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CRITICAL ROBERTSON-WALKER UNIVERSES

OLIMJON ESHKOBILOV, EMILIO MUSSO, AND LORENZO NICOLODI

ABSTRACT. The integral of the energy density function m of a closed Robertson—
Walker (RW) spacetime with source a perfect fluid and cosmological constant
A gives rise to an action functional on the space of scale functions of RW
spacetime metrics. This paper studies closed RW spacetimes which are criti-
cal for this functional, subject to volume-preserving variations (m-critical RW
spacetimes). A complete classification of m-critical RW spacetimes is given and
explicit solutions in terms of Weierstrass elliptic functions and their degenerate
forms are computed. The standard energy conditions (weak, dominant, and
strong) as well as the cyclic property of m-critical RW spacetimes are discussed.

1. INTRODUCTION

Robertson-Walker (RW) spacetimes with source a perfect fluid are the most
basic cosmological models in general relativity. Despite their old history [16, 23,
32, 36], RW cosmological models still provide a valuable testing ground for new ideas
and theories. These include gravitational thermodynamics [9, 34, 39], relativistic
diffusion [2], cyclic and conformal cyclic cosmology [3, 30, 31, 35], Lorentz conformal
geometry [1, 4, 15], super-symmetry and string theory [7, 33].

In this work we will investigate a natural variational problem for closed RW
spacetimes filled with a perfect fluid and satisfying the Einstein equation with a
cosmological constant. More precisely, let M(s) = (Is x S3,45 = —dt? + s2(t)g)
be a closed RW spacetime, where s, the scale function, is a nonnegative smooth
function on an open interval I, C R and g is the standard metric of the 3-sphere S3.
A closed RW cosmological model (universe) is a closed RW spacetime M (s) whose
RW metric ¢, satisfies the Einstein equation with cosmological constant A and
source given by the stress-energy tensor of a perfect fluid, T = mdt? + ps?g, where
the energy density m and the pressure p are scalar functions of ¢ only. Accordingly,
the integral

(1.1) Ms; A — / mdv,

defines an action functional on the space of scale functions of RW metrics. Here dV/,
stands for the volume element of the RW metric ¢ and D = [t, t1] X S? is a compact
domain of Iy x S®. The critical points of (1.1) with respect to volume-preserving
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variations of the RW metric are called m-critical RW universes (or critical models,
for short). After deriving the variational equation, which is a 2nd order ODE in the
scale function s, and computing the equation of state fulfilled by the energy density
m and the pressure p, we rewrite the variational equation in terms of the conformal
time 7, defined by dr = dt/s. The advantage of this coordinate transformation
is that the resulting conformal scale function can be described as a real form of a
Weierstrass p-function. According to whether the discriminant of the cubic poly-
nomial of such an associated Weierstrass p-function is different or equal to zero,
a critical model is said to be of general or exceptional type. The critical models
of exceptional type can be easily described in terms of trigonometric or hyperbolic
functions (cf. Section 2). The main purpose of this paper is to study the critical
models of general type. We will describe their structure and discuss their energy
conditions and periodicity properties.

Special and elliptic functions have been already used in the literature to describe
particular classes of RW universes [3, 6, 10, 11]. However, this was done by imposing
the equation of state a priori, while our models are obtained from a rather natural
variational principle. Weierstrass elliptic functions are also used in the study of the
restricted evolution problem within the more general class of Lemaitre-Tolman—
Bondi spacetimes [5]. In addition, the theory of elliptic functions plays a relevant
role in the study of null geodesics in Schwarzschild spacetime [18], higher-order
variational problems for null curves in Lorentz space forms [14, 17, 20, 24, 25, 26,
27, 28], and conformally invariant variational problems for timelike curves in the
Einstein static universe [12].

The paper is organized as follows. Section 2 collects some basic facts about closed
RW cosmological models [19, 29, 37, 38] and derives the variational equation and
the equation of state satisfied by the scale function of a critical model (cf. Propo-
sition 1). As a byproduct, it follows that the critical scale functions depend on
two internal parameters, denoted by a and H. Proposition 2 writes the conformal
scale function, the conformal energy density, and the conformal pressure,! in terms
of real forms of Weierstrass p-functions. A critical model is said to be of general
or exceptional type, according to whether the discriminant of the cubic polynomial
of the associated Weierstrass p-function is different or equal to zero. The general
critical models are further divided in two classes, namely Class I and Class II, de-
pending on the positivity or negativity of the discriminant. The section terminates
with the discussion and the explicit description of the exceptional critical models.

Section 3 studies the critical models of Class I. Theorem 3 explicitly describes
the critical models of Class I, with H < 0, and determines the bounds satisfied
by the cosmological constant in order that the model fulfils the weak, dominant,
or strong energy conditions. It is also shown that these solutions are cyclic and
nondegenerate. Theorem 4 provides similar results for the critical models of Class
I, with H > 0. In the latter case, the scale function vanishes along the disjoint union
of a countable family of totally umbilical, connected, spacelike hypersurfaces.

Section 4 is devoted to the analysis of critical models of Class II. We distinguish
two possible types: negative or positive. Theorem 5 deals with the critical models
of Class II and negative type. We analyze the bounds on the cosmological constant

1i‘e., the scale function, the energy density, and the pressure written in terms of the conformal

time.



so that the weak, the dominant, or the strong energy conditions are satisfied. We
also show that these models are cyclic and degenerate along countably many totally
umbilical, connected, spacelike hypersurfaces. In Theorem 6, we consider critical
models of Class IT and positive type, with H > 0. These models are not cyclic and
their Lorentz quadratic forms are degenerate along a totally umbilical, connected,
spacelike hypersurface. The conformal scale function tends to infinity in finite time.
Finally, in Theorem 7 we prove similar results for critical models of Class IT and
positive type, but with H < 0.

Summarizing, the only genuine cyclic m-critical models are those corresponding
to Class I, with H < 0. In all other cases, the scale function either vanishes along
a totally umbilical spacelike hypersurface, or tends to +oc in finite time.

As a basic reference for Weierstrass elliptic functions we use [22] . We acknowl-
edge the use of the software MATHEMATICA for symbolic and numerical computa-
tions throughout the paper.

2. PRELIMINARIES

In this section, after recalling the basic definitions, we derive the variational
equation for the scale function of an m-critical RW universe and write the conformal
scale function in terms of a real form of a Weierstrass p-function. We find the
equation of state and classify the m-critical RW universes into three classes.

2.1. Closed RW universes and their conformal models. Let g be the stan-
dard Riemannian metric of the unit 3-sphere S* C R?*. Consider a closed RW
spacetime M = I, x,; S® with a nonnegative scale function s : I, ¢ R — RT,
endowed with the (possibly degenerate) Lorentz metric £, = —dt? + s2(t) g, the
cosmological constant A and a perfect fluid stress-energy tensor

T = mdt? + psg,

where m : I, — R U {+oc} is the energy density function and p : I; — R U {£oo}
is the pressure function. Let ps and os be, respectively, the Ricci tensor and the
scalar curvature of £,. Then the Einstein field equation?

1
ps + (A — 205> s =8nT

is equivalent to

_ 3 (5 1 A
(2.1) {m&r(;+52_3)’
: . . A
p=—1 5+ £ (2 +1) — 3s),
where dot denotes differentiation with respect to the cosmological time t. We
implicitly assume that I, is the maximal domain of definition of the scale function,

i.e., 5 cannot be extended to a nonnegative differentiable function whose interval of
definition contains properly I,.

Remark 1. The RW spacetime withI; =R, s =1, m+p = (47) "', and A = 1+8mp
is the Einstein static universe (cf. [13]), which will be denoted by (€, ¢1).

Definition 1. There are three standard physical conditions that are usually im-
posed on a RW spacetime (cf. [19]):

2We use units in which the gravitational constant G = 1 and the speed of light ¢ = 1.
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e the weak energy condition : —m < p;
e the dominant energy condition : —m < p < m;
e the strong energy condition : —m/3 <p <m.

Assumption 1. If, on the one hand, the scale function s is allowed to vanish at some
t € 15, we will assume that the conformal time

t

du

2.2 s =2 Rt 15(t) = —_

(22) o, nit) = [ o

is a continuous, strictly increasing function.

Under the previous assumption, Js := 75(Is) is an open interval and 7,! : J; — R
is a strictly increasing differentiable function. Moreover, the map

(2.3) bs 1 Js x S* 3 (1,p) = (77 H(7),w) € M.
is a differentiable homeomorphism, such that
5 (Ls) = S*(—dt? + g),

where S := so7; ! : J, — R is a nonnegative differentiable function, called the
conformal scale function. Note that J; is the maximal domain of definition of S.
Therefore, ¢, is a weakly conformal homeomorphism of the open domain J; x S?
of the Einstein static universe onto M. The map ¢, fails to be of maximal rank
at the points (7,p) € Js x S3, such that S(7) = 0. The inverse map ¢; ! is a
homeomorphism which fails to be differentiable at the points (¢,p) € I, x S?, such
that s(t) = 0.

Definition 2. Let /s denote the quadratic form ¢%(¢;) and put M =1J, xS*. We
say that (M, ¥s) is the conformal model of the RW spacetime with scale function

s. If J; = R and S is periodic, we say that the conformal model (/W, ls) is cyclic.
The functions m :=mo7; ! :J; - RU{+o0} and p:=por;!:Js - RU{Foo}
are called the conformal energy density and the conformal pressure, respectively.

In view of (2.1) and the fact that, by (2.2), dr = dt/s, the conformal energy
density and the conformal pressure can be written as

=3 (82,1 A

8w \ S% S2 3 )
(2.4) 1 S/I S/2 1 AS)

P="us (57_233 25~ 2

Here prime denotes differentiation with respect to the conformal time 7.

2.2. m-critical RW universes and their state equations. The total energy of
the compact domain D = [to, 1] x S* C M is

9)?:/ mdVy,,
D

where dVp, is the volume element of /.

Definition 3. A RW spacetime is said to be m-critical if its scale function is a
critical point of the functional 9t with respect to volume-preserving variations of
the RW quadratic form /5.
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Proposition 1. A RW spacetime is m-critical if and only if its scale function s
satisfies

(2.5) s (52 - %52 - 1) =H,

where a and H are two arbitrary constants, called the internal parameters. In
addition, the state equation of an m-critical spacetime with parameters a and H s

(2.6) O e+ 8mp— 2(A+a) — — - (A+a— 8mp)*/2 = 0.

3 3 2{

Proof. The volume element of ¢, is s3dt A dv, where dv is the volume element of
the unit 3-sphere S3. We then have

3r [h A
M= — s(s2 — =52 + 1)dt.
T, o 3o
The constraint on the volume amounts to requiring that
ty
(2.7) / s3dt = const.
to

Thus, a RW spacetime is m-critical if and only if its scale function s is critical for
the action integral fttol L(s,$)dt corresponding to the Lagrangian

A+,

L(s,5) = s(5% — 52 4+ 1),

where A € R is the Lagrange multiplier associated to the constraint (2.7) (see [8]),
Equivalently, s is a solution of the Euler-Lagrange equation of the action,

d 0L 0L
2.8 —— =2 —-1=0,
(2.8) 15 os 55 + 57 + as”
where a := A + A. Now, since L does not depend explicitly on time, taking the
total time derivative of L and replacing 2 5 L hy 4 7 85 , in accordance with the Euler—

Lagrange equation, yields
dL 0L, . @5 _d p oL
dt 85 05 dt \" 05 )

This implies that
oL
s——L=s(s %21
0s (5 + 3 )
is a first integral of the motion. Therefore, s satisfies (2.8) if and only if there exists

a constant H such that

(2.9) s(5% + %52 1) =*H.

In view of (2.8), the first equation of (2.1) becomes
2

2.10 P

( ) ° A+a—8nmp

Thus 87p < (A+a). Using (2.1), (2.5) and (2.10) it is now an easy matter to check
that the equation of state of an m-critical RW spacetime, with internal parameters
H and a, and cosmological constant A, is

H
——(A+a—8mp)3/? = 0.
a8

This concludes the proof. O

(2.11) %ﬂmmﬂp_g(zwa)—
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Remark 2. If H = 0, then (2.5) can be easily integrated in terms of elementary
functions. As a result we find

s(t) = [v/3/asin (Va/3t+¢)|, a>0,
(2.12) s(t) = [V/3/a sinh (Va/3t + )], a <0,

s(t)=|t+¢, a=0.
From now on, we will assume that # is different from zero and s is nonconstant.
2.3. The conformal scale function of a critical RW spacetime.

Definition 4. A real form of the Weierstrass elliptic function ©(z; g, g3) with real
invariants g, and g3 is a nonconstant function Q : R — R U {400}, such that

(2.13) Q”? =4Q% — 92Q — g3

Remark 3. The behavior of these functions depends on the discriminant A =
16(g3 — 27g3) of the cubic polynomial P(z) = 423 — gox — g3.
If A =0 (degenerate case), then
e if g3 = —8a® > 0, then Q(7) = —3atan(yv/—3ar + ¢)? — 2a, c € R;
o if g3 = —8a® > 0, then either
(1) Q(7) = 3atanh(v/3ar + ¢)? — 2a, c € R, or
(2) Q(7) = a(1 + 3csch(V3ar +¢)?), c € R;
o if g3 =gy =0, then Q(7) = (T +¢)%, c€R.

If A # 0, the Weierstrass p-function is doubly periodic, with primitive half-
periods wq, ws, such that w; € R, wy > 0 and Im(ws/wy) > 0. If A > 0, w3 is
purely imaginary, while, if A < 0, Re(ws) # 0. Its real forms are:

e if A > 0, then either
(1) Q(7) = p(7 + 2mw1 + 2nw3 + ¢, 92,93), c ER, m,n € Z, or
(2) Q1) = p(T + w3 + 2mw; + 2nw3 + ¢, g2, 93), c € R, m,n € Z;
e if A <0, then Q(7) = (7 + 2mwy + 2nws + ¢, 92,93), c € R, m,n € Z.

The constants m,n and c are irrelevant and can be put equal to 0.
We can prove the following.

Proposition 2. The conformal scale function of an m-critical RW universe with
internal parameters H and a, and cosmological constant A, is given by

3H
2.14 =——F—
(214) S(7) = BT
where Q is a real form of the Weierstrass p-function with invariants
1 1 9 2

The conformal energy density and the conformal pressure are given by

-1 ((1-12Q)%*(5+12Q)
(2.16) ~ 1 fa+A (12Q-1)2
p_47r< KL )



Proof. Differentiating S = s o 7, and using (2.2) we have
(2.17) 81 =STHDS
where f is the derivative with respect to the cosmological time and A’ the derivative

with respect to the conformal time. Therefore, if H # 0, the variational equation
(2.5) is satisfied if and only if

(2.18) 2+ gs‘l —S2—HS =0.
Let
Hoo1

2.1 = =4 —.

(2.19) Q 45 12
Tt is an easy matter to check that (2.18) holds true if and only if

1 1 /2
2 _ 203 _ & 2 (2 a2
(2.20) Q2 =4Q 12Q+48(9 aH?).

This proves the first part of the statement. Substituting (2.18) into the first equa-
tion of (2.4) and taking into account (2.14), we have
~ 3 |1 a 1 A
= |G (-55 St HS) + -
" 87T{S4(3 TS e g

(2 H A
81 \S2  S3 3

1 ((1 ~12Q)%(5 + 12Q) —a—A> _

87 9H?
Differentiating (2.18) yields
2a ..
(2.21) g — Mg g M
3 2
Substituting (2.18) and (2.21) into the second equation of (2.4), we obtain
-1 [l 2a My 1/ dal 1 A
P 4ws[s2( 35045+ 5) —gg (- 58T+ HS) g 58
_ 1l fa+A 1N 1 fa+ A (12Q-1)
 4r 2 S2)  4r 2 9H?2 '
This concludes the proof. O

Remark 4. The function 7, ! is given by the incomplete elliptic integral of the third
kind

(2.22) () :3%/#.

Actually, this integral can be computed in closed form using the o and { Weierstrass
functions (see [22], p. 173). The explicit expression of 7, cannot be given in closed
form. However, it can be evaluated using numerical solutions of the first order ODE
h' = 3H71(12Q(R) — 1).

If go and g3 are as in (2.15), the discriminant A = 16(g3 — 27g3) takes the form

L e 2
A_48a7-l (4 —9aH*).
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Definition 5. According to whether A # 0 or A = 0, an m-critical RW universe
is said to be general or exceptional. Moreover, a general m-critical RW universe is
said to be of Class I, if A > 0, and of Class II, if A < 0.

2.4. Exceptional m-critical RW universes. The conformal scale functions of
the exceptional m-critical RW universes can be written in terms of trigonometric
or hyperbolic functions.

o If H2a =4/9, then H > 0 and

S(7) 3H

T Btan®(r/2) + 1

The quadratic form fg vanishes if 7 = (2h + 1)m, h € Z, and is of Lorentz
type at all other points. The conformal energy density function m is non-
negative if and only if A < 1/3H2. Assuming m > 0, the weak energy
condition is automatically fulfilled, while the dominant energy condition
holds true if and only if A < 1/18H2.  The strong energy condition is
satisfied if and only if —1/2H?< A < 1/18H2.

e Ifa=0and H <0, then

S(r) = —%(1 + cosh 7).

The quadratic form /g is nondegenerate of Lorentz type and m is nonnega-
tive if and only if A < 0. Under this assumption the weak and the dominant
energy conditions are automatically satisfied. The strong energy condition
is never satisfied.

e Ifa=0and H > 0, then

S(1) = H sinh?(7/2).

Then {s vanishes if 7 = 0 and is of Lorentz type if 7 # 0. The conformal
energy density m is nonnegative if and only if A < 0. Under this hypothesis,
the weak and the dominant energy conditions hold true, while the strong
energy condition is satisfied if and only if A = 0.

3. CRITICAL RW UNIVERSES OF CLASS I

This section discusses m-critical RW universes of Class I. Theorem 3 describes
the main features of the critical models of Class I with negative H, while Theorem
4 discusses the critical models of Class I with positive H.

If A > 0, the cubic polynomial P(z) has three distinct real roots, say e; > eq >
e3, such that

e1 >0, e3=—(e;+ex) <0, 4(e?+ejen+ed)=1/12.

We write e; and ez as functions of the angular parameter ¥ € (—7/3,0),

- er(9) = % (\:/lgcosﬁ - sim?) ,
' 1 (1 _
ald) = 1 (\/§c0319+51n79>.
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The invariant g3 and the parameter a can be written as functions of H and 9,
namely

~ cos(39) 2

(3.2) g3 = o6 0 YT o2 (1 —cos3d).

Let pg be the Wierstrass p-function with invariants go = 1/12 and g3(¢). Let wy
and w}, be its real and purely imaginary half-periods. Let

Pu(1) = po(T +wy), Hu(T) =pu(r), VreR,

be the real forms of py.

3.1. Critical models of Class I with negative H. With the notation introduced
above, let f1, fo and f3 be defined by

1 . 2
i, H) = Tw(l—cosﬁ—\/gsmﬁ) ,
2,0 .
fa(O,H) = g7z Sin (§> <7+Cos§—2cos2z9—5\/§sm19) ,
- _ _ 2
f3(0,H) = 67—[2(1 2cos ) (1 + 2cos)”.
Note that

f3(0,H) < fo(V,H), ¥V ,H)e (—n/3,9[] x (—0,0),
where ¥ = —0.7706314502 is the root in the interval (—m/3,0) of the equation
—10 + 22 cos  + 11 cos 2z + 4 cos 3z + 10v/3sinz — 5v/3sin 2z = 0.

We can now state the following.

Theorem 3. Let M(s) be an m-critical RW spacetime of Class I, with cosmological
constant A, angular parameter ¥ € (—n/3,0), and negative H. Let (May.9, 03 9)
denote its conformal model. Then,

A< f(9,H), My =RxS?,
and lq 9 is the cyclic nondegenerate Lorentz metric
9H?>
3.3 lyy = —o(—dr? .
(3.3) " = iag, 1)2( ™ +g)
The weak energy condition is automatically satisfied. The dominant energy condi-

tion is satisfied if and only if A < fo(¢,H). The strong energy condition is satisfied
if and only if 9 € (—7/3,91] and f3(9,H) < A < fo(9, H).

Proof. According to Proposition 1, we have S = 3H/(12Q — 1), where Q is one of
the two possible real forms of py. Since S > 0 and H < 0, it follows that Q is
bounded above by 1/12. The roots

61(19) > 62(19) > 63(19) = —61('[9) — 82(19)
of the polynomial 4¢3 — /12 — g3 satisfy
1
63(19) < 62(19) < E < 61(19).

Since
e3(9) < pu(1) <ea(?), er(9) < Po(r),
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Q must coincide with gy. This implies that S is a strictly positive, real analytic
periodic function with minimal period 2wy. Thus, the conformal model is R x S?
and (g coincides with (3.3).

It follows from (2.16) that the conformal energy density and the conformal pres-
sure are given by

_ 1 ((1—1209)%(5 + 1209)

"= 87r( 9H? oA
~ 1 fat+ A (1299 - 1)

P m oHz )

where a is as in (3.2). Thus, m and p are real analytic periodic functions of period
2wy. The function m achieves its maxima at the points 7';r = 2hwy, h € Z, and its
minima at 7, = (2h + 1)wy, h € Z. On the other hand, p achieves its maxima at
7, = (2h + D)wy, h € Z, and its minima at 7,7 = 2hwy, h € Z.

Taking into account that

Po(wy) = e2(9),  99(0) = —e1(I) — e2(V),
it follows that
3 —3H*A +4cos? + 2cos 20

m(0
(34) m( ) 24%27( ’

5(0) = 9HZA — 2(1 4 2 cos¥)? cos ¥

pe = T2H ’
and that

2
m(wy) = MH;QTF <(1 —cosV) — \/gsinﬁ) — 37—[21\) ,

(3.5) plwy) = 1 (9H2A — 4 +4cos? + 2cos 20 — 2 cos 3¢

T2H?7
+ 4v/3(1 — cos ) sinﬁ) .

From (3.5), it follows that

— 1 : 2 2
= m <(1 7COS'[9* \/gsmﬁ) 73AH ) .

This implies that m > 0 if and only if A < f1(9,H), as claimed.
The function m + p is real analytic and periodic, with period 2wy, and attains
its minimum at the points 7, . In particular, we compute

o~ 1 0,
min(m + p) = 8Hn sin? (5) (5 + 5cos + 2cos 209 — \/gsinﬁ) .
Now, the right-hand-side of the previous equation is strictly positive for every 9 €
(=m/3,0), which implies that the weak energy condition is automatically satisfied.

Similarly, we have

min(m)

- A sin?(9/2
min(m —p) = i + 81118;{7192/73 (7—|—c0s19 —2cos 29 — 5\/§sin19) .
Thus min(m — p) > 0 if and only if A < fo(9,H). Since fo(d,H) < f1(9,H),
for each H < 0 and for each ¢ € (—n/3,0), it follows that the dominant energy
condition is satisfied if and only if A < fo(¥, H).
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The function p +m/3 is real analytic and periodic, with period 2wy, and attains
its minimum at the points 7,7. From (3.4), we have
1

- A
mln(p +m/3) = m + W(l — 2COS’19)(1 +QCOS'l9)2.

Thus, the strong energy condition is satisfied if and only if ¥ € (—n/3,9;] and
fa(3,H) <A< fo(¥9,H). This concludes the proof. O

3.2. Critical models of Class I with positive 7. With the notation introduced
above, let f1, fo and f3 be given by

~ 1 .

fiH) = W(l—cosz?—i-\/gsmﬂ) ,

N _ 2 .92 79 . .

fo(0H) = g7z Sin (5) (7 + cost — 2cos 29 + 5\/5511119) ,

~ 1

fa(O,H) = G—HQ(1f2cosz97c05219+2cos319+2\/§sin197\/§sin219).
Note that

Fa(,H) <0< (9, ) < [i(9,H), ¥ (H,9) € (0,+00) x (~7/3,0).
We can prove the following.

Theorem 4. Let M(s) be an m-critical RW space time of Class I, with cosmological

constant A, angular parameter ¥ € (—n/3,0), and positive H. Let (Mo, 03.9)
denote its conformal model. Then,

A<RH(0H), Muy=RxS
and {39 is the cyclic quadratic form

9H?

o9t
(12@971)2( dr* + g).

(3.6) b0 =
The form ly 9 vanishes along the totally umbilical spacelike hypersurfaces

Sy ={(r,p) € MVH,& | 7= 2hwyl,

h € 7Z, and is nondegenerate and of Lorentz type on the complement of |,y S3.
The weak energy condition is automatically satisfied. The dominant energy condi-
tion is satisfied if and only if A < fg(ﬂ,?—[). The strong energy condition is satisfied
if and only if f3(0,H) < A < fo(9,H).

Proof. Arguing as in the first part of the proof of Theorem 3, one sees that the
function Q must coincide with @y, and hence the conformal scale function

3H

S0 = g, -1

Then, S is nonnegative, periodic, with minimal period 2wy, and has zeroes of second
order at the points 2hwy, h € Z. This implies that ¢4, ¢ is as in (3.6). Hence, £39

is defined on My y = R x S3, is nondegenerate and of Lorentz type on the strips
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(2hwyg, 2(h 4+ 1)wy) x S3, h € Z, and vanishes when 7 = 2hwy. Proceeding as in the
proof of the previous theorem, one deduces that

-1 <(1 —1209)%(5 + 12p9) . A)

5.7 ™= 972
' <1 fa+ A (1259 —1)°
P=m (2 92 ’

where a is as in (3.2). Thus, m and p are periodic function of period 2wy, real
analytic on the intervals (2hwy,2(h + 1)wy), with poles of finite order at 2hwy,
h eZ.

The value of m is minimum at 7, = (2h + 1)wy, h € Z. Since Hy(wy) = e1(V),

we have
1

T 242
Thus @ > 0 if and only if A < f,(9,H). Similarly, @ + p, @ — p, and f@/3 + p are
periodic with period 2wy, real analytic on (2hwy,2(h 4+ 1)wy), and have poles of

finite order when 7 = 2hwy. They achieve their minima at 7, = (2h + 1)wy, h € Z.
This implies that

min(m)

2
(—3H2A + (1 — cos® + v/3sin 19) ) .

sin?(9/2)

187H?2
Since the right-hand-side of the previous equation is positive, for each H > 0 and for
each ¥ € (—7/3,0), the weak energy condition is automatically satisfied. Similarly,
we have

min(m + p) = (5+5c0819+2cos219+\/§sin19).

A

.2
M (7—|—00519—|—2008219+5\/§sin19) e
T

187H?2
Therefore, m — p is a nonnegative function if and only if A < J?2(197 ‘H). On the other
hand, fo(9,H) < f1(¥,H), for every H and for every ¥ € (—n/3,0). This implies
that the dominant energy condition is satisfied if and only if A < fo(¢, H). Finally,
the minimum of m/3 +p is

min(m — p) =

~ ~ 1
min(m/3 + p) = o2 (=1 +2cos ¥ + cos 29 — 2 cos 3¢
A

—2V/3sin ¥ + \/§sin219) + —.

127
Hence, m/3 + p is nonnegative if and only if ﬁ;(ﬁ,?—[) < A. The strong energy
condition is satisfied if and only if f3(J,H) < A < fo(9,H). O

4. CRrITICAL RW UNIVERSES OF CLASS II

This section discusses the m-critical RW universes of Class II. Two possible types
are distinguished: negative and positive types. Theorem 5 provides a complete
description of the critical models of negative type. Theorem 6 deals with the critical
models of positive type with H > 0, while Theorem 7 describes the main features
of the critical models of positive type with H < 0.

If A <0, the cubic polynomial P(x) has two complex conjugate roots, e; + iea,
e1 — iea, e > 0, and a real root, —2ey, such that 144e? — 48e2 = 1. Consequently,
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we can write

€ 1
4.1 = — cosh ¥, = ——=sinhd, ¥ >0, ==+1.
(4.1) e1 = 75 Cos €2 13 sin €
If ¢ = 1, we say that the m-critical RW spacetime is of positive type, while, if
e = —1, we say that it is of negative type. We call ¥ > 0 the angular parameter.
The invariant gs and the parameter a can be written as

€ cosh 3¢ 2

(42) gngw, a:@(lf&?coshi’)ﬁ).

Let gy, denote the Weierstrass p-function with invariants go = 1/12 and g3. Let
wy ¢ be its real half-period. Then, py . has the unique real form Py o(7) = py,o(7),
for every 7 € R. The function Py . is periodic, with minimal period 2wy ., is real
analytic on the open intervals (2hwy ¢, 2(h + 1)wy ), h € Z, and possesses double
poles at the points 2hwy ., h € Z. Moreover, Hg(7) > —2e1(9,¢), for all 7 € R,
and Py (1) = —2e1(Y,¢) if and only if 7 =7, = (2h + 1wy, h € Z.

4.1. Critical r/r\lodels of Class II and negative type. With the notation above,
let hy, ho and hz be defined by

~ 1

hM(,H) = 372 (1 —2cosh)?,

ha(9,H) = %’H? (3 —2coshd) (1 — 2coshv)?,
~ 1

hs(W,H) = ~ o (14 2cosh®) (1 — 2cosh)” .

Note that hs(9,H) < ha(9,H) < hi (9, H), for every H and for every 9 > 0.
We can prove the following.

Theorem 5. Let M(s) be an m-critical RW spacetime of Class II and negative
type, with cosmological constant A, and angular parameter ¢ > 0. (In this case, H

is mecessarily positive.) Let (M’}-[,197€H779) denote its conformal model. Then,
A<hi(9,H), Msug=RxS
and {yy,9 is the cyclic quadratic form
9H?
(1209,-1 — 1)
The form {39 vanishes along the totally umbilical spacelike hypersurfaces
S} = {(1,p) € Mg | 7 = 2hwy 1},

h € Z, and is nondegenerate and of Lorentz type on the complement of J, ¢y, S3.
The weak energy condition is automatically satisfied. The dominant energy condi-
tion is satisfied if and only if A < ﬁz(’l?, H). The strong energy condition is satisfied
if and only if hs(9,H) < A < ha(9, H).

(4.3) by = (—dr* +g).

Proof. The conformal scale function S is given by
3H
1259, -1 (1) = 1
Since 9g,—1 > —2e1(V,H) > 1/12 and S > 0, then H > 0. By construction, S is
periodic, with minimal period 2wy _1 and has zeroes of order 2 located at the points

S(7) =
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2hwy,—1, h € Z. This implies that ¢4 » is as in (3.6). Then, ¢3 » is smooth on
.//\;l/y’g = RxS?, is nondegenerate and of Lorentz type on (2hwy,—1,2(h+1)wy 1) X
S3, h € Z, and vanishes at 2hwy,_1. The functions m and p are as in (3.7) and a is
as in (4.2). Thus, m and p are periodic function of period 2wy _1, real analytic on
(2hwy,—1,2(h + 1)wy,_1), and with poles of finite order at 2hwy,_1. The function
m achieves its minimum at 7, = (2h + 1)wy,_1, h € Z. Taking into account that

~ 1
Po,—1(wg,—1) = —2e1 (V) = g cosh ¥

we have

~ 1
min(m) = YPTE (=3H2A + (1 — 2cosh¥)?).
Thus, m is nonnegative if and only if A < ﬁl(ﬂ, H). The functions m+p, m—p, and
m/3 + p are periodic, with period 2wy, 1, and attain their minima at the points
Th = (2h 4+ )wy,—1, h € Z. Then

~ o~ 1
min(m+p) = T2 (1 —2coshd)? (3 + 2cosh ) > 0,
-~ A 1
min(m —p) = I +W(1 —2cosh ) (3 — 2cosh ),
~ ~ A 1
mln(m/3 + p) = ﬁ =+ W (1 — 2COSh19)2 (1 + 2COSh19) .

These formulae imply that the weak energy condition is automatically satisfied, that
the dominant energy condition is satisfied if and only if A < ho(¢}, H), and that the
strong energy condition is satisfied if and only if hg(¥, H) < A < ho (9, H). O

4.2. Critical models of Class II and positive type. Retaining the notation
introduced at the beginning of the section, we now consider the m-critical RW
universes of Class II and positive type. In this case, the real root is

1 1
—2¢1(9) = ~& cosh?d < 17

Thus, there exists a unique 7% € (0,wy, 1), such that 9y 1(7*) = 1/12. The zeroes
of the equation Py = 1/12 are

o =T1"4+2hwy1, Tp=-—T"4+2hwy1, heZ.

If H > 0, the conformal scale function S is positive on the intervals Ij = (77, 77),
h € Z, and is negative on the intervals I} = (75,7, 1), h € Z. On the other hand,
if # < 0, the conformal scale function S is positive on the intervals Iy = (7,7, ),
h € Z, and is negative on the intervals I} = (7, 7}), h € Z.

Taking into account that S is by definition a nonnegative function and that py 1
is periodic with period 2wy, 1, we may consider I' :=Ij or I := Ij as the maximal
intervals of definition for S, depending on whether # is positive or negative.

For the case in which H is positive, we have the following.

Theorem 6. Let M(s) be an m-critical RW space time of Class II and positive
type, with cosmological constant A, angular parameter 9 > 0, and positive internal
parameter H. Let (Myy 9,3 9) denote its conformal model. Then,

2cosh 39 — 2 ~ .
ASCOSQT, M’H’ﬁ:I,ng,
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and {49 is the non-cyclic quadratic form

9H?
4.4 ¢ =
44 0= (125, 17

The form Uy 9 vanishes along the totally umbilical spacelike hypersurface
8§ = {(r.p) € Mywo | 7 =0}

and is nondegenerate of Lorentzian signature on the complement of S3. The weak
and the dominant energy conditions are automatically satisfied. The strong energy
condition is satisfied if and only if A = 2(cosh 39 — 1)/9H?.

(—dr* +g).

Proof. Let I' = Ij, be the maximal domain of definition of S. Since H > 0, we have
that g.1(7) > 1/12, for each 7 € I'. This implies that ./(/lvq.[,g =1'xS? and that the
quadratic form ¢4 9 is as in (4.4). The conformal factor 9H? /(1251 —1)? vanishes
at 7 = 0, is strictly positive for each 7 € I, 7 # 0, and tends to +0o when 7 — +7*.
The energy density m and the pressure p are as in (3.7), with a = #(1 —cosh 3¥).
The density m has a pole at the origin and attains its minimum at £7*. Taking
into account that

1 1 1
P91 (£T") = —, 9y (£T") =F—=Vcosh3d -1, @) (£7")=—=,
Pw,1( ) @19,1( ) :FG\/(S MJ( ) 3

12’
we obtain )
Ly 2
mln(m) = W (2 cosh 3% — 9H“A — 2) .
Therefore, m > 0 if and only if
2cosh 39 — 2
AL —n0— ——.
- 9H?2

Similarly, m 4+ p, m — p, and m/3 + p attain their minima at 4+7*. In particular,
min(p) = — min(m). Consequently, we have

min(m + p) = 0,

~ ~ 1
min(m —p) = ETPeTE) (2cosh 30 — 9H?A — 2),

min(m/3 +p) = 2cosh 30 — 9H?A — 2).

1
1087H?2 (
This implies that the weak and the dominant energy conditions are automati-
cally satisfied, while the strong energy condition is enforced if and only if A =
2(cosh(39) — 1)/9H?. This proves the result. O

As for the case in which H is negative, we can prove the following.

Theorem 7. Let M(s) be an m-critical RW space time of Class II and positive
type, with cosmological constant A, angular parameter ¥ > 0, and negative internal

parameter H. Let (./Wﬂﬂg,éyﬂg) denote its conformal model. Then,

2cosh30 —2 (14 2coshd)’
A<min< cosh 3¢9 (14 2cosh®)

92 312 ) , My =1" xS,

and {39 is the non-cyclic Lorentz metric

(4.5) by = m(—dT +9).
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The weak and the dominant energy conditions are satisfied if and only if 0 <
¥ < arcosh(3/2). The strong energy condition is satisfied if and only if 0 < ¢ <
arcosh(3/2) and A = 2(cosh 39 — 1)/9H2.
Proof. Let I" = I C (0,2wy,1) be the maximal interval of definition of S. Since
H < 0, then Py 1(7) < 1/12, for every 7 € I”. The conformal energy density m is
real analytic on (0,2wy1). If ¥ € (0,arcosh(3/2)), then m has relative minima at
T =7"7% and a relative maximum at wy ;. We then have

~ ~ ~ 2 h39 — 1) — 9H2A
(4.6) min() = (") = (7) = 2O 9L
Therefore, if ¥ € (0, arcosh(3/2)), m > 0 if and only if A < 2(cosh39 — 1)/9H2. If
¥ > arcosh(3/2), then m has three relative minima on (0, 2wy 1), located at 7*, 7*,
and wy 1. The value of m at 7*,7* is as in (4.6), while

(14 2cosh)® — 3H2A
24H?27 '

Consequently, if ¢ € (arcosh(3/2),arcosh(5/2)), 7* and 7* are minimum points,
and

ﬁi(wﬁ,l) ==

min(f) — 2(cosh 39 — 1) — 97—[2A.

i T2H?7
If ¥ = arcosh(5/2), the values of m on 7*, 7*, and wy; do coincide. If ¥ >
arcosh(5/2), the minimum of m is attained at wy 1, and

min (i) = (1 +2cosh®)? — 3H2A

T 24H27 ’
Then, if ¥ € (arcosh(3/2),arcosh(5/2)), m > 0 if and only if A < 2(cosh3d —
1)/9H?; and if ¥ > arcosh(5/2), m > 0 if and only if A < (1 + 2cosh)?/3H2.
Since 2(cosh 39 — 1) < 3(1 + 2cosh )2 on [0, arcosh(5/2)] and 3(1 + 2 coshd)? <
2(cosh 39 — 1) on [arcosh(5/2), +0), it follows that m is nonnegative on I” if and

2
only if A < min (ZCOZ};{:’?*Z, (142 cosh ) )

3H?
The function m + p has relative minima at 7%, 7*, and wy 1 in the interval
(0,2wyp,1) . In particular, m + p vanishes at 7* and 7*, while its value at wy; is
(3 — 2cosh¥)(1 + 2 cosh ¥)?
T2H2m '
Thus m + p is nonnegative if and only if ¥ € (0, arcosh(3/2)]. This means that the

weak energy condition is satisfied if and only if 0 < ¥ < arcosh(3/2).
For 9 € (0,arcosh(3/2)], the function m — p has two minima at 7%, 7%, and

ey~ e ey~ 9H2A — 2(cosh 39 — 1)
R(r) — B(r") = W(7") — B(F") = o
This implies that the dominant energy condition is automatically satisfied.

For ¥ € (0,arcosh(3/2)], the minimum of m/3 + p on the interval (7*,7*) is
attained at the half period wy 1, and

m(wyg,1) ~ 9H?A —2(cosh 39 — 1)
3 - 108H27 '

Accordingly, the strong energy condition is satisfied if and only if A = 2(cosh 3¢9 —
1)/9H2, as claimed. O

+ p(ws)
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