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An adaptive hp-DG-FE Method for Elliptic Problems.
Convergence and Optimality in the 1D Case

Dedicated to the memory of Professor Ben-yu Guo

Paola Antonietti* Claudio Canuto’ Marco Veranit

Abstract

We propose and analyze an hp-adaptive DG-FEM algorithm, termed hp-ADFEM,
and a realization of it in one space dimension which is convergent, instance optimal, and
h- and p-robust. The procedure consists of iterating two routines: one hinges on Binev’s
algorithm for the adaptive hp-approximation of a given function, and finds a near-best
hp-approximation of the current discrete solution and data to a desired accuracy; the
other one improves the discrete solution to a finer but comparable accuracy, by iteratively
applying Dorfler marking and h-refinement.

1 Introduction

The design and analysis of adaptive hp-type finite element methods for elliptic problems
is significantly more challenging than for h-type methods. Indeed, as demonstrated e.g.
by some examples given in [6, Sect.1], one should include in the adaptive procedure the
possibility of stepping back from an early choice between h-refinement and p-enrichment:
while the true structure of the solution reveals itself along the iterations, one should be
able to re-distribute the allocated degrees of freedom between h- and p-resolution. The
existence of (rather) pathological situations has not prevented the development of practical
hp-adaptive algorithms that work (see e.g. [9] and the references therein), but in most
cases these procedures are not supported by a sound mathematical theory, which assesses
the optimality, and even the convergence, of the method (unless a-priori assumptions on
the structure of the solution are made).

The crucial issue is an approximation problem: how can we build an hp-finite element
space of minimal dimension in which a given function can be approximated with a pre-
scribed accuracy? A constructive answer to this question has been given by P. Binev in
the past few years (see [5]), who designed a greedy hp-algorithm, which is incremental
with respect to the dimension and has instance optimality properties (see Sect. 2.3).

With a good answer to such an approximation problem, one may think of recursively
applying the hp-adaptive algorithm to a sequence of Galerkin discrete solutions of the
elliptic problem, built in a way to get closer and closer to the exact solution. This idea
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has been implemented in [6], where a general framework for adaptive hp-discretizations has
been devised, and an adaptive algorithm termed hp-AFEM has been proposed, which
guarantees convergence and instance optimality of the sequence of generated Galerkin
solutions. The algorithm is both h- and p-optimal in one space dimension, whereas in
higher dimensions p-robustness is lost, partly due to the need of going from the non-
conforming meshes produced by Binev’s algorithm to the conforming ones needed in a
continuous Galerkin method, and partly due to the use of a residual-based error estimator
(the latter obstruction may be removed by resorting to equilibrated flux estimators, as
done in [7]).

Since Binev’s algorithm produces non-conforming meshes and discontinuous approxi-
mations, it is quite natural to associate to it a Discontinuous, rather than a Continuous,
Galerkin discretization of the elliptic problem. The purpose of this paper is to take a step
forward in this direction. In particular, hereafter we propose an hp-adaptive DG-FEM
algorithm, termed hp-ADFEM, and a realization of it in one space dimension which
is convergent, instance optimal, and h- and p-robust. No restriction on the relative size
of neighboring elements, nor on the polynomial degrees used on them, is required. In
building a discrete solution that matches a prescribed accuracy, we extend to the hp-case
the approach developed in [4] for h-type DG methods, using in the analysis several results
on hp-type a posteriori error estimators (see e.g. [8] and the references therein). The
multi-dimensional case is currently under investigation [1]; while our general convergence
theorem holds in any dimension, proving p-robustness seems to require a grading property
in the distribution of polynomial degrees over the partition, which is not guaranteed by
the algorithm proposed in [5].

The paper is organized as follows. In Sect. 2, we introduce our general framework
for the hp-approximation of a given function, and we present Binev algorithm. Sect. 3
describes the hp-DG discretizations that we consider, and collects some of their proper-
ties. Sect. 4 contains the general convergence and instance optimality result, based on
the concatenation of Binev’s algorithm and a procedure to compute DG-solutions with
polynomial data, matching a prescribed tolerance. Finally, in Sect. 5 we illustrate a pos-
sible realization of this procedure, which is based on the classical SOLVE — ESTIMATE
— MARK — REFINE paradigm.

The following notation will be used thoughout the paper. By A < B we will mean
that A can be bounded by a multiple of B, independently of parameters which A and B
may depend on. Likewise, A ~ B is defined as both A < B and B < A.

C.C. wishes to remember the long-lasting friendship and mutual esteem with Professor
Ben-yu Guo, a person of great humanity and a devoted scientist.

2 hp-partitions and hp-approximations

Let Q be a bounded open interval of the real line. In view of the hp-adaptive discretization
of a boundary-value problem therein, we introduce some notation concerning partitions
in € and function spaces built on them.

2.1 Partitions of the domain

We assume that we are given an essentially disjoint initial partition Ko of € into finitely
many closed subintervals, which will be the initial geometric elements; the initial subdivi-
sion may depend upon the data of the problem at hand. Then, we apply subsequent dyadic
subdivisions, by halving each element K that we encounter into two closed subintervals
K’ and K" of equal size, the ‘children’ of K, such that K = K’ UK"” and |[K'NK"| =0.



The set K of all these geometric elements forms an infinite binary ‘master tree’, having as
its roots the elements of the initial partition of Q. A subtree of the master tree is a finite
subset of R that contains all roots and for each element in the subset both its parent and
its sibling are in the subset. The leaves of a subtree form an essentially disjoint partition
of Q The set of all such geometric partitions, or ‘h-partitions’, will be denoted as K. For
X, K € K, we call X a refinement of K, and denoted as K < K, when any K € X is either
in X or has an ancestor in XK.

Starting from an h-partition KX € K, we obtain an hp-partition D by associating an
integer p € Ng = NU{0} to each element K € X. This integer will represent a polynomial
degree, which will identify certain finite dimensional spaces of polynomial functions defined
in K. Apair D = (Kp,pp) € AxNp formed by a geometric element Kp and an integer pp
will be termed an hp-element. Thus, a collection D = {D = (Kp,dp)} of hp-elements is
an hp-partition provided X(D) := {Kp : D € D} € K; the latter will be the associated h-
partition. The collection of all hp-partitions is denoted as D. Since p+1 is the dimension of
the space P, (K) of the univariate polynomials of degree < p in K, we define the dimension
of the hp-partition D as the integer

#D:= Y (pp+1).

DeD

For D,D € D, we call D a refinement of D, and write D < D, when both K(D) < x(D),
and d5 > dp, for any D € D, D € D with Kp being either equal to K5 or an ancestor
of Kx.

D

2.2 Approximation spaces on hp-partitions

Let Z be a normed space of vector-valued functions z : @ — R™ (m > 1), which is relevant
for our application. For any geometric element K € K, let Zx be the space collecting the
restrictions z|x to K of all functions 2z € Z. Then, for any geometric partition X € K, we
define
Zy ={z: Q>R : 2 € Zg VK € X} = [ Zk: (1)
KeX

obviously, Z C Zg. In the sequel, we will work with functions that belong to Zy for some
partition X € K; therefore, we set

Z = U Z:K.

XeK

We assume that for any K € R, the space Zx contains all polynomial functions of
any degree, and this set of functions is dense in Zx. Then, for p € Ny we assume we
have chosen finite dimensional spaces Z ;, C Zk of polynomial functions on K of degree
related to p, satisfying Zg,, C Zk p+1 and Zg , C Zgrp X Zgr p, (K’ and K" being the
children of K). For any D = (Kp,pp) € R x Ny, we set Zp := Zg,, p,. Then, given an
hp-partition D, we define

Zp ={2:Q>R" : 2, € Zp VD e D} = [] Zp, (2)
DeD

which obviously satisfies Zp C Zg(p). We will use the notation zp to indicate a function
in Zp. Note that no interelement continuity is imposed in the definition of Zp. Also note
that the dimension of Zgp is proportional to the cardinality #D.

For all D € R x Ny, we assume a local projector Qp : Z — Zp, and a local error
functional ep = ep(z) > 0, that, for any z € Z gives a measure for some function of the



distance between z|x,, and its local approximation zp := Qp(z). We assume that this
error functional is non-increasing under both ‘h-refinements’ and ‘p-enrichments’, in the
sense that

ep’ +epr < ep when Kp, Kpr» are the children of Kp, and pp: = ppr = pp;

(3)

epr < ep when Kp = Kp and ppr > pp.

Given any hp-partition D € D, we define the global projector Qp : Z — Zp as
Qo (2) := (zp)pen, and the global error functional

Ep(z) == Z ep(z), (4)

DeD

which is a measure for the distance between z and its projection zp := Qp(2). Note that
(3) is equivalent to

E~

5(2) <En(z) vD>D. (5)

2.3 The instance optimal hp-approximation algorithm

Herafter, we present the greedy algorithm proposed by P. Binev [5] to produce a near-
best adaptive hp-approximation of a function z € Z, based on the associated local error
functionals ep = ep(z) and global error functional Eq = Eqp(2) introduced above.

Denote by R > 1 the cardinality of the initial geometric partition K. Using property
(3), Binev’s algorithm builds a sequence of hp-partitions Dy, N > R, satisfying #Dy =
N; the construction is incremental, in that going from Dy to D41 one exploits the work
already done to build Dy. The main feature of the algorithm is its instance optimality,
expressed as follows.

Theorem 2.1 ([5]). Forn > R let

be the smallest error achievable with an hp-partition of cardinality < n. Then, the hp-
partitions Dy produced by Binev’s algorithm yield error functionals Ep,, satisfying the
bounds

2N
VYn < N. o (6)

Epy < —— 0,
PY=N—nt1° =

Binev’s construction can be easily used to produce an instance optimal hp-partition
for which the error functional is below a given threshold.

Corollary 2.1 ([6]). Let B > 1 arbitrary. Given ¢ > 0, let D € D be the first partition
1
in Binev’s sequence for which E} < e. Then, setting b = %(1 — %) < 1, it holds

#D < B#D
for all partitions DeD satisfying E% < be. O

This result motivates the introduction of the following routine, which will constitute
one of the two major building blocks of our proposed hp-adaptive algorithm.



e [D,zp]:= hp-NEARBEST(¢, 2)
The routine hp-NEARBEST takes as input € > 0, and z € Z, and outputs D € D

as well as zp € Zp such that Ep (z)% < ¢ and, for some constants 0 < b < 1 < B,
#D < B#D for any D € D with Eg(2)? < be.

The approximation zp of the input z is just the element-wise projection given by the
operator (Qp associated with the partition D, i.e., we set

zp = Qp(2). (7)

3 Discontinuous Galerkin hp-discretizations

We are interested in solving numerically the model boundary-value problem
Au=f in Q, u=0 on 0N (8)

with Au := —(vu,), + Eu, where v € L>°(Q) satisfies essinfq v > 0, £ € L?(Q) satisfies
£€>0ae inQ, fe L?Q). We actually assume that v, £ are piecewise-H! functions,
precisely that v|g, {ix € H L(K) for each element K of the initial partition X, introduced
in Sect. 2.1; we will write v, £ € H(£2;K). It will be convenient to refer to a triple g :=
(1,€, f) as to a “data” of our problem; we thus have g € G(Q) := (H(Q;Ko))? x L*(9).
The solution u € H} () of Problem (8) for given data g will be indicated by u(g).

The following notation will be useful in the design of a DG discretization of our prob-
lem. For any element K € 8, let (v, w)g denote the L2-inner product in K, with corre-
sponding norm ||v]| k. For any geometric partition X € K, let us set

Vi :={v e L*(Q) :vx € H'(K) VK € X}. (9)

For v € Vi, it will be convenient to denote by o, the function in L?() such that (05)x =
(VK)o for all K € K thus, [|02]13 = 3 cex (V)% Let us denote by Ex the set of
all endpoints of elements in X, and let us define the jumps and averages of a piecewise
smooth function ¢ on X as follows: if e € Ex is shared by two contiguous elements K~
and KT, then we set

[l = Orc- (&) — dixc (), Hbbe = 5 (G- (€) + By (),

whereas if e is the left /right boundary point of Q, we set [¢]. = +/—¢(e) and {}. = ¢(e).
For any hp-partition D € D let us set

Vp = {U S LZ(Q) UKy € ]P)I)D (KD) VD € D} C Vg((@). (10)

If D € D, let hp := |Kp| denote the size of the element Kp. If e € Ep = Ex(p), We
define the weight

2
0D, i= max (%, zii) (11)
ifee Kp- NKp+, and op ¢ := % ifeedNKp.

It is convenient to introduce the inner product (¢,%)e,, = D .ce, Petbe in RI€]
between two quantities ¢ = (¢.) and ¥ = (¢).) indexed in Ep. The corresponding norm
will be denoted by ||¢]|e,, -

At this point, we are ready to introduce the symmetric bilinear form ap defined on
VfD X VfD as

aD(w’ U) = (waaﬁw)ﬂ + (g w, U)Q

(rwh [Den — (v} les -7 (@olol [oDen . 2



where v > 0 is a sufficiently large stabilization parameter, as well as the DG-norm defined
on Vp as

1
lollo i= (s, 503 +lox [ 12, ) - (13)

It is well-known (see [2, 3]) that ap is a continuous form with respect to the DG-norm, and
it is coercive provided -y is chosen large enough, with coercivity and continuity constants
independent of D; in the sequel, we will assume that this condition is satisfied.

Since ap depends on the choice of coefficients v and &, and since in the adaptive
algorithm we will consider a sequence of DG discretizations with changing (piecewise
polynomial) data, sometimes we will prefer the more precise notation ap(w,v;v,§) to
indicate the right-hand side of (12).

Problem 8 with data g = (v, &, f) € G(f) is then discretized by the following Simmetric
Interior Penalty Discontinuous-Galerkin method ([2]):

up € Vp G/D(’U/D7’()D; v, f) = (f7 ’UD)Q Yvp € Vp. (14)

We will write up = up(g) when we want to stress the dependence of up upon the given
data g.

3.1 Approximation spaces and error functionals

Hereafter, we specify the choice of approximation spaces and error functionals, introduced
in a general setting in Sect. 2.2, that is tailored to the discretization problem of interest.

Since we will deal with approximations of a specific solution of Problem 8, and ap-
proximations of the corresponding data, our functions z will be of the form z = (v,g) =
(v,v,&, f). Then, a natural choice for the “base” space Z is Z = H'(Q) x G(Q) =
HY(Q) x (HY(2;K))? x L?(Q2). Note that for X € K, the local spaces Zx that form the
global space Zx according to (1) are given by Zx = (H'(K))? x L*(K).

For any element K € R and integer p € Ny, we set

ZK,p = VK7p><GK,p with VK,p = PP(K) and GK,p = p+1(K)XPp+1(K)XPp_1(K).

Then, for any D € D, we define Zp according to (2); it is easily seen that Zp =: Vip X
Gop, where Vp has been already introduced in (10). We will write zp = (vp,gp) =
(vp,vp,&p, fo) for the generic element in Zp.

In order to define the projectors @p, let I} : L*(K) — P,(K) be the L*-orthogonal
projector, and let Iy  : H'(K) — P,(K) be the projector such that

(H}(,pv)ﬂf = H(}(,pvx and / H}(7pv = / v, Yov € HI(K)
K K

The latter definition can be extended to functions v that are just piecewise-H' on K,
by replacing v, with 9, in the L?-projection. Then, for z = (v,g) = (v,1, €, f) € Z and
D = (Kp,pp) we set

_ 1 1 0
QD(Z) - (HKD,[)DU\KD ) HKD,I)D+1V|KD ) HKD7PD+1£|KD ) HKDJ?D—lf\KD)'
The corresponding local error functional is defined as

en(z) = 1,p(0) + —50sch(g) = e1p(0) + 5 (e1,0(¥) + e1p(€) +eop(f),  (15)

where for p = v, 1, &

. hp
e1p(p) = |0=1%, , ) @)irnliy,  €on(f) = P (I =1%o ) fiko



and £ > 0 is a (sufficiently small) penalization parameter to be chosen later on.
Finally, for a given hp-partition D € D, the global projector Qo : Z — Zp and the
global error functional Ep(2) = Ep (v, g) are defined as in Sect. 2.2 (see (4)).

We now establish some properties involving the functional Eq, that will be useful in
the sequel.

Property 3.1. There exists a constant Cy > 0 such that for any z = (v,1,§, f) € Z and
for any partition D € D one has
1
[V —vollr=@) + 1§ = &pllr=(a) < CorEn(2)?,
where zp = (vp,vp, €D, fn) = Qn(2).
Proof. For any D € D and any D € D, set ¢ := (v — vp)|g,. Since by construction 1

vanishes at a point in Kp, we have for any = € Kp

(@) < by ballxo < |9 er,p()?,

from which the bound for ||V — vp|[fe~(q) easily follows. The coefficient £ can be treated
similarly. a

At this point, let us fix once and for all the data of interest g, = (Vi &y, fx) € G(R)
for Problem (8), and let u, := u(g«) be the corresponding solution.
Let us set vy :=essinfq v, > 0.

Assumption 3.1. Let Dy denote the root partition Xy endowed with polynomials of degree
1 in each element. Setting zo := (0, g+) € Z, we assume that Dy is chosen to satisfy

1
Cor B P here A =2+ —|Q).
0k Ep,(20)2 < 3y where +\/§| |

Recalling (5), this assumption together with Property 3.1 guarantees that for any
D € D (which trivially satisfies D > Dy), Problem 8 with approximate data vp and £p is
coercive in H}(Q), precisely one has

14
(VD Vg, Vz) + (§pv,v)0 > §O||Um||?z Vo € Hy(Q). (16)

This easily follows using the bound |v||q < ﬁ|Q| |vz |-
The following result is fundamental for establishing the convergence of our adaptive
algorithm.

Proposition 3.1. i) There exists a constant C, > 0 with the following property: for
all D € D and all z € Z of the form z = (v,g4), let zp = (vp,9D) := Qn(2), and let
u(gp) € HY(Q) be the solution of Problem 8 with data gp; then, it holds

s — u(gm)llmy(0) < ConEp(20)% < CunEon(2)3, (17)

where K is the penalization parameter introduced in (15).
i) For all D € D, v € Vie(py, w € Hy(Q) and g € G(), it holds

|Ep(v,9)2 — Ep(w,9)?| < |Jv—w||p . (18)

The proof follows step by step the proof of Proposition 3 in [6], to which we refer.



4 The adaptive algorithm hp-ADFEM

As anticipated in the Introduction, the algorithm we propose consists in alternating be-
tween a stage in which a new hp-partition is found, which is near-optimal for the current
accuracy, and a stage in which this partition is further refined to guarantee a higher accu-
racy for the corresponding DG discrete solution; the data used in the latter stage to define
the DG problem are approximations of the exact data, provided by the former stage.

The first stage will be accomplished by a call to the routine hp-NEARBEST intro-
duced in Sect. 2.3. The second stage will be realized through a routine DG-SOLVE
that we present now, postponing to Sect. 5 the detailed description of the underlying al-
gorithm and the analysis of its properties. Essentially, starting from a given hp-partition
and a corresponding data approximation, several DG problems are solved on subsequently
refined partitions, whose generation is driven by an a posteriori error estimator, until a
contraction property guarantees that the discretization error is brought below a prescribed
threshold. In this stage, optimality is not an issue for the output partition, provided its
cardinality remains comparable to that of the input partition.

e [D,1] :=DG-SOLVE (¢,D, zp)

The routine DG-SOLVE takes as input ¢ > 0, D € D, and zp = (vp,gp) € Zp.
It outputs D € D with D <D and 4 := up(gp) € Vp such that |[u(gp) — allp < e.

We recall that us(gn) denotes the solution of the following DG problem (see (14)):
for gp = (vp,&p, fp) € Go,

up €Vp 1 ap(up,vpivn,€p) = (fo,vp)e  Vop € Vp. (19)

The input function vy € Vip may be used in the algorithm to define the starting point of

the adaptive iterations.

Assumption 4.1. Let b < 1 < B be the constants that appear in the statement of
the instance optimality property for the routine hp-NEARBEST. We assume that the
penalization parameter k in (15) is chosen small enough, so that it holds

C,k < b.

We are ready to present our algorithm hp-ADFEM. Let us introduce the parameters
and the input data.

Parameters: two real numbers 7 € (0,1), w > 0 satisfying

1 1—n
Cir < b(1 — d S .
k< b(l—n) an w < b Con )
(Note that such a choice of w is equivalent to bw — 1 > 0 and Cykw + 1 < 1, which are
two quantities that will appear below.)

Input data: g, € G(2), g0 > 0, and @ € Vi, for some Dy € D such that [|w. — o5, < €o-

Algorithm hp-ADFEM(eg, 1, g«)
fori=1,2,...do
[@i) (UDi , ggi)} ::hp—l\I]i).Al:{P)Esr_[‘l((/JEZ'_17 (i—1, g*))
[Ds, @) :==DG-SOLVE (ng;_1,D;, (vp,, gp,))
gi = (Cukw +1n)gi1
end do



Theorem 4.1. Under Assumptions 3.1 and 4.1, the sequences (u;), (D;) produced by
hp-ADFEM satisfy the following properties:

[N

ux — Uil p, <e; Vi>0, Ep, (e, gx)2 < (w4 1)gi—1 Vi >1, (20)

and
#D; < B#D for any D € D with E@(uﬂg*)% < (bw —1)g;_1. (21)

Proof. The bound |[ju, — @gllp, < €o is valid by assumption. For i > 1, the tolerances
used for hp-NEARBEST and DG-SOLVE, together with (17) show that

us — tillp, < llus —ulgn)ll a1 + llulgn,) — uillp,

(22)
< Cik Em(ﬂi—l,g*)% + peim1 < (Cukw + pei—1 = ¢;.

The first statement follows for all ¢ > 0. Using this and (18) implies the second assertion
En, (t, 90)? < B, (#1,00)2 + Jue —wiallp,, < (@ +1Deiq Vi> 1

Finally, let D € D with Eqp (uy,g+)? < (bw—1)e;_1. Then, again by (18), Ep (t;_1,9:)? <
bwe;_1 and so #D; < B#D because of the optimality property of hp-NEARBEST. 0O

The main result of Theorem 4.1 can be summarized by saying that hp-ADFEM is
instance optimal for reducing Ep (uy, g+) over D € D.

5 The routine DG-SOLVE

The purpose of this section is the description and analysis of a realization of the routine
DG-SOLVE. It is based on an iterative procedure of the form SOLVE — ESTIMATE
— MARK — REFINE, in which ESTIMATE uses a residual-type estimator, whereas
REFINE applies a dyadic splitting of each marked element while preserving the polynomial
degree. The procedure satisfies a contraction property, which guarantees the reduction
of a suitable “error” by a fixed amount at each iteration. Our construction is strongly
inspired by [4], whose arguments are hereafter extended to cover the hp-case.

In the sequel, the input partition D will be denoted by Dj,, whereas the symbol D
will be used to denote any refinement of D;, generated by the procedure. Similarly, the
input function will be denoted by zi, = (Vin, gin). To avoid cumbersome notation, we
will actually write gi, =: g = (,&, f), but we will recall that g is a piecewise polynomial
approximation on the input partition Dj, of the given data g, = (v, &, fx) € G(Q).
Coherently, the exact solution of Problem (8) with input data g will be denoted by u =
u(g), whereas for any hp-partition D < Dy,, up = up(g) will be the solution of the
corresponding DG Problem (14).

For the analysis of the procedure, following [3], we extend the definition of the DG
form ap given in (12) on Vp x Vip to the infinite dimensional space Vi (p)y X Vic(p) (recall
(9)). To this end, we introduce the lifting operator Lp : Vic(py — Vip such that for all
w e Vg{(@)

Low e Vp : (vv,Lpw)g = ({vo}, [w]))e, Yv € Vop. (23)

Then, on Vy(p) X Vi (p) we define the bilinear form
ap(w,v) == Vg, V)0 + (Ew,v)q (24)

— (Via, Lpv)e, — (v Ue, Low)e, +7 (op[w], [v])e,,

which is readily seen to coincide with (12) on Vp x Vip.
The lifting operator satisfies the following stability bound.



Property 5.1. There exists a constant Cy; > 0 independent of D such that
ILywla < Cillog [ullle, Vo € Vi) (25)

Proof. If K is any interval of length i and e is one of its endpoints, the inverse inequality
|p(e)| S 717 18]l holds for any ¢ € P,(K). Then, the result easily follows by choosing
v = Lpw in (23). o

Using (25), one proves the existence of a constant vy > 0 independent of D such that
for any v > 7o the bilinear form ap is continuous and coercive in Vi (py with respect to
the DG norm ||v||p, uniformly in D. For future references, let us denote by 0 < ., < a*
the coercivity and continuity constants. Since ap is symmetric, it defines an inner product
in Vi (py; the corresponding norm will be denoted by |v||q,p and is uniformly equivalent
to the DG norm ||v||p introduced in (13).

It is well-known that while the DG-solution up € Vo satisfies the variational equations

ap(up,vp) = (f,vp)a  Vup € Vp, (26)

the exact solution v € Hg(Q) need not satisfy ap(u,v) = (f,v)q for all v € Vi(n)
(inconsistency of the DG formulation). However, we do have the partial consistency

property
ap(u,v) = (f,v)a Yo € HE (D). (27)

This motivates the introduction of the conforming subspace V5 := Vip N H (). Then,
by subtraction of (26) from (27), we obtain the partial orthogonality property

ap(u—up,vp) =0 Yup € V3. (28)
It is useful for the sequel to introduce the orthogonal decomposition
Vp =V§ & Vy, (29)

where Vf; is the orthogonal complement of V. with respect to the inner product ap (w, v).
Any vp € Vp will be split according to (29) as vp = v5, + v%.

Property 5.2. There exists a constant Cy > 0 independent of D for which the following
bound on the DG discretization error holds:

. €L
o= unlly < Ca ( inf, = wollugcor + bl ).

Proof. For any wp € V3, using (28) we have

ap(up —wp,up —wp) = ap(up —wp,u§ —wp) + ap(up — wn, up)
= a'D(u—wD,u?D—wD)qLag)(ngj,quwD)

= ap(u—wp,up —wp) — ap(up,u —up),
whence, by the coercivity and continuity of the form aop,
lup —wo |3 S lu—wo|sllup —wn o + [lus||ou = up||».

We conclude by the triangle inequality. a

We also introduce an approximation operator Ip : Vi (py — V5 that will be useful
in the sequel. For any D € D, set Kp =: [e;,e,] and let Pp : HY(Kp) — P,,(Kp) be
defined as follows:

(Ppv)(z) :=v(e) + /E(H?{DWD_lvm)(s) ds

€l
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(recall that 1Y means L2-orthogonal projection). Furthermore, consider the Legendre
Gauss-Lobatto grid in Kp containing pp + 1 nodes, and let ¢¥p ., and ¢¥p . denote the
Lagrange basis functions of degree pp on this grid, associated with the boundary nodes.
Then, we define (Ipv)|x,, := Ipv|x,, Where

Ipv :=Ppv — 7, [V]e,¥D.e; + Te, [V]e, ¥D,e, (30)
with 7. = 1if e € 090, 7, = % otherwise. Checking that Ipv € Vi is straightforward.

Property 5.3. The following error estimates hold for any v € Hg(S):

1
7z lvellkn,  I(Ip)elkp <llvallxs,  (31)

v — Lpov wil/? S
(o= tovhen s = G on + 1)

where wp is the quadratic bubble function in Kp, defined as wp(z) = (z — e;)(e, — x).
The following error estimates hold for any v € Vi :

1/2

h PD
lv =Ipvlac, S —P=([vles + []e,), (0 =Ipv)allxy, S 75 (0le, + [v]e,)-  (32)
Pp hp
The latter inequality implies the bound
52 = (Ipv)elle S llox’[lles Vo€ V. (33)

Proof. The first inequality in (31) can be found in [10], whereas the second one is just the
stability of the orthogonal projection. The inequalities (32) easily follow from the bounds

RL/2 2
[¥pellxp = 72 and [[(Yp,e)ellrn S 52 10Dl K- a

Corollary 5.1. There exists a constant Cs > 0 independent of D such that for any
v=2v"®uvt € Vp =VE @ Vi one has

1/2
v > < Csv 20l 2 [v]len
Proof. One has

[v o = o fla,p = nf o —wllop =~ inf [jv—w|p < [v—Ipoo,
weVy weVE

then one concludes by (33). o

5.1 The residual estimator

Given any v € Vp and any D € D, let us define the local residual
resp(v) := (f — Av)‘KD;
for any e € 0K p, let us define the jump of the flux at e
Je(v) = [vug Je-
Then, the (squared) local error estimator is defined as follows

1

2 1/2)2 1 72
o v) = — resD(v wp Ik, T g op eJe(v ,
( pD(pD 1) H ) H i ecdKp , )

11



where wp denotes the quadratic bubble function introduced in Property 5.3 above. The
(squared) global error estimator is

() ==Y np(v),

DeD

whereas its restriction to a subset D’ C D of elements will be denoted by

(0 D) = Y nh(v).

DeD’
We show that np (up) is a reliable estimator for our DG problem in two steps.

Proposition 5.1. There exists a constant Cy > 0 independent of D such that
an(u—up,u—un) < Cy (1w (un) +7 oy *[un]li3,, )

Proof. We adapt the proof of [4], Lemma 3.1, to our hp setting. Let us split the DG

solution as up = u$, + u and let us set e := u — up and w := u — u$, € HE(Q), so that

e = w — uz. Then, recalling (27) and (28),

ap(e,e) = aple,w)— aD(e,u%) =ap(e,w — Ipw) — a@(e,u%)
= (f,w—1Ipw)g — ap(up,w —Ipw) — ap (e, up),

Integrating back by parts, we get

ap(up,w —Ipw) = > (Aup,w —Ipw)k, + (Lpup, v(w - Ipw),)a,
DeD

whence

ap(e,w) = Z (resp(up),w — Ipw)k, + (Loup,v(w — lpw)y)a.
DeD

Writing (resp (up),w — Ipw) gk, = (resD(uD)wg2, (w — ]Ipw)wgl/2)KD and using (31) as
well as (25), we obtain

1/2
an(e,w) < (1o (un) + Cillog *[un] e, )llwe o,
where the last norm can be bounded using the coercivity of the form ap:

/ 1/2

lwelle = l[wllp < llello + lupllo < ax’*an(e, €)' + [luz | o

By Young’s inequality, we obtain for a suitable constant C' > 0

an(ew) < Janle,e) + C(u(un) + lublp + o Tus] 2,
It remains to bound the term ap (e, u3;), which is easily done using the continuity of ap:
ap(e,up) < an(e,e)Pap (up, up)'/? < an(e,e)' (@) ?|lup||p < iaﬂa(eae)JrOé*HU%II%

We obtain the desired result by invoking Corollary 5.1. a

12



Proposition 5.2. There exists a constant Cs > 0 independent of D such that for any ~y
large enough, say v > v1 > o, one has

Yo *[up]llen < Csn (u).

Proof. Here, we adapt the proof of [4], Lemma 3.3, to our hp setting. By the coercivity
of the form ap applied to up — Ipup, we have

1/2H

Yoy Tunllz, <oitap(up —Ipup,up —Ipun) (34)

since [Ipup] = 0. For simplicity, let us set w := up — Ipup and v := Ilpup € HL(Q).
Then,
a’D(w,w) = (fa w)Q - aD(’U,U))

and, using Lpv = 0 several times, we have

ap(v,w) = (Vz,Ws)a + (v,w)q — (Loup, vug)0

= (Vipe, Da)o + (Eup,w)a — [V 20, |f — 1€ 2w]E — (Loup, vos)a.

Using in this identity
(Vv @a)o = = Y (vup,a)es w)iep + ([vun o], fwh)es + (W], frun.}es
DeD
and observing that (Jw], {vup . })e, = (Low, vip ), we obtain

ap(w,w) = Y (vesp(un), w)rp + (Jo(up), {wh)es
DeD (35)

+ 2 + 1€ Pl + (Loun, viby)a.

By (32) we have

hl? a1 1/2
ol <Y P8 gl | = > Popoy2l [un). |<f > o2l funlel,
ecdKp Pp ecOKp p CEBKD
whence
(resp(up), W)k, < ||T€SD up)lx, . o Ie |
e€0Kp
S lresp(un)ol iy Y2 o2 Tunle] < mp(un) 3 42| fusl. |,
Pp ecdKp ecdKp
where we have used the inverse inequality ||¢|x, < ||¢w1/ 2 Kk, which holds for all

polynomials of degree ~ pp, since resp(ugp) is such a polynomlal. Thus, we obtain
1/2
> (resp(un), w)ic, S no (o) llog *[un] .-
DeD

Concerning the second term on the right-hand side of (35), we observe that by construction
of Ipup, one has w(e) = 3[up]. at any internal inter-element point e, whereas w(e) = 0
at the boundary points of €2. Thus,

(Up(up) fwhe, < Y Welwn)|[unlel= > 05| Je(un) oy’ [un].|

e€Ep e€ép

1/2
< no(up) o [un]le., -

13



Finally, using (32) and (25), the three last terms on the right-hand side of (35) can be
bounded by C||01/2[[ 'D]]H%D. Substituting all the previous bounds in (34), we obtain

1/2[[

1/2 1/2
vllog Tunll?, S (1o (un) llog Tunllles + oy *un]l2,,),

where the constant implied by the symbol < is independent of 7. Therefore, choosing ~y
large enough, we get the desired result. a

Corollary 5.2. There exists a constant Cg > 0 independent of D such that for any v > 1,
one has

ap(u —up,u —up) < Cena(up). d

5.2 The adaptive iterations
The routine DG-SOLVE iterates the mapping

(D, up, o (up)) = (Ds,up.,no. (up.)), (36)

where D, is a refinement of D obtained by first applying a Dérfler marking to the elements
of D based on the error estimator np(up), and then performing a dyadic subdivision to
the marked elements and its neighbors.

To be precise, let ¥ € (0,1) be the Dorfler parameter. Let us order the local error
estimators np(up), D €D, by decreasing value, and let us choose a set M C D of minimal
cardinality for which

1o (up; M) = 9 np (up). (37)

Let OM C D denote the set of elements D that share an interface with an element in M.
Then, we replace each D = (Kp,pp) € M UM by the two elements D' = (K, pp) and
D" = (K, pp), where K}, and K7, are the two children of K. Thus, the new partition
D, is defined by

D,={D',D":DeMUIM} U {D:DeD\ (MUIM)} (38)

Our aim is to prove that a suitable combination of (squared) DG error and error
estimator, i.e.,

b (up)

for some > 0, is reduced by a fixed rate ¢ € (0,1) in performing the mapping (36). The
proof, which extends [4] to our hp-setting, will be based on the following results.

Lemma 5.1. There exists a constant C7 > 0 independent of D such that for any real
A€ (0,1), one has

¥? C
wh. (up,) < (L)1 = 5)0h (un) + S lun, —upl,.

Proof. We first establish a few results about the Lipschitz continuity of the local error
estimators. Assume that v,w € Vp and let D € D. By Minkowski’s inequality,

1/2
Inp(v)—np(w)| < <pl2||(reSD(v)—reSD(w)) B, + D opkl Je(w)|2> :

D ecdKp

14



One has

< W —w)e)ewh ks + 1@ — w)wy |k
S polv(v —w)e|lkp, + hpllE(v — w) ||k,
< poll(0 —w)ellxp + holl(v — )| Ky,

(resp (v) — resp(w)) w I xp

where we have used the inverse inequality ||¢, wjlj/ Ik, < polléllx,, which holds for all

polynomial ¢ of degree ~ pp in Kp, as well as the bound ||UJ1D/2HL90(KD) < hp.
On the other hand, for each e € OKp, let us denote by D’ the element in D sharing
the interface e with D. Then,

[Je(@) = Je(w)| < (v —w)a g, (€)] + (0 = w)a ()]
S 1w = w)a g, () + (v = w)ay i, , (€)]
< 1/2H( w)allrp + 1/2”( w)ellr,,
< a;/i(n(v—w) Iy + 1w = w)allx,, ) s

where we have used the inverse inequality |¢(e) Il p, which holds for all poly-

5 2
nomial ¢ of degree ~ pp in Kp. We conclude that

. hi
1 (v) = np(w)] S Np(v—w), with Nj(¢) := Y ballic, + pTDchIl?cw
! D

where summation is extended to all D’ € D such that Kpr N Kp is nonempty; this implies

M) < (L4 N mh () + SN (v — w) (39)

for a suitable constant C' > 0 independent of D.

We now apply these bounds, with v = up, and w = ugp, to the partition (38) generated
by the refinement procedure. If D € M, let D,,, m = 1,2 be the two children in which D
is split. We have wp, (z) < %wD (z) for all x € D,,. By definition of refinement, we have
hp,, lhD as well as hp: = 7hD/ for any neighborhood D’ € D of D, which implies

091 <3 ch . for any e € 0K p. Hence, we immediately have Zm 11, (up) < i (up)

and Zm:1 Np, (up, —up) < Np(up, — up), whence

Z 77Dm up,

If D € OM, we can only say that 051 < O'D for any e € 0K p, whence

EN2 (um, — ).

(1+X) UD(UD) + \

l\D\»—l

C
> b, (un,) < (1+A)np(up) + XN%(UD* —up).
Finally, for any unsplit D € D\ (M UIM), we just have

C
XN%(U@* — U'D).

Summing-up all contributions and using the marking condition, we obtain

hun) < () () - iném;m) + 95 2 (up, —un)

DeD

np(up,) < (1+X)np(up) +

192
< (1+/\)(1*?)7ID up) Z Np(up, — up).
A pen

15



It remains to prove that Y e N3 (up, —up) S |lup, — uplf,_ . Setting now w :=
up, — up, we have

- h?
> Nbw) =l + ) pTDHwII%D-

DeD Dep D

Writing, for a.e. x € ,

w(z) = Z [[w]]e—F/I Wy (8) ds = Z aii{faii{fﬂw]]e—k/x Wy (s)ds,

e€lqp,,e<x min 2 e€lqp, e<x inQ
we have
W @) S (D o) Y onelwl + (9] d.E.
e€lp, e€lp,
Since > e ‘71_)1,.3 < ||, we easily obtain the desired bound. a

Lemma 5.2. There exists a constant Cg > 0 independent of D such that for any real
§ €(0,1) and any v > 1, one has

« Cg
le = un. |50, < (1 +0)llu—uplip - T llun, —unl?, + o (7, (up.) + 1 (up)) -

Proof. Let us set wy, := v —up,, w := u — up, d := up, — up, d° = Uy, — UG and
dt = u%* — u#. Observing that ap, (w.,d) = 0 by the partial orthogonality property
(28), one easily gets

lwill? . = ap. (we,w.) = ap, (W, + d°,wi +d°) —ap_(d°, d°).

Using up = uf, + u% and up, = u?D* + ué*, one has w, + d¢ = w — d*, whence

ap, (we +d°w, +d°) = ap, (w,w) — 2ap, (w,d*) + ap, (d+,d*)
o, +2) P wlap, ldt|lp, +a*|ld 5,

IA

[[w

where we have used the uniform continuity of the form ap, with respect to the DG-norm.
Using the uniform coercivity and the triangle inequality, we get

C C C 1
. (@) 2 |, = . (I, — 1 15.).

Collecting these inequalities and using Young’s inequality, we obtain

oy C
lw-lep. < A+ O)llwlls. - S ld5, + Sld115.. (40)
At this point, we observe that [lup||f, < 2|upllf,. Indeed, upllF,. = [I(up); I3 +

'yZeE&D U@*,e[[u%]]g, but the jumps of u% occur only at the interfaces e € ¢, and
0D, e < 20p . by definition of the refinement strategy. Thus, using Corollary 5.1, we get

1/2

1/2
15, S b, 5. +lublh S oy lun Iz, +vlod luollz,. (A1)

It remains to replace [|wl|? 5, by wl|? 5. To this end, let us write

an, (w, w) = ap(w,w)+2(Lo, w, v, )o—2(Low, vy )a—7l|oy *[w] |2, +llos [w]|[2, -

16



Using Property 5.1 and the coercivity of the form ap, one gets

1/2 1/2 1/2

(Lo, w,vid)e S log [wllles.an(w,w)/? < Jlox*[up]|lenan (w, w)

A similar bound holds for (Lpw, v, )q. Therefore, using once more Young’s inequality,
we arrive at

lwll? ., < (1 +8)llwll? » + WHJUQ[[UD]]I@,J, (42)

Replacing (41)-(42) into (40), we obtain

(0%
Jaw., < A+ (lu—uplgp = Fllun. —unlb,

C
2, + oy [un]ll3,,)

+57 (o Tun. 11
The desired result follows from Proposition 5.2, after replacing § by 4/3. a

We are ready to establish the main result of this section.

Theorem 5.1. Consider the mapping (36) defined above. There exist constants 5 > 0
and o € (0,1), independent of D, such that, choosing v > 0 large enough in the definition
(24), one has

| D +57ID (up,) < (||U*UD||aD+5775D(U®))

Proof. Let us simplify our notation by setting E? :=

e = [[up, — upll}y, and n2 = n, (un.), 7 :

Lemmas 5.2-5.1 read as follows:

. a,‘D*’ E? = ||U—UD||Z,®7
= 1% (up). Then, the inequalities of

x Cs

B S (4OE - T+ S0 )
2 C

i< (N - )0’ el

Thus, for any real g > 0,

Ci C
B8 < (14+0E* =2+ (B+2 )2+ =2n°
2 oy o7y

C 92 C C
< (1 2 _ O 2 =8 1 12 yp2 L 27,2 8.2
< (1+9)F 2e*+<6+5v A+NA =) + e +57n
Writing 1 — 19—2 = <1 — %2> — %2 and using E? < Cgn? from Corollary (5.2), we easily
obtain for ~ Z "
1+ M2 C;  «
E? 2 < 149) — = I8 0 | 2
N [(” (“ 7) Cs 4] [(M >A 2]6*

92 Cs 92
+ [(1+)\) (1 > 5 <1+(1+A) (14))]&;2
= 01E? + 022 + 03 Bn°.

At this point, we first choose X sufficiently small to have (1 4+ \) (1 - —) < 1. Next, we

choose § sufficiently small to have g3 < 1 for v = ~1, hence for any v > ~;. Then, the
parameter 8 > 0 is determined by imposing oo = 0, which is possible provided ~ is large
enough, say v > 72 > ;. Finally, for v even larger, say v > y3 > 72, the second addend
in o3 can be made so small that g3 < 1. In conclusion, the desired result holds for all
¥ > 3 with ¢ := max(e1, 03). a
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Corollary 5.3. Denote by {(Dy,up,,np,(un,)) : k > 0} the sequence produced by iter-
ating the mapping (36) from the input partition Dy := Dy,. Then,

H’U,—’LLDkH%)k Sa:19k<”u_u®0 3,@0 +ﬂ772D0(uDo))' o

The latter result guarantees that the target accuracy |[u—up, [|3, < &?of DG-SOLVE
can be matched provided the iterations are stopped at a sufficiently large k. In particular,
if there exists a constant Cg > 0 such that

lu = up,[I7 o, + B1h, (up,) < Coe?, (43)

then the number K of iterations in DG-SOLVE is bounded independently of €. In
this case, since the mapping (36) at most doubles the cardinality of the partition, i.e.,
|D.| < 2|D|, we conclude that the cardinality of the output partition Doyt := D is
uniformly bounded by the cardinality of the input partition Dj,, precisely

‘fDout‘ S 2K|D1n|

Remark 5.1. (Arithmetic complexity) According to [5], if N := #D denotes the car-
dinality of the current hp-partition, the arithmetic complexity of hp-NEARBEST is
O(N?) (or O(N log N) in some specific situations). On the other hand, DG-SOLVE per-
forms a bounded numbers of solutions of DG problems, which can be achieved in linear
complexity. a

5.3 Initialization

Let us discuss a possible strategy to fulfill (43). Recall that we enter DG-SOLVE at
iteration ¢ of hp-ADFEM with input partition D, and data gp,. This means that, with
the notation of hp-ADFEM, condition (43) reads

oo, + B, (up,) < Coel. (44)

||u(gDi) — UD;

The first term on the left-hand side can be bounded from above by using the uniform
continuity of the form ap, and the bounds given in Property 5.2, Corollary 5.1 and
Proposition 5.2. This yields

||u(gDi) —Uup, Z,Di + 3772@1(”931) <Cro u lréf‘-/c Hu(ng) — Wy, i]é(ﬂ) + Clln%i(uDi)

D &V,

for constants C1g,C11 > 0 independent of D;. We now show that the infimum on the
right-hand side can be bounded by a multiple of 2.

Property 5.4. There exists a constant C1o > 0 independent of D; such that

wDHéva [u(gp,) — wo, ) < Croei

Proof. For simplicity, set again u := u(gp,). Then, for any wp, € V§ , let us write
u—wp, = (U —uyg) + (U — Ui—1) + (@i—1 — wop,). Using (17), we get

N

lu = wellg2 @) = llulge) — ulgp)ll 1@y < Cxk Ep, (Ui-1,9:)% < Cikweiq. (45)

On the other hand, recalling (20), we have

< Ei—1- (46)

i—1 —

lusx — @1l
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Let us define wp, as follows. Set ¢ = (4;—1)y € L*(Q) and let ¢ € L?(Q) be the
piecewise polynomial function such that q g, = H(}(D po—1Ykp forall D € D;. Notice
that, recalling the definition (15), we have

o —aqld= > v —dlk, < D ep(li-1,9:) = Ep,(@i1,9.) <w’el;.
DeD; DeD;

On the other hand, it holds

_ _ —1/2 1/2 _
/qu /Qw = > /K Uire=— Y [Giale=—) U,Difhea@/ifhe[[um]]e,
D

DeD; 4 eeél.bi_l 668@1__1
whence
? ~1 1/2 - 2 1/2 - 2 |Q| 2
L a) (X op, ol Tl < 1900og? [madi, | < S et
e€lp .

i—1

by (46). Therefore, if we set

wmm=L1@m—u—myq

0 Q

where 2o = min 2, we realize wp, € Vi and |(@iz1)y —wo, zllo < Cei—1. This concludes
the proof, since ;1 ~ ¢;. O

By Property 5.4, we get the bound

lu(gp,) — up,||Zp, + B0, (up,) < Cize} + Crind, (up,).

At this point, we may proceed as follows. Assume that we have chosen, once and for all,
an absolute constant C' > 0. We check the validity of

772Di (U'D1) < 6522

e In the affirmative case, up, does satisfy condition (44), and we can start the itera-
tions of DG-SOLVE.

e In the negative case, we discard up, and compute uf, € Vi , the (continuous)
Galerkin approximation of u(gp,) on the partition D;. For such an approximation,
it is known that the residual estimator is both reliable and efficient; hence, resorting
once more to Property 5.4,

N, (Up,) = |lulgn,) —ip,lla = llulgn,) — 05, i) < Craei

Therefore, condition (44) is satisfied with up, replaced by 4, , and we start the
iterations of DG-SOLVE from this approximation.
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