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Abstract

The thesis presents variable kinematic finite element (FE) formulations for the nu-
merical simulation of laminated structures considering multi-field effects. In the weak-
form governing equations, couplings among hygroscopic, thermal, electrical, and me-
chanical fields are accounted for. The development of refined beam, plate, and shell FE
models in the framework of Carrera Unified Formulation (CUF) is presented. Various
refined approximation theories (employing Taylor series, trigonometric series, expo-
nential functions, Lagrange and Chebyshev polynomials) are implemented in either
Equivalent-Single-Layer (ESL) or Layer-Wise (LW) approach and numerically assessed.
Node-Dependent Kinematics (NDK), a versatile tool to construct FE models with vari-
able nodal kinematic capabilities, is introduced. Adoption of hierarchical Legendre poly-
nomial functions as beam cross-section functions and plate/shell shape functions is
demonstrated.

Application of the proposed FE approach in pure mechanical and multi-field model-
ing is discussed through a variety of numerical examples. Construction of global-local
beam, plate, and shell FE models with NDK is demonstrated. FE solutions for angle-
ply laminates, which can be used as new benchmarks, are proposed. An evaluation of
membrane and shear locking phenomena in hierarchical shell elements in the analy-
sis of multi-layered structures is presented, and it is concluded that the 𝑝-refinement
can effectively alleviate the locking effects. The solution of thermo-mechanical, hygro-
mechanical, and electro-mechanical problemswith refined FEmodels is discussed through
numerical cases.

The used FE approaches lead to results agreeing well with the available reference
solutions. Three-dimensional accuracy can be achieved with high numerical efficiency.
It is demonstrated that CUF provides a powerful framework for the development of
advanced FE approaches.

Keywords: finite elements, composite laminates, beam models, plate models, shell
models, Carrera Unified Formulation, node-dependent kinematics, global-local analysis,
thermal stress, hygroscopic stress, piezo-electric components.



Summary

The heterogeneity of composite structures and the complexity of multi-field cou-
pling effects raise the demands for advanced numerical simulation techniques. This
work presents refined beam, plate, and shell finite element (FE) models for the mod-
eling of multi-layered structures accounting for multi-field effects.

Carrera Unified Formulation (CUF) is a framework for the development of refined
1D and 2D numerical models. Based on CUF, various and miscellaneous kinematics of
an arbitrary order can be implemented in either Equivalent-Single-Layer (ESL) or Layer-
Wise (LW) approach.Through the FNs (fundamental nuclei), whose form is independent
of the kinematic assumptions and the type of shape functions, FE formulation can be
expressed compactly.The FE models presented in the current work are developed in the
framework of CUF.

This dissertation contains four parts: variable kinematic FE models developed in the
CUF framework for the multi-field modeling of multi-layered structures; an adaptable
refinement approach which can lead to FE models with optimal numerical efficiency;
the application of the presented beam, plate, and shell models in multi-field simulations;
two special topics for the elastic plate and shell models.

The first part presents refined beam, plate, and shell models built in the CUF frame-
work. Traditional theories of structures are reviewed, and the use of various basis func-
tions in constructing advanced FE models based on CUF is described. The coupled
hygro-thermo-electro-mechanical governing equations and their forms for beam, plate,
and shell models are presented. The weak-form governing equations are derived by ex-
tending the Principle of Virtual Displacements to multi-field problems. The FNs (fun-
damental nuclei), core units of the stiffness matrix in multi-field FE models, are pre-
sented. Node-Dependent Kinematics, a versatile tool to construct finite element models
with variable nodal kinematic capabilities, is introduced.The component-wise assembly
technique of stiffness matrices and load vectors is explained. Decomposition of strain
energy in beam and plate/shell models is discussed.

In the second part, the adaptable refinement approach is applied to the global-local
modeling with refined beam, plate, and shell FE models. In the CUF framework, the
FE refinement can be conducted on two mathematical levels: the enrichment of the
shape functions, and the enhancement of the kinematic models. With Node-Dependent
Kinematics (NDK), variable ESL/LW nodal kinematics can be carried out on the FE
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nodes. These features enable one to determine the refinements according to the needs
of the analysis, and FE models with optimal efficiency can be obtained. The building of
numerically efficient global-local models with NDK is demonstrated through examples.
Adoption of hierarchical Legendre polynomials as beam cross-section functions and
plate/shell shape functions is presented.

The third part is devoted to the multi-field modeling accounting for temperature,
moisture, and electric fields. Partially coupled thermo-mechanical and hygro-mechanical
models with various kinematics (adopting Lagrange polynomials, Taylor series, expo-
nential functions, and trigonometric functions, separately) assumptions are used in the
analysis of multi-layered plates and shells. Fully coupled electro-mechanical models are
applied to the simulations of beamswith surface-mounted and embedded piezo-patches,
and NDK is adopted to improve the numerical efficiency.

In the last part, two special topics are addressed. Solutions for angle-ply composite
plates with arbitrary stacking sequence under various boundary conditions, which can
be used as new benchmarks, are obtained through refined plate FE models employing
Chebyshev polynomials in LW approach and trigonometric series as ESL kinematics.
The shear andmembrane locking phenomena in hierarchical shell elements for the anal-
ysis of laminated structures are numerically evaluated through proper energy decom-
position. Efficient integration scheme for hierarchical shell elements is also discussed.
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Chapter 1

Introduction

Beams are slender structures, and plates/shells are thin-walled structureswith thick-
ness dimension comparatively much smaller than the other two in-plane dimensions.
Shells have curvatures, and plates can be seen as flat shells. Due to the high struc-
tural efficiency, multi-layered structures, such as composite laminated beams, plates,
and shells are widely used in modern engineering, especially in the aerospace industry.
Smart structures with surface-mounted or embedded piezoelectric components are also
drawing significant attention.

A great variety of theories of structures have been suggested, some of which have
been broadly adopted in structural analyses, for example, finite element (FE) simula-
tions. Nevertheless, due to the heterogeneous properties and complex arrangements
of multi-layered structures, conventional FE models soon reach their limits, which has
boosted the demands for structural analysis methods, especially the sophisticated local
effects that cause stress concentration.

1.1 Theories of structures
In history, a variety of 1D models for the modeling of slender structures have been

proposed. Classical theories such as Euler-Bernoulli BeamTheory [88] and Timoshenko
BeamTheory [234, 233] have been broadly applied in numerical analyses, though they
fail in accurately capturing the transverse shear stresses over the beam cross-sections.
Refined beam theories were then proposed to overcome this drawback. Warping func-
tions were suggested to account for the cross-sectional warping of thin-walled struc-
tures by Vlasov [250]. A Generalized BeamTheory (GBT), in which the warping defor-
mation can be considered through the introduction of cross-section deformationmodes,
was suggested for thin-walled beam structures [209]. A class of Higher-order Theories
(HOT) was proposed by introducing higher-order terms to the displacement field in the
axial direction [256, 119, 262].
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Classical Plate Theory (CPT) is the simplest 2D model, which is based on Kirchoff-
Love hypothesis [152]. Since the transverse shear effects are ignored, only in-plane
strains are accounted for. CPT is extensively used on thin plate and shell structures.
Some examples can be found in [230, 251, 168]. First-Order Shear Deformation Theory
(FSDT) based on the Mindlin–Reissner assumption [198, 162] considers the transverse
shear effects but can only approximate the transverse shear stresses through the thick-
ness as constants. Plate and shell finite elements (FE) using FSDT were developed by
Hughes and Tezduyar [109], Ferreira et al. [92], and Rolfes and Rohwer [204], among
others. To further improve the solution accuracy of plate models, Higher-Order Theo-
ries (HOT) [103, 5, 190, 197, 120, 118] were presented, which have been widely adopted
in structural analyses of plates and shells. A comprehensive discussion of HOT and the
FE suitability was presented by Tessler [232]. Some of these models were reviewed by
Kapania and Raciti [121, 122]. A systematic summary of HOT for laminated plates and
shells can be found in the work of Reddy [194].

The use of trigonometric terms in beam models was reported by various authors,
such as the works of Shimpi and Ghugal [212], Arya, Shimpi, and Naik [9], and Vidal
and Polit [248, 249]. Polit and Touratier [184] adopted cosine functions for the approx-
imation of transverse shear strains in laminated plates to avoid using shear correction
factors. Dau, Polit, and Touratier [80] used trigonometric functions to capture trans-
verse shear stresses in multi-layered shells. Ferreira, Roque, and Jorge [90] suggested a
trigonometric shear deformation theory for symmetrically laminated plates. An exten-
sion, a sinusoidal shear deformationmodel, was applied to laminated shell structures by
Ferreira et al. [91]. Mantari, Oktem, and Soares [155] suggested a trigonometric shear
deformation theory and demonstrated the effectiveness on laminated composite and
sandwich plates. Mantari, Oktem, and Soares [153] and Mantari, Bonilla, and Soares
[154] presented trigonometric-exponential higher order shear deformation theories for
composite plates. Karama, Afaq, and Mistou [129, 128] developed a refined shear de-
formation beam model by introducing the exponential functions to the displacement
assumptions.

As summarized by Carrera [41] and Reddy [194], models for multi-layered struc-
tures can be built in two approaches, namely the Equivalent Single Layer (ESL) and
Layer-Wise (LW) approaches. In ESLmodels, displacements are assumed over thewhole
cross-sectional domain of the structure, while LW considers the displacement field on
the cross-section of each layer and accounts for the displacement continuity at layer
interfaces. ESL approach does not require the description of layer interfaces and suits a
wide range of basis functions. Traditional models and higher-order models can be cat-
egorized into the ESL class. Differently, LW models require a proper representation of
displacements at interfaces between neighboring layers. LW approach was used exten-
sively by many researchers, such as Noor and Burton [170], Reddy [191], Mawenya and
Davies [158], Chaudhuri and Seide [64], and Rammerstorfer, Dorninger, and Starlinger
[187].
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1.2 Carrera Unified Formulation
Carrera Unified Formulation (CUF) is a general framework for the development of

refined beam, plate, and shell models proposed by Carrera [41, 40, 59]. Starting from a
compact form of displacement assumptions, weak form governing equations can be ex-
pressed through the fundamental nuclei (FNs) [59]. The expressions of FNs are indepen-
dent of the kinematic assumptions and are widely applicable to a variety of structural
models. Traditional theories and higher-order theories can be implemented as partic-
ular cases of refined cross-section functions, in both 1D (beam) and 2D (plate and shell)
cases. CUF framework facilitates the development of advanced FE models, in which
both shape function enrichment and kinematic refinement can be implemented con-
veniently. Beam, plate, and shells problems can be solved in a unified manner. A great
variety of basis functions can be integrated in either ESL or LW approach to formulating
refined structural theories [59].

In numerical analyses, improved accuracy can be reached through the refinement
of the models. CUF provides the convenience to conduct mathematical refinements
through the FNs. In CUF-based structural models, the type of basis functions adopted
and the number of cross-section functions are both variable and can be treated as model
input parameters. The refinement of the model can be gradually conducted until pre-
scribed accuracy is achieved. The works of Cinefra and Carrera [68], Cinefra and Val-
vano [69], and Cinefra, Valvano, and Carrera [70] are examples of variable kinematics
approach for mechanical problems.

Various approximation functions can be employed to build refined beam, plate, and
shell models, in either ESL or LW approach. In refined multi-layered beam models,
Carrera, Filippi, and Zappino [48, 47] tested various basis functions, including Tay-
lor series, trigonometric series, and exponential functions together with a zig-zag term
suggested by Murakami [166]. Application of Chebyshev polynomials in beam models
was reported by Filippi et al. [95]. 2D hierarchical Legendre polynomials were used as
the cross-section functions of beam element by Pagani et al. [176]. Implementation of
trigonometric, exponential, and miscellaneous functions as the cross-section functions
in ESL refined plate FE models for composite laminates and sandwich structures was
reported by Filippi et al. [94]. Legendre polynomials were adopted to build refined LW
kinematics in multi-layered shell FE models by Carrera, Büttner, and Nali [36], Cine-
fra and Carrera [68], and Cinefra and Valvano [69]. The optimal structural models are
problem-dependent. A best-theory diagram method was presented to choose the most
suitable theory for specific structural problems [180, 72, 261].

Based on CUF, Carrera and Zappino [56, 57] introduced the dependence of cross-
section functions on the shape functions in beam elements. This approach was named
as Node-dependent Kinematics (NDK). Trough NDK, various kinematic models can co-
exist in a beam element and be blended by the shape functions over the beam axial do-
main. More importantly, NDK allows for the local kinematic refinement in the critical
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region with local effects to be captured. The features make NDK feasible in the con-
struction of simultaneous global-local models with multiple kinematic models. Since
no additional coupling or modification of mesh is needed, NDK is convenient to use in
FE analyses. NDK technique was later extended to plate models for mechanical [242]
and piezo-elastic [55] problems. In general, the solution accuracy can be improved by
enriching the assumptions of the displacement field. Meanwhile, the increased num-
ber of model variables leads to raised computational costs in FE analyses. With NDK
technique, accuracy in the local area can be kept with lower computational efforts.

The FE models can be refined on two levels, namely the refinement of cross-section
functions and the enhancement of shape functions (𝑝-refinement). 𝑝-refinement is more
efficient than ℎ-refinement due to its high convergence rate [224, 226]. Also, the avoid-
ance of re-meshing can shorten the pre-processing time consumption. Application of
2D hierarchical functions in the refinement of beam models in the CUF framework was
reported by Pagani et al. [176] and Carrera, Miguel, and Pagani [49]. It is reported that
2D hierarchical elements are not sensitive to locking phenomena when the polynomial
order is sufficiently high [224, 226, 222, 221, 86, 1]. The shear and membrane locking
of hierarchical functions in refined multi-layered shell finite elements remains to be
assessed.

With NDK, nodal ESL/LW capabilities can be switched when required, as elaborated
by Zappino et al. [263]. The combination of mathematical refinements and NDK leads
to a broad spectrum of FE models on the same set of FE meshes. Such capabilities enable
analyzers to fully exploit the potential of FE models.

1.3 Global-local modeling
In FEmodels, the refinement of mathematical assumptions can improve the solution

accuracy, but also leads to an increased number of degrees of freedom, even makes
the solution computationally expensive. To reach a compromise between the desired
accuracy and solution expenses, a local refinement is often needed to improve solution
accuracy in critical regions where local effects occur.

Themost direct refinement approach is the ℎ-version refinement [13, 266], which in-
creases the mesh refinement for a better approximation. An adaptive ℎ-version method
was suggested to regenerate the mesh in local zones based on an error estimator [270,
266]. The 𝑝-refinement approach [223, 12, 220, 226] enhances the order of shape func-
tions. The ℎ − 𝑝-version method combines these two methods [10, 173, 271, 192]. In
the 𝑠-version refinement (mesh superposition technique) [96, 97], an additional set of
meshes is overlapped on the existing FE grid to improve the local accuracy. It should be
pointed out that these techniques do not deal with the kinematic assumptions.

In the analysis of multi-layered structures, kinematic refinements can be carried out
on specific layers through superimposing an LW displacement field of a layer onto the
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global ESL field [148, 149]. Similar methods based on the idea of multiple assumed dis-
placement fields were further adopted by Chen and Wu [66], Chen and Si [65], Khalili,
Shariyat, and Rajabi [131], and Lezgy-Nazargah, Beheshti-Aval, and Shariyat [146]. Such
approaches were applied to the modeling of delaminations [259, 164, 246, 247]. A vari-
able kinematic theory based on the superposition of an ESL and an LW displacement
fields was suggested by Reddy and Robbins [196] and Robbins and Reddy [202]. Car-
rera, Pagani, and Valvano [51] presented variable kinematic shell models in which the
displacement assumptions of specific layers can be directly set in LW approach while
other layers are grouped and modeled as equivalent single layers. A similar concept,
Sublaminate Generalized Unified Formulation (S-GUF), was suggested by D’Ottavio et
al. [78]. A ply-grouping approach was adopted by Chang, Perez, and Chang [63] when
analyzing composite laminates with 3D brick elements. Jones et al. [115] suggested 3D
super-elements to reduce the computational consumption of 3D FE model in the mod-
eling of laminated structures.

Various approaches for the coupling between a locally refined model and a global
model were proposed.The displacement compatibility at global-local domain interfaces
can be enforced by using Lagrangian multipliers [185, 6, 33, 50]. The Arlequin method
couples two domains with incompatible kinematics by using Lagrangian multipliers in
an overlapping zone [82, 83]. Application of Arlequin method in the modeling of multi-
layered structures was reported by many researchers, such as Biscani et al. [28, 29, 27],
He et al. [101], Hu, Belouettar, Potier-Ferry, et al. [106], and Hu et al. [105]. Blanco, Fei-
jóo, and Urquiza [31] and Wenzel et al. [253] presented eXtended Variational Formu-
lation (XVF) with two Lagrange multiplier fields to couple non-overlapping domains
with different mathematical assumptions.

In a typical one-way sequential global-local approach, a separate local model is
driven on its boundaries by the displacement field taken from a previously solved global
model [165], while the influence of the local model on the global displacement is dis-
carded. As an improvement, iterative procedures were presented to ensure the compat-
ibility and equilibrium at global-local interfaces [254, 255, 156], yet extra computational
resources will be consumed in the iterative process.

Some coupling techniques are also implemented in commercial software. Multi-
Point Constraints (MPCs) and Rigid Beam Element (RBE) use linear functions to re-
late the displacements of the independent and dependent nodes. Shell-to-solid coupling
connects the edge nodes on a 2D model to those on a 3D model through distribution
coupling constraints. Sub-modeling is based on the one-way sequential global-local
method.
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1.4 Multi-field modeling
In engineering applications, smart structures containing piezoelectric components

might be exposed to thermal and hygroscopic environments. Coupled multi-field mod-
eling will provide a better understanding of structural behavior in such cases.  The cap-
turing of multi-field effects is vital for the modeling and design of smart structures.

The consistent constitutive equations can be derived on a thermodynamic basis as
demonstrated by Ikeda [112] and Sih et al.[214]. Variational principles for a series of
multi-field couplings were discussed by Dökmeci [84], Sung andThompson [219], Altay
and Dökmecı́ [3], and Yang [260]. Altay and Dökmeci [4] proposed a hygro-thermo-
electro-mechanical variational principle together with the fundamental equations for
corresponding four-field problems. Smittakorn and Heyliger [215] presented a hygro-
thermo-electro-mechanical model for laminated plate structures under steady-state and
transient conditions.

1.4.1 Hygro-thermo-mechanical modeling
Heat conduction is governed by Fourier law of conduction [98]. The resultant tem-

perature variation causes strains in structures. Due to the thermo-mechanical cou-
pling, straining of structures also generates heat in transient and dynamic processes.
In steady-state conditions, thermo-mechanical problems are partially coupled, which
means only the deformation due to temperature change is considered.

Some works available in the literature adopted assumed temperature field. Das and
Rath [79] considered the transverse shear effects in the bending of a thick plate under
assumed temperature field. Tungikar and Rao [239] presented exact three-dimensional
closed-form solutions for steady-state heat conduction and the resultant thermal stresses
in cross-ply laminated plates. Kant and Khare [117] used a higher-order model in FE
modeling of multi-layered plates under assumed linear temperature profile through the
thickness. Adopting Reddy’s higher-order theory [190, 197], Khdeir and Reddy [135]
studied the response of cross-ply laminated plates under thermal field with linear distri-
bution through the thickness and presented exact solutions. Miller, Kicher, andMillavec
[161] reported the use of Kirchoff-Love hypothesis in layered shell models and the tem-
perature variation was taken as input to the analysis. By using higher-order theories,
Khare, Kant, and Garg [132] presented closed-form solutions for cross-ply shell lami-
nates under linearly varying temperature through the thickness. Khdeir [134] suggested
closed-form solutions for circular cylindrical shells under temperature field that has as-
sumed uniform or linear variation through the thickness. Based on a higher-order the-
ory [195], Khdeir, Rajab, and Reddy [133] proposed exact solutions for cylindrical and
doubly curved shells under assumed thermal loads and various boundary conditions.

Temperature field can be obtained in a separate step by solving Fourier’s equation
and then be used in a subsequent step on the structure as input data. Dumir et al. [85]
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used an improved efficient zig-zag theory and a third order theory for cylindrical lam-
inated shells, and the exact temperature profile described in a sub-layerwise manner
was the input to the partially-coupled thermo-mechanical model.

Various refined thermoelastic plate models based on ESL or LW approaches are im-
plemented in the CUF framework. The works of Carrera [38] and Robaldo and Carrera
[200] remarked the superiority of the mixed approach to displacement-based models
in the thermoelastic analysis of laminated plates under assumed thermal field. Carrera
[39] compared the structural response of multi-layered plates under assumed linear and
exact temperature profiles through the thickness and pointed out that the exact tem-
perature field is essential for thick plates. Cinefra, Valvano, and Carrera [70] developed
shell finite elements for the thermoelastic analysis of multi-layered structures under
exact temperature field obtained in a separate step. Nali, Carrera, and Calvi [167] pre-
sented fully-coupled thermo-mechanical laminated plate models which allow for the
calculation of instantaneous temperature field.

Fick’s diffusion law was derived by Fick [93]. The Fick’s law is analogous to the
Fourier law mathematically. An attempt to extend this analogy to moisture convection
and cross-coupled moisture diffusion was made by Szekeres [228]. The coupling ef-
fects between the temperature and moisture fields are known as the Dufour (diffusion-
thermal) and Soret (thermal-diffusion) effects [130, 214]. Sih, Shih, and Chou [213] con-
ducted transient hygrothermal analyses on composite plates which demonstrated that
coupled effects are significant in some cases. Tambour [231] also illustrated that the
moisture-heat coupling effects might cause local temperature overshoots thus cannot
be neglected. Szekeres and Engelbrecht [229] considered the Dufour and Soret effects
and presented coupled hygro-thermal models for composites.

Patel, Ganapathi, and Makhecha [178] presented finite elements adopting a higher-
order theory for laminated plates and used temperature and moisture fields with as-
sumed linear distribution in numerical analyses. By using a higher-order shear defor-
mation theory together with Murakami’s zig-zag function [166], Alsubari, Ali, and Am-
inanda [2] investigated the response of cylindrical laminated shells under combined as-
sumed temperature and moisture fields. It was reported that temperature increase and
moisture concentration lead to a reduction of mechanical properties in composite mate-
rials [182, 238, 214]. Hyer et al. [111] investigated the dependence of elastic and thermal
expansion properties on temperature in T300/5208 graphite/epoxy. Lo et al. [150] con-
sidered the change of material properties due to temperature variation and moisture
concentration in the partially coupled hygrothermal analysis of laminated plates, and
a finite element adopting global-local higher-order theory was developed.

Shen and Springer [211] and Benkeddad, Grediac, and Vautrin [25, 24] investigated
transient one-dimensional diffusion through the thickness in composite plates. The
same approach was extended to the computation of transient hygroscopic stresses in
composite laminated plates under asymmetrical and cyclic environmental conditions

7
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[237, 236]. Jacquemin and Vautrin [113] presented a semi-analytical model for the as-
sessment of stresses in cylindrical laminated shells under cyclic temperature and mois-
ture environmental conditions, and the calculated transient moisture concentration
field was substituted into a partially coupled hygro-thermo-mechanical model.

1.4.2 Electro-mechanical modeling
Electro-mechanical coupling is a reversible process that an electrical field causes

straining (direct effect) and deformation causes an electric potential (reverse effect).
Such coupling effects are the main characteristics of various piezoelectric materials,
which have been used on sensors and actuators in a great variety of smart structures.
Piezoelectric components, either patches or layers, are usually bonded to the surfaces
or embedded in the structures.

Crawley and De Luis [77] and Crawley and Anderson [76] numerically modeled and
experimentally studied surface-bonded and embedded piezo actuators on beam struc-
tures. A refined layer-wise model was suggested by Robbins and Reddy [201] to capture
the interaction between the substrate structure and piezoelectric components. A re-
fined sinus beam model was presented by Beheshti-Aval et al. [20] for laminated beam
structures with piezoelectric layers. Based on CUF, Miglioretti, Carrera, and Petrolo
[160] used Lagrange polynomials as cross-section functions in refined beam element
for electro-mechanical modeling. Zappino et al. [264] considered thermal loads in the
refined electro-mechanical beam models.

An extensive variety of electro-mechanical models are based on traditional theories
CPT or FSDT. The works of Wang and Rogers [251], Lee [144], Hwang and Park [110],
and Piefort [181] are examples of the application of CPT in building electro-mechanical
plate models. Plate models based on FSDT were presented by Chandrashekhara and
Agarwal [62], Batra [18], Suleman and Venkayya [217], and Huang and Wu [107],
among many other researchers. Jonnalagadda, Blandford, and Tauchert [116] devel-
oped a thermo-electro-mechanical model with FSDT for composite plate structures
with piezoelectric layers. Rogacheva [203] presented shell formulations for electro-
mechanical modeling. Tzou and Gadre [240] applied CPT in the analysis of laminated
shell structure with piezoelectric components. A triangle shell element using a layer-
wise constant shear angle theory was proposed by Tzou and Ye [241] for laminates with
piezoelectric actuators and sensors.

A hybrid ESL-LW plate model, in which ESL and LW assumptions were respectively
used for displacements and electric potential, was suggested by Mitchell and Reddy
[163]. A beam model with third-order zig-zag functions combining LW approximation
of electric field was suggested by Kapuria [125]. This approach was later extended into
an electro-mechanical plate model by the same author [123]. Brick elements was used
by Batra and Liang [19] andHauch [99]. However, it is widely agreed that solid elements
are comparatively computational expensive in the simulation of thin piezoelectric com-
ponents.
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A series of higher-order plate theories for piezoelectric problems, including repre-
sentations based on trigonometric series, power series, and Legendre polynomials, were
reviewed by Wang and Yang [252]. The work of Saravanos and Heyliger [205] consists
of an extensive review of the beam, plate, and shell models for piezoelectric modeling
developed till the end of the 1990s. Benjeddou [22] compared a variety of piezoelectric
finite element implementations reported in the literature before the 2000s. The review
made by Kapuria, Kumari, and Nath [124] reports more recent advances of modeling
methods for piezoelectric composite laminates.

Based on CUF, mixed plate models developed through the Reissner Mixed Vari-
ational Theorem (RMVT) for piezoelectric modeling were proposed by Carrera and
Fagiano [46] and Carrera, Büttner, and Nali [36]. Cinefra et al. [71] suggested an ax-
iomatic/asymptotic technique for the detection of the optimal platemodel to capture the
static response of composite laminates with piezoelectric components. Variable kine-
matic shell models for laminated structures with embedded piezoelectric components
were implemented by Carrera and Valvano [54] in the CUF framework. NDK was also
applied to the FE simulation of structures with piezo-patches by Carrera, Valvano, and
Kulikov [55]. A comprehensive discussion of themodeling of smart plate and shell struc-
tures through CUF can be found in the work of Carrera, Brischetto, and Nali [42].

1.5 An overview of the present work
Rigorous and efficient modeling techniques are essential for engineers to better ex-

ploit the potential of engineering structures. The present work is aimed at the develop-
ment of variable kinematic finite element approaches for the modeling of multi-layered
structures accounting for multi-field effects. The refined FE models are developed in
the CUF framework, and the discussions are confined to the linear static problems. The
following topics are considered:

1. Various and miscellaneous kinematic assumptions for plate and shell models are
implemented and compared regarding the numerical accuracy and efficiency.

2. New static benchmark cases for angle-ply laminated plates are proposed through
refined 2D FE modeling.

3. The shear and membrane locking phenomena in refined hierarchical shell ele-
ments for laminated structures are numerically evaluated.

4. An adaptable refinement approach for FE models based on the combination of
Node-Dependent Kinematics and two-levelmathematical refinements is presented.
Application of this technique in efficient global-local analyses is demonstrated.

5. Refined beam, plate, and shell models accounting for hygroscopic, thermal, and
electric effects are presented.Themodels are verified through thermo-mechanical,
hygro-mechanical, and electro-mechanical benchmark cases.
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Part I

Variable Kinematic Finite Element
Formulations
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Chapter 2

Refined beam, plate, and shell
theories of structures

In this chapter, refined beam, plate, and shell models are outlined. First, a unified
formulation of continuum-based reduced beam, plate, and shell theories of structures is
introduced. Second, classical theories of structures are reviewed and examined through
this unified formulation. Third, various refined models are discussed.

2.1 A unified form of theories of structures

x

z

y

o

Figure 2.1: A one-dimensional structure.

A 1D structural component has the axial dimension much larger than the other two
cross-section dimensions. As illustrated in Fig. 2.1, The deformation of such slender
structures can be described through the deformation of the neutral axis, the rotation of
the cross-section around the neutral axis, and the deformation on the cross-section. A
bar refers to a 1D structure that can only carry the axial load. Beams refer to structural
components that can also bear bending. Plenty of 1D theories have been suggested
for the modeling of slender structures. Classical beam theories include Euler–Bernoulli
BeamTheory (EBBT) [88] and Timoshenko BeamTheory (TBT) [234, 233].
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2 – Refined beam, plate, and shell theories of structures

Figure 2.2: A two-dimensional structure.

2D structures have a thin thickness dimension and greater spans in the two direc-
tions along the neutral surface. Deformation of 2D structures consists of the membrane
deformation on the neutral surface, the rotation of the cross-section concerning the
neutral surface, and the stretch of the cross-section along the thickness direction.Mem-
branes can only withstand biaxial tractions perpendicular to their normal directions.
Sometimes, the concept plate is used to indicate structures that can carry only in-plane
loads [157]. In the current work, plates and shells are 2D structures able to hold both
membrane and bending loads, and the difference is that plates are flat structures while
shells have single or double curvatures. Traditional 2D theories of structures include the
Kirchhoff–Love PlateTheory (also known as Classical PlateTheory, CPT) [152], and the
First-order Shear Deformation Theory (FSDT) [198, 162].

In a unified manner, the displacement field 𝑢 = {𝑢, 𝑣,𝑤}⊤ of 1D and 2D continuum-
based reduced theories of structures can be assumed as:

𝑢 = 𝐹 𝑢
𝜏 𝑢𝜏

𝑣 = 𝐹 𝑣
𝜏 𝑣𝜏

𝑤 = 𝐹 𝑤
𝜏 𝑤𝜏

(2.1)

which in fact is a linear combination of the unknown functions (𝑢𝜏, 𝑣𝜏, and 𝑤𝜏) and
the cross-section functions (𝐹 𝑢

𝜏 , 𝐹 𝑣
𝜏 , and 𝐹 𝑤

𝜏 ). Similar expressions have been used by
many researchers, for example, Reddy [194]. If the same set of 𝐹𝜏 are applied to all the
displacement components, the above expression can be written into:

⎧⎪
⎨
⎪⎩

𝑢
𝑣
𝑤

⎫⎪
⎬
⎪⎭

= 𝐹𝜏
⎧⎪
⎨
⎪⎩

𝑢𝜏
𝑣𝜏
𝑤𝜏

⎫⎪
⎬
⎪⎭

(2.2)

A more compact form reads [40]:
𝑢 = 𝐹𝜏 𝑢𝜏 (2.3)

in which 𝐹𝜏 describes the deformation of the cross-section and 𝑢𝜏 represents the dis-
placement vector along the neutral line or the neutral surface. The repeated index 𝜏
implies the application of Einstein’s summation convention.
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For 1D (beam) structures, the displacements assumptions take the following form:

𝑢(𝑥, 𝑦, 𝑧) = 𝐹𝜏(𝑥, 𝑧) 𝑢𝜏(𝑦) (2.4)

in which 𝐹𝜏(𝑥, 𝑧) are defined on the cross-sectional domain.
For plate structures, the displacement field can be approximated through:

𝑢(𝑥, 𝑦, 𝑧) = 𝐹𝜏(𝑧) 𝑢𝜏(𝑥, 𝑦) (2.5)

The geometry of shells are often described in the orthogonal curvilinear reference
system (𝛼, 𝛽, 𝑧). A general form of shell theories reads:

𝑢(𝛼, 𝛽, 𝑧) = 𝐹𝜏(𝑧) 𝑢𝜏(𝛼, 𝛽) (2.6)

For plates and shells, 𝐹𝜏 are defined on the thickness domain, and they are also re-
ferred to as the thickness functions.The same plate displacement models can be applied
to shells by simply transforming the coordinates through the following rule:

𝑥 → 𝛼, 𝑦 → 𝛽, 𝑧 → 𝑧. (2.7)

Conversely, a shell becomes a plate when the curvature radii are infinite. Transforma-
tion of shell coordinates to plate coordinates reads:

𝛼 → 𝑥, 𝛽 → 𝑦, 𝑧 → 𝑧. (2.8)

This chapter is focused on the formulation and the construction of 1D and 2D the-
ories through 𝐹𝜏, which is a fundamental part of CUF.

2.2 Beam models
A series of beam theories are reviewed and interpreted in the CUF framework.

2.2.1 Euler–Bernoulli Beam Theory (EBBT)
The EBBT model is based on the assumptions that each cross-section keeps rigid

and rotates with the neutral line while remaining perpendicular to the neutral line.
Accordingly, the displacement functions describing the EBBT model read:

𝑢(𝑦) =𝑢1(𝑦)
𝑣(𝑥, 𝑦, 𝑧) =𝑣1(𝑦) − 𝑢1,𝑦(𝑦) 𝑥 + 𝑤1,𝑦(𝑦) 𝑧

𝑤(𝑦) =𝑤1(𝑦)
(2.9)
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a) A-A view b) B-B view

x

y

z

Figure 2.3: Euler–Bernoulli BeamTheory.

By recalling Eqn. (2.1), the above expression is a particular case of the following linear
beam theory:

𝑢(𝑥, 𝑦, 𝑧) = 𝑢1(𝑦) + 𝑢2(𝑦) 𝑥 + 𝑢3(𝑦) 𝑧
𝑣(𝑥, 𝑦, 𝑧) = 𝑣1(𝑦) + 𝑣2(𝑦) 𝑥 + 𝑣3(𝑦) 𝑧

𝑤(𝑥, 𝑦, 𝑧) = 𝑤1(𝑦) + 𝑤2(𝑦) 𝑥 + 𝑤3(𝑦) 𝑧
(2.10)

by using the following cross-section functions:

𝐹 𝑢
1 = 1; 𝐹 𝑢

2 = 0; 𝐹 𝑢
3 = 0;

𝐹 𝑣
1 = 1; 𝐹 𝑣

2 = 𝑥; 𝐹 𝑣
3 = 𝑧;

𝐹 𝑤
1 = 1; 𝐹 𝑤

2 = 0; 𝐹 𝑤
3 = 0.

(2.11)

In addition, 𝑣2 and 𝑣3 depend on 𝑢1 and 𝑤1, respectively:

𝑣2 = −𝑢1,𝑦, 𝑣3 = 𝑤1,𝑦. (2.12)

which means that there are three independent unknowns in the model (𝑢1, 𝑣1, 𝑤1).
The coefficients 𝑢1, 𝑣1, and 𝑤1, correspond to the translation of the neutural line in the
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three directions, separately. As shown in Fig. 2.3, 𝑢1,𝑦 and −𝑤1,𝑦 are the rotations of the
cross-section around 𝑧 and 𝑥 axes, respectively.

EBBT considers only the axial strain 𝜀𝑦𝑦:

𝜀𝑦𝑦 = 𝑑𝑣
𝑑𝑦

=
𝑑𝑣1
𝜕𝑦

−
𝑑2𝑢1

𝑑𝑦2 𝑥 +
𝑑2𝑤1

𝑑𝑦2 𝑧 (2.13)

in which there exist the second derivatives of 𝑢1(𝑦) and 𝑤1(𝑦). This requires that 𝑢1(𝑦)
and 𝑤1(𝑦) have 𝐶1 continuity.

2.2.2 Timoshenko Beam Theory (TBT)

(a) Top view (A-A view in Fig. 2.3)

z

y

(b) Side view (B-B view in Fig. 2.3)

Figure 2.4: Timoshenko BeamTheory.

The Timoshenko beam model is formulated by assuming that the cross-section re-
mains rigid but not necessarily perpendicular to the neutral line when deforming, as
shown in Fig. 2.4. TBT assumes the displacement field as:

𝑢(𝑥, 𝑦, 𝑧) = 𝑢1(𝑦)
𝑣(𝑥, 𝑦, 𝑧) = 𝑣1(𝑦) + 𝜙𝑧(𝑦) 𝑥 − 𝜙𝑥(𝑦) 𝑧

𝑤(𝑥, 𝑦, 𝑧) = 𝑤1(𝑦)
(2.14)

where 𝜙𝑧 and 𝜙𝑥 represent the rotations of the cross-section around 𝑧 and 𝑦 axes, re-
spectively.

In the unified form (Eqn. 2.1), the same set of cross-sections as in the EBBT case can
be used in the current model:

𝐹 𝑢
1 = 1; 𝐹 𝑢

2 = 0; 𝐹 𝑢
3 = 0;

𝐹 𝑣
1 = 1; 𝐹 𝑣

2 = 𝑥; 𝐹 𝑣
3 = 𝑧;

𝐹 𝑤
1 = 1; 𝐹 𝑤

2 = 0; 𝐹 𝑤
3 = 0.

(2.15)
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Differently, there are two additional independent coefficients:

𝑣2 = 𝜙𝑧, 𝑣3 = −𝜙𝑥. (2.16)

Thus, there are five independent unknowns in TBT.
TBT allows for the transverse shear deformations 𝛾𝑥𝑦 and 𝛾𝑦𝑧. By recalling the geo-

metrical relations, the strains are obtained as:

𝜀𝑦𝑦 = 𝜕𝑣
𝜕𝑦

=𝑣1,𝑦 + 𝜙𝑧,𝑦 𝑥 − 𝜙𝑥,𝑦 𝑧

𝜀𝑥𝑦 = 𝜕𝑣
𝜕𝑥

+ 𝜕𝑢
𝜕𝑦

=𝜙𝑧 + 𝑢1,𝑦

𝜀𝑦𝑧 = 𝜕𝑣
𝜕𝑧

+ 𝜕𝑤
𝜕𝑦

= − 𝜙𝑥 + 𝑤1,𝑦

(2.17)

Note that the above expression leads to constant shear strains on a cross-section.
A shear correction factor, determined by the geometry features of the cross-section ge-
ometry, can be introduced as a remedy.The calculation of this factor has been discussed
extensively by many researchers, such as Timoshenko [234], Cowper [75], and Carrera
et al. [53]. Most of the correction methods are based on the equivalence of energy.

2.2.3 A linear beam model
Eqn. (2.10) represents a complete linear beam model with nine unknowns in which

𝐹𝜏 is uniformly applied to 𝑢, 𝑣, and 𝑤 components. By recalling Eqn. (2.2), Eqn. (2.10)
can be obtained by taking:

𝐹1 = 1; 𝐹2 = 𝑥; 𝐹3 = 𝑧. (2.18)

This linear model results in linear axial strain 𝜀𝑦𝑦, linear transverse shear strains 𝜀𝑥𝑦
and 𝜀𝑦𝑧, and constant cross-sectional strains 𝜀𝑥𝑥, 𝜀𝑧𝑧, and 𝜀𝑥𝑧:

𝜀𝑦𝑦 = 𝜕𝑣
𝜕𝑦

=𝑣1,𝑦 + 𝑣2,𝑦 𝑥 + 𝑣3,𝑦 𝑧

𝜀𝑥𝑦 = 𝜕𝑢
𝜕𝑦

+ 𝜕𝑣
𝜕𝑥

=𝑢1,𝑦 + 𝑢2,𝑦 𝑥 + 𝑢3,𝑦 𝑧 + 𝑣2

𝜀𝑦𝑧 = 𝜕𝑣
𝜕𝑧

+ 𝜕𝑤
𝜕𝑦

=𝑣3 + 𝑤1,𝑦 + 𝑤2,𝑦 𝑥 + 𝑤3,𝑦 𝑧

𝜀𝑥𝑥 = 𝜕𝑢
𝜕𝑥

=𝑢2

𝜀𝑧𝑧 = 𝜕𝑤
𝜕𝑤

=𝑤3

𝜀𝑥𝑧 = 𝜕𝑢
𝜕𝑧

+ 𝜕𝑤
𝜕𝑥

=𝑢3 + 𝑤2

(2.19)
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Compared to TBT, the in-plane deformation on the cross-section is considered, and
the transverse shear deforming capability is increased.

It should be noted that in EBBT, TBT, and this linear beam model there exist Pois-
son Locking, which can be overcome by either adopting higher-order beam theories or
modifying the elastic coefficients (see Carrera et al. [59]).

2.2.4 Higher-order beam models using Taylor Expansions (TE)
The displacement assumptions can be further enriched by increasing the order of

𝐹𝜏. For a higher-order beam theory based on the Taylor (Maclaurin) series, the cross-
section functions can be constructed as follows:

𝐹1 = 1,
𝐹2 =𝑥, 𝐹3 = 𝑧,

𝐹4 = 𝑥2, 𝐹5 = 𝑥𝑧, 𝐹6 = 𝑧2;
𝐹7 = 𝑥3, 𝐹8 = 𝑥2𝑧, 𝐹9 = 𝑥𝑧2; 𝐹10 = 𝑧3;

⋯

(2.20)

in which the polynomial expansions are obtained from Pascal’s triangle. Note that the
expansions for the (𝑁 − 1)-th order model are included in those for the 𝑁-th order
model through this hierarchical definition. Thickness functions based on Taylor series
can be denoted as “TE𝑛”, wherein 𝑛 indicates the highest order of the used polynomials.

Fig. 2.5 compares the cross-section functions of different orders. Different approxi-
mations can lead to similar strain energy solutions, yet the strain fields might be quite
different. With the refinement of the models, the deformation can be captured more ac-
curately, and the stress-free natural boundary conditions can be approached. The cost
of the improved accuracy is the increased number of unknowns in the model. In appli-
cations, lower-order beam models can be sufficient for very slender structures, while
accurate strain/stress solutions require higher-order models than displacements.

(a) Constant

z

o

(b) First-order (c) Second-order (d) Higher-orders

Figure 2.5: Cross-section functions 𝐹𝜏 with different polynomial orders.

Under the hypothesis of small strains and rotations, the unknowns corresponding to
𝐹1 = 1 are the translational displacements of the neutural line, those for the first-order
therms 𝐹2 = 𝑥 and 𝐹3 = 𝑧 the rotational angles of the cross-section, the second-order
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2 – Refined beam, plate, and shell theories of structures

unknowns the curvatures caused by the deformation. The physical meanings of the
unknowns for even higher-order expansions are not explicit. A discussion can be found
in the work of Li and Liu [149, 30].

2.2.5 Beam models using trigonometric, hyperbolic, and expo-
nential series

Various series expansions can be adopted to formulate refined beammodels. Trigono-
metric series can be incorporated through [47]:

𝐹1 = sin(𝜋𝑥
𝑎

), 𝐹2 = cos(𝜋𝑥
𝑎

), 𝐹3 = sin(𝜋𝑧
𝑏

), 𝐹4 = cos(𝜋𝑧
𝑏

);

𝐹5 = sin(2𝜋𝑥
𝑎

), 𝐹6 = cos(2𝜋𝑥
𝑎

), 𝐹7 = sin(2𝜋𝑧
𝑏

), 𝐹8 = cos(2𝜋𝑧
𝑏

);

⋯

(2.21)

in which 𝑎 and 𝑏 are the dimensions of the cross-section in 𝑥 and 𝑦 directions, respec-
tively.

Hyperbolic functions can be used accordingly:

𝐹1 = sinh(𝜋𝑥
𝑎

), 𝐹2 = cosh(𝜋𝑥
𝑎

), 𝐹3 = sinh(𝜋𝑧
𝑏

), 𝐹4 = cosh(𝜋𝑧
𝑏

);

𝐹5 = sinh(2𝜋𝑥
𝑎

), 𝐹6 = cosh(2𝜋𝑥
𝑎

), 𝐹7 = sinh(2𝜋𝑧
𝑏

), 𝐹8 = cosh(2𝜋𝑧
𝑏

);

⋯
(2.22)

Exponential expansions can be introduced as follows [47]:

𝐹1 = 𝑒( 𝑥
𝑎 ), 𝐹2 = 𝑒( 𝑧

𝑏 );

𝐹3 = 𝑒( 2𝑥
𝑎 ), 𝐹4 = 𝑒( 2𝑧

𝑏 );
⋯

(2.23)

For such models, the unknowns are merely mathematical weighting coefficients.
Generally, these types of thickness functions are hierarchical. In addition, combinations
of different types of expansions will lead to miscellaneous models.

2.2.6 Beam models using Lagrange Expansions (LE)
Lagrange interpolation polynomials can better describe the geometrical features of

the cross-section than the Taylor series do. In the present work, such type of cross-
section functions is referred to as Lagrange Expansions (LE). The construction of LE
functions is analogous to that of Lagrangian shape functions for 2D finite elements.
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2.2 – Beam models

Defined on a quadrilateral domain in the natural coordinate system (𝜉, 𝜂), LE func-
tions on four interpolation points (LE4) read:

𝐹𝜏 = 1
4

(1 + 𝜉𝜉𝜏)(1 + 𝜂𝜂𝜏) 𝜏 = 1,2,3,4 (2.24)

in which (𝜉, 𝜂) ∈ [−1,1], and (𝜉𝜏, 𝜂𝜏) are the coordinates of point 𝜏.
LE functions on nine points (LE9) can be defined similarly as:

𝐹𝜏 = [1
2

𝜉𝜉𝜏(1 + 𝜉𝜉𝜏) + (1 − 𝜉2)(1 − 𝜉2
𝜏 )][1

2
𝜂𝜂𝜏(1 + 𝜂𝜂𝜏) + (1 − 𝜂2)(1 − 𝜂2

𝜏 )] (2.25)

Through isoparametric mapping, the functions defined in the natural coordinate
system (𝜉, 𝜂) can be transformed to a domain on the cross-section in the Cartesian coor-
dinate system (𝑥, 𝑦), as illustrated in Fig. 2.6. The mapping from the natural coordinates
to global coordinates read:

𝑥 = 𝑥𝜏 𝐹𝜏(𝜉, 𝜂)
𝑧 = 𝑧𝜏 𝐹𝜏(𝜉, 𝜂)

(2.26)

where (𝑥𝜏, 𝑧𝜏) indicate the local coordinates of a interpolation point 𝜏.

x

y

o

1
2

3

4

o

1(-1,-1) 2(1,-1)

4 (-1,1) 3 (1,1)

ξ

η

Figure 2.6: Isoparametric mapping on the beam cross-section.

Refined beam models with LE cross-sections can also be classified into the 3D cat-
egory with an invariant cross-section. LE beam kinematic models are rigorous but com-
putationally expensive in general.Their another feature is that the unknowns (𝑢𝜏, 𝑣𝜏,𝑤𝜏)
naturally represent translations of a line parallel to the neutral line on the beam body.

2.2.7 Beam models using hierarchical functions (HLE)
Szabó and Babuška [224] and Szabó, Düster, and Rank [226] suggested a series of

hierarchical 𝑝-version functions for the approximation of deformation on quadrilateral
domains. Such hierarchical functions can also be adopted as the cross-section functions.
Pagani et al. [176] reported the efficiency of hierarchical functions in refined beam el-
ements and referred to them as Hierarchical Legendre Expansions (HLE). In this type
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2 – Refined beam, plate, and shell theories of structures

of functions, polynomial degree 𝑝 is treated as an independent variable. The functions
for a quadrilateral domain (𝜉, 𝜂) can be classified into vertex modes, side modes, and
internal modes, as shown in Fig. 2.7. The hierarchical functions can be expressed in a
unified manner as:

𝐹𝜏(𝜉, 𝜂) = 𝜙𝑚(𝜉) 𝜙𝑛(𝜂) (𝜉, 𝜂) ∈ [−1,1] (2.27)

where 𝜙𝑚(𝜉) are defined as:

𝜙𝑚(𝜉) =

⎧⎪
⎪
⎪
⎨
⎪
⎪
⎪⎩

1
2

(1 − 𝜉) 𝑚 = 0

1
2

(1 + 𝜉) 𝑚 = 1

√
2𝑚 − 1

2 ∫
𝜉

−1
𝑃𝑚−1(𝑥)𝑑𝑥 =

𝑃𝑚(𝜉) − 𝑃𝑚−2(𝜉)

√4𝑚 − 2
𝑚 = 2,3,⋯

(2.28)

in which 𝑃𝑚 represents the Legendre polynomials. 𝜙𝑛(𝜂) can be obtained accordingly.
Vertex modes are linear interpolations on the four vertex points:

𝐹1(𝜉, 𝜂) = 𝜙0(𝜉) 𝜙0(𝜂)
𝐹2(𝜉, 𝜂) = 𝜙1(𝜉) 𝜙0(𝜂)
𝐹3(𝜉, 𝜂) = 𝜙1(𝜉) 𝜙1(𝜂)
𝐹4(𝜉, 𝜂) = 𝜙0(𝜉) 𝜙1(𝜂)

(2.29)

Side modes correspond to deformation modes dominated by the side edges:

𝐹𝜏(𝜉, 𝜂) =

⎧⎪
⎪
⎨
⎪
⎪⎩

𝜙𝑚(𝜉) 𝜙0(𝜂) 𝑚 ⩾ 2; 𝜏 = 5,9,13,18,⋯
𝜙1(𝜉) 𝜙𝑛(𝜂) 𝑛 ⩾ 2; 𝜏 = 6,10,14,19,⋯
𝜙𝑚(𝜉) 𝜙1(𝜂) 𝑚 ⩾ 2; 𝜏 = 7,11,15,20,⋯
𝜙0(𝜉) 𝜙𝑛(𝜂) 𝑛 ⩾ 2; 𝜏 = 8,12,16,21,⋯

(2.30)

Internalmodes describe the deformation shapes happening on the internal surface
and vanishing on the four edges:

𝐹𝜏(𝜉, 𝜂) = 𝜙𝑚(𝜉) 𝜙𝑛(𝜂) 𝑚, 𝑛 ⩾ 2; 𝜏 = 17, 22, 23, 28, 29, 30,⋯ (2.31)

An isoparametric mapping of coordinates is also required (see Eqn. 2.26). It should
be noted that only the vertex modes will be accounted for in the isoparametric mapping
since only they possess specific coordinates, see Eqn. (2.29).

This type of functions is hierarchical since the set of functions for 𝑝 − 1 are included
in those for 𝑝. When the polynomial degree is increased by one order, only the newly
added functions and the resultant matrices need to be introduced to the formulation.
In addition to the high numerical efficiency and convenience in numerical applications,
geometric mapping is also supported through the blending functions in such elements
[226]. Application of this mapping technique in modeling beams with geometrically
exact cross-sections was reported by Pagani et al. [175].
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Figure 2.7: 2D hierarchical functions [224].

2.3 Plate and shell models
This section summarizes a variety of 2D theories, which are demonstratedwith plate

models and can be extended to shells by transforming the coordinates by referring to
Eqn. (2.7).

2.3.1 Classical Plate Theory (CPT)
Classical PlateTheory (CLT) was presented by Love [152] based on the assumptions

proposed by Kirchhoff. CLT is also referred to as Kirchhoff–Love Plate Theory. In this
model, it is assumed that the straight lines normal to the neutral surface are rigid in
the thickness direction, and keep straight and normal to the neutral surface under de-
formation. This theory is an extension of EBBT to 2D structures, and its deformation
form can also be demonstrated through Fig. 2.3. Kirchhoff–Love hypothesis assumes
the displacement field to be:

𝑢(𝑥, 𝑦, 𝑧) = 𝑢1(𝑥, 𝑦) − 𝑧 𝑤1,𝑥(𝑥, 𝑦)
𝑣(𝑥, 𝑦, 𝑧) = 𝑣1(𝑥, 𝑦) − 𝑧 𝑤1,𝑦(𝑥, 𝑦)

𝑤(𝑥, 𝑦, 𝑧) = 𝑤1(𝑥, 𝑦)
(2.32)
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2 – Refined beam, plate, and shell theories of structures

in which 𝑢1, 𝑣1, and 𝑤1 are the translations on the neutural surface, −𝑤1,𝑥 and 𝑤1,𝑦
the rotations of the corss-section around 𝑦 and 𝑥 axes, respectively (see Fig. 2.8). The
thickness functions corresponding to this model are:

𝐹 𝑢
1 = 1; 𝐹 𝑢

2 = 𝑧;
𝐹 𝑣

1 = 1; 𝐹 𝑣
2 = 𝑧;

𝐹 𝑤
1 = 1; 𝐹 𝑤

2 = 0.
(2.33)

and the unknowns have the following relations:

𝑢2 = −𝑤1,𝑥, 𝑣2 = −𝑤1,𝑦. (2.34)

In total, there are three independent unknowns in this model.
The above displacements result in a strain field with three in-plane strain compo-

nents, namely 𝜀𝑥𝑥, 𝜀𝑦𝑦, and 𝜀𝑥𝑦:

𝜀𝑥𝑥 = 𝜕𝑢
𝜕𝑥

=𝑢1,𝑥 − 𝑧
𝜕2𝑤1

𝜕𝑥2

𝜀𝑦𝑦 = 𝜕𝑣
𝜕𝑦

=𝑣1,𝑦 − 𝑧
𝜕2𝑤1

𝜕𝑦2

𝜀𝑥𝑦 = 𝜕𝑢
𝜕𝑦

+ 𝜕𝑣
𝜕𝑥

=𝑢1,𝑦 + 𝑣1,𝑥 − 2𝑧
𝜕2𝑤1
𝜕𝑥𝜕𝑦

(2.35)

which are linearly distributed through the thickness direction. Note that 𝑤1(𝑥, 𝑦) re-
quires 𝐶1 continuity in numerical analyses. The transverse shear strains 𝜀𝑥𝑧, 𝜀𝑦𝑧 and
transverse normal strain 𝜀𝑧𝑧 are neglected. Finite elements based on CLT are usually
called thin plate/shell elements intended for the modeling of structures with a high span-
to-thickness ratio.

2.3.2 First-order Shear Deformation Theory (FSDT)
Suggested by Reissner [198] and Mindlin [162], the First-order Shear Deformation

Theory (FSDT) assumes that the lines normal to the middle surface remain straight but
are not constrained to be perpendicular to the middle surface of the plate. The FSDT
is also referred to as the Mindlin–Reissner Theory. Different from Kirchhoff–Love hy-
pothesis, FSDT accounts for the transverse shear effects and is intended for relatively
thickness 2D structures. The displacement field of FSDT reads:

𝑢(𝑥, 𝑦, 𝑧) = 𝑢1(𝑥, 𝑦) + 𝑧 𝜙𝑦(𝑥, 𝑦)
𝑣(𝑥, 𝑦, 𝑧) = 𝑣1(𝑥, 𝑦) − 𝑧 𝜙𝑥(𝑥, 𝑦)

𝑤(𝑥, 𝑦, 𝑧) = 𝑤1(𝑥, 𝑦)
(2.36)

24



2.3 – Plate and shell models

in which 𝜙𝑦 and 𝜙𝑥 designate the rotations of the cross-section around the 𝑦 and 𝑥 axes
[194], respectively (see Fig. 2.8). In the FSDT model there exist five unknowns, and its
corresponding thickness functions are:

𝐹 𝑢
1 = 1; 𝐹 𝑢

2 = 𝑧;
𝐹 𝑣

1 = 1; 𝐹 𝑣
2 = 𝑧;

𝐹 𝑤
1 = 1; 𝐹 𝑤

2 = 0.
(2.37)

Figure 2.8: First-order Shear Deformation Theory.

By applying the linear geometrical equations, the strain components obtained are:

𝜀𝑥𝑥 = 𝜕𝑢
𝜕𝑥

=𝑢1,𝑥 + 𝑧 𝜙𝑦,𝑥

𝜀𝑦𝑦 = 𝜕𝑣
𝜕𝑦

=𝑣1,𝑦 − 𝑧 𝜙𝑥,𝑦

𝜀𝑥𝑦 = 𝜕𝑢
𝜕𝑦

+ 𝜕𝑣
𝜕𝑥

=𝑢1,𝑦 + 𝑧 𝜙𝑦,𝑦 + 𝑣1,𝑥 − 𝑧 𝜙𝑥,𝑥

𝜀𝑥𝑧 = 𝜕𝑢
𝜕𝑧

+ 𝜕𝑤
𝜕𝑥

=𝜙𝑦 + 𝑤1,𝑥

𝜀𝑦𝑧 = 𝜕𝑣
𝜕𝑧

+ 𝜕𝑤
𝜕𝑦

= − 𝜙𝑥 + 𝑤1,𝑦

(2.38)
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2 – Refined beam, plate, and shell theories of structures

Note that the in-plane strains vary linearly through the thickness, while the transverse
shear stresses are constant in the thickness direction. Since this model assumes the 2D
structure to be unable to stretch through the thickness, the transverse normal strain 𝜀𝑧𝑧
is absent.

2.3.3 A linear plate model
A linear model with thickness extensibility reads:

𝑢(𝑥, 𝑦, 𝑧) = 𝑢1(𝑥, 𝑦) + 𝑧 𝑢2(𝑥, 𝑦)
𝑣(𝑥, 𝑦, 𝑧) = 𝑣1(𝑥, 𝑦) + 𝑧 𝑣2(𝑥, 𝑦)

𝑤(𝑥, 𝑦, 𝑧) = 𝑤1(𝑥, 𝑦) + 𝑧 𝑤2(𝑥, 𝑦)
(2.39)

in which there exist six independent unknowns. It can be observed that the CLT and
FSDT are particular cases of this linear model. By considering Eqn. (2.5), this linear
model can be obtained by taking:

𝐹1 = 1; 𝐹2 = 𝑧. (2.40)

This linear model leads to the following set of strain components:

𝜀𝑥𝑥 = 𝜕𝑢
𝜕𝑥

=𝑢1,𝑥 + 𝑧 𝑢2,𝑥

𝜀𝑦𝑦 = 𝜕𝑣
𝜕𝑦

=𝑣1,𝑦 + 𝑧 𝑣2,𝑦

𝜀𝑥𝑦 = 𝜕𝑢
𝜕𝑦

+ 𝜕𝑣
𝜕𝑥

=𝑢1,𝑦 + 𝑧 𝑢2,𝑦 + 𝑣1,𝑥 + 𝑧 𝑣2,𝑥

𝜀𝑥𝑧 = 𝜕𝑢
𝜕𝑧

+ 𝜕𝑤
𝜕𝑥

=𝑢2 + 𝑤1,𝑥 + 𝑧 𝑤2,𝑥

𝜀𝑦𝑧 = 𝜕𝑣
𝜕𝑧

+ 𝜕𝑤
𝜕𝑦

=𝑣2 + 𝑤1,𝑦 + 𝑧 𝑤2,𝑦

𝜀𝑧𝑧 = 𝜕𝑤
𝜕𝑧

=𝑤2

(2.41)

which means that in terms of through-thickness variation, the in-plane and transverse
shear strains are linear, and the transverse normal strain is constant. Also, the newly
introduced unknown 𝑤2 signifies the stretching gradient of the thickness.

CPT, FSDT, and linear plate theories suffer from the Poisson locking phenomenon
(also known as thickness locking) which can be contrasted by using modified elastic
coefficients. Detailed discussion on this topic can be found in [59].

2.3.4 Higher-order plate models using Taylor Expansions (TE)
In the above discussion on several models, the gradual refinement of plate models

through enriching the thickness functions has been demonstrated. Further refined the-
ories can be formulated by substituting Taylor series into Eqn. (2.5), which means the
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adoption of the following thickness functions:

𝐹1 = 1, 𝐹2 = 𝑧1, … , 𝐹𝜏 = 𝑧𝜏−1,… (2.42)

This type of thickness-functions is denoted as Taylor Expansions (TE), and TE𝑛 repre-
sents thickness functions adopting the full series of Taylor series from the 0-th order
to the 𝑛-th order. The higher-order thickness functions improve the deformation capa-
bilities of the cross-section (see Fig. 2.5). About the interpretation of model unknowns,
one can refer to Section 2.2.4. TE-type theories are most widely adopted due to their
inherent simplicity. Reddy’s third-order plate theory [190, 189] is a successful example.

2.3.5 Plate models using trigonometric, hyperbolic, and expo-
nential series

Trigonometric series together with a constant term form the following set of thick-
ness functions [60]:

𝐹1 = 1, 𝐹2 = sin(𝜋𝑧
ℎ

), 𝐹3 = cos(𝜋𝑧
ℎ

), 𝐹4 = sin(2𝜋𝑧
ℎ

), 𝐹5 = cos(2𝜋𝑧
ℎ

), ⋯
(2.43)

where ℎ is the plate thickness.
Thickness functions based on hyperbolic series can be taken as:

𝐹1 = 1, 𝐹2 = sinh(𝜋𝑧
ℎ

), 𝐹3 = cosh(𝜋𝑧
ℎ

), 𝐹4 = sinh(2𝜋𝑧
ℎ

), 𝐹5 = cosh(2𝜋𝑧
ℎ

), ⋯
(2.44)

Exponential expansions can be employed through [43, 60]:

𝐹1 = 1, 𝐹2 = 𝑒( 𝑧
ℎ ), 𝐹3 = 𝑒( 2𝑧

ℎ ), 𝐹4 = 𝑒( 3𝑧
ℎ ), 𝐹5 = 𝑒( 4𝑧

ℎ ), ⋯ (2.45)

Different types of expansions can be used in combination to formulate miscella-
neous thickness functions [60, 74, 73].

2.3.6 Plate models using Lagrange Expansions (LE)
Thickness functions based on Lagrange interpolation polynomials read:

 𝐹𝜏(𝜁) =
𝑁

∏
𝑖=0,𝑖≠𝜏

𝜁 − 𝜁𝑖
𝜁𝜏 − 𝜁𝑖

  (2.46)

where 𝜁𝜏 are located at the prescribed interpolation points, and 𝜁0 = −1 and 𝜁𝑁 =
1 represent the bottom and top surfaces of the plate, respectively. The interpolation
points are usually equally distributed through the shell thickness. Bias points, such as
Chebyshev nodes, are also reported to be used by Kulikov and Plotnikova [139, 142].
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2 – Refined beam, plate, and shell theories of structures

A one-dimensional isoparametric mapping from 𝜁 ∈ [−1,1] to 𝑧 ∈ [−ℎ
2 ,

ℎ
2 ] reads:

𝑧 = 𝑧𝜏 𝐹𝜏(𝜁) (2.47)

in which 𝑧𝜏 is the coordinate of point 𝜁𝜏 in the thickness direction in the global reference
system.

In the present work, thickness functions based on Lagrange interpolation polyno-
mials are referred to as Lagrange Expansions (LE). Different from the beam case, LE𝑛
as thickness functions of plate or shell models indicates the use of 𝑛-th order Lagrange
polynomials. Similar to the beam case discussed in Section 2.2.6, unknowns in refined
plate models with LE represent the translational freedoms of a surface in parallel with
the middle surface. The resultant plate models are also classified into 3D-type models
[194].

2.3.7 Plate models using orthogonal polynomials
Legendre polynomials are widely used orthogonal polynomials. They can be em-

ployed to construct thickness functions directly by taking 𝐹𝑛 = 𝑃𝑛−1 (𝑃𝑛 indicates Leg-
endre polynomials) as follows:

𝐹1 = 1;
𝐹2 = 𝑧;

𝐹3 = 1
2

(3𝑧2 − 1);

𝐹4 = 1
2

(5𝑧3 − 3𝑧);

𝐹5 = 1
8

(35𝑧4 − 30𝑧2 + 3);

⋯

(2.48)

Alternatively, one can use Legendre polynomials defined in the natural coordinate
system 𝜁 ∈ [−1,1] by considering the following expressions of the displacements:

𝑢 = 𝐹𝑡 𝑢𝑡 + 𝐹𝑏 𝑢𝑏 + 𝐹𝑟 𝑢𝑟 = 𝐹𝑠 𝑢𝑠, 𝑠 = 𝑡, 𝑏, 𝑟 , 𝑟 = 2, ...,𝑁. (2.49)

in which the sub-indexes 𝑡 and 𝑏 indicate the top and bottom surfaces of the plate. The
thickness functions are set by utilizing:

𝐹𝑡 =
𝑃0 + 𝑃1

2
=

1 + 𝜁
2

, 𝐹𝑏 =
𝑃0 − 𝑃1

2
=

1 − 𝜁
2

, 𝐹𝑟 = 𝑃𝑟 − 𝑃𝑟−2. (2.50)

In such models, 𝑢𝑏 and 𝑢𝑡 are the translations of the top and bottom surfaces, respec-
tively. The other unknowns may not have specific physical meanings. Note that 𝐹𝑡 and
𝐹𝑏 represent a linear interpolation of displacements on the top and bottom surfaces,
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which is also reported to be used in the formulation of thick or solid shell elements
[272, 100, 227]. In a sense, Eqn. (2.49) results in a series of refined solid shell models.

Regarding the isoparametric mapping of coordinates (see Eqn. 2.47), only the lin-
ear interpolation functions (𝐹𝑡 and 𝐹𝑏 in Eqn. 2.50) will be used since there exist only
coordinates of the top and bottom surfaces in this type of models.

A third approach to include Legendre polynomials in thickness functions is to use
the one-dimensional hierarchical functions proposed by Szabó and Babuška [224] and
Szabó, Düster, and Rank [226]. This type of hierarchical functions can be treated as a
further development of Eqn. (2.49) by considering the norm of Legendre polynomials
over the interval [−1,1] (see Eqn. 2.28).

The advantages of hierarchical functions, mainly due to their orthogonality and hi-
erarchal characteristics, have been discussed exclusively by Szabó, Düster, and Rank
[226] and briefly explained in Section 2.2.7. It should be noted that some other types
of polynomials have similar properties to Legendre polynomials. A variety of other
orthogonal polynomials can be adopted to build thickness functions accordingly, in-
cluding, but not limited to, Chebyshev polynomials and Hermite polynomials.

2.4 Theories of multi-layered structures

(a) Multi-layered beams (b) Multi-layered plates

h/2

k

k+1

k-1

hk

(c) Multi-layered shells

Figure 2.9: Multi-layered structures.

Many engineering structures consist of multiple layers such as laminated beams,
plates, and shells, as shown in Fig. 2.9. The beam and plate/shell theories described
in the previous sections in this chapter can be extended to multi-layered structures
with perfect interfacial bonds in two frameworks, namely Equivalent-Single Layer (ESL)
approach and Layer-Wise (LW) approach (see Fig. 2.10).

For a unit elastic body in the 𝑘-th layer, by referring to Eqn. (2.3), the displacements
can be expressed as:

𝑢𝑘 = 𝐹𝜏
𝑘 𝑢(𝑘)

𝜏 (2.51)

where for ESL models 𝑢(𝑘)
𝜏 = 𝑢𝜏, for LW models 𝑢(𝑘)

𝜏 = 𝑢𝑘
𝜏 . The key difference between
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2 – Refined beam, plate, and shell theories of structures

(a) Equivalent Single-Layer (ESL) (b) Layer-Wise (LW)

Figure 2.10: Two types of models for multi-layered structures.

ESL and LW approach lies in the construction of cross-section functions 𝐹𝜏
𝑘, which

leads to the difference regarding the form of 𝑢𝜏.

2.4.1 Equivalent-Single Layer (ESL) approach
In the ESL approach, 𝐹𝜏 are defined on the whole cross-sectional domain of the

multi-layered structure, as demonstrated by Fig. 2.10a.  The main feature of ESL is that
the cross-section is treated as a single domain in which the cross-section functions 𝐹𝜏
are defined, and the stresses are calculated by considering the resultant strains in each
layer in displacement-based models. All the above-introduced theories of structures can
be used in ESL approach.

Due to the heterogeneity of multi-layered structures, ESLmodels lead to continuous
transverse strains through the thickness and discontinuous transverse stresses at layer
interfaces. Given such a defect, ESLmodels are still most widely used due to their intrin-
sic simplicity and fairly good performance in modeling many slender and thin-walled
structures.

To improve the interfacial continuity of transverse stresses, Murakami [166] sug-
gested a zig-zag function that reads:

𝐹 𝑘
𝑍(𝑧) = (−1)𝑘𝜁𝑘 (2.52)

where 𝜁𝑘 = 2𝑧𝑘/ℎ𝑘 is the non-dimensional thickness coordinate in the 𝑘th layer, and
ℎ𝑘 the layer thickness. In Eqn. (2.52), the subscript 𝑍 signifies the zig-zag term. This
zig-zag function can be appended to the expansions of refined ESL models to further
improve the solution accuracy.

2.4.2 Layer-Wise (LW) approach
In the LW approach, the displacement field in each layer is individually assumed

(see Fig. 2.10b), and 𝐹𝜏
𝑘 are usually defined in the natural coordinate system and will

be mapped to the cross-section of the 𝑘-th layer. To impose the interfacial continuity of
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2.4 – Theories of multi-layered structures

displacements, the following constraints are necessary:

𝑢𝑘
𝑡 = 𝑢𝑘+1

𝑏 𝑘 = 1,⋯ ,𝑁𝑙 − 1. (2.53)

in which the subscripts 𝑡 and 𝑏 represent the top and bottom surfaces of the 𝑘-th layer,
and 𝑁𝑙 the total number of layers. In fact, if 𝑢𝑘

𝑡 and 𝑢𝑘
𝑏 are also unknowns of the model,

namely, 𝑢𝑘
𝜏 in Eqn. (2.51), the enforcement of the interfacial displacement continuity will

become convenient. In Sections 2.2.6 and 2.3.6, it has been explained that in models with
LE, the unknowns represent the translational displacements. Thus, LE can be applied to
construct LW models conveniently. The hierarchical functions (see Sections 2.2.7 and
2.3.7) also suit the LW approach. Also, in the construction of plate and shell models,
by replacing the first two terms with linear interpolation functions for the top and bot-
tom surfaces of a layer (see Eqn. 2.50), some orthogonal polynomials such as Legendre,
Chebyshev, and Hermite polynomials can also be used in the LW approach. In a sense,
LW models have multiple reference surfaces but ESL models have only one. The ex-
istence of these physical interfaces facilitates the modeling of piezoelectric layers and
patches. Such applications will be discussed in Chapters 10 in Part III.

In structural analyses, when the displacement field is obtained, the strains and stresses
can be calculated subsequently in each layer. In LWmodels, the interlaminar continuity
of transverse stresses are not guaranteed but can be numerically approached by refin-
ing the thickness functions [60]. Empirically, for linear mechanical analyses of multi-
layered plates and shells with a wide range of span-to-thickness ratio, fourth-order
polynomials in each layer can lead to continuous transverse stresses through the thick-
ness [60]. Sufficiently refined LW models are capable of giving accurate 3D solutions.
LW models are also classified into the 3D category [194].

For multi-layered beams, Eqn. (2.51) can be written into:

𝑢𝑘(𝑥, 𝑦, 𝑧) = 𝑢𝜏(𝑦) 𝐹𝜏
𝑘(𝑥, 𝑧) (2.54)

in which𝐹𝜏
𝑘(𝑥, 𝑧) aremapped from𝐹𝜏(𝜉, 𝜁), which are defined in the natural coordinate

system. This relation can be represented by:

𝐹𝜏
𝑘(𝜉, 𝜁) → 𝐹𝜏

𝑘(𝑥, 𝑧) (2.55)

where (𝜉, 𝜂) ∈ [−1,1] are the coordinates in the natural reference system. The mapping
of coordinates is given by:

𝑥 = 𝑥𝜏
𝑘 𝐹𝜏

𝑘(𝜉, 𝜂)
𝑧 = 𝑧𝜏

𝑘 𝐹𝜏
𝑘(𝜉, 𝜂)

(2.56)

In the case of multi-layered plates, Eqn. (2.51) is further expressed as:

𝑢𝑘(𝑥, 𝑦, 𝑧) = 𝑢𝜏(𝑥, 𝑦) 𝐹𝜏
𝑘(𝑧) (2.57)

Accordingly, 𝐹 𝑘(𝑧) defined in the global coordinate system is obtained from 𝐹 𝑘(𝜁) de-
fined over the isoparametric domain −1 ≤ 𝜁 ≤ 1:

𝐹𝜏
𝑘(𝜁) → 𝐹𝜏

𝑘(𝑧) (2.58)
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2 – Refined beam, plate, and shell theories of structures

Similar to Eqn. (2.47), the mapping relation of coordinates in the multi-layered plates
is:

𝑧 = 𝑧𝜏
𝑘 𝐹𝜏

𝑘(𝜁) (2.59)

For multi-layered shells which are defined in the curvilinear coordinate system
(𝛼, 𝛽, 𝑧), Eqn. (2.51) becomes:

𝑢𝑘(𝛼, 𝛽, 𝑧) = 𝑢𝜏(𝛼, 𝛽) 𝐹𝜏
𝑘(𝑧) (2.60)

Eqn. (2.58) also applies to multi-layered shell models.

2.4.3 Examples of ESL and LW models
Fig. 2.11 shows examples of ESL plate models adopting TE as thickness functions for

approximations of displacements and the subsequent through-thickness distribution of
deflection, transverse normal strain and stress. Note that TE𝑛 indicates the adoption of
full Taylor series until the 𝑛th order. Fig. 2.11 demonstrates the continuity of strains and
discontinuity of interfacial stress.

o

z zz
ε

(a) TE1

o

z zz
ε

(b) TE2

o

z w

(c) TE4

Figure 2.11: Displacement-based ESL plate models with TE, through-thickness variation
of deflection and transverse normal strain and stress.

Fig. 2.12 presents examples of displacement-based plate models in which LE are
used as thickness functions uniformly in each layer. In Fig. 2.12, LE𝑛 signifies the 𝑛-th
order Lagrange polynomials. With the increase of the order of the thickness functions,
the solution accuracy can be improved gradually, and continuous transverse stresses
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variation through the thickness can be obtained. Compared to ESL models, LW models
are generally more accurate yet comparatively heavy in computation.

(a) LE1
zz
σ

o

z

(b) LE2

(c) LE4

Figure 2.12: Displacement-based LW plate models with LE, through thickness variation
of deflection and transverse normal strain and stress.
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Chapter 3

Hygro-thermo-electro-mechanical
basic equations

This section consists of the fundamental equations of the steady-state hygro-thermo-
electro-mechanical problems.

3.1 Tensor form of the basic equations
Theconsidered primary variables include displacements 𝑢𝑖, electric potential𝜙, tem-

perature increment 𝜃, and change of moisture concentration 𝑐.

3.1.1 Strain-displacement relations and gradient equations
The strain tensor 𝜀𝑖𝑗 can be obtained through the strain-displacement relations:

𝜀𝑖𝑗 = 1
2

(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖) (3.1)

The electrical field𝐸𝑖, temperature gradients 𝜗𝑖, andmoisture gradientsΥ𝑖 are given
by the following gradient equations:

𝐸𝑖 = −𝜙,𝑖 (3.2)

𝜗𝑖 = −𝜃,𝑖 (3.3)

Υ𝑖 = −𝑐,𝑖 (3.4)

where 𝑖, 𝑗 = 1,2,3.
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3 – Hygro-thermo-electro-mechanical basic equations

3.1.2 Constitutive equations
The linear constitutive relations take the following form [4, 215]:

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜖𝑘𝑙 − 𝑒𝑘𝑖𝑗𝐸𝑘 − 𝜆𝑖𝑗𝜃 − 𝜓𝑖𝑗𝑐  (3.5)

𝐷𝑖 = 𝑒𝑖𝑘𝑙𝜖𝑘𝑙 + 𝜒𝑖𝑘𝐸𝑘 + 𝑟𝑖𝜃 + 𝜄𝑖𝑐 (3.6)

𝑞𝑖 = 𝜅𝑖𝑘𝜗𝑘 + 𝜑𝑖𝑘Υ𝑘 (3.7)

ℎ𝑖 = 𝛾𝑖𝑘𝜗𝑘 + 𝜉𝑖𝑘Υ𝑘 (3.8)

wherein 𝜎𝑖𝑗 indicates the stress tensor, 𝐷𝑖 the electric displacement vector, 𝑞𝑖 the heat
flux vector, and ℎ𝑖 the moisture flux vector. In the above equations, 𝑖, 𝑗, 𝑘, 𝑙 = 1,2,3.

The related material coefficients include the elastic constants 𝐶𝑖𝑗𝑘𝑙 (Hooke’s law),
dielectric permittivity coefficients 𝜒𝑖𝑗, thermal stress coefficients 𝜆𝑖𝑗, hygroscopic stress
coefficients 𝜓𝑖𝑗, piezoelectric coefficients 𝑒𝑖𝑘𝑙, pyroelectric coefficients 𝑟𝑖, hygro-electric
coupling coefficient 𝜄𝑖, thermal-hygroscopic coupling coefficient 𝜁, thermal conductivity
coefficients 𝜅𝑖𝑘, moisture diffusivity coefficients 𝜉𝑖𝑘, moisture flux due to the thermal
gradients 𝛾𝑖𝑘 (the thermodiffusion or Soret effect), and heat flux caused by the moisture
gradients 𝜑𝑖𝑘 (Dufour effect).

Note that 𝜆𝑖𝑗 and 𝜓𝑖𝑗 can be considered as:

𝜆𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙 𝛼𝑘𝑙 (3.9)

𝜓𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙 𝛽𝑘𝑙 (3.10)

where 𝛼𝑘𝑙 and 𝛽𝑘𝑙 are the thermal and hygroscopic expansion coefficients, respectively.

3.1.3 Equilibrium and conservation equations
The equilibrium equations take the following form when body forces are absent:

𝜎𝑖𝑗,𝑗 = 0 (3.11)

In the absence of free charge, internal heat source, and internal moisture source, the
conservation equations read:

𝐷𝑖,𝑖 = 0 (3.12)

𝑞𝑖,𝑖 = 0 (3.13)

ℎ𝑖,𝑖 = 0 (3.14)

which represent the conservation of charge (Gauss’s law), heat conduction equation
(Fourier’s law), and moisture diffusion equation (Fick’s law), separately.
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3.1.4 Boundary conditions
The boundary conditions on the external surfaces of the elastic body are:

𝑢𝑖 = 𝑢𝑖 on Γ𝑢,   𝜙 = 𝜙 on Γ𝜙,

𝜃 = 𝜃 on Γ𝜃,    𝑐 = 𝑐 on Γ𝑐.
(3.15)

𝜎𝑖𝑗 𝑛𝑗 = 𝑝𝑖 on Γ𝑝, −𝐷𝑖 𝑛𝑖 = 𝐷𝑛 on Γ𝐷,

−𝑞𝑖 𝑛𝑖 = 𝑞𝑛 on Γ𝑞, −ℎ𝑖 𝑛𝑖 = ℎ𝑛 on Γℎ.
(3.16)

in which 𝑛𝑖 is the outward unit normal vector of the bounding surface, 𝑢𝑖, 𝜙, 𝜃, and
𝑐 are the essential boundary conditions, and 𝑝𝑖, 𝐷𝑛, 𝑞𝑛, and ℎ𝑛 the natural boundary
conditions. The overbar symbol ( ̄ ) denotes prescribed values.

3.1.5 Free energy density
Based on the above governing equations, the free energy density 𝐺 for static cases

can be written into:

𝐺 =1
2

𝐶𝑖𝑗𝑘𝑙𝜀𝑖𝑗𝜀𝑘𝑙 − 1
2

𝜒𝑖𝑘𝐸𝑖𝐸𝑘 − 1
2

𝜅𝑖𝑘𝜗𝑖𝜗𝑘 − 1
2

𝜉𝑖𝑘Υ𝑖Υ𝑘 − 𝑒𝑖𝑘𝑙𝐸𝑖𝜀𝑘𝑙 − 1
2

𝜄𝑖𝐸𝑖𝑐 − 1
2

𝑟𝑖𝐸𝑖𝜃

−1
2

𝛾𝑖𝑘𝜗𝑘Υ𝑖 − 1
2

𝜑𝑖𝑘𝜗𝑖Υ𝑘 − 1
2

Ψ𝑖𝑗𝜀𝑖𝑗𝑐 − 1
2

𝜆𝑖𝑗𝜀𝑖𝑗𝜃
(3.17)

3.2 Matrix formof the basic equations for beam, plate,
and shell models

Beam and plate models without curvatures are defined in the Cartesian coordinate
system (𝑥, 𝑦, 𝑧), see Figs. 2.9a and 2.9b. Doubly curved shells with uniform thickness
can be described in the orthogonal curvilinear system (𝛼, 𝛽, 𝑧), see Fig. 2.9c.

3.2.1 Strain-displacement relations
Beams and plates

Therelation between the engineering strain vector 𝜀 and displacement vector 𝑢(𝑥, 𝑦, 𝑧) =
{𝑢, 𝑣,𝑤}⊤ reads:

𝜀 = b 𝑢 (3.18)

in which the strain vector is arranged as:

𝜀(𝑥, 𝑦, 𝑧) = {𝜀𝑥𝑥, 𝜀𝑦𝑦, 𝜀𝑧𝑧, 𝜀𝑦𝑧, 𝜀𝑥𝑧, 𝜀𝑥𝑦}⊤ (3.19)

37



3 – Hygro-thermo-electro-mechanical basic equations

For beams and plates, the strain-displacement relations for 3D continuum bodies
can be directly used, which means:

b =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜕
𝜕𝑥 0 0
0 𝜕

𝜕𝑦 0
0 0 𝜕

𝜕𝑧
0 𝜕

𝜕𝑧
𝜕

𝜕𝑦
𝜕

𝜕𝑧 0 𝜕
𝜕𝑥

𝜕
𝜕𝑦

𝜕
𝜕𝑥 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.20)

Doubly curved shells

Figure 3.1: Geometry of doubly curved shells.

Geometric properties of shells are comparatively complicated than flat plates. Fig. 3.1
shows a differential element of a shell [194], in which 𝛼 and 𝛽 indicate the lines of cur-
vature on the middle surface and 𝑧 the thickness direction. The infinitesimal area 𝑑𝑆
parallel to the middle surface at 𝑧 is:

 𝑑𝑆 =  𝐻𝛼 𝐻𝛽 𝑑𝛼 𝑑𝛽 = 𝐻𝛼 𝐻𝛽 𝑑Ω (3.21)

in which 𝑑Ω is the infinitesimal area on the middle surface of the shell. An elemental
volume 𝑑𝑉 is given by:

 𝑑𝑉 =  𝐻𝛼 𝐻𝛽 𝐻𝑧 𝑑𝛼 𝑑𝛽 𝑑𝑧 .  (3.22)

For shells with constant radii of curvature, the metric coefficients 𝐻𝛼, 𝐻𝛽, and 𝐻𝑧 read:

𝐻𝛼 = (1 + 𝑧/𝑅𝛼), 𝐻𝛽 = (1 + 𝑧/𝑅𝛽), 𝐻𝑧 = 1 . (3.23)
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where 𝑅𝛼 and 𝑅𝛽 are the principal radii of curvature of the middle surface. For more
details about shell theories, the reader is referred to [145, 194].

For doubly curved shells, corresponding to the displacement vector 𝑢(𝛼, 𝛽, 𝑧) =
{𝑢, 𝑣,𝑤}⊤, the strain vector is arranged as follows:

𝜀(𝛼, 𝛽, 𝑧) = {𝜀𝛼𝛼, 𝜀𝛽𝛽, 𝜀𝑧𝑧, 𝜀𝛽𝑧, 𝜀𝛼𝑧, 𝜀𝛼𝛽}⊤ (3.24)

and the differential operators matrix b becomes:

b =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜕𝛼
𝐻𝛼

0 1
𝐻𝛼𝑅𝛼

0 𝜕𝛽
𝐻𝛽

1
𝐻𝛽𝑅𝛽

0 0 𝜕𝑧

0 𝜕𝑧 − 1
𝐻𝛽𝑅𝛽

𝜕𝛽
𝐻𝛽

𝜕𝑧 − 1
𝐻𝛼𝑅𝛼

0 𝜕𝛼
𝐻𝛼

𝜕𝛽
𝐻𝛽

𝜕𝛼
𝐻𝛼

0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.25)

Note that when 𝐻𝛼 = 𝐻𝛽 = 1 (𝑅𝛼 → ∞, 𝑅𝛽 → ∞), a shell becomes a plate which
is flat in geometry.

3.2.2 Gradient equations
The electric field vector 𝐸, temperature gradient vector 𝜗, and moisture gradient

vector Υ can be obtained through:

𝐸 = −∇𝜙 (3.26)

𝜗 = −∇ 𝜃 (3.27)

Υ = −∇ 𝑐 (3.28)

where ∇ is the gradient operator vector.
For beams and plates, ∇ reads:

∇ = {𝜕𝑥, 𝜕𝑦, 𝜕𝑧}⊤ (3.29)

For doubly curved shells, ∇ takes the following form:

∇ = {
𝜕𝛼
𝐻𝛼

,
𝜕𝛽

𝐻𝛽
, 𝜕𝑧}⊤ (3.30)
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3 – Hygro-thermo-electro-mechanical basic equations

3.2.3 Constitutive equations
For a homogeneous medium, the linear constitutive relations in matrix form read:

𝜎 = 𝐶𝜀 − 𝑒⊤𝐸 − 𝜆⊤𝜃 − 𝜓⊤𝑐 (3.31)

𝐷 = 𝑒𝜀 + 𝜒𝐸 + 𝑟⊤𝜃 + 𝜄⊤𝑐 (3.32)

𝑞 = 𝜅𝜗 + 𝜑Υ (3.33)

ℎ = 𝛾𝜗 + 𝜉Υ (3.34)

wherein 𝜎 is the stress vector,𝐷 the electric displacements vector, 𝑞 the heat flux vector,
and ℎ the moisture vector.

For straight beams and plates, the stress vector reads:

𝜎(𝑥, 𝑦, 𝑧) = {𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑧𝑧, 𝜎𝑦𝑧, 𝜎𝑥𝑧, 𝜎𝑥𝑦}⊤ (3.35)

For shells with double curvatures, 𝜎 is arranged as:

𝜎(𝛼, 𝛽, 𝑧) = {𝜎𝛼𝛼, 𝜎𝛽𝛽, 𝜎𝑧𝑧, 𝜎𝛽𝑧, 𝜎𝛼𝑧, 𝜎𝛼𝛽}⊤ (3.36)

The orthotropic material properties and some multi-field coupling effects are briefly
discussed in this section. Detailed discussion on the Dufour and Soret effects can be
found in the literature such as [213, 231, 229, 130, 214].

Elastic constants of orthotropic materials

In orthotropicmaterials, there exist three orthogonal planes of symmetry. In thema-
terial coordinate system (1,2,3), the material coefficients matrix 𝐶𝑚 takes the following
form:

𝐶𝑚 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝐶11 𝐶12 𝐶13 0 0 0
𝐶21 𝐶22 𝐶23 0 0 0
𝐶31 𝐶32 𝐶33 0 0 0
0 0 0 𝐶44 0 0
0 0 0 0 𝐶55 0
0 0 0 0 0 𝐶66

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.37)

which is characterized by nine independent material constants, namely the Young’s
moduli (𝐸1, 𝐸2, 𝐸3), the shear moduli (𝐺23, 𝐺13, 𝐺12), and the Poisson ratios (𝜈12, 𝜈13,
𝜈23). For more details, one is referred to the work of Reddy [194].
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3.2 – Matrix form of the basic equations for beam, plate, and shell models

Heat conduction and thermal expansions

The heat conduction coefficients matrix 𝜅𝑚 in the material coordinates reads:

𝜅𝑚 =
⎡
⎢
⎢
⎣

𝜅11 0 0
0 𝜅22 0
0 0 𝜅33

⎤
⎥
⎥
⎦

(3.38)

Temperature increase causes the structure to expand and results in the change of
stresses. This effect is captured by the thermal stress coefficients vector 𝜆. Expressed in
the material coordinate system (1,2,3), 𝜆𝑚 has the following relation with the thermal
expansion coefficients 𝛼𝑚:

𝜆𝑚 = 𝐶𝑚 𝛼𝑚 (3.39)

wherein:
𝛼𝑚 = {𝛼1 𝛼2 𝛼0 0 0 0}

⊤ (3.40)

Moisture diffusion and hygroscopic expansions

The material moisture diffusivity matrix 𝜉𝑚 takes the following form:

𝜉𝑚 =
⎡
⎢
⎢
⎣

𝜉11 0 0
0 𝜉22 0
0 0 𝜉33

⎤
⎥
⎥
⎦

(3.41)

Moisture concentration increment also leads to mechanical expansions and subse-
quent hygroscopic stresses. Similar to the thermal case, the hygroscopic stress coeffi-
cients vector 𝜓𝑚 is related to the hygroscopic expansions coefficients vector 𝛽 through:

𝜓𝑚 = 𝐶𝑚 𝛽𝑚 (3.42)

where
𝛽𝑚 = {𝛽1 𝛽2 𝛽0 0 0 0}

⊤ (3.43)

Piezoelectric properties

Piezoelectric effects are the results of the interaction between the mechanical defor-
mation and the electrical field. The direct effect refers to the process that the electrical
field causes mechanical straining, and the reverse effect features the generation of elec-
tric charge due to deformation. As summarized by Nye [172] and Ikeda [112], different
crystal classes possess different symmetric features in the piezoelectric coefficients ma-
trix.
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3 – Hygro-thermo-electro-mechanical basic equations

PZT (lead zirconate titanate) is a type of widely adopted piezoelectric ceramic ma-
terials. When a PZT component is poled in the third axis direction, its dielectric per-
mittivity matrix 𝜒𝑚 is:

𝜒𝑚 =
⎡
⎢
⎢
⎣

𝜒11 0 0
0 𝜒22 0
0 0 𝜒33

⎤
⎥
⎥
⎦

(3.44)

and the piezoelectric coefficients matrix 𝑒𝑚 takes the following form:

𝑒𝑚 =
⎡
⎢
⎢
⎣

0 0 0 0 𝑒15 0
0 0 0 𝑒24 0 0

𝑒31 𝑒32 𝑒33 0 0 0

⎤
⎥
⎥
⎦

(3.45)

Depending on the poling direction, piezoelectric components work in various de-
formation modes. Figs. 3.2a and 3.2a demonstrate the extension and shear actuation
mechanisms of piezoelectric patches.

(a) Extension actuation mechanism (b) Shear actuation mechanism

Figure 3.2: Actuation mechanisms of piezoelectric components.

Thermo-electric and hygro-electric properties

Pyroelectricity refers to the effect that some material can generate voltage with the
change of temperature. The pyroelectric coefficient vector 𝑟𝑚 reads:

𝑟𝑚 = [0 0 𝑟3] (3.46)

The hygro-electric coupling effect is not often considered. When necessary, in anal-
ogy to the pyroelectric coefficients, the hygro-electric coefficient vector 𝜄𝑚 can be set
as:

𝜄𝑚 = [0 0 𝜄3] (3.47)
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3.2 – Matrix form of the basic equations for beam, plate, and shell models

Transformation of material coefficient matrices

The above introduced material coefficients are defined in the material coordinate
system (1,2,3). For structural analyses conducted in either Cartesian or curvilinear co-
ordinate systems, the material matrices need to be transformed according to the orien-
tation of the structure.

A global Cartesian reference system (𝑥, 𝑦, 𝑧) is taken as an example.The coordinates
in the global system and those in the material system have the following relations:

⎧⎪
⎨
⎪⎩

1
2
3

⎫⎪
⎬
⎪⎭

=
⎡
⎢
⎢
⎣

𝑙1 𝑚1 𝑛1
𝑙2 𝑚2 𝑛2
𝑙3 𝑚3 𝑛3

⎤
⎥
⎥
⎦

⎧⎪
⎨
⎪⎩

𝑥
𝑦
𝑧

⎫⎪
⎬
⎪⎭

= 𝐿
⎧⎪
⎨
⎪⎩

𝑥
𝑦
𝑧

⎫⎪
⎬
⎪⎭

(3.48)

⎧⎪
⎨
⎪⎩

𝑥
𝑦
𝑧

⎫⎪
⎬
⎪⎭

=
⎡
⎢
⎢
⎣

𝑎1 𝑏1 𝑐1
𝑎2 𝑏2 𝑐2
𝑎3 𝑏3 𝑐3

⎤
⎥
⎥
⎦

⎧⎪
⎨
⎪⎩

1
2
3

⎫⎪
⎬
⎪⎭

= 𝑅
⎧⎪
⎨
⎪⎩

1
2
3

⎫⎪
⎬
⎪⎭

(3.49)

where 𝑙1,𝑚1, 𝑛1 are the direction cosines of 𝑥 axis in the material coordinate system,
𝑙2,𝑚2, 𝑛2 the direction cosines of 𝑦 axis, and 𝑙3,𝑚3, 𝑛3 the direction cosines of 𝑧 axis.
𝑅 is the rotation matrix from coordinates (1,2,3) to (𝑥, 𝑦, 𝑧) that can be obtained by
considering the Euler rotation angles (also see [264]), and:

𝑅 = 𝐿−1 = 𝐿⊤ (3.50)

The relation between stresses 𝜎 in the global coordinate system and those in the
material coordinate system 𝜎𝑚 reads:

[𝜎] = 𝑅 [𝜎𝑚] 𝑅⊤ (3.51)

in which:

[𝜎𝑚] =
⎡
⎢
⎢
⎣

𝜎11 𝜎12 𝜎13
𝜎12 𝜎22 𝜎23
𝜎13 𝜎23 𝜎33

⎤
⎥
⎥
⎦

; [𝜎] =
⎡
⎢
⎢
⎣

𝜎𝑥𝑥 𝜎𝑥𝑦 𝜎𝑥𝑧
𝜎𝑥𝑦 𝜎𝑦𝑦 𝜎𝑦𝑧
𝜎𝑥𝑧 𝜎𝑦𝑧 𝜎𝑧𝑧

⎤
⎥
⎥
⎦

(3.52)

By considering Eqn. (3.50) and rearranging the stress components in a vector form,
the following expression can be obtained:

⎧⎪
⎪
⎪
⎨
⎪
⎪
⎪⎩

𝜎𝑥𝑥
𝜎𝑦𝑦
𝜎𝑧𝑧
𝜎𝑦𝑧
𝜎𝑥𝑧
𝜎𝑥𝑦

⎫⎪
⎪
⎪
⎬
⎪
⎪
⎪⎭

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑎2
1 𝑏2

1 𝑐2
1 2𝑏1𝑐1 2𝑎1𝑐1 2𝑎1𝑏1

𝑎2
2 𝑏2

2 𝑐2
2 2𝑏2𝑐2 2𝑎2𝑐2 2𝑎2𝑏2

𝑎2
3 𝑏2

3 𝑐2
3 2𝑏3𝑐3 2𝑎3𝑐3 2𝑎3𝑏3

𝑎2𝑎3 𝑏2𝑏3 𝑐2𝑐3 𝑏2𝑐3 + 𝑏3𝑐2 𝑎2𝑐3 + 𝑎3𝑐2 𝑎2𝑏3 + 𝑎3𝑏2
𝑎1𝑎3 𝑏1𝑏3 𝑐1𝑐3 𝑏1𝑐3 + 𝑏3𝑐1 𝑎1𝑐3 + 𝑎3𝑐1 𝑎1𝑏3 + 𝑎3𝑏1
𝑎1𝑎2 𝑏1𝑏2 𝑐1𝑐2 𝑏1𝑐2 + 𝑏2𝑐1 𝑎1𝑐2 + 𝑎2𝑐1 𝑎1𝑏2 + 𝑎2𝑏1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎧⎪
⎪
⎪
⎨
⎪
⎪
⎪⎩

𝜎11
𝜎22
𝜎33
𝜎23
𝜎13
𝜎12

⎫⎪
⎪
⎪
⎬
⎪
⎪
⎪⎭

(3.53)

which in an alternative compact form reads:

𝜎 = 𝑇 𝜎𝑚 (3.54)
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3 – Hygro-thermo-electro-mechanical basic equations

Similarly, one has:
𝜀𝑚 = 𝑇⊤ 𝜀 (3.55)

By considering:
𝜎 = 𝑇 𝜎𝑚 = 𝑇 𝐶𝑚 𝜀𝑚 = 𝑇 𝐶𝑚 𝑇⊤ 𝜀 = 𝐶 𝜀 (3.56)

the transformation of elastic constants can be obtained as:

𝐶 = 𝑇 𝐶𝑚 𝑇⊤ (3.57)

and a tensor form of which can be found in the work of Reddy [194].
The transformation of the othermaterial coefficientmatrices can be conducted through:

𝐻 = Λ 𝐻𝑚 Λ⊤ (3.58)

in which:

Λ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑇
𝑅 0

1
1

0 𝑅
𝑅

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.59)

𝐻 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝐶 −𝑒⊤ −𝜆⊤ −𝜓⊤ 0 0
−𝑒 −𝜒 −𝑟⊤ −𝜄⊤ 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 −𝜅 −𝜑
0 0 0 0 −𝛾 −𝜉

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.60)

and one obtains:
𝜒 = 𝑅 𝜒𝑚 𝑅⊤ (3.61)

𝑒 = 𝑅 𝑒𝑚 𝑇⊤ (3.62)

𝜆 = 𝜆𝑚 𝑇⊤ (3.63)

𝜓 = 𝜓𝑚 𝑇⊤ (3.64)

𝑟 = 𝑟𝑚 𝑅⊤ (3.65)

𝜄 = 𝜄𝑚 𝑅⊤ (3.66)

𝜅 = 𝑅 𝜅𝑚 𝑅⊤ (3.67)

𝜉 = 𝑅 𝜉𝑚 𝑅⊤ (3.68)

𝛼 = 𝑅 𝛼𝑚 𝑅⊤ (3.69)

𝛽 = 𝑅 𝛽𝑚 𝑅⊤ (3.70)
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Another application of Eqns. (3.61) and (3.62) is to obtain piezoelectric properties
in different poling direction cases. When the poling direction is 1, 𝜒𝑚 and 𝑒𝑚 can be
obtained by transforming their forms in the third-direction poling case (see Enqs. 3.44
and 3.45) considering a 90∘ rotation around th second axis, and consequently:

𝜒𝑚 =
⎡
⎢
⎢
⎣

𝜒33 0 0
0 𝜒22 0
0 0 𝜒11

⎤
⎥
⎥
⎦

(3.71)

𝑒𝑚 =
⎡
⎢
⎢
⎣

𝑒33 𝑒32 𝑒31 0 0 0
0 0 0 0 0 𝑒24
0 0 0 0 𝑒15 0

⎤
⎥
⎥
⎦

(3.72)

If the polarization direction is along the secondmaterial coordinate, 𝜒𝑚 and 𝑒𝑚 read,
respectively:

𝜒𝑚 =
⎡
⎢
⎢
⎣

𝜒11 0 0
0 𝜒33 0
0 0 𝜒22

⎤
⎥
⎥
⎦

(3.73)

𝑒𝑚 =
⎡
⎢
⎢
⎣

0 0 0 0 0 𝑒15
𝑒31 𝑒33 𝑒32 0 0 0
0 0 0 𝑒24 0 0

⎤
⎥
⎥
⎦

(3.74)

Discussion on the transformation of the piezoelectric coefficients was also reported
by Benjeddou, Trindade, and Ohayon [23], Vel and Batra [245], and Kapuria and Hage-
dorn [126]. The tensor form of the transformation matrices is stated by Kpeky et al.
[138].

The above-introduced transformationmethods can be directly applied to shell cases.

3.2.4 Equilibrium and conservation equations
The equilibrium and conservation equations discussed in Section 3.1.3 can be writ-

ten into a matrix form as follows:
b⊤ 𝜎 = 0 (3.75)

∇⊤ 𝐷 = 0 (3.76)

∇⊤ 𝑞 = 0 (3.77)

∇⊤ ℎ = 0 (3.78)

3.2.5 Boundary conditions
The displacement boundary conditions read:

𝑢 = 𝑢𝑖 on Γ𝑢 (3.79)
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Theexpressions of the electric potential, temperature, andmoisture concentration bound-
ary conditions remain the same as in Eqn. (3.15).

The traction boundary conditions 𝜎 can be expressed as:

[𝜎] 𝑛 = 𝑝 on Γ𝑝 (3.80)

where 𝑛 = {𝑙,𝑚, 𝑛}⊤ is the direction cosine vector of the external normal of boundary
Γ𝑝, and [𝜎] takes the form as shown in Eqn. (3.52). Alternatively, Eqn. (3.80) can be
written into:

G⊤ 𝜎 = 𝑝 on Γ𝑝 (3.81)

in which

G =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑙 0 0
0 𝑚 0
0 0 𝑛
0 𝑛 𝑚
𝑛 0 𝑙
𝑚 𝑙 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3.82)

The boundary conditions of electric displacements, heat flux, and moisture flux are:

−𝑛⊤ 𝐷 = 𝐷𝑛 on Γ𝐷,

−𝑛⊤ 𝑞 = 𝑞𝑛 on Γ𝑞,

−𝑛⊤ ℎ = ℎ𝑛 on Γℎ.

(3.83)

3.2.6 Free energy density
In the matrix form, the free energy density 𝐺 for steady-state cases reads:

𝐺 = 1
2

(𝜎⊤𝜀 − 𝐷⊤𝐸 − 𝑞⊤𝜗 − ℎ⊤Υ) (3.84)
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Chapter 4

Variable kinematic finite element
formulations

Thedisplacements for multi-layered structures are expressed as in Eqn. (2.51).When
finite element (FE) discretization is introduced, shape functions 𝑁𝑖 are used to approx-
imate 𝑢𝜏, and one obtains the following displacements of an elastic body in layer 𝑘:

𝑢𝑘 = 𝑁𝑖 𝐹 𝑘
𝜏 𝑢𝑖𝜏 𝜏 = 1,⋯ ,𝑚; 𝑖 = 1,⋯ , 𝑛𝑁 (4.1)

where 𝑢𝑖𝜏 are the unknowns to be calculated. Note that the superscript 𝑘 indicates the
𝑘th layer in the laminated structure rather than a power of 𝐹𝜏.

By looking into Eqn. (4.1), it can be summarized that the mathematical refinement
of FE models includes the following aspects:

1. The basis functions on the cross-section (𝐹𝜏 and 𝑚);

2. The basis functions on the beam axis or the plate/shell in-plane domain (𝑁𝑖 and
𝑛𝑁);

3. The coupling of 𝑁𝑖 and 𝐹𝜏.

In the CUF framework, both the refinement of cross-section functions 𝐹𝜏 and the
enhancement of shape functions 𝑁𝑖 can be carried out conveniently by considering the
compact expression of the weak-form governing equations as in Section 4.4. The cou-
pling of 𝑁𝑖 and 𝐹𝜏 result in Node-Dependent Kinematics (NDK), which can be exploited
to construct FE models with variable nodal capabilities. These features lead to a broad
spectrum of FE models on the given FE meshes.

4.1 Variable kinematic assumptions
Various kinematic models have been introduced in Chapter 2 for straight beams,

plates, and doubly curved shells. In the CUF framework, these three types of models can
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be implemented in a unified manner. Moreover, the mathematical refinement degree
can be increased till the requirements for solution accuracy are satisfied. A practical
approach is illustrated as follows:

∣
𝑢𝑀 − 𝑢𝑀−1

𝑢𝑀
∣ ×100% ≤ 𝛿 (4.2)

where 𝑢 is the concerned displacement component,𝑀 the order of𝐹𝜏, and 𝛿 a prescribed
error threshold of convergence. When required, 𝑢 can also be replaced by a component
of stress 𝜎 or strain 𝜀 in the above equation. For multi-layered structures, regarding the
numerical convergence, in general:

• Stresses are more critical than displacements since they are calculated from the
derivatives of displacements;

• Transverse stresses are more critical than the axial/in-plane stresses, and they
need to satisfy the stress-free natural boundary conditions on the top and bottom
surfaces and the interfacial connectivity conditions.

Section 2.4.3 illustrates the improvement of solutions with the gradual refinement
of the kinematic assumptions. In numerical analyses, to obtain results with the desired
accuracy often requires a convergence study. Besides the ℎ-version and 𝑝-version re-
finement, CUF provides a practical framework to carry out another dimension of model
enrichment, which is the kinematic refinement through variable kinematics.

4.2 Various finite element shape functions
The Lagrange interpolation polynomials (see Sections. 2.2.6 and 2.3.6) and orthogo-

nal polynomials (see Sections. 2.2.7 and 2.3.7) can be used to build FE shape functions.

4.2.1 1D shape functions for beam elements
For 1D elements, the most widely adopted shape functions are based on the La-

grange polynomials (see Section 2.2.6). In Eqn. (2.46), by simply replacing 𝐹𝜏 with 𝑁𝑖
and 𝜁 with 𝜂, and considering the following mapping relation of coordinates:

𝑦 = 𝑦𝑖 𝑁𝑖(𝜂) (4.3)

1D shape functions for beam elements can be formulated. Linear Lagrangian beam el-
ement (B2) is commonly used, yet displacement-based B2 element does not satisfy the
𝐶1 continuity requirement of EBBT models (see Eqn. 2.13).

Orthogonal polynomials introduced in Section 2.3.7 can also be employed in the
construction of 1D beam elements when the first two basis functions are replaced by
linear interpolation functions (see Eqn. 2.50).

48



4.2 – Various finite element shape functions

For the correction of shear locking phenomenon in beam elements, the Mixed In-
terpolation of Tensorial Components (MITC) technique [87, 16, 34, 17] can be extended
to beam elements. The effectiveness is reported by Carrera, Miguel, and Pagani [37].

4.2.2 2D shape functions for plate and shell elements
The construction of plate and shell shape functions is analogous to that of beam

cross-section functions, as discussed in Sections. 2.2.6 and 2.2.7.The isoparametric map-
ping for plate elements reads:

𝑥 = 𝑥𝑖 𝑁𝑖(𝜉, 𝜂)
𝑦 = 𝑦𝑖 𝑁𝑖(𝜉, 𝜂)

(4.4)

in which (𝑥𝑖, 𝑦𝑖) represent the local coordinates of FE node 𝑖. Similarly, for shell ele-
ments:

𝛼 = 𝛼𝑖 𝑁𝑖(𝜉, 𝜂)
𝛽 = 𝛽𝑖 𝑁𝑖(𝜉, 𝜂)

(4.5)

wherein (𝑥𝑖, 𝑦𝑖) are the coordinates of node 𝑖 in the curvilinear reference system. For
hierarchical 2D elements, only the functions corresponding to 𝑝 ≤ 1 will participate in
the isoparametric mapping, as explained in Section 2.2.7.

Themost broadly used elements are the quadrilateral Lagrangian elements Q4 (four-
node) and Q9 (nine-node). The even higher-order Lagrangian elements such as Q25,
Q49, and Q81, are also used by researchers [186, 7].  Other 2D shape functions include
the Hermitian [243], serendipity [8], and hierarchical elements [224, 226].

TheMITC technique can help to effectively overcome the shear andmembrane lock-
ing in plate elements and both the membrane and shear locking phenomena in shell
elements [87, 16, 34, 17, 14]. In MITC approach, a specific set of tying points together
with interpolation functions over them are designed for each kind of Lagrangian shape
functions, leading to elements such as MITC4, MITC6, MITC9, and MITC16 [17]. In the
CUF framework, the locking-free MITC9 element (nine-node Lagrangian quadrilateral
element with MITC) with refined ESL and LW kinematics was successfully applied in
the modeling of multi-layered plate [44, 94] and shell [68, 70, 69, 60] models.

The 𝑝-version shape functions have drawn considerable attention due to their hi-
erarchical characteristics and high efficiency in numerical analyses. 1D, 2D, and 3D
hierarchical functions were explained systematically by Szabó and Babuška [224] and
Szabó, Düster, and Rank [226]. Due to the hierarchical characteristics, when the polyno-
mial degree is increased from 𝑝 to 𝑝 + 1, only the newly introduced shape functions and
their resultant matrix blocks need to be added to the FE formulation, and the stiffness
matrix of lower-order elements can be reused. 𝑝-version refinement facilitates mathe-
matical enhancement on the same set of mesh grid. Hierarchical elements also provide
the convenience for geometric mapping through the blending functions [226]. More-
over, the shear and membrane locking phenomena can be eased through the 𝑝-version
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4 – Variable kinematic finite element formulations

refinement [221, 226]. An evaluation of hierarchical shell elements in the analysis of
multi-layered structures was reported in Chapter 12.

4.3 Node-Dependent Kinematics (NDK)
Carrera et al. [58] introduced the dependency of thickness functions 𝐹𝜏 on the shape

functions 𝑁𝑖 through:

𝑢𝑘 = 𝑁𝑖 𝐹 𝑖
𝜏

𝑘 𝑢(𝑘)
𝑖𝜏 𝜏 = 1,⋯ ,𝑚𝑖; 𝑖 = 1,⋯ , 𝑛𝑁 (4.6)

The difference of Eqn. (4.6) from Eqn. (4.1) is the additional superscript 𝑖, which is the
index of the “anchoring” node. The coupling between cross-section function 𝐹𝜏 and
shape functions 𝑁𝑖 introduced by Eqn. (4.6) leads to FE models with Node-Dependent
Kinematics (NDK). Through NDK, FE models can be refined locally regarding specific
shape functions, in other words, on the chosen FE nodes. Different nodal kinematics
are blended by the shape functions within the element domain. NDK approach makes it
convenient to perform a local adaptable kinematic refinement.The two-level mathemat-
ical refinements and the adjustable assignment of local kinematics can lead to an adapt-
able refinement FE approach, with which optimal numerical efficiency can be achieved
in FE numerical simulations.

4.3.1 Beam elements with NDK
Displacement field of beam elements with NDK reads:

𝑢𝑘(𝑥, 𝑦, 𝑧) = 𝑁𝑖(𝑦) 𝐹 𝑖
𝜏

𝑘(𝑥, 𝑧) 𝑢(𝑘)
𝑖𝜏 𝜏 = 1,⋯ ,𝑚𝑖; 𝑖 = 1,⋯ , 𝑛𝑁 (4.7)

As an example, Fig 4.1 presents a B4 element with individual kinematic assumptions on
each node. A kinematic transition is formed along the axial direction of the beam. Such
a transition zone can connect two regions with different levels of kinematic refinement
and facilitates rigorous local modeling.

Figure 4.1: A B4 element with node-dependent kinematics.
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4.3 – Node-Dependent Kinematics (NDK)

4.3.2 Plate and shell elements with NDK
NDK plate FE models read:

𝑢𝑘(𝑥, 𝑦, 𝑧) = 𝑁𝑖(𝑥, 𝑦) 𝐹 𝑖
𝜏

𝑘(𝑧) 𝑢(𝑘)
𝑖𝜏 𝜏 = 1,⋯ ,𝑚𝑖; 𝑖 = 1,⋯ , 𝑛𝑁 (4.8)

Correspondingly, displacements of NDK shell elements take the following form:

𝑢𝑘(𝛼, 𝛽, 𝑧) = 𝑁𝑖(𝛼, 𝛽) 𝐹 𝑖
𝜏

𝑘(𝑧) 𝑢(𝑘)
𝑖𝜏 𝜏 = 1,⋯ ,𝑚𝑖; 𝑖 = 1,⋯ , 𝑛𝑁 (4.9)

A typical application of NDK is the construction of global-local models. In the ex-
ample shown in Fig. 4.2, the four-node element possesses four different theories on its
four nodes.  A set of such elements form a kinematic transition zone Ω𝑟, which bridges
the locally refined region Ω𝛽 to the less refined outlying domain Ω𝛼.  Global-local mod-
els can be constructed conveniently without changing the meshes, and the same set of
mesh grid can be re-used to build a family of models for concurrent global-local analy-
ses, as discussed by Zappino et al. [263]. 

Figure 4.2: A FE model consists of four-node Lagrangian elements (Q4) with Node-
Dependent Kinematics (NDK).

In Lagrangian elements, each shape function has a node with specific coordinates.
Differently, in hierarchical 2D elements, only the 𝑝 = 1 basis functions (vertex modes,
see Eqn. 2.29) possess a real node. Still, each 𝑁𝑖 of the hierarchical class can have an in-
dividually defined 𝐹 𝑖

𝜏 . For hierarchical elements with NDK, the term “node” represents
the index of a shape function. In the current work, for simplicity purposes, all internal-
mode basis functions and side mode functions lying on the same edge are seperately as-
signed to the same set of cross-section functions. Such a kinematic assignment scheme
is shown in Fig. 4.3.
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4 – Variable kinematic finite element formulations

Figure 4.3: Assignment of nodal kinematics in 2D hierarchical elements.

4.4 Weak form of governing equations
In this section, the weak-form governing equations are derived in the CUF frame-

work in a compact form. The FNs of generalized stiffness matrix and load vector are
introduced, and their assembly procedure in FE models with NDK is presented.

4.4.1 Linear system of equations
For a unit volume in the 𝑘th layer, by applying the principle of virtual displacements

(PVD), one has:
𝛿𝐸𝑝 = 𝛿𝑊 (4.10)

wherein
𝛿𝐸𝑝 = ∫𝑉

(𝜎𝑘⊤𝛿𝜀𝑘 − 𝐷𝑘⊤𝛿𝐸𝑘 − 𝑞𝑘⊤𝛿𝜗𝑘 − ℎ𝑘⊤𝛿Υ𝑘)𝑑𝑉 (4.11)

𝛿𝑊 = ∫Γ
(𝛿𝑢𝑘⊤𝑝̄ + 𝛿𝜙𝑘 𝐷̄𝑛 + 𝛿𝜃𝑘 ̄𝑞𝑛 + 𝛿𝑐𝑘 ℎ̄𝑛) 𝑑Γ (4.12)

In the above equations, 𝐸𝑝 represents the potential energy, 𝑊 the external work, 𝑝 the
surface traction vector, 𝐷𝑛 the surface charge per unit area, 𝑞𝑛 the normal heat flux, and
ℎ𝑛 the normal moisture flux. In static cases, the inertial work is discarded.

The approximations of the primary variables are:

𝑢𝑘 = 𝑁𝑖 𝐹 𝑖
𝜏

𝑘𝑢(𝑘)
𝑖𝜏 , 𝛿𝑢𝑘 = 𝑁𝑗 𝐹 𝑗

𝑠
𝑘𝛿𝑢(𝑘)

𝑗𝑠 . (4.13)

𝜙𝑘 = 𝑁𝑖 𝐹 𝑖
𝜏

𝑘𝜙(𝑘)
𝑖𝜏 , 𝛿𝜙𝑘 = 𝑁𝑗 𝐹 𝑗

𝑠
𝑘𝛿𝜙(𝑘)

𝑗𝑠 . (4.14)
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𝜃𝑘 = 𝑁𝑖 𝐹 𝑖
𝜏

𝑘𝜃(𝑘)
𝑖𝜏 , 𝛿𝜃𝑘 = 𝑁𝑗 𝐹 𝑗

𝑠
𝑘𝛿𝜃(𝑘)

𝑗𝑠 . (4.15)

𝑐𝑘 = 𝑁𝑖 𝐹 𝑖
𝜏

𝑘𝑐(𝑘)
𝑖𝜏 , 𝛿𝑐𝑘 = 𝑁𝑗 𝐹 𝑗

𝑠
𝑘𝛿𝑐(𝑘)

𝑗𝑠 . (4.16)

in which for ESL models 𝑢(𝑘)
𝑖𝜏 = 𝑢𝑖𝜏, and for LWmodels 𝑢(𝑘)

𝑖𝜏 = 𝑢𝑘
𝑖𝜏. The same rule applies

to other variables. The essential boundary conditions are considered through:

𝑁𝑖 𝐹 𝑖
𝜏

𝑘 𝑢̄(𝑘)
𝑖𝜏 = 𝑢 on Γ𝑢, 𝑁𝑖 𝐹 𝑖

𝜏
𝑘 ̄𝜙(𝑘)

𝑖𝜏 = 𝜙 on Γ𝜙,

𝑁𝑖 𝐹 𝑖
𝜏

𝑘 ̄𝜃(𝑘)
𝑖𝜏 = 𝜃 on Γ𝜃, 𝑁𝑖 𝐹 𝑖

𝜏
𝑘 ̄𝑐(𝑘)

𝑖𝜏 = 𝑐 on Γ𝑐.
(4.17)

By considering the above approximations, the strain-displacement relations in Sec-
tion 3.2.1, the gradient equations in Section 3.2.2, and the constitutive relations in Sec-
tion 3.2.3, Eqn. (4.10) can be written into:

𝛿𝑢(𝑘)
𝑗𝑠

⊤
∶ 𝐾𝑢𝑢

𝑖𝑗𝜏𝑠
𝑘𝑢(𝑘)

𝑖𝜏 + 𝐾𝑢𝜙
𝑖𝑗𝜏𝑠

𝑘𝜙(𝑘)
𝑖𝜏 + 𝐾𝑢𝜃

𝑖𝑗𝜏𝑠
𝑘𝜃(𝑘)

𝑖𝜏 + 𝐾𝑢𝑐
𝑖𝑗𝜏𝑠

𝑘𝑐(𝑘)
𝑖𝜏 = 𝑃𝑢

𝑗𝑠
𝑘

𝛿𝜙(𝑘)
𝑗𝑠 ∶ 𝐾𝜙𝑢

𝑖𝑗𝜏𝑠
𝑘𝑢(𝑘)

𝑖𝜏 + 𝐾𝜙𝜙
𝑖𝑗𝜏𝑠

𝑘𝜙(𝑘)
𝑖𝜏 + 𝐾𝜙𝜃

𝑖𝑗𝜏𝑠
𝑘𝜃(𝑘)

𝑖𝜏 + 𝐾𝜙𝑐
𝑖𝑗𝜏𝑠

𝑘𝑐(𝑘)
𝑖𝜏 = 𝑃 𝜙

𝑗𝑠
𝑘

𝛿𝜃(𝑘)
𝑗𝑠 ∶ 𝐾𝜃𝜃

𝑖𝑗𝜏𝑠
𝑘𝜃(𝑘)

𝑖𝜏 + 𝐾𝜃𝑐
𝑖𝑗𝜏𝑠

𝑘𝑐(𝑘)
𝑖𝜏 = 𝑃 𝜃

𝑗𝑠
𝑘

𝛿𝑐(𝑘)
𝑗𝑠 ∶ 𝐾𝑐𝜃

𝑖𝑗𝜏𝑠
𝑘𝜃(𝑘)

𝑖𝜏 + 𝐾𝑐𝑐
𝑖𝑗𝜏𝑠

𝑘𝑐(𝑘)
𝑖𝜏 = 𝑃 𝑐

𝑗𝑠
𝑘

(4.18)

where the fundamental nuclei (FNs) of the generalized stiffness matrices are:

𝐾𝑢𝑢
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝐶𝑘(b𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.19)

𝐾𝑢𝜙
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝑒𝑘⊤(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.20)

𝐾𝜙𝑢
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝑒𝑘(b𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.21)

𝐾𝜙𝜙
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝑉 𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜒𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.22)

𝐾𝑢𝜃
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝑉 𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜆𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.23)

𝐾𝑢𝑐
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝑉 𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤Ψ𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.24)

𝐾𝜙𝜃
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝑟𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.25)

𝐾𝜙𝑐
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜄𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.26)
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𝐾𝜃𝜃
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝑉 𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜅𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.27)

𝐾𝜃𝑐
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝑉 𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜑𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.28)

𝐾𝑐𝜃
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝑉 𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝛾𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.29)

𝐾𝑐𝑐
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝑉 𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜉𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω (4.30)

External loads caused by the essential boundary conditions can be considered as:

𝑃𝑢̄
𝑗𝑠

𝑘 = −𝐾𝑢𝑢
𝑖𝑗𝜏𝑠

𝑘𝑢̄(𝑘)
𝑖𝜏 − 𝐾𝑢𝜙

𝑖𝑗𝜏𝑠
𝑘 ̄𝜙(𝑘)

𝑖𝜏 − 𝐾𝑢𝜃
𝑖𝑗𝜏𝑠

𝑘 ̄𝜃(𝑘)
𝑖𝜏 − 𝐾𝑢𝑐

𝑖𝑗𝜏𝑠
𝑘 ̄𝑐(𝑘)

𝑖𝜏 (4.31)

𝑃
̄𝜙

𝑗𝑠
𝑘

= −𝐾𝜙𝑢
𝑖𝑗𝜏𝑠

𝑘𝑢̄(𝑘)
𝑖𝜏 − 𝐾𝜙𝜙

𝑖𝑗𝜏𝑠
𝑘 ̄𝜙(𝑘)

𝑖𝜏 − 𝐾𝜙𝜃
𝑖𝑗𝜏𝑠

𝑘 ̄𝜃(𝑘)
𝑖𝜏 − 𝐾𝜙𝑐

𝑖𝑗𝜏𝑠
𝑘 ̄𝑐(𝑘)

𝑖𝜏 (4.32)

𝑃 ̄𝜃
𝑗𝑠

𝑘 = −𝐾𝜃𝜃
𝑖𝑗𝜏𝑠

𝑘 ̄𝜃(𝑘)
𝑖𝜏 − 𝐾𝜃𝑐

𝑖𝑗𝜏𝑠
𝑘 ̄𝑐(𝑘)

𝑖𝜏 (4.33)

𝑃 ̄𝑐
𝑗𝑠

𝑘 = −𝐾𝑐𝜃
𝑖𝑗𝜏𝑠

𝑘 ̄𝜃(𝑘)
𝑖𝜏 − 𝐾𝑐𝑐

𝑖𝑗𝜏𝑠
𝑘 ̄𝑐(𝑘)

𝑖𝜏 (4.34)

FNs for the loads due to natural boundary conditions read:

𝑃𝑝̄
𝑗𝑠

𝑘 = ∫Γ𝑝

𝑁𝑗𝐹𝑠𝑝̄𝑑Γ on Γ𝑝 (4.35)

𝑃 𝐷̄
𝑗𝑠

𝑘 = ∫Γ𝐷

𝑁𝑗𝐹𝑠𝐷̄𝑛𝑑Γ on Γ𝐷 (4.36)

𝑃 ̄𝑞
𝑗𝑠

𝑘 = ∫Γ𝑞

𝑁𝑗𝐹𝑠 ̄𝑞𝑛𝑑Γ on Γ𝑞 (4.37)

𝑃 ℎ̄
𝑗𝑠

𝑘 = ∫Γℎ

𝑁𝑗𝐹𝑠ℎ̄𝑛𝑑Γ on Γℎ (4.38)

Since the boundary conditions mentioned above are imposed on different external
sub-surfaces, their load vectors can be assembled separately then summed up:

𝑃𝑢 = 𝑃𝑢̄ + 𝑃𝑝̄ (4.39)

𝑃𝜙 = 𝑃 ̄𝜙 + 𝑃𝐷̄ (4.40)

𝑃𝜃 = 𝑃 ̄𝜃 + 𝑃 ̄𝑞 (4.41)

𝑃𝑐 = 𝑃 ̄𝑐 + 𝑃ℎ̄ (4.42)

To form the global linear system of equations, the generalized stiffness matrix and
load vector need to be assembled within each element, then on the whole FE model
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level. In the above discussed displacement-basedmodels, by solving the linear system of
equations, the generalized vector containing displacements and physical field variables
can be obtained. In the post-processing step, the strains and physical field gradients can
then be calculated through the strain-displacement relations and gradient equations
(see Section 3.2.2). Stress components, electric displacements, heat and moisture fluxes
are processed through the constitutive equations (see Section 3.2.3).

It should be noted that in displacement-based FE models, the equilibrium equations
(see Eqn. 3.75), stress-free natural boundary conditions, and stress continuity at domain
interfaces are not satisfied rigorously but approximately. Better satisfaction of them
can be approached through refinement of FE models. The use of FNs facilitates the
mathematical refinements on both shape functions and cross-section functions in FE
models. In the examples presented in Section 2.4.3, through the enhancement of the
cross-section approximation functions in both ESL (see Fig. 2.11) and LW (see Fig. 2.12)
models, the stress-free conditions of transverse stresses at the top and bottom surfaces
are better respected. Also, with the refinement of LW, the transverse stresses at layer
interfaces tend to be continuous, as illustrated in Fig. 2.12.

The steady-state thermal conduction and moisture diffusion are accounted for in
the presented formulations. Some particular cases include partially coupled thermo-
mechanical, hygro-mechanical, and fully coupled electro-mechanical models.

4.4.2 FNs of beam models
For straight beam modes, the FNs for stiffness matrix can be written into:

𝐾𝑢𝑢
𝑖𝑗𝜏𝑠

𝑘 = ∫𝐿 ∫Ω𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝐶𝑘(b𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.43)

𝐾𝑢𝜙
𝑖𝑗𝜏𝑠

𝑘 = ∫𝐿 ∫Ω𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝑒𝑘⊤(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.44)

𝐾𝜙𝑢
𝑖𝑗𝜏𝑠

𝑘 = ∫𝐿 ∫Ω𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝑒𝑘(b𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.45)

𝐾𝜙𝜙
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝐿 ∫Ω𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜒𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.46)

𝐾𝑢𝜃
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝐿 ∫Ω𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜆𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.47)

𝐾𝑢𝑐
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝐿 ∫Ω𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤Ψ𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.48)

𝐾𝜙𝜃
𝑖𝑗𝜏𝑠

𝑘 = ∫𝐿 ∫Ω𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝑟𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.49)

𝐾𝜙𝑐
𝑖𝑗𝜏𝑠

𝑘 = ∫𝐿 ∫Ω𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜄𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.50)
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𝐾𝜃𝜃
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝐿 ∫Ω𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜅𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.51)

𝐾𝜃𝑐
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝐿 ∫Ω𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜑𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.52)

𝐾𝑐𝜃
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝐿 ∫Ω𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝛾𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.53)

𝐾𝑐𝑐
𝑖𝑗𝜏𝑠

𝑘 = − ∫𝐿 ∫Ω𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜉𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑Ω𝑘𝑑𝑦 (4.54)

where 𝐿 indicates the beam axial domain, and Ω𝑘 the cross-sectional domain of layer 𝑘.
Examples of FNs for refined beammodels can be found in theworks of Carrera, Zappino,
and Li [58], Miglioretti, Carrera, and Petrolo [160], and Miglioretti and Carrera [159].

4.4.3 FNs of plate and shell models
Plates can be treated as particular cases of doubly curved shells, as explained in

Section 3.2.1. The transformation of shell coordinates into the Cartesian system of a
plate is given by Eqn. (2.8).

Stiffness matrix FNs of plate and shell models can be expressed as:

𝐾𝑢𝑢
𝑖𝑗𝜏𝑠

𝑘 = ∫Ω ∫𝐴𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝐶𝑘(b𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.55)

𝐾𝑢𝜙
𝑖𝑗𝜏𝑠

𝑘 = ∫Ω ∫𝐴𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝑒𝑘⊤(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.56)

𝐾𝜙𝑢
𝑖𝑗𝜏𝑠

𝑘 = ∫Ω ∫𝐴𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝑒𝑘(b𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.57)

𝐾𝜙𝜙
𝑖𝑗𝜏𝑠

𝑘 = − ∫Ω ∫𝐴𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜒𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.58)

𝐾𝑢𝜃
𝑖𝑗𝜏𝑠

𝑘 = − ∫Ω ∫𝐴𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜆𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.59)

𝐾𝑢𝑐
𝑖𝑗𝜏𝑠

𝑘 = − ∫Ω ∫𝐴𝑘
(b𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤Ψ𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.60)

𝐾𝜙𝜃
𝑖𝑗𝜏𝑠

𝑘 = ∫Ω ∫𝐴𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝑟𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.61)

𝐾𝜙𝑐
𝑖𝑗𝜏𝑠

𝑘 = ∫Ω ∫𝐴𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜄𝑘⊤(𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.62)

𝐾𝜃𝜃
𝑖𝑗𝜏𝑠

𝑘 = − ∫Ω ∫𝐴𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜅𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.63)
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𝐾𝜃𝑐
𝑖𝑗𝜏𝑠

𝑘 = − ∫Ω ∫𝐴𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜑𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.64)

𝐾𝑐𝜃
𝑖𝑗𝜏𝑠

𝑘 = − ∫Ω ∫𝐴𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝛾𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.65)

𝐾𝑐𝑐
𝑖𝑗𝜏𝑠

𝑘 = − ∫Ω ∫𝐴𝑘
(∇𝑁𝑗𝐹

𝑗
𝑠

𝑘)⊤𝜉𝑘(∇𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝐻𝛼𝐻𝛽𝑑𝑧𝑘𝑑Ω (4.66)

in which 𝐴𝑘 is the thickness domain of the 𝑘th layer and Ω the element domain on the
middle surface. For examples of FNs of refined plate and shell models, one is referred
to the works of Carrera, Boscolo, and Robaldo [35], Cinefra et al. [73, 74], and Li et al.
[147].

4.5 Assembly of stiffness matrix and load vector
FNs are core units of stiffness matrix and load vector. Through proper loops, the

full stiffness matrix and load vector can be assembled step by step. The component-
wise assembly procedure for 1D and 2D FEs with uniform kinematics has been well
explained by Carrera et al. [59].

4.5.1 Characteristics of assembly procedure for NDK FE models
For NDK FEs with various nodal kinematic models, a sub-matrix of the stiffness

matrix might become rectangular instead of being square. This can be demonstrated by
considering a unit of the mechanical stiffness matrix 𝐾𝑢𝑢

𝑖𝑗 . Assume that the number of
expansions on node 𝑖 is 𝑚𝑖 = 3 and that on node 𝑗 is 𝑚𝑗 = 4, the resultant 𝐾𝑢𝑢

𝑖𝑖 has the
dimension of 9 × 9,𝐾𝑢𝑢

𝑗𝑗 12 × 12,𝐾𝑢𝑢
𝑖𝑗 9 × 12, and𝐾𝑢𝑢

𝑗𝑖 12 × 9 (see Fig. 4.4). The dimension
of the corresponding load vector needs to be compatible, as shown on the right-hand
side of Fig. 4.4.

4.5.2 Mixing ESL and LW nodal kinematics
Fig. 4.5 shows the assembly of mechanical stiffness matrix and load vector of a Q4

(four-node Lagrangian 2D element) 𝑒𝑙, in which ESL and LWmodels coexist. As shown
on the left-hand side of Fig. 4.5, LW kinematics are assigned to nodes 𝑎 and 𝑑, ESL
assumptions to nodes 𝑏 and 𝑐.

𝐾𝑢𝑢
𝑎𝑎 and 𝐾𝑢𝑢

𝑏𝑏 are the diagonal sub-matrices with typical LW and ESL assembly, re-
spectively. 𝐾𝑢𝑢

𝑎𝑎 is formed by joining the sub-matrices of each layer at the interfacial
cross-sectional nodes. When the number of cross-section functions differs from layer
to layer, the dimensions of sub-matrices of layers are also different. 𝐾𝑢𝑢

𝑏𝑏 is obtained by
superimposing the stiffness contributions from all layers.𝐾𝑢𝑢

𝑎𝑏 and𝐾𝑢𝑢
𝑏𝑎 are the coupling
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4 – Variable kinematic finite element formulations

Figure 4.4: Assembly of stiffness matrix and load vector of FE models with node-
dependent kinematics.

matrices between nodes 𝑎 and 𝑏, and their sub-matrices turn out to be in a striped dis-
tribution. The compatible load vector is assembled accordingly, as shown on the right-
hand side of Fig. 4.5.

The above-introduced assembly procedure can be easily extended to 1D beam FE
models. In the beam model shown in Fig. 4.6, ESL model (TE) and LWmodel (LE4) both
exist in the two-node beam (B2) elements 𝑒𝑙𝐴 and 𝑒𝑙𝐶. The coupling matrices between
the ESL-nodes and the LW-nodes are 𝐾𝑠

𝑎𝑏, 𝐾
𝑠
𝑏𝑎, 𝐾

𝑠
𝑐𝑑, and 𝐾𝑠

𝑑𝑐, which are in a striped
manner.

4.5.3 Consideration of patches
Patches, such as surface-mounted or embedded piezo patches, are important local

structural features. Fig. 4.6 shows a beam model with a surface-mounted piezo patch.
The LW approach provides the physical boundary between the piezo domain and the
substrate mechanical domain. Therefore, LW kinematics are used on the two nodes
of the beam element 𝑒𝑙𝐵. Note that for the piezo domain, the fully coupled electro-
mechanical FNs matrix has dimension 4 × 4, while the pure mechanical FNs matrix is
3 × 3. These two domains with dissimilar materials can be connected by superimposing
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4.6 – Decomposition of strain energy

Node a Node b

Node cNode d

Figure 4.5: Assembly of the stiffness matrix and load vector of elements with various
nodal kinematics.

the mechanical stiffness components at the patch-substrate interface, as illustrated in
Fig. 4.6.

4.6 Decomposition of strain energy
Decomposition of strain energy can help with the understanding of structural be-

havior through the energy components stored in different deformation modes, for ex-
ample, in the evaluation of locking phenomena in FE models.

In a pure mechanical model, the constitutive relations read:

𝜎 = 𝐶 𝜀 (4.67)

and the density of strain energy is:

𝑈 = 1
2
𝜎⊤𝜀 = 𝜎11 𝜀11 + 𝜎22 𝜀22 + 𝜎33 𝜀33 + 𝜎23 𝜀23 + 𝜎13 𝜀13 + 𝜎12 𝜀12 (4.68)

which consists of six components. For different types of models (beam, plate, or shell),
these components and their combinations can be interpreted differently.
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Piezo-patch

y

z

(a) Geometric features and coordinate system.

elA elB elC

bB:2LE4 cB:2LE4

(b) Assignment of nodal kinematics.

(c) Stiffness matrix and load vector.

Figure 4.6: Assembly of the stiffness matrix and load vector of a beam model with a
piezo patch.
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4.6 – Decomposition of strain energy

4.6.1 Strain energy decomposition in beam models
For a beam element with multiple layers, the strain energy can be decomposed into

three parts:

𝑈𝑐 =
𝑁𝑙

∑
𝑘=1

𝑈𝑐
𝑘; 𝑈𝑠 =

𝑁𝑙

∑
𝑘=1

𝑈𝑠
𝑘; 𝑈𝑎 =

𝑁𝑙

∑
𝑘=1

𝑈𝑎
𝑘. (4.69)

where 𝑁𝑙 is the number of layers, 𝑘 the layer index, 𝑈𝑐 the cross-sectional in-plane de-
formation energy, 𝑈𝑠 the transverse shear energy, and 𝑈𝑎 the axial deformation energy.
For a basic volume 𝑉 𝑘 in the 𝑘th layer of the beam element:

𝑈𝑐
𝑘 = ∫𝑉 𝑘

1
2

(𝜀𝑥𝑥
𝑘 𝜎𝑥𝑥

𝑘 + 𝜀𝑧𝑧
𝑘 𝜎𝑧𝑧

𝑘 + 𝜀𝑥𝑧
𝑘 𝜎𝛼𝛽

𝑘) 𝑑𝑉 (4.70)

𝑈𝑠
𝑘 = ∫𝑉 𝑘

1
2

(𝜀𝑥𝑦
𝑘 𝜎𝑘

𝑥𝑦 + 𝜀𝑦𝑧
𝑘 𝜎𝑦𝑧

𝑘) (4.71)

𝑈𝑎
𝑘 = ∫𝑉 𝑘

1
2

𝜀𝑦𝑦
𝑘 𝜎𝑦𝑦

𝑘 𝑑𝑉 (4.72)

By considering the strain-displacement equations (see Section 3.2.1), the displace-
ment approximations in Eqn. (4.13), and the constitutive equations in Eqn. (4.67), the
above strain energy components can be written into:

𝛿𝑈𝑐
𝑘 = 𝛿𝑢(𝑘)

𝑗𝑠
⊤ 𝐾𝑐

𝑖𝑗𝜏𝑠
𝑘 𝑢(𝑘)

𝑖𝜏 (4.73)

𝛿𝑈𝑠
𝑘 = 𝛿𝑢(𝑘)

𝑗𝑠
⊤ 𝐾𝑠

𝑖𝑗𝜏𝑠
𝑘 𝑢(𝑘)

𝑖𝜏 (4.74)

𝛿𝑈𝑎
𝑘 = 𝛿𝑢(𝑘)

𝑗𝑠
⊤ 𝐾𝑎

𝑖𝑗𝜏𝑠
𝑘 𝑢(𝑘)

𝑖𝜏 (4.75)

where the 𝐾𝑐
𝑖𝑗𝜏𝑠

𝑘, 𝐾𝑠
𝑖𝑗𝜏𝑠

𝑘, and 𝐾𝑎
𝑖𝑗𝜏𝑠

𝑘 are the corresponding stiffness FNs. Their explicit
expressions read:

𝐾𝑐
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(b⊤

𝑐 𝑁𝑗𝐹
𝑗
𝑠

𝑘) 𝐶𝑐
𝑘 (b𝑁𝑖𝐹 𝑖

𝜏
𝑘) 𝑑𝑉 (4.76)

𝐾𝑠
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(b⊤

𝑠 𝑁𝑗𝐹
𝑗
𝑠

𝑘) 𝐶𝑠
𝑘 (b𝑁𝑖𝐹 𝑖

𝜏
𝑘) 𝑑𝑉 (4.77)

𝐾𝑎
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(b⊤

𝑎 𝑁𝑗𝐹
𝑗
𝑠

𝑘) 𝐶𝑎
𝑘 (b𝑁𝑖𝐹 𝑖

𝜏
𝑘) 𝑑𝑉 (4.78)

in which

b𝑐 =
⎡
⎢
⎢
⎣

𝜕𝑥 0 0
0 0 𝜕𝑧
𝜕𝑧 0 𝜕𝑥

⎤
⎥
⎥
⎦

(4.79)

b𝑠 = [
0 𝜕𝑧 𝜕𝑦
𝜕𝑦 𝜕𝑥 0 ] (4.80)

b𝑎 = [0 𝜕𝑦 0] (4.81)
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𝐶𝑐
𝑘 =

⎡
⎢
⎢
⎣

𝐶11 𝐶12 𝐶13 𝐶14 𝐶15 𝐶16
𝐶31 𝐶32 𝐶33 𝐶34 𝐶35 𝐶36
𝐶51 𝐶52 𝐶53 𝐶54 𝐶55 𝐶56

⎤
⎥
⎥
⎦𝑘

(4.82)

𝐶𝑠
𝑘 = [

𝐶41 𝐶42 𝐶43 𝐶44 𝐶45 𝐶46
𝐶61 𝐶62 𝐶63 𝐶64 𝐶65 𝐶66]𝑘

(4.83)

𝐶𝑎
𝑘 = [𝐶21 𝐶22 𝐶23 𝐶24 𝐶25 𝐶26]𝑘 (4.84)

Thus, the strain energy components in a beam element can be obtained as:

𝑈𝑐 =
𝑁𝑙

∑
𝑘=1

1
2
𝑢(𝑘)

𝑗𝑠
⊤ 𝐾𝑐

𝑖𝑗𝜏𝑠
𝑘 𝑢(𝑘)

𝑖𝜏 ; (4.85)

𝑈𝑠 =
𝑁𝑙

∑
𝑘=1

1
2
𝑢(𝑘)

𝑗𝑠
⊤ 𝐾𝑠

𝑖𝑗𝜏𝑠
𝑘 𝑢(𝑘)

𝑖𝜏 ; (4.86)

𝑈𝑎 =
𝑁𝑙

∑
𝑘=1

1
2
𝑢(𝑘)

𝑗𝑠
⊤ 𝐾𝑎

𝑖𝑗𝜏𝑠
𝑘 𝑢(𝑘)

𝑖𝜏 . (4.87)

+ =

Figure 4.7: Axial strains on the cross-section of a beam model.

The normal axial strain contains the contribution of bending and rod-mode strain
(analogous to membrane strains in plates and shells), as shown in Fig. 4.7. When the
neutral line of bending coincides with the beam axis, the axial deformation energy 𝑈𝑎
can be conveniently divided into two parts as:

𝛿𝑈𝑟𝑜𝑑
𝑘 = ∫𝑉 𝑘

1
2

𝛿𝜀0
𝑦𝑦 𝜎𝑦𝑦

𝑘 𝑑𝑉 (4.88)

𝛿𝑈𝑏𝑒𝑛𝑑
𝑘 = ∫𝑉 𝑘

1
2

(𝛿𝜀𝑦𝑦
𝑘 − 𝛿𝜀0

𝑦𝑦) 𝜎𝑦𝑦
𝑘 𝑑𝑉 (4.89)

in which 𝜀0
𝑦𝑦 is calculated at the beam axis. Note that the coordinates of the axis are

(0, 𝑦,0). Thus, 𝜀0
𝑦𝑦 can be obtained through:

𝛿𝜀0
𝑦𝑦 = b𝑎 𝛿𝑢(0, 𝑦,0) = [0 𝜕𝑦 0] ⋅ 𝑁𝑗 𝐹 𝑗

𝑠 (0,0) 𝛿𝑢(𝑘)
𝑗𝑠 (4.90)
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4.6 – Decomposition of strain energy

The virtual variation of 𝑈𝑟𝑜𝑑
𝑘 can be written into:

𝛿𝑈𝑎
𝑘 = 𝛿𝑢(𝑘)

𝑗𝑠
⊤ 𝐾𝑟𝑜𝑑

𝑖𝑗𝜏𝑠
𝑘 𝑢(𝑘)

𝑖𝜏 (4.91)

and accordingly the FNs for rod-mode strain energy are:

𝐾𝑟𝑜𝑑
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
[b⊤

𝑎 𝑁𝑗𝐹
𝑗
𝑠 (0,0)] 𝐶𝑎

𝑘 (b𝑁𝑖𝐹 𝑖
𝜏

𝑘) 𝑑𝑉 (4.92)

The rod-mode strain energy in the beam element can be calculated utilizing:

𝑈𝑟𝑜𝑑 =
𝑁𝑙

∑
𝑘=1

1
2
𝑢(𝑘)

𝑗𝑠
⊤ 𝐾𝑟𝑜𝑑

𝑖𝑗𝜏𝑠
𝑘 𝑢(𝑘)

𝑖𝜏 (4.93)

and the bending energy can then be obtained through:

𝑈𝑏𝑒𝑛𝑑 = 𝑈𝑎 − 𝑈𝑟𝑜𝑑 (4.94)

4.6.2 Strain energy decomposition in plate and shell models
In plate and shell elements, strain energy can be decomposed in the same way, and

a plate is treated as a particular case of a curved shell (see Section 3.2.1). In this section,
the decomposition of strain energy is demonstrated through shell models and can be ex-
tended to plate cases by considering the coordinate transformation given by Eqn. (2.8).

For a multi-layered shell structure, the strain energy can be decomposed into four
parts as follows:

𝑈𝑝𝑛 =
𝑁𝑙

∑
𝑘=1

𝑈𝑝𝑛
𝑘; 𝑈𝑝𝑠 =

𝑁𝑙

∑
𝑘=1

𝑈𝑝𝑠
𝑘; 𝑈𝑧𝑠 =

𝑁𝑙

∑
𝑘=1

𝑈𝑧𝑠
𝑘; 𝑈𝑧𝑧 =

𝑁𝑙

∑
𝑘=1

𝑈𝑧𝑧
𝑘. (4.95)

where 𝑈𝑝𝑛 represents the in-plane normal energy, 𝑈𝑝𝑠 the in-plane shear energy, 𝑈𝑧𝑠
the transverse shear energy, and 𝑈𝑧𝑧 the thickness stretch energy. The transverse shear
energy allows us to evaluate the shear locking effects in shell elements. The introduc-
tion of the thickness stretch energy also makes it convenient to assess the performance
of the adopted kinematic assumptions. Note that the above decomposition applies to
arbitrarily laminated shells.

For a unit volume 𝑉 𝑘 corresponding to a layer 𝑘 in the shell element:

𝑈𝑝𝑛
𝑘 = ∫𝑉 𝑘

1
2

(𝜀𝛼𝛼
𝑘 𝜎𝛼𝛼

𝑘 + 𝜀𝛽𝛽
𝑘 𝜎𝛽𝛽

𝑘) 𝑑𝑉 (4.96)

𝑈𝑝𝑠
𝑘 = ∫𝑉 𝑘

1
2

𝜀𝛼𝛽
𝑘 𝜎𝛼𝛽

𝑘 𝑑𝑉 (4.97)

𝑈𝑧𝑠
𝑘 = ∫𝑉 𝑘

1
2

(𝜀𝛼𝑧
𝑘 𝜎𝛼𝑧

𝑘 + 𝜀𝛽𝑧
𝑘 𝜎𝛽𝑧

𝑘)𝑑𝑉 (4.98)

𝑈𝑧𝑧
𝑘 = ∫𝑉 𝑘

1
2

𝜀𝑧𝑧
𝑘 𝜎𝑧𝑧

𝑘 𝑑𝑉 (4.99)
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4 – Variable kinematic finite element formulations

The calculation of the strain energy components requires their corresponding stiff-
ness matrices. These matrices can be obtained through standard FE procedure in the
framework of CUF. The transverse shear energy 𝑈𝑧𝑠

𝑘 can be taken as an example. The
virtual variation of 𝑈𝑧𝑠

𝑘 reads:

𝛿𝑈𝑧𝑠
𝑘 = ∫𝑉 𝑘

(𝛿𝜀𝛼𝑧
𝑘𝜎𝛼𝑧

𝑘 + 𝛿𝜀𝛽𝑧
𝑘𝜎𝛽𝑧

𝑘)𝑑𝑉 (4.100)

The related virtual strains are:

{
𝛿𝜀𝛽𝑧

𝑘

𝛿𝜀𝛼𝑧
𝑘} = b𝑧𝑠 ⋅𝛿𝑢 =

⎡
⎢
⎢
⎣

0 𝜕𝑧 − 1
𝐻𝛽𝑅𝛽

𝜕𝛽
𝐻𝛽

𝜕𝑧 − 1
𝐻𝛼𝑅𝛼

0 𝜕𝛼
𝐻𝛼

⎤
⎥
⎥
⎦

⋅ 𝑁𝑗𝐹
𝑗
𝑠

𝑘 𝛿𝑢(𝑘)
𝑗𝑠 (4.101)

and the used stresses are obtained as:

{
𝜎𝛽𝑧

𝑘

𝜎𝛼𝑧
𝑘} = 𝐶𝑧𝑠

𝑘 ⋅ 𝜀 = [
𝐶41 𝐶42 𝐶43 𝐶44 𝐶45 𝐶46
𝐶51 𝐶52 𝐶53 𝐶54 𝐶55 𝐶56]𝑘

⋅ (b𝑁𝑖𝐹 𝑖
𝜏

𝑘 𝑢(𝑘)
𝑖𝜏 ) (4.102)

By substituting Eqns. (4.101) and (4.102) into Eqn. (4.100), one obtains:

𝛿𝑈𝑧𝑠
𝑘 = 𝛿𝑢(𝑘)

𝑗𝑠
⊤

[∫𝑉 𝑘
(b⊤

𝑧𝑠 𝑁𝑗𝐹
𝑗
𝑠

𝑘) 𝐶𝑧𝑠
𝑘 (b 𝑁𝑖𝐹 𝑖

𝜏
𝑘)𝑑𝑉 ] 𝑢(𝑘)

𝑖𝜏 = 𝛿𝑢(𝑘)
𝑗𝑠

⊤ 𝐾𝑧𝑠
𝑖𝑗𝜏𝑠

𝑘 𝑢(𝑘)
𝑖𝜏

(4.103)
Thus, the FNs for the transverse shear stiffness matrix can be obtained as:

𝐾𝑧𝑠
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(b⊤

𝑧𝑠 𝑁𝑗𝐹
𝑗
𝑠

𝑘) 𝐶𝑧𝑠
𝑘 (b 𝑁𝑖𝐹 𝑖

𝜏
𝑘)𝑑𝑉 (4.104)

Finally, the transverse shear strain energy component can be calculated through:

𝑈𝑧𝑠 =
𝑁𝑙

∑
𝑘=1

𝑈𝑧𝑠
𝑘 =

𝑁𝑙

∑
𝑘=1

1
2
𝑢(𝑘)

𝑗𝑠
⊤𝐾𝑧𝑠

𝑖𝑗𝜏𝑠
𝑘𝑢(𝑘)

𝑖𝜏 (4.105)

By following the same procedure, one can obtain:

𝑈𝑝𝑛 =
𝑁𝑙

∑
𝑘=1

𝑈𝑝𝑛
𝑘 =

𝑁𝑙

∑
𝑘=1

1
2
𝑢(𝑘)

𝑗𝑠
⊤𝐾𝑝𝑛

𝑖𝑗𝜏𝑠
𝑘𝑢(𝑘)

𝑖𝜏 (4.106)

𝑈𝑝𝑠 =
𝑁𝑙

∑
𝑘=1

𝑈𝑝𝑠
𝑘 =

𝑁𝑙

∑
𝑘=1

1
2
𝑢(𝑘)

𝑗𝑠
⊤𝐾𝑝𝑠

𝑖𝑗𝜏𝑠
𝑘𝑢(𝑘)

𝑖𝜏 (4.107)

𝑈𝑧𝑧 =
𝑁𝑙

∑
𝑘=1

𝑈𝑧𝑧
𝑘 =

𝑁𝑙

∑
𝑘=1

1
2
𝑢(𝑘)

𝑗𝑠
⊤𝐾𝑧𝑧

𝑖𝑗𝜏𝑠
𝑘𝑢(𝑘)

𝑖𝜏 (4.108)
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4.6 – Decomposition of strain energy

in which the FNs for each strain energy component separately are:

𝐾𝑝𝑛
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(b⊤

𝑝𝑛 𝑁𝑗𝐹
𝑗
𝑠

𝑘) 𝐶𝑝𝑛
𝑘 (b𝑁𝑖𝐹 𝑖

𝜏
𝑘)𝑑𝑉 (4.109)

𝐾𝑝𝑠
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(b⊤

𝑝𝑠 𝑁𝑗𝐹
𝑗
𝑠

𝑘) 𝐶𝑝𝑠
𝑘 (b𝑁𝑖𝐹 𝑖

𝜏
𝑘)𝑑𝑉 (4.110)

𝐾𝑧𝑧
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
(b⊤

𝑧𝑧 𝑁𝑗𝐹
𝑗
𝑠

𝑘) 𝐶𝑧𝑧
𝑘 (b𝑁𝑖𝐹 𝑖

𝜏
𝑘)𝑑𝑉 (4.111)

wherein b𝑝𝑛, b𝑝𝑠, and b𝑧𝑧 are the sub-matrices of the differential operator matrix b (see
Eqn. 3.25), and thier explicit expressions are:

b𝑝𝑛 =
⎡
⎢
⎢
⎣

𝜕𝛼
𝐻𝛼

0 1
𝐻𝛼𝑅𝛼

0 𝜕𝛽
𝐻𝛽

1
𝐻𝛽𝑅𝛽

⎤
⎥
⎥
⎦

(4.112)

b𝑝𝑠 = [
𝜕𝛽
𝐻𝛽

𝜕𝛼
𝐻𝛼

0] (4.113)

b𝑧𝑧 = [0 0 𝜕𝑧] (4.114)

The corresponding material coefficient matrices (sub-matrices of the material coeffi-
cients matrix 𝐶𝑘) are as follows:

𝐶𝑝𝑛
𝑘 = [

𝐶11 𝐶12 𝐶13 𝐶14 𝐶15 𝐶16
𝐶21 𝐶22 𝐶23 𝐶24 𝐶25 𝐶26] (4.115)

𝐶𝑝𝑠
𝑘 = [𝐶61 𝐶62 𝐶63 𝐶64 𝐶65 𝐶66] (4.116)

𝐶𝑧𝑧
𝑘 = [𝐶31 𝐶32 𝐶33 𝐶34 𝐶35 𝐶36] (4.117)

Note that the complete stiffness FNs are a sum of above FNs:

𝐾𝑖𝑗𝜏𝑠
𝑘 = 𝐾𝑝𝑛

𝑖𝑗𝜏𝑠
𝑘 + 𝐾𝑝𝑠

𝑖𝑗𝜏𝑠
𝑘 + 𝐾𝑧𝑠

𝑖𝑗𝜏𝑠
𝑘 + 𝐾𝑧𝑧

𝑖𝑗𝜏𝑠
𝑘 (4.118)

If the multi-layered shell has symmetric lamination properties, the neutral surface
of bending will coincide with the geometric middle surface. The in-plane normal strain
energy, as in Eqn. (4.106), can be conveniently further decomposed into membrane en-
ergy 𝑈𝑚𝑒𝑚𝑏

𝑘 and bending energy 𝑈𝑏𝑒𝑛𝑑
𝑘 through:

𝛿𝑈𝑚𝑒𝑚𝑏
𝑘 = ∫𝑉

1
2

(𝛿𝜀0
𝛼𝛼 𝜎𝛼𝛼

𝑘 + 𝜀0
𝛽𝛽 𝜎𝛽𝛽

𝑘) 𝑑𝑉 (4.119)

𝛿𝑈𝑏𝑒𝑛𝑑
𝑘 = ∫𝑉

1
2

[(𝛿𝜀𝛼𝛼
𝑘 − 𝛿𝜀0

𝛼𝛼) 𝜎𝛼𝛼
𝑘 + (𝛿𝜀𝛽𝛽

𝑘 − 𝛿𝜀0
𝛽𝛽) 𝜎𝛽𝛽

𝑘] 𝑑𝑉 (4.120)

wherein 𝛿𝜀0
𝛼𝛼 and 𝛿𝜀0

𝛽𝛽 are the virtual normal strains due to the mid-surface straining,
and they can be calculated through:

{
𝛿𝜀0

𝛼𝛼
𝛿𝜀0

𝛽𝛽} = b𝑝𝑛 ⋅𝛿𝑢 =
⎡
⎢
⎢
⎣

𝜕𝛼
𝐻𝛼

0 1
𝐻𝛼𝑅𝛼

0 𝜕𝛽
𝐻𝛽

1
𝐻𝛽𝑅𝛽

⎤
⎥
⎥
⎦

⋅ 𝑁𝑗𝐹𝑠
𝑗(0) 𝛿𝑢(𝑘)

𝑗𝑠 (4.121)
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4 – Variable kinematic finite element formulations

therefore, Eqn. (4.121) can be written into:

𝛿𝑈𝑚𝑒𝑚𝑏
𝑘 = 𝛿𝑢(𝑘)

𝑗𝑠
⊤𝐾𝑚𝑒𝑚𝑏

𝑖𝑗𝜏𝑠
𝑘 𝑢(𝑘)

𝑖𝜏 (4.122)

in which the FNs for the membrane stiffness matrix are:

𝐾𝑚𝑒𝑚𝑏
𝑖𝑗𝜏𝑠

𝑘 = ∫𝑉 𝑘
[b⊤

𝑝𝑛 𝑁𝑗𝐹
𝑗
𝑠 (0)] 𝐶𝑝𝑛

𝑘 (b𝑁𝑖𝐹 𝑖
𝜏

𝑘)𝑑𝑉 (4.123)

The membrane energy can be calculated through:

𝑈𝑚𝑒𝑚𝑏 =
𝑁𝑙

∑
𝑘=1

1
2
𝑢(𝑘)

𝑗𝑠
⊤𝐾𝑚𝑒𝑚𝑏

𝑖𝑗𝜏𝑠
𝑘𝑢(𝑘)

𝑖𝜏 (4.124)

The bending energy can be then obtained:

𝑈𝑏𝑒𝑛𝑑 = 𝑈𝑝𝑛 − 𝑈𝑚𝑒𝑚𝑏 (4.125)

This separation of membrane and bending energy components provides the conve-
nience for evaluating the membrane locking and better understanding the structural
responses. It should be noted that 𝐸𝑝𝑛 and 𝐸𝑝𝑠 are both in-plane strain energy com-
ponents. However, since the calculation of 𝐸𝑝𝑠 in laminated plates and shells does not
depend on a specific neutral surface as the membrane and bending energy components
do, it is considered separately.

For an FEmodel under bending, shear locking phenomenon will appear when bend-
ing energy is erroneously absorbed by the shear modes. For curved shell models that
undergo bending deformation, membrane locking happens when the parasitic stretch-
ing of the middle surface causes the membrane energy to overshadows the bending
energy. These effects on shell elements will be further discussed in Chapter 12.
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Chapter 5

Refined beam FE models with
Node-Dependent Kinematics

This chapter present refined beam FE models with Node-Dependent Kinematics
(NDK) and their application in the analysis of multi-layered beam structures. In par-
ticular, 2D hierarchical functions (see Section 2.2.7) are used as cross-section functions
of refined beam models and are referred to as Hierarchical Legendre Expansions (HLE).
High efficiency is expected to be obtained through the use of HLE on refined beam
models. Meanwhile, by utilizing NDK, kinematic refinement can be carried out on the
targeted nodes, which can be decided in an adaptable way.The combination of HLE and
NDK in refined beam FE models will result in appreciable improvement of efficiency.

The effectiveness of the adaptable refinement approach on beamFEmodels is demon-
strated through two numerical examples. Besides the accuracy, the influences of the
transition zone and the kinematics in the non-critical region on the accuracy are dis-
cussed.

5.1 Case 1: A simply supported sandwich beam under
local pressure

A sandwich beam consisting of two composite faces and a soft core is studied, as
illustrated in Fig. 5.1. This numerical case was also used by Wenzel et al. [253] and
Zappino et al. [263] in their works. The width of the sandwich structure is 𝑎 = 2mm,
length 𝑏 = 10mm, and height ℎ = 2mm. The thickness of the faces is 0.1ℎ, and the
core 0.8ℎ. The elastic properties are listed in Table 5.1. The constant pressure load 𝑝0 =
−1MPa covers the central 10% of the length.

Half of the structure is modeled with FEs with symmetric boundary conditions.
Twenty B4 (four-node Lagrangian 1D) elements, which can give satisfactory numerical
accuracy, are used along the axis of the beam.The cross-section is approximated through
a set of basis functions HLE𝑝 (𝑝 indicates the polynomial degree) in each sub-domain
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Figure 5.1: Geometry, boundary conditions and FE model for the sandwich beam.

Table 5.1: Elastic constants of materials used on the sandwich beam.

𝐸11(GPa) 𝐸22(GPa) 𝐸33(GPa) 𝜈12 𝜈13 𝜈23 𝐺12(GPa) 𝐺13(GPa) 𝐺23(GPa)

Face 131.1 6.9 6.9 0.32 0.32 0.49 3.588 3.088 2.3322
Core 0.2208×10−3 0.2001×10−3 2.76 0.99 0.00003 0.00003 16.56×10−3 0.5451 0.4554

in the LW way, as demonstrated in Fig. 5.1.
The refinement of the kinematics is first conducted through uniformly used HLE𝑝

on all the nodes, then TE𝑚 (𝑚 represents the order of basis functions TE) cross-section
functions are used in the region outside the loaded zone through NDK. The NDK mod-
els are denoted as TE𝑚×𝑖-HLE𝑝×𝑗, where 𝑖 and 𝑗 indicate the corresponding number
of nodes with TE𝑚 and HLE𝑝 kinematic assumptions, respectively. The deflection and
stress evaluations obtained are reported in Table 5.2. Results obtained through uni-
formly used TE𝑚 kinematics are also listed for comparison purposes.

From the results in Table 5.2, it can be observed that the numerical convergence can
be reached by gradually increasing the polynomial degree of HLE used on the cross-
section. The theoretical solution of 𝜎𝑧𝑧 on the loaded surface is -1 MPa, which can be
achieved through the use of HLE𝑝 kinematic in LW approach.

The variations of 𝜎𝑦𝑧 through the thickness obtained through different HLE𝑝 kine-
matics are compared in Fig. 5.2a. It can be observed that the stress 𝜎𝑦𝑧 in the core is
much lower in comparison with the faces due to the difference in stiffness. Among all
the HLE𝑝 kinematic assumptions, HLE2 fails in capturing the variation of 𝜎𝑦𝑧 in the two
composite faces. From HLE2 to HLE7, the distribution of 𝜎𝑦𝑧 gradually converges, and
the theoretical zero value on the stress-free top surface is progressively approached,
though not reached. The relative errors of 𝜎𝑦𝑧 obtained through different cross-section
functions (concerning the solutions given by HLE7) are plotted versus the DOFs in the
FE models in Fig. 5.2b. The global trend of the relative errors shows a converging trend.

NDK is adopted to construct FE models with variable TE/HLE nodal kinematics. In
the zone within and nearby the loaded area, HLE7 is used as nodal assumptions, and
the rest of the beam is simulated with TE models. The transition zone covers the range
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5.1 – Case 1: A simply supported sandwich beam under local pressure

Table 5.2: Displacement and stress evaluation on the sandwich beam under local pres-
sure.

Mesh Kinematics −𝑤(10−3mm) −𝜎𝑦𝑦(MPa) −𝜎𝑦𝑧(MPa) −𝜎𝑧𝑧(MPa) DOFs
(0, 𝑏

2 ,−ℎ
2 ) (0, 𝑏

2 ,
ℎ
2 ) (𝑎

2 ,
9𝑏
20 ,

9ℎ
20 ) (0, 𝑏

2 ,
ℎ
2 )

B4×10 HLE2 2.467 17.72 0.8339 1.097 1674

B4×20 HLE2 2.467 17.77 0.8164 1.015 3294
B4×20 HLE3 2.469 18.33 1.062 1.048 5124
B4×20 HLE4 2.469 18.14 1.083 0.9965 7503
B4×20 HLE5 2.469 18.11 1.060 0.9884 10431
B4×20 HLE6 2.469 18.24 1.079 0.9789 13908
B4×20 HLE7 2.469 18.24 1.094 0.9771 17934

B4×20 TE1 1.515 7.300 1.163 0.9547 549
B4×20 TE3 2.309 17.52 0.8777 1.502 1830
B4×20 TE5 2.338 17.25 0.8815 0.7839 3843

B4×20 TE1×49-HLE7×12(𝛼) 1.547 15.63 1.437 0.9791 3969

B4×20 TE1×31-HLE7×30(𝛽) 1.820 18.07 1.112 0.9772 9099
B4×20 TE3×31-HLE7×30(𝛽) 2.376 18.23 1.096 0.9771 9750
B4×20 TE5×31-HLE7×30(𝛽) 2.388 18.23 1.096 0.9771 10773
B4×20 TE7×31-HLE7×30(𝛽) 2.419 18.24 1.095 0.9771 12168

Zappino et al. [263] (2D) 2.471 18.11 1.180 0.9989 37479
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Figure 5.2: Evaluation of 𝜎𝑦𝑧 on the sandwich beam under local pressure.

of one element, and two locations of the transition zone are considered. Transition zone
𝛼 is placed at around 75% beam length which leads to NDK model TE𝑚×49-HLE7×12,
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5 – Refined beam FE models with Node-Dependent Kinematics

and the transition zone 𝛽 is located near 50% of the length range and corresponds to
models denoted by TE𝑚×31-HLE7×30.

As illustrated in Fig.5.2b, with reduced DOFs, the NDK models with the transition
zone 𝛽 result in comparable accuracy with uniformly refined models with HLE7 re-
garding 𝜎𝑦𝑧. However, the evaluations given by the transition zone 𝛼 are far from being
satisfactory. Also, from Table 5.2 and Fig. 5.3, it can be found that TE1×31-HLE7×30

(transition zone 𝛽) gives better accuracy than TE1×49-HLE7×12 (transition zone 𝛼) con-
cerning the accuracy in the composite faces. These facts prove that transition zone 𝛽 is
more appropriate than transition zone 𝛼. Moreover, in models with transition 𝛽, namely
models TE𝑚×31-HLE7×30, the refinement of TE𝑚 also improves the accuracy. Concern-
ing 𝜎𝑦𝑧, TE5 fails in giving accurate evaluation, while TE1×31-HLE7×30 leads to good
accuracy, and the DOFs are reduced by 49% compared to uniform HLE7 model.
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Figure 5.3: Through-the-thickness variation of 𝜎̄𝑦𝑧 and 𝜎̄𝑦𝑦 on the sandwich beam under
local pressure.

The distributions of 𝑤, 𝜎𝑦𝑦, and 𝜎𝑦𝑧 along the beam axial direction are shown in
Fig. 5.4. A stress oscillation can be observed in the vicinity of the transition zone. The
results show that transition zone 𝛽 is more appropriate than transition zone 𝛼. The
refinement of kinematics used in the non-critical region helps improve the solution
accuracy of stresses.

In Figs. 5.5 and 5.6, the contours of 𝜎𝑦𝑧 and 𝜎𝑧𝑧 given by HLE7 model and TE5×31-
HLE7×30 are compared. Stress concentration exists on the right-hand side of Figs. 5.5
and 5.6 within the upper composite face. The oscillation of stress 𝜎𝑦𝑧 exists nearby the
transition zone. Similar effects due to the use of a global-local coupling technique, eX-
tended Variational Formulation, were reported by Wenzel et al. [253]. In the critical
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Figure 5.4: Variation of 𝑤, 𝜎𝑦𝑦, and 𝜎𝑦𝑧 along the axial direction of the sandwich beam.
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5 – Refined beam FE models with Node-Dependent Kinematics

region within and nearby the loaded area, the stress fields obtained with these two
models are in excellent agreement.
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Figure 5.5: Contour plot of 𝜎𝑦𝑧 on surface (𝑎
2 , 𝑦, 𝑧) of the sandwich beam under local

pressure.
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Figure 5.6: Contour plot of 𝜎𝑧𝑧 on surface (𝑎
2 , 𝑦, 𝑧) of the sandwich beam under local

pressure.

5.2 Case 2: A two-layered cantilever beam under four
points loads

In this example, a cantilever beam with two orthotropic layers is modeled. The two-
layered beam is clamped on one end and imposed to concentrate loads at the four ver-
texes on the other end, as illustrated in Fig. 5.7. The beam has length 𝑏 = 0.09m, width
𝑎 = 0.001m, and height ℎ = 0.01m. Each layer has thickness 𝑡 = ℎ/2. The upper and
lower layers respectively adopt Material 1 and 2, which are aligned along the beam ax-
ial. The elastic constants of the used materials are listed in Table 5.3, in which 𝐿 and 𝑇
signify the fiber longitudinal and transverse directions, respectively.

The beam structure is modeled with B4 elements. HLE𝑝 and TE𝑚 kinematic as-
sumptions are both tested, where 𝑝 and 𝑚 stand for the corresponding polynomial
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Figure 5.7: The two-layered cantilever beam under four points loads.

Table 5.3: Elastic properties of the materials used in the two-layered cantilever beam.

𝐸𝐿(GPa) 𝐸𝑇(GPa) 𝜈𝐿𝑇 𝐺𝐿𝑇(GPa)

Material 1 30 1 0.25 0.5
Material 2 5 1 0.25 0.5

orders. NDK is used to implement local refinement on the loaded end and assign less-
refined kinematics to the outlying region, resulting in NDK models TE1×49-HLE7×12

and TE1×31-HLE7×30. Similar to the case studied in Section 5.1, the superscripts indi-
cate the number of nodes with the corresponding kinematic assumptions.

The obtained results are reported in Table 5.4, from which it can be observed that
20 B4 elements with HLE kinematics can give comparable accuracy with ABAQUS 3D
model using 4×180×32 (𝑥 × 𝑦 × 𝑧) C3D20R brick elements. The numerical convergence
can be observed from the variation of 𝜎𝑦𝑧 through the thickness at (0, 8𝑏

9 ), as shown in
Fig. 5.8.

In the NDKmodels with TE1 assumptionmade on nodes in the non-critical region, a
significant reduction of DOFs is obtained. To be specific, a reduction of 65% is achieved
through TE1×31-HLE7×30 and 49% with TE1×49-HLE7×12. By looking into the Table 5.4
and the stress variation in Fig. 5.9, it can be found that TE1×31-HLE7×30 has better
accuracy compared to model TE1×49-HLE7×12 concerning 𝜎𝑦𝑧. These results show that
the model with a transition zone 𝛽 is a more decent choice.

5.3 Conclusions
Hierarchical Legendre Expansions (HLE) are used as cross-section function of re-

fined beam elements, and NDK is used to build FE models with variable TE/HLE nodal
kinematics. When used in global-local simulations, since the local model can be im-
plemented by switching the nodal kinematic properties without using any additional
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5 – Refined beam FE models with Node-Dependent Kinematics

Table 5.4: Deflection and stress evaluations on the two-layered cantilever beam.

Mesh Kinematics 𝑤(10−3mm) 𝜎𝑦𝑦(KPa) 𝜎𝑦𝑧(KPa) DOFs
(0, 𝑏,0) (0, 8𝑏

9 ,−ℎ
2 ) (0, 8𝑏

9 ,−ℎ
4 )

B4×10 HLE2 9.041 236.6 2.563 1209

B4×20 HLE2 9.036 234.0 2.610 2379
B4×20 HLE3 9.082 245.1 4.518 3660
B4×20 HLE4 9.065 236.4 4.432 5307
B4×20 HLE5 9.075 233.4 4.972 7320
B4×20 HLE6 9.063 233.8 4.986 9699
B4×20 HLE7 9.074 234.8 4.972 12444

B4×20 TE1 9.053 215.1 0.000 549

B4×20 TE1×49-HLE7×12(𝛼) 9.120 234.0 4.294 2889
B4×20 TE1×31-HLE7×30(𝛽) 9.117 234.8 4.970 6399

ABAQUS (3D) 9.071 235.3 4.963 337251
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beam.

coupling technique, model preparation will be greatly simplified. Due to high adaptabil-
ity and the convenience of re-using FE meshes, this variable ESL/LW nodal kinematic
refinement approach can shorten the time consumption of engineering simulations.

The numerical investigation has demonstrated that:

• NDK approach is a practical and efficient tool to integrate the low costs of ESL
kinematics and the high accuracy of LW models for the analysis of multi-layered
beams;

• Through using HLE and NDK together, both solution and pre-processing effi-
ciency can be improved;

• When using NDK, the location of the transition zone and the kinematic refine-
ment in the non-critical region should be appropriately set to guarantee the ac-
curacy;

• In the results obtained with NDK models, stress oscillation was detected, which
can be alleviated by refining the kinematics in the non-critical area and placing
the transition in a proper region outside the area with strong local effects.

In the next two chapters, hierarchical 2D functions will be used as shape functions
of refined plate and shells models, and the NDK technique will be further extended to
the adaptable refinement approach.
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Chapter 6

Refined plate FE models with
Node-Dependent Kinematics

In the current chapter, hierarchical 2D functions are used in combination with NDK
in the FE simulation of laminated plates. Firstly, a benchmark case consisting of compos-
ite laminated plates under bi-sinusoidal distributed pressure is studiedwith 𝑝-refinement
and LW kinematic models. Secondly, a plate subjected to a point load and a plate under
constant local pressure are simulated through NDK FE models with adaptable ESL/LW
local kinematic refinement. Various FE models are compared regarding accuracy and
computational costs.

In the following sections, TE𝑚 indicates TE-type kinematics of the 𝑚th order, and
LE𝑛 represents LE-type assumptionswith Lagrange polynomials of order 𝑛. For FEmod-
els with multiple assumed kinematics, TE𝑚/LE𝑛 is used as an acronym.

6.1 Case 1: Simply-supported cross-ply plates under
bi-sinusoidal pressure

The benchmark case presented by Pagano [177] is used in this section. The consid-
ered simply supported three-layered composite plates have lamination sequence (0∘/90∘/0∘)
and are subjected to bi-sinusoidal transverse pressure on the top surface. Distribution
of the pressure load follows:

𝑝(𝑥, 𝑦) = 𝑝0 ⋅ sin(𝜋𝑥
𝑎

) sin(
𝜋𝑦
𝑏

) (6.1)

The plates have width 𝑎, length 𝑏, and height ℎ. It is assumed that 𝑏 = 3𝑎 and each
layer has a thickness of ℎ/3. The considered cases include both thick (𝑎/ℎ = 2) and thin
(𝑎/ℎ = 100) plates. The dimensionless material constants of each lamina are: 𝐸𝐿 = 25,
𝐸𝑇 = 1, 𝐺𝐿𝑇 = 0.5, 𝐺𝑇 𝑇 = 0.2, 𝜈𝐿𝑇 = 𝜈𝑇 𝑇 = 0.25, where 𝐿 and 𝑇 indicate the fiber
longitudinal and transverse directions, respectively. The following parameters are used
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6 – Refined plate FE models with Node-Dependent Kinematics

when reporting the results:

𝑤̄ =
100𝐸𝑇ℎ3

𝑝0𝑎4 𝑤, 𝜎̄𝑥𝑥 = ℎ2

𝑝0𝑎2 𝜎𝑥𝑥, 𝜎̄𝑦𝑦 = 10ℎ2

𝑝0𝑎2 𝜎𝑦𝑦, 𝜎̄𝑥𝑦 = 10ℎ2

𝑝0𝑎2 𝜎𝑥𝑦,

𝜎̄𝑥𝑧 = 10ℎ
𝑝0𝑎

𝜎𝑥𝑧, 𝜎̄𝑦𝑧 = 10ℎ
𝑝0𝑎

𝜎𝑦𝑧, 𝜎̄𝑧𝑧 = 1
𝑝0

𝜎𝑧𝑧.

(6.2)
The following boundary conditions (simple supports) are applied to the edges:

𝑥 = 0, 𝑎 ∶ 𝑣 = 𝑤 = 0;
𝑦 = 0, 𝑏 ∶ 𝑢 = 𝑤 = 0.

(6.3)

By considering the symmetric boundary conditions, 1/4 of the plate is simulated
through FE models, as shown in Fig. 6.1.
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Figure 6.1: FE model for the composite laminated plate under bi-sinusoidal pressure.

In the numerical modeling, LE4 thickness functions are uniformly used on the three
layers, and hierarchical functions are adopted for the 𝑝-refinement. For comparison
purposes, Q9 (nine-node Lagrangian) elements with full integration and MITC9 (Q9
with MITC) elements are used on the thick (𝑎/ℎ = 2) and thin (𝑎/ℎ = 100) plates in the
ℎ-refinement approach, respectively. The obtained results are summarized in Tables 6.1
and 6.2. The results presented by Kulikov and Plotnikova [140] and Carrera et al. [60]
are also listed for comparison.

From Table 6.1, one can observe that the single-element models with 𝑝 ≥ 6 give
results as accurate as the Q9 model with 5 × 5 elements, and the 𝑝-version refinement
leads to much fewer DOFs. When used on the thin plate (𝑎/ℎ = 100), Q9 element with
full integration suffers from a low convergence rate regarding 𝜎̄𝑦𝑧, as shown in Table 6.2
and Fig. 6.2b. In contrast, the hierarchical functions result in amuch higher convergence

80



6.1 – Case 1: Simply-supported cross-ply plates under bi-sinusoidal pressure

rate, which can be observed from Fig. 6.2. In the ℎ−𝑝 approach (𝑝-refinement with mesh
2 × 2), the numerical accuracy can be further improved. Indeed, for the studied cases,
high accuracy can be achieved through 𝑝-refinement even with only one hierarchical
plate element.

Table 6.1: Deflection and stresses on the three-layered cross-ply plate with 𝑎/ℎ = 2
under bi-sinusoidal pressure, obtained with LE4 as thickness functions.

Element Mesh 𝑤̄ 𝜎̄𝑦𝑦 10𝜎̄𝑦𝑧 𝜎̄𝑧𝑧 DOFs
(𝑎

2 ,
𝑏
2 ,0) (𝑎

2 ,
𝑏
2 ,

ℎ
6 ) (𝑎

2 ,0,0) (𝑎
2 ,

𝑏
2 ,

ℎ
2 )

Q9 2×2 8.167 2.356 7.525 1.010 975
Q9 4×4 7.882 2.315 6.904 0.9693 3159
Q9 5×5 8.165 2.308 6.825 1.004 4719

𝑝2 1×1 8.137 2.671 9.853 1.038 312
𝑝3 1×1 8.005 2.866 6.961 0.9598 468
𝑝4 1×1 8.120 2.333 6.600 0.9918 663
𝑝5 1×1 8.167 2.279 6.622 1.004 897
𝑝6 1×1 8.166 2.293 6.688 1.004 1170
𝑝7 1×1 8.165 2.295 6.686 1.004 1482

Pagano [177] 8.17 2.30 6.68 –
Kulikov and Plotnikova [140] 8.1659 2.6772 6.6778 1.0001

Carrera et al. [60] 8.166 2.296 6.690 1.000
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Figure 6.2: Relative error of 𝜎̄𝑦𝑧 on the three-layered cross-ply plates under pressure
load, obtained with LE4 as thickness functions.
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Table 6.2: Deflection and stresses on the three-layered cross-ply plate with 𝑎/ℎ = 100
under bi-sinusoidal pressure, obtained with LE4 as thickness functions.

Element Mesh 𝑤̄ 𝜎̄𝑦𝑦 10𝜎̄𝑦𝑧 𝜎̄𝑧𝑧 DOFs
(𝑎

2 ,
𝑏
2 ,0) (𝑎

2 ,
𝑏
2 ,

ℎ
6 ) (𝑎

2 ,0,0) (𝑎
2 ,

𝑏
2 ,

ℎ
2 )

Q9 5×5 0.5069 0.2511 2.365 1.813 4719
Q9 10×10 0.5076 0.2528 2.217 1.128 17199
Q9 15×15 0.5076 0.2530 2.020 1.041 37479

𝑝3 1×1 0.4487 0.5085 105.1 5.404 468
𝑝4 1×1 0.5054 0.3479 42.23 -1.431 663
𝑝5 1×1 0.5087 0.2830 -7.019 0.4908 897
𝑝6 1×1 0.5077 0.2486 0.8042 1.164 1170
𝑝7 1×1 0.5077 0.2531 1.202 1.011 1482
𝑝8 1×1 0.5077 0.2532 1.087 0.9971 1833

𝑝3 2×2 0.5075 0.3472 8.386 2.541 1287
𝑝4 2×2 0.5075 0.2629 3.799 0.8828 1911
𝑝5 2×2 0.5077 0.2540 0.9318 0.9758 2691
𝑝6 2×2 0.5077 0.2530 1.075 1.003 3627
𝑝7 2×2 0.5077 0.2531 1.084 1.000 4719
𝑝8 2×2 0.5077 0.2531 1.084 1.000 5967

Pagano [177] 0.508 0.253 1.08 –
Kulikov and Plotnikova [140] 0.50766 0.25236 1.0836 1.000

Carrera et al. [60] 0.5077 0.2533 1.085 1.000
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Figure 6.3: Distribution of the transverse shear stresses through the thickness of the
plates under bi-sinusoidal pressure.
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Figure 6.4: Distribution of 𝜎𝑥𝑧 obtained with hierarchical plate elements employing LE4
as thickness functions.

The variation of transverse shear stresses through the plate thickness obtained with
different FE models are compared in Fig. 6.3. For the thick plate, the 𝑝7 single-element
model gives results in great agreement with Q9 5 × 5 model. In the thin laminated plate
with 𝑎/ℎ = 100, it can be observed that 𝑝8 produces results as satisfactory as that of
10 × 10 MITC9 elements. The field of 𝜎𝑥𝑧 shown in Fig. 6.4 demonstrates that the used
two-level refinement approach leads to 3D accuracy even with only one element.

6.2 Case 2: Simply supported three-layered plates sub-
jected to a point load

X
Y

Z
z
P

a

b

h

Figure 6.5: Simply-supported cross-ply composite plates subjected to a point load.

This section considers simply supported square cross-ply plates with three compos-
ite layers, as shown in Fig. 6.5. The closed-form solutions for this numerical example
were presented by Carrera and Ciuffreda [45]. A thick (𝑎/ℎ = 4) and a thin (𝑎/ℎ = 100)
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6 – Refined plate FE models with Node-Dependent Kinematics

plates are analyzed. The three plies have equal thickness ℎ/3, and the lamination se-
quence is (0∘/90∘/0∘). The plates are subjected to a concentrated load at the central point
on the top surface. The elastic properties of the lamina are assumed to be: 𝐸𝐿 = 25,
𝐸𝑇 = 1, 𝐺𝐿𝑇 = 0.5, 𝐺𝑇 𝑇 = 0.2, 𝜈𝐿𝑇 = 𝜈𝑇 𝑇 = 0.25, where 𝐿 denotes the fiber longitudi-
nal direction and 𝑇 the transverse direction.The simply supported boundary conditions
are set by the following Eqn. 6.3. The deflection results are reported by considering the
following dimensionless factors:

𝑤̄ =
100𝐸𝑇ℎ3

𝑝𝑎2 𝑤 (6.4)

where 𝑝 is the magnitude of the point load.
Point loads cause strong local effects and become a challenge for FE simulations.

Through this numerical case, the capabilities of hierarchical plate elements with refined
kinematics are examined. The layered plates are mesh into 4 × 4 rectangular elements,
as illustrated in Fig. 6.6. Uniform kinematic refinement with LE4 on all layers is first
adopted, then local nodal kinematic refined is conducted through NDK. In the NDK
models, the LE4 assumptions are made on shape functions surrounding the loading
point, while the rest shape functions possess TE𝑚 models, as shown in Fig. 6.6. As
discussed in Section 4.3.2, shape functions of the samemode at the same feature position
(a vertex, an edge, or the surface) will be assigned the same kinematics for brevity.

Figure 6.6: Assignment of nodal kinematics on the NDK FE models for the laminated
plates under a point load.

The obtained distributions of the deflections 𝑤̄ through the plate thickness at the
central point are reported in Fig. 6.7. It can be found that, with the increase of the poly-
nomial degree of the hierarchical plate elements, the solution accuracy can be improved
greatly. It should be pointed out that, when the structure is subjected to a concentrated
load at a point, the displacement at the loaded point theoretically goes to infinite. In
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6.2 – Case 2: Simply supported three-layered plates subjected to a point load

the weak-form techniques, this infinite displacement will not be captured but can be
approximated represented. Fig. 6.7 demonstrates that the competence of the refined FE
model can be significantly improved through the 𝑝-refinement.

The results obtained with the NDK models are compared to the uniformly refined
model in Fig. 6.7 and Table 6.3. It can be observed that the NDK technique leads to a
significantly reduced number of DOFs while keeping the numerical accuracy.
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Figure 6.7: Variation of 𝑤̄ through (𝑎/2, 𝑏/2, ̄𝑧) on the three-layered plates under a point
load.

Table 6.3: 𝑤̄ at (𝑎
2 ,

𝑏
2 ,0) on the simply-supported cross-ply plates under a point load.

Element Kinematics 𝑤̄(𝑎/ℎ = 4) 𝑤̄(𝑎/ℎ = 100) DOFs

𝑝8 LE4 12.80 2.169 21255
𝑝8 FSDT/LE4 10.96 2.167 5751
𝑝8 TE2/LE4 11.04 2.165 7575
𝑝8 TE3/LE4 11.88 2.166 8943
𝑝8 TE4/LE4 11.95 2.166 10311

Carrera and Ciuffreda [45] 13.188 2.172 –
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6.3 Case 3: Three-layered cross-ply composite plate
under local pressure

A simply supported square laminated plate subjected to local pressure in the cen-
tral area on the top surface is considered, as shown in Fig. 6.8. The laying up sequence
is (0∘/90∘/0∘), and each layer have equal thickness ℎ/3. The plate has length and width
𝑎 = 𝑏 = 0.1𝑚, and span-to-thickness ratio 𝑎/ℎ = 10. The area covered by the uniform
pressure is 𝑎/5 × 𝑏/5. The simple support constraints on the four edges are set accord-
ing to Eqn.6.3. The elastic constants of the composite material used in each layer are:
𝐸𝐿 =132.5GPa, 𝐸𝑇 =10.8GPa, 𝜈𝐿𝑇 =0.24, 𝜈𝑇 𝑇 =0.49, 𝐺𝐿𝑇 =5.7GPa, and 𝐺𝑇 𝑇 =3.4GPa.

Figure 6.8: The three-layered cross-ply composite plate under uniform local pressure.

With symmetric boundary conditions, FE models consisting of 5 × 5 hierarchical
plate elements are built for 1/4 of the plates, as demonstrated in Fig. 6.9. 𝑝-refinement is
carried out on FE models with only LE4 kinematics. Second, NDK approach is used to
assign FSDT to the shape functions of elements in the non-critical region. The assign-
ment of the nodal kinematics is shown in Fig. 6.9.

The obtained results are reported in Table 6.4, in which the solutions given by Bis-
cani et al. [29] and Zappino et al. [263] are also listed for comparison. It can be observed
that the numerical convergence is reached when 𝑝 = 6, and the corresponding results
agree well with the reference solutions. Within the loaded zone, the stresses at the mon-
itoring points (A, B, C, and D) are well captured with the NDK FEmodels.The variations
of transverse shear stresses through the thickness obtained with different FEmodels are
compared in Fig. 6.10. It can be found that the NDK LE4/FSDT model leads to results in
excellent agreement with the pure LE4 model at much lower computational consump-
tion.

6.4 Conclusions
In this chapter, the NDK technique is used in combination with hierarchical plate

elements in the analysis of multi-layered plate structures. The effectiveness and the
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Figure 6.9: Assignment of nodal kinematics on the FE model for the three-layered cross-
ply composite plate under local pressure.

Table 6.4: Deflection and stresses on the layered plate under uniform local pressure.

Element Mesh Kinematics 𝑤(10−5m) 𝜎𝑥𝑥(MPa) 𝜎𝑦𝑦(MPa) -10𝜎𝑥𝑧(MPa) -10𝜎𝑦𝑧(MPa) −𝜎𝑧𝑧(MPa) DOFs
A(𝑎

2 ,
𝑏
2 ,

−ℎ
2 ) A(𝑎

2 ,
𝑏
2 ,

−ℎ
2 ) A(𝑎

2 ,
𝑏
2 ,

−ℎ
2 ) B(5𝑎

12 ,
𝑏
2 ,0) C(𝑎

2 ,
5𝑏
12 ,0) D(𝑎

2 ,
𝑏
2 ,

ℎ
2 )

𝑝3 5×5 LE4 1.681 12.08 2.061 6.596 7.094 1.241 6084
𝑝4 5×5 LE4 1.682 11.92 2.023 6.501 6.965 0.881 9399
𝑝5 5×5 LE4 1.682 11.97 2.039 6.497 6.972 1.045 13689
𝑝6 5×5 LE4 1.682 11.98 2.037 6.499 6.974 1.003 18954

𝑝6 5×5 FSDT 1.610 10.44 1.850 3.829 4.647 0.938 2430
𝑝6 5×5 FSDT/LE4 1.702 12.50 2.036 6.516 6.941 1.008 5592

Biscani et al. [29] 1.674 11.94 2.019 6.524 – – –
Zappino et al. [263] 1.675 11.99 2.033 6.463 6.902 0.993 37479

efficiency of this adaptable kinematic refinement approach are demonstrated through
three numerical examples with reference solutions available from the literature. Based
on the numerical investigations, some conclusions can be drawn:

• With NDK, plate FE models with variable LW/ESL nodal kinematics can be con-
veniently built by simply switching the nodal kinematic properties, and no mesh
modification is necessary;
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Figure 6.10: Distribution of transverse shear stresses through the thickness of the lay-
ered plate under local uniform pressure.

• The combination of NDK and 𝑝-refinement leads to FE models with high effi-
ciency, which means 3D accuracy in the critical region at a controlled number of
DOFs.

• This adaptable refinement approach is ideal for global-local modeling considering
both numerical efficiency and the convenience of FE model preparation.

This adaptable kinematic refinement approach based on CUF will be applied to FE
modeling of multi-layered shell structures in the next chapter.
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Chapter 7

Refined shell FE models with
Node-Dependent Kinematics

In this chapter, the adaptable refinement approach is applied to the FE simulation
of laminated shells with double curvatures. By using 2D hierarchical shape functions
as shape functions (see Section 2.2.7) and NDK variable nodal ESL/LW kinematics, FE
models with optimal efficiency is explored.

To verify FE models with the two-level refinements (𝑝-refinement and kinematic re-
finement), two benchmark cases with exact solutions, including two-layered cylindrical
shells [244] and layered spherical shells [193] under pressure loads, were first studied.
Then, laminated shell panels loaded to locally distributed bi-sinusoidal pressure are an-
alyzed and compared against results obtained through ABAQUS 3Dmodeling regarding
both accuracy and computational consumption.

Refined TE and LE kinematics are both tested and compared. In the FE models
adopted, the same LE-type thickness functions will be uniformly applied to all the lay-
ers. For comparison purposes,ℎ-refinement is tested by utilizingQ9 (nine-node quadrilateral
Lagrangian) elements on thick shells and MITC9 (Q9 with MITC) elements on thin
shells.

7.1 Case 1: Two-layered cylindrical shells under dis-
tributed pressure

This benchmark case was proposed by Varadan and Bhaskar [244]. The cylindrical
shells are simply supported on the two ends and subjected to transverse distributed
pressure on the inner surface. The load distribution reads:

𝑝(𝛼, 𝛽) = −𝑝0 sin 𝜋𝛼
𝐿

cos
4𝛽
𝑅𝛽

(7.1)
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(a) Axial variation of the inner pressure (b) Pressure sectional profile

Figure 7.1: Simply-supported cylindrical shells under inner distributed pressure.

where 𝐿 is the cylinder length, 𝑅𝛽 the middle surface radius, and 𝐿 = 4𝑅𝛽. Fig. 7.1a
and Fig. 7.1b illustrate the axial variation and the sectional profile of the pressure load,
respectively. The total shell thickness is ℎ, and the circumference of the cylinder is
𝑏 = 2𝜋𝑅𝛽. The material coefficients of the lamina are: 𝐸𝐿 = 25𝐸𝑇, 𝐺𝐿𝑇 = 0.5𝐸𝑇,
𝐺𝑇 𝑇 = 0.2𝐸𝑇, and 𝜈𝐿𝑇 = 𝜈𝑇 𝑇 = 0.25, where the subscripts 𝐿 and 𝑇 represent the
longitudinal and transverse directions of the fibers, respectively. The displacement and
stress results are non-dimensionalized through:

𝑤̄ = −
10𝐸𝐿ℎ3

𝑝0𝑅4
𝛽

 𝑤(𝐿
2
,0,0), 𝜎̄𝛼𝛼 = − 10ℎ2

𝑝0𝑅2
𝛽

𝜎𝛼𝛼(𝐿
2
,0, ℎ

2
) ,

𝜎̄𝛽𝛽 = − 10ℎ2

𝑝0𝑅2
𝛽

𝜎𝛽𝛽(𝐿
2
,0, ℎ

2
) , 𝜎̄𝛼𝛽 = − 10ℎ2

𝑝0𝑅2
𝛽

𝜎𝛼𝛽(0, 𝑏
16

,
−ℎ
2

) ,

𝜎̄𝛼𝑧 = − 10ℎ
𝑝0𝑅𝛽

𝜎𝛼𝑧(0,0, −ℎ
4

) , 𝜎̄𝛽𝑧 = − 10ℎ
𝑝0𝑅𝛽

𝜎𝛽𝑧(𝐿
2
,

𝑏
16

,
ℎ
4

),

𝜎̄𝑧𝑧 = − 1
𝑝0

𝜎𝑧𝑧(𝐿
2
,0, ℎ

4
) .

(7.2)

The considered case in this section consists of two-layered shells with laying-up
sequence (0∘/90∘) (from bottom to top). The thickness of each ply is ℎ/2. Three different
radius-to-thickness ratios, 𝑅𝛽/ℎ = 2,100, and 500, are considered. By making use of the
cyclic/symmetric features, a 1/16 FE model which covers 1/2 of the length and 1/8 of
the circumference is built, as signified by the shaded area in Fig. 7.1a.

The FEmodels are first refined by enhancing the kinematic assumptions (𝐹𝑡 and 𝐹𝑠),
then by increasing the polynomial order of the hierarchical shape functions (𝑁𝑖, 𝑁𝑗).
When a single-element model is used in the simulation, obviously 𝑝 =1 and 𝑝 =2 are
not competent, thus the 𝑝-refinement starts from 𝑝 =3 to 𝑝 =8. In the final step, the
mesh density is increased to further improve the numerical accuracy.

The results obtained are summarized in Tables 7.1, 7.2, and 7.3. Note that 𝑝𝑛 indicates
the use of 𝑝 refinement with polynomial degree 𝑛. It can be observed that the refined

90



7.1 – Case 1: Two-layered cylindrical shells under distributed pressure

kinematics and 𝑝-version 2D elements give results in excellent agreement with the exact
solutions. As shown in Fig. 7.2, when the LE kinematics is sufficiently refined, through-
the-thickness distributions of 𝜎̄𝛼𝑧 and 𝜎̄𝛽𝑧 become continuous at the layer interfaces.
Also, the LE kinematics adopted can account for the stretch in the thickness direction.
ESL kinematic models based on TE result in good accuracy regarding the displacements
and in-plane stresses but fail in the capturing of transverse stresses. Additionally, the
thin shells (𝑅𝛽/ℎ = 100 and 500) require a fewer number of expansions compared to
the thick shell case (𝑅𝛽/ℎ = 2).

From Tables 7.2 and 7.3, it can be observed that the transverse shear stresses 𝜎̄𝛼𝑧
and 𝜎̄𝛽𝑧 given by Q9 elements are far from being converged to the analytical solutions
given that the mesh density is already high. This is mainly due to the shear locking on
the thin shells. When MITC9 elements are used, the accuracy is significantly improved.
For the hierarchical elements, the locking is alleviated through the gradual refinement
of the shape functions. In Table 7.3 (for the very thin shell 𝑅𝛽/ℎ = 500), 𝑝3 case suffers
from locking, yet 𝑝8 is much less affected. The locking phenomena in hierarchical shell
elements will be further discussed in Chapter 12.

Table 7.1: Deflection and stresses on the two-layered cylindrical shell with 𝑅𝛽/ℎ = 2.

Theory(𝐹𝜏,𝐹𝑠) FE(𝑁𝑖,𝑁𝑗) Mesh 𝑤̄ 𝜎̄𝛼𝛼 𝜎̄𝛽𝛽 𝜎̄𝛼𝛽 𝜎̄𝛼𝑧 𝜎̄𝛽𝑧 𝜎̄𝑧𝑧 DOFs
(𝐿

2 ,0,0) (𝐿
2 ,0,

ℎ
2 ) (𝐿

2 ,0,
ℎ
2 ) (0, 𝑏

16 ,
−ℎ
2 ) (0,0, −ℎ

4 ) (𝐿
2 ,

𝑏
16 ,

ℎ
4 ) (𝐿

2 ,0,
ℎ
4 )

LE7 Q9 3×6 14.034 0.2517 9.564 -0.5139 0.5016 -3.006 -0.3156 4095
10×20 14.035 0.2515 9.756 -0.5026 0.4807 -2.938 -0.3132 38745

TE1
𝑝8 1×2

13.232 -0.02005 6.653 -0.3233 0.4321 -2.227 -0.4408 510
TE3 13.590 0.2600 9.248 -0.4745 0.4294 -2.689 -0.3261 1020
TE5 13.822 0.2637 9.615 -0.4961 0.4488 -2.832 -0.3129 1530

LE3

𝑝3 1×1

15.317 0.4371 8.563 -0.3941 0.3579 -3.131 -0.3359 252
LE4 15.328 0.4085 8.597 -0.3950 0.3586 -3.133 -0.3372 324
LE5 15.343 0.4293 8.685 -0.3954 0.3533 -3.028 -0.3293 396
LE6 15.344 0.4236 8.678 -0.3954 0.3533 -3.028 -0.3291 468
LE7 15.344 0.4257 8.681 -0.3954 0.3543 -3.037 -0.3300 540

LE7

𝑝4

1×1

14.002 0.3546 9.981 -0.5257 0.6039 -3.091 -0.2975 765
𝑝5 13.951 0.2609 10.09 -0.5077 0.4706 -2.989 -0.3056 1035
𝑝6 14.034 0.2494 9.762 -0.5029 0.4737 -2.945 -0.3127 1350
𝑝7 14.036 0.2509 9.747 -0.5020 0.4788 -2.934 -0.3133 1710
𝑝8 14.034 0.2514 9.775 -0.5016 0.4787 -2.931 -0.3130 2115

LE7 𝑝8 1×2 14.035 0.2514 9.776 -0.5016 0.4786 -2.931 -0.3130 3825
2×4 14.035 0.2514 9.775 -0.5016 0.4786 -2.931 -0.3130 13005

Varadan and Bhaskar [244] 14.034 0.2511 9.775 -0.5016 0.4786 -2.931 -0.31
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Table 7.2: Deflection and stresses on the two-layered cylindrical shell with 𝑅𝛽/ℎ = 100.

Theory(𝐹𝜏,𝐹𝑠) FE(𝑁𝑖,𝑁𝑗) Mesh 𝑤̄ 𝜎̄𝛼𝛼 𝜎̄𝛽𝛽 𝜎̄𝛼𝛽 𝜎̄𝛼𝑧 𝜎̄𝛽𝑧 𝜎̄𝑧𝑧 DOFs
(𝐿

2 ,0,0) (𝐿
2 ,0,

ℎ
2 ) (𝐿

2 ,0,
ℎ
2 ) (0, 𝑏

16 ,
−ℎ
2 ) (0,0, −ℎ

4 ) (𝐿
2 ,

𝑏
16 ,

ℎ
4 ) (𝐿

2 ,0,
ℎ
4 )

LE3 Q9
6×12 1.359 0.1789 4.764 -0.3455 -0.04168 -7.897 -7.674 6825
10×20 1.366 0.1844 5.282 -0.3457 -0.05320 -5.168 -7.956 18081
15×30 1.367 0.1860 5.438 -0.3455 -0.07126 -4.003 -8.004 39711

LE3 MITC9
6×12 1.367 0.1882 5.592 -0.3491 -0.1516 -2.989 -7.749 6825
10×20 1.367 0.1875 5.571 -0.3466 -0.1514 -2.979 -7.726 18081
15×30 1.367 0.1873 5.565 -0.3459 -0.1513 -2.975 -7.717 39711

TE1
𝑝8 2×4

1.356 0.2162 5.555 -0.3423 -0.2406 -1.889 50.53 1734
TE3 1.367 0.1868 5.559 -0.3452 -0.2448 -2.284 -6.769 3468
TE5 1.367 0.1867 5.560 -0.3452 -0.1387 -2.820 -5.887 5202

LE1

𝑝3 1×1

0.1793 3.61E-03 -2.766 -0.02262 -2.635 5.587 1.990 108
LE2 0.1794 -1.31E-04 -2.772 -0.02262 -2.636 5.589 2.010 180
LE3 0.1794 5.43E-05 -2.772 -0.02262 -2.628 5.481 1.648 252
LE4 0.1794 5.15E-05 -2.772 -0.02262 -2.628 5.481 1.648 324

LE3

𝑝4

1×1

1.062 0.2123 -8.10E-07 -1.27E-12 23.26 1.127 0.1536 357
𝑝5 1.301 0.2514 9.156 -0.2814 -8.026 -6.152 -8.960 483
𝑝6 1.361 0.1895 5.889 -0.3670 0.1842 -3.479 -7.704 630
𝑝7 1.366 0.1815 5.217 -0.3467 -0.05745 -2.988 -7.516 798
𝑝8 1.367 0.1867 5.537 -0.3453 -0.1610 -2.989 -7.708 987

LE3 𝑝8
1×2 1.367 0.1872 5.561 -0.3452 -0.1527 -2.975 -7.709 1785
2×4 1.367 0.1872 5.560 -0.3452 -0.1512 -2.972 -7.707 6069
3×6 1.367 0.1872 5.560 -0.3452 -0.1512 -2.972 -7.707 12873

Varadan and Bhaskar [244] 1.367 0.1871 5.560 -0.3452 -0.1512 -2.972 -7.71

Table 7.3: Deflection and stresses on the two-layered cylindrical shell with 𝑅𝛽/ℎ = 500.

Theory(𝐹𝜏,𝐹𝑠) FE(𝑁𝑖,𝑁𝑗) Mesh 𝑤̄ 𝜎̄𝛼𝛼 𝜎̄𝛽𝛽 𝜎̄𝛼𝛽 𝜎̄𝛼𝑧 𝜎̄𝛽𝑧 𝜎̄𝑧𝑧 DOFs
(𝐿

2 ,0,0) (𝐿
2 ,0,

ℎ
2 ) (𝐿

2 ,0,
ℎ
2 ) (0, 𝑏

16 ,
−ℎ
2 ) (0,0, −ℎ

4 ) (𝐿
2 ,

𝑏
16 ,

ℎ
4 ) (𝐿

2 ,0,
ℎ
4 )

LE3 Q9 10×20 0.1004 0.04390 0.3302 -0.1046 -0.07552 -1.184 -2.990 18081
15×30 0.1005 0.04447 0.3883 -0.1046 -0.07552 -0.9957 -3.089 39711

LE3 MITC9 10×20 0.1005 0.04500 0.4354 -0.1049 -0.08424 -0.2279 -3.088 18081
15×30 0.1005 0.04495 0.4349 -0.1047 -0.08417 -0.2276 -3.088 39711

TE1
𝑝8 2×4

0.1005 0.04697 0.4367 -0.1044 -0.1216 -0.1482 74.80 1734
TE3 0.1005 0.04508 0.4347 -0.1045 -0.1206 -0.1792 -10.96 3468
TE5 0.1005 0.04477 0.4343 -0.1045 -0.07686 -0.2155 3.165 5202

LE1

𝑝3 1×1

7.57E-03 -3.13E-03 -0.7363 -3.73E-03 -2.788 6.174 3.550 108
LE2 7.57E-03 -3.29E-03 -0.7365 -3.73E-03 -2.788 6.174 3.554 180
LE3 7.57E-03 -3.29E-03 -0.7365 -3.73E-03 -2.788 6.169 3.476 252
LE4 7.57E-03 -3.29E-03 -0.7365 -3.73E-03 -2.788 6.169 3.476 324

LE3

𝑝4

1×1

0.0629 0.03145 -0.3267 -0.0478 34.49 4.057 18.07 357
𝑝5 0.0905 0.05295 1.353 -0.0789 -12.58 -6.901 -4.191 483
𝑝6 0.1005 0.04709 0.6831 -0.1121 0.32547 -0.8957 -4.138 630
𝑝7 0.1005 0.04424 0.3911 -0.1050 -0.02924 -0.0621 -3.182 798
𝑝8 0.1005 0.04490 0.4323 -0.1045 -0.08594 -0.2232 -3.091 987

LE3 𝑝8
1×2 0.1005 0.04491 0.4346 -0.1045 -0.08923 -0.2261 -3.083 1785
2×4 0.1005 0.04491 0.4345 -0.1045 -0.08410 -0.2274 -3.086 6069
3×6 0.1005 0.04491 0.4345 -0.1045 -0.08410 -0.2274 -3.086 12873

Varadan and Bhaskar [244] 0.1005 0.0449 0.4345 -0.1045 -0.0841 -0.227 -3.09
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Figure 7.2: Distribution of transverse stresses through the thickness of the two-layered
cylindrical shells (𝑅𝛽/ℎ = 2: 𝑝8-LE7, mesh 1 × 2; 𝑅𝛽/ℎ = 100: 𝑝8-LE3, mesh 2 × 4;
𝑅𝛽/ℎ = 500: 𝑝8-LE3, mesh 2 × 4).

7.2 Case 2: Simply-supported cross-ply spherical shells
under sinusoidal distributed pressure

In this section, the bending response of a set of cross-ply spherical shells, whose closed-
form solutions were presented by Reddy [193], is studied. The elastic properties of the
lamina are the same as those used in Section. 7.1. The dimensions of the shell mid-
surface along the 𝛼 and 𝛽 axes are assumed to be 𝑎/𝑏 = 1.0, and the constant radii are
𝑅𝛼 = 𝑅𝛽 = 𝑅. The laminated shells are loaded to bi-sinusoidal distributed pressure on
the middle surface which reads:

𝑝(𝛼, 𝛽) = 𝑝0 sin
𝜋𝛼
𝑎

sin
𝜋𝛽
𝑏

(7.3)

The simple supports imposed on the four edges are:

𝛼 = 0, 𝑎 ∶ 𝑣 = 0,𝑤 = 0;
𝛽 = 0, 𝑏 ∶ 𝑢 = 0,𝑤 = 0.

(7.4)

Stacking sequences (0∘/90) and (0∘/90∘/90∘/0∘) are considered. Various radius-to-
thickness (𝑅/ℎ) and span-to-thickness ratios (𝑎/ℎ) are examined. The deflection solu-
tions at the shell central point (𝑎

2 ,
𝑏
2 ,0) are compared against those provided by Reddy

[193]. The following dimensionless parameters are adopted:

𝑤̄ =
ℎ3𝐸𝑇

𝑝0𝑎4 𝑤 (7.5)
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7 – Refined shell FE models with Node-Dependent Kinematics

A 1/4 FE model is built by considering the symmetric features of the boundary con-
ditions. Table 7.4 reports the results for a thin (𝑎/ℎ = 100) and a moderate thick shell
(𝑎/ℎ = 10) consisting of two layers with layering-up sequence (0∘/90∘). The two-level
mathematical refinement approach utilized in Section 7.1 is also used here. Kinematic
assumptions through the thickness are first refined gradually then the order of the hi-
erarchical shape functions is increased step by step.

Table 7.5 summarizes results for the thin shells (𝑎/ℎ = 100) with (0∘/90∘/90∘/0∘)
with different radius-to-thickness ratios varying from 1 to 1030. In fact, 𝑅 = 𝑎 × 1030

leads to a plate case. From Tables 7.4 and 7.5, it can be found that the obtained results
are in great agreement with the closed-form solutions given by Reddy [193]. The two-
level refinement approach leads to models with significantly reduced DOFs compared
to the ℎ-refinement with MITC9 elements. If the results are evaluated concerning only
displacements (𝑤̄), lower-order models can be competent most times.

Table 7.4: Spherical shells with (0∘/90∘) and 𝑅/ℎ = 5 under bi-sinusoidal pressure.

𝑎/ℎ = 100 𝑎/ℎ = 10

Theory(𝐹𝜏,𝐹𝑠) FE(𝑁𝑖,𝑁𝑗) Mesh 𝑤̄ DOFs Theory(𝐹𝜏,𝐹𝑠) FE(𝑁𝑖,𝑁𝑗) Mesh 𝑤̄ DOFs

FSDT

𝑝7 1×1

1.1947 190 FSDT

𝑝7 1×1

11.181 190
TE1 1.1958 228 TE1 11.189 228
TE3 1.1949 456 TE7 11.406 912
TE5 1.1949 684 TE9 11.411 912

LE2 MITC9

1×1 1.2317 135

LE4 MITC9

1×1 11.528 243
2×2 1.1981 375 2×2 11.435 675
4×4 1.1951 1215 4×4 11.427 2187
8×8 1.1949 4335 8×8 11.427 7803

LE1 𝑝2 1×1 0.6374 72 LE1

𝑝2 1×1

9.975 72
LE2 0.6377 120 LE2 10.063 120

LE2 𝑝3

1×1

1.1054 180 LE3 10.141 168
LE2 𝑝4 1.1788 180 LE4 10.141 216

LE2 𝑝5 1.1930 345 LE4 𝑝3

1×1

10.738 324
LE2 𝑝6 1.1950 450 LE4 𝑝4 11.334 459
LE2 𝑝7 1.1949 570 LE4 𝑝5 11.421 621
LE3 𝑝7 1.1949 798 LE4 𝑝6 11.428 810

LE2 𝑝7 2×2 1.1949 1815 LE4 𝑝7 11.427 1026
LE5 𝑝7 11.427 1254

LE4 𝑝7 2×2 11.427 3267

Reddy[193] 1.1948 Reddy[193] 11.429

7.3 Case 3: Simply-supported three-layered cross-ply
spherical shells under local distributed pressure

In this section, a set of simply supported cross-ply spherical shells with lamination
sequence (90∘/0∘/90∘) under local bi-sinusoidal pressure are studied. The three layers
are of equal thickness ℎ/3. The elastic properties of the used lamina are assumed to be
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7.3 – Case 3: Simply-supported three-layered cross-ply spherical shells under local distributed pressure

Table 7.5: spherical shells with (0∘/90∘/90∘/0∘) and 𝑎/ℎ = 100 under bi-sinusoidal dis-
tributed pressure.

𝑅/𝑎 Theory(𝐹𝜏,𝐹𝑠) FE(𝑁𝑖,𝑁𝑗) Mesh 𝑤̄ DOFs

1

LE2 𝑝7 1×1 0.05323 1026
LE2 MITC9 8×8 0.05323 7803
FSDT 𝑝7 1×1 0.05322 190
TE5 𝑝7 1×1 0.05323 684

Reddy[193] 0.0532

5

LE2 𝑝7 1×1 1.0286 1026
LE2 MITC9 8×8 1.0286 7803
FSDT 𝑝7 1×1 1.0277 190
TE5 𝑝7 1×1 1.0285 684

Reddy[193] 1.0279

1030

LE2 𝑝7 1×1 4.3463 1026
LE2 MITC9 4×4 4.3463 7803
FSDT 𝑝7 1×1 4.3327 190
TE5 𝑝7 1×1 4.3451 684

Reddy[193] 4.3368

the same as Section. 7.1. The geometric features and the imposed load are as shown in
Fig. 7.3. The origin point of the curvilinear reference system is located at the central
point. The middle-surface radii are 𝑅𝛼 = 𝑅𝛽 = 𝑅 = 1. 𝑎 and 𝑏 (𝑎 = 𝑏) are dimensions
of the middle surface in 𝛼 and 𝛽 directions, respectively. The local pressure is imposed
on to the top surface, and its distribution follows:

𝑝(𝛼, 𝛽) = −𝑝0 cos
𝜋𝛼

𝑎/10
cos

𝜋𝛽
𝑏/5

(7.6)

o

Figure 7.3: Three-layered cross-ply spherical shells under local bi-sinusoidal distributed
pressure.
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7 – Refined shell FE models with Node-Dependent Kinematics

where 𝑝0 = 1 is the magnitude of the load. The loaded region covers the central area of
𝑎
10 × 𝑏

5 . Simple supports are applied to the four edges, which follow:

𝛼 = ±𝑎
2

∶ 𝑣 = 0,𝑤 = 0;

𝛽 = ±𝑏
2

∶ 𝑢 = 0,𝑤 = 0.
(7.7)

Radius-to-thickness ratios 𝑅/ℎ = 10,100 and 1000 are considered. The transverse dis-
placement and stresses are non-dimensionalized through the following parameters:

𝑤̄ = −
106𝐸𝐿ℎ3

𝑝0𝑅4 𝑤 , 𝜎̄𝛼𝛼 = −104ℎ2

𝑝0𝑅2 𝜎𝛼𝛼 , 𝜎̄𝛽𝛽 = −104ℎ2

𝑝0𝑅2 𝜎𝛽𝛽 , 𝜎̄𝑧𝑧 = − 1
𝑝0

𝜎𝑧𝑧 ,

𝜎̄𝛼𝑧 = 100ℎ
𝑝0𝑅

𝜎𝛼𝑧 , 𝜎̄𝛽𝑧 = 100ℎ
𝑝0𝑅

𝜎𝛽𝑧 , 𝜎̄𝛼𝛽 = −105ℎ2

𝑝0𝑅2 𝜎𝛼𝛽 .

(7.8)
A quarter of the structure is modeled through the symmetric boundary conditions.

This 1/4 FE model consists of 10 × 10 elements, and the local load covers the range
of two elements, as shown in Fig. 7.3. The FE models are mathematically enhanced on
the kinematic level and shape function level till a numerical convergence is reached by
considering a relative error of 1% between two refinement steps. Then, NDK approach
is employed to construct FE models with local kinematic refinement to capture the
local effects caused by the pressure. The assignment of kinematics to shape functions is
conducted as illustrated in Fig. 4.3.

For verification of the used FE models, C3D20R element (20-node quadratic brick
element with reduced integration) in ABAQUS is utilized in 3D FE modeling. Note that
the stresses at a node are extrapolated from the integration point values in solid el-
ements. Also, high aspect ratio (span-to-thickness ratio) should be avoided when us-
ing brick elements. Generally, the aspect ratio should be controlled within 10 to avoid
possible poor accuracy [89]. It should be pointed out that high aspect ratios do not al-
ways lead to inaccurate results, depending on the structural features and the boundary
conditions. Meanwhile, to obtain detailed stress field, at least five layers of hexahedral
elements are used in each layer in the present work. When the shell becomes thinner,
more refined in-lane meshes are required to reduce the aspect ratio. For the very thin
shell with 𝑅/ℎ = 1000, 3D FE modeling will be very computationally expansive and
thus not considered. The maximum aspect ratios of the brick elements used in 3D FE
modeling are listed in Table 7.6. It can be observed that one of the 3D FE models for the
shell with 𝑅/ℎ = 100 contains brick elements whose aspect ratio is larger than 10.

The obtained results are reported in Tables 7.7, 7.8, and 7.9. The CPU time values ̄𝑡
listed are relative to the least refined model (mesh 10 × 10, 𝑝2-LE1). The FSDT is treated
as a particular case of TE1 and implemented through a penalty method in the in-house
FE code used to collect the simulation results, and its CPU time is not reported since it
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7.3 – Case 3: Simply-supported three-layered cross-ply spherical shells under local distributed pressure

Table 7.6: Aspect-ratios of C3D20R elements in the 3D models for the three-layered
spherical shells under local pressure.

𝑅/ℎ Mesh(𝛼 × 𝛽 × 𝑧) Element aspect ratio

10 50 × 50 × 5 1.7
50 × 50 × 10 3.3

100 50 × 50 × 5 15.8
100 × 100 × 5 7.9

cannot reflect the real efficiency of FSDT. Also, the CPU time consumption of ABAQUS
3D FE models are not listed for a fair comparison.

The obtained results throughABAQUS 3Dmodeling and the variable kinematic sim-
ulation are compared in Tables 7.7, 7.8 and Figs. 7.5, 7.6, in which it can be observed
that great agreement is achieved when numerical convergence is reached under the
threshold of 1% regarding both deflection and stresses. Figs. 7.7, 7.8, 7.9 show that the
refined shell FE models are capable of giving detailed 3D stress fields agreeing well
with ABAQUS 3D simulation. Note that the thickness of the thin shells in 7.8 and 7.9
is respectively multiplied by 10 and 100 for the convenience of comparison. Indeed, 2D
elements are free of this aspect ratio problem, and the use of CUF empowers the shell
elements with adequately enriched kinematic assumptions to obtain 3D accuracy.

From Tables 7.7, 7.8, and 7.9, it can be observed that with the increase of the radius-
to-thickness ratio 𝑅/ℎ, lower-order LE kinematic assumptions become competent, and
higher-order shape functions become essential in reaching satisfactory accuracy. With
TE models, the deflection and in-plane stresses are well captured, yet the transverse
stresses are not always reliable. When only global displacement responses are of inter-
est, TE basis functions are preferred to LE functions due to the relatively low computa-
tional consumption. Compared to hierarchical elements, MITC9 elements lead to a lot
more shape functions and longer solution time when the obtained results are almost
equally accurate. Noticeably, no obvious locking can be observed in hierarchical shell
elements in the model for the very thin shell with 𝑅/ℎ = 1000.

The NDK technique is used to develop FE models with variable TE/LE nodal kine-
matics, and LE kinematics is only allocated to the shape functions within and adjacent
to the critical region. In the numerical analysis, it is found that shells with different
radius-to-thickness ratios (𝑅/ℎ) need different locally refined regions to obtain accu-
rate results. Three models with different local regions are compared in Fig. 7.4, where
TE𝑚 indicates TE kinematics of order 𝑚, LE𝑛 represents LE thickness functions of order
𝑛, and the superscripts of LE𝑛×𝑁𝑒 indicate the number of elements employing LE𝑛 on all
of their affiliated shape functions. By observing the results in Table 7.7, it can be found
that the moderate-thick shell with 𝑅/ℎ = 10 requires a comparatively large locally re-
fined zone, which leads to NDK model C (𝑝5-TE5/LE5×20) in Fig. 7.4c. In contrast, thin
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7 – Refined shell FE models with Node-Dependent Kinematics

Table 7.7: Deflection and stress evaluation on the three-layered spherical shells under
local pressure, 𝑅/ℎ = 10.

Mesh Theory Element 𝑤̄ 𝜎̄𝛼𝛼 𝜎̄𝛽𝛽 𝜎̄𝛼𝛽 𝜎̄𝛼𝑧 𝜎̄𝛽𝑧 𝜎̄𝑧𝑧 Total shape DOFs CPU time
(𝛼 × 𝛽) (𝐹𝜏,𝐹𝑠) (𝑁𝑖,𝑁𝑗) (0,0,0) (0,0, ℎ

6 ) (0,0, ℎ
2 ) ( 𝑎

20 ,
𝑏

10 ,
−ℎ
2 ) ( 𝑎

25 ,0,0) (0, 2𝑏
25 ,0) (0,0, ℎ

2 ) functions ̄𝑡

10×10

LE1

𝑝2

5607 265.9 425.8 101.2 3.037 1.702 0.8903 341 4092 1.0
LE2 5669 311.6 512.7 112.4 3.005 1.637 1.088 341 7161 2.0
LE3 5718 355.6 552.3 117.9 3.506 1.717 1.050 341 10230 3.5
LE4 5718 356.1 552.4 118.1 3.506 1.716 1.029 341 13299 5.9
LE5 5719 357.5 550.8 118.2 3.432 1.716 1.024 341 16368 8.6
LE6 5719 357.4 550.5 118.2 3.433 1.716 1.024 341 19437 11.9

10×10 LE5
𝑝3 5722 363.8 539.3 110.8 3.428 1.769 0.9889 561 26928 20.5
𝑝4 5726 361.8 537.4 110.8 3.435 1.771 1.000 881 42288 45.0
𝑝5 5727 361.4 537.5 111.2 3.426 1.770 1.001 1301 62448 88.9

10×10

FSDT

𝑝5

5320 365.5 252.7 92.18 2.940 1.104 – 1301 6505 –
TE1 5290 352.5 264.3 87.24 2.914 1.113 0.5265 1301 7806 3.8
TE3 5590 274.4 499.9 109.3 3.220 1.512 1.100 1301 15612 14.1
TE5 5623 257.8 521.8 108.2 3.046 1.577 1.003 1301 23418 31.8

10×10

LE5 MITC9

5724 376.6 565.7 122.7 3.413 1.713 1.030 441 21168 66.3
20×20 5727 367.4 544.2 114.4 3.335 1.770 1.005 1681 80688 308.9
30×30 5727 364.2 540.4 112.7 3.386 1.770 1.002 3721 178608 841.5
40×40 5727 363.0 539.2 112.1 3.426 1.766 1.001 6561 314928 5742.2
50×50 5727 362.4 538.6 111.8 3.453 1.774 1.001 10201 489648 9789.1

10×10

TE1/LE5×6

𝑝5

5522 361.0 543.3 110.5 3.437 1.693 1.001 1301 11922 7.7
TE1/LE5×12 5603 360.9 545.7 111.7 3.418 1.739 1.001 1301 15366 11.7
TE1/LE5×20 5655 361.4 545.0 111.5 3.421 1.758 1.001 1301 19818 17.4
TE3/LE5×20 5694 360.9 538.8 111.2 3.425 1.766 1.001 1301 25908 25.7
TE5/LE5×20 5713 361.2 538.2 111.2 3.426 1.770 1.001 1301 31998 41.6

50 × 50 × 5‡
C3D20R∗ 5680 349.3 519.7 108.3 3.291 1.744 1.005 162231 486693 –

50 × 50 × 10‡ 5680 358.6 528.2 109.1 3.403 1.757 1.001 316761 950283 –
‡ Mesh (𝛼 × 𝛽 × 𝑧); ∗ ABAQUS 20-node quadratic brick element with reduced integration.

Table 7.8: Deflection and stress evaluation on the three-layered spherical shells under
local pressure, 𝑅/ℎ = 100.

Mesh Theory Element 𝑤̄ 𝜎̄𝛼𝛼 𝜎̄𝛽𝛽 𝜎̄𝛼𝛽 𝜎̄𝛼𝑧 𝜎̄𝛽𝑧 𝜎̄𝑧𝑧 Total shape DOFs CPU time
(𝛼 × 𝛽) (𝐹𝜏,𝐹𝑠) (𝑁𝑖,𝑁𝑗) (0,0,0) (0,0, ℎ

6 ) (0,0, ℎ
2 ) ( 𝑎

20 ,
𝑏

10 ,
−ℎ
2 ) ( 𝑎

25 ,0,0) (0, 2𝑏
25 ,0) (0,0, ℎ

2 ) functions ̄𝑡

10×10

LE1

𝑝2

185.6 91.53 104.1 52.05 2.145 1.941 2.088 341 4092 1.0
LE2 186.2 91.61 104.4 52.39 2.154 1.939 1.277 341 7161 1.7
LE3 186.2 91.52 104.5 52.49 2.712 1.948 1.295 341 10230 3.1
LE4 186.2 91.52 104.5 52.49 2.712 1.948 1.304 341 13299 4.8
LE5 186.2 91.52 104.5 52.49 2.706 1.948 1.304 341 16368 7.0

10×10 LE4

𝑝3 189.8 111.7 111.0 49.26 2.328 2.386 0.9956 561 21879 11.0
𝑝4 190.1 106.5 109.8 49.17 2.535 2.403 0.9891 881 34359 24.2
𝑝5 190.2 106.0 109.5 49.26 2.493 2.391 0.9994 1301 50739 48.3
𝑝6 190.2 106.2 109.6 49.32 2.483 2.388 1.000 1821 71019 89.2

10×10

FSDT

𝑝6

187.0 104.8 107.5 48.26 1.490 0.895 – 1821 9105 –
TE1 187.2 104.9 107.5 48.26 1.490 0.896 4.022 1821 10926 5.6
TE3 189.1 105.2 109.6 49.06 1.989 1.727 1.151 1821 21852 20.0
TE5 189.6 105.5 109.5 49.16 2.062 2.169 0.9900 1821 32778 45.7

10×10

LE4 MITC9

190.0 116.2 114.4 54.20 2.502 2.284 1.123 441 17199 36.6
20×20 190.2 110.8 111.0 50.88 2.357 2.394 1.034 1681 65559 168.4
30×30 190.2 108.4 110.2 50.08 2.426 2.391 1.009 3721 145119 477.4
40×40 190.2 107.5 109.9 49.76 2.488 2.381 1.003 6561 255879 3377.8
50×50 190.2 107.0 109.8 49.61 2.533 2.399 1.001 10201 397839 5875.8

10×10
TE1/LE4×6

𝑝6
190.0 106.2 109.5 49.13 2.482 2.389 1.003 1821 15315 9.3

TE1/LE4×12 190.1 106.2 109.5 49.26 2.482 2.389 1.000 1821 19077 13.2
TE3/LE4×12 190.2 106.2 109.6 49.31 2.483 2.388 1.000 1821 28521 27.0

50 × 50 × 5‡
C3D20R∗ 192.4 106.7 110.5 49.48 2.463 2.394 0.9886 162231 486693 –

100 × 100 × 5‡ 192.1 106.4 110.1 49.30 2.459 2.389 1.000 639431 1918293 –
‡ Mesh (𝛼 × 𝛽 × 𝑧); ∗ ABAQUS 20-node quadratic brick element with reduced integration.

98



7.3 – Case 3: Simply-supported three-layered cross-ply spherical shells under local distributed pressure

Table 7.9: Deflection and stress evaluation on the three-layered spherical shells under
local pressure, 𝑅/ℎ = 1000.

Mesh Theory Element 𝑤̄ 𝜎̄𝛼𝛼 𝜎̄𝛽𝛽 𝜎̄𝛼𝛽 𝜎̄𝛼𝑧 𝜎̄𝛽𝑧 𝜎̄𝑧𝑧 Total shape DOFs CPU time
(𝛼 × 𝛽) (𝐹𝜏,𝐹𝑠) (𝑁𝑖,𝑁𝑗) (0,0,0) (0,0, ℎ

6 ) (0,0, ℎ
2 ) ( 𝑎

20 ,
𝑏

10 ,
−ℎ
2 ) ( 𝑎

25 ,0,0) (0, 2𝑏
25 ,0) (0,0, ℎ

2 ) functions ̄𝑡

10×10

LE1

𝑝2

5.011 5.423 8.499 13.56 1.634 -0.9300 6.446 341 4092 1.0
LE2 5.012 5.410 8.487 13.56 1.634 -0.9280 2.392 341 7161 1.6
LE3 5.012 5.410 8.487 13.56 1.678 -0.9279 2.429 341 10230 3.1
LE4 5.012 5.410 8.487 13.56 1.678 -0.9279 2.433 341 13299 4.7

10×10 LE3

𝑝3 5.986 14.16 18.73 11.95 -0.0323 -0.1520 1.094 561 16830 7.3
𝑝4 6.160 15.68 19.01 13.31 -0.5414 0.2285 0.9472 881 26430 15.5
𝑝5 6.216 15.15 17.72 13.24 0.3871 0.5052 0.9819 1301 39030 29.9
𝑝6 6.219 15.12 17.72 13.25 0.3847 0.4946 1.036 1821 54630 72.3
𝑝7 6.219 15.10 17.77 13.25 0.3809 0.4829 1.000 2441 73230 93.1
𝑝8 6.219 15.09 17.76 13.25 0.3865 0.4852 1.000 3161 94830 142.1

10×10

FSDT

𝑝8

6.217 15.09 17.77 13.25 0.2336 0.1746 – 3161 15805 –
TE1 6.227 15.19 17.80 13.25 0.2339 0.1748 36.05 3161 18966 13.9
TE3 6.218 15.09 17.77 13.25 0.3092 0.3449 0.7835 3161 37932 54.1
TE5 6.218 15.09 17.77 13.25 0.3206 0.4396 1.353 3161 56898 124.5

10×10

LE3 MITC9

6.314 17.56 19.80 14.52 0.4110 0.4424 2.304 441 13230 23.7
20×20 6.227 15.86 18.16 13.65 0.3422 0.4920 1.509 1681 50430 128.2
30×30 6.220 15.43 17.92 13.46 0.3633 0.4861 1.082 3721 111630 380.5
40×40 6.219 15.28 17.85 13.38 0.3903 0.4813 1.018 6561 196830 741.1
50×50 6.219 15.21 17.82 13.34 0.4137 0.4915 1.006 10201 306030 1245.9

10×10 TE1/LE3×6
𝑝8 6.219 15.09 17.76 13.25 0.3865 0.4852 1.004 3161 24270 19.4

TE1/LE3×12 6.219 15.09 17.76 13.25 0.3865 0.4852 1.000 3161 28974 24.6

(a) A: TE𝑚/LE𝑛×6 (b) B: TE𝑚/LE𝑛×12 (c) C: TE𝑚/LE𝑛×20

Figure 7.4: NDK FE models with variable TE/LE nodal capabilities for the three-layered
spherical shells under local pressure.

and very thin shells need locally refined area consisting of only twelve 𝑝-version ele-
ments which correspond to NDK model B in Fig. 7.4b. It can also be concluded that the
order of TE kinematics used in the non-critical region dramatically affects the solution
accuracy of stresses in the local area especially in the FE model for the thick shell with
𝑅/ℎ = 10.

From Tables 7.7, 7.8, and 7.9, it can be observed that the NDK approach helps to re-
duce the computational costs considerably without sacrificing accuracy. By comparing
the through-the-thickness variation of transverse shear stresses obtained with different
FE approaches shown in Figs. 7.5 and 7.6, it can be noticed that NDKmodels give results
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7 – Refined shell FE models with Node-Dependent Kinematics
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Figure 7.5: Through-the-thickness distribution of 𝜎̄𝛼𝑧 through ( 𝑎
25 ,0, ̄𝑧) in the three-

layered spherical shells under local pressure.
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(b) 𝑅/ℎ = 100
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Figure 7.6: Through-the-thickness distribution of 𝜎̄𝛽𝑧 through (0, 2𝑏
25 , ̄𝑧) in the three-

layered spherical shells under local pressure.

in excellent agreement with those obtained with uniform refinement.
Figs. ??, ??, and ?? demonstrate that the NDKmodels are able to reproduce 3D stress

fields in consistencywith those obtained through uniformly refined FEmodels.The data
listed in Table 7.10 show that the NDK model is particularly efficient for the very thin
shell (𝑅/ℎ = 1000) by giving a reduction of 69.4% regarding the DOFs and a decrease
of 82.7% in solution time compared to the uniform kinematic refinements. For the thick
shell (𝑅/ℎ = 10), the solution consumption can be saved by around 50%.

Fig.7.10 compares the computational efficiency of different FE models. The FE mod-
els considered are those who give the best solutions within their category as noted
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7.3 – Case 3: Simply-supported three-layered cross-ply spherical shells under local distributed pressure

0 0.093 0.19 0.28-2.324e-02 3.475e-01

S13

(a) 𝑝5-LE5, ℎ × 1

0 0.093 0.19 0.28-2.324e-02 3.475e-01

S13

(b) 𝑝5-TE5/LE5×20, ℎ × 1

Figure 7.7: 𝜎𝛼𝑧 on the three-layered spherical shell (𝑅/ℎ = 10) under local pressure.
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(a) 𝑝6-LE4, ℎ × 10

0 0.68 1.4 2-2.470e-01 2.472e+00

S13

(b) 𝑝6-TE3/LE4×12, ℎ × 10

Figure 7.8: 𝜎𝛼𝑧 on the three-layered spherical shell (𝑅/ℎ = 100) under local pressure.
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0 1.3 2.5-1.095e+00 3.996e+00
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(b) 𝑝8-TE1/LE3×12, ℎ × 100

Figure 7.9: 𝜎𝛼𝑧 on the three-layered spherical shell (𝑅/ℎ = 1000) under local pressure.
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7 – Refined shell FE models with Node-Dependent Kinematics

Table 7.10: A comparison between uniformly refined models and NDK models for the
three-layered spherical shells under local pressure regarding computational costs.

𝑅/ℎ Element Theory DOFs Reduction
of DOFs

Relative
CPU time ̄𝑡

Reduction of
CPU time

10 𝑝5 LE5 62448 – 88.9 –
TE5/LE5×20 31998 48.8% 41.6 53.2%

100 𝑝6 LE4 71019 – 89.2 –
TE3/LE4×12 28521 59.8% 27.0 69.7%

1000 𝑝8 LE3 94830 – 142.1 –
TE1/LE3×12 28974 69.4% 24.6 82.7%

in Fig.7.10a. It is shown that the DOFs of the C3D20R models increase significantly
when the shell gets thinner from 𝑅/ℎ = 10 to 𝑅/ℎ = 100. The refined shell elements
used can give comparable accuracy with a much lower number of DOFs.These required
DOFs in the refined shell FE models are not quite sensitive to the radius-to-thickness
ratio. In comparison withMITC9 elements, the hierarchical elements can also overcome
the locking phenomena, and the computational costs are much lower. The use of NDK
leads to significantly improved numerical efficiency with reference to the uniformly
refined shell FE models. The CPU time consumptions of different FE models are com-
pared in Fig.7.10b. For the MITC-LE models, a descending trend in solution time with
the increase of the radius-to-thickness ratio can be observed. Time consumption of 𝑝-LE
models shows a slightly increasing trend. The efficiency of 𝑝-NDK FE models is evident
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Figure 7.10: Numerical efficiency of various FE models in the analysis of the three-
layered spherical shells under local pressure.
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7.4 – Conclusions

regarding the time reduction.

7.4 Conclusions
In the CUF framework, the proposed shll FE models can accommodate two-level

mathematical refinements, namely the kinematic refinement and the shape function
enhancement. The NDK method allows the definition of variable ESL/LE nodal kine-
matic assumptions in the critical region. The adaptable refinement approach, based on
the 𝑝-refinement and NDK, can help to build FE models for the analysis of laminated
shells with optimal efficiency. The following conclusions can be drawn:

• The two-level mathematical refinements based on CUF empower one to fully uti-
lize the capabilities of given 2D mesh grid to obtain accurate structural response
with 3D accuracy;

• Through Node-Dependent Kinematics (NDK) technique, a local refinement on
the chosen FE shape functions can be implemented in an adaptable way, and the
computational costs can be further reduced while keeping the accuracy;

• The locally refined region and the kinematics in the non-critical zone are both
crucial to the success of the NDK FE modeling.

It should be pointed out that, in engineering analyses, meshing takes up themajority
of the total time consumption (e.g., 80%). The adaptable refinement approach presented
can help engineers to reduce the simulation time in both pre-processing and solution
phases. Besides, this approach enables engineers to re-use the mesh files which can
further reduce the time consumption in subsequent analysis iterations. In future work,
adaptive routines can be developed for engineering applications.
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Multi-field Modeling
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Chapter 8

Thermo-mechanical plate and shell
FE models with various kinematics

In this chapter, in steady-state thermo-mechanical analyses with the variable kine-
matic plate and shell FEmodels, various thickness functions are tested, including Taylor
series, sine and cosine functions, exponential functions, and miscellaneous expansions.
These kinematic models are implemented in ESL approach, and the obtained results are
compared against LW models with Lagrange expansions (LE). The used thermo-elastic
model in the present chapter is a particular case of the multi-filed models presented in
Chapter 4, and the obtained temperature field by solving the thermal conduction equa-
tion is substituted into the calculation of mechanical response in a subsequent step.The
numerical examples include cross-ply plates and cylindrical shells under bi-sinusoidal
distributed temperature on external surfaces. Thermal stresses under assumed and cal-
culated temperature fields are compared. In the current work, it is assumed that the
thermal conductivity coefficients do not change with temperature. The FE results are
also compared against Navier-type analytical solutions obtained through LW models
with LE4 (fourth-order Lagrange polynomials). In the current chapter, MITC9 element
is used to contrast the possible locking phenomena.

8.1 Various kinematic assumptions
As introduced in Chapter 2, various basis functions can be used in the kinematic

assumptions and implemented in the CUF framework. A series of acronyms are intro-
duced to indicate various kinematics used, as listed in Table 8.1. The initial letter “E”
indicates the ESL approach. For example, “ES2C2” and “ET1Exp2Z”, respectively, refer
to the following expansions:

𝑢(𝑥, 𝑦, 𝑧) =𝑢0(𝑥, 𝑦) + sin(𝜋𝑧
ℎ

)𝑢1(𝑥, 𝑦) + cos(𝜋𝑧
ℎ

)𝑢2(𝑥, 𝑦) + sin(2𝜋𝑧
ℎ

)𝑢3(𝑥, 𝑦)

+ cos(2𝜋𝑧
ℎ

)𝑢4(𝑥, 𝑦)
(8.1)
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8 – Thermo-mechanical plate and shell FE models with various kinematics

𝑢(𝑥, 𝑦, 𝑧) = 𝑢0(𝑥, 𝑦) + 𝑧𝑢1(𝑥, 𝑦) + 𝑒
𝑧
ℎ𝑢2(𝑥, 𝑦) + 𝑒

2𝑧
ℎ 𝑢3(𝑥, 𝑦) + (−1)𝑘𝜁𝑘𝑢𝑍 (8.2)

Table 8.1: Acronyms of various ESL kinematic models.

𝑧0 𝑧1 → 𝑧𝑁 sin(
𝑧𝜋
ℎ ) → sin(

𝑛𝑧𝜋
ℎ ) cos(

𝑧𝜋
ℎ ) → cos(

𝑛𝑧𝜋
ℎ ) 𝑒(𝑧/ℎ) → 𝑒(𝑛𝑧/ℎ) (−1)𝑘𝜁𝑘

ET𝑛 √ √ × × × ×
ET𝑛Z √ √ × × × √
ES𝑛 √ × √ × × ×
ES𝑛Z √ × √ × × √
EC𝑛 √ × × √ × ×
EC𝑛Z √ × × √ × √
ES𝑛C𝑛 √ × √ √ × ×
ES𝑛C𝑛Z √ × √ √ × √
ET𝑛S𝑛C𝑛 √ √ √ √ × ×
ET𝑛S𝑛C𝑛Z √ √ √ √ × √
EEXP𝑛 √ × × × √ ×
EEXP𝑛Z √ × × × √ √
ET𝑛Exp𝑛 √ √ × × √ ×
ET𝑛Exp𝑛Z √ √ × × √ √

LE𝑛 indicates an LWmodel adopting 𝑛th order Lagrange polynomials. A subscript 𝑎
denotes the adoption of assumed linear temperature profiles through the thickness, and
𝑐 indicates that the through-the-thickness distribution is calculated by solving Fourier’s
equation.

8.2 Three-layered square plates under thermal load
Bhaskar, Varadan, and Ali [26] proposed analytical solutions for a set of simply sup-

ported cross-ply square composite plates under distributed temperature on the top and
bottom surfaces, and the temperature profile through the thickness is assumed to be lin-
ear. In this section, this benchmark case is studied through refined plate elements, and
an exact temperature field is considered. The composite square plates consist of three
layers with lamination sequence (0∘/90∘/0∘), which have equal thickness ℎ/3. Length-
to-thickness ratios 𝑎/ℎ = 2, 10, and 100 are studied. The elastic constants and heat
conduction coefficients of the lamina are listed in 8.2, wherein 𝐿 and 𝑇 indicate the di-
rection parallel and perpendicular to the fiber axis, respectively. The three-dimensional
temperature field follows:

𝜃(𝑥, 𝑦, 𝑧) = 𝜃𝐴(𝑧) ⋅ sin(𝜋𝑥
𝑎

) sin(
𝜋𝑦
𝑏

) (8.3)

The temperature boundary conditions are ̂𝜃𝐴(ℎ
2 ) = 1K and ̂𝜃𝐴(−ℎ

2 ) =-1K. In the work
of Bhaskar, Varadan, and Ali [26], it is assumed that the temperature varies linearly
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8.2 – Three-layered square plates under thermal load

through the thickness. The obtained deflections and stresses are non-dimensionalized
through:

̄𝑢𝑧 = 𝑤
ℎ𝛼𝐿𝜃𝐴𝑆2 , 𝜎̄𝑖𝑖 =

𝜎𝑖𝑖
𝐸𝑇𝛼𝐿𝜃𝐴

, 𝜎̄𝑖𝑗 =
𝜎𝑖𝑗

𝐸𝑇𝛼𝐿𝜃𝐴
, 𝑆 = 𝑎/ℎ (8.4)

where 𝑖, 𝑗 = 𝑥, 𝑦, 𝑧.

Table 8.2: Material properties of the lamina used on the three-layered square plates.

𝐸𝐿/𝐸𝑇 𝐺𝐿𝑇/𝐸𝑇 𝐺𝐿𝑇/𝐸𝑇 𝜈𝐿𝑇, 𝜈𝑇 𝑇 𝛼𝑇/𝛼𝐿 𝐾𝐿/𝐾𝑇

25 0.5 0.2 0.25 1125 36.42/0.96

A mesh convergence study is first conducted on the thin plate with 𝑎/ℎ = 100 by
using LE4 kinematics, and the assumed linear temperature profile is used. A quarter of
the plate is modeledwith the help of symmetric boundary conditions.The results shown
in Fig. 8.3 show that 10×10 MITC9 elements can give satisfactory numerical accuracy.

Table 8.3: Mesh convergence study with LE4 on the three-layered plate with 𝑎/ℎ = 100
subjected to assumed linear temperature profiles.

𝑎/ℎ Mesh 𝑤̄(𝑎
2 ,

𝑏
2 ,

ℎ
2 ) 𝜎̄𝑥𝑥(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) 𝜎̄𝑥𝑧(0, 𝑏

2 ,
ℎ
6 )

100

4×4 10.26 981.7 7.166
6×6 10.26 972.6 7.115
8×8 10.26 969.5 7.097
10×10 10.26 968.0 7.088

Bhaskar et al. [26] 10.26 965.4 7.073

With the refinement of kinematics, the numerical convergence is achieved gradu-
ally, as demonstrated in Fig. 8.1, in which the stresses are multiplied by ten times when
necessary (denoted by “*10”) for the convenience of illustration. The results show that
LE4 is capable of capturing satisfactory distribution of transverse shear stresses through
the thickness.

The assumed linear and calculated temperature profiles through LE4 kinematics are
compared in Fig. 8.2, fromwhich it can be observed that in the thick plates the variation
of calculated temperature is quite different from the assumed liner profile.

The displacement and stresses obtained with LW kinematics are presented in Ta-
ble 8.4, where𝑁𝑒𝑥𝑝 indicates the number of total expansion terms.Through-the-thickness
variations of stresses are shown in Fig.8.3. One can notice that the adopted refined plate
FE models achieved great agreement with the analytical solutions. Meanwhile, on the
thick plate, thermal-mechanical response caused by the calculated exact temperature
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Figure 8.1: 𝜎̄𝑥𝑧 through the thickness of the composite plates under assumed linear
temperature profile, obtained with LW models.
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Figure 8.2: Through-the-thickness temperature profiles ̄𝜃𝐴 for the three-layered com-
posite plates with various thickness ratios (𝑎/ℎ).

field is very different from that due to the assumed linear distribution. On the thin
layered plate with 𝑎/ℎ = 100, the displacement and stresses under these two sets of
temperature fields show almost no difference.

Various ESL models were then applied to the thermal-mechanical analyses with
calculated temperature fields. The results obtained with ET𝑛 are reported in Table 8.5.
Since FSDT is not a complete linear case, its number of expansions is denoted as “2∗”.
The obtained through-the-thickness variations of 𝜎̄𝑥𝑧 are shown in Fig. 8.4. Nine ex-
pansions are essential for the thick plate, while six terms are sufficient for the moderate
thick and thin plates. More often than not, FSDT failed to provide accurate displacement
and stress evaluations. The use of Murakami zig-zag function improves the distribution
of transverse shear stresses through the thickness. Compared with LE4, the presented
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8.2 – Three-layered square plates under thermal load

Table 8.4: Deflections and stresses obtained with LW models for the three-layer square
plates with various 𝑎/ℎ under thermal fields.

𝑎/ℎ Model Assumed temperature Calculated temperature 𝑁𝑒𝑥𝑝
§𝑤̄ †𝜎̄𝑥𝑥

‡𝜎̄𝑥𝑧
§𝑤̄ †𝜎̄𝑥𝑥

‡𝜎̄𝑥𝑧

2

LE1 89.25 641.8 42.56 44.17 34.58 31.70 16
LE4 96.78 1393 63.95 48.85 487.9 30.01 13

LE4(analytical) 96.784 1389.6 63.823 48.908 488.56 30.009 13

Bhaskar et al. [26] 96.79 1390 63.92 – – – –

10

LE1 17.63 906.7 58.78 16.67 811.9 56.35 4
LE4 17.39 1029 60.66 16.40 950.5 57.19 13

LE4(analytical) 17.392 1026.3 60.540 16.395 947.96 57.070 13

Bhaskar et al. [26] 17.39 1026 60.54 – – – –

100

LE1 10.91 895.7 6.883 10.91 894.6 6.880 4
LE4 10.26 968.0 7.088 10.25 967.2 7.084 13

LE4(analytical) 10.260 965.37 7.0732 10.253 964.55 7.0688 13

Bhaskar et al. [26] 10.26 965.4 7.073 – – – –
Variables are evaluated at: §( 𝑎

2
, 𝑏

2
, ℎ

2
); †( 𝑎

2
, 𝑏

2
, ℎ

2
); ‡(0, 𝑏

2
, ℎ

6
).
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Figure 8.3: Through-the-thickness variation of deflections and stresses on the three-
layered plates with various 𝑎/ℎ ratios under thermal load, obtained with LW models.

ESL kinematics are more efficient when used on moderate thick and thin plates. The
Murakami zig-zag function will be used in the following discussed ESL models.

Table 8.6 and Fig. 8.5 summarize the results obtained through exponential expan-
sions EExp𝑛Z and ET1Exp𝑛Z in ESL approach. One can find that such kinematic mod-
els are less accurate compared with the ET𝑛Z theories, even if the additional first-order
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8 – Thermo-mechanical plate and shell FE models with various kinematics

Table 8.5: Deflections and stresses on three-layer square plates with various 𝑎/ℎ under
calculated temperature profiles, obtained with ESL models ET𝑛 and ET𝑛Z.

𝑎/ℎ Model 𝑤̄(𝑎
2 ,

𝑏
2 ,

ℎ
2 ) 𝜎̄𝑥𝑥(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) 𝜎̄𝑥𝑧(0, 𝑏

2 ,
ℎ
6 ) 𝑁𝑒𝑥𝑝

2

FSDT𝑐 20.36 -281.6 22.10 2*
ET4𝑐 49.30 411.4 23.97 5
ET6𝑐 48.45 477.7 23.71 7
ET7𝑐 48.87 493.1 22.11 8

ET3Z𝑐 50.09 405.1 23.43 5
ET5Z𝑐 48.75 444.0 31.34 7
ET7Z𝑐 48.79 489.6 31.01 9

LE4𝑐(analytical) 48.908 488.56 30.009 13

10

FSDT𝑐 17.26 962.7 26.41 2*
ET3𝑐 15.95 919.4 34.62 4
ET4𝑐 15.93 944.0 34.55 5

ET3Z𝑐 16.41 924.8 50.44 5
ET4Z𝑐 16.38 948.5 50.02 6

LE4𝑐(analytical) 16.395 947.96 57.070 13

100

FSDT𝑐 15.05 1193 3.071 2*
ET3𝑐 10.25 966.8 4.149 4
ET4𝑐 10.25 967.1 4.149 5

ET2Z𝑐 10.25 966.3 6.656 4
ET3Z𝑐 10.25 966.9 6.260 5
ET4Z𝑐 10.25 967.2 6.260 6

LE4𝑐(analytical) 10.253 964.55 7.0688 13

term improves the accuracy to some extent.
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8.2 – Three-layered square plates under thermal load
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Figure 8.4: Variation of 𝜎̄𝑥𝑧 through the thickness of the three-layered plates under
calculated temperature profiles, obtained with ESL models ET𝑛 and ET𝑛Z.
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Figure 8.5: 𝜎̄𝑥𝑧 through the thickness of the three-layered plates under calculated tem-
perature profiles, obtained with EExp𝑛Z and ET1Exp𝑛Z.
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8 – Thermo-mechanical plate and shell FE models with various kinematics

Table 8.6: Deflections and stresses on the three-layered plates under calculated temper-
ature profiles, obtained with ESL models EExp𝑛Z and ET1Exp𝑛Z.

𝑎/ℎ Model 𝑤̄(𝑎
2 ,

𝑏
2 ,

ℎ
2 ) 𝜎̄𝑥𝑥(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) 𝜎̄𝑥𝑧(0, 𝑏

2 ,
ℎ
6 ) 𝑁𝑒𝑥𝑝

2

EExp3Z𝑐 48.66 429.7 30.22 5
EExp5Z𝑐 48.50 459.0 22.06 7
EExp7Z𝑐 48.77 472.6 37.32 9

ET1Exp3Z𝑐 47.95 454.4 24.52 6
ET1Exp5Z𝑐 48.74 521.3 31.09 8
ET1Exp6Z𝑐 48.74 482.1 33.37 9

LE4𝑐(analytical) 48.908 488.56 30.009 13

10

EExp3Z𝑐 16.38 905.7 58.85 5
EExp5Z𝑐 16.38 941.2 48.90 7
EExp7Z𝑐 16.39 948.6 52.27 9

ET1Exp3Z𝑐 16.38 960.8 50.21 6
ET1Exp5Z𝑐 16.39 951.5 51.76 8

LE4𝑐(analytical) 16.395 947.96 57.070 13

100

EExp3Z𝑐 9.705 855.8 17.54 5
EExp5Z𝑐 10.25 962.4 5.074 7
EExp7Z𝑐 10.25 966.6 6.515 9

ET1Exp3Z𝑐 10.25 970.3 6.254 6
ET1Exp5Z𝑐 10.25 967.3 6.380 8

LE4𝑐(analytical) 10.253 964.55 7.0688 13

Table 8.7 and Figs. 8.6 present the results given by ESL models with trigonometric
functions. For the thick plate with 𝑎/ℎ = 2, both ES5C5Z and ET1S3C3Z are capable of
giving satisfactory estimations, while the latter is preferable due to a fewer number of
expansion terms are used. For themoderate thick (𝑎/ℎ = 10) and thin (𝑎/ℎ = 100) plates,
it is challenging for ES𝑛C𝑛Z kinematics to give satisfactory approximation of stress
distribution through the thickness, and the additional first-order Taylor term helps to
improve the convergence rate and numerical stability significantly, as shown in Fig. 8.6.

The discussed kinematics above are compared in Fig. 8.7. It can be observed that
ET𝑛Z and ET1S𝑛C𝑛Z perform well. Thus, they are used in the thermo-mechanical mod-
eling of a set of laminated cylindrical shells.
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8.2 – Three-layered square plates under thermal load

Table 8.7: Deflections and stresses on the three-layer plates calculated temperature pro-
files, obtained with ESL models ES𝑛C𝑛Z and ET1S𝑛C𝑛Z.

𝑎/ℎ Model 𝑤̄(𝑎
2 ,

𝑏
2 ,

ℎ
2 ) 𝜎̄𝑥𝑥(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) 𝜎̄𝑥𝑧(0, 𝑏

2 ,
ℎ
6 ) 𝑁𝑒𝑥𝑝

2

ES1C1Z𝑐 44.69 -11.88 31.46 4
ES3C3Z𝑐 48.62 445.5 40.80 8
ES5C5Z𝑐 48.83 494.2 30.70 12

ET1S1C1Z𝑐 48.66 375.1 24.44 5
ET1S3C3Z𝑐 48.84 467.8 30.67 9
ET1S4C4Z𝑐 48.83 488.6 30.90 11

LE4𝑐(analytical) 48.908 488.56 30.009 13

10

ES1C1Z𝑐 12.94 430.5 58.02 4
ES3C3Z𝑐 16.36 943.0 57.05 8
ES5C5Z𝑐 16.39 950.3 55.54 12

ET1S1C1Z𝑐 16.57 860.5 51.26 5
ET1S3C3Z𝑐 16.39 946.6 53.62 9
ET1S5C5Z𝑐 16.39 950.3 55.57 13

LE4𝑐(analytical) 16.395 947.96 57.070 13

100

ES1C1Z𝑐 0.4448 -349.0 8.452 4
ES3C3Z𝑐 9.241 838.0 35.87 8
ES5C5Z𝑐 10.25 966.9 6.981 12

ET1S1C1Z𝑐 10.34 890.0 6.354 5
ET1S3C3Z𝑐 10.25 964.5 6.611 9
ET1S5C5Z𝑐 10.25 967.1 6.872 13

LE4𝑐(analytical) 10.253 964.55 7.0688 13
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8 – Thermo-mechanical plate and shell FE models with various kinematics
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Figure 8.6: 𝜎̄𝑥𝑧 through the thickness of the three-layered plates under calculated tem-
perature profiles, obtained with ES𝑛C𝑛Z and ET1S𝑛C𝑛Z.
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Figure 8.7: 𝜎̄𝑥𝑧 through the thickness of the three-layered plates under calculated tem-
perature profiles, obtained by ESL models with various thickness functions.
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8.3 – Two-layered cylindrical shells under thermal load

8.3 Two-layered cylindrical shells under thermal load
The thermal response of two-layered cylindrical shells with lamination (0∘/90∘) (from

bottom to top) is investigated. The dimensions are: 𝑎 = 𝑏 = 0.1m, 𝑅𝛼 = 0.1m, 𝑅𝛽 = ∞.
Radius-to-thickness ratios 𝑅𝛼/ℎ = 2,10 and 500 are considered. Tables 8.8 presents the
mechanical and thermal properties of the lamina, which are assumed with reference to
the work of Jacquemin and Vautrin [113]. The thermal conduction coefficients (𝜅11, 𝜅22,
and 𝜅33) are taken from the work of Hicks [102].

Table 8.8: Mechanical properties of T300/5208 composite lamina.

𝐸1 𝐸2,𝐸3 𝐺12,𝐺13 𝐺23 𝜈12, 𝜈13 𝜈23 𝛼11 𝛼22, 𝛼33 𝜅11 𝜅22, 𝜅33
(GPa) (GPa) (GPa) (GPa) (10−6/K) (10−6/K) (W/mK) (W/mK)

181 10.3 7.17 2.39 0.28 0.43 0.02 22.5 4.6 0.7

The distribution of the temperature field follows:

𝜃(𝛼, 𝛽, 𝑧) = 𝜃𝐴(𝑧) ⋅ sin(𝜋𝛼
𝑎

) sin(
𝜋𝛽
𝑏

) (8.5)

The temperature boundary conditions are 𝜃𝐴(−ℎ
2 ) = 0K and 𝜃𝐴(ℎ

2 ) = 50K.
Themesh convergence study is conducted through LE4models on the thin shell with

𝑅𝛼/ℎ = 500 under assumed linear temperature distribution through the thickness. By
taking advantage of the symmetric characteristics, a quarter of the structure is modeled.
The results summarized in Table 8.9 show that 10×10 MITC9 shell elements can ensure
the convergence of the FE solutions.

Table 8.9: Mesh convergence study with LE4 on the cylindrical shells with 𝑅𝛼/ℎ = 500
under assumed temperature filed.

𝑅𝛼/ℎ Mesh
§𝑤(10−3mm) †𝜎𝛼𝛼(KPa)

‡𝜎𝛼𝑧(KPa)
(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎, 𝑏

2 ,
ℎ
4 )

500

4×4 8.228 -11014 15.10
6×6 8.226 -11021 15.12
8×8 8.225 -11023 15.11
10×10 8.225 -11024 15.10

LE4𝑎(analytical) 8.2246 -11025 15.070

The calculated thorough-the-thickness profiles of temperature on the cylindrical
shells are reported in 8.8. It can be observed that on the shell with 𝑎/ℎ = 500, the exact
temperature almost coincides with the assumed linear one. However, on the thick shell
with 𝑎/ℎ = 2, the calculated profile is far from being linear.
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Figure 8.8: Temperature profiles 𝜃𝐴(𝑧) for composite cylindrical shells with various
thickness ratios (𝑅𝛼/ℎ).

Table 8.10: Deflection and stresses obtained with LWmodels for the two-layer cylindri-
cal shells under thermal fields.

𝑅𝛼/ℎ Model
Assumed profiles Calculated profiles

𝑁𝑒𝑥𝑝§𝑤 †𝜎𝛼𝛼
‡𝜎𝛼𝑧

§𝑤 †𝜎𝛼𝛼
‡𝜎𝛼𝑧

(10−3mm) (KPa) (KPa) (10−3mm) (KPa) (KPa)

2
LE1 25.28 -6097 595.8 14.78 -11474 579.4 3
LE4 27.39 -4271 261.1 16.39 -7074 538.3 9

LE4(analytical) 27.393 -4287.8 260.56 16.403 -7073.4 541.76 9

10
LE1 20.51 -10607 587.2 19.98 -11003 577.5 3
LE4 19.11 -8849 554.4 18.57 -8952 544.6 9

LE4(analytical) 19.110 -8854.6 553.23 18.570 -8957.6 543.49 9

500
LE1 8.325 -13271 15.53 8.325 -13271 15.53 3
LE4 8.225 -11024 15.10 8.225 -11024 15.10 9

LE4(analytical) 8.2246 -11025 15.070 8.2244 -11025 15.069 9
Variables are evaluated at: §( 𝑎

2
, 𝑏

2
, ℎ

2
); †( 𝑎

2
, 𝑏

2
, ℎ

2
); ‡(𝑎, 𝑏

2
, ℎ

4
).

The thermal-mechanical response of the cylindrical shells obtained with variable
kinematic LWmodels is summarized in Table 8.10.The through-the-thickness variation
of deflection and stresses are reported in Fig. 8.9, in which the stresses are multiplied
by 50 times in the plots when necessary and denoted by “∗50” for the convenience of
comparison. It can be observed that the displacements and stresses obtained are in great
agreement with the Naiver analytical solutions. By comparing the results given by the
assumed and calculated temperature fields, it can be noticed that the thicker the shell
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Figure 8.9: Distribution of deflections and stresses through the thickness of the two-
layered cylindrical shells under assumed and calculated temperature fields obtained
with LW kinematics.

is, the more evident the difference will be. Besides, LE4 kinematics is sufficient to give
satisfactory accuracy.

Various ESL models were then used in the thermal analysis of cylindrical shells
under calculated temperature fields. From the results summarized in Tables 8.11 and
8.12, one can notice that compared to LW kinematics, when a sufficient number of
expansions are used, the ESLmodels result in estimations quit accurate on the moderate
thick (𝑅𝛼/ℎ = 10) and thin (𝑅𝛼/ℎ = 500) shells, yet less accurate on the thick shell.
The variations of 𝜎𝛼𝑧 through the thickness obtained with different ESL kinematics are
shown in Figs. 8.10, 8.11, 8.12, and 8.13. From which, the convergence of the solution
with the increase of the expansion number can be observed. Notably, the convergence
rate of ES𝑛C𝑛Z is much improved with the help of an additional first-order term.
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8 – Thermo-mechanical plate and shell FE models with various kinematics

Table 8.11: Deflections and stresses on the two-layer cylindrical shells under calculated
temperature fields, obtained with ESL models EExp𝑛Z and ES𝑛C𝑛Z.

𝑅𝛼/ℎ Model 𝑤(𝑎
2 ,

𝑏
2 ,

ℎ
2 ) 𝜎𝛼𝛼(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) 𝜎𝛼𝑧(𝑎, 𝑏

2 ,
ℎ
4 ) 𝑁𝑒𝑥𝑝(10−3mm) (KPa) (KPa)

2

FSDT𝑐 5.239 -14985 162.8 2*
EExp5Z𝑐 16.38 -6999 586.4 7
EExp7Z𝑐 16.39 -7064 531.8 9
EExp9Z𝑐 16.39 -7043 506.6 11

ES3C3Z𝑐 16.37 -7485 525.1 8
ES4C4Z𝑐 16.39 -7167 503.3 10
ES5C5Z𝑐 16.40 -7059 507.6 12

LE4𝑐(analytical) 16.403 -7073.4 541.76 9

10

FSDT𝑐 22.79 -14890 350.9 2*
EExp5Z𝑐 18.55 -8967 604.0 7
EExp7Z𝑐 18.56 -8963 545.4 9
EExp9Z𝑐 18.57 -8906 460.2 11

ES3C3Z𝑐 18.53 -9324 523.7 8
ES4C4Z𝑐 18.56 -9044 524.5 10
ES5C5Z𝑐 18.57 -8964 531.9 12

LE4𝑐(analytical) 18.570 -8957.6 543.49 9

500

FSDT𝑐 14.47 -16891 10.67 2*
EExp5Z𝑐 8.224 -11080 17.02 7
EExp7Z𝑐 8.225 -11028 15.13 9
EExp9Z𝑐 8.224 -10878 17.77 11

ES3C3Z𝑐 8.184 -11415 1.951 8
ES4C4Z𝑐 8.223 -11110 13.18 10
ES5C5Z𝑐 8.224 -11042 15.68 12

LE4𝑐(analytical) 8.2244 -11025 15.069 9

8.4 Conclusions
Various and miscellaneous thickness functions implemented in the ESL approach

have been tested in the thermal-mechanical modeling of laminated plates and shells.
The numerical results show that:

1. For thin laminates, linear variation of temperature through the thickness is an
effective assumption, whereas for thick layered plates, this assumption can lead
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8.4 – Conclusions

Table 8.12: Deflections and stresses on the two-layer cylindrical shells under calculated
temperature fields, obtained with ESL models ET𝑛Z and ET1S𝑛C𝑛Z.

𝑅𝛼/ℎ Model
§𝑤(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) †𝜎𝛼𝛼(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) ‡𝜎𝛼𝑧(𝑎, 𝑏

2 ,
ℎ
4 ) 𝑁𝑒𝑥𝑝(10−3mm) (KPa) (KPa)

2

FSDT𝑐 5.239 -14985 162.8 2*
ET7Z𝑐 16.39 -7072 527.5 9
ET9Z𝑐 16.39 -7026 511.4 11
ET11Z𝑐 16.40 -7081 513.1 13

ET1S3C3Z𝑐 16.39 -7124 522.9 9
ET1S4C4Z𝑐 16.39 -7040 509.1 11
ET1S5C5Z𝑐 16.40 -7057 516.2 13

LE4𝑐(analytical) 16.403 -7073.4 541.76 9

10

FSDT𝑐 22.79 -14890 350.9 2*
ET5Z𝑐 18.56 -8936 567.2 7
ET7Z𝑐 18.56 -8963 543.2 9
ET9Z𝑐 18.57 -8944 532.3 11

ET1S2C2Z𝑐 18.57 -9064 561.4 7
ET1S3C3Z𝑐 18.57 -8983 538.9 9
ET1S4C4Z𝑐 18.57 -8949 531.5 11

LE4𝑐(analytical) 18.570 -8957.6 543.49 9

500

FSDT𝑐 14.47 -16891 10.67 2*
ET3Z𝑐 8.225 -11024 15.66 5
ET5Z𝑐 8.225 -11024 15.66 7
ET7Z𝑐 8.225 -11024 15.13 9

ET1S1C1Z𝑐 8.229 -11772 15.51 5
ET1S2C2Z𝑐 8.225 -11154 15.43 7
ET1S3C3Z𝑐 8.225 -11047 15.06 9

LE4𝑐(analytical) 8.2244 -11025 15.069 9

to overestimated stresses compared to results obtained by using calculated tem-
perature fields.

2. It is clear that ESL models work better on thin laminates than on thick structures;

3. When a sufficient number of expansion terms are used, most of the ESL kine-
matics theories studied can achieve a good approximation of displacements and
stresses;
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Figure 8.10: 𝜎𝛼𝑧 through the thickness of the two-layered cylindrical shells under cal-
culated temperature field, obtained with ET𝑛Z kinematics.
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Figure 8.11: Transverse shear stress 𝜎𝛼𝑧 through the thickness of the composite shells
with various 𝑅𝛼/ℎ ratios, obtained with EExp𝑛Z kinematics.

4. The studied various kinematics theories exhibit different numerical convergence
rates, and in general Taylor series have higher convergence rate than exponential
and trigonometric functions;

5. With Murakami’s zig-zag function, the through-the-thickness distribution of the
transverse shear stress obtained with ESL models can be improved significantly;

6. In all the cases tested, LWmodels employing fourth-order Lagrange polynomials
(LE4) can achieved reliable accuracy and guarantee continuous transverse shear
stress through the thickness of both thick and thin laminates.
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Figure 8.12: 𝜎𝛼𝑧 through the thickness of the two-layered cylindrical shells under cal-
culated temperature fields, obtained with ES𝑛C𝑛Z kinematics.
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Figure 8.13: 𝜎𝛼𝑧 through the thickness of the two-layered cylindrical shells under cal-
culated temperature fields, obtained with ET1S𝑛C𝑛Z kinematics.
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Chapter 9

Hygro-mechanical plate and shell
models with variable kinematics

In this chapter, hygro-mechanical modeling with variable kinematic plate and shell
models are demonstrated through two numerical examples. Similar to the partially cou-
pled thermo-mechanical modeling in Chapter 8, the partially coupled hygro-mechanical
simulation is considered in a two-step procedure, inwhich the calculatedmoisture fields
will be used as input in the calculation of hygroscopic stresses. It is assumed that water
diffusivity and hygroscopic expansion coefficients do not change with the variation of
moisture concentration. Variable kinematic ESL and LWmodels are used in the refined
plate and shell models.

9.1 Three-layered square plates with (0∘/90∘/0∘) under
hygroscopic fields

The square cross-ply laminated plates considered have width and length 𝑎 = 𝑏 =
0.1m and stacking sequence (0∘/90∘/0∘). Length-to-thickness ratios 𝑎/ℎ = 2, 10, and 100
are investigated. The elastic and hygroscopic properties of the lamina are listed in Ta-
bles 9.1. The moisture expansion coefficients (𝛽11, 𝛽22, and 𝛽33) and diffusivity (𝜉11, 𝜉22,
and 𝜉33, under temperature 300K) are assumed by referring to the works of Jacquemin
and Vautrin [113] and Tsai [238], respectively. The imposed distribution of moisture
concentration follows:

𝑐(𝑥, 𝑦, 𝑧) = 𝑐𝐴(𝑧) ⋅ sin(𝜋𝑥
𝑎

) sin(
𝜋𝑦
𝑏

) (9.1)

where 𝑐𝐴(𝑧) is the moisture concentration profile through the thickness, and the bound-
ary conditions are 𝑐𝐴(−ℎ

2 ) = 0 and 𝑐𝐴(ℎ
2 ) = 1%.

10×10 MITC9 elements are used to model a quarter of the plates with symmetric
boundary conditions. LW models with fourth-order Lagrange polynomials (LE4) are
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9 – Hygro-mechanical plate and shell models with variable kinematics

Table 9.1: Mechanical and hygroscopic properties of T300/5208 lamina.

𝐸1 𝐸2,𝐸3 𝐺12,𝐺13 𝐺23 𝜈12, 𝜈13 𝜈23 𝛽11 𝛽22, 𝛽33 𝜉11 𝜉22, 𝜉33
(GPa) (GPa) (GPa) (GPa) (wt.%H2O)

−1 (wt.%H2O)
−1 (mm2/s) (mm2/s)

181 10.3 7.17 2.39 0.28 0.43 0 0.006 2.87×10−8 1.63×10−8

first adopted in the simulations. The calculated distributions of moisture concentration
through the thickness are shown in 9.1. It is evident that on the thick plate (𝑎/ℎ = 2),
a linear assumption is far from being accurate. On the moderate thick (𝑎/ℎ = 10) and
thin (𝑎/ℎ = 100) plates, the calculate profiles are quite close to the linear one.
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Figure 9.1: Moisture concentration profiles on the three-layered plates with various 𝑎/ℎ.

Table 9.2: Deflection and stresses on the three-layered plates under hygroscopic fields,
obtained with LW models.

𝑎/ℎ Model
Assumed profiles Calculated profiles

𝑁𝑒𝑥𝑝§𝑤 †𝜎𝑥𝑥
‡𝜎𝑥𝑧

§𝑤 †𝜎𝑥𝑥
‡𝜎𝑥𝑧

(10−3mm) (MPa) (MPa) (10−3mm) (MPa) (MPa)

2
LE1 144.0 66.79 3.996 108.3 38.04 2.821 4
LE4 148.2 106.5 9.461 112.1 71.42 5.609 13

LE4(analytical) 148.68 105.56 9.4418 112.11 71.238 5.5973 13

10
LE1 76.59 34.22 2.167 75.91 33.02 2.146 4
LE4 73.08 38.75 3.021 72.39 37.97 2.967 13

LE4(analytical) 73.078 38.636 3.0147 72.388 37.859 2.9619 13

100
LE1 403.1 31.00 0.2370 403.1 30.99 0.2370 4
LE4 359.1 34.09 0.3208 359.1 34.08 0.3208 13

LE4(analytical) 359.12 33.983 0.32018 359.10 33.976 0.32013 13
Variables are evaluated at: §( 𝑎

2
, 𝑏

2
, ℎ

2
); †( 𝑎

2
, 𝑏

2
, ℎ

2
); ‡(0, 𝑏

2
, ℎ

6
).

126



9.1 – Three-layered square plates with (0∘/90∘/0∘) under hygroscopic fields

The displacements and stresses obtained with LW models are summarized in Ta-
ble 9.2. It can be observed that the results match the analytical solutions well. On the
thick plate (𝑎/ℎ = 2), the assumed linear and calculated temperature profiles through
the thickness cause significant difference regarding both displacements and stresses. On
the moderate thick (𝑎/ℎ = 10) and thin (𝑎/ℎ = 100) plates, structural responses under
these two set of moisture fields are quite close.

Table 9.3: Deflections and stresses on the three-layered plates under calculated moisture
field obtained with ESL models ET𝑛Z and ET1S𝑛C𝑛Z.

𝑎/ℎ Model 𝑤(𝑎
2 ,

𝑏
2 ,

ℎ
2 ) 𝜎𝑥𝑥(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) 𝜎𝑥𝑧(0, 𝑏

2 ,
ℎ
6 ) 𝑁𝑒𝑥𝑝(10−3mm) (MPa) (MPa)

2

FSDT𝑐 23.36 1.623 1.381 2*
ET3Z𝑐 112.9 62.44 1.611 5
ET7Z𝑐 112.4 72.04 3.135 9
ET11Z𝑐 112.3 71.67 3.767 13
ET13Z𝑐 112.2 71.67 3.708 15

ET1S3C3Z𝑐 112.4 71.64 3.257 9
ET1S5C5Z𝑐 112.2 71.61 3.737 13

LE4𝑐(analytical) 112.10734 71.238 5.5973 13

10

FSDT𝑐 70.44 44.93 0.7585 2*
ET5Z𝑐 72.38 37.93 1.790 7
ET9Z𝑐 72.39 38.01 2.198 11
ET11Z𝑐 72.39 38.00 2.272 13

ET1S3C3Z𝑐 72.39 37.89 2.085 9
ET1S5C5Z𝑐 72.39 37.99 2.263 13

LE4𝑐(analytical) 72.388142 37.859 2.9619 13

500

FSDT𝑐 643.4 49.08 0.08121 2*
ET5Z𝑐 359.1 34.08 0.1976 7
ET9Z𝑐 359.1 34.08 0.2409 11
ET11Z𝑐 359.1 34.08 0.2487 13

ET1S3C3Z𝑐 359.1 33.96 0.2290 9
ET1S5C5Z𝑐 359.1 34.08 0.2478 13

LE4𝑐(analytical) 359.099 33.976 0.32013 13

Table 9.3 reports the displacements and stresses obtained with ESL kinematics ET𝑛Z
and ET1S𝑛C𝑛Z for the plates under calculated moisture fields. One can notice that ex-
cellent agreement is achieved between the results given by ESL kinematics and the
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9 – Hygro-mechanical plate and shell models with variable kinematics

analytical solutions for different 𝑎/ℎ values.
The distributions of deflections and stresses through the thickness of the three-

layered plates under calculatedmoisture fields are given in Fig. 9.2, in which the stresses
are amplified by 50 or 500 times and denoted by “∗50” or “∗500” in the plots when
necessary for the convenience of illustration. A significant difference can be observed
between results for the thick plate with 𝑎/ℎ = 2 under the assumed and calculated
moisture fields. For the moderate thick (𝑎/ℎ = 10) and thin (𝑎/ℎ = 500) plates, the cal-
culated moisture profiles through the thickness exhibit almost a linear variation, and
the resultant structural response is also close to that caused by an assumed moisture
profile.
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Figure 9.2: Through-the-thickness variation of deflection and stresses on the three-
layered plates under calculated moisture fields.

The variations of 𝜎𝑥𝑧 through the plate thickness obtainedwith ET𝑛Z and ET1S𝑛C𝑛Z
kinematics under calculated moisture fields are shown in Fig. 9.3. It can be noticed that
in the tested cases, these ESL models do not show as satisfactory performance as the
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9.2 – Two-layered cylindrical shells with (0∘/90∘) under hygroscopic fields

LW models do regarding the interfacial continuity.
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Figure 9.3: 𝜎𝑥𝑧 through the thickness of the three-layered plates under calculated mois-
ture fields, obtained with ESL models with ET𝑛Z and ET1S𝑛C𝑛Z.

9.2 Two-layered cylindrical shells with (0∘/90∘) under
hygroscopic fields

Two-layered cylindrical shells with stacking sequence (0∘/90∘) (from bottom to top)
are considered.The in-lane dimensions are 𝑎 = 𝑏 = 0.1m, and radii𝑅𝛼 = 0.1m,𝑅𝛽 = ∞.
Radius-to-thickness ratios 𝑅𝛼/ℎ = 2,10 and 500 are investigated. The material proper-
ties can be found in 9.1. The moisture field is described by:

𝑐(𝛼, 𝛽, 𝑧) = 𝑐𝐴(𝑧) ⋅ sin(𝜋𝛼
𝑎

) sin(
𝜋𝛽
𝑏

) (9.2)

and the boundary conditions are 𝑐𝐴(−ℎ
2 ) = 0 and 𝑐𝐴(ℎ

2 ) = 1%.
LW models are first employed in the simulations. 10×10 MITC9 shell elements are

used to model a quarter of the whole shells together with symmetric boundary con-
ditions. The calculated moisture distributions through-the-thickness of the cylindri-
cal shells are given in Fig. 9.4. Similar to the above-discussed case, on the thin shell
𝑅𝛼/ℎ = 500, the calculated moisture profiles coincide with the assumed linear ones,
and an minor difference can be observed between these two sets of fields on the mod-
erate thick shell (𝑅𝛼/ℎ = 10). On the thick shell with 𝑅𝛼/ℎ = 2, the calculated moisture
profile shows an obvious nonlinear distribution through the shell thickness.

The results obtained with LW kinematics are summarized in Table 9.4 and Fig. 9.5. It
can be observed that the LE4 models can give results agreeing well with the analytical
solutions. For moderately thick (𝑅𝛼/ℎ = 10) and thin (𝑅𝛼/ℎ = 500) shells, the linear
moisture concentration variation through the thickness is a reasonable assumption. For
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Figure 9.4: Moisture profiles on the two-layered cylindrical shells.

Table 9.4: Deflections and stresses on the two-layered cylindrical shells under hygro-
scopic fields, obtained with LW models.

𝑅𝛼/ℎ Model
Assumed profiles Calculated profiles

𝑁𝑒𝑥𝑝§𝑤 †𝜎𝛼𝛼
‡𝜎𝛼𝑧

§𝑤 †𝜎𝛼𝛼
‡𝜎𝛼𝑧

(10−3mm) (MPa) (MPa) (10−3mm) (MPa) (MPa)

2
LE1 134.8 -32.51 3.189 104.1 -47.83 3.254 3
LE4 146.0 -22.78 1.402 113.9 -30.76 2.411 9

LE4(analytical) 146.01 -22.869 1.3991 113.21 -31.009 2.4303 9

10
LE1 109.0 -56.60 3.136 108.0 -57.39 3.117 3
LE4 101.5 -47.23 2.961 100.5 -47.43 2.942 9

LE4(analytical) 101.53 -47.258 2.9547 100.46 -47.461 2.9355 9

500
LE1 43.90 -70.79 0.08282 43.90 -70.79 0.08282 3
LE4 43.36 -58.80 0.08053 43.36 -58.80 0.08053 9

LE4(analytical) 43.359 -58.808 0.080387 43.359 -58.808 0.080387 9
Variables are evaluated at: §( 𝑎

2
, 𝑏

2
, ℎ

2
); †( 𝑎

2
, 𝑏

2
, ℎ

2
); ‡(𝑎, 𝑏

2
, ℎ

4
).

the thick shell with 𝑅𝛼/ℎ = 2, assumed linear moisture profile results in erroneous
displacements and stresses.

Various ESL models are then tested, and the obtained results are represented in
Table 9.5 and Fig. 9.6. It can be concluded that for shells with aspect ratios 𝑅𝛼 = 2, 10
and 500, the necessary expansion terms are 13, 11, and 9, separately. Meanwhile, these
numbers are 9, 7, and 5 for LW models. In this case, the ESL models are not as efficient
as the LW ones.
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Figure 9.5: Transverse displacement 𝑤 and stresses through the thickness of the com-
posite cylindrical shells with various𝑅𝛼/ℎ ratios under hygroscopic fields, LE4 solutions
with both linear and calculated moisture profiles.

9.3 Conclusions
Various and miscellaneous thickness functions are implemented in the ESL ap-

proach through the CUF framework and applied in the hygro-mechanical modeling
of laminated plates and shells. A MITC9 shell element is employed to guarantee the
locking free FE analysis. Both assumed linear moisture concentration profiles through
the thickness and calculated variations (by solving the diffusion law) are considered.

Based on the numerical investigations, some conclusions can be drawn as:

1. For laminates with various aspect ratios, the numbers of essential expansion
terms to achieve numerical convergence are usually different, and variable kine-
matics can be adapted to determine the appropriate approximation models;
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9 – Hygro-mechanical plate and shell models with variable kinematics

Table 9.5: Deflections and stresses on the two-layered cylindrical shells under calculated
moisture fields, obtained with ESL models ET𝑛Z and ET1S𝑛C𝑛Z.

𝑅𝛼/ℎ Model
§𝑤(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) †𝜎𝛼𝛼(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) ‡𝜎𝛼𝑧(𝑎, 𝑏

2 ,
ℎ
4 ) 𝑁𝑒𝑥𝑝(10−3mm) (MPa) (MPa)

2

FSDT𝑐 34.14 -75.38 1.215 2*
ET7Z𝑐 113.9 -31.03 2.347 9
ET9Z𝑐 113.9 -30.67 2.198 11
ET11Z𝑐 113.9 -30.96 2.214 13

ET1S3C3Z𝑐 113.9 -31.12 2.273 9
ET1S4C4Z𝑐 113.9 -30.72 2.183 11
ET1S5C5Z𝑐 113.9 -30.94 2.251 13

LE4𝑐(analytical) 113.21 -31.009 2.4303 9

10

FSDT𝑐 123.1 -79.09 1.921 2*
ET5Z𝑐 100.4 -47.34 3.068 7
ET7Z𝑐 100.4 -47.49 2.934 9
ET9Z𝑐 100.5 -47.39 2.874 11

ET1S2C2Z𝑐 100.4 -47.99 3.036 7
ET1S3C3Z𝑐 100.4 -47.59 2.910 9
ET1S4C4Z𝑐 100.5 -47.42 2.869 11

LE4𝑐(analytical) 100.46 -47.461 2.9355 9

500

FSDT𝑐 76.64 -90.10 0.05690 2*
ET3Z𝑐 43.36 -58.80 0.08356 5
ET5Z𝑐 43.36 -58.80 0.08286 7
ET7Z𝑐 43.36 -58.80 0.08071 9

ET1S1C1Z𝑐 43.38 -62.79 0.08274 5
ET1S2C2Z𝑐 43.36 -59.50 0.08233 7
ET1S3C3Z𝑐 43.36 -58.93 0.08036 9

LE4𝑐(analytical) 43.359 -58.808 0.080387 9

2. When applied to hygro-mechanical analysis, classical theories (e.g. FSDT) gives
incorrect results even for thin laminates;

3. For thin structures, linear variation of moisture through the thickness is an effec-
tive assumption, whereas for thick laminates it can lead to overestimated stress
evaluation compared with results using profiles obtained by solving Fick’s Law;

4. In some cases, even if theMurakami zig-zag function is used, ET𝑛Z and ET1S𝑛C𝑛Z
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Figure 9.6: 𝜎𝛼𝑧 through the thickness of the two-layered cylindrical shells under calcu-
lated moisture fields.

cannot lead to a satisfactory approximation of continuous through-the-thickness
variation of transverse shear stresses;

5. Compared with ESL models, LW models can provide results with better accu-
racy, and LW models employing fourth-order Lagrange polynomials (LE4) can
give continuous transverse shear stress distribution through the thickness for
composite laminates with a broad range of length-to-thickness ratios.
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Chapter 10

Piezoelectric modeling with beam
models

This chapter presents examples of NDK beam FEmodels for the modeling of slender
structures with piezoelectric components, particularly piezo-patches.The interaction of
the piezoelectric components and the substrate structures is well captured through the
LW approach. ESL approach is used on nodes in the non-critical region without piezo-
patches. Both extension and shear mechanisms are considered.

10.1 Cantilever beams containing piezo-patches with
variable locations

In this example, cantilever beams with piezo-patches exploiting both extension ac-
tuation mechanism (EAM) and shear actuation mechanism (SAM) are investigated, as
shown in Figs. 10.1a and 10.1b, respectively. This example has been reported to be
used by Sun and Zhang [218], Zhang and Sun [265], Benjeddou, Trindade, and Ohayon
[23], and Kpeky et al. [138]. The considered beams have width 𝑎 = 0.02m and length
𝑏 = 0.1m. The piezoelectric components take the whole width range (in 𝑥 direction).
In the EAM configuration, the two patches have equal thickness ℎ𝑝 = 0.001m, and the
total beam thickness is ℎ𝑒 = 0.018m; while the single piezo-patch used in the SAM con-
figuration has thickness 0.002m, and the total thickness of the beam is ℎ𝑠 = 0.018m. In
both configurations, the aluminum substrates are as thick as ℎ = 0.016m.

Two types of structures are considered in the current work:

• Case A: the piezo-patches take up the whole length range;

• Case B: the piezo-patches have length 𝑐 = 0.01m with variable positions along
the axial direction from 𝑑 = 0.01m to 𝑑 = 0.09m (see Fig. 10.1).

For the EAM, the piezoelectric components are polled in the third direction 𝑧. The
difference of electric potential (voltage) applied on the top and bottom surfaces Δ𝜙 =
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10 – Piezoelectric modeling with beam models

𝜙𝑏𝑜𝑡𝑡𝑜𝑚−𝜙𝑡𝑜𝑝 = 10V for the upper patch andΔ𝜙 = −10V for the lower one. For the SAM,
the poling direction is along the axis 𝑦 and Δ𝜙 = 20V is used. The substrate structure is
made of aluminum with Young’s modulus 𝐸 = 70.3GPa and Poisson’s ratio 𝜈 = 0.345.
PZT-5H is used for the piezo-patches, and the properties are listed in Table 10.1. For the
SAM configuration in Case B, the rest part of the core besides the piezo-patch is made
of foam with 𝐸 = 35.3MPa and 𝜈 = 0.38.

z Piezo-patch

Aluminum

o
y

c=0.01m
hp=0.001m

d=0.01~0.09m

h
e
=
0
.0
1
8
m

h
=
0
.0
1
6
m

(a) Extension actuation mechanism (EAM)

(b) Shear actuation mechanism (SAM)
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mxB4 4xB4,LE
 x13

(16-m)xB4

y

x

z TE(Mechanical)LE(Mechanical)LE(with Piezo-patch)

16xB4,TE
 x48

(c) FE models

Figure 10.1: Cantilever beams with surface-mounted and embedded piezo-patches.

Table 10.1: Material properties of PZT-5H

𝐶11,𝐶22,𝐶33 𝐶12 𝐶13,𝐶23 𝐶44,𝐶55,𝐶66 𝑒15,𝑒24 𝑒31,𝑒32 𝑒33 𝜒11,𝜒22 𝜒33
(GPa) (GPa) (GPa) (GPa) (C/m2) (C/m2) (C/m2) (F/m) (F/m)

126 79.5 84.1 23.0 17.0 -6.5 23.3 1.503×10−8 1.30×10−8
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10.1 – Cantilever beams containing piezo-patches with variable locations

For Case A, uniform LE nodal kinematics 12LE9, which approximates the cross-
section as twelve sub-domains as illustrated in Fig. 10.2, is used. Along the beam axis,
twenty B4 elements are used. An ABAQUS 3D model consisting of eight layers of
C3D20R (elastic) brick elements and another eight layers of C3D20RE (piezoelectric)
brick elements is also constructed for comparison purposes, and the mesh in the (𝑥, 𝑦)
plane is 8 × 40. The obtained results are compared against solutions given by Benjed-
dou, Trindade, and Ohayon [23] and Kpeky et al. [138]. It is worthy of noting that in the
work of Benjeddou, Trindade, and Ohayon [23] the solutions were obtained by using
plane-stress reduced constitutive equations, and Kpeky et al. [138] adopted FE models
with solid-shell piezoelectric elements SHB8PSE and SHB20E.

LE expansions (cross-section nodes):

(a) EAM

Mechanical Piezoelectric

(b) SAM

Figure 10.2: Cross-section discretization with 12LE9 for the beam structures in Case A.

For the structures in Case A, the distributions of deflections along the beam axis are
shown in Fig. 10.3 and the deflections on the free ends are reported in Table 10.2. It can
be noticed that results obtainedwith refined beammodels agreewell with those through
ABAQUS 3D modeling. Regarding the displacements of EAM beams in Fig. 10.3a, the
employed refined beam elements give results lower than those in the work of Benjed-
dou, Trindade, and Ohayon [23], yet agreeing well with those given by Kpeky et al.
[138]. For the SAM beams, the presented results are in agreement with the reference
solutions.

For the beam structures in Case B, 12LE9 is used on the cross-section with piezo-
patches, and correspondingly 4LE9 is employed on the substrate cross-section.The local
piezo-patches are modeled through the component-wise assembly technique as intro-
duced in Section 4.5.3.The numerical results are summarized in Fig. 10.4, wherein 12LE9
refers to FE models adopting the aforementioned LW cross-section functions. It can be
observed that the obtained results agree well with the solutions given by Kpeky et al.
[138]. For the EAM configuration in Case B, the actuation efficiency of the piezo-patches
drops with the increase of the distance of them from the clamped end, which means the
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Figure 10.3: Variation of 𝑤 along the beam axis of the beams in Case A.

Table 10.2: Deflections on the free end of the beams in Case A.

𝑤(10−7m)
EAM SAM

(0, 𝑏,0) (𝑎
2 , 𝑏, ℎ𝑒

2 ) (0, 𝑏,0) (𝑎
2 , 𝑏, ℎ𝑠

2 )

12LE9 3.748 3.897 1.184 1.184
ABAQUS 3.749 3.913 1.184 1.184

deflection at the free end will decrease monotonically, as described by the curve for
point “a” in Fig. 10.4a. Meanwhile, when the piezo-patches approach the free end, the
maximum deflection will be observed on the patches (point “b” in Fig. 10.4a) rather than
on the substrate. Thus the maximum deflection will show a slightly up-going trend in
the end, as shown in Fig. 10.4a. For the EAM configuration in Case B, the actuation
efficiency of the patches increases marginally as the distance 𝑑 increases, then drops
quickly after peaking at around 𝑑 = 0.02m. It can be noticed that the curves corre-
sponding to point “d” at the vertex of the piezo-patches match the results presented by
Kpeky et al. [138] in both EAM and SAM cases.

NDK approach is utilized to build FE models with variable nodal ESL/LW kinemat-
ics for structures in Case B. To be specific, ESL models using TE𝑚 theories are applied
to the region without piezo-patches, and LW kinematic theories with 12LE9 are used
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Figure 10.4: Deflections on the free end of the cantilever beams with piezo-patches with
variable locations in Case B.

Table 10.3: Deflections at the center of the free-end cross-section of EAM beams with
variable locations in Case B.

𝑑(m) 𝑤∗(10−8m)
12LE9 TE2-12LE9

0.01 4.805 4.805
0.03 3.565 3.563
0.05 2.546 2.543
0.07 1.527 1.527
0.09 0.3863 0.3826
DOFs 5765 3317
∗At Point a(0, 𝑏,0)

approximate the cross-section with piezo-patches. The assignment of nodal kinemat-
ics has been illustrated in Fig. 10.1c. In Fig. 10.4, the results obtained through an NDK
model TE2-12LE9 are compared against those achieved through only LW kinematics
12LE9. For the EAM configuration in Case B, TE2-12LE9 models result in solutions in
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Figure 10.5: Deflection on the free-end of the SAM beam with 𝑑 = 0.01m in Case B.
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10.2 – A cantilever beam with a top-mounted piezo-patch on the clamped end

good agreement with mono-kinematic LW model with 12LE9 and a reduction of 42.5%
in the number of DOFs, as shown in Table 10.3. However, in Figs. 10.4b it can be noticed
that TE2-12LE9 model fails in giving reasonable results for the SAM configuration in
Case B.This is due to the inherent drawback of ESLmodels based on Taylor series in cap-
turing the transverse shear effects at layer interfaces. When the transverse shear is not
well approximated, the SAM cannot be accurately simulated. This can be demonstrated
through a beam structure with 𝑑 = 0.01m in Case B. By looking into the variation of
deflection along the axis as shown in Fig. 10.5, it can be observed that the deflection
remains constant at locations beyond the piezo-patch. The distributions of transverse
shear strain 𝜀𝑦𝑧 and stress 𝜎𝑦𝑧 through the thickness on the mid-span cross-section
obtained with different kinematic models are reported in Fig. 10.6. It is obvious that
the ESL kinematics lead to continuous transverse strain and discontinuous transverse
shear stresses through the thickness. In contrast, LWmodels utilizing 12LE9 have good
performance when applied to the SAM configuration.

10.2 A cantilever beamwith a top-mounted piezo-patch
on the clamped end

By referring to the work of Biscani et al. [27], an aluminum beam containing a
top-mounted PZT patch on the clamped end is considered in this section. As shown
in Fig. 10.7, the beam structure has width 𝑎 = 0.01m, length 𝑏 = 0.1m, and height
ℎ = 0.002m. The piezo-patch, bonded to the top surface of the beam on the clamped
end, has thickness ℎ𝑝 = 0.001m and an equal width with the substrate. The material of
the piezo-patch is PZT-4, whose material coefficients have been given in Table 10.4. In
this example, the piezo-patch is only used as an EAM actuator. An electrical potential
1V is imposed on the actuator top surface and 0V on the bottom.

Table 10.4: Material coefficients of PZT-4.

𝐸1,𝐸2 𝐸3 𝐺12 𝐺13,𝐺23 𝜈12 𝜈13, 𝜈23
𝑒31,𝑒32 𝑒33 𝑒15,𝑒24 𝜒11,𝜒22 𝜒33(GPa) (GPa) (GPa) (GPa) (C/m2) (C/m2) (C/m2)

81.3 64.5 30.6 25.6 0.329 0.432 -5.2 15.8 12.72 1475𝜒0 1300𝜒0
Vacuum permittivity: 𝜒0 = 8.85 × 10−12 F/m

As illustrated in Fig. 10.7, the beam FE models contain three regions along the beam
axis: the patched regionwith LWkinematics (LE), the un-patched regionwith ESLmod-
els (TE), and a transition zone in the un-patched region with variable ESL/LW kinemat-
ics. The FE models are denoted by the approximation functions for the cross-section
containing the piezo-patch, and the same basis functions are used for the substrate and
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Figure 10.7: The cantilever beam with a top-mounted piezo-patch on the clamped end.

piezoelectric cross-section domains. 4LE9 indicates that 2LE9 is used on the mechanical
and piezoelectric cross-sections, and 16LE9 represents that 4 × 2 (𝑥 × 𝑧) sub-domains
are used in the discretization of the substrate and actuator.The ABAQUS 3Dmodel con-
tains 20 × 20 × 10 (𝑥 × 𝑦 × 𝑧) C3D20RE piezoelectric brick elements for the actuator and
20 × 200 × 10 C3D20R brick elements for the substrate.

The results obtained through the refined beammodels are summarized in Table 10.5.
The solutions given by Biscani et al. [27] through refined plate models are also listed
for comparison purposes. It can be observed that the best solutions are given by FE
model with twenty-four B4 elements (73 nodes) adopting 16LE9 kinematics, and CUF-
based refined beammodels result in solutions in great agreement with the ABAQUS 3D
solutions. NDK FEmodels TE2×48-16LE9×25 and TE2×24-16LE9×49 are also tested, where
the superscripts represent the number of nodes with the corresponding assumptions. It
can be noticed that the NDK models can reduce the total DOFs, and TE2×24-16LE9×49

give comparable accuracy with the mono-kinematic model 16LE9 with fewer DOFs. In
fact, TE2×48-16LE9×25 is less accurate.

Fig. 10.8 shows the variation of 𝑤 and 𝜎𝑦𝑦 along the beam axis. One can find that the
results given by TE2×24-16LE9×49 match the solutions obtainedwithABAQUS 3Dmodel

142



10.3 – Conclusions

Table 10.5: Deflections and stresses on the cantilever beam with a top-mounted piezo-
electric actuator.

Mesh Kinematics −𝑢𝑧(10−8m) −𝑢𝑧(10−8m) −𝜎𝑦𝑦(KPa) −𝜎𝑦𝑧(KPa) DOFs
(0, 𝑏

2 ,0) (0, 𝑏,0) (0, 𝑐
2 ,−ℎ

2 ) (𝑎
2 ,

𝑐
2 ,0)

12×B4 4LE9 2.482 5.192 5.878 0.5149 2250
12×B4 16LE9 2.444 5.109 5.131 0.6692 12852
24×B4 16LE9 2.452 5.125 5.009 0.6612 25164
24×B4 TE2×48-16LE9×25 2.656 5.592 5.028 0.2979 14346
24×B4 TE2×24-16LE9×49 2.452 5.125 5.009 0.6612 19908

ABAQUS 2.451 5.125 5.087 0.6381 196281
Biscani-2D 2.309 4.871 – – –

and uniform kinematic FE model 16LE9, while TE2×48-16LE9×25 gives less-accurate re-
sults. The distribution of 𝜎𝑦𝑧 on the cross-section 𝑦 = 𝑐/2 obtained with uniformly re-
fined kinematics 16LE9 is shown in Fig. 10.9.The variations of 𝜎𝑦𝑧 along paths (𝑎/2, 𝑐/2, 𝑧)
and (𝑥, 𝑐/2, 0) are plotted in Fig. 10.10. The comparison shows that the NDK FE model
TE2×24-16LE9×49 gives satisfactory accuracy over the cross-section, yet the TE2×48-
16LE9×25 model fails in obtaining the desired accuracy. This also demonstrates that the
transition zone in TE2×24-16LE9×49 is more appropriate than that in TE2×48-16LE9×25.

10.3 Conclusions
In this chapter, refined beam FE models with variable LW/ESL nodal kinematics

throughNDK are tested on slender structureswith piezo-patches. Both surface-mounted
and embedded piezoelectric components are considered.The coupled electro-mechanical
constitutive relations are only applied to the piezo-patches, and pure mechanical con-
stitutive relations are considered in the substrate structure.The interaction between the
patch and the substrate structure is well captured with LW models, and ESL kinematic
assumptions are assigned to the region without piezo-patches for efficient simulation.
Some conclusions can be drawn:

• NDK facilitates the modeling of local patches by treating cross-sectional charac-
teristics as nodal properties of refined beam FE models;

• Through the NDK approach, both surface-mounted and embedded piezo-patches
can be conveniently considered in a unified manner;

• For the accurate modeling of the shear actuation mechanism, the used kinematic
models should be able to well capture the transverse shear effects;
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Figure 10.9: 𝜎𝑦𝑧 on cross-section 𝑦 = 𝑐/2 of the beam with a top-mounted piezo-patch
obtained with model 16LE9.

• With NDK, the accurate response can be achieved at reduced computational costs
compared to uniformly refined beam FE models;

• The properly chosen kinematic transition zone is essential to guarantee the sim-
ulation accuracy of NDK FE models.
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Chapter 11

Refined finite element solutions for
anisotropic laminated plates

This chapter presents several new benchmark cases for angle-ply laminated plates
whose solutions are obtainedwith refined plate FEmodels based onCUF. Various laying-
up sequences, boundary conditions, and span-to-thickness ratios are considered. The
locking-free MITC9 element (nine-node Lagrangian 2D element with Mixed Interpo-
lated of Tensorial Components) is adopted. LW kinematics with Chebyshev polynomi-
als and ESL assumptions based on Trigonometric series are adopted in the construc-
tion of CUF-type refined plate models. The effectiveness of the FE approach is veri-
fied by comparing the results against analytical solutions available in the literature and
those obtained through ABAQUS 3D modeling with brick element C3D20R (20-node
quadratic brick element with reduced integration).

11.1 Definitions of simply supported boundary con-
ditions

Navier’s and Levy’s methods are frequently used to obtain analytical solutions to
cross-ply laminated plates under simply supported boundary conditions at four or two
opposite edges, respectively. Note that different definitions of simply supported bound-
ary conditions are used on cross-ply and angle-ply laminated plates. A classification
was given by Hoff and Rehfield [104]. Jones [114] explained and compared these simple
supports on plate edges as in Fig. 11.1. In Navier’s and Levy’s methods, S3 (or SS1) ap-
plies to cross-ply laminated plates and S2 (also known as SS2) edge conditions are used
on angle-ply laminates, such as in [177, 258, 257, 199, 183, 188, 194, 273, 169]. In partic-
ular, Noor and Burton [171] and Savoia and Reddy [206] decomposed the displacement
variables into symmetric and anti-symmetric parts through the thickness and further
written them into double Fourier series in the in-plane Cartesian coordinate system for
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11 – Refined finite element solutions for anisotropic laminated plates

antisymmetric angle-ply plates, and boundary values for each set of unknown func-
tions need to be set respectively. The same method was reported to be used by Carvelli
and Savoia [61] and Kulikov and Plotnikova [140, 141]. Notably, in the novel approach
suggested by Loredo [151] to define simple supports on the four edges of both cross-
ply and angle-ply cases, the displacements on each pair of parallel edges were coupled.
However, analytical solutions for anisotropic plates with arbitrary stacking sequences
are difficult to be obtained with Navier’s or Levy’s method.

Figure 11.1: Simply supported edge boundary conditions for a plate, Figure 5-7 in [114].

It should be pointed out that, the constraints on displacement components are essen-
tial boundary conditions, while the forces and bending/twisting moments on edges are
natural boundary conditions. In displacement-based FE formulations, the displacement
constraints should be specified explicitly, and the natural boundary conditions will be
satisfied in the weak-form formulations, as discussed by Section 4.4. Özakça, Hinton,
and Rao [174] used so-called “hard simple support” and “soft simple support” defined
on displacements in the analysis of isotropic plates with displacement-based solid ele-
ments. In fact, the “soft simple support” discussed in Özakça, Hinton, and Rao [174] was
equivalent to the S4 in Fig. 11.1. Bogdanovich and Birger [32] applied such “soft simple
support” in the modeling of three-layered orthotropic plates under constant pressure.
Through a Levy-type solution, Kumari and Kapuria investigated boundary layer effects
in laminated plates by using a third order zig-zag theory [143] and a layer-wise the-
ory [127], and specific “hard” and “soft” simple supports were examined. In the work of
Tornabene and Viola [235], a set of similar “soft” simply supported boundary conditions
were used.

As shown in Fig. 11.1, the “soft” simple support used by Özakça, Hinton, and Rao
[174], which is also referred to as S4 simply supported boundary conditions in [114],
permits translation in any direction in the x-y plane. When applied to displacement-
based elements, only 𝑤 = 0 needs to be considered. Such a definition can easily be
applied to displacement-based refined plate elements in the analysis of arbitrarily lam-
inated anisotropic plates.

In the current chapter, in CUF-based refined plate FE models, the adopted simply
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supported and clamped boundary conditions are defined as in Table. 11.1, where the
superscript 𝑘 signifies the layer and 𝜏 is the index of a thickness function. It should
be noted that when the S4-type simple supports are imposed on the four edges of a
plate, in displacement-based FE models there exist three rigid body modes, which in-
clude two in-plane translational modes and one rotational mode. A simple remedy is to
introduce small penalty stiffness on two FE nodes. The penalty should be large enough
to eliminate the rigid bodymodes and small enough to avoid influencing the stress field.
In commercial software ABAQUS, this penalty stiffness can be implemented by using
string elements to connect two nodes to the “ground”.

Table 11.1: Edge displacement boundary conditions on laminated plates.

Boundary type CUF-based plate models 3D brick element
ESL LW

Simply supported 𝑤𝜏 = 0 𝑤𝜏
𝑘 = 0 𝑤 = 0

Clamped 𝑢𝜏 = 𝑣𝜏 = 𝑤𝜏 = 0 𝑢𝜏
𝑘 = 𝑣𝜏

𝑘 = 𝑤𝜏
𝑘 = 0 𝑢 = 𝑣 = 𝑤 = 0

11.2 Numerical cases
In the following sections, LW-CBT𝑛 denotes a model adopting Chebyshev polyno-

mials of order 𝑛 that contains 𝑛 + 1 expansion terms in total (see Eqn. 2.49), and ESL-
TRG𝑚Z signifies an ESL model with one constant term, 𝑚 sine expansions, 𝑚 cosine
functions, and Murakami zig-zag term. For instance, ESL-TRG3Z refers to the follow-
ing kinematic model:

𝑢(𝑥, 𝑦, 𝑧) =𝑢0(𝑥, 𝑦) + sin(𝜋𝑧
ℎ

)𝑢1(𝑥, 𝑦) + cos(𝜋𝑧
ℎ

)𝑢2(𝑥, 𝑦) + sin(2𝜋𝑧
ℎ

)𝑢3(𝑥, 𝑦)

+ (−1)𝑘𝜁𝑘𝑢4𝑍
(𝑥, 𝑦)

(11.1)

Square angle-ply plates under distributed loads under simple supports and mixed
clamped-free boundary conditions are studied. The length and width of the considered
square plates are 𝑎 = 𝑏 = 1. The plates consist of plies with equal thickness, and the
lamination sequences are described from bottom to top.

By referring to Savoia and Reddy [206], in all the numerical examples, the following
elastic properties are used for the orthotropic layers: 𝐸𝐿 = 25×106psi(174.6GPa, 𝐸𝑇 =
106psi(7GPa), 𝐺𝐿𝑇 = 0.5 × 106psi(3.5GPa), 𝐺𝑇 𝑇 = 0.2 × 106psi(1.4GPa), 𝜈𝐿𝑇 = 𝜈𝑇 𝑇 =
0.25, where 𝐿 and 𝑇 respectively indicate fiber longitudinal and transverse directions.
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11 – Refined finite element solutions for anisotropic laminated plates

The following non-dimensionalization parameters are adopted:

𝑤̄ = 100𝑤
𝐸𝑇ℎ3

𝑝0𝑎4 , (𝜎̄𝑥𝑥,𝜎̄𝑦𝑦, 𝜎̄𝑥𝑦) = (𝜎𝑥𝑦, 𝜎𝑦𝑦, 𝜎𝑥𝑦) ℎ2

𝑝0𝑎2 ,

(𝜎̄𝑥𝑧, 𝜎̄𝑦𝑧) = (𝜎𝑥𝑧, 𝜎𝑦𝑧) ℎ
𝑝0𝑎

, 𝜎̄𝑧𝑧 = 𝜎𝑧𝑧/𝑝0, ̄𝑧 = 𝑧/ℎ.
(11.2)

11.2.1 Case 1: Simply supported thick square plateswith (−15∘/15∘)
and (−30∘/30∘/ − 30∘/ − 30∘)

This numerical example includes two angle-ply laminate plates with anti-symmetric
stacking sequences under simple supports and are subjected to bi-sinusoidal distributed
pressure on both top and bottom surfaces. The considered cases include: a plate with
(−15∘/15∘) and length-to-thickness ratio 𝑎/ℎ = 4, and a plate with (−30∘/30∘/ − 30∘/30∘)
and length-to-thickness ratio 𝑎/ℎ = 10. The imposed pressure follows:

𝑝𝑡(𝑥, 𝑦) = −
𝑝0
2
sin 𝜋𝑥

𝑎
sin

𝜋𝑦
𝑏
, 𝑝𝑏(𝑥, 𝑦) = −

𝑝0
2
sin 𝜋𝑥

𝑎
sin

𝜋𝑦
𝑏

(11.3)

where the subscripts 𝑡 and 𝑏 represent the top and bottom surfaces, respectively.
The analytical solutions to the studied problemswere proposed by Savoia and Reddy

[206]. Note that the boundary conditions used here are different from those used by
Savoia and Reddy [206]. For these angle-ply laminated plates, the whole structures need
to be modeled. By increasing the mesh density and the number of expansions used in
the thickness functions, the numerical convergence can be gradually achieved under
the relative error threshold of 2%. The ABAQUS 3Dmodels employ eight layers of brick
elements through the thickness of each composite ply, and the elements have an aspect
ratio (in-plane dimension over thickness) of 6.4 for the two-layered plate and 20 for the
four-layered laminates, respectively.

The variation of stresses through the thickness is reported in Figs. 11.2 and 11.3,
which shows that the used refined plate elements give results agreeingwell withABAQUS
3D modeling. Due to the difference in the boundary conditions, the obtained results are
slightly different from those provided by Savoia and Reddy [206]. Also, it should be
noted that the ESL models with trigonometric functions and zig-zag terms lead to ac-
curate results when sufficiently refined, and the continuity of transverse shear stresses
at layer interfaces is well approximated except for 𝜎̄𝑦𝑧 on the four-layered plate. LW
models with Chebyshev polynomials give good accuracy in all the cases. In the work
of Savoia and Reddy [206], the signs of 𝜎̄𝑥𝑦 and 𝜎̄𝑦𝑧 are possibly inverted.

11.2.2 Case 2: Simply supported square plates with (0∘/30∘)
Two-layered square plates with lamination sequence (0∘/30∘) under simply sup-

ported boundary conditions and bi-sinusoidal distributed pressure on both top and bot-
tom surfaces are studied. The load distribution follows Eqn. (11.3). Span-to-thickness
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Figure 11.2:Through-the-thickness variation of stresses on the simply supported square
plate with (−15∘/15∘) under distributed pressure on top and bottom surfaces.
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Figure 11.3:Through-the-thickness variation of stresses on the simply supported square
plate with (−30∘/30∘/ − 30∘/30∘) under distributed pressure on top and bottom surfaces.

ratios 𝑎/ℎ = 4 and 50 are considered.
The numerical results obtained with variable kinematic models LW-CBT𝑛 and ESL-

TRG𝑚Z as well as ABAQUS 3D models are reported in Table. 11.2. The variations of
stresses through the plate thickness at several positions are reported in Fig. 11.4. The
obtained fields of 𝜎𝑦𝑧 on the thick (𝑎/ℎ = 4) and thin (𝑎/ℎ = 50) plates are plotted in
Fig. 11.5 and Fig. 11.6, respectively, where the thickness dimension is scaled by certain
times for the convenience of observation.

From Table. 11.2, it can be observed that when the FEmodels are sufficiently refined,
the results with different types of kinematics agree well with each other. Note that in the
thin plate with 𝑎/ℎ = 50, the in-plane mesh grid is 80×80 which leads to an aspect ratio
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11 – Refined finite element solutions for anisotropic laminated plates

Table 11.2: Deflection and stresses on the simply supported square plates with (0∘/30∘)
under bi-sinusoidal distributed pressure on top and bottom surfaces.

𝑎/ℎ Kinematics Mesh 𝑤̄ 𝜎̄𝑥𝑥 𝜎̄𝑦𝑦 𝜎̄𝑥𝑦 10𝜎̄𝑥𝑧 10𝜎̄𝑦𝑧 𝜎̄𝑧𝑧 DOFs
(𝑎

2 ,
𝑏
2 ,0) (𝑎

2 ,
𝑏
2 ,

−ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

2 ,0,
ℎ
4 ) (𝑎

2 ,0,
ℎ
4 ) (𝑎

2 ,
𝑏
2 ,

−ℎ
2 )

4

LW-CBT4 8×8 -1.956 0.8171 -0.2299 -0.2561 -1.543 -1.483 0.5036 6069
LW-CBT4 10×10 -1.957 0.8138 -0.2301 -0.2568 -1.534 -1.475 0.5032 9261
LW-CBT5 10×10 -1.957 0.8139 -0.2301 -0.2569 -1.487 -1.453 0.5012 11907
LW-CBT6 10×10 -1.957 0.8139 -0.2301 -0.2569 -1.487 -1.453 0.5004 14553
ESL-TRG7Z 10×10 -1.957 0.8131 -0.2299 -0.2566 -1.546 -1.486 0.5036 11907
ESL-TRG9Z 10×10 -1.958 0.8139 -0.2301 -0.2569 -1.498 -1.458 0.5052 14553
ESL-TRG11Z 10×10 -1.958 0.8138 -0.2300 -0.2569 -1.482 -1.450 0.4984 17199
ABAQUS-3D 10×10 -1.941 0.8067 -0.2298 -0.2571 -1.451 -1.449 0.5017 23199

50

LW-CBT3 18×18 -0.7833 0.6175 -0.1578 -0.1937 -8.897 -3.256 0.5410 20535
LW-CBT3 20×20 -0.7836 0.6174 -0.1579 -0.1939 -9.093 -3.287 0.5430 25215
LW-CBT4 20×20 -0.7836 0.6174 -0.1579 -0.1939 -9.091 -3.286 0.5010 35301

ESL-TRG11Z 20×20 -0.7836 0.6173 -0.1579 -0.1939 -9.026 -3.147 0.5635 65559
ESL-TRG13Z 20×20 -0.7836 0.6174 -0.1579 -0.1939 -9.000 -3.240 0.5070 75645
ABAQUS-3D 50×50 -0.7846 0.6170 -0.1581 -0.1944 -8.719 -2.981 0.5025 517599
ABAQUS-3D 80×80 -0.7848 0.6169 -0.1581 -0.1944 -9.154 -3.036 0.5025 1310499

of 10 for the brick elements. Regarding 𝜎̄𝑦𝑧, a slight difference can be noticed between
the results obtained with refined plate elements and C3D20R elements, as shown in
Fig. 11.4c. The comparisons demonstrate that the adopted variable kinematic refined
plate elements with LW-CBT𝑛 and ESL-TRG𝑚Z are effective and more efficient than
brick elements in the modeling of thin layered plates. Also, such refined plates are not
limited by the aspect ratio that has to be considered for brick elements.
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Figure 11.4: Distribution of stresses through the thickness of the simply supported
square plates with (0∘/30∘) under bi-sinusoidal distributed load on top and bottom sur-
faces.
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Figure 11.5: 𝜎𝑦𝑧 on the simply supported thick (𝑎/ℎ = 4) plate with (0∘/30∘), 𝑧 × 1.
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(a) LW-CHT4, Mesh 20×20
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Figure 11.6: 𝜎𝑦𝑧 on the simply supported thin (𝑎/ℎ = 50) plate with (0∘/30∘), 𝑧 × 12.5.

It should be pointed out that, in brick elements inmost commercial software, stresses
on integration points are more accurate yet stresses outputted on nodes are extrapo-
lated from results on the integration points. In the current work, in the CUF-based plate
FE models, strains on an arbitrary point are calculated by considering 𝜀 = (b𝑁𝑖𝐹𝜏)𝑢𝑖𝜏.

11.2.3 Case 3: Simply supported square plates with (−45∘/45∘)
In the above assessments, the refined plate FE models LW-CBT𝑛 and ESL-TRG𝑚Z

have been verified. This section reports numerical study on simply supported square
plates with lamination (−45∘/45∘), and both thin and thick cases are considered. The
two layers have equal thickness ℎ/2. A constant pressure load 𝑝0 is imposed on the top
surface. Various length-to-thickness ratios 𝑎/ℎ = 4, 20, 100 are considered.

The obtained results are summarized in Table. 11.3. It can be observed that thinner
laminated plates tend to require better-refined mesh to achieve numerical accuracy.
Also, when a sufficient number of expansions are used in the thickness functions, the
refined ESL kinematics give comparable accuracy with the LW kinematics used. The
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11 – Refined finite element solutions for anisotropic laminated plates

through-the-thickness variations of stresses obtained with LW-CBT𝑛models are shown
in Fig. 11.7.

Table 11.3: Deflection and stresses on the simply supported square plates with
(−45∘/45∘) under constant pressure on the top surface.

𝑎/ℎ Kinematics Mesh 𝑤̄ 𝜎̄𝑥𝑥 𝜎̄𝑦𝑦 𝜎̄𝑥𝑦 10𝜎̄𝑥𝑧 10𝜎̄𝑦𝑧 𝜎̄𝑧𝑧 DOFs
(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

−ℎ
2 ) (𝑎

2 ,0,
ℎ
4 ) (𝑎

2 ,0,
ℎ
4 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 )

4

LW-CBT4 8×8 3.227 0.5423 0.5423 0.4046 3.262 5.400 0.9976 6069
LW-CBT4 10×10 3.227 0.5453 0.5453 0.4073 3.269 5.431 1.000 9261
LW-CBT5 10×10 3.229 0.5454 0.5454 0.4074 3.167 5.316 1.001 11907
LW-CBT6 10×10 3.229 0.5454 0.5454 0.4073 3.169 5.319 0.9988 14553
ESL-TRG7Z 10×10 3.224 0.5443 0.5443 0.4066 3.333 5.472 0.9902 11907
ESL-TRG9Z 10×10 3.228 0.5453 0.5453 0.4073 3.187 5.353 1.005 14553
ESL-TRG11Z 10×10 3.228 0.5453 0.5453 0.4073 3.150 5.325 0.9951 17199

20

LW-CBT3 10×10 1.245 0.3727 0.3727 0.2907 3.723 5.531 1.057 6615
LW-CBT3 12×12 1.246 0.3737 0.3737 0.2916 3.789 5.620 1.059 9375
LW-CBT4 12×12 1.246 0.3737 0.3737 0.2916 3.788 5.619 0.9975 13125
LW-CBT5 12×12 1.246 0.3737 0.3737 0.2916 3.771 5.600 0.9973 16875
ESL-TRG7Z 12×12 1.245 0.3733 0.3733 0.2914 3.949 5.807 1.036 16875
ESL-TRG9Z 12×12 1.246 0.3737 0.3737 0.2916 3.776 5.610 1.013 20625
ESL-TRG11Z 12×12 1.246 0.3737 0.3737 0.2916 3.742 5.592 0.9947 24375

100

LW-CBT3 14×14 1.056 0.3493 0.3493 0.2751 3.213 4.823 1.003 12615
LW-CBT3 16×16 1.057 0.3496 0.3496 0.2754 3.225 4.883 1.031 16335
LW-CBT4 16×16 1.057 0.3496 0.3496 0.2754 3.221 4.880 1.000 22869
ESL-TRG9Z 16×16 1.057 0.3495 0.3495 0.2753 2.763 3.773 1.196 35937
ESL-TRG11Z 16×16 1.057 0.3496 0.3496 0.2754 3.195 4.982 1.034 42471
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Figure 11.7: Through-the-thickness distribution of stresses on the simply supported
square plate with (−45∘/45∘) under constant pressure on the top surface.
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11.2.4 Case 4: Simply supported square plateswith (−45∘/0∘/90∘/45∘)
This section presents numerical solutions for a simply supported square laminated

plate with lamination (−45∘/0∘/90∘/45∘). Length-to-thickness ratios 𝑎/ℎ = 4 and 50 are
considered. The imposed bi-sinusoidal pressure on the top surface follows:

𝑝𝑡(𝑥, 𝑦) = 𝑝0 sin
𝜋𝑥
𝑎

sin
𝜋𝑦
𝑏

(11.4)

The numerical results at several monitoring points are reported in Table. 11.4, from
which it can be observed that the ESL-TRG𝑚Z models suffer from a slow convergence
rate in the thin plate case 𝑎/ℎ = 50.

Table 11.4: Deflection and stresses on the simply supported square plates with
(−45∘/0∘/90∘/45∘) under bi-sinusoidal distributed pressure on the top surface.

𝑎/ℎ Kinematics Mesh 𝑤̄ 𝜎̄𝑥𝑥 𝜎̄𝑦𝑦 𝜎̄𝑥𝑦 10𝜎̄𝑥𝑧 10𝜎̄𝑦𝑧 𝜎̄𝑧𝑧 DOFs
(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

−ℎ
2 ) (𝑎

2 ,0,
3ℎ
8 ) (𝑎

2 ,0,
ℎ
8 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 )

4

LW-CBT3 6×6 2.517 0.3913 0.3834 0.2421 1.259 3.060 1.016 4563
LW-CBT3 8×8 2.518 0.3935 0.3856 0.2453 1.263 3.057 1.014 7803
LW-CBT4 8×8 2.518 0.3933 0.3854 0.2453 1.266 3.058 1.001 11271
ESL-TRG9Z 8×8 2.508 0.3925 0.3841 0.2445 1.154 3.010 1.004 9537
ESL-TRG11Z 8×8 2.510 0.3924 0.3842 0.2445 1.148 3.060 1.003 11271

50

LW-CBT3 14×14 0.6846 0.1791 0.1650 0.1159 0.4639 3.485 1.016 22707
LW-CBT3 16×16 0.6852 0.1793 0.1651 0.1161 0.4537 3.559 1.012 29403
LW-CBT4 16×16 0.6852 0.1792 0.1651 0.1161 0.4552 3.558 1.000 42471

ESL-TRG11Z 16×16 0.6847 0.1793 0.1651 0.1160 0.3534 3.572 1.651 42471
ESL-TRG13Z 16×16 0.6848 0.1792 0.1650 0.1160 0.4473 3.595 0.5273 49005
ESL-TRG15Z 16×16 0.6849 0.1792 0.1651 0.1160 0.5329 3.589 1.095 55539
ESL-TRG17Z 16×16 0.6849 0.1792 0.1651 0.1160 0.4852 3.590 1.065 62073
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Figure 11.8: Through-the-thickness distribution of stresses on the simply supported
plates with (−45∘/0∘/90∘/45∘) under bi-sinusoidal distributed pressure on the top sur-
face.
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Figure 11.9: 𝜎𝑥𝑧 on the simply supported plates with (−45∘/0∘/90∘/45) under bi-
sinusoidal distributed pressure on the top surface.

The variations of stresses through the thickness are given in Fig. 11.8. Regarding the
interfacial continuity of the transverse shear stresses 𝜎𝑥𝑧 and 𝜎𝑦𝑧, LW-CBT𝑛models give
more satisfactory results than ESL-TRG𝑚Z models do in capturing the zig-zag effects.
The 𝜎𝑥𝑧 fields of both the thick and thin plates are shown in Figs. 11.9a and 11.9b, which
shows that the variable kinematic refined plate models can give detailed 3D stress fields
for laminated structures.

11.2.5 Case 5: Square plates with (0∘/60∘) under mixed clamped-
free boundary conditions

Square plates with lamination (0∘/60∘) under constant pressure load 𝑝0/2 on the top
and bottom surfaces are investigated in this section.The two layers have equal thickness
ℎ/2. The considered span-to-thickness ratios include 𝑎/ℎ = 10 and 50. The adopted
mixed clamped-free boundary conditions (denoted as CFCC) are: clamped on edge 𝑥 =
0, free on edge 𝑦 = 0, clamped on edge 𝑥 = 𝑎, and clamped on edge 𝑦 = 𝑏.

The obtained displacement and stress evaluations are summarized in Table. 11.5.
In this case, ESL-TRG𝑚Z models achieved results with comparable accuracy with LW-
CBT𝑛models at the costs of more DOFs.The variations of stresses through the thickness
displayed in Fig. 11.10 show that the ESL and LW models lead to results in great agree-
ment with the solutions presented by Nik and Tahani [169].
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Table 11.5: Deflection and stresses on the square plates with (0∘/60) under constant
pressure on the top and bottom surfaces respectively and mixed boundary conditions
CFCC.

𝑎/ℎ Kinematics Mesh 𝑤̄ 𝜎̄𝑥𝑥 𝜎̄𝑦𝑦 𝜎̄𝑥𝑦 𝜎̄𝑥𝑧 𝜎̄𝑦𝑧 𝜎̄𝑧𝑧 DOFs
(𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

−ℎ
2 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 ) (𝑎

4 ,
𝑏
4 ,

ℎ
2 ) (𝑎

4 ,
𝑏
4 ,

−ℎ
4 ) (𝑎

2 ,
𝑏
4 ,

ℎ
4 ) (𝑎

2 ,
𝑏
2 ,

ℎ
2 )

10

LW-CBT3 8×8 0.7987 -0.5601 0.2196 0.09479 0.5288 0.08173 0.5250 4335
LW-CBT3 12×12 0.7992 -0.5521 0.2156 0.08228 0.5204 0.08187 0.5311 9375
LW-CBT4 12×12 0.7994 -0.5518 0.2155 0.08424 0.5202 0.08219 0.5001 13125
LW-CBT5 12×12 0.7996 -0.5517 0.2157 0.08774 0.5194 0.08067 0.5007 16875

ESL-TRG11Z 12×12 0.7996 -0.5516 0.2157 0.09352 0.5185 0.08089 0.4975 24375
ESL-TRG13Z 12×12 0.7997 -0.5517 0.2154 0.09528 0.5156 0.07977 0.4934 28125

50

LW-CBT3 16×16 0.4982 -0.5333 0.2021 0.05675 0.5322 0.09120 0.5345 16335
LW-CBT3 20×20 0.4984 -0.5321 0.2017 0.05510 0.5292 0.09111 0.5285 25215
LW-CBT4 20×20 0.4984 -0.5320 0.2018 0.05589 0.5295 0.09101 0.5022 35301
LW-CBT5 20×20 0.4984 -0.5320 0.2018 0.05649 0.5290 0.09032 0.4970 45387
ESL-TRG9Z 20×20 0.4984 -0.5321 0.2017 0.05510 0.5292 0.09111 0.5285 55473
ESL-TRG11Z 20×20 0.4984 -0.5320 0.2015 0.05693 0.5297 0.08992 0.4978 65559
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Figure 11.10: Through-the-thickness variation of stresses on the plates with (0∘/60∘) un-
der constant pressure on the top and bottom surfaces and mixed boundary conditions.

11.3 Conclusions
In this chapter, angle-ply laminated plates under various loads and boundary con-

ditions are modeled through variable kinematic LW models adopting Chebyshev poly-
nomials and ESL models using trigonometric series. “Soft” simply supported and mixed
clamped-free boundary conditions are considered.

The following conclusions can be drawn based on the numerical investigation:
1. When serving as thickness functions in LW approach, Chebyshev polynomials

give great accuracy and continuous transverse shear stresses at layer interfaces;
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2. In ESL approach, trigonometric series can be used as kinematic assumptions, and
give accurate solutions in general when used together with a Murakami zig-zag
term though fail in capturing interfacial continuity of transverse shear stresses
in some cases;

3. In some thin laminated plates, trigonometric thickness functions may encounter
a slow convergence rate in variable kinematic models.

Numerical results for several angle-ply laminated plates are presented, which can
be adopted as new benchmark cases.
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Chapter 12

Evaluation of shear and membrane
locking in hierarchical shell elements

The hierarchical concept of finite elements (𝑝-version) can be traced back to the
1970s [179, 225, 267]. The numerical efficiency of the hierarchical elements has been
reported by many researchers [86, 226, 222, 224].

The locking phenomena are caused by the greatly overestimated stiffness of thin
structures and will lead to a loss of convergence rate of the numerical solution. If no
treatment is introduced, themeshes of the shell FEmodels have to be immensely refined,
which probably makes the analysis numerically prohibitive. Shear locking, caused by
the so-called “parasitic shear” in the bending of a thin shell, is a typical locking phe-
nomenon [269]. Due to the incompetence of the shell elements in capturing the bending
deformation appropriately, the strain energy is absorbed by the shearmode erroneously.
As the shell structures become thinner, the transverse shear energy approaches zero,
mathematically. On the other hand, membrane locking can be observed on shell ele-
ments when bending deformation is incorrectly accompanied by the stretching of the
mid-surface, and the membrane energy overshadows the bending part [216, 21].

Pioneering simple remedies to the locking phenomena are the reduced integration
and selectively reduced integration techniques [269, 108]. Zienkiewicz, Taylor, and Too
[269] pointed out that by reducing the order of numerical integration, the stiffness of
displacement-based finite elements can be decreased. The main idea of selective inte-
gration is to reduce the shear stiffness, thus the reduced quadrature is selectively used
on the stiffness component related to transverse shearing. This method is reported to
be useful in bending problems yet was found less effective compared with uniformly
reduced integration on all the stiffness components for general shell problems [269].
This reduced integration approach brings significant improvement to the convergence
rate.The equivalence of the reduced integration procedure with mixed formulation was
demonstrated by Hughes, Cohen, and Haroun [108] and Zienkiewicz and Nakazawa
[268].
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A drawback of the reduced integration technique is the introduction of “spuri-
ous modes” due to the erroneously evaluated stiffness matrix. A typical example is
the “hour-glass” mode of four-node bi-linear shell elements with reduced integration.
Zienkiewicz and Taylor [272] commented that for general applications mixed elements
are preferred to reduced integration procedures. This numerical singularity problem
can also be avoided by using alternative techniques such as the Mixed Interpolation of
Tensorial Components (MITC) proposed by Bathe et al. [87, 16, 34, 17]. In the MITC
formulation, the shear locking can be overcome by the additional independent interpo-
lation functions for the transverse shear strains. This approach is also referred to as the
“assumed shear strain field” method [52]. The link between MITC formulation and the
Hellinger-Reissner mixed variation principle was demonstrated by Bathe, Iosilevich,
and Chapelle [17]. The mathematical justification of MITC formulation was established
through the Babuska-Brezzi conditions [11]. In the framework of CUF, MITC has been
successfully applied to build locking-free refined elements with variable kinematics for
the multi-layered plates [44, 60, 43] and shell structures [69, 60]. Very recent develop-
ments of four-node MITC elements were presented by Ko, Lee, and Bathe [137, 136].

Indeed, shear locking effects are more pronounced on low-order elements [15]. The
loss of convergence can be alleviated by adopting higher order elements [221, 210], such
as higher-order hierarchical elements [86, 226]. Combination of hierarchical elements
and mixed interpolation method was proposed and applied to isotropic plates based
on Reissner-Mindlin assumption by Scapolla and Della Croce [207, 208]. Application of
hierarchical elements using Naghdi shell model on isotropic structures was reported by
Chinosi, Della Croce, and Scapolla [67]. The selective and reduced integration schemes
on hierarchical elements were primarily discussed by Della Croce and Scapolla [81].
Li et al. [147] reported a comparison of MITC and plain hierarchical elements with full
integration regarding themitigation of shear on refined plate elements formulti-layered
structures.

In this chapter, an evaluation of hierarchical elements concerning the mitigation
of shear and membrane locking phenomena in the analysis of multi-layered shells is
presented. Numerically efficient full, reduced, and selective integration schemes in hi-
erarchical 2D elements are discussed. The alleviation of shear and membrane locking
phenomena in hierarchical shell elements is demonstrated through two numerical ex-
amples, respectively.

12.1 Integration schemes for hierarchical elements
This section addresses the efficient integration schemes of 2D hierarchical elements

with full, reduced, and reduced integration. According to Szabó and Babuška [224] and
Szabó, Düster, and Rank [226], the hierarchical shape functions for 2D elements can
be expressed as in Eqn. (2.27). The nodal (vertex) modes, edge (side) modes, and surface
(internal) modes are illustrated in Fig. 2.7. In the FNs of stiffness matrix as given by

162



12.1 – Integration schemes for hierarchical elements

Eqn. (4.55), the contribution of the shape functions to the stiffness matrix includes the
following integrals:

◁ 𝑁𝑖𝑁𝑗▷Ω, ◁𝑁𝑖𝑁𝑗,𝛼▷Ω, ◁ 𝑁𝑖𝑁𝑗,𝛽▷Ω,

◁ 𝑁𝑖,𝛼𝑁𝑗▷Ω, ◁𝑁𝑖,𝛽𝑁𝑗▷Ω, ◁ 𝑁𝑖,𝛼𝑁𝑗,𝛼▷Ω,

◁ 𝑁𝑖,𝛼𝑁𝑗,𝛽▷Ω, ◁𝑁𝑖,𝛽𝑁𝑗,𝛼▷Ω, ◁ 𝑁𝑖,𝛽𝑁𝑗,𝛽 ▷Ω .
(12.1)

where ◁ ⋯ ▷Ω represents ∫Ω ⋯ 𝑑𝜉𝑑𝜂. Among these terms, for given 𝑖 and 𝑗 combina-
tion, the highest polynomial order that of 𝑁𝑖 ⋅ 𝑁𝑗. Assume that 𝑁𝑖(𝜉, 𝜂) = 𝜙𝑚(𝜉)𝜙𝑛(𝜂)
and 𝑁𝑗(𝜉, 𝜂) = 𝜙𝑟(𝜉)𝜙𝑠(𝜂), the product of 𝑁𝑖 and 𝑁𝑗 will read:

𝑁𝑖(𝜉, 𝜂) ⋅ 𝑁𝑗(𝜉, 𝜂) = 𝜙𝑚(𝜉)𝜙𝑛(𝜂) ⋅ 𝜙𝑟(𝜉)𝜙𝑠(𝜂) = 𝜙𝑚(𝜉)𝜙𝑟(𝜉) ⋅ 𝜙𝑛(𝜂)𝜙𝑠(𝜂) (12.2)

where the polynomial orders of 𝜙𝑚(𝜉), 𝜙𝑟(𝜉), 𝜙𝑛(𝜂), and 𝜙𝑠(𝜂) are 𝑀,𝑅,𝑁,𝑆, sepa-
rately. Thus in the 𝜉 and 𝜂 directions, the highest polynomial orders are 𝑀 + 𝑅 and
𝑁 + 𝑆, respectively. For simplicity, in the present work, the same set of Gauss points
are used to calculate the above integrals of given 𝑁𝑖 and 𝑁𝑗.

12.1.1 Full integration scheme
In Gauss-Legendre quadrature, 𝑛 Gauss points can guarantee the exact integration

of a polynomial of order 2𝑛 − 1. For the exact integration of ◁𝑁𝑖𝑁𝑗▷Ω, the least
number of Gauss points used in the 𝜉 direction, 𝑁𝐺𝑋, should be:

𝑁𝐺𝑋 =
{

(𝑀 + 𝑅)/2 + 1, if 𝑀 + 𝑅 = 2𝑛;
(𝑀 + 𝑅 + 1)/2, if 𝑀 + 𝑅 = 2𝑛 + 1.

(12.3)

wherein 𝑛 is an arbitrary positive integer.The above expression also applies to the num-
ber of Gauss points 𝑁𝐺𝑌 for exact integration in the 𝜂 direction.

For classical Lagrangian elements, since all the shape functions have the same poly-
nomial order in both 𝜉 and 𝜂 directions, the scheme of Gauss points can be uniformly de-
cided. Differently, for hierarchical elements, the required number of Gauss points varies
according to different combinations of shape functions. Also, in practice, for given 𝑁𝑖
and 𝑁𝑗, the same set of Gauss integration points can be used for the nine integrals in
Eqn. (12.1), and these Gauss points are determined by the highest polynomial orders
given by 𝑁𝑖 ⋅ 𝑁𝑗. Fig. 12.1 presents two examples of the Gauss points distribution when
full integration is used on hierarchical elements. Fig. 12.1a shows the numerical calcu-
lation of ◁𝑁13 ⋅𝑁14▷Ω needs 3×3 Gauss points. ◁𝑁13 ⋅𝑁15▷Ω requires 5×2 Gauss
points for its full integration, as illustrated in Fig. 12.1b.

12.1.2 Reduced integration scheme
In the current chapter, the reduced integration technique on the hierarchical ele-

ments is used in the following manners: applying the reduced integration to 𝑁𝑖 ⋅ 𝑁𝑗
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X

13 (4,0) 14 (0,4)

(a) ◁𝑁13 ⋅ 𝑁14▷Ω

X

15 (4,0)13 (4,0)

(b) ◁𝑁13 ⋅ 𝑁15▷Ω

Figure 12.1: Gauss points used for the full integration of hierarchical shell elements.
“FULL” represents the adoption of the full integration approach.

combinations with the highest polynomial order, and using the full integration for all
the lower-order combinations. In the hierarchical element with polynomial degree 𝑝, as
shown in Fig. 2.7, 𝑁𝑖 ⋅ 𝑁𝑗 with the highest orders is the combination of edge modes:

𝑁𝑖 ⋅ 𝑁𝑗 =
{

𝜙𝑝(𝜉)𝜙1(𝜂) ⋅ 𝜙𝑝(𝜉)𝜙0(𝜂), in 𝜉 direction;
𝜙1(𝜉)𝜙𝑝(𝜂) ⋅ 𝜙0(𝜉)𝜙𝑝(𝜂), in 𝜂 direction.

(12.4)

The highest order of the polynomials to be integrated is 2𝑝, and 𝑝 Gauss points are
needed for the reduced integration. The product polynomials to be integrated in the
other direction are of the second-order and will be fully integrated by using two Gauss
points. Meanwhile, all of the lower-order terms should be exactly integrated.

This approach can be explained by taking hierarchical element with 𝑝 = 4 as an
example. The polynomials to be integrated with the highest order in the 𝜉 direction are
𝑁13 ⋅ 𝑁13, 𝑁13 ⋅ 𝑁15, 𝑁15 ⋅ 𝑁13, and 𝑁15 ⋅ 𝑁15. Those with the highest order in the 𝜂
direction are 𝑁14 ⋅ 𝑁14, 𝑁14 ⋅ 𝑁16, 𝑁16 ⋅ 𝑁14, and 𝑁16 ⋅ 𝑁16. When reduced integration
scheme is adopted, 4 × 2 Gauss points should be used for the first group of polynomials
(see Fig. 12.2a), and a 2 × 4 mesh of Gauss points for the second set (see Fig. 12.2b).

For this fourth-order hierarchical element, the interpolation schemes that should be
used for different blocks of the stiffness matrix have been indicated in Fig. 12.3. Note
that each block represented by a square is a sub-matrix 𝐾𝑖𝑗 of the element stiffness
matrix.

12.1.3 Selectively reduced integration scheme
In the selectively reduced integration, the low-order integration is only applied to

those terms related to the transverse shear stiffness. This technique is aimed to reduce
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X

13 (4,0) 15 (4,0)

(a) ◁𝑁13 ⋅ 𝑁15▷Ω

X

16 (0,4)14 (0,4)

(b) ◁𝑁14 ⋅ 𝑁16▷Ω

Figure 12.2: Gauss points used for the reduced integration of hierarchical shell elements
with 𝑝 = 4. “RX” and “RY” indicate reduced integration in the 𝜉 and 𝜂 directions, re-
spectively.
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Figure 12.3: Reduced integration scheme for an hierarchical element with 𝑝 = 4. “RX”:
reduced integration in the 𝜉 direcion; “RY”: reduced integration in the 𝜂 direction;
“FULL”: full integration in both directions.

the transverse shear stiffness to alleviate the shear locking phenomenon. These compo-
nents can be determined by considering the FNs of the transverse shear stiffness matrix
in Eqn. (4.104). Also, the sub-matrices of the stiffness matrix 𝐾𝑖𝑗 that should be selec-
tively integrated follow the same rule of the reduced integration technique as discussed
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in Section 12.1.2.

12.1.4 Properties of the stiffnessmatrix of hierarchical elements
with reduced and selective integration

When reduced and selective integration techniques are used on low-order Lagrangian
elements, spurious modes may appear. In this section, the eigenvalues of hierarchical el-
ements with reduced and selective integration are calculated to examine the properties
of their stiffness matrices.

The adopted FEmodels consist of only one elementwhich has the in-plane geometry
of 1 × 1 and contains only one layer with thickness ℎ = 1. The used isotropic material
has 𝐸 = 109 and 𝜈 = 0.3. The theory of structures (TOS) chosen is LE1 (LWmodel with
Lagrangian first-order polynomials). A plate model without curvatures is used which
is adequate for the examination.

Fig.12.4 reports the eigenvalues of the stiffness matrices of hierarchical elements
(𝑝 = 1,2,3) via reduced and selective integration approaches. Note that hierarchical
elements with 𝑝 = 1 are equivalent to standard Q4 (four-node quadrilateral Lagrangian)
elements. Fig. 12.4a shows that when 𝑝 = 1, both reduced and selective integration
schemes lead to more than six numerical zero eigenvalues, which means the elements
are not robust. From Fig. 12.4b, it can be observed that for polynomial degree 𝑝 = 2, the
reduced integration leads to two spurious modes (which is equivalent to the number
of thickness functions used), and the element with selective integration has exactly
six rigid-body modes. When the polynomial degree is further increased to 𝑝 = 3, the
spurious modes are eliminated on the elements with reduced integration (see Fig. 12.4c).
The results demonstrate that, for hierarchical elements, it can be guaranteed that there
is zero spurious mode when reduced integration approach is used given that 𝑝 ≥ 3, and
no spurious mode exists for selective integration when 𝑝 ≥ 2.
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Figure 12.4: Eigenvalues of hierarchical elements with reduced integration (REDI) and
selective integration (SELI).
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12.2 Results and discussion
In this section, two numerical examples on laminated shells with a wide range of as-

pect ratio are presented. Single-element FEmodels are used with 𝑝-version refinements.
It is obvious that an element with only linear shape functions is not adequate for the
modeling, thus the refinement of the shape functions starts from 𝑝 = 2. The polynomial
degree is increased till the chosen convergence threshold is reached. Two kinds of TOS
are used in the numerical modeling, namely the FSDT and LE4 (LWmodel with fourth-
order Lagrange polynomials in each layer). These two theories are compared through
elements with full integration. Then, with LE4 theory, different integration techniques
on the hierarchical elements are compared, including full integration (FULL), reduced
integration (REDI), and selective integration (SELI). Besides the displacement and stress
evaluations, the strain energy components are also reported. The numerical results are
compared against available analytical reference solutions.

12.2.1 Shear locking: cylindrical shells under distributed pres-
sure

In this section, the benchmark case presented by Varadan and Bhaskar [244] is used.
The geometric features, material properties, and dimensionless parameters (see Eqn. 7.2)
have been described in Section 7.1. The studied cases here are three-layered cylindrical
shells with symmetric lamination (0∘/90∘/0∘). The three layers have equal thickness ℎ/3.
Radius-to-thickness ratios 𝑅𝛽/ℎ ranging from 2 to 500 are considered.

By taking advantage of the symmetric features in the cylinder axial direction and
the cyclic conditions in the circumferential direction, 1/16 of the structure is taken to
build the FE model, as indicated by the shaded zone in Fig. 7.1a. The 1/16 FE mod-
els contain only one element, and the numerical accuracy is improved by increasing
the polynomial degree gradually when the relative difference compared to the one-
order-lower case is less than 1% regarding the deflection and stresses as well as the
energy components. Considering the load distribution, this benchmark is quite chal-
lenging for a single-element model. Table 12.1 summarizes the converged solutions for
each radius-to-thickness ratio value. In general, as the shell structure gets thinner, a
higher polynomial degree is required to achieve the desired accuracy.The displacement
and stress evaluations obtained with LE4 kinematics agree well with the reference so-
lutions given by Varadan and Bhaskar [244]. The accuracy of the FE results of the thick
shell (𝑅𝛽/ℎ = 2) can be further improved by refining the thickness functions (TOS).
FSDT leads to good estimation of displacement and in-plane stresses for the thinner
shells (𝑅𝛽/ℎ = 50,100 and 500), but fails in other stresses. Also, unlike the LE4 kine-
matic model, FSDT ignores the stretching effects in the thickness direction which may
play an essential role on thick shells, such as the 𝑅𝛽/ℎ = 2 and 𝑅𝛽/ℎ = 4 cases in this
numerical example.

The convergence of the normalized deflection for each aspect ratio is shown in
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(d) 𝑅𝛽/ℎ = 50
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(f) 𝑅𝛽/ℎ = 500

Figure 12.5: Convergence regarding the normalized deflection of FE models for the
three-layered cylindrical shells under distributed pressure.
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(e) 𝑅𝛽/ℎ = 100
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(f) 𝑅𝛽/ℎ = 500

Figure 12.6: Convergence regarding the strain energy of FEmodels for the three-layered
cylindrical shells under distributed pressure.
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Fig. 12.5, in which 𝑤̃ = 𝑤̄/𝑤̄𝑟𝑒𝑓 where 𝑤̄𝑟𝑒𝑓 is the reference deflection solution. Fig. 12.6
reports the convergence of the FE model regarding the strain energy error, which is
calculated by taking the converged solution employing LE4 kinematics with full inte-
gration as the reference. It can be observed that for shells with different 𝑅𝛽/ℎ values,
convergence is achieved at different polynomial degrees. Generally, the thinner the shell
structure is, the higher polynomial order will be required. Compared to the full inte-
gration scheme, the reduced integration technique can help to increase the accuracy
in the low-order cases, but the eventual convergence is reached at the same time with
full integration. Note that for this single-element model, the detected spurious modes
in reduced integrated elements with 𝑝 = 2 are not observed to be a significant prob-
lem. Notably, the selectively reduced integration improves the accuracy of the single-
element FE model with 𝑝 = 2 and leads to results quite close to those obtained with
full integration in the higher-order cases (𝑝 ≥ 3). When the numerical convergence is
reached, all the three kinds of integration schemes lead to results that agree well with
the reference solutions.

Fig. 12.7 shows the variation of the ratio of strain energy components with the in-
crease of the polynomial degree of the hierarchical element. It can be found that for
the transverse shear energy, the FSDT and LE4 models with full integration have the
same trend. For 𝑅𝛽/ℎ = 2,4 and 10, the in-plane shear energy is less than 1% which
can be neglected (see Fig. 12.8c); as the radius-to-thickness ratio increases, the 𝐸𝑝𝑠 be-
comes more significant and is plotted for comparison in Fig. 12.7. The disagreement of
FSDT and LE4 in Fig. 12.7 is due to that the thickness stretching effects are accounted
in LE4 model but ignored by FSDT. When the thickness stretching energy is negligible
(less than 1% for 𝑅𝛽/ℎ = 50,100,500), the transverse shear energy values obtained with
FSDT and LE4 are quite close, which demonstrates that the kinematic assumptions do
not affect the shear locking in thin shells. The fully integrated lower-order hierarchical
elements (𝑝 = 2,3,4) suffer from locking on these thinner shells (𝑅𝛽/ℎ = 50,100,500),
and this locking can be overcome by increasing the polynomial degree 𝑝 without us-
ing any mitigation techniques. When the reduced and selective integration schemes are
employed, the shear locking phenomenon on the elements with 𝑝 = 2 can be greatly al-
leviated, however, these techniques become less influential when the polynomial degree
is further increased, as shown in Fig. 12.7d, 12.7e, and 12.7f. Since the newly introduced
shape functions lead to improved accuracy, the higher the polynomial degree is, the
less necessary the reduced integrated polynomials will become. This effect is more ev-
ident for selective integration. It should be pointed out that, models with these three
integration schemes will converge to comparable solutions when the polynomial or-
der is sufficiently high. Fig.12.7 clearly demonstrates that shear locking is the dominant
locking phenomenon for this numerical example.
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(f) 𝑅𝛽/ℎ = 500

Figure 12.7: Variation of strain energy components with respect to the polynomial de-
gree on the three-layered cylindrical shells under distributed pressure.
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(e) Thickness stretching energy ratio

Figure 12.8: Energy components versus radius-to-thickness ratio 𝑅𝛽/ℎ on the three-
layered cylindrical shells under distributed pressure.

The variation of the energy components with the radius-to-thickness ratio 𝑅𝛽/ℎ is
summarized in Fig. 12.8. This variation provides a comprehensive understanding of the
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12 – Evaluation of shear and membrane locking in hierarchical shell elements

structural responses when the shell thickness decreases. It can be observed that the
membrane energy ratio keeps increasing monotonically with the reduction of the shell
thickness, and the ratios of transverse shear energy and thickness stretching energy
decrease and approach zero when the shell is very thin (𝑅𝛽/ℎ = 100,500). In general,
the energy ratio of the in-plane shear strains increases when the shell gets thinner. The
bending energy is significant for moderate-thin shells. To sum up, the transverse strain
energy components (transverse shear and thickness stretching) become less dominant
with the decrease of the shell thickness.

12.2.2 Membrane locking: cylindrical panels under bending

z

α

β

(a) Geometrical features

p0

(b) Load and boundary conditions

Figure 12.9: Three-layered cylindrical panel under simple supports on two ends.

This numerical example consists of three-layered cylindrical panels that undergo
bending, as shown in Fig. 12.9. The cylindrical panels have radius 𝑅𝛽 = 10, mid-surface
arch length 𝑏 = 𝑅𝛽⋅𝜋/20 in the 𝛽 direction, and length𝐿 = 4.0 along the cylinder axis (𝛼
direction). The radius-to-thickness ratios considered include 𝑅𝛽/ℎ = 10,100,1000, and
10000. The materials used are the same as in Section 12.2.1. The lamination sequence
is (0∘/90∘/0∘), and the thicknesses of the three layers are ℎ

4 ,
ℎ
2 , and

ℎ
4 , separately. As

illustrated in Fig. 12.9b, the cylindrical panels are simply supported on the two ends
along the cylinder axis, and free on the other two edges. The simple supports follow:

𝛽 = −𝑏
2
,

𝑏
2

∶ 𝑢 = 0,𝑤 = 0. (12.5)
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12.2 – Results and discussion

The structure is imposed to constant pressure load 𝑝0 on the top surface. The vertical
displacement 𝑤 is non-dimensionalized through the following parameters:

𝑤̄ = −
104𝐸𝐿ℎ3

𝑝0𝑅4
𝛽

 𝑤(𝐿
2
,0,0) (12.6)

Bymaking use of the symmetric features of the boundary conditions, a 1/4 FEmodel
with one rectangular hierarchical element is employed, as demonstrated in Fig. 12.9a.
The one-element model is refined by increasing its polynomial degree of the hierar-
chical shape functions when the relative difference of two neighboring orders is less
than 0.5% regarding the displacement evaluation 𝑤̄. On the whole, 𝑝 = 7 is sufficient
to guarantee the convergence. The displacement evaluation 𝑤̄ and strain components
estimation obtained through hierarchical elements with 𝑝 = 7 are listed in Table 12.2.

Table 12.2: Displacement and energy evaluation of the three-layered cylindrical panel
under bending, obtained through hierarchical elements with 𝑝 = 7.

𝑅𝛽/ℎ TOS Integration 𝑤̄ 𝐸𝑚𝑒𝑚𝑏/𝐸 𝐸𝑏𝑒𝑛𝑑/𝐸 𝐸𝑝𝑠/𝐸 𝐸𝑧𝑠/𝐸 𝐸𝑧𝑧/𝐸

10

FSDT FULL 294.5 0.0% 20.5% 0.0% 79.5% –
LE4 FULL 330.4 0.0% 17.0% 0.0% 59.5% 23.5%
LE4 REDI 329.9 0.0% 17.0% 0.0% 59.4% 23.6%
LE4 SELI 330.4 0.0% 17.0% 0.0% 59.5% 23.5%

100

FSDT FULL 61.67 0.0% 96.3% 0.0% 3.7% –
LE4 FULL 62.45 0.0% 95.0% 0.0% 5.0% 0.0%
LE4 REDI 62.33 0.0% 95.0% 0.0% 5.0% 0.0%
LE4 SELI 62.45 0.0% 95.0% 0.0% 5.0% 0.0%

1000

FSDT FULL 59.57 0.0% 100.0% 0.0% 0.0% –
LE4 FULL 59.58 0.0% 99.9% 0.0% 0.1% 0.0%
LE4 REDI 59.48 0.0% 99.9% 0.0% 0.1% 0.0%
LE4 SELI 59.58 0.0% 99.9% 0.0% 0.1% 0.0%

5000

FSDT FULL 59.61 0.0% 100.0% 0.0% 0.0% –
LE4 FULL 59.61 0.0% 100.0% 0.0% 0.0% 0.0%
LE4 REDI 59.52 0.0% 100.0% 0.0% 0.0% 0.0%
LE4 SELI 59.61 0.0% 100.0% 0.0% 0.0% 0.0%

Figs. 12.10 and 12.11 summarize the convergence of the FE models with the increase
of the polynomial degree concerning the normalized displacement evaluation and the
error of strain energy. The reference solutions are given by FE models with full inte-
gration and 𝑝 = 8. It can be observed that for the relative thick shells with 𝑅𝛽/ℎ = 10
and 100, the reduced integration leads to less accurate displacement estimation and
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12 – Evaluation of shear and membrane locking in hierarchical shell elements

lower convergence compared with full and selective integration schemes. Meanwhile,
for the thinner shells with 𝑅𝛽/ℎ = 1000 and 10000, reduced integration models give
better accuracy than the other two integration schemes in the lower-order hierarchi-
cal shell elements (𝑝 = 2 for 𝑅𝛽/ℎ = 1000, and 𝑝 = 2,3 for 𝑅𝛽/ℎ = 10000). It seems
that the reduced integration “unnecessarily” leads to over-soft bending stiffness when
no noticeable locking is present in this numerical example. The displacement and en-
ergy estimations obtained through selective integration show almost no difference from
those of full integration when the element order 𝑝 ≥ 4.
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(c) 𝑅𝛽/ℎ = 1000

2 3 4 5 6 7
0.0

0.2

0.4

0.6

0.8

1.0

1.2

N
or

m
al

iz
ed

 d
ef

le
ct

io
n 
w

Polynomial Degree p

 FSDT, FULL
 LE4,FULL
 LE4,REDI
 LE4,SELI

(d) 𝑅𝛽/ℎ = 10000

Figure 12.10: Convergence regarding the normalized deflection of FE models for the
simply supported cylindrical panels under bending, for various radius-to-thickness ra-
tio 𝑅𝛽/ℎ.

The variation of the relevant energy terms, which is different for each aspect ratio,
with respect to the element polynomial degree, is reported in Fig. 12.12. For the thick
shells with 𝑅𝛽 = 10, no apparent locking is observed on the low-order hierarchical el-
ements. As the shell becomes thinner, locking becomes more significant on low-order
elements. For the moderate-thick shell with 𝑅𝛽/ℎ = 100, locking occurs on the fully
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(c) 𝑅𝛽/ℎ = 1000
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(d) 𝑅𝛽/ℎ = 10000

Figure 12.11: Convergence regarding the strain energy of FE models for the simply sup-
ported cylindrical panels under bending, for various radius-to-thickness ratio 𝑅𝛽/ℎ.

integrated elements for 𝑝 = 2 and it decreases rapidly as the polynomial degree goes
higher. This locking is mainly shear locking, which can be observed through the com-
parison of bending energy and transverse shear energy in Fig. 12.12b. On the other
hand, for the thin shells with 𝑅𝛽/ℎ = 1000 and 10000, significant membrane locking
emerges on the low-order element (𝑝 = 2,3) with full integration, which also drops
rapidly with the increase of the polynomial degree. For all the relatively thin shells
(𝑅𝛽/ℎ = 100, 1000, and 10000), reduced integration is able to mitigate the membrane
locking effectively, which occurs on low-order hierarchical elements, as shown in Fig.
12.12b, 12.12c, and 12.12d. The selective integration technique also leads to improved
energy estimation, yet less effective compared to reduced integration in this case. To
sum up, when the numerical convergence is achieved via 𝑝-refinement, all the three
integration schemes give equivalent locking-free solutions.
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(d) 𝑅𝛽 = 10000

Figure 12.12: Variation of relevant energy components with respect to the polynomial
degree of FE models for the three-layered cylindrical panel under bending.
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Figure 12.13: Ratio of different energy components versus radius-to-thickness ratio on
the three-layered cylindrical panel under bending.
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From Table 12.2, it can also be observed that when the hierarchical elements are
sufficiently refined, all the integration schemes give results in great agreement with
each other. The variation of different energy components concerning the increase of
the element polynomial order is plotted in Fig. 12.13. As expected, the strain energy
components due to the out-of-plane strains, including the transverse shear strain energy
and thickness stretching energy, decrease rapidly with the increase of the radius-to-
thickness ratio and approach zero on thin shells. Also, it can be found that themembrane
energy and in-plane shear energy are absent in this numerical example. On the thin shell
with 𝑅𝛽/5000, the strain energy contains only the bending component.

12.3 Conclusions
In this chapter, the performance of hierarchical elements in the numerical analysis

of laminated shell structures is assessed regarding the shear and membrane locking
phenomena. Proper energy decomposition presented in Chapter 4 is adopted in the
numerical evaluation. The numerically efficient integration schemes for hierarchical
shell elements are discussed. Through the numerical investigation with single-element
𝑝-version finite element models, the following conclusions can be drawn:

• Without using special locking mitigation technique, hierarchical shell elements
with full integration are capable of overcoming both shear andmembrane locking
via plain 𝑝-refinement for structures with an aspect ratio in a wide range ;

• Hierarchical shell elements with polynomial degree 𝑝 ≥ 3 employing reduced
integration scheme and 𝑝 ≥ 2 adopting selective integration technique are robust;

• Reduced and selectively reduced integration schemes are helpful with the lower-
order hierarchical elements to alleviate the shear and membrane locking phe-
nomena, yet their effects decrease rapidly with the increase of the polynomial
degree;

• When numerical convergence is reached with a higher-order polynomial degree,
the three integration schemes, namely the full, reduced, and selective integration,
lead to the same accuracy;

• With hierarchical shell elements, the physically zero transverse shear strain en-
ergy on thin shells can be achieved numerically.

The above evaluation demonstrates the high efficiency of hierarchical shell elements
in the analysis of laminated shell structures. Only rectangular elements are tested in the
present article. Distorted meshes should also be considered as future work.
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Concluding remarks

The construction of variable kinematic beam, plate, and shell finite element (FE)
models is introduced. In the CUF framework, by applying the Principle of Virtual Dis-
placements, starting from the compact form expression of kinematic and field assump-
tions, the fundamental nuclei (FNs) for the multi-field FE models with Node-Dependent
Kinematics (NDK) are derived. The applications of the presented FE models in the anal-
ysis of multi-layered structures accounting for temperature, moisture, and electric fields
have been demonstrated through various numerical examples.

The adaptable refinement approach based on the use of NDK and hierarchical shape
functions is a powerful technique in building numerically efficient FE models. With this
approach, besides the 𝑝 version refinement, the local kinematic refinement can be car-
ried out conveniently on the nodal level, and the region with refined models can also
be adjustably decided. When applied to global-local modeling, the adaptable refinement
approach can guarantee the solution accuracy of local stresses at globally reduced com-
putational costs. Also, since no additional modification of FE mesh is needed, the same
mesh grid can be re-used, and the pre-processing is greatly simplified.

Hierarchical 2D functions are used as cross-section functions of refined beam mod-
els and as shape functions of plate and shell elements. Due to the hierarchical charac-
teristics and the avoidance of re-meshing during the refinement process, such functions
are convenient to use and efficient in FE simulations.Through the numerical evaluation
of the strain energy components, it has been demonstrated that when the polynomial
degree of hierarchical shell elements is sufficiently high, the shear and membrane lock-
ing phenomena can be effectively mitigated.

Various basis functions are used as kinematic assumptions in the present work. The
tested basis functions include Taylor series, trigonometric series, exponential functions,
Lagrange polynomials, and Chebyshev polynomials.The numerical investigations show
that different ESL kinematics vary regarding the numerical convergence rate with the
increase of the number of expansions. The use of Murakami’s zig-zag functions can ef-
fectively improve the approximation of transverse shear stresses, while LWmodels can
provide even better accuracy. Besides, LW models adopting fourth-order Lagrange or
Chebyshev polynomials can give satisfactory interfacial continuity of transverse shear
stresses.

Partially coupled thermo-mechanical and hygro-mechanical plate and shell models
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are presented. Comparisons have been made between results obtained with assumed
temperature/moisture fields and calculated temperature/moisture distributions by con-
sidering Fourier’s/Fick’s law. It is concluded that the solution of conduction/diffusion
equations is essential for thick plates and shells, and the assumed linear variation of
temperature is a sufficient assumption for thin structures.

In fully coupled electro-mechanical modeling, both actuators and sensors are con-
sidered. Through LW models, piezoelectric components, as either surface-mounted or
embedded patches or layers, are properly considered in multi-layered structures. NDK
is used to assign ESL kinematics to the region without piezoelectric components and
to reduce the high computational costs caused by the LW models. The effectiveness
and efficiency of the adopted FE models are demonstrated by comparing the obtained
results against available reference solutions in the literature.

As future work, adaptive mathematical refinement routines, geometric mapping
with blending functions, mixed formulations for multi-field modeling, effects of ma-
terial non-linearity in multi-field problems, and more sophisticated dynamic and tran-
sient multi-field effects such as hygro-thermo-mechanical, thermo-electro-mechanical,
and hygro-thermo-electro-mechanical couplings, can be further investigated.
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