\CO p
@9?.-- n-n.{..?»o
Sy (O
J

« PO

POLITECNICO DI TORINO
Repository ISTITUZIONALE

FEM solution of exterior elliptic problems with weakly enforced integral non reflecting boundary
conditions

Original

FEM solution of exterior elliptic problems with weakly enforced integral non reflecting boundary conditions / Falletta,
Silvia; Bertoluzza, Silvia. - In: JOURNAL OF SCIENTIFIC COMPUTING. - ISSN 0885-7474. - STAMPA. - 81:2(2019),
pp. 1019-1049. [10.1007/s10915-019-01048-4]

Availability:
This version is available at: 11583/2749799 since: 2019-11-08T11:09:27Z

Publisher:
Springer

Published
DOI:10.1007/s10915-019-01048-4

Terms of use:
openAccess

This article is made available under terms and conditions as specified in the corresponding bibliographic description in
the repository

Publisher copyright

(Article begins on next page)

18 May 2022



Noname manuscript No.
(will be inserted by the editor)

FEM solution of exterior elliptic problems with weakly
enforced integral non re ecting boundary conditions

S. Bertoluzza S. Falletta

Received: date / Accepted: date

Abstract We consider a coupling of Finite element (FEM) and Boundary el-
ement (BEM) methods for the solution of the Poisson equation in unbounded
domains. We propose a numerical method that approximates the solution us-
ing computations only in an interior nite domain, bounded by an arti cial
boundary B. Transmission conditions between the interior domain, discretized
by a FEM, and the exterior domain, which is reduced to the boundary B via a
BEM, are imposed weakly on B using a mortar approach. The main advantage
of this approach is that non matching grids can be used at the interface B of
the interior and exterior domains. This allows to exploit the higher accuracy
of the BEM with respect to the FEM, which justi es the choice of the dis-
cretization in space of the BEM coarser than the one inherited by the spatial
discretization of the nite computational domain. We present the analysis of
the method and numerical results which show the advantages with respect to
the standard approach in terms of computational cost and memory saving.
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1 Introduction

Many problems arising in di erent areas of science and engineering such as,
for example, acoustics, aerodynamics, geophysics, electromagnetism lead to
the study of scattering problems and to the solution of partial di erential
equations on exterior domains, whose unboundedness needs to be dealt within
the numerical simulation.

Among the methods that directly deal with the unbounded domain we
can count in nite element methods and the inverted elements method. The
former are based on a polar decomposition of the solution with suitable shape
functions which are integrable over elements that are extended towards in nity
(see for example [10], [11]). In the latter, the in nite domain is described
via a polygonal inversion mapping (see [7], [8]). Among the advantages of
this approach is the possibility of treating partial di erential equations with
non constant coe cients and non local sources. However, as observed by the
authors in [8], while the method yields optimal convergence rates, when the
error is measured in the energy norm, it does not allow to obtain increased
convergence rates, when the error is measured in the weaker L2 norms.

Problems of the described type, with constant coe cients (or approaching
constants at large distances) are usually solved by Boundary Element Methods
(BEMs). The mathematics of the BE approximation, especially in the Galerkin
version, is well established and the BEMs have been applied to a wide range
of elliptic and time dependent problems. It is however known that the main
drawback of the BEM is its cost related to the numerical computation of the
matrix entries of the associated discrete boundary operators, which becomes
expensive when large scale problems are considered. Moreover, once the solu-
tion of the corresponding boundary integral equation is retrieved, the solution
of the original problem at any point of the exterior domain is obtained by
computing boundary integrals. This procedure may not be e cient, especially
when the solution is required at many points of the in nite domain.

Another approach to the solution of these problems is based on truncating
the in nite domain toa nite one and applying the so-called Absorbing Bound-
ary Conditions (ABCs) or Non re ecting Boundary Conditions (NRBCs) at
a suitably chosen arti cial boundary. In the engineering literature, the most
commonly used NRBCs are of local type. While their cost is comparable to
that required by the interior domain method associated to the discretization
of the bounded computational domain, they provide only rough approxima-
tions of exact boundary conditions at the arti cial boundary (for a review, see
for example [20], [21], [22]). Therefore, when a high accuracy is required, the
bounded domain must be chosen quite large, and consequently the total cost
of the computation increases. In recent years the design of suitable boundary
conditions with high accuracy on a given arti cial boundary has attracted the
attentions of many engineers and mathematicians. We refer to [1], [31], [24],
[25] for recent works on NRBCs.
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Alternatively, as proposed for some elliptic problems (see for instance [26],
[30]) NRBCs can be de ned by using Boundary Integral Equations (BIES).
Such conditions are of exact type (therefore more accurate than the local
ones), they allow the use of curves of arbitrary shape and can be used also in
situations of multiple scattering (see [24], [25]). The very recent one proposed
in [13], [14] [15] and [16] for time dependent problems, allows the problem to
have non trivial data, whose supports need not be included in the nite com-
putational domain. The NRBC naturally includes the e ects of far away data
and is transparent for outgoing and incoming waves. The NRBC condition is
expressed in terms of the single and double layer operators, associated to the
BIE reformulation of PDE problem. However, its non locality in space and
time requires a high computational cost, in terms of CPU and memory occu-
pation. Moreover, such NRBC needs to be coupled with the internal domain
method. This is usually done by strongly imposing continuity of the solution
and of its normal derivative along the arti cial boundary. Therefore conform-
ing meshes are required, and this can be a drawback especially when high
accuracy is required, which implies using a ne mesh for the interior FEM,
and, consequently, also for the mesh used in the discretization of the NRBC.

A possible remedy is to apply a mortar coupling strategy (see [4]), and relax
the pointwise continuity of the solution and of the ux to a weak one, by using
suitable Lagrange multipliers. Non conforming couplings between FEM and
BEM have been proposed in several papers. We mention here the applications
to elastic proplems ([29]), wave propagation problems ([28]), acoustic-structure
interaction ([19]) by using Lagrange multiplier approaches, or [23] where a
three eld method is used in elastostatics. In the above mentioned papers the
mathematical analysis of the coupling strategies is not given. We have found
a complete analysis and the proof of optimal error estimates in the work of
[32], where a 2D elliptic problem is considered and a Dirichlet to Neumann
map is proposed as NRBC on the arti cial boundary, whose shape is limited
to a circumference.

The aim of this paper is to provide a thorough analysis of the e ect of
using this kind of weak coupling between FEM and BEM. To x the ideas we
will focus on the 2D exterior Poisson problems, which is solved by using com-
putations only in an interior nite domain, bounded by an arti cial boundary
B. The transmission conditions between the interior domain and the exterior
one, which is reduced to the boundary B via a BEM, are imposed weakly us-
ing a mortar approach. For the numerical discretization, we present a Galerkin
approach based on a nite element approximation in the interior of the com-
putational domain and on a piecewise linear approximation of the NRBC. In
a quite general framework we will present the analysis of the new proposed
approach, providing error estimates in the energy norm and in the L? norm
of the computational domain.

We will show that the proposed approach allows to use numerical grids on
B coarser than the one inherited on it by the interior FEM, with a consequent
strong reduction of the computational cost and the memory saving for the
computation of the matrix entries associated to the boundary integral oper-
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ators. Moreover, the possibility of choosing arti cial boundaries of arbitrary
shape (convex or non convex curves) further allows to reduce the computation
due to the discretization of the physical domain. Finally, the approach pro-
posed allows to automatically determine the far eld behavior of the solution,
via the interior FEM.

2 The model problem

Let O° = R2n O be the complement of a bounded rigid obstacle O  R?,
having a smooth boundary . We consider the following exterior Dirichlet
problem:

u(x) = f(x); x 2 OF;

W) = g(x); x 2 W

We assume that the support of f is bounded and that ¥ 2 L2(0®). It is known
that Problem (1) admits a unigue solution in the space

W08 = u: 1(x)u(x) 2 L2(0°):; ru 2 [L2(0®)]? ;

N _ 1
where 1(x) = pl +jxj2 1+log pl + jXxj2 (see [26]). Such a solution
displays the following asymptotic behaviour

1 1
ux)= +0 — and ru(x) =0 — for jxj ¥ 1; 2
9 i (=0 - i @

where is a constant.

To solve (1) by means of a nite element method, we truncate the in -
nite external domain by an arti cial boundary B, de ned by a smooth curve.
This boundary divides OFf into two open sub-domains: a nite computational
domain ', which is bounded internally by  and externally by B, and an
unbounded domain € =R?n | [ O. We assume that the arti cial boundary
B is chosen in such a way that the support of f is included in ' and that the
function f is null in a whole neighborhood of the boundary B. Then, Problem
(1) can be split into two problems: a problem set on the interior domain

ul(x) =f(x); x2 !
u(x) =g x2 ;

and a problem set on the exterior one
u(x) =0;x2 ¢ 3

Denoting by ' = @n,u' and © = @,.u®, n; and n, being the unit normal
vectors on B pointing outward of ' and ¢, respectively, the two problems
are coupled by the conditions

u'(x) = u®(x); ')+ %(x)=0; x2B: )
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It is known that the solution u® of (3) in € can be represented by the
Kirchho ’s formula
w(x) =V °(x) Ku*(x)+ x2 ¢ ©)

where V : H 1¥2(B) 1 H2(B),
Vo (X) = BG(X y) (y)dBy;

and K : H¥¥2(B) ¥ H'™?(B),
Z

K7(x) = : 0n.G(x y)7(y)dBy
are the single and double layer integral operators. The function

GOy = - logix)

is the fundamental solution of the Laplace equation u® = 0. We use the
trace of (5) on B as NRBC, that reads

%ue(x) =V ¢(x) Ku*(xX)+ ; x2B: (6)
Furthermore, we know (see [26]) that the asymptotic conditions (2) coupled
with (5) imply thath €;1i = 0, where h ; i denotes the duality pairing between
and H 72(B) and H2(B). We then introduce the spaces

Vg =H} =fu2H'( Y:u=gon g
Vi=Hg ( h)=fu2H'( H:u=o0on g VE=H7@B)
'=H ¥@B); °=f 2H @): h ;1i=0g; )

and, for any w 2 H*( ), we denote by (w) its trace on B, which belongs
to H'2(B). Then, introducing the bilinear forma: HY( ) H}( ) I R
Z
a(viw) = rv(x) rw(x)dx;
R .

and denoting by (v;w) i = ;v(X)w(x)dx the L?( ") scalar product, we
write the weak formulation of the coupled problem as follows: )

ndu'2Vy, '2 ut2Vve €2 €suchthatforallv'2V!' v¢2Ve,
2 e

i2 iand ¢
8 _ _ )
%a(u';v') h ', gv'i = (f;v") i;
2h &V € h &uci 2h & Ku®i=0;
i e. /1 (8)
h '+ & vei =0;

-hi;B

ut i =0;
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where the transmission conditions (4) are enforced in a weak form.

We remark that in equation (8) the solution in € enters only via its trace
on B. Therefore, for the sake of notational simplicity, we denoted such a trace
by the same symbol u®, as there is no need of distinguishing between functions
in HY( ©) and their traces on B. Moreover observe that, as we test equation (5)
with €2 €, satisfying by de nitionh €;1i =0, the unknown constant does
not appear in the formulation (8). Nevertheless, the asymptotic behavior
will be automatically determined tanks to the coupling with the interior FEM
method, since, contrary to ¢, the multiplier space ' contains the constant
functions.

As usual we can reduce the non homogeneous boundary condition on  to
an homogeneous one by splitting u' as the sum of a suitable xed function in
Vgi and of an unknown function in V. We therefore from now on consider the
case g = 0. Problem (8) is well posed, as stated by the following Theorem.

Theorem 1 For g = 0, Problem (8) admits a unique solution (u*;u®; *; ©) 2
vt o ve ! € satisfying
ku'ky: + + KuPkizpg + K 'k 1208 + K °K 1008 - kFkey iy 9)

Proof In order to analyze the method, we let V=Vi V¢ ¢ endowed with
the norm

k(u'; u®; e)kv:kuikl; i + ku®kyzo;g +K °K 122:8;
andwe leta:V V I R bede nedas
a(u';u®; &vihive ©) :=a(bvh)+2h &V Ci h S uti 2h & KuCi+h & vei
andb:V " ¥ Ras
b';u; & H=hT gu' udi

The problem can then be rewritten as: nd (u';u®; ¢) 2V, '2 *such
that for all (v';ve;, &2V, '2 !
8

<auhiu® Svhve ) b(vhve & D =(Fv) o

- b(ui;ue; & =0

Following [9] (Theorem 1.1 Section 11.1), in order to prove that such a
problem is well posed we need to prove an inf-sup condition for b and a second
inf-sup condition for a on the kernel of b. The former is stated in the following
proposition, which is an immediate consequence of the duality between gV'
and .

Proposition 1 It holds that

i
inf sup b(u; 1) &1

i2 e oy kukyk Tk 1255
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Let us now consider the restriction of the bilinear form a to ker b. We start
by observing that

kerb=fu=("u® ¢)2V:u®= gulg>Vv' ¢
The two inf-sup conditions

inf _av) and inf _aluv)
u2ker b yoer b KUKyKVky v2kerb yoker b KUKyKVKy

reduce then to

a(u'; su'; %V V' ©)

inf : . 1
W DT e omby L KU0, Dkek(VE0, kv &
and ) ) ) _
I- I e. 1. 1. e
inf sup a(u'; gu'; V' gvh )&1:

(Vi ©)2Vi e i; eyoyi e k(UL 0; ©)kvk(vi;0; €)ky

These are not di cult to prove in view of Lemma 2 of [26]. The above men-
tioned theorem of [9] gives us the thesis.

Corollary 1 For all g 2 H=2( ), Problem (8) admits a unique solution
(u;u8; ' ©) satisfying

kuikl; i+ kuek]_:z;B +k 'k 1=2.8 + k °k 1=2;B - kfk(vi)o +kgk1=2; :

Remark 1 We remark that, as the solution of (8) satis esh ';1i= h ¢;1i =
0, we could also think of strongly embedding the zero average condition in the
de nition of . However, it is not di cult to check that for such a choice we
would not get a well posed problem, as equation (8) would only determine u'
up to a constant.

2.1 Galerkin discretization

We present here a class of Galerkin type discretizations of Problem (8), which
includes, but is not limited to, nite element methods. In Section 3 we will give
an example of an order one discretization that falls in the framework consid-
ered. Once again we focus on the case of homogeneous boundary conditions on
. The results for the case of non homogeneous boundary conditions can then
be obtained by standard arguments, under suitable standard assumptions on
the discretization.
Let i vive wve | Tand ¢ ® denote nite dimensional
subspaces, and let a, : V! VI ¥ Randh;i,: ' V! ¥ R denote
two bounded bilinear forms, respectively approximating a and h; _()i. We
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consider the following discrete problem: nd uf, 2 V{{, uf 2 V&, | 2 |,
B2 psuchthatforall vi, 2V, vi2VE (2 | B2 §

8 i i i i -
Z o Uhive) 1 kb = ()
2h B;V R h EuRi 20 B KURi =0;
e men (10)
h ;1+ ﬁ;Vﬁi :O;
“h hiubin h fiugi =0

or, in compact form: nd up = (Uf;uR; B)2Va=Vy Ve B L2
such that for all v, = (v{;Vg; £)2Vh, |2 | it holds

an(un;vh)  bn(vh; L) =(EV) o
br(un; 1) =0;

with
an(un;vh) :=an(ui;vi)+2h &V 8i h &;ufi 2h S;Kufi+h §;vEi;

and
bh(un; L) =h Lubin  h L;ugi

Remark that, for the sake of simplicity, we assumed that the couplings be-
tween V¢ and |, V¢ and ¢ as well as the right hand side and the integral
operators are computed exactly, while the bilinear form a and the coupling
between V! and | are only approximated. As we will see in Section 3, this is
what happens when, for the interior problem, the geometry of the domain is
approximated by a polygonal mesh, while the boundary B is described exactly
via a parametrization. Of course one could choose to approximate also some
of or all the other bilinear forms. The resulting method could be analyzed by
the same approach, yielding similar results.

We assume that the discrete spaces and functionals satisfy the following
assumptions.

A.1 The discretization is of order k 1, that is, the following direct inequalities
hold for all w 2 VI X\ HK*1( 1), z 2 H**1(B), 2 HK(B)

inf kw  vike oo hikwKier: i (11
vi2vi

inf kz Vﬁk]_:z-B - hle(+1:2k2kk+l;B (12)
VE2V,e ’

inf k hk 1=2:B - hlfk Kk 1=2:8; (13)
h2 h

inf 8K 1228 - hEY2K ks (14)
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A2 Forallt<3=2,V® H'B) and the following inverse inequality holds: for
all ug 2 V¢, and for all s with  1=2 s <t we have

kufkes - hg *kupks:s: (15)
A.3 The spaces Vhi and ;] verify the following assumptions:

H h h;Vhih
inf  su &1 16
h2 LVhZ\F/)'_E k hk 1=2;:B thk]_’ i ( )

an(Vh;Vn) & kvpky, o5 forallvp 2Vi:h nivhin=08 n2 [: (17)
A4 Forallul;vi 2V, 12 | wehave
ja(uhi Vi) an(uh;vi)i - hikubky, skviky, s (18)
i hivii o b hivhing - hitk Rkoappkviky; o (19)
Under such assumptions, the following theorem holds.

Theorem 2 There exist hp > 0 and > 0 such that if hj;he < hp and
hi=he < , then the discrete problem (10) has a unique solution satisfying

kuLkl; i+kUﬁk1=2;B+k Lk 1=2;B+k ﬁk 1=2:B = kfk(Vi)OZ
Using [9] (Theorem 1.1, Section 11.1) once again, in order to prove the well
posedness of our problem it is su cient to prove
1. that an inf-sup condition of the form

B
inf  sup bh(uhi’ h)
;12 LUhZVh kuthk hk 1=2;B

&1 (20)

holds;
2. that, setting
kerbp :=fup 2Vh: bp(un; L)=08 L2 lg;
the problem of nding up 2 ker b, such that for all vy, 2 ker by,
an(Un; Vn) = L(vn) (21)
is well posed for all L 2 V.
The inf-sup bound (20) derives easily from (16). Let us then concentrate

on the well posedness of problem (21). We start by characterizing ker bp,.
Let LE' : H¥¥2(B) ¥ V| be a discrete harmonic lifting operator, de ned as
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LHue = u?, where (u?; ?) 2V} I is the solution of the following saddle
point problem:
8 2.4 2.0 i i
Tah-(uh;v;]) h .h;vhlh =0; 8v;.] 2 Vhf; )
=h L;ulin =h | ui; 8 L2 I

It is easy to see that, thanks to Assumption A.4, Problem (29) is well posed
and that for all v 2 H¥?(B) we have

KLEVK;. + + Kk 2K 1228 - kvKizzg: (23)
We have the following proposition.
Proposition 2 up = (ul,;ug; £) 2 ker by, if and only if
uh = U + L' (uf) (24)

with u} 2 V% = fup 2 V| : h pjunin = 0; 8 n 2 },g. Moreover, for all
up 2 ker by, with ul = u® + LH(ug) it holds that

kupky kuﬂkl; i+ kuﬁkl:z:B + Kk ﬁk 1=2:B-

Proof It is not di cult to verify that any triple (uf,;uf; £) with uf, and uf
satisfying (24) is in ker bn. On the other hand, (ui,; Uf; F) 2 ker by implies

hliubin=h Lugi=h L;LEuin 8 L2 L
Then ul =ul, LH(ug) 2 V2, and, since it is not di cult to verify that
kulky. i KLH'USky. & +kuPky o - KUfKip.g + KUDKg. i;

we get the thesis.

Proposition 2 states that ker by, is isomorphic to V¥ V¢ & uniformly in
h. The isomorphism takes the form
W8+ LEHug;u8; &) 2kerbpy B (ud;ug; €y2v2 ve o e
Proving the well posedness of (21) reduces then to proving an inf-sup condition
on the bilinear form&: (v2 Vv &) (V0 V&  £) ¥ Rde ned by
&(UR;UR: RiVhiVR: R) = an(Univ) + 20 BV Rih BiuRi+h B VR
2h §; Kupi +sh(Up; Vi)
with
sh(uf;vE) = an(LHug; LEVE):

In order to take advantage of the characterization of ker by, provided by
Proposition 2, in the next lemma we study the approximation properties of
the discrete harmonic extension operator.
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Lemma 1 Letting H : H¥2(B) ¥ HI( ') denote the harmonic lifting, LE'v
approximates Hv and we have the following error bounds, the rst one holding
if v 2 HZ2*Y(B) with t > 1=2:

KLEV  Hvky & - h" %%k, ps (25)
kLr';'V HVka 1 iy - hli(ka]_:z;B; (26)
KLE'V  VKizp ke - hikvkiopp: 27)

Proof We observe that Hv satis es
a(Hv;w) h@n,Hv;wi=0; 8w2VH
h ; gHvi=h ;vi; 8 2 I

Let us then assume that v 2 H=2*Y(B). We can use [9, Proposition 11.2.16],
and we have that

kHv LhHVkl; i +k@niHV ;k 1=2:B

- inf kHv wvpky. i + inf k@n, Hv hK 1=2:8
Vh2V/ h2

+ sup jan(HV;Wn)  h@n,HV; Whinj sup jh L;Hviih h L Hvij
Wh2V} kwhky; iz k hK 1=28

:(28)

The rst two terms on the right hand side can be bound thanks to Assump-
tion A.1, while we bound the third term by adding a(Hv; wn)  h@n, HV; Whi
which is null and using a triangular inequality, yielding

jan(Hv;wp)  h@n,Hv; wWhinj  jan(Hv;wp)  a(Hv; wp)j
kthl; i kthl; i
+jh@niHv;Whi h@n, HV; Whinj
kthl; i '

Now, letting v} 2 V,! denote the H1( ) projection of Hv, using (18), using
(19), we can bound

jan(Hv; wp)  a(Hv; wp)j
- Jan(Hv  vihiwn)j+ja(Hv v wh)j + jan(Vhiwh) - a(vh; Wh)j
- kHv  viky kwiky @+ hEkviky. ikwiky. s
- ARG VK L ikwiky, - ATk L cskwiky,
Similarly, letting | 2 [ denote the H =2(B) projection of @n,Hv, we
can bound
ih@n, HV; Whi  h@n, HV; Whinj - k@n,HV LK 120.8kwhky,
+jh hiwni 0 Lwhing - AMTTROKHVKG Ly ikwika

i h:ninft;kgkvklzz+t; ikwpky. i;
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where we used that for t > 1=2, v 2 H2*Y(B) implies rHv 2 HY( ') which
admits a trace in Ht 1¥2(B). By the same arguments we also have

jh nyHvi h p Hvigj
-k nk 1028KHV VK i +jhovhio b Lvhing

minft;k .
- hi gk hk 1=2;Bka1:2+t;B-

(25) easily follows.

We next need to bound

z
Liv(x) Hv(x) (x)dx
KLHV  Hvkge 10 ip = sup : :
h H ( ) 2Hk 1( i) k kk 1; i
Letv bethesolutionto v = ,v =0on@ "= [B,andletv} 2V,
L 2 | be the solution to
8 : R _
<an(Vh;Wh) h [iWhin = i Wnh; 8wp 2V,
- ) _ _ (29)
=N nyviin =0; 8 L2 K

Observe that, with the same arguments used to prove (25), it is not di cult
to prove that

kv viky i +Kk@nv Lk 1208 - hEkv Kyeaao - hik ke 1. o

Integrating by parts and using the de nition of L and of v} and |, itis
not di cult to check that we can write

Z
(LEVE)  Hv(x) () dx
' Z
= r(Li'v(x) Hv(x)) rv (x)dx
yA
(LEV()  v(x))@n,v (X)dBx
B
I+11+111+1V +V,
with
Z
| = _r(L,'fv(x) Hv(x)) r{v (x) vﬁ,(x))dx
- jLEV  Hvky ikv o viky oo hRkvkioogk ke 15
Z

= B(LhHV(X) VOO (@ v (X)) H(x))dBx

- KLEV  vkigK@n,v (X)) LK 1228 - hikvkiogk ke 1)
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I =jh L;LEvip b L LEvij - bk Lk 1ooskLEVKy. o - hf ko:gkvkizog;
IV =ja(Livivl)  an(LEV; V)i - hEkLH Vg ikviks.
- hfvkipgkv Ky & - hfkvkipgk Ko i
and, since the de nition of v}, and v yieldsh 7;vlin = 0and h@n,Hv;v i =0,
V =jap(LEv;vl)  a(Hv;v)i=jh Ziviin  h@n,Hv; V] v ij
- K@n,HVK 1oo.gkvl v ki i - h¥kvkiop.gk ki 1. i
Combining the ve bounds we easily obtain (26). As far as (27) is con-
cerned, we have
KLEV vk kg = sup M
' 2nk 1=2(g) K Kk 1=2;8
We can write, for [ 2 ;1 arbitrary
h;LEv vi=h hLEv  vi+h oLV i
=h hiLEV  vi+h o LEvi b LHvig
- kLHVky. ik hk 120.8 + hikLEVKy. ik pk 1o0.8;

where we used the de nition of LE' and Assumption A.4. Choosing h 2 |
as the H 72(B) projection of , thanks to Assumption A.1 we easily see that
(27) holds.

In order to prove the well posedness of the discrete problem, we start
by proving the following lemma, which compares sy, to the bilinear form s :
V€ V& I R associated to the Steklov-Poincare operator:

s(u®; v®) = a(Hu®; Hv®):

Lemma 2 For all t with 1=2 <t < 1, there exists a positive constant c; such
that for all ug; vy 2 V¢ we have

ISURIVR)  sn(URVR)I  ce (hishe)?*kupKy—oskviKi=oB:
Proof We have
JS(UR;VR)  sn(UR; VR)I = ja(HUR; HVE)  an(Lp'up; LE'VR)I
ja(Huf; Hv - LEVR)) +ja(HUR  LEUR; LEVR)]
+ja(Lp'up; LR an(Li'uf; LEVR))
- hikugKi=o.gKVEKi=+t:8 + hiKUEKi=o+t.8KVEK =28
+ hli(kuﬁklzz;skvﬁkkz;s;

where we added and subtracted L'V, and we used Lemma 1 and Assumption
A.4. Finally, as h¥ _ (hj=he)t, by using Assumption A.2, we have

isUR;VE)  sn(uRiVR)I - (hishe)'kufki—p.gkviki=p:g:
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Let now
sn(UR; BiVves B)=2h §;V Ri h Brufi+h F;vii 2h B Kufi+sh(ug; Vi)
Lemma 4 of [26] yields the following Lemma.

Lemma 3 For all (uf; §)2VeS | we have
S ue, e;Ve; e
sup ; h( h r; h)
o 02ve ¢ Kikizag +K Pk 1208
Proof Lets: (V€ &) (vE© €) ¥ Rbede ndas
s(u®; %ve ) =2h &V Ci h %ufi+h %vei 2h & Kufi+s(uf;ve):
As a corollary to Lemma 2 in [26], it is easy to show that there exist (v&; €) 2
Ve € such that
S(ue; e;ve; e)
kuki=; + K K 1-0:8

& kuﬁkl:z;B +k ﬁk 1=2;B-

& kUeklzz;B +k ekl:Z;B: (30)

Proceeding then as in the proof of Lemma 4 of the same paper, it is not
di cult to prove the existence of (02;"¢) 2 V,¢ ¢ such that for some >0
independent of he
S(Uf; §i08:"R)
ko Ki=p. + kAﬁk 1=2:B

(kuﬁkl:z;B +k ﬁk 1:2;3):
Without loss of generality, Of, and AE, can be chosen in such a way that
ko%klzz;g + kAﬁk 1=2:B — kUE]kj_:z;B +Kk ?lk 1=2:B-
Now we have:
N AN
sn(UR; ks OR; "h) = S(UR; |iOR; TR) + sn(Un; OR)  S(uR; O):

Using Lemma 2, we can then write

sn(UR; RiORs"R)  (KURkizois +K FK 1-28)°
ct (hi=he)* (kufkyp8 + K Bk 122,8)°
Provided (hij=hg) , With  chosen in such a way that =c¢; 2* < , we get
sn(UE; Ri0R "R )(KUfkizs + K fK 1-28)%: (31)

The thesis easily follows.

Thanks to the coercivity of an on V%, we immediately have the following
corollary.
Corollary 2 For all u, 2 ker b, we have
an(Un; Vh)
su ——— = & kupky:
vh2keprbh kvhky v

Theorem 2 easily follows.
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2.2 Error estimates in the energy norm

Under the assumptions of the previous section, the method satis es an error
estimate with optimal order, as stated by the following theorem.

Theorem 3 Under assumptions A.1-4, if the solution of Problem 1 veri es
uj « 2 H<*1( 1), then the following error bounds hold true:

Ku®  Ulkioog +K ¢ BK 128 - (MK +hE" 1 )kukeer o (32)
ku'  ubkicog +k T LK 1m0 - (WK + R T2)kuker 0 (33)

Proof We start by observing that, in general, if the solution of Problem 1 ver-
i esuj « 2 HKI( 1), we have that u® 2 H**2(B) and that ' = ¢ =
@n,u 2 HK 172(B). However, under our assumptions, namely that f is sup-
ported away from B, u is harmonic in a neighborhood of B and hence u® and

I =  ©have a higher regularity. In particular we have that u® 2 Hk*1(B)
and © 2 HK(B) with

ku®ke+1:8 - KU'Kierp: i K ®kig - Ku'kgaq: i (34)

Moreover we have that the right hand side f =  u veri es f 2 H* ()
(actually, with the assumptions we made on the domain ', f 2 HK 1 ) if
and only if u' 2 Hk+1( 1)),

Let us introduce the compact notation u® = (u®; ©) and ug = (ug; §).
and let w§ = (wg; £), where wg 2V, and ¢ 2 § denote, respectively, the
H=2(B) projection of u® onto V¢ and the H 1¥2(B) projection of ©onto ¢.
Setting v! = Hv® and v}, = L}!ve in the rst equation of, respectively, (8) and
(10), it is not di cult to check that u® and uj, satisfy, respectively

s(u®;ve) = f(v®); 8ve = (v® ©)2H¥?(B) H ¥2(B); (35)
and
sn(UR; Vi) =fa(VR); 8vh = (Vi R)2VF R (36)
with
Z Z
f(v9) = FOOHVE(X) dx; fa(vh) = F)LHVE () dx:

As in the proof of Lemma 3 (see (31)), there exists 0§ = (08; ") 2 V¢ &,
which we can normalize in such a way that kOfky = kup  wgky, such that

kuf  wekZ =kuf  wWekykOtky - sp(uf  we;0f):
Now, adding and subtracting s(u®; ¥¢) and s(wg; ©F), and using (35) and (36),
we can write
sn(Uf Wi OR) = fn(9R)  T(OR) (37
FS(US WEO) + S(WR0R)  Sn(wR; 0R):
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Let us then separately bound the di erent components at the right hand

side. We have: .

ifn(OR)  fOOR) = if(X)(LF' h(X)  HOR(x))dx
- Kfke 1. iKLEWE  HOEKgk 1 iy

Using (26) we can then write

ith(OR)  FCOR)j - hikfke 1. ik0fkimo.p - hikukys. ikOEky: (38)

Next, using A.1 and (34), we have
s(u® wg;08) - ku®  wPkykOfky - hX*172kukicsq.8k08ky
- W5 2kUk g ikORKy: (39)
Finally, we have
JSOWRIOR)  sn(Whi 0n)j = jan(LE'WE; LEYR)  a(HwR; HOP)j
jan(LEWE LEWR)  a(Lfh'wi; LEOR)]
+ja(Lp'(wh u®); LEE)j +ja(Lp'u®  HUu® LE)]
+ja(Hu® LW HOR)j +ja(H(u®  wp); HOP)j
- hKLHWEKy, KLEWKy. + +ku®  Wekyo.k0Pki—og

+KkHU®  LE'uCky. ik0fki—op + ja(HU® LS  HOR));

where we used Assumption A.4. kHu® L u®k;. i can be bound by using
Lemma 1. Moreover, Assumption A.1 and (34) yield

ku®  Wekizo.g - hE*1%2kutkyars - hEY172kukicyy. o

Now, integrating by part, we can write
z

ja(HU®; LS HeRi= 0 HuS(LE'eR %)
- k@iiHUekk 122:8KLENE  OfKi= ks
which, using Lemma 1 once again, nally yields
JSWROR)  sn(Whi On)j - (ng™7 + hikukyer; ikORky:  (40)

Bounding the right hand side of (37) by combining (38), (39) and (40), we
get (32). Bound (33) is then not di cult to prove. In fact, observing that u'
and ' are solution to

a(u';vhy h vl = (Fvh)

. : ) 41
h'oguti =h ' uéi; 40
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using [9, Proposition 11.2.16] once again we can write

ku' ubky i+k T Lk 1oop - dnf kut o viky s+ inf kT Tk 1p
vi2vi iz i
+ sup an(u';wy) h 'i;w;]ih (F;wy)
w2V} kwp kg,
i i e i e i-ei
+ sup hh,uilh hh,UI+ sup hh,uil h L URT
21 k hk 1=2;B 2 1 k hk 1=2;B

We bound the rst two terms using Assumption A.1, which gives us

inf ku' viky i+ inf k' 1k 108 - h¥kU'Kespo o
v;jzvh' ,',|2 ;1

Using (41) and Assumption A.4, we have
jan(uhwh)  h Gwhin  (Fw) ij - hRkwiky iku'kieep. i
Since u® = gu', and in view of the de nition of LE! we can write

jh biulin hobueij=jh L HU®  LEUCin
- K hk 1=2,;8KHU® Lrl;'uekl; - hli(kuek1=2+k;Bk hK 1=2;B>

and, using (32),

jhlsuei hluif -k Tk goosku® Ulkioop

- (+hE 2k Tk o gkUKer: o
(33) easily follows.

Remark 2 The higher regularity of the solution in a neighborhood of the
boundary B allows us to obtain an error estimate where the meshsize he for
the spaces used in the discretization of the integral operator appears with a
higher exponent (namely k + 1=2 rather than k). As continuity is only im-
posed weakly, this allows to use a coarser mesh for discretizing V€ and ',
with consequent savings both in CPU and storage requirements.

Remark 3 The assumption, made at the beginning of Section 2, that s
smooth, is essentially needed only for the duality arguments a la Aubin-Nitsche
used in deriving the error estimates. In particular, the smoothness of s
needed to derive the bound on KLE'WE  HOEkyk 1 iy. However, such an
assumption is not needed to prove the well posedness of both the continuous
problem (8) and the discrete problem (10), results that hold, with unchanged
proof, also in the more general case of a Lipschtiz boundary. Remark that, if
is piecewise smooth, rather than globally smooth, the error estimate can still
be proven, provided the discretization spaces are chosen in way well suited to
deal with the pointwise lack of smoothness of
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2.3 L2 error estimate

We want now to give an estimate on the error e}, = u' uj, in the weaker
L2( ") norm. In order to do so, always assuming that A.1{4 hold, we make
the following stronger assumption:

A5 Forv;w 2 WEL( 1), 2 L2(B) it holds that

ja(v;w) an(v;w)j - h%‘*lkrvko;l; ikrwko.q . (42)

as well as
ih swin b oswij o bk kogkvikeq: i (43)

Moreover, we assume that V! and ! satisfy the following additional direct
and inverse inequalities.

A.6 Thespaces ! and V! respectively satisfy ! L?(B)andV, WZH1( 1),

and the following inverse bounds hold: for all 2 [, vy 2 V|, and for
all s;twitho0 s<t 1

kK hkos - h; 2Kk 1=2:B1 44)
Kvhkea; o - b§ 'kviksa, 7 Krvekoa: o - h jvajy; 0 (45)

A7 Forallu2H™( 7),2 m k+1 there exists w, 2 Vi such that
ku Whky i« +ku  wikoq. i +hikr(u  wi)kga: + - hi" tkukp,
We start by proving some bounds on the discrete solutions in the stronger
norms appearing in Assumption A.6. More precisely, we have the following

Lemma.

Lemma 4 Letu'; ;u®; ®andul; L;u®; ¢ be the solutions of (8) and (10).
Then, under the additional Assumptions A.6{7, if he - hi1:3 we have

krubkea, i+ - h; “kuky for all " >0 (46)
k LkO;B -k ikO;B? (47

the implicit constants in the rst inequality depending on *'.
Proof Let wy denote the approximation of u given by Assumption A.7 for
m = 2. Adding and subtracting w, using A.6 for w,, and subsequently adding

and subtracting u we can write

kruLko;l; i - kr(uL Wh)kO;l; i+hi "kWh Ukl e I i"'hi "kUKl A i
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We bound the rst term using, once again, A.6, then adding and subtract-
ing u, and using A.7 as well as Theorem 3:
kr(ul, wn)ko.a: i - hy 72kun  Whky.
S h P okul ukg s ku wieky s
- h; T2 (hi + h32)kuky, o - Kukg,
We next bound the second term by using A.7, which, by space interpolation

yields )
h; kwp uky -.q. i - hikuky. i:

Thanks to the injection of H2( ) in Wt "3( 1) we also have
h; "kuky =q. i - h; 'kuky, i;
nally yielding (46).

Letting now ! be the L?(B) projection of 'onto !, and proceeding in
a similar way as before, we can write

k Lko;B -k ;1 Lk0;8+k Lko;B
- hi 1=2(k ;1 ik 1:2;B+k i }Ijk 1:2;B)+k iko;BZ

The bound (47) then follows from combining Theorem 3 with Assumption
A.1, and using a standard Aubin-Nitsche’s duality argument to bound k '

|I1k 1=2;B-
Observe that a bound similar to (46) can be proven for z 2 I-_|2(_ 1) and
zn 2 Vi itsHY( ') projection. Then, letting now u'; ';u®; ®anduf; [;ug; ¢
be the solutions respectively of (8) and (10), under Assumptions A.5{7 we have

the following corollaries, the implicit constant in both inequalities depending
on "

Corollary 3 For z 2 H2( '), z, 2 | denoting its H( ') projection, we
have

ja(uh;zn)  an(ul;zn)j - ¥ Tku'ky ikzky for all " >0
jh Lizni h Lizninj - h "k Tk gkzk,.
Corollary 4 For 2 L?(B) it holds that
jhsuli hosuling - K" K kogkuks,

We now introduce z 2 Vi, 2 ©suchthatforallw2V', 2 ¢itholds
that Z

a(w;z) h; _wi 2h;Ki= ew;

B

2h ;V i+h ;zi=0:
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We have the following smoothness result (see [26, Lemma 3]): z 2 H?( 1)
2 H'¥?(B) and it holds that

kzky. i +K Kz - kelko. i (48)

We set; z' = z,2° = gz, | = 2K , where we denote by K
H =2(B) ¥ H *=2(B) the adjoint of K. It is not di cult to check that we
have, forallw'2V' we2Vve t2 1 €2 €

8 o R .
%a(w';z')+h Logw'i = eLw;
hi, Jz'i+h ' z8 =0;
: : (49)
2h &V Cfi+h €z =0;

= hewei 2h & Kwei h i wei=0;

which, using the compact notation introduced in Section 2, can be rewritten
as
a(w;z) b(z; H+bw; )= (el;w")

Letnow w =e = (ef;ef; ) and '= [, withel =u' uf,ef=u® uf,
h= ' pand g = ¢ §.Adding and subtracting zn = (z,;z5; ) and
o Where zf, 2 Vi zg 2V, (2 L and § 2 § are suitable interpolants to

z', z%, 'and €, which, thanks to Assumption A.1, we can choose in such a

way that

kz  zpky +k hK 1=2;8 - (hi +he)kzky, i; (50)
we can write
kelk3. i =a(e;z zn) bz zn; p)+ber ' )
+a(e;zn) b(zn; L) +b(e; )
Now it is easy to check that
ja(e;zn)  b(zn; 1) +b(e; B -
ja(uh;zh)  an(uh;zR)i+ih hizhin b hizhij+jh fubio b5 ubin
- hk* "(kuk,. + +k Tkog)kzks. i

where we used Corollary 3 and Corollary 4. Combining with (50) we can then
write

keLkg; i - (hi +he)(keky +k [k 1-p:8)kz'ky; + +hE™ “ku'ky, ikz'ky.
- (h} "+ he) (B + hET I )kukicrs; ike'ky;

Dividing both sides by kel ko. i, as (48) holds, we nally get the quasi
optimal estimate

kelko. i =ku' ulko i - (h}

"+ he)(hf + hE)kukicrs; (51)
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3 The discrete scheme

We assume that ' is approximated by a polygonal domain | = [kar, K,
union of the elements of a quasi uniform, shape regular triangular mesh Tp,,
of mesh size h;, de ned in such a way that all the nodeson @ ' lieon @ '.
The boundary @ ' will be naturally splitas @ ' = [ B , where

and B respectively denote the piecewise linear curves interpolating and B
at the boundary nodes of the triangulation. Observe that in general, we will
neither have ! "nor 1 I It will then be convenient to de ne the
approximation spaces V', and V; as subspaces of H*( *[ ). In order to do
so, we will extend to HY( '[ ') the standard P1 nite element approxima-
tion de ned on ', by using the natural linear extension: the linear function
de ned on a triangle K with an edge e on B is prolongated linearly to the
region 1< delineated by e and by the corresponding arc of B. More precisely
we introduce the nite dimensional spaces

Vin = 2C%0 "L T):vije 2PHK 2Th Vi = eng;
Vi=f)2Co 'L T):viie 2P K 2Thvhi = 0g;
where P! denotes the space of polynomials of degree less than or equal to 1,

and g, 2 V']  denotes the piecewise linear function interpolating g at the
triangulation nodes on  , and

K[!'¥X ifKhasanedgeonB ;

K = .
K otherwise:

By abuse of notation, we will also denote by Vg‘;h and V| the restriction of
such spaces to both " and ' . Observe that for all function v}, in V,, or in
V!, we have that

kvike: « 7 kviky o 7 kviky ip (52)

krvikoa: + 7 KrviKoa. « T Krvikoq. ip i: (53)

This is easy to prove, by taking advantage of the fact that v/, is linear on K.

The space | L2(B) is de ned as the space of continuous functions
which are piecewise linear in the curvilinear ascissa, on the decomposition
B = [M.,B} induced on B by the nodes of the mesh Tp,:

h=F L2C°B): }jg 2P'(BL)BL2Bg "

For approximating V¢ and €, we consider a second, independent quasi
uniform decomposition B = [N, B, of mesh size he, and we de ne V,¢ and
e
b as
Vi = Vg 2 CO(B) : vijee 2 PY(BR)Y VS
R=T 52C°B): fisg 2P'(BR N fili=0g
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Itis not di cult to check that the spaces thus de ned satisfy assumptions
A.1{3 as well as A.6{7 for k = 1. More in detail (13), (14) (12), and (44) can be
obtained by duality from well known approximation and inverse inequality in
a fairly standard way ([3], see also [5]). By smoothly extending w 2 H**1( 1)
to a function w 2 HK*1(€i) where €' is a polygonal domain obtained
extending all boundary triangles of T,) by a small strip of thickness - hj, in
such away that '"[ | ©', and applying the standard estimates for the

nite element space de ned on the resulting extended mesh, it is also easy to
prove (11).

We now de ne the bilinear forms a,, and h; in. We set:

z
an(u;v) = ru rv, h ;uin =h ;egui (54)

where, foru2 C°( '[ '), egu 2 H¥2(B) is de ned as the piecewise linear
(in the curvilinear abscissa) function interpolating u at the boundary nodes of
Th,. We need to prove that, with such a choice, Assumptions A.3 and A.4 are
satis ed. We have the following Lemma.

Proposition 3 The spaces ;1 and Vh‘, and the bilinear form h; i, de ned by
(54) satisfy Assumption A.4.

Proof Letting :[0;jBj] ¥ B denotes the arc length parametrization of the
curve B,we let : ' ¥ 1Tbede ned as follows: for all triangle K 2 T,!
withanedgee @ ', lettingXo = (Xo), X1 = (X1) denote the two vertices
of e and y denote the third vertex of K, we de ne by the relation

2Xk + 3Xk+1
(1y+ 2Xe+ 3Xk+1) = 1y+(@ 1) %; ;
2+ 3

where, using barycentric coordinates, we expresses X 2 K as X = 1y+ ,Xx+

3Xk+1, With 0 1, 273 1, 1+ >+ 3=1. For triangles K which do
not have any edge on @ ' (this includes interior triangles as well as triangles
that have a single node on @ ') we let be the identity. We now observe
that

@l=fu, ; u,2Vig H(H
satis es
h = $ais;
and that, for all ! 2 [ and ul 2 V| we have

h L;uhin=h L;ul i
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Moreover, is not di cult to verify that kufk;. « ~ kul, kg i. Letting
9:L%2(B) ¥ ¢! = | denote the L? projection operator, we can write

R R
h h o
k hk 128 = sup ﬁ = sup kBki
2Hi2@) K Ki=zig  2Hi2e) K Kize
° hnul i
. sup sup B hh _— gp —Moh 7

0 - i )
oH1=2(B) 2H1=2@) K n Ki=2g  wiovi, KU Ky
h huli
_ sup ftntn,
i i Kulky. i
ui 2v i, KUpKy;

The thesis follows thanks to (52).

Proposition 4 The bilinear forms an, and h ; iy, satisfy both Assumptions A.4
and A.5.

Proof It is not di cult to prove that (42) holds. In fact, etting 1nh = ( '"r
In(C "\ 1), itis easy to see that

ja(v;w) ap(v;w)j rv rw:

'n

Recalling that the area of j,j is if the order of h? ([26]), (42) follows easily.
Let us now prove (43). For 2 L?B)andv2W33I( '[ T) we have

Z
jh svin h Vveinj = (v ev) -k kogk gv egvkop: (55)
B

Now, we can write, for x 2 B and a point of the segment [X; &]

(x =)

BUNGY)  SaUn(x) = FU( )y — r(x  R) (56)
whence we easily obtain
k gU egukog - h?krukg.q. i (57)

(43) immediately follows. As already observed, the validity of Assumptions
A.5 and A.6 together with A.2 nally entails the validity of A.4.

The spaces V!, L, V¢, ¢ and the bilinear forms ap and h; i, satisfy then
Assumptions A.1{7, and then obtain an error bound both in the energy norms
(as given by Theorem 3), and in the L2( ') norm, as given by (51).
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4 Numerical results

In this section we present some numerical examples to illustrate the application
of the proposed method to some test problems. For a comparison with existing
results, some of these are taken from [27] and [8].

In the results we will show, we will compare our approach, in which the
NRBC is imposed weakly, with that in which the NRBC is imposed strongly
(see [26] for details on the corresponding formulation). These approaches, and
whatever refers to them, will be labeled by the letters W and S, respectively.

We will test the accuracy of the approximate solutions uf"’ and u° ob-
tained by the two approaches in the interior nite computational domain ' .
To this aim, we will compute the relative H* and L? errors de ned by
ku ug Ky D, Errt, = ku up kzg iy

i
Erry. =

kukHl( i) kukLZ( i)
for = fW;Sg. We will also compare the e ciency of the two approaches
in terms of CPU and memory storage required by the discretization of the
NRBC. With respect to this, we recall that the memory required to store the
matrices V and K involved in the discretization of the NRBC is O((M 9)2)
and O((M"?) in the approaches W and S, respectively. In the latter case M
denotes the number of boundary points of B inherited by the triangulation of
the interior domain '. In particular, we will report the quantities
L
(M¢®)? cpPuW
_ : CPU(%):=100 1 —~
(M I)2 ( 0) CPUS

mem(%) :=100 1

that correspond to the memory and time saving to construct all the entries of
the matrices V and K for the new approach with respect to the standard one.

Remark 4 When the boundary B is a circle and the mesh points chosen on it
for the approximation of the NRBC in the approach W are equidistant, the
matrices V and K have the particular Toeplitz structure. This means that only
the rst row of each matrix needs to be computed and stored, a property that
allows to save signi cantly the CPU time and the memory storage requirement.
We remark that the Toeplitz structure can not be obtained when the strong
imposition of the NRBC is considered since the mesh grid inherited on B by
the triangularization of ' is, in general, non uniform.

Example 1. In this rst test, we perform a numerical study to investigate the
accuracy of the solution u;jw with respect to the choice of the discretization
parameter he. In particular, we aim at determining which choice of he guaran-
tees that, for a xed triangulation of the nite computational domain (hence
for a xed h;j) the new proposed method allows to compute the solution u;jw

with the same accuracy of the solution u:js in terms of the H! and L? errors.
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To this aim, we consider Problem (1) where O¢ is the unbounded region of
R?, exterior to the unit disk, centered at the origin of the cartesian axis. We
choose the arti cial boundary

B = f(x;y) 2 R?: x = Rcos(#);y = Rsin(#); # 2 [0;2 )g;

circumference centered at the origin and having radius R = 2. The nite com-
putational domain ' is bounded internally by , the circumference of radius
1, and externally by B. We denote by u(x) = u(x;y) = szfyz the solution
of (1), with g = u; and f = 0. We denote by nt the number of triangles
of the decomposition of '. We choose the parameter h, by decomposing the
boundary B into M€ sub-arcs of equal length, which corresponds to a uniform
decomposition of the parametrization interval [0;2 ) into M€ subintervals. In
Figures 1 and 2 we show the behavior, in logarithmic scale, of the errors Errﬂ’lv

and Err:j‘z’v with respect to decreasing values of he, for the choices nt = 3106
and nt = 12874, respectively, and we report the corresponding values in the
associated tables. In the last two columns of the tables we report the CPU
and memory saving. As we can see, the same order of accuracy for the H?!
error is achieved when the parameter he is about ten times greater than h;,
while for the L2 error when it is approximately four times greater than h;. We
highlight the very high memory and CPU saving, which is due, in this case,
to the particular choice of the arti cial boundary and of its re nement (see
Remark 4).

Fig. 1 Example 1. Behavior of the H and L2 errors with respect to the arti cial boundary
re nement parameter he. R =2, nt = 3106.

10" . .
s ;S
..................... = hj Errt: Err
* i Hl L2
- -Em? [6:2E__02 | 5:72E__02 | 6:09E__ 04 |
107 i
W W
108 he Err:_’|1 Errl'_’2 CPU(%) mem(%)
1:6E + 00 | 7:09E 02 | 7:50E 03 98 99:9
7:9E 01 | 5:91E 02 | 1:62E 03 99 99:9
0 3:9E 01 | 5:74E 02 | 7:64E 04 99 99:8
62E02 98E-02  20E01  39E01  79E01  16Eso0 | 20E 01 { 6:38E 04 99 99:6
h 9:8E 02 { 6:10E 04 99 99:2

In Tables 1, 2, 3 and 4 we report the study of the H! and L2 errors behavior
with respect to the re nement of the triangular mesh, and the associated
expected orders of convergence (EOC), for the choices R = 2 and R = 4,
respectively. Starting from an initial triangular mesh, the mesh re nement
is obtained by halving the mesh size h; (which implies that the number of
triangles nt is approximately multiplied by a factor 4 at each re nement).
We point out that, based on the previous test, he has been chosen in such a
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Fig. 2 Example 1. Behavior of the H and L? errors with respect to the arti cial boundary
re nement parameter he. R = 2, nt = 12874.

i;S i;S
hj ErrH1 ErrL2

[31E 02 [ 2:77E 02 | 1:60E__04 |

-O-Err::‘zN
—--Erl iw iw
i h Err’ Err’ CPU(% mem(%
10° e e H1 L2 (%) (%)
1:6E + 00 4:98E 02 7:41E 03 99 99:9
7:9E 01 3:12E 02 1:45 03 99 99:9
o e G P e - 3:9E 01 2:82E 02 4:64E 04 99 99:9
104 2:0E 01 2:77E 02 2:52E 04 99 99:9
31E-0249E-02 9.8E-02 20E-01 39E-01 79E-01 1.6E+00 9:8E 02 { 1:84E 04 99 99:8
h, 4:9E 02 { 1:60E 04 99 99:6

way that the accuracy of the solution is preserved. In the last two columns
of Tables 2 and 4 we report the percentage of the CPU and of the memory
saving of the new approach with respect to the standard one.

From the results we have obtained, it is evident that the use of the weak
FEM-BEM coupling strategy allows to reduce signi cantly the computational
cost of the NRBC with respect to the approach where the strong coupling
is considered, while preserving the accuracy of the approximate solution as
well as the expected order of convergence, independently of the location of the
arti cial boundary B.

Table 1 Example 1. Relative H! and L2 errors for the FEM-BEM method with strongly
imposed NRBCs, and corresponding EOC. R = 2.

hj nT Err:_’ﬁ EOCE|1 Errll_’g EOCﬁZ

5:2E 01 44 4:52E 01 5:47E 02

0.9 2.1
2:6E o1 174 2:43E 01 1:27E 02

1.1 2.3
1:3E o1 710 1:14 01 2:57E 03

0.9 2.1
6:4E 02 2874 5:77E 02 6:05E 04

0.9 1.9
3:2E 02 11804 2:92E 02 1:55E 04

Example 2. We consider here the example proposed in [27], for which OF€ is
the exterior of the unit disk, centered at the origin of the cartesian axis, f =0
andgon isde ned as
x* x 0
X;y) =
906y) 0 x<O:

The arti cial boundary

B =f(x;y) 2 R? : x = Rcos(#);y = Rsin(#);# 2 [0;2 )g;
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Table 2 Example 1. Relative H! and L2 errors errors for the FEM-BEM method with
weakly imposed NRBCs, and corresponding EOC. R = 2.

iw iw
hi he Err"_|1 EOC\A/]_ Err'L2 EOCY_VZ CPU(%) | mem(%)

52E 01 | 3:14E + 00 | 4:73E  O1 7:156E 02 65 98.4
0.9 2.3

2:6E 01 | 1:57E +00 | 2:47E 01 1:49E 02 93 99.3
1.1 2.3

1:3E 01 | 7:85E 01 | 1:15E 01 3:08E 03 99 99.6
1 2.0

6:4E 02 | 3:92E 01 | 5:79E 02 7:48E 04 99 99.8
0.9 2.0

3:2E 02 | 1:26E 01 | 2:92E 02 1:85E 04 99 99.8

Table 3 Example 1. Relative H! and L2 errors for the FEM-BEM method with strongly
imposed NRBCs, and corresponding EOC. R = 4.

hj nt Err:_‘j Eocal Err'L‘S EOCEZ

6:2E 01 156 4:58E 01 4:47E 02

1.1 2.4
2:8E 01 790 2:20E 01 8:31E 03

1.0 2.1
1:3E 01 3636 1:07E o1 1:95E 03

1.0 2.0
6:4E 02 14502 5:30E 02 4:88E 04

1.0 1.9
3:2E 02 60064 2:64E 02 1:24E 04

Table 4 Example 1. Relative H! and L2 errors for the FEM-BEM method with weakly
imposed NRBCs, and corresponding EOC. R = 4.

w iw
hi he Err"_|1 EocVHV1 Err'L2 Eoc:‘l’_"2 CPU(%) | mem(%)

62E 01 | 3:14E + 00 | 4:58E O1 4:45E 02 79 99.2
1.1 2.4

2:8E 01 | 1:57E +00 | 2:20E 01 8:43E 03 98 99.5
1.0 2.1

1:3E 01 | 7:85E 01 | 1:07E 01 2:04E 03 99 99.8
1.0 1.9

6:4E 02 | 2:51E 01 | 5:29E 02 5:16E 04 99 99.8
1.0 1.9

3:2E 02 | 8:38E 02 | 2:64E 02 1:31E 04 99 99.9

is the circumference of radius R centered at the origin. In Figure 3 we show
the behavior of the approximate solution u!¥ obtained by applying the new
proposed approach in the bounded region ' delimited by the boundary
and by B for the choices R =2, R=4, R=8 and R = 50.

It is known that (see [27]) the asymptotic behavior of the solution u for
jxj ¥ 1 is =3=16 1:87E 01. As remarked in the presentation of our
method, and di erently from the numerical approach proposed in [27], the
value of the constant is determined by the interior FEM. In Figure 4 we
show the behavior of uZ(x;0) and uY (x;0) for the values of x 2 [ 50; 1]
(left plot) and for x 2 [1;50] (right plot), obtained by choosing R = 50.
In this case, the approximate solutions us and uyY have been obtained by
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decomposing the interior domain into nt = 27168 triangles and by choosing
M€ = 32 for the approach W, which is de nitely much smaller than the value
M! = 320 inherited by the FEM triangulation of the domain . Nevertheless,
the two solutions perfectly match and tend to the asymptotic value  which is
represented by the dashed line. Moreover, the new approach allows to retrieve
the solution with a CPU saving of about 98% and with a memory saving
mem  99%.

Fig. 3 Example 2. Behavior of the solution u‘,ﬁ" in T for the choices R = 2 (top-left plot),
R = 4 (top-right plot), R = 8 (bottom-left plot) and R = 50 (bottom-right plot).
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Example 3. For some geometries of the physical domain boundary , or of
the domain of interest ', the choice of a circular arti cial boundary B can
be wasteful both from the computational and space memory point of view. To
show the feasibility in the choice of the geometry of the arti cial boundary,
we apply the proposed scheme to the problem presented in [27] where O¢
is the unbounded region having the elliptic boundary = f(x;y) 2 R? :
x?=R? +y? = 1g and the Dirichlet datum on is g(X;y) = x=R. A natural
choice for B in this case can be, for example, the ellipse

B =f(x;y) 2 R? : x = Ry cos(#);y = Rosin(#);# 2 [0;2 )g;
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Fig. 4 Example 2. Behavior of the solutions uﬁ (x;0) and U\r’]\l (x;0) for x 2 [ 50; 1] (left
plot) and for x 2 [1;50] (right plot).

solution u
solution u

X axis X axis

with Ry and R, properly chosen. It has been shown in [27] that the expression
of the solution to this problem along the positive real axis is
1 P
ux;0) = —— x X2 R2+1 ; X R: (58)
R 1

We consider the domain ' obtained by choosing the parameters R = 2, Ry =
4 and R, = 2 and two re nements of it: the rst, labelled by ref,, is obtained
by a decomposition into nt = 4010 triangles, which induces M = 158 points
on the arti cial boundary B; the second one, labelled by ref,, obtained with
nr = 16210 and M' = 312. In Figure 5, top-left and top-right plots, we
show the behavior of the solution u}¥ in . In the bottom-right plot, we
compare u;{w with the exact solution (58) for x 2 [R; R3] for the two choices
of the re nements and we show, in the bottom-right plot, the corresponding
absolute errors. In both cases, the weak NRBC has been computed by choosing
M€ = 40. For the chosen discretization parameters, despite the fact that the
matrices V and K do not have the special Toeplitz structure, because of the
choice of the arti cial boundary B, the CPU and memory saving are CPU
91% and mem  94% for ref; and CPU  97% and mem  98% for ref,. We
remark that the maximum absolute error computed in the interval [R; R;] is
approximately 3:0E 03 for ref;, and it does not improve for larger values
of M€, For the re nement ref,, by maintaining M¢ = 40, the maximum error
decreases to 6:8E  04.

Example 4. We consider here an example of multiple obstacles. Let O¢ be the
region exterior to ve circles of radius 1 centred at C; = (0;0), Co = ( 6;0),
C3 = (6;0), C4 = (0; 6), Cs = (0;6). Aiming at determining the solution in
a region close to the obstacles, we surround the circles by the curve

Bi = f(x;y) 2R?: x? +y2 = (#); (#)=6(L+ 0:8cos(4#));# 2[0;2 )g

which determines the non convex nite computational domain ', represented
in Figure 6 (left plot) with a triangular decomposition. We prescribe the datum
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Fig. 5 Example 3. The approximate solution u:;w in T 2D view (top-left plot) and 3D
view (top-right plot). Comparison with the exact solution (bottom-left plot) and absolute
error (bottom-right plot).
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g(x;y) = x* on the boundary , which is the union of the boundary of the

ve circles. In Figure 6, middle and right plot, we show the 2D and 3D view
of the solution u;jW obtained by decomposing ' into nt = 11498 triangles
and by choosing M® = 256. Being the number of nodes inherited by the
triangularization M' = 535, it results that the memory saving is mem  77%.
In order to estimate the asymptotic value of the solution for jxj ¥ 1, we
enlarge the nite computational domain by choosing

B, =f(x;y) 2 R2: x2 +y? = (#); (#)=200(1 + 0:8cos(4#));# 2 [0;2 )g:

In the left plot of Figure 7 show the 3D view of the solution u;jw, ob-
tained by decomposing the resulting computational domain into ny = 570681
triangles (M' = 3075) and by choosing M® = 512. In the right plot we
show the behaviour of the solution u(x;0) for x 2 [7;360] (solid line) and
of u(0;y) for y 2 [7;360] (dashed line). The computed values u(360;0) 775
and u(0;360) 774:5 provide an approximation of the limit value

Example 5. In this example we apply our method to a Poisson problem pro-
posed in [8] with non null source f. We consider Equation (1) with g =0 on
the elliptic boundary = f(x;y) 2 R? : b?x? + ay? = a?h?g, with a = 1:5
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Fig. 6 Example 4. The nite computational domain 1 (top-left plot) for the choice Bj.
The 2D (top-right plot) and 3D (bottom plot) view of the solution u‘r"".
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and b = 1. The source term £ = f; is chosen such that the exact solution is

b2x2 +a2y?  a%b?
(X2 +y2+1)2

ui(x;y) =

In Figure 8, we show the graphic comparison between the exact solution (left
plot) and the approximate one u¥ (right plot) in the computational domain

" bounded externally by B circle of radius R = 20. The approximate solution
has been obtained by decomposing ' into nt = 276480 triangles (M' = 1032)
and choosing M€ = 32. In the bottom plot we show the point-wise distribution
of the absolute error in [ 5;5]% (see [8] for a comparison). We remark that
the source f; does not have a local support, and thus contradicts one of our
assumption. Indeed f; assumes approximately values of the order 1:0e 05
at the points belonging to the arti cial boundary B. This justi es the good
agreement of the approximate solution with the exact one around the obstacle
and the behavior of the error, that increases as the point moves away from

By modifying the source term, that is choosing f = f, such that the exact

solution is
b2x? + a2y2 a’h? 0:1(x?+y?).

(X2 +y2+1)2 ’

uz2(Xy) =
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Fig. 7 Example 4. The 2D (top-left plot) and 3D (top-right plot) view of the solution u‘g"
for the choice B,. The asymptotic behavior of u‘r’]\’ (bottom plot).

it results that ¥ decays exponentially fast to zero for jxj ¥ 1, in such a way

that from the computational point of view it can be regarded as supported

in a disk of radius R (indeed f, assumes approximately values of the order

1:0e 19 at the points belonging to the arti cial boundary B). With this choice,

the approximate and the exact solution perfectly match in the whole domain
I and the pointwise error is bigger around the obstacle (see Figure 9).
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Fig. 8 Example 5. Exact solution (top-left plot) and approximate solution ux" (top-right
plot) in the domain . Pointwise absolute error in [ 5;5]? (bottom plot). f = f;

Fig. 9 Example 5. Exact solution (top-left plot) and approximate solution u‘,ﬁ" (top-right
plot) in the domain . Pointwise absolute error in [ 5;5]2 (bottom plot). f = f,



34 S. Bertoluzza, S. Falletta

5 Conclusions

We proposed a weak FEM{BEM coupling method for the solution of elliptic
problems on unbounded exterior domains, allowing to use two non-matching
grids for the discretization of the non re ecting integral boundary condition
and for the interior nite element solver. This allows to use a much coarser
grid for the former, as compared to the grid induced on the arti cial boundary
by the nite element mesh, with a consequent reduction of the computational
cost related to the numerical evaluation of the integral operators and with
substantial saving in memory occupation. A theoretical analysis in a abstract
framework is provided demonstrating the optimality of the method, under
assumption that can, in principle, accommodate a variety of discretization
spaces for both the boundary integral equation and the interior PDE. Numer-
ical tests, con rming the validity of the theoretical estimates, are presented
for a linear nite element discretization.

In allowing the discretization for the boundary integral operators to be cho-
sen independently of the one for the interior PDE { only a mild compatibility
condition between the two is required by the analysis { the proposed approach
allows for a large exibility in the choice of the approximation spaces, which
in principle, do not need to be of nite element type. This can be exploited for
designing e cient methods for the solution not only of elliptic problems but
for a much wider class, including, for instance, wave propagation problems.
This approach allows for instance the use of a wavelet discretization for the
boundary integral operators, which we expect to yield a sparsi cation of the
matrices relative to the integral operators, with a consequent further reduction
of the storage requirement and computational cost of the overall procedure. In
this case, special coupling strategies of the two methods will be required (see
for instance [6] and [12]).
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