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Epidemic spreading in temporal and adaptive
networks with static backbone
Matthieu Nadini, Alessandro Rizzo, Senior Member, IEEE, Maurizio Porfiri, Fellow, IEEE
Abstract—Activity-driven networks (ADNs) are a powerful paradigm to study epidemic spreading in temporal networks, where the
dynamics of the disease and the evolution of the links share a common time-scale. One of the key assumptions of ADNs is the lack of
preferential connections among individuals. This assumption hinders the application of ADNs to several realistic scenarios where some
contacts persist in time, rather than intermittently activate. Here, we examine an improved modeling framework that superimposes an
ADN to a static backbone network, toward the integration of persistent contacts with time-varying connections. To demonstrate the
interplay between the ADN and the static backbone, we investigate the effect of behavioral changes on the disease dynamics. In this
framework, each individual may adapt his/her activity as a function of the health status, thereby adjusting the relative weight of
time-varying versus static links. To illustrate the approach, we consider two classes of backbone networks, Erdős-Rényi and random
regular, and two disease models, SIS and SIR. A general mean-field theory is established for predicting the epidemic threshold, and
numerical simulations are conducted to shed light on the role of network parameters on the epidemic spreading and estimate the
epidemic size.
Index Terms—Activity-driven, behavior, epidemic threshold, mean-field, time-varying network
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I NTRODUCTION

T

EMPORAL networks have been recently gaining momentum for their tremendous potential to accurately model
complex dynamical systems [1], [2]. Temporal networks
can encapsulate fundamental characteristics of complex systems, including the intricate interplay between node and
connection dynamics. Among the possible fields of applications of temporal networks, epidemiology has been one of
the most studied, with pioneering efforts appearing in the
late 1980s and 1990s [3], [4], [5]. Research on the application
of temporal networks in epidemiology is extremely active
and steadily fueled by new time-resolved datasets, theories,
concepts, algorithms, and measurements [6].
Contacts between individuals that support the transmission of infections are dynamical in nature. The evolution
of these contacts, in turn, is determined by human behavior, introducing an internal dependence between nodes’
and links’ dynamics [7]. Activity-driven networks (ADNs)
promise a tractable study of the co-evolution, at comparable time-scales, of the link formation and individual node
dynamics. The ADN paradigm overcomes the limitations
imposed by time-scale separation, which would otherwise
yield annealed or aggregated representations of the network
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evolution [8]. Classical infection and diffusion processes
have been modeled through ADNs calibrated on synthetic
population models [9], [10]. In this context, different aspects
have been investigated, including characteristics of the epidemic threshold [11], [12], along with the percolation time
and its relationship with epidemic spreading [13]. From
a theoretical point of view, an equivalent continuous-time
discrete-activity ADN model has been recently established
to gain new analytical insight, improve predictions, and mitigate the confounds related to the selection of the sampling
time in discrete-time schemes [14], [15].
In its original incarnation, an ADN draws the connections between nodes at random, without any prior knowledge of social or geographic relationships that may favor
one link over another. In other words, at any time, a
node may connect with any other nodes in the network.
However, when modeling real networks, this assumption
severely challenges the feasibility of the ADN paradigm.
For example, networks of contacts in epidemic spreading
are characterized by memory effects and non-Markovian
patterns [16], as well as community structures [17]. Considerable effort has been devoted to introducing features
in ADN-based modeling of epidemic phenomena, toward
a faithful representation and prediction of realistic epidemic
processes. Significant milestones have been reached through
the introduction of memory effects in the link formation [18],
presence of communities [19], and co-existence of a static
network backbone and an ADN [20]. The introduction of
the effect of individual behavior due to the health status or
awareness of the spreading [7] has fostered an ADN-based
model of Ebola spreading in the 2014 Liberia outbreak [21].
While individuals may intermittently come in contact
arbitrarily or by choice, some links tend to be persistent in
time, such as those generated in the household, at work, and
with close friends. These links are identified by sociologists
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as the structure of “strong ties”, as opposed to “weak ties”
that correspond to intermittent connections from causal
encounters or acquaintances [22], [23]. Such heterogeneity
plays a fundamental role in spreading processes over social networks, often yielding counter-intuitive phenomena.
For example, in [24], the analysis of a large database of
mobile communications reveals that the network is robust
to the removal of strong ties but tends to collapse after a
phase transition when weak ties are removed. In [25], the
analysis of the classic rumor spreading model over both
synthetic and real networks suggests that strong ties inhibit
information diffusion by confining communication within
groups of strongly connected users. In [26], the presence
of weak ties in a communication network is shown to
dramatically increase the length of the observation interval
that is required for estimating time-averaged network properties. The important role of weak ties on the outcome of
epidemic spreading is further echoed by [27]. Models and
methods to incorporate heterogeneity in the strength of the
ties and quantify its effect are key to a correct prediction
of the spreading outcome, such as the computation of the
epidemic threshold, prevalence, and incidence.
While it is difficult to precisely quantify the strength of
a tie and isolate static from time-varying links [28], recent
efforts have attempted to establish a rigorous mathematical
basis for the study of ADNs with coexisting time-varying
and static links [20], [29], [30]. In [29], a non-Markovian
memory phenomenon is introduced to model time recurrence of the links. In [30], a community structure is constructed to model strong ties via intra-community connections and weak ties via inter-community links. In [20], the
combination of a static backbone, associated with strong
ties, and an ADN, comprising weak ties, is considered. The
terminology used by the authors to identify this combined
network is static and activity-driven coupling network. Toward
the design of realistic models, the static and the timevarying networks of contacts can be inferred and designed
independently, even from different data sources. For example, in studying the spreading of influenza in a community,
the static backbone might be inferred from the city registries
and by interviews in social circles, whereas intermittent
contacts might be estimated by positioning sensors or statistical inferences on mobility models. Despite its practical and
theoretical promises, several advancements to [20] should be
undertaken before its application to real-world problems.
Here, we seek to extend the work in [20] along two
main research directions. First, we include an adaptive
mechanism that accounts for the effect of changes in individual behavior associated with their health status. Modeling
individual behavior in the spreading of epidemic diseases
has been shown to be crucial in many epidemiological
applications [31], [32], [33], [34], [35]. For example, infections
of respiratory tracts, such as influenza, MERS-CoV, or SARS,
are known to hamper the activity of individuals [36], [37],
[38], [39], thereby challenging the application of standard
ADN approaches where the activity of individuals is constant in time. Second, we model strong ties by accounting
for more realistic topologies than in [20]. In [20], the strong
structure is modeled through an Erdős-Rényi (ER) [40]
network, whose value is limited when predicting epidemic
spreading in real-world applications [41].

Starting from the definition of the novel modeling framework, this paper unfolds along several directions, using as
epidemic benchmarks the well-known Susceptible-InfectedSusceptible (SIS) and Susceptible-Infected-Recovered (SIR)
processes [42]. Two different network types are adopted to
model static backbones, that is, ER and random regular (RR)
networks. The former is used to offer a term of comparison
with [20] and assess how behavioral changes affect the
spreading of the disease. The latter is introduced to present a
more realistic representation of the static backbone, toward
modeling epidemics in large-size networks [43], [44], [45].
First, we analytically study salient topological features of
the network of contacts, investigating the effects of the
epidemic spreading on the degree distribution through the
adaptive mechanism. Then, we characterize the epidemic
model by determining its epidemic threshold and quantifying the role of the static backbone on the network resilience
(defined as the propensity of the network to the inception
of the epidemic spreading). Finally, extensive simulations
are conducted, aiming at unraveling the intricate interplay
among topological, behavioral, and epidemic features on the
outcome of the epidemic spreading.
The paper is organized as follows. In Section 2, we
introduce the proposed model and summarize the studied
epidemic processes. In Section 3, we present an analytical
study of the model, focusing on the degree distribution and
the average degree of the integrated network of contacts. In
Section 4, we analytically determine the epidemic thresholds
for both the SIS and SIR models. In Section 5, we report
an extensive simulation campaign to validate our analytical
findings and quantify the epidemic size. In Section 6, we
summarize our results and draw our main conclusions.

2

M ODELING FRAMEWORK

We consider a network of N nodes, labeled with i =
1, . . . , N . At a given discrete time instant t ∈ N, each node
takes only one of the possible states in the discrete set
X , {x1 , . . . , xM }, where M is the number of states. Each
state is associated with a particular epidemiological condition. For example, in an SIS epidemic model, nodes can be
either Susceptible (S ) or Infected (I ), such that X = {S, I};
while, in an SIR epidemic model, nodes can also become
Recovered/Removed (R), such that X = {S, I, R} [46].
We examine two different types of links between nodes:
static and time-varying. Static links correspond to interactions between family members and close friends [47], which
are expected to evolve at a much slower rate than the
dynamics of the disease. These links constitute the backbone
of the network [26], therefore their topology should be assimilated to a homogeneous network of small maximum degree [48]. Here, we consider two potential instances for the
backbone network. First, we examine an ER network [40],
with Poissonian degree distribution P (kst ), similar to [20].
Then, we study an RR network [49], whose epidemic threshold is expected to offer an improved estimate for large
random backbones [43], [44], [45].
The evolution of time-varying links is modeled using the
ADN paradigm [7], [8], [50], [51]. In this network, each node
i has an activity rate ai,xj , which represents the probability
in a unit time that node i in state xj generates dynamic
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links with any other node in the network. The activity rate
is constructed upon two parameters: the activity potential αi
of node i and the behavioral coefficient ηxj of state xj . The
activity potential αi is a constant quantity obtained as the
realization of a random variable with distribution F (α). The
behavioral coefficient ηxj is a state-dependent scaling factor
of the activity potential, which takes non-negative values as
a function of the mode of epidemic spreading. For example,
ηxj ∈ {ηS , ηI } for SIS models and ηxj ∈ {ηS , ηI , ηR } for SIR
models. The activity rate is ultimately computed as ai,xj =
ηxj αi .
Based upon previous studies [7], [21], [52], we posit that
the distribution of the activity potentials follows a power
law with cut-offs, that is, F (α) ∝ α−γ , with α ∈ [αmin , αmax ].
To define the activity potential as a probability in a unit time
and avoid divergence of the distribution close to zero, we set
−1
the higher cut-off to αmax = (ηmax ∆t) , where ηmax is the
largest value of the behavioral coefficient in the epidemic
model and ∆t is the time increment1 , and the lower cut-off 2
to αmin = /ηmax , where  is a small parameter, here chosen
to be  = 10−3 . Grounded in experimental observations
from the technical literature [21], [52], the exponent of the
power law distribution of the activity potentials should be
in the interval 2 ≤ γ ≤ 3.
The network of contacts is the superposition of two
graphs, the static graph, Gst , representative of the backbone,
and the ADN, GtADN , modeling the evolution of the timevarying links.
Neither of the graphs, Gst and GtADN , has self-loops
and multiedges, but multiedges might be observed in the
network of contacts, Gt . These multiedges correspond to
the time-varying links that are activated by the ADN where
a static link already exists. In the thermodynamic limit
(N → +∞), networks with backbones of bounded degree
distribution, the probability that a multiedge is formed is
negligible. In this case, the network of contacts can be
assimilated to a standard graph, corresponding to the superposition of Gst and GtADN [53].
The generative process of the network of contacts Gt is
similar to the process presented in [20], with the exception
of the activity, which is treated as a state-dependent quantity
in our formulation. It is created through the following rules:
(i) at t = 0, a static network Gst with a degree distribution
P (kst ) is generated;
(ii) at every discrete time step t, each node i in the network
becomes active with probability ai,xj ∆t, and creates
m links with random nodes selected from a uniform
distribution;
(iii) the epidemic dynamics takes place over the network
Gt ; and
(iv) at the next time step t + ∆t, all the links in GtADN are
deleted and the process resumes from step (ii).

(a) Gt=0

(b) Gt=1

(c) Gt=2

(d) ∪t Gt

Fig. 1. Schematic representation of the generative process of the network of contacts with ∆t = 1. Panel (a): at time t = 0, the static
backbone is generated. Panels (b-c): two independent time-varying
structures are constructed and superimposed to the static network.
Active nodes are displayed in red and create respectively m = 2 links to
randomly selected nodes. Panel (d): time-integrated network comprising
all the links generated in the observation time.
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A NALYTICAL INSIGHT ON THE AVERAGE DEGREE

AND DEGREE DISTRIBUTION

Here, we examine salient topological features of the network
of contacts in the thermodynamic limit. First, we discuss
how the expected average degree is affected by the disease
spreading in the network. We demonstrate a relationship
between the epidemic threshold and the expected average
degree, which helps clarifying the role of behavioral changes
on epidemic spreading. Second, we examine in detail the
degree distribution, illustrating the onset of a heavy-tail
distribution, similar to many real systems [54], [55], [56].
We specialize our treatment to SIS and SIR models. The
SIS model is fully characterized by two transitions. The first
transition describes the infection propagation, such that,
a susceptible node in contact with an infected individual
becomes infected with probability λ. The second transition
encapsulates the recovery process, where infected nodes
spontaneously return in the susceptible state with probability µ. Also, the SIR model is fully characterized by two
transitions. The infection propagation is equivalent to the
SIS process, while the second transition describes how infected individuals recover spontaneously and permanently
with probability µ. However, our framework is valid for a
more general setup with M discrete states, whose derivation
is presented in the Appendix. In the following, we adhere to
the following notation: given a network-related quantity ∗,
we call h∗i its statistical average over the network and E[∗]
its expected value across multiple independent realizations.

An illustration of the generative process is given in Fig. 1.
1. The upper cut-off is required for ensuring that the probability of
creating a link is less than one, although this might also be enforced
in an approximate manner by properly selecting the time scale of the
network assembly.
2. The value of the lower cut-off can be changed without loss of
generality.

3.1

Average degree

By construction, the expected average degree E [hk t i] of the
network of contacts is composed of the sum of two average
degrees: the constant average degree of the static backbone,
hkst i, and the expected value of the average degree of time-
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t
varying links, E [hkADN
i]. The latter value depends on the
number of nodes in each of the states of the epidemic model.
The expected value of the average degree in the SIS
model is (details in the Appendix)


 t

E hk t i = hkst i + E hkADN
i
(1)

2m
= hkst i +
ηS hαSt iS t + ηI hαIt iI t ,
N
t
where hαS
i and hαIt i are the average activity potentials over
all nodes in the susceptible and infected states at time t,
respectively. Further, S t and I t are the number of nodes in
the susceptible and infected states, respectively. Similarly, in
the SIR model, we find (details in the Appendix)



 t

E hk t i = hkst i + E hkADN
i

2m
t
= hkst i +
ηS hαSt iS t + ηI hαIt iI t + ηR hαR
iRt ,
N
(2)
t
where hαR
i is the average activity potentials in the recovered state at time t, and Rt is the number of nodes in the
recovered state.
If behavioral changes are discarded, that is, ηS = ηI =
ηR = η , the average degree of the time-varying links in
t
Eqs. (1) and (2) reads E [hkADN
i] = 2mηhαi, in agreement with the original computation [8]. When individuals
change their behavior according to their health states, that
is, ηS 6= ηI 6= ηR , Eqs. (1) and (2) are influenced by the
temporal trend of the number of susceptible, infected, and
recovered nodes. To demonstrate this influence, in Fig. 2, we
present a realization of the SIS in the presence of behavioral
changes and compare its expected average degree, given
in Eq. (1) with the expected average degree for the ADN
without behavioral change. In the presence of behavioral
changes, we set ηI < ηS to proxy an activity reduction for
infected individuals [36], [37], [38], [39]. From Fig. 2, we
observe that an increase in the number of infected nodes
reduces the overall propensity to generating links, thereby
decreasing the average connectivity in the network.
3.2

Degree distribution

To confirm that our model encapsulates the heterogeneity
observed in many real systems [54], [55], [56], we investigate the degree distribution of the network of contacts. By
construction, our model comprises two independent degree
distributions, one for the static backbone and one for the
ADN, respectively. The former, P (kst ), is constant in time
and given a priori. The latter varies in time, according to the
ADN paradigm.
While the instantaneous degree distribution of the ADN
is difficult to infer, similar to [8] its time integral over a
prescribed window shares similarities with the distribution
of the activity potential. To support this claim, we consider
the union of consecutive realization of the ADN over a time
span T , that is, ∪Tt=0 GtADN [53]. We indicate the degree
T
distribution of the obtained network with P int (E[kADN
]),
T
where kADN represents the degree of the integrated network. For a small window T compared to the network size,
T /N  1, we find that such a distribution is described
by a power law with the same exponent of the activity

St, I t

15 E[hk t i]

105
10
104

103

5

0

500
t

1000

0

0

(a)

500
t

1000

(b)

Fig. 2. Single realization of an SIS process on an ER backbone with
ADN in the presence of individual behavioral changes. Panel (a): time
evolution of the number of nodes in the susceptible and infected states
(solid red line and blue dashed line, respectively). Panel (b): time evolution of the average degree in the network (green solid line) and expected
average degree (black solid line), computed according to Eq. (1). The
black dashed line represents the expected average degree for the ADN
with no behavioral change and an ER static backbone. We choose
η = ηS , such that E[hkt i] = 2ηS mhαi. Parameter values are: N = 105 ,
 = 10−3 , γ = 2.1, ηI = 3, ηS = 15, m = 600, hkst i = 5, λ = 0.01,
and µ = 0.015. The fraction of random initial infected individuals is set
to 0.01N .

distribution (see the Appendix for a detailed derivation),
that is,
T
P int (E[kADN
]) ∼ F (ξ) .
(3)
The parameter ξ depends on the epidemic model studied.
For example, in an SIS model, ξ takes the following form:

ξ=

T
E[kADN
]
,
m (ηS TS + ηI TI )

(4)

where TS , and TI are the time spent (over the total aggregation time T ) in states S and I , respectively, by a node
T
with a degree kADN
after T aggregations of the network of
contacts. Since the total integration time is the same for all
nodes, we must apply the closure relation: TS + TI = T .
If no behavioral change is considered, ηS = ηI = η , we
T
recover
as in [8], namely, P int (E[kADN
]) ∼
 T the same result

F E[kADN ]/(mηT ) . A similar expression for SIR models
is obtained in the Appendix. Therefore, in both SIS and
SIR epidemic processes, the time-varying links present a
heavy tailed distribution, which is critical to model many
real systems.

4

A NALYTICAL COMPUTATION OF THE EPIDEMIC

THRESHOLD

The inclusion of behavioral changes and the analysis of
RR backbones offer two significant improvements of the
findings in [19] toward the study of realistic scenarios.
For example, behavioral changes have been shown to be
important in predicting the Ebola outbreak in 2014 [21],
while RR backbones constitute a more plausible description
of network resilience in real systems than ER networks [41],
[54], [55], [56].
To disentangle the effect of these key improvements, we
follow a sequential approach. First, we examine the effect
of behavioral changes with an ER backbone. We present
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analytical results for the epidemic threshold for both SIS
and SIR processes. Second, we extend the approach to RR
backbones with a narrow degree distribution or with a
power law with cut-offs. We focus our analytical study on
the SIS model.
4.1

Behavioral changes on ER backbones

t
For large N , we define Rα
and Iαt as the number of recovered and infected individuals in the network Gt with
activity potential α at time t, respectively. Since the activity
potential does not change in time, Nα is a constant quantity
that represents the total number of individuals with activity
potential α.
For an SIR model, the number of infected individuals in
the network Gt with activity potential α at time t + ∆t is
given by

Iαt+∆t =Iαt − µ∆tIαt

Z

It 0
t
+ λ Nα − Iαt − Rα
mηS α∆t dα0 α
N
Z
0
t

t
t
0 mηI α ∆tIα0
+ λ Nα − Iα − Rα
dα
N
+ λ∆thkst iIαt .

(5)

The first term on the right-hand side of Eq. (5) quantifies the
number of infected individuals at the previous time step.
The second term is the number of infected individuals who
recover in the time interval ∆t. The third and the fourth
terms pertain to the dynamics of ADNs with behavioral

 
λ
σ=
=
µ threshold

2

h
i.
2
hkst i2 + 2hkst im (ηS + ηI ) hαi + m2 (ηI − ηS ) hαi2 + 4ηS ηI hα2 i

r

hkst i + m (ηS + ηI ) hαi +

(7)

In agreement with our intuition, Eq. (7) posits that the
epidemic threshold decreases with the average degree of
the backbone, hkst i, and the number of links generated by
the active nodes in the ADN, m. As m approaches N − 1
or hkst i approaches N − 1, in the thermodynamic limit the
epidemic threshold vanishes.
Eq. (7) generalizes previous results in the literature [7],
[8], [20], [57]. In the absence of behavioral changes, ηI =
ηS = η , we recover the threshold in [20]

σ=

2
hkst i + 2mhai +

p

hkst

i2

+ 4hkst imhai + 4m2 hai

.

(8)
For m = 0, this reduces to the classical threshold for ER
networks, namely, 1/hkst i [57]. Similarly, in the absence of
the static backbone, hkst i = 0, we recover the prediction in
[7]

σ=

change. More specifically, the third term represents active
susceptible individuals in class α, respectively, active susceptible individuals in class α who become infected from
any other infected individual with whom they connect via
time-varying link. The fourth term describes any susceptible
individual in class α, either active or not, who contracts the
infection from any active infected individual via a timevarying link. The last term pertains to the ER static backbone, thereby quantifying new infections generated when
infected nodes with activity potential α connect with other
nodes via static links [20], [44], [57].
As detailed in the Appendix, an auxiliary equation is
needed to compute the epidemic threshold. Such an equation is obtained by multiplying both sides of Eq. (5) by α.
For both Eq. (5) and the auxiliary equation, we integrate
over α, take the limit as ∆t → 0, and retain only the firstorder terms. Through these steps, we ultimately obtain the
following system of equations:
(
∂t I = [−µ + λmηS hαi + λhkst i] I + λmηI θ


,
∂t θ = λmηS hα2 i + λhkst ihαi I + [−µ + λmηI hαi] θ
(6)
R
R
where I t = dαIαt and θt = dαIαt α. Note that Eq. (6)
is independent of the number of recovered nodes and the
behavioral coefficient ηR . Eq. (6) applies to both SIS and
SIR processes, as one may verify through equivalent calculations. Similar to [7], [8], [9], [14], [58], [59], the epidemic
threshold is derived through a local stability analysis of Eq.
(6) about the origin, which yields the following epidemic
threshold:

2

.
q
2
2
2
m (ηS + ηI ) hαi + (ηI − ηS ) hαi + 4ηS ηI hα i

(9)

The threshold in [8] can be easily recovered from either
of Eqs. (8) or (9), by setting hkst i = 0 or ηI = ηS = η ,
respectively.
4.2

Behavioral changes on RR backbones

To tackle RR networks, we apply the classical method of
homogeneous pair approximation [60], which finds application in network science to account for the presence of pairs
of connected and infected nodes in the static backbone [44].
The homogeneous pair approximation only considers interactions between nodes of the same degree, in contrast
to more refined heterogeneous pair approximations [43],
[45]. However, the increase in computational complexity to
deal with heterogeneous interactions has not been shown to
translate into improved estimates [45].
We define ut as the probability of having a pair of
connected and infected nodes at time t in the static backbone, Nα ut as the expected number of pairs within the
class of activity α, and U t = N ut as the expected total
number of pairs. The SIR model may not be treated with
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a homogeneous pair approximation, because nodes can
also be immunized [50], [61], [62]; the numerical study of
an SIR process is addressed in the following Section. For
an SIS model, the number of infected individuals in with
activity potential α at time t + ∆t is given by (details in the
Appendix)
Z

It 0
Iαt+∆t =Iαt − µ∆tIαt + λ Nα − Iαt mηS α∆t dα0 α
N
Z
0
t

t
0 mηI α ∆tIα0
+ λ Nα − Iα
dα
N
+ λ∆tkst Iαt − λ∆tkst Nα ut .
(10)

Eq. (10) is equivalent to Eq. (5), with the exception of the last
term, introduced by the pair approximation. The last two
terms in Eq. (10) summarize the “net” available connections
for the disease to spread in the network, by measuring
the difference between the number of links with one end
infected and the number of links with both ends infected.
Insight into the basis for this approximation can be found in
the Appendix of [44]. Note that the number of pairs in the
ADN is neglected in our treatment, since the ADN leads to
a random uncorrelated network.
A mean-field argument similar to the one applied
to Eq. (6) leads to the following system of equations:



] I + λmηI θ − λkst U
∂t I = [−µ + λmηS hαi + λkst

∂t θ = λmηS hα2 i + λkst hαi I + [−µ + λmηI hαi] θ − λkst hαiU


∂t U = λkst I + [−µkst − λkst ] U.

Comparing the first two equations in Eq. (11) with Eq. (6),
we note the presence of an additional summand that is
associated with the pair approximation in Eq. (11) that
cogently determines the evolution of the number of pairs
in the backbone only.
We were not able to derive a compact, closed-form
expression for the threshold for any choice of model parameters. However, in some special cases, it is possible to derive
elegant expressions. For example, for m = 0, we recover
σ = 1/(kst − 1), in agreement with [44]. In general, it is
possible to solve the steady state numerically by considering
the largest fixed point solution, following [44], [57].

σ
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A NALYTICAL AND NUMERICAL RESULTS
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To evaluate the SIS and SIR thresholds numerically, we follow the methods proposed in [50], [51], [63]. Further details
about the procedure adopted can be found in the Appendix.
Without loss of generality, in the numerical computation,
we set ∆t = 1 and, for an SIR model, ηR = 0. The aim
of this Section is two-fold. First, we validate our theoretical
approach through extensive numerical simulations. Second,
we assess the effect of model parameters on the epidemic
threshold. We compare our results with findings from [7],
[20], which contain specializations of our claims.
In Fig. 3, we analyze epidemic spreading for SIS and
SIR models in the presence of behavioral changes for either
ER or RR backbones. By comparing theoretical predictions
from Eq. (7) with numerical findings, we confirm the validity of a common mean-field approximation to infer the
epidemic threshold of both SIS and SIR models for ER and
RR static backbones. Relative differences between numerical
findings and theoretical predictions are in the range of 0.02
for a range of values of ηI /ηS from 0 to 1. In general,
predictions on the SIS model tend to yield relative errors
of 0.02, while predictions on SIR reach a higher value of
0.05. Thus, our mean-field approximation is successful in
anticipating a decrease in the resilience of the network to the
disease for increasing values of ηI /ηS . Increasing the value

σ

Theory
kst = 0

0.3

(11)

1

0

0

0.5
ηI /ηS

1

(b)

Fig. 3. Epidemic threshold for ER and RR backbones (hkst i = 4 and
m = 364), along with pure ADN (hkst i = 0 and m = 728) as functions
of ηI /ηS . The theoretical predictions from Eqs. (7) and (9) are plotted
with solid and dotted lines, respectively. The dashed line represents
the theoretical prediction from the linear stability analysis in Eq. (11).
Markers are used to label numerical results. Panel (a): SIS model, and
panel (b): SIR models. We set ηS = 15 and let ηI varies: 0 ≤ ηI ≤ ηS .
Parameter values are: N = 105 , T = 105 ,  = 10−3 , γ = 2.1,
and µ = 0.015. For the numerical computations, data are reported as
medians of 102 independent simulations for the SIS model and 103 for
the SIR model. The fraction of random initial infected individuals is set
to 0.01N . Vertical lines indicate 95% confidence intervals, although not
always visible.

of ηI /ηS implies that individuals maintain a high activity
upon infection, thereby facilitating the spread and lowering
the threshold.
In addition to numerical validation, Fig. 3 offers a
comparative assessment of the role of the static backbone
network. Specifically, we include numerical findings and
theoretical predictions for a pure ADN, in which the backbone is omitted. To afford a meaningful assessment of
the static backbone, we initialize the simulations to match
the expected average degree. We reiterate the accuracy of
Eq. (9) against numerics, as already shown in our previous
work [21].
From such a comparative assessment, we uncover a
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Fig. 4. Epidemic size for ER and RR backbones (hkst i = 4 and
m = 364), along with pure ADN (hkst i = 0 and m = 728) as functions
of ηI /ηS . i∞ and r∞ represent the fractions of infected and recovered
nodes at the end of the simulation, respectively. Panel (a): SIS model
with λ/µ = 0.1. Panel (b): SIS model with λ/µ = 0.3. Panel (c):
SIR model with λ/µ = 0.1. Panel (d): SIR model with λ/µ = 0.3.
We set ηS = 15 and let ηI varies: 0 ≤ ηI ≤ ηS . Parameter values
are: N = 105 ,T = 105 ,  = 10−3 , γ = 2.1, and µ = 0.015.
For the numerical computations, data are reported as medians of 102
independent simulations for the SIS model and 103 for the SIR model.
The fraction of random initial infected individuals is set to 0.01N . Vertical
lines indicate 95% confidence intervals, although not always visible.

non-monotonic relationship between the thresholds of the
two models, with and without the static backbone. More
specifically, the two thresholds cross over at a certain value
of ηI /ηS , approximately at ηI /ηS = 0.05, independent of
the type of static backbone, ER or RR. When the behavioral
effect is dominant (small ηI /ηS ), the presence of the static
backbone reduces the resilience of the network, while for
weaker behavioral changes, we observe an improvement
due to the presence of the backbone. This phenomenon
should be ascribed to the interplay between two competing
effects. On the one hand, the ADN causes a heterogeneous
degree distribution, in an integral sense, as shown in Eq. (3),
which lowers the epidemic threshold. On the other, small
values of ηI /ηS reduce the effectiveness of the ADN in supporting the disease spreading, whereby infected individuals
will tend to establish fewer connections with susceptible
individuals through the ADN. Overall, this comparison
suggests that static connections tend to improve the network
resilience, except when the disease will cause drastic activity
reductions. In this case, the disease will not propagate
through time-varying links, but only through static ones,
associated with family members and close friends.
To delve more on the role of behavioral changes on

epidemic spreading, in Fig. 4 we report numerical results
on the epidemic size for both SIS and SIR models. More
specifically, for the SIS model, we report the fraction of
infected individuals at steady state and for the SIR model,
we concentrate on the steady state fraction of recovered
individuals, which amounts to the total number of infections
throughout the duration of the simulation. We consider
two different values of the ratio λ/µ, that is, 0.3 and 0.1,
exemplifying two complementary conditions, as shown in
Fig. 3. λ/µ = 0.3 is always above the epidemic threshold
irrespective of the value of ηI /ηS . This condition leads to
the inception of the epidemic spreading, irrespective of the
intensity of behavioral changes. On the other hand, the
value of ηI /ηS determines whether λ/µ = 0.1 is below or
above the epidemic threshold, such that behavioral changes
have a critical role on the onset of the epidemic spreading.
Fig. 4(a) confirms that for sufficiently small values of
ηI /ηS , an epidemic-free state is achieved for the SIS model.
In agreement with our intuition, above the epidemic threshold, the presence of a static backbone mitigates the severity
of the infection. Increasing the value of λ/µ to 0.3 systematically leads to an epidemic state, in which the fraction of
infected individuals depends on both the static backbone
and the value of ηI /ηS . Similar to Fig. 3, we discover the
existence of a cross over phenomenon, where for small
values of ηI /ηS , the backbone has a detrimental role on the
epidemics, while for large values, it improves the network
propensity to stop the inception of the epidemic spreading.
Interestingly, the numerical value of ηI /ηS at which the
cross over occurs if the size of the epidemic is above 0.5,
in contrast with observations in Fig. 3 on the epidemic
threshold. Results on the SIR model in Figs. 4(c) and (d) echo
these findings, by pointing at a complex interplay between
the static backbone and behavioral changes in shaping the
epidemic size of the network.
We consider two widely different instances of the ADN
model, such that m = 2 and 364. In Fig. 5, we confirm
an excellent agreement between theoretical and numerical
predictions for both SIS and SIR models for any selection
of the average static degree and both the choices of m. The
prediction of the epidemic threshold for the SIS model from
Eq. (11) based on the homogeneous pair approximation is
also in very good agreement with numerical results. For ER
backbones, we find that the epidemic threshold decreases
with the average static degree for both the selections of
m, similar to what is claimed in [20]. However, due to the
presence of behavioral effects we register an increase in the
epidemic threshold. Inspection of results for RR backbones,
displays an equivalent dependence on the static degree,
with network resilience decreasing with the degree of the
static backbone.
Comparing the epidemic thresholds for ER and RR
backbones, we determine a meaningful difference only for
m = 2, whereby for small values of the average static degree
RR backbones show a higher epidemic threshold. This phenomenon should be ascribed to the fact that the two static
networks have different epidemic thresholds for the same
average degree, namely, σ = 1/hkst i and σ = 1/(kst − 1) for
ER and RR networks, respectively. For m = 2, the relative
weight of the static backbone is larger, such that the different
response of ER and RR backbones can be appreciated. On

8

102 σ

Theory (ER)

0.25

102 σ

Numerics (ER)

101

Theory (RR)

101

Theory (RR)

10
10

0

10

0

10
hkst i

20

−1

10−2

0

102 σ

10
hkst i

0.1

0.05

0.05

0

Theory (RR)

Theory (ER)

10−1

(c)

20

300

400

0

Numerics (RR)

ER hkst i = 10
ER hkst i = 15
ER hkst i = 20

0.15

0.05

0.05

0

0

100

300

400

200
m

300

RR hkst i = 5
RR hkst i = 10
RR hkst i = 15
RR hkst i = 20

0.15

ER hkst i = 25

10−1

20

200
m

0.2

0.1

10
hkst i

100

R.E.

ER hkst i = 5

0.1

0

0

(b)

10

10−2

RR hkst i = 25

0.25

R.E.

Theory (RR)

0

0

200
m

0.2

Numerics (ER)

101

Numerics (RR)

10
hkst i

100

RR hkst i = 20

(a)

0.25

102 σ

Numerics (ER)

0

0

RR hkst i = 15

0.15

ER hkst i = 25

(b)

Theory (ER)

101

10−2

ER hkst i = 20

0.1

20

RR hkst i = 5
RR hkst i = 10

0.2

ER hkst i = 15

0.15

10

(a)

10

ER hkst i = 10

0

−1

10−2

Numerics (RR)

R.E.

ER hkst i = 5

0.2

Numerics (ER)

Numerics (RR)

0.25

R.E.

Theory (ER)

400

0

RR hkst i = 25

0

100

(c)

200
m

300

400

(d)

(d)

Fig. 5. Epidemic thresholds for ER and RR backbones as a functions of
the average static degree hkst i; for RR backbones the average degree
is equal to the actual degree. The theoretical prediction from Eq. (7)
is plotted with solid line. The dashed line represents the theoretical
prediction from the linear stability analysis in Eq. (11). Markers are used
to label numerical results. Panel (a): SIS model and m = 2; Panel
(b): SIS model and m = 364; Panel (c): SIR model and m = 2; and
Panel (d): SIR model and m = 364. Parameter values are: N = 105 ,
T = 105 ,  = 10−3 , γ = 2.1, µ = 0.015, ηI = 3, and ηS = 15.
For the numerical computations, data are reported as medians of 102
independent simulations for the SIS model, and 103 for the SIR model.
The fraction of random initial infected individuals is set to 0.01N . Vertical
lines indicate 95% confidence intervals, although not always visible.

the other hand, for m = 364, these differences are masked
by the dominant effect of the ADN. Therefore, for large
values of m, an equivalent behavior should be expected
from ER and RR backbones, such that Eq. (7) could be
applied in both cases without the need of tracking the
number of pairs in the network.
Figs. 3 and 5 offer compelling evidence for the accuracy
of our theoretical estimate of the epidemic threshold, yet
they focus on either values of m close to 1 or of several hundreds. To investigate the accuracy of our theoretical findings
for intermediate values of m, in Fig. 6, we report the relative
error (R.E.) between theoretical predictions and numerical
simulations for both SIS and SIR models for four different
values of m, including 2, 45, 91, and 364. The comparison
is carried out for both ER and RR networks, spanning five
different values of hkst i, from 5 to 25 in increments of 5. In
agreement with our expectations, theoretical predictions are
more accurate for the SIS than for the SIR model. For most
of the combinations, the relative error is less than 0.05 for
the SIS model, while we register larger errors up to 0.15 for
the SIR model. It is difficult to tease out a dependence of

Fig. 6. Relative error (R.E.) between theoretical predictions and simulation thresholds as a function of m, for five values of the average degree
of the static backbone, hkst i. Panel (a): SIS model and ER backbone.
Panel (b): SIS model and RR backbone. Panel (c): SIR model and ER
backbone. Panel (d): SIR model and RR backbone. For panels (a) and
(c), Eq. (7) is used for theoretical predictions, while for panels (b) and (d),
theoretical predictions are associated with the stability analysis of the
system in Eq. (11). Parameter values are: N = 105 , T = 105 ,  = 10−3 ,
γ = 2.1, µ = 0.015, ηI = 3, and ηS = 15. For the numerical computations, data are reported as medians of 102 independent simulations for
the SIS model, and 103 for the SIR model. The fraction of random initial
infected individuals is set to 0.01N .

the relative error on either the average degree of the static
backbone or the value of m.

6

D ISCUSSION AND CONCLUSION

ADNs have emerged as the paradigm of choice when studying epidemic processes over temporal networks, in which
the evolution of the links and the disease share a common
time-scale. Although the potential of ADN has been acknowledged by a number of technical publications, the lack
of preferential connections among individuals constitutes a
major methodological drawback of this modeling approach.
In this paper, we have sought to bridge this gap within
an improved modeling framework that superimposes the
intermittent contacts generated by ADNs with persistent
links of a static backbone network.
The proposed modeling framework is inspired by recent
findings in [20], which we extend along two main research
directions. First, we propose an adaptive mechanism that
encapsulates behavioral changes of individuals associated
with their health status. By including a set of behavioral
coefficients, we enable the study of the coupled evolution
of the links and the disease, contrasting the classical ADN
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formulation, where links are generated independently of the
disease. Second, we expand on the range of static backbones
to account for random regular networks, which constitute a
significant improvement in the study of realistic epidemic
processes. This extension involves the implementation of
a more sophisticated mean-field approach, relying on homogeneous pair approximation. From a theoretical point of
view, we demonstrate that behavioral changes have a critical
role on topological properties of the network of contacts, by
regulating the interplay between the static backbone and the
time-varying topology of the ADN. In the thermodynamic
limit, we establish a systematic procedure for quantifying
the role of behavioral changes on the instantaneous average
degree and the degree distribution of a time-integrated network, summarizing the evolution of the network of contacts
over a finite window.
By focusing on SIS and SIR models, we establish an
accurate mean-field theory to predict the epidemic threshold
for both ER and RR networks. With respect to ER networks, our approach naturally extends findings reported
in [20] to account for behavioral changes; while a different
methodology is required for tackling RR networks. Through
a homogeneous pair approximation, we lay the foundation
of a mean-field analysis of realistic ADN models where
it is crucial to specifically track the number of pairs of
active nodes at each time. Notably, when specialized to
known instances in the technical literature, our approach
is successful in retrieving existing closed-form results.
Through comparison with numerical simulations, we
demonstrate the accuracy of our theoretical predictions and
their value in providing powerful insight into the disease
dynamics. Our results point at a rich, nontrivial interaction
between static links, time-varying connections, and behavioral changes in shaping the resilience of the network to a
disease outbreak, scored in terms of the epidemic threshold and epidemic size. When the infection elicits a strong
reduction of individual activity, the presence of the static
backbone decreases the resilience of the network, because
an infected individual remains confined in his/her social
circle of strong ties, thereby promoting the formation of local
communities of infected individuals. On the other hand,
when behavioral changes have a modest effect on activity,
the presence of a static backbone improves the resilience of
the network to the epidemic spreading, by hampering the
long-range mixing process supported by the ADN. While
ER and RR backbones exhibit a comparable response for
dense ADNs, remarkable differences are observed for sparse
ADNs, where RR backbones yields improved resilience.
Although the proposed modeling framework constitutes
a significant technical advancement from a theoretical point
of view, its methodological premise warrants further consideration. More specifically, the feasibility of enforcing a
distinct separation between a static backbone and an intermittent ADN needs to be thoroughly tested on real-world
data. We envision two parallel lines of research toward this
ambitious goal. First, hypothesis-driven experiments should
be designed on small populations to generate spatially and
temporally refined datasets to support empirical validation. Second, future work should focus on establishing reliable methodologies to infer general time-varying topologies
from sparse data on large populations, thereby allowing for

the precise estimation of static versus intermittent links.
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A PPENDIX
Analytical derivation of the average degree and degree
distribution
We derive closed-form expressions for the average degree
and the degree distribution of the network of contacts, for an
epidemic model with M discrete states X , {x1 , . . . , xM }.
The results for SIR and SIS models are obtained as particular
cases.
First, we analytically compute the expected average
t
degree of the time-varying links, E [kADN
]. The expected
total degree is then obtained by summing to this term the
average degree of the static backbone, hkst i. Here and in
what follows, we introduce the following nomenclature.
At each discrete time step, a node belongs to only one
state j , defined as xj . The behavioral coefficient for state
xj is ηxj . The number of nodes with activity α which
belongs to xj at time t is indicated with ntxj ,α . The total
number of nodes with activity potential α at time t is
PM
t
t
Rj=1 nxjt,α = nα .tThe total number of nodes in xj at time t
is dα nxj ,α = nxj . The following trivial constraints hold:
R
PM
PM R
t
t
dα ntα = N .
j=1 nxj =
j=1 dα nxj ,α =
The number of active nodes with activity potential α at
time t, denoted with Nαt , is a random variable given by the
sum of M independent binomial distributions (one for each
state in X ). These distributions are independent because a
node can belong to only one state at a given time. Hence,

Nαt

∼

M
X

B(ntxj ,α , ηxj α),

(12)

j=1

where ηxj α is the probability that a node in state xj with
activity potential α becomes active. The expected number of
active nodes with a given activity potential α is
M
  X
E Nαt =
ηxj αntxj ,α .

(13)

j=1

Therefore, the expected number of active nodes can be
computed as
 
E Nt =

=

Z

 
dαE Nαt =

M
X
j=1

ηxj ntxj

Z

Z

dα

dα

M
X
ηxj αntxj ,α ntxj

ntxj

j=1

αntxj ,α
ntxj

=

M
X
j=1

=
(14)

ηxj hαxt j intxj ,

hαxt j i

where
is the average activity potential of nodes in
state xj at time t.
The expected number of links generated in a unit time
is E [Lt ] = mE [N t ]. Hence, the expected average degree
associated with the time-varying links is
M
 t

2E [Lt ]
2m X
=
ηx hαt int .
E hkADN
i =
N
N j=1 j xj xj

(15)

If no behavioral change is included, ηxj = η ∀j , and the
activity rate of a node with activity potential α becomes
independent of its state. Then, Eq. (13) reads E [Nαt ] = ntα ηα
and Eq. (14) reads E [N t ] = N ηhαi. Finally, we recover the
t
claim in [8], that is, E [hkADN
i] = 2mηhαi. For example, in

the SIR model, Eq. (15) specializes to second summand of
Eq. (2).
Next, we examine the degree distribution. As discussed
in the main paper, our model comprises two independent
degree distributions, one for the static backbone and one for
the ADN. The former, P (kst ), is constant in time and given
a priori. The latter varies in time, according to the ADN
paradigm. We analytically demonstrate that the time integral of an ADN over a prescribed window yields a degree
distribution that shares similarities with the distribution of
the activity potential.
We define ∪Tt=0 GtADN as the union of T consecutive
realizations of the ADN. After T aggregations of the
ADN, the expected degree of node i, with respect to timeT
T
varying links, can be written as E[kADN,i
] = E[kADN,
out,i ] +
T
T
E[kADN,in,i ]. The expected out-degree E[kADN,out,i ] corresponds to links generated by i when active, while the inT
degree E[kADN,
in,i ] corresponds to contacts made by other
active nodes. We define Txj ,i as the time spent by node i
in the state xj in the time window T . The following trivial
PM
closure relationship must hold: T = Ti = j=1 Txj ,i , since
all nodes in the ADN share a common integration time.
Node i with activity potential αi will be active, on
average, a number of times equal to the expected values
of M binomial distributions, one for each state. Therefore,
the expected number of links generated by node i in a time
interval T is
E[LTi ] =

T
X

E[Lti ] = m

t=1

=m

T X
M
X

T
X


E Nαt i =
t=1

ηxj αi ntxj ,αi

= mαi

t=1 j=1

M
X

(16)

ηxj Txj ,i ,

j=1

where we have used ntxj ,αi = 1, since we are studying
the single node i. Mirroring the analogy with a Polya urn,
drawn from [8], we obtain the following expression for the
average out-degree:


T
−E[LT
i ]/N
E[kADN,
,
(17)
out,i ] ' N 1 − e
in the thermodynamic limit N → +∞ and for finite T . With
respect to the in-degree of node i, we compute the average
number of nodes that has been active in the time interval T
and multiply this value by the probability that the node has
not been contacted by node i in T . In the thermodynamic
limit and for finite T , the expected in-degree is
T


1 −E[L ]
T
T
E[kADN,in,i ] = E[L ] 1 −
'
(18)
N
T

' E[LT ]e−E[L

]/N

,

where E[LT ] is the expected number of edges in the integrated network.
Ultimately, we can combine the expressions for the inand out-degree in Eqs. (17) and (18) to establish


T
T
T
E[kADN,i
] ' N 1 − e−E[Li ]/N + E[LT ]e−E[Li ]/N '


(19)
T
T
' N 1 − e−E[Li ]/N ' E[kADN,
out,i ],
which indicates that the expected degree is dominated by
the out-degree. By considering Eq. (16), we can write the
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activity potential αi as a function of the expected integrated
degree associated with time-varying links, that is,
!
T
E[kADN,i
]
N
ln 1 −
αi = − PM
'
N
m j=1 ηxj ,i Txj
(20)
T
E[kADN,i
]
' PM
.
m j=1 ηxj Txj ,i
This relationship supports our claim in Eq. (3), regarding
the equivalence of the degree distribution of the integrated
network and the distribution of the activity potential. With
respect to Eq. (3), ξ corresponds to the right hand side in
the last approximation of Eq. (20), yielding Eq. (4) upon
specializing to the SIS model.
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i∞
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1

0.02

0.5

0
0.06

0.07

0.08

0.09

t

t

θt+∆t =θt − µ∆tθt + λmηS hα2 i∆tI t + λmηI hαi∆tθt
+ λ∆thkst ihαiI t .
(22)
Taking the limit as ∆t → 0 in Eqs. (21) and (22) and
reordering all terms, we can write the two equations in the
form of Eq. (6).
For an SIS model, Eq. (10) gives the number of infected
individuals with activity potential α at time t+∆t. Summing
over all the classes and neglecting second-order terms in I t ,
we determine
I

t+∆t

t

t

0.08

0.09

λ/µ

(a)

(b)

0.6 r
∞

0.1

Cv [r∞ ]

0.4

0.06
0.04

0.2

0.02
0
0

0.05

0.1
λ/µ

(c)

0.15

0

0

0.05
0.1
λ/µ

0.15

(d)

t

=I − µ∆tI + λmηS hαi∆tI + λmηI ∆tθ
(21)
+ λ∆thkst iI t ,
R
R
where I t = dαIαt and θt = dαIαt α. Eq. (21) is valid for
both SIS and SIR models, whereby an equivalent derivation
for the SIS process might be performed to attain the same
result. An auxiliary equation can be easily obtained by
multiplying all the terms in Eq. (21) by α and integrating
over all the activity potentials, namely,
I

0.07

0.08

First, we examine an ER network [40], with Poissonian
degree distribution P (ks ), similarly to [20]. Then, we study
an RR network [49], which is expected to offer an improved
representation of large random backbones [43], [44], [45].
For an SIR model, Eq. (5) gives the number of infected
individuals in the network Gt with activity potential α at
time t + ∆t. At the onset of the process, I t ∼ 1/N and
Rt ∼ 0. Summing over all the potentials, neglecting secondorder terms in I t and the terms in Rt I t , we obtain
t

0
0.06

λ/µ

Analytical computation of the epidemic thresholds

t+∆t

·104
L

t

=I − µ∆tI + λmηS hαi∆tI
+ λmηI ∆tθt + λ∆tkst I t − λ∆tkst U t .

(23)

Similar to Eq. (24), an auxiliary equation is obtained by
multiplying all terms in Eq. (23) by α and integrating over
all the classes, such that,

θt+∆t =θt − µ∆tθt + λmηS hα2 i∆tI t
+ λmηI hαi∆tθt + λ∆tkst hαiI t
− λ∆tkst hαiU t .

(24)

The number or pairs in the ADN is neglected in our treatment, since the ADN paradigm inherently leads to a random
uncorrelated network. Thus, we should only consider pairs
in the backbone. Toward this aim, we multiply the differential equation in the Appendix of [44] by N , to replace

Fig. 7. An exemplary realization of the proposed network model to
illustrate our approach to estimate epidemic thresholds. Panel (a): the
fraction of infected nodes in the steady state i∞ as a function of λ/µ.
Panel (b): lifetime L as a function of λ/µ. Panel (c): fraction of recovered
nodes at the end of the simulation, r∞ , as a function of λ/µ. Panel (d):
variance of r∞ as a function of λ/µ. In all plots, the epidemic threshold,
σ , is indicated with a black vertical line. Parameter values are: N = 105 ,
T = 105 ,  = 10−3 , γ = 2.1, ηI = 3, ηS = 15, m = 364, µ = 0.015,
hkst i = 10 (ER network), and C = 0.5. Median of 102 independent
simulations. The fraction of random initial infected individuals is set to
0.01N .

the dependence on probability with the number of pairs.
Ultimately, we determine

∂t U = λkst I + [−µkst − λkst ] U,

(25)

which together with the limit as ∆t → 0 of Eqs. (23)
and (24), yields Eq. (11).
Evaluation of SIS and SIR numerical epidemic thresholds
Here, we present two numerical methods to estimate the
SIS and SIR thresholds. The epidemic threshold is a critical
value that separates two different regimes: a regime in
which the disease eventually dies out and reaches only a
local set of nodes in the system and another one where
the disease becomes an epidemic and affects a macroscopic
fraction of the system.
Our approach to estimate the SIS epidemic threshold is
based on [63] and we use Fig. 7 as an illustrative example. In
Fig. 7a, we depict the final fraction of nodes in the infected
state, i∞ , as a function of the ratio between the infection
rate and spontaneous recovery rate, λ/µ. The numerical
estimation of i∞ is challenging, as it requires the determination of the number of infected nodes in the endemic state,
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which may hinder the accuracy of the estimation. In Fig. 7b,
we show the epidemic threshold, σ , drawn as a vertical
dashed black line. It is evaluated by plotting the lifetime
L of the simulation as a function of λ/µ. To select a suitable
value of L, two other parameters are involved: the number
of infected nodes at time t, I t , and the fraction of nodes
infected at least once until time t, called coverage C t . The
lifetime L is evaluated when either one of the following two
conditions occurs: i) I t = 0, that is, the disease is no more
present in the network; or ii) C t = C , for a fixed value
0 ≤ C ≤ 1, that is, the disease has reached a macroscopic
fraction and, in the thermodynamic limit, it has a very high
probability to infect the whole network. For finite values
of N , in [63], it is suggested that the threshold is robust
for C ≥ 0.5; therefore, we set C = 0.5 to reduce the
computational time. As suggested in [63], the peak in the
lifetime L, shown in Fig. 7b, indicates a phase transitions
between the disease free regime and the endemic regime.
Therefore, the epidemic threshold can be evaluated as the
value of λ/µ at which this peak is attained, marked here as
a dashed black vertical line.
The epidemic threshold in an SIR model is determined
monitoring the fraction of nodes in the recovered state, r∞ ,
often termed as the epidemic size. In an SIR model, the
evaluation of r∞ does not pose technical challenges, since
each realization of the dynamics is finite. In Fig. 7c, we
illustrate r∞ as a function of λ/µ, from which we confirm
the intuition that the fraction of nodes in the recovered
state grows with λ/µ. However, oscillations around the
median are not equally distributed, and the location of
the peak of the coefficient of variation might be used to
infer the epidemic threshold [50], [51]. More specifically, we
maximize the following quantity:
p
2 i − hr i2
hr∞
∞
Cv [r∞ ] =
(26)
r∞
For completeness, in Fig. 7d, we display such a coefficient of
variation, from which it is possible to predict the epidemic
threshold in an SIR model.
In principle, the above mentioned methods do not allow
for the construction of confidence intervals around the epidemic thresholds for SIS and SIR models. To offer a statistical framework to systematically evaluate the precision and
accuracy of the epidemic threshold we adopt the following
approach. First, we discretize the range of λ/µ with a given
resolution, chosen on the basis of pilot experiments, as those
sketched in Fig. 7. For each value of λ/µ, we run a number
of independent simulations (102 for the SIS and 103 SIR
model). As sketched in Fig. 7, we obtain a set of independent
estimates of the epidemic thresholds (102 for the SIS and
103 SIR model) by monitoring the lifetime L for the SIS
model and the coefficient of variation Cv for the SIR model.
We resample with replacement this set a large number of
times (102 for the SIS and 103 SIR model) and compute the
median of each resampled dataset. From these, we estimate
a global median, which corresponds to our inference of the
epidemic threshold, and 95% confidence intervals, which
represent our error bars. Should the confidence interval be
less than the initial resolution for λ/µ, we would use the
initial resolution.

(a)

SIS
Theory
(N → +∞)
Numerics
(N = 2 · 105 )
Numerics
(N = 1 · 105 )
Numerics
(N = 0.5 · 105 )
Numerics
(N = 0.2 · 105 )

Network
kst = 0
ER
RR
kst = 0
ER
RR
kst = 0
ER
RR
kst = 0
ER
RR
kst = 0
ER
RR

ηI /ηS = 0
0.250
0.167
0.186
0.260 (0.250, 0.273)
0.167 (0.160, 0.173)
0.186 (0.180, 0.193)
0.260 (0.250, 0.273)
0.167 (0.160, 0.173)
0.186 (0.180, 0.193)
0.273 (0.260, 0.287)
0.167 (0.160, 0.173)
0.186 (0.180, 0.193)
0.260 (0.250, 0.273)
0.167 (0.160, 0.173)
0.193 (0.186, 0.200)

ηI /ηS = 0.2
0.094
0.121
0.127
0.100 (0.097, 0.103)
0.121 (0.117, 0.123)
0.127 (0.123, 0.130)
0.100 (0.097, 0.103)
0.123 (0.121, 0.125)
0.127 (0.123, 0.130)
0.097 (0.094, 0.100)
0.123 (0.121, 0.127)
0.130 (0.127, 0.133)
0.097 (0.094, 0.100)
0.123 (0.121, 0.127)
0.133 (0.130, 0.137)

(b)
SIR
Theory
(N → +∞)
Numerics
(N = 2 · 105 )
Numerics
(N = 1 · 105 )
Numerics
(N = 0.5 · 105 )
Numerics
(N = 0.2 · 105 )

Network
kst = 0
ER
RR
kst = 0
ER
RR
kst = 0
ER
RR
kst = 0
ER
RR
kst = 0
ER
RR

ηI /ηS = 0
0.250
0.167
0.186
0.273 (0.260, 0.294)
0.173 (0.167, 0.180)
0.193 (0.186, 0.200)
0.260 (0.250, 0.273)
0.171 (0.168, 0.173)
0.200 (0.193, 0.207)
0.273 (0.260, 0.287)
0.180 (0.173, 0.187)
0.186 (0.180, 0.193)
0.273 (0.260, 0.287)
0.173 (0.167, 0.180)
0.180 (0.173, 0.193)

ηI /ηS = 0.2
0.094
0.121
0.127
0.087 (0.083, 0.090)
0.113 (0.110, 0.121)
0.123 (0.120, 0.127)
0.087 (0.083, 0.090)
0.115 (0.112, 0.117)
0.123 (0.120, 0.127)
0.100 (0.097, 0.103)
0.113 (0.110, 0.121)
0.127 (0.123, 0.130)
0.094 (0.083, 0.097)
0.113 (0.110, 0.121)
0.123 (0.120, 0.127)

TABLE 1
Epidemic thresholds as functions of ηI /ηS for various network sizes.
Theoretical predictions refer to the thermodynamic limit, N → +∞, and
obtained from Eqs. (7) and (9) for the SIS model and through stability
analysis of Eq. (11) for the SIR model. Numerical results are displayed
alongside with the network size. For each pair (N , ηI /ηS ), we compare
the thresholds with and without backbone, highlighting the highest
values in bold. For ER and RR backbones, we choose hkst i = 4 and
m = 364; for pure ADN, hkst i = 0 and m = 728. We set ηS = 15 and
ηI ∈ {0, 3}. Other parameter values are: T = 105 ,  = 10−3 , γ = 2.1,
and µ = 0.015. For the numerical computations, data are reported as
medians of 102 independent simulations for the SIS model, and 103 for
the SIR model. The fraction of random initial infected individuals is set
to 0.01N . Values in parentheses indicate 95% confidence intervals.

Analysis of network size
Here, we present numerical evidence to exclude the possibility that the cross over between the epidemic thresholds with
and without the static backbone, demonstrated in Fig. 3, is
a numerical artifact of the finite size of the network. More
specifically, we report simulation results for several network
sizes, N = 2·105 , N = 1·105 , N = 0.5·105 , and N = 0.2·105 ,
using the same parameter set of Fig. 3. Simulation results
are presented in Table 1, along with theoretical predictions
in the thermodynamic limit. In agreement with theoretical
predictions in the thermodynamic limit, for both SIS and
SIR models, for any choice of the network size we confirm
that in the absence of behavioral changes, the largest value
of the threshold is attained without the static backbone. On
the other hand, for ηI /ηS = 0.2, the epidemic threshold is
higher in the presence of a static backbone, let it be an ER or
a RR network.

