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Optimal discretization of grounding systems applying
Maxwell’s subareas method

Pasquale Montegiglio, Giuseppe Cafaro, Francesco Torelli
Department of Electrical and Information Engineering
Polytechnic University of Bari
Bari, Italia
pasquale.montegiglio@poliba.it

Abstract— This paper presents a method for evaluating the
optimal number n of equivalent sources needed for simulating
grounding systems by the Maxwell’s subareas method. It is well
known that the number of elements in which electrodes are
subdivided plays a role on the accuracy and reliability of results
(as well as on computational time). Previous studies,
accomplished through iterative calculations (performed with
different segmentations), led mostly to some recommended
practices for the identification of lower and upper bounds for n.
The procedure proposed in this paper allows for predicting the
optimal n in a single process. The method starts from the
identification of a set of appropriate scalar functions, which
heuristically express a relation between the number of subareas
and the accuracy of the results (earth resistance and earth
surface voltages) computed applying the Maxwell’s subareas
method. Then, a multi-objective optimization process evaluates
the number n* that maximizes that accuracy.

Keywords— Maxwell's subareas method, grounding system
modeling, grounding, ground resistance, Finite Element Method
(FEM), discretization.

1. INTRODUCTION

The study of most industrial grounding systems can be
carried out employing the Maxwell’s Subareas Method
(MaSM) [1]-[5]. According to MaSM, the quasi-static model
of a generic grounding electrode can be obtained starting from
its subdivision into a number n of cylindrical segments
(named subareas) characterized by the following properties:

1. having a length adequately greater than their diameter;
2. being at the same potential under fault conditions.

The occurrence of condition 1 allows for assuming the
current field generated by each segment as produced by a
uniform linear current source laying on its longitudinal axis.
Condition 2 states that the voltage drop along conductors
making up the considered ground electrode is negligible.

Fig. 1 shows an example of discretization (in n subareas)
of a simple cylindrical electrode embedded in a conductive
homogeneous medium.

Every single segment interacts with the others by means
of voltage coefficients R;; [5]. Each R;; represents the voltage
produced by the inducing subarea j in the C; barycentre of the
induced subarea i, when j is leaking a unitary current.

In order to have a good representation of the nonuniform
current distribution along the overall electrode [6]-[9], n must
be properly chosen. Since each subarea is modelled as a
uniform linear current source, from a theoretical point of view,
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a larger n should result in a more adequate representation of
the leakage current distribution.

cylindrical
electrode T

Fig. 1. Cylindrical electrode subdivided in n equivalent sources (i.e.
subareas)

However, if n is increased over a certain value, the length of
each segment becomes comparable with its radius, making
condition 1 no longer satisfied. Therefore, there are two
opposite requirements placing a limit on the accuracy of the
final solution:

e the requirement for a good approximation of the
leakage current distribution along the electrode,
which is a lower bound on n;

e the requirement stated by condition 1, which is an
upper bound on n.

Previous studies focused on the role of n and its
appropriate choice. Paper [6] discussed issues encountered in
the simulation of grounding systems using a semi-analytical
method quite similar to the MaSM (the Average Potential
Method), showing the effect that segmentation has on the
model predictions. Authors conclude that models based on the
afore mentioned method should be iteratively simulated,
increasing the number of subareas per computer run in order
to determine the adequacy of the adopted segmentation.

In [7], results of computational error analyses related to the
segmentation of simple ground conductors are reported. The
analysis procedure is accomplished by iterative calculations.
When an increased segmentation produces no significant
change in the computed quantities (i.e. earth resistance of the
electrode and soil surface potential), the “right” number of
subareas N can be assumed. Authors propose recommended
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practices to determine, case by case, a range of feasible values
for n.

In [8] it is shown that, using just one segment (i.e. n = 1)
to represent a long rod (20 m length) buried in a homogeneous
medium, the calculation of the voltage on the surface of the
conductor (which should be constant) is not accurate (10 to
20% error) and the largest errors are located at the rod ends.
In order to improve accuracy and substantially restore the
constant voltage along the rod, a sphere is added at both ends
of the rod. It is also proved that the relative error on the
potential decreases as the distance from the conductor
boundary increases. In other words, the error decreases from
its maximum value, which is located at the boundary of the
conductor, to zero at infinity.

A fuzzy approach aiming at the a priori estimation of
errors in the evaluation of the voltage coefficients R;; for a
chosen rate of subdivision, is proposed in [9]. The method
starts from the prior knowledge of N. Then a calculation of the
error on coefficients R;j, for a chosen n < N, is performed by
fuzzy logic. According to the value of this error, it is possible
to decide whether the number n can be accepted or if it should
be increased. As previously mentioned, this procedure,
specially intended to perform faster computations (and to save
memory) reducing the number of subdivisions, requires the a
priori knowledge of N, which is determined through iterative
calculations.

In this paper, a procedure for evaluating the optimal
number of subareas in one shot (i.e. without need for iterative
simulations of the grounding electrode model) is proposed.
Based on conclusions and results presented in literature, a set
of appropriate scalar functions have been identified; each
scalar function expresses, in a heuristic way, a relation
between the number of subareas and the accuracy of the model
predictions. Proposed functions are then processed by a Multi-
objective Optimization (MO) procedure, in order to evaluate
the number n* that maximizes the accuracy.

In the following Sections the objective functions and the
optimization algorithm are presented. The method is then
applied to a simple case study in order to test its performances.

II. OBJECTIVE FUNCTIONS

As stated in the previous Section, within the limits
imposed by condition 1, a model based on the MaSM will
surely be more accurate if the electrode under study is
subdivided into smaller and smaller segments [6]. This can
have an intuitive understanding: the evaluation of the generic
voltage coefficient R;;, between the inducing subarea i and
the induced subarea j, is based on the assumption that the
latter can be approximated to its barycentre C;, instead of
being considered [ long (see Fig. 1). When n decreases, the
length of each subarea turns to be greater and, as a
consequence, the abovementioned approximation will
involve larger errors on R;; [9].

Therefore, it is possible to state that the accuracy of the
results is proportional to the reciprocal of subareas length:

n

1
A —== 1
coXT=1, (1)

where L is the total length of the electrode.

Moreover, it comes from intuition that approximating a
generic induced subarea j to its barycentre produces - for a
chosen n - an error on R;; that increases as the distance C, C,
decreases [9]. This means that the accuracy on the evaluation
of the mutual interference between the subareas located at the
extremities of the considered conductor (identified by C; and
C, in Fig. 1), is proportional to their barycentric distance:

(n—-DL . )

Acc, x (n— 1)1 =

As demonstrated in [8], the relative error on the electric
potential computed in a generic point of the soil decreases as
the distance of that point from the boundary surface of the
conductor increases. This implies that the accuracy on the
evaluation of the electric potential induced on the soil surface
is proportional to the distance of the electrode from the soil
surface. With reference to Fig. 1, in order to fully characterize
the conductor position with respect to the ground surface, two
distances - namely a; and a, - have been considered.

Therefore, it can be stated that accuracy increases
proportionally with increasing a; and a,. By considering the
law of cosines, it is possible to write the following relations:

T
Accs < a, = \/kaZ + h% — 2hLk,cos (E + 9) )]

T
Acc, x a, = \/k%LZ + h2 — 2hLk,cos (E + 9) , 4

where h and 0, respectively, are the burial depth and burial
angle of the considered electrode (see Fig. 1). Moreover,
ky=02n-1)/2n,andk, =1/ 2n.

Finally, it can be stated that the accuracy on the evaluation
of potential Vz on the boundary of the conductor (see detail
in Fig. 1) increases as the conductor radius r decreases. This
has an intuitive understanding too: the modeling assumption
that each segment of the grounding electrode can be
considered as a linear current source will necessarily involve
larger errors for larger conductor radii. Therefore, it is
possible to write what follows:

1 1
Accg X — = —— .
* " ag VEZLZ + 12 ©®)

In this Section, a set of five scalar nonlinear equations has
been identified, which states - for a given conductor - the
dependence of the model accuracy on the number of subareas
n. The goal is to find the optimal n* that simultaneously
maximizes all the expressions in the set. This can be achieved
through a MO process aimed at finding the minimum of the
reciprocals of equations (1)-(5).

III. OPTIMIZATION ALGORITHM

A. Problem Formulation

From a mathematical perspective, a MO problem requires
the simultanecous minimization of several scalar functions

fi;(z). By denoting with z = [Zl,Zz, Y ]T the vector of



unknown variables, the general formulation of the problem is
the following:

mig i(2)
s.t. gi(2) =0

i= 1,2, ...,ml

j=12,...m
_ 2 (6)
u(z) <0 k=1,2,..,mg
lzp,min < Zp < Zp Max p=12..,m,

where m, is the number of scalar objective functions and m,
is the number of equality constraints. The inequality
constraints include the minimum and maximum for each
element of z and constraints u (z).

It can be observed that the minimization of the objective

. T . .
function vector f(z) = [ fi for eoos fomy ] is equivalent to find
the zeros of the following error function vector:

f2)-q=0 @)
where q is an additional unknown vector representing the
minimum of the function f(z).

According to the Interior Point Theory, inequality
constraints can be converted into equality constraints by
introducing  nonnegative  slack  variables [10]-[12].
Consequently, they can be recast as follows:

{u(z) +S5—hye =0 3
u(z) —t—hy;, =0 ®)
where s and t are two additional unknown vectors
representing nonnegative slack variables.

Summarizing, it is possible to identify the following vector
of objective functions:

{El =f(z) —q
E,=9(2)
E: =u(z) + s — hyax ©)

E,=u(z) —t—hy;,

The target is finding the values of the dependent z and
slack g, s, t variables that make equal to zero, at the same
time, each of the (9). This may be expressed, in a compact
form, as follows:

E(v) =0 (10)
where E = [E,,E,, E;, E,)" and v = [z,q,s,t]".

B. Solution Paradigm

In this paper, a novel solution paradigm has been
employed in order to solve the MO problem formalized in
(10). The idea, which originates from [13], [14], is based on
the dynamic system theory. Briefly, it consists in developing
an artificial stable dynamic system whose equilibrium point
coincides with the solution of the considered MO problem.
The Lyapunov theorem assures the stability of the afore—
mentioned dynamic system. The reader is referred to [13]-[15]
for further details.

IV. CASE STUDIES

In this Section, the evaluation of the optimal number of
subareas n* is firstly performed for a cylindrical conductor

characterized by a fixed set of parameters p = [L, h,7,0]7
(see Fig. 1).

A parametric analysis is then presented, with the aim of
assessing the dependency of n* on some constitutive
parameter of the considered grounding electrode (simulation
results suggest that the predicted n is quite insensitive to the
electrode burial angle 0).

In order to show the validity of the proposed approach,
predictions provided by the numerical simulation of the
MaSM based model (employing the optimal number of
subareas) have been compared, for each considered case, with
results obtained through a software employing models based
on the Finite Element Method (FEM) [16], [17].

Both FEM and MaSM based software tools used for the
study reported in this work have been experimentally
validated in [18].

A. Cylindrical Electrode

For a cylindrical electrode like the one depicted in Fig. 1,
it is possible to recast the objective function vector (9) as
follows:

L
Elzfl_‘h:;_%
n
E,=fi—q HCEEA
1
Es=f;—q3= p —q3
Jk{LZ +h = 2hLk,cos (5 +6)
1 (11)
Ey=fi—qu= — s
Jkgu +hz — 2hLk,cos (5 +6)

2
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withs > 0

where it has been considered:

101 01 1 117
f=lfofotofsl" = o o o 1o )

Accy’ Accy” Accy’ Ace,’ Accs
and Eg expresses, in form of equality constraint (Interior Point

theory), the upper bound L / n > 6r [7].
By setting:

E = [Eli EZ! E31 E4I ES; EG]T

q=101,92939595]" . (13)

v=[nq"s]"
through the solution paradigm presented in [13]-[15], it is
possible to evaluate the zeros of (10).

Fig. 3 shows the trajectories n(t), f;(t) and q,(t). It is
important to remember that time ¢ is a fictitious parameter.
The only point of interest is the value assumed by the
unknown quantities at the equilibrium (t — o). As expected,
fi(20) = qs(0).

The obtained solution, which is reported in Table 1,
verifies (7), therefore:

fi=q with i=12.,5 . (14)



Since each g; coincides with the minimum of f;, the
quantity:
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Fig. 3. Trajectories of n and g, from their initial values to the equilibrium.

lla"li> = (a)"q" (15)
represents the minimum in L2-norm of f. As a consequence of
the reasons that led to the formulation of f, (15) can be
assumed as the minimum of inaccuracy. Therefore, its
reciprocal is a measure of the accuracy.

Considering that its absolute value is not meaningful for
the purposes of this paper, for a more redable representation
of the results, the accuracy has been defined as:

1
Acc = ——-1000 16
THE (16)

Table 1 reports the value of the accuracy for the considered
case study.

TABLE L COMPUTATION FOR A CYLINDRICAL ELECTRODE

Electrode constitutive parameters

L=3.048m r=0.007m h=0.1524m 6 =0.0rad
Computed solution
n' a s s n qs s Acc

32.34 0.09 0.34 0.33 6.27 0.05 | 7.46 25.20

B. Parametric Analysis

In this section a parametric analysis, aimed at assessing
the dependence of n* on each electrode constitutive
parameter (see Fig. 1), is reported.

Quantity ¢, which is an index of the refinement degree
associated with the particular subdivision adopted for the
considered electrode, has been defined as follows:

n 2r  2Znr
# (L) T L 1n
The analysis is conducted varying, one at a time, each of
the four parameters L, h, r and 8. Results are represented in
the following Fig. 4-7.
The analysis of the reported curves allows for some
interesting considerations:

e the number of subdivisions predicted by the MO
process increases, with a nonlinear shape, as the
length of the electrode increases. Fig. 4 shows that,
for higherL, it is possible to use a lower number of

subdivision per unit length keeping the accuracy

roughly constant;
100,

6 8 10 12
Electrode Lenght L (m)

Fig. 4. Sensitivity of n* with respect to electrode’s lenght variations. Fixed
parameters: h = 0.1524 m, r = 0.007 m and 6 = 0.0 rad.
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Fig. 5. Sensitivity of n* with respect to electrode’s burial depth variations.
Fixed parameters: L = 3.048 m, r = 0.007 m and 6 = 0.0 rad.
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Fig. 6. Sensitivity of n* with respect to electrode’s radius variations. Fixed
parameters: L = 3.048 m, h = 0.4572m and 8 = 0.0 rad.

e  asthe burial depth h increases (Fig. 5), the predicted
n* slightly decreases, whereas the accuracy
increases. This is in agreement with the fact that the
propagation of the potential error from the boundary
of the conductor goes from a maximum (at the
boundary) to zero at infinity [8]. So, for a fixed n,
the accuracy on the evaluation of potential on the
soil surface must increase accordingly with h (Fig.
5).

C. Validation of the Results

For each case presented in Fig. 4-7, values of the earth
resistance Ry and the electric potential on some points of the
soil surface (see Fig. 1) are computed by an algorithm, written
in MATLAB®, based on the MaSM [18], [19]. The number
of subareas adopted for each configuration is the one predicted
by the MO process.

Obtained results are then compared with those computed
with a software based on the FEM.

The FEM has been used to study the effects of the
considered electrodes on a finite volume of soil, delimited by
a hemispheric boundary of radius:

1, = 6L (18)



The number of tetrahedral mesh elements adopted in order
to discretize the considered domain varies from case to case:
from a minimum of 0.7e6 to a maximum of 1.6e6 (which can
be considered high enough to guarantee an extra fine mesh and
therefore a good solution). No symmetry conditions are
imposed.

The space outside the hemisphere is modelled as a
resistance equal to the earth resistance of a hemispherical
electrode of radius 7, [5].

In all simulated cases, soil is modelled as a homogeneous
medium (resistivity p = 100 Qm) and the leakage current is
I. =1A.

Fig. 9-12 report the results obtained with both methods.
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Fig. 9. Comparison between quantities computed adopting n* with MaSM
(solid lines) and those computed with FEM (dashed lines). Electrode’s fixed
parameters: h = 0.1524 m, r = 0.007 m and 6 = 0.0 rad.
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Fig. 10. Comparison between quantities computed adopting n* with MaSM
(solid lines) and those computed with FEM (dashed lines). Electrode’s fixed
parameters: L = 3.048 m, r = 0.007 m and 6 = 0.0 rad.
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Fig. 11. Comparison between quantities computed adopting n* with MaSM
(solid lines) and those computed with FEM (dashed lines). Electrode’s fixed
parameters: L = 3.048 m, h = 0.4572 mand 6 = 0.0 rad.

The comparison shows a very good agreement, in fact the
distances between curves are inappreciable in the ordinary
scale. Relative errors never exceed 2.2%.

In order to evaluate how the number of subareas affects
the model predictions, Fig. 13 and 14 report values of Ry and
potential V,  (see Fig. 1) for a cylindrical electrode

characterized by parameters reported in Table 3. Quantities
were computed with MaSM, performing iterative simulations
with n varying from 1 to 550 (thin blue lines). Figures also
report, as a reference, the FEM computed values (thick blue
lines).

With reference to the simulation for n = n*, the reduction
in MaSM computational time (ACPU;yy. ), for each n, is
shown in Fig. 13 (green line).

Fig. 14 also reports the percentage relative error of
computed with MaSM (green line), with reference to the value
provided by FEM simulation.

TABLE II. COMPUTATION FOR A CYLINDRICAL ELECTRODE (REF. FIG. 1)

Electrode constitutive parameters

L =50m r =0.05m h =0.5m 6 =0.0rad

Soil resistivity Leackage current

p =100 Qm Ir=1A

Computed solution

n MaSM FEM

Ry [ Ve [V] R [0] Ve [V]
71
33.2247 2.0349 33.2134 2.0423

It can be seen that both R and V', computed with MaSM,
depends on n, although to different degrees.

Variations of Ry are, in fact, in a short range (<7%),
whereas changes in V' can be more consistent (<18%).

So, even if it is not very relevant for the determination of
Rp (as already highlighted in previous studies [8]), the choice
of a particularly small value of n can determine consistent
errors when it comes to evaluate potentials on the soil surface.

It is important to underline that knowing a priori, case by
case, if a chosen n is suitable for the grounding electrode
under examination is not possible.

At this purpose, iterative simulations (at least two),
varying the number of subareas, must be accomplished [6],
[71, [9], [19]. This may become a very onerous task for
complex grounding systems, which are made up by a great
number of interconnected leaking elements (and therefore, a
great number of overall subareas). Computational time, in
fact, considerably increases with the number of subareas, as
can be seen in Fig. 13.

Values Rj, and V" in Fig. 13 and 14 (red marks) represent
the quantities evaluated adopting the n* predicted by MO
process. It is evident how close they are to the condition of
minimum distance from FEM computed reference values.

The presented procedure allows, therefore, the knowledge,
in “one shot”, of the number of subareas that guarantees
reliable results.

V. CONCLUSION

The number n of subareas in which a grounding electrode
is divided when applying the MaSM has an impact on



computation time and on the accuracy of the model
predictions (in particular those related to the ground surface
potentials). Usually n is chosen empirically or using iterative
methods, which imply multiple runs of the MaSM calculation
tool. This paper presents a method for evaluating the optimal
number of subareas n* that has to be chosen in order to
properly model a grounding electrode, with reference to its
position and its constitutive parameters.

3.45

3.4

time

S 3.35

0.01 ACPU

3.25\ p

3% 100 200 300 400 500 2

Fig. 13. Proximity of R, evaluated adopting n* , to the condition of minimum
distance from FEM computed value. Computational time percentage
reduction, with reference to the simulation carried out for n = n* (green line).
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Fig. 14. Proximity of V,”, evaluated adopting n*, to the condition of minimum
distance from FEM computed value. Percent relative error of V, computed
with MaSM, with reference to FEM reference one (green line).

Thanks to this method, n* can be obtained with a single
and fast calculation, based on the characteristics of the
electrode, thus avoiding the burden of iterative runs of the
MaSM calculation tool (particularly critical in case of
complex grounding systems).

The method has been applied to a simple test case and the
results show that the calculated n* provides a very good
tradeoff between computation time and accuracy of the
results. In fact, the number of subareas n* ensures, case by
case, results close to the condition of minimum distance from
FEM computed ones (assumed as reference). It is also showed
that increasing n beyond n* does not provide any advantage.
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