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ABSTRACT: In this paper we perform, in the spirit of the holographic correspondence, a
particular asymptotic limit of N' = 2, AdS, supergravity to N/ = 2 supergravity on a
locally AdS3 boundary. Our boundary theory enjoys OSp(2|2) x SO(1,2) invariance and
is shown to contain the D = 3 super-Chern Simons OSp(2|2) theory considered in [1] and
featuring “unconventional local supersymmetry”. The model constructed in that reference
describes the dynamics of a spin-1/2 Dirac field in the absence of spin 3/2 gravitini and
was shown to be relevant for the description of graphene, near the Dirac points, for specific
spatial geometries. Our construction yields the model in [1] with a specific prescription on
the parameters. In this framework the Dirac spin-1/2 fermion originates from the radial
components of the gravitini in D = 4.
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1 Introduction

The AdS/CFT duality [2-5] has provided important insights into the properties of strongly
coupled non-gravitational models from a classical supergravity theory in one dimension
higher. At low energies, in the supergravity limit of string theory, it implies a one-to-
one correspondence between quantum operators O in the boundary conformal field theory
and fields ¢ of the bulk supergravity and requires to supplement the supergravity action
functional with appropriate boundary conditions ¢(®) for the supergravity fields, which act
as sources for the operators of the CFT. As far as the metric field is concerned, in particular,
the bulk metric is divergent near the boundary. These divergences can be however disposed
of successfully by the so called holographic renormalization [6-14] through the inclusion of
appropriate counterterms at the boundary.

In the spirit of the gauge-gravity correspondence the aim of this paper is to relate pure
N =2 AdS, supergravity to a D = 3 Super-Chern-Simons theory developed in [1]. This
latter model displays N = 2 local supersymmetry in spite of the absence of gravitini. This
special feature was named “supersymmetry of a different kind” and later “unconventional
supersymmetry” by the authors. The only propagating field in the model is a spin-1/2
Dirac spinor with a possible mass term given in terms of the three-dimensional negative
cosmological constant. The model discussed in [1] (denoted AVZ in the following) and
further developed in [15, 16] was shown to have important applications for some topics in
condensed matter physics, in particular the description of graphene near the Dirac points, in



agreement with the observation that the special properties of this material can be formally
investigated using the techniques of 3D gravity and quantum field theory [19-24].

In this paper we succeed in reproducing the AVZ D = 3 model from N =2, D =4
pure supergravity in the presence of a 3D boundary, using the results of [25] as a starting
point. The supersymmetry of the D = 4 supergravity lagrangian constrains the boundary
values of the super field strengths to have definite values (Neumann boundary conditions),
as was already noticed in [26] in the N' =1 case.

The precise correspondence with the Chern-Simons model of AVZ is found for a very
specific choice of the D = 3 boundary, corresponding to a local AdSs geometry placed at
spatial infinity of the D = 4 theory. Asymptotically AdS,4 solutions featuring this boundary
geometry comprise the “ultraspinning limit” of AdSs-Kerr black hole considered in [27—
31]. Once the curvatures and fields on the boundary are rewritten in terms of the 3D ones,
in the appropriate limit they reproduce the field equations of [1], provided, following the
prescription of that paper, the D = 3 gravitino only has a spin 1/2 part:

Yap = iuxa, (1.1)

where A = 1,2, = 0,1,2 and v* are y-matrices in D = 3. From our point of view, this
assumption is naturally embedded in the D = 4 theory since it is compatible with the on
shell condition on the D = 4 gravitino W4 (here, o =0,1,2,3 = (1,3), A = 1,2 and we
denote by I' the y-matrices in D = 4):

AU, =0=TrUy,, + 130,53 =0, (1.2)

which projects out its spin-1/2 component in D = 4 superspace, but still allows a non trivial
solution for I'*W 4, if the contribution from the radial component W43 of the gravitino is
not suppressed in the limit.

The paper is organized as follows: in section 2 we start by recalling, in subsections 2.1
and 2.2, the main facts about the general formulation of pure N' = 2 AdS, supergravity
as developed in [25], where the boundary terms compatible with a full supersymmetry
invariance of the supergravity action are computed in a geometric approach. In particular
in subsections 2.3 and 2.4 the conditions on the field strengths of the various D = 4 fields
at the boundary are written in a covariant form with respect to Lorentz group at the
boundary. Referring to the Fefferman-Graham parametrization of an asymptotically AdS
four-dimensional space-time M, a suitable behavior of the fields near the boundary oM
is devised in order to obtain the model in [1]. To this aim we use a description of the
asymptotically AdSs geometry which is typical of the “ultraspinning” limit of the AdS-
Kerr solution. It is shown that, in the boundary limit » — oo, the conditions of the field
strengths, which are required by D = 4 supersymmetry, naturally yield the field equations
of a D = 3 super gravity Lagrangian with symmetry OSp(2]2) x SO(1,2) which, as it is
known, can be formulated in terms of (super) Chern-Simons theories [32-39].

In section 3, which is the central part of our paper, we explicitly compare the Chern-
Simons lagrangian of [1] with the D = 3 supergravity lagrangian whose field equations
do coincide with those obtained from the asymptotic values on OM of the super field-
strengths. We show that, by imposing the condition (1.1) on the limit values on M of



the fields and on the D = 3 Lagrangian, we exactly reproduce the theory of ref. [1] as a
part of the N’ = 2 super-AdS3 supergravity Lagrangian.

Section 4 contains a discussion of our results and the specific features of the D = 3
models that we obtain from its holographic relation with D = 4 supergravity. We deduce
the explicit relations among the fields naturally associated with the boundary limit of the
D = 4 super vielbein and spin connection, and the corresponding fields of ref. [1], where
instead supersymmetry is an internal symmetry leaving invariant the space-time dreibein.
In particular we find that the supersymmetry parameter of the D = 3 theory is proportional
to the propagating spinor field of the AVZ model. Furthermore, from the correspondence
with D = 4 supergravity, we gain an interpretation of the propagating spinor field of the
AVZ model in terms of the radial component of the D = 4 gravitino.

Our results and possible further developments are presented in section 5.

We left to the appendices some technical material, including the map between our
notations and the ones of [1], the details of the ultraspinning limit and the explicit relation
between the space-time dreibein of [1] and the superdreiben on D = 3 superspace that we
get in the limit.

2 Boundary behavior of N = 2, AdS, supergravity

2.1 Preliminaries

In the presence of a space-time defect, such as a boundary of space-time, compatibility of
the lagrangian with local supersymmetry invariance requires appropriate boundary condi-
tions to be imposed. This was first pointed out in [40-42], in early attempts to study the
quantization of gravity with a path integral approach, in order to have an action which
depends only on the first derivatives of the metric. More recently, the addition of boundary
terms was considered in [43] to cancel gauge and gravitational anomalies in the Hofava-
Witten model in 11D. Inclusion of boundary terms and counterterms is also an essential
tool for the study of the AdS/CFT duality [2-5] and, as far as the bosonic sector of AdS
supergravity is concerned, has been extensively studied in many different contexts. In par-
ticular, interesting results were obtained in [44, 45], where it was shown that the addition
of the topological Euler-Gauss-Bonnet term to the Einstein action of four dimensional AdS
gravity leads to a background-independent definition of Noether charges, without imposing
Dirichlet boundary conditions on the fields. Such boundary term indeed regularizes the
action and the related (background independent) conserved charges.

At the full supergravity level, boundary contributions were considered from several
authors, using different approaches, and in particular in [26, 46-56], and more recently
in [57-59]. In [46-51] the minimal AdS supergravity theory in three dimensions with a
boundary and with no boundary conditions on the fields was constructed from the re-
quirement of local supersymmetry invariance of the supergravity action, without imposing
Dirichlet boundary conditions on the fields, in contrast to the Gibbons-Hawking prescrip-
tion [42]. Within that approach, it was shown in particular that NV = 1, D = 3 pure
supergravity, including its appropriate boundary term, actually reproduces not only the
Gibbons-Hawking-York boundary term, but also the counterterm which regularizes the



total action, in the language of holographic renormalization. The problem of boundary
conditions in the holographic framework was discussed in generality in [26], in particular
for the minimal, AV = 1, AdS, supergravity.

2.2 Supersymmetric boundary conditions

In [25], the results of [44, 60-63] on four dimensional gravity were extended to the supersym-
metric case for N' =1 and N/ = 2 pure supergravity, in the geometric approach, by adding
to the supergravity lagrangian in four dimensions, besides the Kuler-Gauss-Bonnet contri-
bution, other topological terms allowing full supersymmetry invariance of the supergravity
action, in the bulk and on the boundary of four dimensional space-time. Supersymmetry
invariance constrains the boundary values of the superfield-strengths (Newmann boundary
conditions), without fixing however the superfields themselves on the boundary. In partic-
ular, in [25] a pure D = 4, N' = 2 theory was written in the presence of boundary. If we
denote by M the four-dimensional space-time and by M its three-dimensional boundary,
supersymmetry requires the following equations to be satisfied at the boundary OM (still
written in terms of four dimensional fields):!

1 1 -
Rab|aM= fVa/\Vb+*\IJAFab/\‘11A , (2.2)
2 20 M
VOV g = % TAT* AW alopm (2.3)
dAW|op = Ta AT eanlom s (2.4)
i
VW4 |gp = g La¥a AV o, (2.5)
where a,b, ... =0,1,2,3 are four dimensional flat indices, V(¥ denotes the SO(1, 3) covari-
ant differential, and we have defined:
R™ = dw®™ + w®, A w®,
VOV = dve +w AV,
1 1
V(4)\I/AEd@A+ZwabFabAWA—?E6ABA(4) ANVg. (2.6)

In what follows, for the sake of notational simplicity, we shall omit the wedge symbol.
Equations (2.2)—(2.5) express the condition of an asymptotic super-AdS, geometry.

!We shall use the notations of [25], where in particular the metric is mostly minus.

With respect to that paper, however, here we made some changes which make the formulas more trans-
parent and better adapted to match the notations in three dimensions. More precisely, the spin connection
and the curvature are defined with an extra minus sign: w® — —w®, R%® — —R%, and the 1-form with
a prefactor —% A — —% A. We will use Majorana spinors both in four as well in three dimensions and
redefine the constants appearing in the quoted paper as follows:

Lo A 1L (2.1)
L V2 3 V2

where A is the cosmological constant and ¢ is the AdS4 radius.



2.3 Explicit D = 3 description

The explicit D = 3 description of the above supergravity equations depends on the general
symmetry properties of the theory on the boundary M which we wish to relate to.

Our aim in the present paper is to derive the model in [1], which features locally AdSs
geometries, as the effective theory on an asymptotic boundary OM, placed at r — co. To
this end we need to suitably choose the boundary behavior of the D = 4 fields, which relate
them to the D = 3 ones.

We refer to a Fefferman-Graham parametrization of the four-dimensional geometry,
where the coordinates z# of the asymptotically-AdS, geometry split into the three coordi-
nates z*, i = 0,1,2 on OM and the radial coordinate 3 = . The boundary is located
at r — oo.

Let us start rewriting the curvatures in (2.2)—(2.5) in a SO(1,1) x SO(1, 2)-covariant
way, where SO(1, 1) acts as a dilation on the radial variable r and SO(1, 2) is identified with

31

the Lorentz group on OM. Given the extrinsic curvature 1-form h* = w3, we introduce

new 1-forms Ki, K | as follows:?

Ki=-(VI—tuw*), K. = % (Vi 0w . (2.7)

DN

These 1-forms are 3-vectors with respect to SO(1,2)-Lorentz group on the boundary with
different SO(1, 1)-grading: Ki have grading +1 and K* grading —1. Similarly we decom-
pose the four-component gravitinos into two-component ones corresponding to different
SO(1, 1)-gradings:

o=V, a+U_ 4, T30 =+iT,,. (2.8)

In terms of these new quantities we find that equations (2.2)—(2.5) on the boundary o.M
can be cast in the following form:

4
2
dv? = —w3iAVi+\Tl+ AV _ 4,

. o . A 1 g
RY = du i nat) = 5 KENKT 45 0y aT90_

1

; KAV,

DK, = dKL+w' jAKY. = %\IliAFi\I!iAi

1 y i . 1 1
DUy = dVss+ wi TIAD, 4 = _% Ky, /\FZ\IIJFA—i—ﬁ €AB A(4)/\\I/i‘3iﬁ \ADYN%ES

dA(4) = 6AB\T/A ANp = 2€AB\I/+A AN _pg, (2'9)

where use has been made of equations (A.6) of appendix A and we have identified the rigid
four-dimensional index a = 3 with the radial direction orthogonal to M at the boundary:

V3 = dV?3 = 0. This in particular implies the conditions:?
3 ) . _
2Since we use a, b, - -- = 0, 1,2, 3 as rigid D = 4 Lorentz indices, we denote the three dimensional SO(1,2)
ones by ¢,j,k,---=0,1,2.

3One can easily show that the extrinsic curvature 1-form w®; cannot have a component along the gravitino

field of the superspace.



2.4 Asymptotic limit

Since the model in [1] which we want to relate to is defined on locally AdSs geometries,
we shall use a description of the asymtptic behavior for the D = 4 metric and the spin-
connection corresponding to an asymptotically locally AdSy space-time with a locally AdSs
boundary. An example of such backgrounds is the “ultraspinning limit” of an AdSs-Kerr
black-hole defined in [27, 28], see discussion in appendix B.* In particular we choose the
following boundary behavior for the D = 4 fields:®

. . . 1 .
Ki(m,r):%El(w)—i—..., K’_(m,r):féE’(x%F..., VS(T)ngH...,
r l €
\II+AM('%'7T) - \/;(1/}14;170) oy \II—A,u(x7T) = \/; <07 5¢Au) +..0,
w(z,r) =w(z)+...,  AD(z,r)=c A (a")dz" + ..., (2.11)

where Y4, = (Yapa), # = 0,1,2, o = 1,2, are gravitini in D = 3, associated with
Majorana spinor 1-forms 14 = 4 ,dz" and € = £1. The ellipses refer to subleading
terms in the r — oo limit. The boundary behavior of the radial components of the D = 4
gravitini, ¥ 43, will be explicitly discussed later, in eq. (4.11) of section 4. In order to

make contact with the model of [1], we shall assume that the O (f—;) term in the expansion

of V' is absent. This further restriction is satisfied by an AdSs slicing of AdS, space-time,
see appendix B, obtained by sending, in the ultraspinning AdS-Kerr solution, the mass of
the black hole to zero.® It implies the vanishing of the energy momentum tensor of the
boundary theory [26, 28] (Neumann condition):

EJZO,

which is a feature of the model of [1, 15] that we want to make contact with. By super-
symmetry this also implies restrictions on the subleading terms in the expansion of the
gravitinos [26, 28]. In order to reproduce the effect of deformations of this model one
should consider more general boundary behaviors. We leave this to a future investigation.

The components w®, restricted to M, provide the spin-connection on that space,
and R the corresponding Riemann curvature 2-form. Let us emphasize that the fields
E', 14, w7, A are to be intended, in the spirit of the geometric approach to supergravity,
as superfields in the superspace extension of 9 M, corresponding to the (non-dynamical)
super-dreibein and gauge field on OM.

4See also the solution found in [30] which is described, in a suitable limit, by the same metric.

5The ensuing boundary behavior is related to the that given in [26] by the change of coordinates given
in appendix B.

SIn fact it is satisfied by a more general space-time which is the BTZ [64, 65] slicing of a locally AdSa,
known as ‘BTZ-black string’ and found in [66], see section 5.



If we now perform the r — oo limit, the leading contributions to (2.9) correspond to
the following equations on the boundary:

R = = EIp +57 ¢A’7”1/1A,

£2
. i — .
DE' = = §a7"a, (2.12)
1
Dy = — €5; Eiy'pa+ %GABA”tﬂB,
dA = eapatp,

where D denotes Lorentz covariant derivative in D = 3, as defined in (2.9). It is expressed
in terms of the (super) torsionless spin connection w%.” They define the vanishing of the
supercurvatures of A’ = 2 super AdSs3 algebra.

The set of constraints (2.12) on the 3D boundary can be found as equations of motion
from the following D = 3 supergravity lagrangian [32]:

iAdA + 21;,4 <D¢A 3

57 GABA%/)B) :

(2.13)
Eq. (2.13) collects in fact two inequivalent lagrangians on D = 3 superspace, depending

3) ] 7 9 k
ﬁ“—(RJ wEEﬂ—wmwA)Eeijk— 5

on the sign e = £1. As found in [32], in D = 3 a family of inequivalent N-extended su-
pergravity lagrangians can be constructed, enjoying invariance under OSp(p|2) x OSp(¢|2),
with p + ¢ = N. In our case, where N’ = 2, the family of inequivalent lagrangians con-
sists of only two elements, that we labeled with the sign €. They are invariant under
OSp(2[2)(e) x SO(1,2) (.. For the time being we keep both theories, which differ by a
flipping of the gravitino gauge charge. In the next section we will show that one of the two
assignements (in particular, ¢ = —1) reproduces the results of [1].

In the geometric formalism, the supersymmetry transformation of a generic field &,
with supersymmetry parameter € 4, can be found as a super-diffeomorphism in the fermionic
directions of superspace:

00 = 1 (dP) + d(1x D) , (2.14)

generated by the tangent vector K = é4D4, where D is the tangent vector dual to the
gravitino field, such that 4(D?) = 6§. The lagrangian (2.13) is then invariant under the
following supersymmetry transformations:

Sw = %EAVU ha,
SE' =ieay'ya, (2.15)
i ,
=D — B~ A
0t €A+€2£ iYea — 2£€AB €B,

0A = 2€ ABEAYB .

TAs it is usual in supergravity and evident from the second equation in (2.12), the spin connection w¥
has instead a non-zero space-time torsion, which is proportional to a gravitino bilinear.



The full 0sp(2[2) ;) x 50(1,2)(_) can be made manifest by introducing the torsionful
spin connections [33]:
.. 1) .. ..
Wiie) = w" + 7 Epeik = ¢k Wet(e)k 5 (2.16)

in terms of which the constraints (2.12) read:

Rioy =17 6a7"a. (2.17)
(=0, (2.18)
Dytba = 2% eaB Avp, (2.19)
dA = eaptatp ., (2.20)
where we defined:
Réi) = dw(ii) - %%@W&)Eiy‘k- (2.21)

In terms of the new connections, the supersymmetry transformations (2.15) become:

, . 2%
owi_ey =0,  dw =y s,  0A=2eapeats,
€
5wA:D(5)€A —?KEABAGBEV(s)eA. (2.22)

As it is evident from eqgs. (2.22), in this theory the superalgebra osp(2|2) x s0(1,2) (and in
particular supersymmetry) is realized as a gauge symmetry, since egs. (2.17)—(2.20) can be
interpreted as the vanishing of the supercurvatures of the above superalgebra (isomorphic
to N = 2 super AdSs).

As shown in [33], using (2.16) the supergravity lagrangian (2.13) can be written as:

where:
Lo = Ewidw; — twiwd o e ) 26 paVE s — = AdA (2.24)
0 T 5 (Yo El — 3W e YW Fik Eva Y] ’ '
VI, = d+lwij ) _£A¢ € (2.25)
A= 4 (8)’71] A o0 B €AB .
tr L ik
L:(—e) = 5 w(_g)dw(—e)\i — gW(_E)w(ig)W(_a)Eijk . (2.26)

The component L) is the super-Chern Simons lagrangian of the superalgebra 0sp(2]2).),
while £_.y is the Chern Simons lagrangian of the algebra so(1,2)_.).

3 Comparison with “supersymmetry of a different kind”

In ref. [1], the D = 3 Chern-Simons action for a OSp(2|2) connection was considered,
and shown to be invariant off-shell under gauge supersymmetry. We aim here to compare



it with the boundary theory discussed above. The explicit map between our notations
and conventions on the space-time signature and fields with the ones of [1] is given in
appendix A.2.

A peculiar feature of the OSp(2]2) 1-form connection in [1] is that the spinor 1-form
associated with the odd generator of the superalgebra is not a spin-3/2 gravitino, but is
instead given in terms of a (N = 2) spin 1/2 field that we name ya,® defined by the
following condition:

Ya=ie;v'xa, (3.1)

where e; is a 1-form space-time dreibein, invariant under supersymmetry transformations:

5e! =0, (3.2)
and satisfying:
L1
De' = ; éhesey, (3.3)

where D denotes a covariant derivative with respect to an appropriate torsionful connec-
tion w’.

Once expressed in terms of the same notations, the super Chern-Simons lagrangian
introduced in section 3 of [1] does coincide, modulo an overall scaling, with our la-
grangian (2.24) for the choice e = —1, if one identifies the spin-connection w’ of [1] with
our wég) = Wé,)- For later convenience, in the following we shall write the lagrangian and
the ensuing equations of motion in terms of a generic choice of € = 1. Indeed, if we plug
the Ansatz (3.1) in the lagrangian (2.24) we obtain:

L= § (wfad%)i - ;%>w€e>“@>€i]’k) + 2, DOel Y axat
—4i€>_<AY7(E)XAed3:U —Q%AdA, (3.4)
where e = det(e,,’) and we have defined:
Y xa =7V =Pxa — o Aieap'xs.- (3.5)

20
In deriving the above lagrangian we have used the following properties:

PaVOps = e; DOl xaxa — 2iexa¥ xad’e, (3.6)
being e’ A el A ¥ = €% e d®z. Note that, defining the Dirac spinor x = x1 +1ix2, we can
also rewrite the kinetic term for the two spinors y 4 as:

1

)ZAw(a)XA =5 X (3 — 5 — %'Yi‘/ﬁj 'Yj) X s (3.7)

In ref. [1] the spin-1/2 Dirac field is called . Since in the supergravity literature the symbol 1 is
generally reserved to the gravitino, for the sake of clarity we preferred to adhere to the latter convention.
Note that the extra factor i with respect to the conventions of ref. [1] ensures that ya is Majorana, being
related to the Majorana gravitino 1-form ¢ 4. Referring to the notation in [1], the spinors iy a introduced here
should therefore be identified with the real and imaginary part of the spin-% fermion ¢ of [1]: ¢ = x1 +ix2.



which is useful for comparison with [1]. The equation of motion for the spinors x 4 is the

Dirac equation:?
i
Va5 rxa =0, (3.9)
where & is defined as e;D®)e! = —ked3z, as in [1], and in our case k = 6/£. Eq. (3.9)

matches with the equation obtained from (2.19) by means of (3.1). Indeed, from (2.19),
using (3.1) and (3.3), we easily derive the following equation:

- ie
Vi xa = 7 XA (3.10)

which, when contracted with %, yields the Dirac equation (3.9). As shown in [15], equa-
tion (3.10) ensures that no local spin-3/2 components are generated through parallel trans-
port of the fermions.

We remark that, as explicitly shown in appendix C, eq. (3.10) implies:

d(Xaxa) =0, (3.11)

so that xx is a free constant of the model. This is a consequence of having fixed the Weyl
invariance hidden in (3.1) in such a way that, in agreement with ref. [1], the torsion tensor
in (3.3) only has its fully antisymmetric component.

The supersymmetry transformation of the spinor x4 can be found from (2.15)
and (3.2), given the relation (3.1), and reads:

oo
dxa=—57 Viea. (3.12)

(e)

Consistency requires V,;” ¢4 to have no spin-3/2 component, see [1]:

PIvVYes=0, (3.13)

where P = (55 — %'ymj is the projector on the spin-3/2 component, which is a condition

on €4. In next section we shall find that our derivation of the model implies a relation

between €4 and x4 which is consistent with (3.13) by virtue of eq. (3.10), in accordance

with the fact that supersymmetry is a global symmetry of the D = 3 model, which does

not affect the counting of the degrees of freedom.!”

The equations of motion for wés) and A following from the lagrangian (3.4) are given by:
€

Rés) =7 xaxacFeep (3.14)

dA = ieABXAkaBeiejeijk. (3.15)

In terms of the Dirac spinor x we can write the above equation in the same form as [1]:
(1‘3+§_1W[’iﬂ _2€A>X+2e8”(el 7>X*0’ (38)

where e;*e,’ = §7.
10We thank Pedro Alvarez and Jorge Zanelli for a relevant comment on this point.

,10,



They reproduce exactly those obtained respectively from the equations (2.17), (2.20), sub-
stituting the Ansatz (3.1).

The equation of motion of the ¢’ field implies the vanishing of the energy momentum
tensor T;; = 0 [15].1! This is consistent with the assumption we made in section 2.4 when
defining the asymptotic limit of the D = 4 fields. Indeed, as shown in [26, 28], the absence of

@ (f—i) terms in the expansion of the vielbein is related to the Neumann condition 7;; = 0.

4 New insights from the D = 4 approach

After having derived the model in [1] as a holographic limit of AdS, supergravity, let us
now emphasize some specific features of our construction of the three-dimensional theory
within the four-dimensional supergravity.

e Our boundary lagrangian is £(3) in (2.13) and is built from the difference of £,y and
L(_c), as in (2.23). This expresses the fact that our D = 3 boundary model always
has an OSp(2(2)(.) x SO(1,2)(_,) symmetry. In particular the cosmological constant
of the three dimensional space-time, which defines the mass || of the Dirac spinor
X, as observed in [1], in our case is always negative (local AdS3 geometry).

e The space-time dreibein e’ introduced in [1] for the definition (3.1) satisfies:

D(a)ei = de' — eijkw(a)j er = —% ¢k ej e - (4.1)
It should not to be confused with the superfield dreibein E?, appearing in (2.12). The
presence of two sets of dreibein, e’ and E?, satisfying different differential equations,
seems at first sight a puzzling feature of our model. To clarify this point, let us
explicitly compare the torsion equation for the (non dynamical) bosonic dreibein e?,
eq. (4.1), with the super-torsion equation in (2.12) for the super-dreibein E? entering
the definition of wz 4, after using (3.1). If written in terms of the spin connection

wé o> the second and third equation in (2.12) read:

D E'=dE' — é7%w ; By = _% /" Bj By + 5xaxaee; e, (4.2)
£

A xBe' . 4.
5y AcaBrixse (4.3)

%’(D(a)XA)ei + 'YiXAD(a)ei =
Eq. (4.2) contains in its right hand side a redundant set of vielbein, and hints to a
relation expressing the £’ in terms of the basis of space-time dreibein e’ and of the
complex spinor x = x1 +ixa.

Y Care must be taken to obtain this result from (2.23) since it contains a torsionful connection, so that
the contribution from the contorsion tensor to the matter Lagrangian should be included.
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We consider the following Ansatz:
E' = (1+axx+b(xx)?) €. (4.4)
Plugging (4.4) in (4.2), and using (4.1), (4.3), one can determine E’ to be:

E' =1+ £e —g(f )2 ) e
= E2XX 4XX

The details of the calculation are given in appendix C.

M(xx)e' . (4.5)

Let us now check compatibility of the supersymmetry transformation of E, in
eq. (2.15), with the one obtained by its expression (4.5), using (3.12). The direct
comparison yields:

g g 2. o B
EA(v? +n)xa = glnj(a + QbXX)XA’YkV;(C)GAv (4.6)

that in particular requires €4YYx4 = 0. This condition can be non trivially satis-
fied if:

ea =iN(xx)xa,  N(x) = a(z) + B(z)xx (4.7)

with a, 8 real functions of D = 3 space-time. Substituting this Ansatz in (4.6), we
find the solution:

a=0, €A = 1B XBXBXA , [ constant , (4.8)

which still depends on the free parameter 3.

The reinterpretation of the model of [1] in the framework of AdS, supergravity gives a
new perspective on the meaning of the spinor x. Indeed, the condition (3.1) identifies

the spinor x4 as the spin—% projection of the D = 3 gravitino 1 4:

i
XA =—3% e, (4.9)

where © = 0,1, 2 labels curved space-time indices. In our framework, however, we
are expressing ¥4 in terms of the N' = 2 gravitino in D =4, ¥, where i = (u, 3).
The gravitino in D = 4 obeys the condition:

TV, , =0, (4.10)

which projects out its spin—% component all over D = 4 superspace, including its

boundary OM.

Expanding eq. (4.10) in the limit » — oo and using the boundary behavior (2.11)
for the supergravity fields, eq. (4.10) implies the following behavior for the radial
component ¥ 43 of the gravitino fields:

i 3 i 3

venn=gis (5) w0 veaa= gt (5) 0o @

In this way we give an interpretation of the spin 1/2 fields x4 as originating from

the radial component of the gravitino field on M. These components, although

subleading with respect to the others, are related to them in a non-trivial way
through eq. (4.10).
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5 Conclusions and outlook

In this paper we have found a holographic relation, at the full supersymmetric level, between
AdSy, N = 2 pure supergravity and a D = 3 Chern-Simons theory, found in [1], exhibiting
unconventional supersymmetry, which was shown to describe the behavior of graphene
near the Dirac points [17, 18]. It is well known that there exists a close analogy between
the properties of some condensed matter special systems, in particular of graphene, and
the theoretical framework of quantum field theory and general relativity [19-24]. The
formalisms of these theories can and have been used in the past years because the equations
of motion of the quasiparticles in graphene (at the Dirac points) have formally the same
expression as the Dirac equation of the free electrons both in special and general relativity.
In particular, the powerful methods of the relativistic theories turn out to be a very useful
tool for exploring the special properties of graphene possessing a two-dimensional spatially
curved surface. Viceversa graphene has been proposed as a simple laboratory to check
gravitational cosmic phenomena like Hawking-Unruh radiation etc.

In our paper the model of reference [1] was reproduced, after projecting out the spin
3/2 part of the D = 3 gravitino, as a theory living at the boundary of N' =2, D = 4 Su-
pergravity, in the spirit of AdS;/CFTj3 correspondence (for a recent review on a top-down
approach to the subject, see [67]). This hints to conjecture a more physical meaning for
such relationship. Supersymmetry plays a crucial role in establishing the above correspon-
dence, and the results presented in this paper reinforce the holographic relationship between
(24+1)-dimensional condensed matter models and supergravity at the full supersymmetric
level, already in the absence of interactions.

Consistently with [1], the D = 3 model that we derive has vanishing energy-momentum
tensor, as it follows from the equations of motion for e,ti. The analyses of [26, 28] imply that
the dual supergravity background is locally AdS. The duality correspondence discussed in
the present paper refers to “vacuum” theories. Reproducing the effects of deformations of
the CFT on OM calls for a generalization of boundary behaviors (2.11). Already in [1] it
was observed that the solutions of the model include the Banados-Teitelboim-Zanelli black
holes [64, 65]. In light of our duality with D = 4 supergravity, these solutions correspond
to the so-called ‘BTZ-black string’ found in [66]:

2 P’ 2 dp?
ds (1 + €2) dsgry, = g—j , (5.1)
where ds}1; is the metric of a generic BTZ black hole and we can identify p = ¢ sinh(a).
The above issues are left to future work.

Finally, let us observe that the Supergravity approach gives, as an extra bonus, the
possibility to obtain directly a gauge supersymmetry in (2+1)-dimensional models, even if
the Lagrangian of the mother theory only enjoys a supersymmetric invariance which is not
gauge since its algebra only closes on-shell.
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A Notations and conventions

Throughout the paper we used a mostly minus signature, both in four and in three dimen-
sions. World indices are denoted with greek letters: ... =0,1,2,3 = (i, 3); p,... =0,1,2;
23 = r denoting the radial coordinate, while to label flat indices we used latin indices:
a,...=0,1,2,3=(i,3); 4,... = 0,1,2; the flat direction orthogonal to 9M being labeled

with 3.

A.1 Conventions on spinors in D =4 and D = 3

It is convenient to use the following representation of the Clifford algebra:

i O’Yi - i 0 __ 1 _ . 2 _ .
‘=1 =01Q7, v = o2, v =0y, " =103,
v 0
i00 0
0i 0 0
= = 1
00—i 0 1os® 1,
00 0 —i
0 0340
0 004
% =i07ir?r = = 1. Al
' i 000 72 (A1)
0 —i00

The charge conjugation matrix is taken to be:
c=1°  Cc'rrc=—-1yTr. (A.2)
Let us define W, as the following projections:
B0, =4i 0, . (A.3)
A Majorana spinor A satisfies the condition:
A= AT =0T = A=)", (A.4)

namely it is real. In the new basis the projected Majorana spinor 1-forms W, satisfying
the condition I'*W, = 44 ¥ have the following forms:

\Il-‘r - (517 527 0, 0) ) v_ = (07 0, 637 54) ) 5; = é.Oé . (A5)
The following bilinears vanish:

U T, =0, 130, =0, 0, =0. (A.6)
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A.2 Map between our notations in D = 3 and the ones in [1]

The conventions used here are quite different from the ones of [1] in various respects. For
the sake of clarity, we are providing here the relations between the notions used throughout
this paper and the ones of [1]. To make the comparison, the items referring to [1] are labeled
with a tilde.

i) We are using a mostly minus signature for the space-time metric, n = (+,—, —),
while 77 = (—, +,+) is mostly plus. they are related by

Mij = —Nij
from which it descends:
~i . i ~ .
¥ =1, Vi = —i%,
~ ok ok
Eijk = €ijk, €70 = —€7",
~i ~ IR ) R R i
Wy =wy, Wij = —Wij , W—gﬁ ik = € Wik = W,
Ji:—%:i%zji. (A7)

ii) In [1] all fields are part of a dimensionless connection. The dimensions of the D = 3
supergravity fields considered here are:

N

I, [El=[1=[L], [xal=[L"2], [A=[], W9=[L.
(A.8)

[Ya] = [L

Let us denote here by x the spin-1/2 field in [1], denoted there by 1. The relation
between the fields used here and in [1] is:
1 1 — 1

) - A
= s y — —— = — + N Y = ——— 7, A: - . Ag
€ € X \/Z \/Z(Xl 1X2) X \/ZX 2/ ( )

B The ultraspinning Kerr-AdS black hole

In this appendix we give a specific four-dimensional background which satisfies the bound-
ary conditions (2.11). It is the ultraspinning limit of the four-dimensional Kerr-AdS geom-
etry [27-31]. This space-time is obtained by performing the limit a — ¢ (¢ being the AdS
radius) of the rotation parameter a of a Kerr-AdS black hole, keeping the horizon area
fixed and, at the same time, zooming into the pole. The metric reads:

2 _ w2 (O 2 L4 2 2 oy dp’
ds® = V(p) |dt — ¢ sinh (2) dqb} T (do? + sinb? (0)dg?) 7o B
where: )
2Mp  p
=———+=+4+1. B.2
Vi(p) e + 7 + (B.2)
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The boundary is located at p — oo and its metric ds%dry is:

.2 : o 2 P :
ds%dry = pli)rglo e ds® = [dt — { sinh? (5) d¢] vy (d02 + sinh?(0) d¢2) . (B.3)
It describes an AdSs3 spacetime with radius ¢. If we set M = 0 the metric (B.1) provides a
parametrization of the AdSs vacuum with an AdS3 boundary geometry. The asymptotic
behaviors (2.11) are referred to the Fefferman-Graham radial coordinate r, which is related

to p by the condition:

dp? dr? 2
L=t == (1-0). (B.4)
1+%2 r 2 r

The reader can verify that, for the vacuum solution M = 0, the following asymptotic

i T 2 A
v re i B0 (9]
3i T i 4 £

which yield asymptotic behaviors of K% in (2.11). Note that there is no O (f—j) term in

expansions hold:

the expansion of V', consistently with our assumptions in section 2.4. This, together with
3
the absence of O ((f) 2>—te1rms in the expansion of the gravitinos implies the vanishing of

the energy momentum tensor and the supercurrent 26, 28]:
T;; =0, Ji =0, (B.6)

in the boundary CFT.

C Proof of eq. (4.5)

We are going to show here how the parametrization of the super-dreibein E’ on the 3D
space-time spanned by the e’:

i
=

2
B = (1400 Go?) ¢ = Moo (1)

comes out. Let us start from eqgs. (4.1). By plugging the ansatz (4.4) into eq. (4.1), we get:

S No i € ij - ij 1_ € -
2(a + 2bxx)XD(e)xe' — Ze”’“M(xx) ejer = €'rejey, [2xx— Z(M(XX))Z . (C.2)

To solve eq. (C.2) requires to first determine YD(.)x. This is found by looking at (4.3),
that can be written:

i € ij € i
Yi(Deyxa)e' — ik TRX A€ el — Q*ZAGAB%'XBe =0, (C.3)
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implying:
g g
WiDeyxa + geipmxa — gpAeasrixs = 0. (C.4)

Multiplication of (C.4) by v gives the Dirac equation for y 4:

; 3. € .
V' Deyixa — € 7ixa— ?EAiEAB’YZXB =0, (C.5)

while its multiplication for ~*:
€

. IS .
%AjGABXB + (’VZD(E)iXA - *AiCAB')/ZXB) =0. (C.6)

€
Deeyjxa —457xa = o0
Combining (C.5) with (C.6) we finally get:

9 9

Doyjxa —i7vxa — 5y Ajeanxs =0, (C.7)

so that, if we now multiply on the left eq. (C.7) with y4, we get:

Eq. (C.2) has thus turned into an algebraic equation:!?

€ 1 €
—~ M(xx) = |=vx — =(M(xx))?| .
7 M) [2x>< 7 (M) }
14
(L+axx+b(xx)?) = [1 + <2a — 52> XX + (a® + 2b)(>‘<x)2] , (C.9)
which is solved for a = 5%, b= —a?, so that (4.5) follows.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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