribute equally among various processors, and the corresponding stiffness matrix assembly is local and

asynchronous. The computationally intensive macro integration point update procedure makes use of distributing macro

integration points across various processes. Each process receives a set of Gauss points for generating macro solutions.

Fig. 3 shows an example of the speed-up obtained using the parallel implementation un the proposed framework.

V. Numerical results
This section deals with three sets of multiscale numerical examples. The first example predicts the stiffness of

notched and unnotched specimens for various multidirectional laminate systems via square-packed RVE at the microscale.

The second example presents the linear elastic analysis of an open-hole composite specimen under tension with a large

randomly distributed fiber RVE. The last case deals with the analysis of a simply-supported honeycomb sandwich beam

under bending load with a honeycomb core as RVE.

Table 1 shows the various multiscale modeling approaches adopted in this paper. The present framework handles both

1D and 3D models.
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Fig. 4 Microscale RVE model for stiffness prediction of multidirectional laminates

Table 2 Calibrated constituent properties of RVE for stiffness prediction of multidirectional laminates

E1 E2 E3 ν12 ν23 G12

[GPa] [GPa] [GPa] [−] [−] [GPa]

IM7 Fiber 256.0T/215.0C 15.0 15.0 0.28 0.19 15.0
Epoxy 977-3 3.2 3.2 3.2 0.38 0.38 1.16
T: Tension C: Compression

A. Stiffness prediction of multidirectional laminates

This section presents results on the stiffness evaluation of three multidirectional laminates; namely, layup 1

[0/45/90/−45]2s, layup 2 [60/0/−60]3s, and layup 3 [30/60/90/−30/−60]2s. The numerical assessment focuses on

the static tensile and compressive stiffnesses of notched and unnotched specimens made of IM7/977-3 graphite epoxy.

Such structural configurations stem from the research work of Clay et al. on the state of the art of composite damage

analysis [32, 33]. Dimensions 304.8 mm × 38.1 mm × and the thickness of each layer is 0.125 mm, and the circular

notch diameter is 6.35 mm. The prediction of the deformation and failure response of the aforementioned composite

system is in Naghipour et al., via the NASA multiscale framework (FEAMAC) [16], and in Zhang et al. [34], via a

two-scale computational model based on the smeared crack approach.

At the microscale, the geometry of the RVE is square-packed with a volume fraction of 65%, see Fig. 4. The calibration

of the elastic material parameters of the RVE exploited the experimental results for uniaxial tension and compression

tests [16, 32]. Table 2 summarizes the calibrated material properties of the individual constituents of the RVE. The

square-packed RVE has 20 L9 and 2 B4 elements. Figure 5 shows the CW modeling of the macroscale unnotched and

notched specimens. The notched specimen makes use of a three-component beam assembly. The far-notch beam - C2 -

has a combination of B4 beam elements along with L9 cross-section elements and each C2 is 49 mm long. Whereas, the

near-notch zone - C1 - uses a combination of B3 beam elements along with L9 elements. Table 3 enlists the details of

the CUF models for each layup along with the computation time for the static analysis. The stiffness predictions for the

unnotched and notched laminate systems are in Table. 4 along with comparisons against experimental and numerical

results from the literature.
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Fig. 5 An illustration of the modeling of composite specimens using refined 1D CUF models for stiffness
prediction of multidirectional laminates

Table 3 Macro model information for stiffness prediction of multidirectional laminates

Model Information DOF CPU Time (s)

Layup 1: [0/45/90/−45]2s
Unnotched 48 L9 - 4 B4 21,483 7.5
Notched C2: 64 L9 - 4 B4 and C1: 80 L9 - 16 B3 45,540 19.1
Layup 2: [60/0/−60]3s
Unnotched 54 L9 - 10 B4 24,087 7.8
Notched C2: 72 L9- 4 B4 and C1: 80 L9 - 18 B3 48,708 20.3
Layup 3 : [30/60/90/−30/−60]2s
Unnotched 60 L9 - 10 B4 26,691 8.9
Notched C2: 80 L9 - 4 B4 and C1: 80 L9 - 20 B3 51,060 21.0
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Table 4 Stiffness prediction for notched and unnotched multidirectional laminates

Experimental [32] MAC/GMC [16] NCYL [34] 1D-1D
Unnotched Tensile
Layup 1: [0/45/90/−45]2s 60.5 59.6 (1.49%) 60.6 (0.17%) 59.4 (1.82%)
Layup 2: [60/0/−60]3s 59.5 59.8 (0.50%) 61.5 (3.36%) 59.2 (0.50%)
Layup 3: [30/60/90/−30/−60]2s 38.0 39.0 (2.63%) 39.7 (4.47%) 39.1 (2.89%)

Unnotched Compression
Layup 1: [0/45/90/−45]2s 48.0 51.0 (6.25%) 52.3 (8.96%) 50.9 (6.17%)
Layup 2: [60/0/−60]3s 48.9 51.2 (4.70%) 52.3 (6.95%) 51.0 (4.29%)
Layup 3: [30/60/90/−30/−60]2s 33.5 33.3(0.60%) 34.8 (3.88%) 34.11 (1.82%)

Notched Tension
Layup 1: [0/45/90/−45]2s 48.3 49.1 (1.66%) 50.3 (4.14%) 49.4 (2.28%)
Layup 2: [60/0/−60]3s 48.8 48.9 (0.20%) 51.1 (4.71%) 50.44 (3.36%)
Layup 3: [30/60/90/−30/−60]2s 32.4 33.7 (4.01%) 34.5 (6.48%) 33.25 (2.62%)

Notched Compression
Layup 1: [0/45/90/−45]2s 44.5 41.6 (6.52%) 41.9 (5.84%) 41.2 (7.42%)
Layup 2: [60/0/−60]3s 44.4 41.9 (5.63%) 41.9 (5.63%) 41.0 (7.70%)
Layup 3: [30/60/90/−30/−60]2s 30.1 29.2 (3.00%) 29.8 (1.00%) 28.63 (4.88%)

All units in GPa. Quantities in parenthesis represent error with respect to experimental results
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Fig. 6 Geometry for linear multiscale simulation of a randomly distributed large RVE

The numerical results suggest that

1) The present multiscale framework can predict the stiffness for a variety of multidirectional coupons with an

accuracy level similar to the other numerical approaches from literature.

2) Considering experimental results, the error incurred by 1D-1D models for coupons under tension are below 4%

whereas for coupons under compression is below 8%.

3) Although the present framework employs only 1D models, the results are accurate even for fairly complex

configurations having discontinuities and non-prismatic elements.

B. Stress fields in a randomly distributed large RVE

This section presents the capabilities of the present framework to compute efficiently local micro stress fields via

a multiscale analysis. Based on the work of Ricks et al. [21], the numerical results focus on a notched rectangular

specimen of dimensions 304.8 mm × 38.1 mm × 3.5mm with a circular notch of diameter 6.35 mm, see Fig. 6(a).

Fibers are parallel to the longitudinal axis of the specimen, and axial displacement of 0.69 mm is the applied boundary

condition at one end of the specimen with the other end clamped. As in Fig. 5 (b), the open-hole specimen model adopts

the CW technique with two sets of configurations, C2: 4 L9 - 2 B4 and C1: 80 L9 - 1 B3, for the far- and near-notch

zones extending for 133.35 mm and 38.1 mm, respectively. The micro model is a randomly distributed fiber RVE as

illustrated in Fig. 6 (b). The architecture of the RVE stems from Kaleel et al. [24, 28] and has 265 L9 with 2 B4

elements and the material properties are in Table 2. For comparison purposes, the numerical analysis uses a similar RVE

model with 24,765 3D brick FE. The mesh configuration for the 3D FE micro model originated from a convergence

study [28]. The present example exploits two classes of multiscale models, namely, 1D-1D and 1D-3D.

Figure 7 depicts the global von Mises stress distribution around the notch for 1D-1D and 1D-3D models. Local fields at

locations A and B, see Fig. 6, around the notch are in Fig. 8 and Fig. 9, respectively. Table 5 presents the macro strain

at the aforementioned macro Gauss point locations used for the dehomogenization. Numerical results enlisted in Table 6

provides information regarding the model size, analysis time and memory requirements. The analysis time focuses on

two cases; one with computation and storage of local stress fields in micro RVEs, and the other one without it. Local
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(a) 1D-1D (b) 1D-3D

Fig. 7 von Mises stress distribution around the hole for linear multiscale simulation of a randomly distributed
large RVE

Table 5 Dehomogenized strain computed at two locations for linear multiscale simulation of a randomly
distributed large RVE

ε22 ε11 ε33 ε23 ε13 ε12

×10−3 ×10−3 ×10−3 ×10−4 ×10−4 ×10−3

Location A (23.2, 152.4, 0.0)
1D-1D -1.297 8.412 1.703 1.155 0.919 1.914
1D-3D -1.309 8.478 -1.725 1.390 1.128 -1.936

Location B (23.0, 151.9, 0.0)
1D-1D 1.011 3.553 -1.253 -3.136 -6.367 9.695
1D-3D 1.020 3.551 -1.261 -3.082 -7.771 9.745

stress fields in micro RVE requires the dehomogenization at every Gauss point in the macrostructure by passing on the

global macro strain to respective micro RVE. Although, for the sake of brevity, the dehomogenized fields presented in

this section concerns only points A and B. Memory required to store the local micro stress field is also computed.

Results suggest the following:

1) In comparison to 3D models at the microscale, 1D models can effectively capture the local fields with high

accuracy.

2) Via the dehomgenization process and the refined local fields, the present modeling approach can detect highly

local distributions of stress fields.

3) The results proved the capability of the multiscale framework to interface different kinds of higher-order FE at

the microscale.

4) In comparison with the analysis time for 1D-3D, it is evident from Table 6 that 1D-1D requires only one-third of
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(a) Micro-1D (b) Micro-3D

Fig. 8 Local σ11 at point A for linear multiscale simulation of a randomly distributed large RVE

(a) Micro-1D (b) Micro-3D

Fig. 9 Local σ12 at point B for linear multiscale simulation of a randomly distributed large RVE

Table 6 Numerical results for linear multiscale simulation of a randomly distributed large RVE

Macro model Micro model Analysis time (s) Memory required
DOF GP DOF GP Without local With local per macro GP 1

micro fields micro fields [MB]
1D-1D 4,140 2,736 13,642 9,540 3.0 10.1 1.5
1D-3D 4,140 2,736 31,524 61,008 9.6 42.7 9.8

DOF: Degrees of freedom. GP: Gauss points.
1 Required memory per each macro GP is calculated as 20 state variables stored per each Gauss point in the micro RVE using double precision real (8
bytes)
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Fig. 10 Multiscale modeling of honeycomb sandwich using CUF multiscale framework: (a) Interfacing two
kinds of micro models for sandwich beam and (b) Component-Wise discretization of macro sandwich beam
model using L9 cross-section and B4 beam elements

Table 7 Geometrical properties of core for multiscale structural analysis of honeycomb sandwich beam [35]

l1 (mm) l2 (mm) tc (mm) θ (deg) hc (mm)

3.66 1.833 0.0635 60 20

the time for analyses without local fields and one-fourth of the time for analyses with local fields.

5) The efficiency of 1D-1D concerns also the memory requirements for the two models. In fact, 1D-1D led to a 6.5

times savings regarding the total memory required to store the local fields.

C. Simply-supported honeycomb sandwich beam under bending loading

The current numerical example highlights the capabilities of the CUF multiscale framework to handle multiple

types of RVE efficiently as in a honeycomb sandwich beam. The numerical example consists of a simply-supported

honeycomb sandwich structure with an aluminum core and composite face sheets under bending loading, see Fig.

10. The face sheet consists of a laminate [0]2 modeled through the RVE described in the previous example (Section

V.A). Based on the work of Catapano and Montemurro [35], the honeycomb properties are in Table 7 and Fig. 11.

The honeycomb core is of aluminum with Young modulus E of 70 GPa and Poisson ratio ν of 0.33 and density ρ of

2.7 × 10−6kg/mm3. As discussed in the original paper on CUF micromechanics [28], additional void elements, i.e.,

elastic air, maintain the RVE consistent with the micromechanical homogenization formulation. As depicted in Fig. 12,

the RVE has 286 L9 elements and 2 B4 elements amounting to a total degrees of freedom of 25,389. Table 8 enlists the

predicted elastic properties of the honeycomb with comparison against results from the literature.

The macro model is a simply-supported sandwich honeycomb beam of length 700mm. As in Fig. 13, a uniform
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Fig. 11 Geometry of the honeycomb core: (a) Repeating core structure and (b) geometrical parameters of RVE

Aluminium core
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+
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Fig. 12 Component-Wise modeling of the honeycomb core RVE, (a) CUF beam model of RVE and (b) cross-
section and beam discretization

Table 8 Predition of effective properties of honeycomb RVE for multiscale structural analysis of honeycomb
sandwich beam

CUF-Micro MSG2D [36] Catapano et al. [35] Burton et al. [37] Grediac [38]
E1 (MPa) 0.935 0.884 0.884 0.815 0.815
E2 (MPa) 0.969 0.918 0.918 0.815 0.815
E3 (MPa) 1814.8 1812.3 1812.3 1848.2 1848.2
G12 (MPa) 0.591 0.565 0.640 0.489 0.489
G23 (MPa) 263.8 262.6 262.9 260.6 260.6

G13 (MPa) 386.4 384.5 390.8
156.3 (LB)

397.1
434.3 (UB)

ν12 (-) 0.98 0.98 0.98 1.00 1.00
ν23 (-) 1.70×10-4 1.67×10-4 1.61×10-4 1.45×10-4 1.45×10-4

ν13 (-) 1.76×10-4 1.61×10-4 1.67×10-4 1.45×10-4 1.45×10-4

ρ (kgmm-3) 7.02×10-8 6.99×10-8 6.99×10-8 7.12×10-8 -
LB: Lower bound, UB: Upper bound
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700 mm

0.250 mm

0.250 mm

20.0   mm

100.0 mm

0.1 MPa 0.1 MPa

Fig. 13 Geometry and boundary conditions for multiscale modeling of honeycomb sandwich using CUF mul-
tiscale framework

Table 9 Macro model information for analysis of honeycomb sandwich beam

Model Information DOF GP
1D-1D CUF beam element (36 L9 - 15 B4)- 1 L9 per layer for composite

and 2 L9 per layer for core
19,734 16,200

3D-1D (Coarse) 12500 standard 3D brick element1 - Mesh seed along the beam
: 50 - One brick element per layer for composite and 4 brick
element for core

43,758 100,000

3D-1D (Refined) 20000 standard brick element1 - Mesh seed along the beam: 80
- One brick element per layer for composite and 4 brick element
for core

69,498 160,000

DOF: Degrees of freedom. GP: Number of Gauss points. 1 Full integration (8 Gauss points per element)

pressure of 0.01 MPa acts on the top surface of the beam. As discussed previously, Gauss points belonging to the

composite face sheet interface with fiber-reinforced micro CUF RVE models having 20 L9 and 2 B4 elements, see Fig.

4. The honeycomb aluminum core Gauss points act along the honeycomb core RVE micro model. Table 9 enlists the

three classes of multiscale models used for the example. Table 10 shows the details concerning micro models.

Table 11 presents the numerical results including maximum displacements and the von Mises stress σvm at mid-span,

analysis time, memory requirements for the total storage of microstate solutions, and the comparison between analysis

time with and without local micro fields. Figure 14 shows the local von Mises stress field at (50.0, 35.0, 16.9) in the

core of the sandwich honeycomb beam.

The numerical results suggest that

1) The present framework can deal with multiple 1D micro models interfaced with macro 1D models and 3D brick

models.

2) From Table 11, 1D-1D models utilizes 1 CPU to obtain the results with and without local micro fields in 14.9 s

Table 10 Macro model information for analysis of honeycomb sandwich beam

RVE Model Information DOF GP
Composite face sheet CUF beam element (20 L9 - 2 B4) 1,869 1,440
Honeycomb core CUF beam element (120 L9 - 2 B4) 25,389 20,596

18



Table 11 Numerical results for analysis of honeycomb sandwich beam under bending load

Model Number Macro model Analysis time (s) Memory required
of Max disp Max σvm without with for all macro

CPUs (mm) (MPa) local fields local fields GPs [GB] 1

1D-1D 1 4.61 121.7 14.9 64.0 2.95
3D-1D (Coarse) 4 4.50 118.8 27.9 181.2 19.8
3D-1D (Refined) 4 4.56 120.5 44.0 287.0 31.6

DOF: Degrees of freedom. GP: Gauss point.
1 Required memory for all macro GP is calculated as 10 state variables (double precision real - 8 bytes) stored per each Gauss point in the micro RVE
multiplied by total number of macro GP. Micro Gauss points for elastic air in micro core RVE is not included.

 4.59

 5.27

 5.95

 6.64

 7.32

 8.00

 8.69

 9.37

10.05

10.74

11.42

12.10

12.79

(a) 1D-1D

 5.06

 5.68

 6.31

 6.94

 7.57

 8.20

 8.82

 9.45

10.08

10.71

11.34

11.96

12.59

(b) 3D-1D(Coarse)

 5.13

 5.77

 6.41

 7.04

 7.68

 8.32

 8.96

9.59

10.23

10.87

11.50

12.14

12.78

(c) 3D-1D(Refined)

Fig. 14 Local von Mises stress field σvm obtained at a point in core (50.0, 35.0, 16.9) for analysis of honeycomb
sandwich beam for different multiscale models
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and 64.0 s, respectively. Whereas, the analysis time for 3D-1D (refined) with and without micro fields is 44.0 s

and 287.0 s, respectively, via 4 CPUs. The stark difference stems from the fact that macro 3D requires a higher

number of Gauss points, which in turn increases the time required for the analysis drastically.

3) Table 9 shows that the 1D macro model required 16,200 Gauss points but 3D macro models required 100,000

and 160,000 for coarse and refined configurations, respectively. The difference in required Gauss point translates

to large variation in the memory required to store microstate solutions at all macro Gauss points. 1D-1D models

require only 2.95 GB to store all the micro solutions whereas coarse and refined configurations of 3D-1D models

require 19.8 GB and 31.6 GB, respectively, see Table 11.

4) Dehomogenization of the core at a given point by different multiscale models exhibits similar von Mises stress

fields as shown in Fig. 14.

VI. Conclusions
The paper presented a computationally efficient concurrent multiscale framework for modeling composite structures.

The proposed framework adopts the CUF to generate a series of structural theories through variable kinematic descriptions.

Via concurrent multiscale modeling, interfacing involves the CUF macroscale for structural level components and the

CUF micromechanical approach. The latter can model different classes of RVE with various architectures and material

compositions with a reduced computational cost with significant reductions of the overall computational overhead of the

multiscale analysis. The numerical results show that

1) Multifold improvements concerning the analysis time and memory usage are achievable.

2) Via dehomogenization, the presented framework can predict very accurate local effects and 3D stress fields.

3) There are no restrictions on the complexity of the microstructure or of the number of coexisting microstructures.

This paper is linked to a work focusing on the material nonlinear capabilities of the framework.
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