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EXTREMALS OF LOG SOBOLEV INEQUALITY ON NON-COMPACT MANIFOLDS
AND RICCI SOLITON STRUCTURES

MICHELE RIMOLDI AND GIONA VERONELLI

ABSTRACT. In this paper we establish the existence of extremals for the Log Sobolev functional on complete
non-compact manifolds with Ricci curvature bounded from below and strictly positive injectivity radius,
under a condition near infinity. This extends a previous result by Q. Zhang where a C' bound on the
whole Riemann tensor was assumed. When Ricci curvature is also bounded from above we get exponential
decay at infinity of the extremals. As a consequence of these analytical results we establish, under the same
assumptions, that non-trivial shrinking Ricci solitons support a gradient Ricci soliton structure. On the
way, we prove two results of independent interest: the existence of a distance-like function with uniformly
controlled gradient and Hessian on complete non-compact manifolds with bounded Ricci curvature and
strictly positive injectivity radius and a general growth estimate for the norm of the soliton vector field.
This latter is based on a new Toponogov type lemma for manifolds with bounded Ricci curvature, and
represents the first known growth estimate for the whole norm of the soliton field in the non-gradient case.
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1. INTRODUCTION AND MAIN RESULTS

A Ricci soliton structure on a Riemannian manifold (M™,g) is the choice of a vector field X (if any)
such that

1
(1) Ric + Q'CXQ = \gg,

for some constant Ag € R. The soliton is called expanding, steady or shrinking if, respectively, Ag < 0,
As =0or A\g > 0. When X =V f | for some f € C>°(M), we say that the Ricci soliton is gradient.

It is well known that expanding and steady compact Ricci solitons are Einstein; [15]. Using the existence
of extremals of the W-entropy and its monotonicity formula, G. Perelman proved that every non-trivial
compact shrinking Ricci soliton supports a shrinking gradient Ricci soliton structure; [20] (see also [7] for
a completely elliptic proof of this result, not involving Perelman’s monotonicity formula). This result was
later extended by A. Naber, [18], to complete non-compact shrinking Ricci solitons with bounded curvature
tensor. However, rather than using extremals of the W-entropy he used a careful analysis of the reduced
length function and Ricci flow’s convergence techniques.

Date: February 27, 2019.

2010 Mathematics Subject Classification. 53C21, 53C44, 35J20.

Key words and phrases. Log Sobolev inequality, extremals, Ricci solitons.
1



2 MICHELE RIMOLDI AND GIONA VERONELLI

About the converse, it is important to notice that J. Carrillo and L. Ni, [3], proved that potential
functions on gradient shrinking Ricci solitons provide extremals for the W-entropy also in the complete
non-compact case without any curvature assumption. Hence, the problem of finding an extremal for the WW-
entropy and the problem of finding a gradient Ricci soliton structure on a manifold supporting a complete
shrinking Ricci soliton structure are equivalent modulo justification for an integration by parts, as one can
see from the proof in [7]. A natural question that arises, and which is the initial motivation of this paper,
is if the elliptic technique coming from [20], [7] can be extended to guarantee the existence of a gradient
Ricci soliton structure on a complete non-compact shrinking Ricci soliton considering different curvature
conditions from those considered in [18].

An essential step in this program is to study the existence of extremals of the W-entropy. This functional
turns out to be intimately tied with the usual Log Sobolev functional which was extensively studied in
literature. In particular, the existence problem for extremal functions of the Log Sobolev functional in the
compact case was solved by O. Rothaus, [22]. On the other hand, in the complete non-compact case, in
[20, Remark 3.2] Perelman raised the question whether extremals for the Log Sobolev functional exist. A
motivation for studying the complete non-compact case is the fact that many interesting singularity models
of the Ricci flow are non-compact, the cylinder S? x R being the most basic example.

Recently there have been some progresses on this problem in [24], where Q. S. Zhang provided a result on
the existence of extremals on complete non-compact manifolds with bounded geometry satisfying an extra
condition at infinity which avoids the escape at infinity of the entropy content of a minimizing sequence.
Here bounded geometry means that the Riemann curvature tensor and all its covariant derivatives are
bounded and that there is a uniform positive lower bound on the volume of geodesic balls of radius 1. It
is well known that these conditions imply a positive lower bound on the injectivity radii on the manifold;
[4]. Furthermore, in the same paper, Zhang also proved that an extremal function may not exist if the
condition at infinity is violated.

The main analytical result of this paper establishes the existence of extremals for the Log Sobolev
functional replacing the bounded geometry condition considered in [24] with only a lower control on the
Ricci curvature and a positive lower bound on the injectivity radius. Moroever, asking bounded Ricci
curvature, we can conclude that the extremal function decays more than exponentially at infinity.

For the detailed definitions of the functional £, the best Log Sobolev constant A\, and the best Log
Sobolev constant at infinity A, we refer, respectively, to (7), (8), and (9) in Section 2 below.

Theorem 1.1. Let (M™,g) be a (connected) complete non-compact Riemannian manifold and suppose
that

(2) Ric > —(m - 1)K and inj(azg) = %0 >0,

for some K € [0,+0), ig € RT. If A\ < Ao, then there exists a smooth extremal v for the Log Sobolev
functional L. In addition, if instead of the bound Ric > —(m — 1)K we assume that

|Ric|] < (m — 1)K,
then, having fixed a point o € M, there exist positive constants C,c > 0 such that the extremal v satisfies
(3) v(z) < Cemed (@),
for any x € M.

Remark 1.2. (a) Even though the Log Sobolev functional L we are dealing with contains the scalar
curvature R, the result still holds if one deletes the term containing the scalar curvature. The proof requires
only minor adjustement.

(b) For comments on the generality of the condition at infinity A < Ao we refer to [24], where also some
examples of Riemannian manifolds satisfying this condition are constructed.

As we said above, the conclusion of Theorem 1.1 was obtained by Zhang under the stronger assumption
of bounded geometry (in the sense explained above). Basically, he needs this assumption to ensure:

(i) the validity of a Sobolev inequality and of Bishop-Gromov comparison theorem;
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(ii) the existence of a distance-like function with uniformly controlled gradient and Hessian, which in
turn is used to get an a-priori decay of the type (3) for subsolutions of the Euler-Lagrange equation
relative to the Log Sobolev functional;

(iii) Hamilton’s version of Cheeger-Gromov compactness theorem for pointed Riemannian manifolds.

In fact, in his proof he constructs a minimizing sequence of subsolutions {vy} to the Euler-Lagrange
equation for £, each of them satisfying vi(x) > 0 > 0 at some point z € M. In case the sequence {xy}
is unbounded, one can apply Cheeger-Gromov convergence to {(M, g,xx)} and obtain the existence of a
subsolution of the Euler-Lagrange equation on the limit manifold. This is showed to be in contradiction
with the condition A < As. Hence {xj} is necessarily bounded. In this second case classical arguments
give the existence of a smooth extremal. To treat both the bounded and unbounded case he uses the
exponential decay alluded to in point (ii); see [24, Lemma 2.3].

It is well known that our assumption (2) is sufficient to guarantee both Sobolev inequality and Bishop-
Gromov comparison. As a matter of fact, up to asking also an upper bound on Ric, one can also get the
validity of (ii). This follows from the following result, which apparently has never been observed before in
literature in this generality. Under stronger assumptions this was obtained by L.-F. Tam in [23].

Proposition 1.3. Given m > 2, K € [0,00), there ezists a constant Cy, g € (1,00), depending only on m
and K, such that if (M™,g) is a complete non-compact Riemannian manifold with |Ric| < (m — 1)K and
inj(arg) > i0 >0, 0 € M and r(z) := d(z,0), then there exists h € C°°(M) such that

(4) r(x)+1 < h(z) <r(x)+ Cunx
(5) |Vh|(z) < Cp i
(6) |Hess(h)|(z) < Cp k-

However, in point (iii) the bounds on the full curvature tensor seem unavoidable. To circumvent this
problem, we propose a different strategy to prove the existence of the extremal. By the way, our proof
does not require an a-priori exponential decay for subsolutions (and hence an upper bound for Ric). The
validity of (3) is nevertheless proved a-posteriori, since it will be exploited in the proof of the geometric
result.

Our proof goes as follows. As in [24], we consider a minimizing sequence {v}, bounded in W2, made
up of subsolutions of the Euler-Lagrange equation. The assumption A < Ay is then used to guarantee
that the weak limit v is not null. Then we prove that v is a weak solution and standard regularity theory
applies. All along the proof, the equation is used repeatedly to deal with the logarithmic term.

Exploiting Theorem 1.1 we are able to obtain the following geometric consequence.

Theorem 1.4. Let (M™,g) be a connected complete non-compact Riemannian manifold which supports a
shrinking Ricci soliton structure. Suppose that there exist positive constants K and iy such that

|Ric| < (m — 1)K, and inj(az,g) > i0 >0

and that A < Aso. Then (M™,g) supports also a shrinking gradient Ricci soliton structure.

In order to prove Theorem 1.4 one would like to mimic the computations done in the compact case in
[7]. Since we are in the non-compact setting, aiming to justify the integration by parts (see (32)) using a
Stokes’ theorem a la Gaffney-Karp we need a control on the growth at infinity of the soliton field X.

In this regard, it is well known that the growth of the radial part of X can be controlled when the Ricci
curvature is bounded. Indeed if Ric is bounded from below, it is not difficult to see that (X, Vr) has at
most linear growth. Moreover, it was proven by A. Naber, [18] that if Ric is bounded from above then
(X, Vr) grows at least linearly. Here r is the distance function from a fixed reference origin. Note also
that for gradient shrinking Ricci solitons it was proven in [25] that the whole | X| grows at most linearly.
To the best of our knowledge a growth estimate on the whole | X| in the non-gradient case is not known so
far. Actually in this setting we are not able to get such a linear bound for | X|, yet we can prove that the
field can not grow much more than exponentially, which is in fact enough to our purposes. Note that the
following result also concerns steady and expanding Ricci solitons.
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Theorem 1.5. Let (M™,g) be a complete non-compact m-dimensional Ricci soliton satisfying (1) for
some X € X(M) and As € R. Suppose that |Ric| < (m — 1)K for some constant K > 0. For any reference
point o € M there exists a positive constant C' > 0, depending on m, K, g, vol(Bi(0)) and on

X* = max |X(y)|,
y€B1 (o)

such that for all g € M it holds

Cd(q,0)" R =0
X|(q) <
[ X[(q) < {Cd(qjo)e(m—l)\/ﬁd(%o) if K> 0.

This result relies on a Toponogov’s type estimate of independent interest, which we call Ricci Hinge
Lemma. Beyond the proof of Theorem 1.5, this estimate applies more generally to control the growth of
any vector field X along which one can control £x g, such as for instance Killing vector fields; see Corollary
7.5 below. We are not aware of previous results in this direction.

The paper is organized as follows. In Section 2 we introduce some notation and basic definitions.
Section 3 and Section 4 are devoted to the proof of the first part of Theorem 1.1 that is the existence of the
extremal. In Section 5 we present a proof of the construction of distance-like functions on complete non-
compact manifolds with bounded Ricci curvature and a control on the injectivity radius, and we deduce the
existence on these manifolds of Hessian cut-off functions. From these results the second part of Theorem
1.1 immediately follows, as shown in Section 6. We end the paper with Section 7 which finally deals with
Ricci soliton structures. In a first part we prove the Ricci Hinge Lemma, from which the general result
on the growth of the soliton field on manifolds with bounded Ricci curvature can be deduced, while in the
second part we deal with the integration by parts which permits to conclude the proof of Theorem 1.4 .

2. BASIC DEFINITIONS AND NOTATION

Let (M™,g), be a complete connected Riemannian manifold of dimension m > 3 and denote by R its
scalar curvature and by dvol the Riemannian volume measure.

The W-entropy is defined for f € W2(M, e fdvol) as
W(g, f,T) = / [T(|Vf|2 +R)+ f —m| (4n7) "2 e dvol,
M

where 7 > 0 is a scale parameter and we ask R € L'(M, e fdvol).

Setting v2 = (477)" 2 e/, we may rewrite the W-entropy for v € WH2(M) as follows
K(g,v,7) = / (T(4|Vv|2 + Rv?) —v?Inv? — mo? — % ln(47r7‘)112> dvol.
M
The problem of minimizing the W-entropy under the constraint

fe {f € C°(M) s.t. / (477) "2 e fdvol = 1}
M

is hence equivalent to the problem of minimizing (g, v, 7) under the constraint

veU = {v € CX(M) s.t. / v?dvol = 1}.
M

Let ¢ > 0 be a positive constant, then the functional K has the following scale invariance property

K (cg, ¢ T, CT> = K(g,v, 7).
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Hence we can restrict the study, without loss of generality, to the case 7 = 1. Note that, if [|v]| 125y = 1,
then

K(g,v,1) = /M [(4]Vv]* + Rv?) — v® In(v?)] dvol — %(111477) —m

m

= L(v,9) 5 (Indm) —m.

Here L(v,g) = L(v, M, g) is the Log Sobolev functional on (M, g) perturbed by the scalar curvature of
the manifold, which is defined for v € WH2(M) as

(7) L(v,M,g):= / (4|Vo|* + Rv? — v? Inv?) dvol.

We define the best Log Sobolev constantMi)f a domain 2 C M as

(8) Q) = inf {/Q [4]Vv]? + Rv? — v Inv?] dvol s.t. v € C°(Q); ||v\|L2(Q)1} .
When Q = M, we will denote by A := A(M) the best Log Sobolev constant of (M, g).

The best Log Sobolev constant at infinity of (M, g) is the quantity
9) Aoo = liminf A(M \ B,(0)).
T—00

We now give the following

Definition 2.1. Suppose that A > —oo. A function v € WY2(M) is called an extremal of the Log-
Sobolev functional L on (M, g), if vl 2y =1 and

/ (4|Vv|2 + Rv? —o? lnv2) dvol = \.
M

It is worthwhile to note that, according to this definition, extremals need not to belong to C2°(M), and
hence to the class of functions U we are minimizing in.
The Euler-Lagrange equation for the Log Sobolev functional £ is given by

(10) 4Av — Rv+2vinv+ v =0
Here, and from the point onward, we implicitly assume that v > 0 when In v appears and that vInv(z) =
0 when v(x) = 0.

3. SOME PRELIMINARY RESULTS
An analysis of the proof of Lemma 2.1 in [24] gives the validity of the following

Lemma 3.1. Let (M™,g) be a complete Riemannian manifold such that
Ric > —-(m - 1)K and inj(azg) = %0 > 0.

Let x € M and suppose v is a bounded solution to (10) in the ball Ba(xz) C M such that ||v|r2(p, () < 1-
Then the following mean value type inequalities hold.

(a) There exists a positive constant C = C(m, K ,ig, \) such that
sup v2 < C v2dvol.
Bi(x) Ba(x)

(b) There exists a positive constant C = C(m, K, ig, A, supp, () [VR|) such that

sup |Vo|? <C v2dvol.
31/2(1) Bi(z)

The content of the following lemma is that in our assumptions the variational problem for the Log
Sobolev functional £ is well defined. The proof is standard and follows from a combination of Sobolev’s
and Jensen’s inequality. We present it here for the sake of completeness.
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Lemma 3.2. Let (M™,g) be a complete Riemannian manifold such that
Ric> —-(m - 1)K and inj(az,g) > 0 > 0.
Then X is finite.

Proof. Under our assumptions, it is well-known that the following Sobolev inequality holds for all u €
Ceo (M)

(11) / u? dvol < <CM/ (IVul? + u?) de]> m—2 |
M M

for some constant Cps depending only on (M, g).
Since In is concave and ||ul|;2(p) = 1, by Jensen’s inequality we obtain

-2 »
/ w2 Inuldvol < 221 ( / u? dvol) .
M 2 M
Using (11), we thus get that

In </ u2*dvol> < ™ (CM/ (\Vu|2 +u2) dvol) ,
M m—2 M
from which

(12) / u? Inu?dvol < LS (C’M/ (\Vu|2 + uQ) dvol) .
M 2 M

Using (12) we observe now that

/ (4)Vul? — u® Inu?) dvol
M

2/ 4(\Vuy2+u2)dvol—4/ w?dvol — " 1n (CM/ (\Vu|2+u2)dvol>
M M 2 M

>4 U (IVu|? 4 u?)dvol — 1} M (CM/ (|Vul* + u2)dvol>
M 2 M

= (I)(HUHWLQ(M))v

where @ : R — R is defined by ®(t) = 4(t* — 1) — 2 In(Cpt?). Since @ is bounded from below, we obtain
that for any u € U
L(v,M,g) > i]r\14fR+ C,

for some constant C' € R, and hence A is finite. O

4. PROOF OF THEOREM 1.1: FIRST PART

In this section we present the proof of the first assertion of Theorem 1.1, that is the existence of the
extremal.

By Proposition 2.1 in [10] we know that, given o € M, there exists a L € C*°(M) with
|L(z) —d(z,0)| <1 and IVL|(z) <2 on M.
For any positive integer k, consider the domain
D(o,k) ={x € Ms.t.L(z) < k}

and let A\ := A(D(o, k)). Note that we can choose L in such a way that 0D(o, k) is smooth for any k € N.
According to [22], Ay is finite and, for every k, there exists a non-negative extremal on D(o,k) in

WL2(D(o0,k)) N C%(D(o, k)) with vkl L2(p(o,ky) = 1 Which satisfies

4Av, — Rug + 2vg Invg + Ao =0, in D(o, k)
v =0, on 0D(o,k)
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We extend vy to M by setting it equal to 0 on M \ D(o,k). Hence v, € C*(int(D(o,k))) N C°(D(o,k)),
v, € WH2(M) with loellwrzon = llvkllwizpor)), and [lvell 2y = 1. Note also that, by definition,
L(vg, M, g) = e A

We claim that, under our assumptions, {v;} is uniformly bounded in W12(M).

Indeed, by Jensen’s and Sobolev’s inequalities we have that

/ v? Invidvol < "y <A/ | Vg |*dvol + B> ,
M 2 M

for some constants A, B € R. Hence, since for every o > 0, t > 0, it holds that In(t) < ot — 1 — Ino, we
deduce

/ v? Invidvol < mUA/ |V |*dvol +
M 2 M

Choosing o small enough we get that

@UB—E—Tan.
2 2 2

A =L(vg, M, g) = / (4]Vvk.] + Rvi — v,% Inv,%) dvol
M

z/ 4Vvk\2dvol+/ inf Rv2dvol — maA/ IVug2dvol — — B+ = + D ing
Y M 2 7y 2 2 "2

m 2 .
> _
> (4 : JA) /M (Vg 2dvol + C(inf R, m, B, 0)

> / |Vug|?dvol 4+ C(inf R, m, A, B).
M M

Hence, for some constant C,
/ Vorl2dvol < A+ C < 200 + C.
M

for k> 1, as claimed.

Therefore, up to passing to a subsequence, there exists v € W12(M) such that v, — v weakly in
WL2(M). As a standard consequence, by lower semicontinuity of the W12-norm, we hence have that

[ollwr2any < h]gicgf [okllw2ar) -

Moreover, by the uniformly boundedness and the Rellich-Kondrachov compactness theorem, vy — v
strongly in LP on compact sets for every p € (1,2*) and a.e. in M. In particular v € WH2(M), v > 0 a.e.
in M and, since [, vidvol <1 for every A C M compact, the same holds for v, and hence [, v3dvol < 1.
Actually, we will show in Lemma 4.3 below that [ M v2dvol = 1.

Lemma 4.1. v is strictly positive on a set of positive measure in M.

Proof. We reason by contradiction, assuming that v = 0 a.e. in M, and get a contradiction to the
assumption that A\ < A,. In the following, integrals are meant with respect to dvol unless otherwise
specified.

Consider an exhaustion F; M consisting of relatively compact domains with smooth boundary. Then
for every i fixed, there exists a K; such that the tubular neighborhood Ba(E;) C D(o, k) for every k > K.
We hence consider the sequence {vg},~ . on Ej.

We need first the following B

STEP 1. If v =0 a.e. in M, then, for every E;, vy — 0 in C'(E;) as k — oo.

We have that fD(o ) vg dvol — 0 as k — oo since D(o, K;) is compact. By Lemma 3.1 applied to the
vg’s we have that there exists a constant C' = C(m, K, i, A, supp(,,k,) [VR|) such that, for all z € E;,

vi(z) < sup vi < C v} dvol < C/ v} dvol
Bi(x) Ba(x) D(0,K;)
(13) IVop|*(z) < sup |V < C v} dvol < C/ v2 dvol.
By2() Bi(z) D(o,K)
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Letting e :=C fD(o K) v,% dvol, then ¢ — 0 as k — oo, by our assumption.

STEP 2. Vi and Ve > 0 there exists u € C®°(M \ E;_1) N W12(M) such that suppu CC M \ E;_; and
L(u, M,g) < A+e.

Fix i and € > 0. Let p € C*(M), 0 < ¢ < 1 such that |V¢| is bounded and

om\E; = 1 g, = 0.
For k > K; define uy, := vyp. Then uy € C°(E;) N WH2(M) and

L(ug, M, g) =L(vg, M \ E;, g) +/ 4|Vop|*vi dvol—|—/ 8 (Vy, Vuy) dvol—|—/ 42|V, |? dvol
Ei ;

% 7

+ / Rp*v dvol — / ©*vi In ? dvol — / ©?v In v} dvol

k3

:ﬁ(vk,M\Ei,g)—i—/ 4\v¢\2v,3dvol+/ 8 (Vp, Vo) dvol+/ 4|Vuy|? dvol

i\Fi—1 EN\E;_1 E;

+/ 4|Vvk|2(g02—1)dv01+/ Rv,%dvol+/ Rv,%(g02—1)dvol—/ ©?v? In ? dvol

—/ v? Inw} dvol —/ v? Invi(p? — 1) dvol.
Ei 1

Hence, for £ > 1 and for some new constant C,

»C(Uk,M,g) - ‘C(UkvM)g) :|‘C(uk7M7g) - E(’Uk,M, g)|

S/ 4|ch\2v,%dvol+/ 8\V¢]\Vvk|dvol+/ 4|Vug)?(¢* — 1) dvol
EN\E; 1 E\F;_1 )

(3

+/ (ing) vzdvolqt/ v,%|3021ng02|dv01+/ ’vilnvi’ dvol
E; @ - ; E;

7

<C v? dvol + Cvol(E; \ E;_1) / v? dvol
Ei\Ei71 D(O,K,L)

+ (inf > / v? dVOl+6_1/ v? dvol+/ ’v% lnv,ﬂ dvol,
E.
i /) - JE E; E;

where in the last inequality we used also (13) and we are using the standard notation (-)_ for the negative
part of a function.

For k> 1, using Step 1 we can make also all the terms on the RHS less then ;. Hence we have obtained
that there exists k such that Vk > k

E(Uk,M,g) - 'C(UkaMag) <

o ™

In particular, for all k > k we get that

MM\ Eicy) < L(ug, M, g) < L(ok, Mg) + 5 = e+ 5.

Since A \( A as k — oo we also know that there exists a % such that V& > & we have that

g

Thus, for k& > l;:(z) = max {E, E}, we get that L(ug, M, g) < A+ ¢, concluding the proof of Step 2.

In particular, we deduce that
)\(M \ Ei—l) < A+e.

From this it follows that
Ao = liminf A(M \ E;) < A+ ¢,

1—00
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and, since by the assumption A < Ay we can choose 0 < € < Ay — A, this leads to the desired contradiction
and hence to the validity of the lemma. O

In particular we have obtained that there exists a J such that Vj > J

(14) / v? dvol > § > 0.
Ej

By Lemma 3.1 applied to the v; we know also that {Uk‘}k>Kj is bounded in C!(E;). Hence, up to a
subsequence v — v on Ej in C%%, for 0 < a < 1, and v € C%*(E;).

By (14), we know that there exists € E; such that v(z) > 0. Hence 0 < v € C&?(M) and there exists
x € M such that v(x) > 0.

Note that v is bounded in M. In fact, for any fixed x € M, we have that € E; for j > 1. Consider
{Uk}k>1<j on Ej;. Since by Lemma 3.1 we have that v, < C, for every ¢ > 0

(15) ()| < [v(z) —vk(2)] + |up(2)] < C +e,
for k large enough.
Lemma 4.2. v is a weak solution of (10)

Proof. Fix ¢ € C°(M) and let ko be such that supp ¢ C D(o, ko). Using that, for every k > ko,

4 / (V, Vo) dvol + / R dvol — / vpe Inw? dvol = / e U dvol,

we want to prove that

4/<Vg0, Vo) dvoH—/vapdvol— /vgolnv,% dvol = /)\gpdvol.

By the fact that v, — v weakly in W12(M), one gets that
/(V(p,Vvk> dvol —>/<V<p,Vv) dvol

/Rvkgo dvol%/vap dvol,

as k — oo. Moreover

/)\kvkcp dvol — /)\mp dvol = /()\k — N vgp dvol — //\(v/z€ — v)g dvol,

and

/()\k: — Mg dvol < [\ — Al ‘/vkgp dvol| <2 ‘/vgp dvol| [\, — A| — 0,
as k — oco. Hence, it remains only to prove that ¥V > 0, there exists k > ko such that
(16) ‘/vklnvkgodvol— /vlnvgpdvol <4

for every k > k. For every € > 0 we write

‘/vk In v dvol — /Ulnvgodvol

= ‘/vk In vip dvol — /vk In(vy + &) dvol

+ /vk In(vg, + €)p dvol — /vk In(v + £)¢p dvol

+ /vk ln(v+€)cpdvol—/vln(v—i—s)godvol

+ /vln(v+5)<pdvol—/vlnvgpdvol
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:'/vkln <Uk+€> @ dvol
Vk
S/vk]cp| In (vk+5>‘ dvol
Uk
_/vkhp\ln (1+ 5) dvol < /6|<p\dvol.
k

Hence there exists an €9 = €¢(¢) such that Ve < gp and for all k£ € N,

Let us first observe that

‘/vk lnvknpdvol—/vk In(vg + €)p dvol

(17) ‘/vk lnvkgodvol—/vk In(vg + €)pdvol| < g

We claim now that there exists a constant C' = C(gg) such that vIn(v 4+ €) < C for every € < gg. Indeed,
where v > 1 — €, we have that

lIn(v 4 €)| <max {In(v + ¢), [In(1 — &9)|}
<max {In(v + €p), |In(1 — e0)|} .

Hence, using also (15),

[vIn(v +€)| =[v[|In(v +€)[ < (v +&o)| In(v + €)|
<max {(v + &o) In(v + €9), (v + €0)| In(1 — &o)|}
<max {(C + o) In(C + &o), [In(1 — £0)[ (C +0)} -

On the other hand, where v < 1 — £y, we have that for every ¢ < egp, v+ e < v+¢9 < 1. Hence
lvIn(v +¢)| = |v] In(v +¢€)| < |v||Inv| < et
and there exists a C' = C(gp) such that for every ¢ < g
lvIn(v +¢)| < C,

proving the claim.
Hence, |vIn(v +¢)p| < Clp| € L' and by the dominated convergence theorem we get

/vln(v—i—e)godvol% /vlnvapdvol

as € — 0 and, in particular, there exists an €; < g such that Ve < g

d
< -
4

(18) ‘/vln(v—ks)@dvol—/vlnvgodvol

We now compute that

< el [lox = vlly sup [In(v + 1)

‘/vk ln(v+51)<pdvol—/vln(’u+€1)godvol

Since by Lemma, 3.1
[In(v 4 €1)| < max {|lneq]|, |In(C + &1)|},

we hence get that for k> 1

(19) ‘/Uk ln(v+€1)<pdvol—/vln(v—l—el)gpdvol < g
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Finally, by Lemma 3.1, we have that

(20) '/vk In(vy + £1)p dvol — /vk In(v 4 &1)p dvol :/ vg In <1 + vk_; v) @ dvol
v €1
Vg — v
< dvol
< [ fuel| 2= o avo

o
4
for k large enough. By (17), (20), (19), (18) we obtain (16) and hence our claim. O

C
< [lok = wllp llelly <
€1

By Lemma 4.2 and elliptic regularity (see e.g. Theorem 3.54 in [2]), we get that v € C’l2 2 for b < a.

oc’?
Thus an application of the maximum principle gives that v > 0 on M and this permits to get, again by

elliptic regularity, that v is indeed smooth and thus a classical solution of (10).
To conclude the proof of Theorem 1.1 it remains to prove the following
Lemma 4.3. v is an extremal of the Log Sobolev functional L.
Proof. Since v is a classical solution of (10) we have that
4vAv = Ro? — v Inv? — M2

Since v € WH2(M), R is bounded from below, and (12) holds, we know that min{vAwv;0} € L'(M).
Moreover, by Cauchy-Schwarz inequality we have that vVv € L'(M). Hence, by Gaffney’s version of
Stokes’ theorem, (9], vAv € L*(M) and

/ vAv dvol = —/ |Vv|? dvol.
M M

Thus

L(v,M,q) = / (4)V|? + Rv* — v? Inv?) dvol = )\/ v? dvol.
M M

If [ M v? =1 then v is an extremal function of £. So suppose / M v? < 1 and consider the function

. v
0=—".
o]l
Then ||7||, =1 and
1 (4|Vv|? + Rv? — 02 Inv?) dvol
AN=—=L(v,M,g) = Ju 5
lll3 o]l

:/ [(4|V@|2+R|ﬁ|2—@21n52)—ﬁ21n||v\|§ dvol.
M

We claim that £(3, M, g) > A\. From this it would follow that A > A — 2 In |jv||3. Since we are assuming
| M v? < 1 we hence get a contradiction, thus finishing the proof of Theorem 1.1. Let us now prove the
claim. Let o € M and consider the standard smooth cut-off functions, for R > 1,

0<vr<1, QrlBpo)y=1 @RIM\Byr) =0, |Ver| <2
We then consider the functions opr € C2°(M) and we prove that
(21) L(vpr, M, g) = L(v, M, g),

as R — oo. Since L(0¢Rr, M, g) > X for every R, we hence get the claim.
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We have that

L(8,M,g) — L(bpr, M, g) = / (1 - %) (4[Vo]* + Re* — 0* In5?) dvol
M\Br

—/ 49%|Vpg|? dvol+/ 2% In % dvol
BQR\BR B2R\BR

- 8/ 0pr (V0,Vepr) dvol.
Bar\Br

Using that & € WH2(M), |[Vgg| is bounded and ¢%In¢% < e™2, we easily get that the last three terms
tend to zero as R — oo. Moreover, since

#?In 9% = —49A% + R — Mo? — 2 In o3,

we have that

/ (1 — %) (4|Vo|* + Ro? — 9* Ino?) dvol = /
M\Bgr

(1-¢%) (4\%\2 + 49A0 + A% 4 % 1n Mg) dvol
M\Bpg

Hence, using again the fact that & € WH2(M), © € L?*(M) and 9AD € L'(M), it is not difficult to prove
that also this expression goes to 0 as the radius R — oo, thus proving the claim. U

5. DISTANCE-LIKE FUNCTIONS ON COMPLETE NON-COMPACT MANIFOLDS

Before getting into the proof of Proposition 1.3 we would like to explicitly point out that, using the
distance-like functions we are going to construct, one is able to produce Hessian cut-off functions. In
particular we can obtain the following result extending Proposition 3.7 in [12]; see also [11].

Corollary 5.1 (Hessian cut-off functions). Let (M™,g) be a complete non-compact Riemannian manifold
such that [Ric| < (m—1)K for some K € (0,00) and inj(s,4) > io > 0 and fiz a reference point o € M. Then
there exist a constant Cy, g € (1,00), depending only on m and K, and a sequence {x,} C C>(M,[0,1])
of cut-off functions such that

Xn =1 on By_c,, «(0)
supp(Xn) C Ban—1(0).
IVxnlleo = 0 as n — oo
|Hess(xn)||o — 0 as n — oo.

Proof. (of Corollary 5.1) Let ¢ € C*°(RR, [0, 1]) be a cut-off function such that
Olcooo) =1, @l =0, [¢']<2, [¢"] <a,

for some a > 0. For any n > 1, let ¢, € C*°(]0, +00)) be a cut-off function defined by ¢, (t) := ¢(t/n —1).
In particular

Onlion) =1, Gulignoee) =0, 1601 <2/n, 4] < a/n’,
Let the constant Cp, x and the function h € C*°(M) be as in Proposition 1.3. For each integer n > Cy, g,
define x;, := ¢, 0 h. One can easily see that x,, = 1 on B,,_¢,, ,(0) and x,, = 0 on M \ By, 1(0). Moreover

[Vl |/ (MIIVA] < 2Cm i/
Hess(xn)l < |¢n(h)(dh ® dh)| + |6, (h)Hess(h)| < aCy, o /n* + 2Cp,x /n.

The remaining of the section is devoted to present the proof of Proposition 1.3.

The idea of the proof, coming from a paper by Tam [23] (see e.g. [5]), is to start with a distance-like
function with uniformly bounded gradient and evolve it by heat equation to have also a uniform bound on
the Hessian. The key point which permits to conclude in our situation is the employment of a result of M.

Anderson controlling the global C'2 harmonic radius of the manifold under our assumptions.
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By Proposition 2.1 in [10] we know that given a complete Riemannian manifold (M™,g) and 0o € M
there exists a u € C*°(M) with
(22) lu(z) —r(z)| <1 and |[Vul|(z) <2 on M.

Let H : M x M x (0,00) — (0,00) be the heat kernel of (M, g). Then the function h : M x (0,00) - R
defined by

(23) W, 1) = /M H(x,y, Hu(y)dvol(y)

is a solution to the heat equation with lim;_o h(z,t) = u(z) uniformly in z € M.

Reasoning as in Step 1 and Step 2 of the proof of Proposition 26.49 in [5] we obtain that h(z) := h(z, 1)
satisfies both conditions (4) and (5) of the statement. Indeed sectional curvature bounds can be replaced
in these steps by Ricci curvature bounds, where needed, without any further modifications. To obtain the
control on the Hessian we can adapt Step 3 of Proposition 26.49, up to use a result obtained in [1] instead
of a result by J. Jost and H. Karcher, [16]. For the sake of completeness we give a detailed exposition of
this last step below.

It hence remains to prove that there exists a constant C' = C(m, k) such that

|Hess(h)| (z,1) < C Vx € M.
Given any point x € M, we know that
exp, : Bi,(0) C T M — B;,(z)

is a local diffeomorphism, where ig is the lower bound for the injectivity radius. We consider the pull-back
metric

g := (exp,)"yg
on By, (0). Define h, : B, (0) x (0,00) — R by

hx(va t) =h (epr(’U), t) - U(ZL‘)
Then, by (4) and (22), there exists C depending only on m and K such that, for every x € M,

e (0,8)] = Ih(a, 1) = u(@)] < Cy

for t € (0,1]. Moreover, by (5), for every z € M,

izx(v,t)‘ < Cr +10Cm K,

for every t € (0,1] and v € T, M with |v| < 7p. By the invariance by isometries of the norm of the Hessian,
note that

[Hessgh|, (z,t) = ‘Hessﬂzx ; (0,1).
Now we have that R
(at - Agj) hw - 07
and
(24) lhel < C1+i0Crx in By (0) x (0,1].

Recall that a local coordinate system {:EZ} is said to be harmonic if for any ¢, Agxi = 0. The harmonic
radius is then defined as follows.

Definition 5.2. Let (M™, g) be a smooth Riemannian manifold and let x € M. Given @ > 1, k € N, and
a € (0,1), we define the C** harmonic radius at = as the largest number riy = ri(Q, k, o) (z) such that
on the geodesic ball By, (x) of center x and radius rg, there is a harmonic coordinate chart such that the
metric tensor is C* controlled in these coordinates. Namely, if 9ij, 1,J = 1,...,m, are the components
of g in these coordinates, then

(1) Q716;; < gij < Q0;j as bilinear forms;

8] k 059ij(2)—059i5(y)
(2) Xrcisicrma s 19595 (W) + X jsion i SUDy | FATELe | <@-1
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We then define the (global) harmonic radius ry(Q,k,a)(M) of (M,g) by
TH(Q? kv a)(M) = inf TH(Qa ka O[)(CC)
xeM
where rg(Q, k, ) (x) is as above.

The following result has been proved in [1]. As it is stated below, it can be found in the survey paper
[13] (see also [14]).

Proposition 5.3. Let a € (0,1), @ > 1, § > 0. Let (M™,g) be a smooth Riemannian manifold, and
an open subset of M. Set

Q) ={zeM st dy(z,Q) <d}.
Suppose that for some X € R and some i > 0, we have that for all x € Q(J),
Ric(z) > Ag(r) and inj (z) > i.

Then there exists a positive constant C = C(m, Q, «, 0,1, \), such that for any x € Q, rg(Q,0,a)(x) > C.
In addition, if we furthermore assume that for some integer k and some positive constant C(j),

|ViRic(z)| < C(j) forall j=0,....k andall zcQ(),

then, there exists a positive constant C = C(m,Q, k,a, 6,1, C(j)o<j<k), such that for any x € Q, rug(Q, k+
1,a)(z) > C.

In our situation, since inj;(0) > 7o, we have that for every v € B, (0)
2

Hence, for every v € B4, (0) we have that
2

Fixing § > 0 sufficiently small, by Proposition 5.3 there exists C' = C(m, @, d,ip, K) such that for every
w e IB%O_(S(O) =:B,,(0)

rH(Q,l,%)(w) el

With respect to the harmonic coordinates {y; },

oh 1 & 9 - Oh
- = = | V19197 f">
o 52 o 5

i . 0%h 1 9 N\ Oh
- g (/]3] T
S (Pova o () 55

Using (24) and the definition of harmonic radius, by Schauder’s estimates for parabolic equations (see [8]),
we get that

b
in IBB%O(O) X [%, 1], for some C5y depending only on m and K. In particular

5 1 SCQ<OO

o 1)|

02% S C'2
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in Beo (0) with respect to harmonic coordinates. Since
2

NI 02 . 0
I7.07. — _ g1k
VitVi = gogs — Thigg
- 1 0 0 0
grk. — gkt iy b — i
1) 29 <8@Zg]l + 83}] gll 8:&ng> )

corresponding to § = 0, by the definition of harmonic radius, we have

[Hessghl, (z,1) = ‘Hess@(ﬁ:ﬂ) (0,1) < Cj

g
for every x € M, with C5 depending only on m and K. This concludes the proof of the proposition.

6. PROOF OF THEOREM 1.1: SECOND PART
By Proposition 1.3, we can readily extend Lemma 2.3 in [24] to the following situation.

Lemma 6.1. Let (M™,g) be a complete Riemannian manifold such that
|Ric| < (m — 1)K and inj(ar,g) = 0 > 0.

Let u be a bounded subsolution to (10) on M such that ||ul|f2yp < 1. Let o be a reference point on M.

Then there exist positive numbers ro, a and A, which may depend on K, iy and the location of the reference
point such that

’LL(CC) < Ae—adQ(z,o)’
when d(x,0) > rg.

Since the extremal function v produced in the proof of the first part of Theorem 1.1 is in particular a
bounded solution of (10) with [|v|[;2(5;) <1 we get the desired exponential decay (3) and thus the second
part of Theorem 1.1.

7. GRADIENT RICCI SOLITON STRUCTURE ON RICCI SOLITONS

7.1. Growth of the soliton field. In this subsection we prove a general upper bound for the growth of
the soliton field X of a generic (not necessarily gradient nor shrinking) Ricci soliton (M, g).

Let us first recall that, by a standard computation, the soliton equation gives a control on the tangential
part of X along geodesics. Namely we have the following

Lemma 7.1. In the assumptions of Theorem 1.5, for any unit-speed geodesic ~y : [0, L] — M it holds

L 960, X60))| < sl + (m - DK

In particular
l9(¥(L), X (v(L))) — 9(7(0), X (7(0)))] < L(|As| + (m — 1)K).
Proof. We compute

%g(’?(t), X(v(#)) =9(V473(8), X(v(1)) + 9((1), V5 X (7(1)))

—5Lx9 (3(6).3(0)

=(Asg — Ric)(¥(1), ¥(¢))-
O

The idea of the proof of Theorem 1.5 goes as follows. By continuity |X| is bounded on the unitary
geodesic ball Bi(o) C M. One can hence apply Lemma 7.1 along all the geodesics v, connecting y € B;(0)
to ¢ € M. Suppose that the family of vectors {%,(q)}yecp, (o) covers an angle in T; M that is large enough.
Then one can obtain a quantitative control of | X|(g) in terms of the g(¥,, X)’s.

Accordingly, we need the following estimate of independent interest.
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Lemma 7.2 (Ricci Hinge Lemma). Let (M™,g) be a complete Riemannian manifold satisfying
Ric > —(m — 1)K for some constant K > 0. Let o,q be points of M with d(o,q) = r > 1. Let
W e SqM, with SqM denoting the set of unitary vectors in TyM. Then there exists Z € SyM such
that exp,(sZ) € Bi(o) for some s € [r — 1,7+ 1] and

1-m ; _
) rmZWMz{ggm;Wm7Z§;&
where
(J[?e*ﬁ)m_l
C() = mvol(Bl(o)), Cl = 8wm_2 VOl(Bl (O)),

and wp,_o is the (m — 2)-Hausdorff measure of S™2.

Remark 7.3. Note that, if the sectional curvature is bounded from below by —K, then hinge version of
Toponogov’s comparison theorem (see for instance [21, Theorem 79]) gives that for all V,U € S;M,

d(exp,(rV),exp,(rU)) < 1
provided that

s = {1 sE=o
e N o SRS

Accordingly, the estimate (25) can be improved in this case to

Chr=1 if K=0
Z,W > 0 1) 9
9(2. W)l 2 {cle—\@, if K >0,

Remark 7.4. Beyond the proof of Theorem 1.5, Lemma 7.2 can be applied more generally to estimate
the growth of any vector field X along which one can control Lxg, as for instance a Killing vector field.
Namely one can obtain the following estimate

Corollary 7.5. Let (M,g) be a complete non-compact m-dimensional Riemannian manifold such that
Ric > —(m — 1)K for some constant K > 0 and let X be a smooth Killing vector field on M. For any
reference point o € M and for all ¢ € M it holds
X*Cyld(q, 0™, if K =0,

|X|(q) < {X* C;le(m—l)ﬁd(qyo)’ if K >0,
with Cy, C1 defined as in Lemma 7.2 and X* defined as in Theorem 1.5.
Proof (of Lemma 7.2). Set A; := Bi(0) and A := {¢}. For ¢ € [0,1] define

Ay:={x e M : Iv:[0,1] - M minimal geodesic with v(0) = ¢, v(1) € A; and ~(t) = z}.
The lower bound on the Ricci curvature and Brunn-Minkowski’s inequality give that, for all ¢ € [0, 1],

sinh™ (v KtD)
sinh™ (VK D)

where D := sup,c 4, d(q,y) satisfies r < D < r + 1; see [19, Theorem 3.2] or [6, Proposition 1.4.11]. Let
e > 0 be small enough, to be chosen later. Setting ¢t = ¢/r in (26) yields

m KD m—1 m K m—1

vol(A./.) > £ (\/>1 ) vol(4;) > c (\1/>) vol(Ay).
™ sinh™ = (v/ K D) 7 sinh™ (VK (r + 1))

For R > 0, let Br(0) be the ball of radius R centered at 0 in R™ = T, M. For ¢ < inj,(q), the rescaled
exponential map x. := exp,(e-) : B1(0) — B:(q) is a C*°-diffeomorphism. Moreover the locally Euclidean
character of the Riemannian metric implies tha:c e~ Mmxtdvol — dvolgy as € — 0. In particular, choosing
e small enough (depending on ¢) and defining A, ), := Xs_l(AE/T)7 we have that

(26) vol(A;) >t vol(Ay),
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. 1 1 (VK)" 1
27 volgucl(Ae /) > —=vol(A, /) > —
( ) E l( e/ ) 9em ( e/ ) 2Tsinhm71(\/f(r+1))
for some positive constant Cy = Ca(m, K,0) = K r 2m_26_(m_1)ﬁvol(A1) independent from ¢. More-
over, by definition A,/ C B.(i41/r)(q) \ Be(i=1/r)(q), which in turn implies that A,/ C B(41/)(0) \
B(i—1/r)(0). Let As be the volume measure on 9B;(0). By Fubini’s theorem, we have that

vol(Ay) > C’gle_(m_l)ﬁr,
r

(28) VO]Eucl(As/r) = 1

(x)dvolgyer(x)

b

E/T

/IB(1+1/T)(0)\B(1—1/7~)(0)

1+1/T‘ ~ 2 ~

= / As(0Bs(0) N A, )ds < — max As(0B5(0) N A, jp).
1

—1/r T s€[1-1/r,14+1/r]

Combining (27) and (28), we get that there exists sp € [1 — 1/r,1 4 1/r] such that
- C
Asg (0B (0) N Aeyy) = —Femtm=DVET,

A further rescaling gives that the area of

~ 1 ~

A== (818350(0) N AE/T> C 9By (0) 22 S,M

50

satisfies

Al(/i) > (1 + 1/T)1—m%6—(m—1)\/?7" > %6—(m—1)\/?r.

By construction, for every V € A it holds that exp,(sV') € Bi(o) for some s € [r — 1,7+ 1]. Set

& —(m—1)VEr
ET = {VGSqM : ’g(MW)‘Sme ( 1)\/K _:T}.

It remains only to prove that there exists Z € A \ E;. To this end, we compute

-
Al(ET) = Wm—oV 1 — t2dt < 2Wm—aT.

—T
In particular

Ai(A) > Ay(E;),
which means that A \ E; is nonempty. O

Proof (of Theorem 1.5). We present the proof in case K > 0. The case K = 0 can be treated similarly.

The result is trivial if X (q) = 0 or if ¢ € Bj(0). Otherwise, an application of Lemma 7.2 with W = |§EZ§|

gives that there exists Z € S;M such that

(29) 19(Z, X ()] = Cre” ™= DVET| x| (g)

and exp,(sZ) € Bi(o) for some s € [r — 1,7 + 1]. Applying Lemma 7.1 along the unit speed geodesic
vz(t) := exp,(tZ), we get

19(Z, X(q))| = |9(72(0), X (72(0)))|
< lg(¥2(s), X (vz(s))) + s(|As] + (m — 1) K)
<X+ (r+1)(As|+ (m—1)K).

This latter, together with (29), gives the aimed estimate with
C = (X*+2[\s| +2K(m —1))C7 !,

where (' is the constant of Lemma 7.2. O



18 MICHELE RIMOLDI AND GIONA VERONELLI

7.2. Existence of a gradient Ricci soliton structure.

Proof of Theorem 1.4. We follow the proof given in [7] for compact Ricci solitons, which adopts an “elliptic”
approach. The additional difficulty here is due to the final integration by parts, which has to be justified
in the noncompact case.

Let (M, g, X) be a complete shrinking Ricci soliton, i.e. (1) holds with A\g > 0. According to Theorem 1.1
and our assumptions there exists a smooth strictly positive function o on the rescaled manifold (M, 2A\sg)
satisfying

4005 4qV — Rarggv + 2vInv + A(M, 2Agg)v = 0,
with A\ being the infimum of the Log Sobolev functional L(v, M,2\sg). By a conformal change, we get
that

(30) 4Agv — Rgv + 4 gvInwv + 2AgA (M, 2Asg)v = 0
on (M, g). Setting f = —F In(47) — 2Inw, we get that f satisfies
(31) OIAF+ R — |V + 2Xsf = 2Xg | A(M, 2\gg) — % ln(4ﬂ')] .

We remark in particular that the RHS of this latter inequality is a constant function. Accordingly, recalling
that divg(-) := e/ div(e~/-) and using also the commutation formula

AVf = V;Af =R;sV*f,
we can compute
(divy(2(Ric + Hess(f) — As9)))i
=e/ gV L2Ri; + Vi f — Asgij)e ]
=2¢/ " (Vi Rij + Vi Vi fle ) = 2¢/ [(Rij + Vi f — Asgij) 9" Vi fle™!
=(ViR 4 2AV,f) = 2[(Rij + Vi, f — As9i)9 Vi f]
=(ViR+2ViAf +2RisV° f) = 2[(Rij + Vi f — Asgij)9”" Vi f)
=(ViR + 2V, Af — 29"V fVif + 2XsVif)
=Vi(R+2Af — |[Vf]? +2Xsf)
=0.
Using this and the fact that from the soliton equation (1) we know that
ViXi + Vi Xi = —2Ryk + 2As g1k,
we compute
divylivs—x (Ric + Hess(f) — Asg)]
=e! "V [(Vif — Xi) g™ (Rij + V3, f — Asgij)e™]
=(Vinf — ViXe)gd" g" (Rij + V5, f — Asgij)
=S [@VAS — ViXe — ViXn)ghg (Riy + V3, f — Asgi)]

1 o
25[(2V12kf + 2Ru, — 2Xsg)9™ 9" (Rij + Vi f — Asgij)]
=[Rij + Vi, f — Asgijl*,

where in the third equality we have substituted 2V; X with V; X + V. X, since the skew-symmetric part
of VX vanishes once we contract it with Ric + Hess(f) — Agg. Hence we can conclude that

0 < [Ric + Hess(f) — Asg|* = divsT

for the one form
T =iys_x(Ric+ Hess(f) — Asg),
and the theorem is proved provided that f A div fTe_f =0.
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To this end, we are going to apply a sort of Karp’s version of Stokes theorem on complete manifolds with
density; [17]. We start considering a sequence of Hessian cut-off {x,} on M, whose existence is assured by
Corollary 5.1. Recalling the expression for f, we have thus to check that

H
(32) / v? <Ric -2 ess(v) + QdUSsz — )\sg) (VUU - X, Vxn> dvol — 0, asn — oo.
M

Beforehand, let us note for later purposes that by Theorem 1.5 and (3), fixed a reference point o € M,
there exists a positive constant b > 0 such that e?®)*| Xv|(z) — 0 as d(x,0) — oco. In particular | Xv| €
L>(M) and, using also Bishop-Gromov theorem, |Xv| € L?(M). In the following, given g,h : M — R,
g < f means that there exists a positive constant C' such that |f(z)| < Clg(z)| for all x € M. Moreover
integrals are meant with respect to dvol unless otherwise specified.

To prove (32), we write the integral as a sum of four different terms, which will be dealt with separately
in the following.

a) Firstly, since (Ric — Agg) is bounded,

‘/ v? (Ric — Agg) (VU - X, Vxn> dvol
M v

S HUVUHLl(suppVXn) + HXUQHLl(

supp Vxn)
S HU||L2(SuppVXn) ||vaL2(suppVXn) + ”XUHLOO(suppVXn) HUHLl(suppVXn) - 07

as n — oo.
b) Secondly,

H
’/ 2 <ess(v)> (W - X, VXn) dvol
M (% v

as n — oo, provided one can prove that Hess(v) € L?(M). According to a global Calderén-Zygmund
inequality, [12, Theorem C], this is verified if v € L?(M) and Av € L*(M). This latter is true since, by
equation (30),

S (Vo] y Xl )|[Hess(v)]|2 = 0,

supp Vxn supp Vxn)

[1Av][L2 S flvllrz + [lvInwl| 2,
and, using also that |Int| < v/t + /1/t for all t > 0,
v?In?v < v® +20% + v € L (M, dvol).

c) Similarly,

(33) ’ /M 2 <d” @ d“) (X, V) dvol

02 5 (HV’UHLQ(suppVxn) HXHLOO(suppVXn))‘

Let h be as in Proposition 1.3 and let a(n) € [n — 1, n] be such that {h = a(n)} is a regular hypersurface.
By (3), the coarea formula and Bishop-Gromov’s inequality,

1/2 - 1/2
(34) / v? dvol < / Hun—1(0By(0)) sup v?dt rSe_”B
anl\anlfcmyK(o) n_l_cm,K 8Bt(0)

for all § < 2, with H,,—1 denoting the (m — 1)-dimensional Hausdorff measure of 0B¢(0). Accordingly,

1/2
/ |[vVu| dvol < (/ v? dvol> Vol L2any S e’
Bn—l\Bn—l—Cm,K (o) Bn—l\Bn—l—CmyK(o)

Since Vh is bounded, using again the coarea formula we can choose the a(n)’s so that

/ [oVoldHm—1 S e
{h=a(n)}
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as n — oo for all #/ < B, and in particular for some ' > 1. This latter estimate, (34) and the L?
integrability of Av proved above imply

Vo] < / (Vv, Vo) dvol
L2(supp Vxn) (h>a(n)}
:/ v <Vv, —Vh> dHm_1 — / vAw dvol
{h=a(n)} VA (h>a(n)}

1/2 1/2
S/ [oVuldHm—1 + (/ v? dvol) </ (Av)? dvol)
{h=a(n)} {h>a(n)} {h>a(n)}

_nf
n
<e .

Inserting in (33) and applying Theorem 1.5 give
dv ® d
‘/ v? ( ve U) (X, Vxn) dvol
M

v2

— 0,

as n — 0o.
d) Finally,

/ <Vv, W> (Vv, Vxn) dvol :/ (Vv,Vinv) (Vv, Vxy,) dvol
M v M

:—/ InvAv (Vu, Vxp) dvol—/ Inv (Vo,V (Vu,Vxy,)) dvol.
M M

On the one hand, by (30),
I vAelzz S folnollze + ol ol 2,
and, using that |Inz| < 2¢/z + 2{/1/z for all z > 0, we know that
v?Intv < (0% 4+ 0°/2 + 0% + 032 4 v) € LY (M, dvol).
Then

‘/ InvAv (Vv, Vxy) dvol| < | InvAv| 2|Vl 2[|VxnllLe — 0,
M

as n — oo. On the other hand,

/ Inv Vo,V (Vv, Vxy)) dvol :/ Inv [(Vv, Vo, Vxn) + (Vu, Vv, Vxn)] dvol
M M

—/ laness(v)(Vv,VXn)dvol—i—/ In vHess(xn)(Vv, Vv) dvol.
M M

Since || Vxnl|/z — 0 and, as proved above, Hess(v) € L%(M), we have that

‘/ InvHess(v)(Vv, Vx,,) dvol| — 0
M

as n — oo provided that
(35) (Inv)Vo € L*(M).
This is true since

/ In2U|V1}2dv01:/ <Vv,ln2vVv> dvol
M M
:/ (Vu,V(vIn?v —2vInov + 20)) dvol
M

=— / Av(vIn? v — 2vInw 4 2v) dvol
M

<||Av]|p2|lvIn® v — 2vInv 4 20|12 < oo,
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where the integration by part can be justified using the equation as above. Moreover, since ||Hessyy, ||~ —
0, we have that

‘/ In vHess(xy)(Vv, Vv) dvol| — 0
M

as n — oo provided that Inv|Vv|? € LY'(M). This is true by (35) and the fact that, thanks to the
exponential decay of v, |Inv| < |Invl|?. O
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