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PROPERTIES OF SCREW DISLOCATION DYNAMICS: TIME
ESTIMATES ON BOUNDARY AND INTERIOR COLLISIONS*

THOMAS HUDSONT AND MARCO MORANDOTTI#

Abstract. In this paper, the dynamics of a system of a finite number of screw dislocations
is studied. Under the assumption of antiplane linear elasticity, the two-dimensional dynamics is
determined by the renormalized energy. The interaction of one dislocation with the boundary and
of two dislocations of opposite Burgers moduli are analyzed in detail, and estimates on the collision
times are obtained. Additionally, we obtain sufficient conditions that can be used to guarantee that
the first collision to occur will be between a specific dislocation and the boundary, or between a
specific pair of dislocations. Some exactly solvable cases and numerical simulations show agreement
with the estimates obtained.
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1. Introduction. Dislocations are topological line defects found in crystalline
solids, and their motion governs the plastic flow in such materials. As a consequence,
they are objects of great interest to materials scientists and engineers; despite having
been initially studied over a century ago [33], and having been proposed as the atomic
mechanism for plasticity [25, 27, 31], their collective behavior remains a topic of
ongoing research, both since they interact at long range via the stress fields they
induce in the crystal, and because of their inherent complexity as a network of curves.

A variety of works in the mathematical literature have begun to address questions
relating to dynamical models of dislocation motion [1, 2, 5, 6, 7, 9, 12, 14, 24, 32],
and this paper contributes to that ongoing thread of research by studying various
properties of a model for the dynamics, in particular collisions, of straight screw dis-
locations in a long straight cylinder. It is worth mentioning that the dynamics of
screw dislocations has significant similarities to that of Ginzburg-Landau vortices in
two dimensions [3, 29]. Properties of vortices up to collision time have been studied
extensively (see, e.g., [4, 20, 22, 30] and the references therein), but the results pre-
sented here are the first that, to the best of our knowledge, provide sharp estimates
on the collision times for dislocations.

The model we consider was first proposed in full generality in [10] and studied
extensively with specific choices of mobility in [5, 7]. In particular, the latter two
works prove existence of the evolution by differing methods, but acknowledge that
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blow-up of solutions appears to be a ubiquitous phenomenon. Generically, this blow-
up seems to occur either via a collision between two dislocations or via the collision of
a dislocation and the boundary. Here, we rigorously analyze three properties of the
model proposed in [10], namely, we analytically investigate

(i) the behavior of dislocations near a free boundary,
and the blow-up of solutions in detail when

(ii) one dislocation collides with the boundary;

(iii) two dislocations collide with one another.

In particular, we provide geometric conditions on the initial configuration of disloca-
tions to ensure that blow-up occurs due to (ii) or (iii). In so doing, we give estimates on
the blow-up time and establish a sufficient condition ensuring that no other collision
events occur before this blow-up time.

Following the standard mechanical setting of [10], we consider a finite number of
idealized screw dislocations in an infinite cylinder 2 x R undergoing an antiplane defor-
mation. Since the displacement only occurs in the vertical direction, this entails two
major simplifications, namely, that the problem can be studied in the two-dimensional
cross-section and that the Burgers vectors measuring the lattice mismatch are indeed
scalar quantities (the Burgers moduli being directed along the vertical axis).

We assume that the cylindrical domain has a constant cross-section, Q C R2,
which is an open connected set with a C2 boundary. In particular, this regularity
assumption entails that the boundary satisfies uniform interior and exterior disk con-
ditions; that is, there exists p > 0 such that for any point x € 912, there exist unique
points iy and Texy such that

(1) Bﬁ(xint) g Q, Bﬁ(mext) C QC, and aBﬁ(.’IJint) n aQ N aBﬁ(fEeXt) = {{E},

where B,.(z) C R? is the open disk of radius r centered at x and the superscript ¢
denotes the complement of a set. We shall fix such p > 0 once and for all. It also
follows that the curvature of the boundary, x, lies in C(9Q) and that |k~ < p— 1.
An illustration of the interior and exterior disk conditions is contained in Figure 1.

F1a. 1. The uniform interior and exterior disk conditions, with the interior and exterior disks
illustrated for two points.
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1.1. Renormalized energy and Peach—Koehler forces. Since dislocations
are topological singularities, the conventional continuum elastic energy of the strain
field induced by a dislocation is infinite. This reflects the fact that a dislocation is fun-
damentally a discrete phenomenon, which is not adequately captured by continuum
elasticity. Instead, a process of remormalization can be used to provide a potential
energy for a collection of straight screw dislocations. This process involves the sub-
traction of an “infinite” constant from the potential energy, reflecting the fact that
continuum elasticity is simply an asymptotic description of matter in the case where
large variations occur on length scales much greater than that of the lattice spac-
ing. The resulting renormalized energy appears in numerous studies of topological
singularities; see, for example, [1, 3, 11, 28, 29].

One approach to justifying the use of the renormalized energy is to define it via
the core-radius approach as in [6, 11]. Here, we proceed directly to a definition of
the renormalized energy, given in terms of Green’s functions for the Laplacian on the
domain 2.

Define the Green’s function of the Laplacian with Dirichlet boundary conditions
on Of as the (distributional) solution to

{AzGQ(x,y) =0y(xz) inQ,

(2) B
Ga(z,y) =0 on 9.

Here 4, is the usual Dirac delta distribution centered at a point y € 2. We emphasize
the domain Q on which this function is defined, since we will later vary this domain in
order to obtain our estimates. It is a classical result that Ggq is smooth in the variable
x on the set Q\ {y} for any given y €  and is symmetric, i.e., Go(z,y) = Ga(y, x);
and that

1
3) Gale,y) = =5 log|w — | + kalz,)

where kq(z,y) is smooth in both arguments on €, is symmetric, and satisfies the
elliptic boundary value problem

—Agkq(z,y) =0 in Q,
ka(x,y) = 5= loglz —y| on 09;

(4)

proofs of all of the above assertions may be found in Chapter 4 of [17]. In addition,
we also define

(5) ha(z) == ko(z, 7),

which will turn out to be a convenient function with which to express the renormalized
energy. By exploiting conformal transformations in R?, it can be shown that hq
satisfies the elliptic problem (see [8, Exercise 1], [13, p. 548], and [16])

(6) —Azhg(x) = 24 for all z € Q.

Its properties will be studied in section 2.

Using the explicit expression for the Green’s function (3) and the functions defined
in (4) and (5), the renormalized energy of n dislocations with positions 21, ..., 2, €
and Burgers moduli by,...,b, € {—1,+1} (see, e.g., [1, 6, 10]) may be expressed as

1 1<
(1) &z, y2n) = Zbibj (kg(zi,zj) — %bg |2; — zj> + 3 ;b?hg(%),

i<j
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where the contributions of the two-body interaction terms and the one-body “self-
interaction” term are highlighted. To be more precise, each term hq(z;) is the contri-
bution to the energy given by a single dislocation sitting at z;; the logarithmic terms
log |z; — z;| account for the interaction energy of the two dislocations sitting at z; and
zj; the term kq(z;, z;) accounts for the interaction of the dislocation sitting at z; with
the boundary response due to the dislocation sitting at z;. It is also worth mentioning
that the interaction terms also involve the product b;b; of the Burgers moduli of the
dislocations in a fashion similar to that of electric charges: b; = b; = %1 gives a
positive contribution to the energy and tends to push two dislocations with the same
sign far away from each other. This will become clearer in the expression of the force,
responsible for the motion, acting on the dislocations. Finally, notice that the terms
with the subscript {2 depend in a crucial way on the geometry of the domain and carry
information about the interaction with the boundary. To be thorough, the energy &,
defined in (7) should also depend on the Burgers moduli by, ...,b,, but we assume
these are attached to the dislocations and do not vary in time, so we suppress this
dependence in the interest of conciseness.

The force acting on a dislocation is the so-called Peach—Koehler force [18], and
it is obtained by taking the negative of the gradient with respect to the dislocation
position

(8) filze, .o yzn) = =V, En(z1, .o, 2n) fori=1,...,n.

The subscript 7 refers to the force experienced by the dislocation at z;, and the de-
pendence on the whole configuration of dislocations z1, ..., z, highlights the nonlocal
character of the Peach—Koehler force.

The law describing the dynamics of the dislocations is therefore expressed as

(9) 2i(t) = =V, En(z1(t), ..., zn(1)) fori=1,...,n,

complemented with suitable initial condition at time ¢ = 0. Formula (9) usually
includes a mobility function, which here we have taken equal to the identity. Various
suggestions for possible mobility functions can be found in [10]; we refer the reader to
section 5 for a discussion on other possible choices that are relevant in our context.
For a specific choice of the mobility, (9) takes the form of a differential inclusion and
was studied both in [5] to obtain existence and uniqueness results and in [7] from the
point of view of gradient flows.

1.2. Aims. Our results below rigorously verify a variety of qualitative features
of (9) for the dynamics of dislocations. It is commonly observed in numerical sim-
ulations that dislocations are attracted to free boundaries and that dislocations of
opposite signs attract. In fact, as dislocations approach the boundary, or as disloca-
tions with Burgers moduli of opposite sign approach one another, the renormalized
energy diverges to —oo, and hence solutions of the evolution problem blow up and
cease to exist, at least in the senses considered in [5, 7].

In Lemma 2.4, we prove a gradient bound for the function hq for points in the
vicinity of the boundary; this allows us to treat case (i). We prove Theorem 3.1, which
states that the main component of the Peach—Koehler force on a dislocation close to
the boundary is directed along the outward unit normal at the boundary point closest
to the dislocation, thus demonstrating that free boundaries attract dislocations. The
result is obtained by characterizing the Peach—Koehler force acting on a dislocation
sufficiently close to the boundary up to an error which is uniformly bounded in various
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geometric parameters of the system, namely, the mutual distances of the dislocations
and the curvature of the boundary.

In Theorem 3.2, we address (ii): we consider the situation of a dislocation near
the boundary, well separated from all the others. The result that we obtain is an
upper bound for the collision time and an estimation of how close to the boundary
this dislocation must be in order to collide with it before any other collision event.

In Theorem 3.4, we turn to (iii), where two dislocations of opposite Burgers
moduli are close to each other and well separated from the others. In this case, we
again obtain an upper bound for the collision time and conditions on the geometry of
the initial configuration which guarantee that no other collision events occur before
the two dislocations hit one another.

In both Theorems 3.2 and 3.4, the geometric conditions obtained are invariant
under dilation of the coordinate system, but, whereas those needed for Theorem 3.2
explicitly involve the curvature of the domain, those needed for Theorem 3.4 only
depend on the domain through its diameter (therefore, the regularity of the boundary
is not relevant for the latter result).

While these behaviors are expected from a qualitative point of view, the novelty
of our results is that sharp estimates on the collision times are provided for the first
time. Moreover, the interaction with the boundary characterized in Theorem 3.1 and
the estimates of Theorems 3.2 and 3.4 are determined in a scale-invariant way in terms
of geometric parameters describing the shape of the domain (through its curvature)
and the configuration of the dislocations. It is worth mentioning that the geometry
of the domain and the arrangement of the dislocations are only responsible for the
higher order corrections to estimates on the collision times.

The paper is organized as follows: In section 2 we provide some estimates on the
functions G and hq that will be crucial for the rest of the paper. In section 3, we
state and prove the main theorems about the attracting behavior of free boundaries,
and the estimates on the collision times of one dislocation with the boundary and of
two dislocations hitting each other. These results will be compared in section 4 to
some explicit cases also discussed in [5]. We also include numerical plots for domains
(namely, the square and the cardioid) which exhibit interesting symmetries. Finally,
in section 5 we draw some conclusions and discuss other models for the relationship
between the Peach—Koehler force and the velocity of dislocations. In Appendix A we
collect some explicit expressions for the Green’s functions for the disc and its exterior
used in our analysis.

2. Preliminaries and estimates of interaction kernels. In this section, we
collect the series of asymptotic bounds on Green’s functions and related interaction
kernels which we will require in our analysis. A particular focus will be asymptotics for
the gradients of these kernels, since these provide a description of the Peach—Koehler
forces acting on dislocations.

An important function in what follows will be d,, : 2" — [0, +00), which is defined
as

dist(x1,00), n=1,

min; dist(z;, 0Q) A min;; |z; — z;| otherwise.

(10) dn(xl,...,l'n) = {

In the case n = 1, the function d; measures the distance of the dislocation from
the boundary 992, whereas if n > 2, d,, describes the minimal separation among the
dislocations and their distance from the boundary. As will be clear in what follows,
this function arises as the distance between a configuration and some critical set in
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Q™ on which the evolution (9) ceases to exist.

We now use the descriptions of Gq, kq, and hqg as respective solutions of the
elliptic problems (2), (4), and (6) along with the comparison principle in order to
provide asymptotic gradient estimates for these functions in a variety of situations. A
key tool will be the following bound, taken from section 3.4 in [15]: let f € C°(B,.(0))
and let u € C?(B,.(0)) N C°(B,(0)) satisfy —Au = f in B,(0) C R?; then

2 r
(11) Vu(0) < 5 sup ful+ 5 sup |f].
T 8B,.(0) B.(0)

2.1. Estimates on VGg. Our first results concern an estimate on the boundary
behavior of the gradient of G and some asymptotic formulae which will be relevant
when two dislocations of opposite sign approach one another.

LEMMA 2.1. Suppose that Q C R? is a C? domain and that y € Q is fived, and
let p > 0 be as in (1); recall also the definition of dy(-) from (10) for n = 1. Then
1. for x satisfying di(x) < p and di(z) < |x — y|, we have

2(|y - xext|2 - 52) (ﬁ + dl(l’))

12 V.Gal(zx, < 2
- D T o)

3

where Bp(.%‘ext) 1s the disk which touches 02 at the point closest to x on the
boundary; and
2. for any x € (1, we have the bound

< Lo,
T 2mlz—y|  2mdi(y)

(13) IV,Gal(z,y)

Proof. Let Q C Q' and y € Q; then by the comparison principle, we have the
upper and lower estimates

Go/(z,y) > Ga(z,y) >0 forall z € Q.

To prove assertion 1, we note that if di(x) < p, there exists a unique point s € 99
such that |z — s| = di(z), and d;(z) is a C? function (see Lemma 14.16 of [15], or
[21]) on this neighborhood of 0f). Moreover,

Vdi(z) = —v(s),

where v(s) is the outward-pointing unit normal to 92 at s. Since ) satisfies an
exterior disk condition, there exists Zexy € Q° such that Bj(zext) C Q¢ and s €
O0Bj(Zext) N OS2, Using the explicit expression for the Green’s function on Bj(Zext)®
derived in Appendix A, we therefore deduce that

1
47

- dex 2 p? 2d 0 d 2
0< GQ(I,ZJ) < GBp(Iext)c(z,y) = |:|y x t| P } [ 1(-’E)p+ 1(35) ])

log <1 + —
pPle—yl?

Now, since dy(x) < | — y| by assumption, Gq is harmonic in By, (), and we use
(11) on Q with f = 0 followed by the elementary inequality log(1l + r) < r for any
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r > 0 to deduce that

sup Galz,y)
d1(%) 2eoBy, () (2) | |

1
<——  sup log <1 +
27Td1($) 2€0Ba, (z) (@)
_ 20y = Teu? = 7°) (p + di ()
— 2 '
702 (|l — y| — di(x))

[ly — wex|” — p°] [2d1(2)p + da(2)*] >
p?lz =yl ’

To obtain the final line, we estimate d;(z) < 2d;(z) in the numerator and |z — y| >
|z — y| — d1(z) in the denominator.
Turning to assertion 2, we note that for fixed y € Q, V,Gq(-,y) satisfies

r—y

VyGal(z,y) = m

+ Vykﬁ(wvy)a

where, with the Laplacian acting on each coordinate, we have

y—

—A;Vyko(z,y) =0in Q@ and Vyko(z,y) = Saly = al? on Of).
Applying the maximum principle, we therefore find that
VyGalz,y)| < 2; T I e —————
Tz =yl seon 2mlz —y|  2mdi(y)
as required. ]

Remark 2.2. Notice that estimate (12) deteriorates if the points x and y become
too close. We stress here that we will use (12) only in the case dj(z) < |z — y|.

2.2. Estimates on Vhg. We now provide estimates for the function Vhg(x)
in the two cases when z is either close to or far from the boundary

LEMMA 2.3. Let x € Q and define Aq := |log(diam Q/2)|. Then

2 max{—logd;(z), \o}
wdy (x) '

(14) [Vha(z)| <
Proof. Observe that by the symmetry of kg, we can write

Since kq solves (4), by using (11) with » = dj(x) and the maximum principle, we
obtain

Vika(x, e < su kao(s,x)| < —— sup |ka(s,z
Veka@ s < gt s Jha(s, )] < o s [ka(s, )
1 —1 1 jam /2
_ sup ‘log\s—mH < max{—logd;(x), |log(diam 2/ )|}7
7Td1(£L') s€O0N wdl(x)

from which the thesis follows. O
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As we will see shortly, the interaction between a dislocation and the boundary
can be expressed using the function hg; we therefore prove the following asymptotic
description of Vhq near the boundary, following the method of [8]. The result pre-
sented below is sharper than that obtained in this previous work, since we obtain a
uniform bound which depends on the geometry of the domain; this extra detail will
be important for our subsequent analysis of the dynamics of (9).

LEMMA 2.4. Suppose that 2 is C? and satisfies interior and exterior disk condi-
tions with radius p. Then, for any o € (0,1), if di(x) < op, there exists a constant
C, > 0 (depending only on o) such that

v(s) Cy

(15) Vha(z) + 2rdy(z)| ~ wp’

where s € 082 is the point which realizes the distance to the boundary.

Proof. We recall that hg satisfies (6), and therefore a standard application of
elliptic regularity theory implies that hq is smooth in 2. Moreover, by employing
the maximum principle and the fact that the right-hand side of (6) is positive and
decreasing, we find that

(16) QCQ implies hg < hg in Q.

This fact will now allow us to construct estimates similar to those found in section 2
of [8] by using explicit expressions for hq when 2 is the interior or exterior of a ball.
Recalling that € satisfies (1), using the comparison principle (16) and the expres-
sions for hp (o) and hp, (o) derived in Appendix A, it follows that
(17)
2 2
2i log <2d1 () — 031(;)) < hgo(z) < % log <2d1(x) + dl(?) in Bs(int)-

™

Subtracting 5= log|2d; ()|, we obtain
(18)
1
2m

dq(x) 1 1 dq(z) :
— < - — < — (1
log (1 oF > < hq(z) 5 log2dy(z) < o log (1 + % in B5(Zint),

since Bj(xint) C Q C Bj(xext)®. Notice that for any ¢ € (0,1), we can estimate
[log(1 +t)| < |log(1l —£)||t|/¢ if |t| < £. By applying this to (18) with t = —d;(z)/2p
and £ = 1/2, it follows that

< log 2 dy(x) .

(19) - 2r P

1
ho(x) — by log 2d ()

Differentiating hq(x) — 5= log 2d: (), applying (6) and the lower bound from (17),
we find that

1 2 . 1
A [fm(x) - e 2dl<x>} _ 2goamho) 1 L Atog s )

el d2§)>_2 + o (508 ol

2m
1 25 2 B 2
= 5 [(2p—d1(x)) +dy(z)Ady (z) — |Vdi (2)] ] :

di () di(x)
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Recalling that, when d;(z) < p, Vd;(x) = —v(s), where v(s) is the outward-pointing
unit normal at the boundary point s which is closest to z, we have |Vd;(z)| = 1.
Therefore, the estimate above reads

1 Ady () 1 4p — dyi(x)
(20) —A |ha(z) - o log2di(z)| < ordy (z) | 2mdy(z) (2p — dy(x))?

We now estimate the two summands on the right-hand side above separately. By
recalling [15, Lemma 14.17], we have

_ —K(s)
Ad(@) = T @)

where k(s) is the curvature at s € 9Q which realizes |s — x| = dy(x); recalling that
dy(z) < op, we can estimate

' K(s)
1 — k(s)dy(x)

1
=T
Noting that the map [0,0p] 3 t — (4p —t)/(2p — t)? is increasing and attains its
maximum when ¢ = op, (20) reads

< 1 202 - 90 +8 _ Co
~ 2mpdi(x) (1 —0)(2 —0)?

(21) —A |:hQ(.73) — % log 2d1($):| = 27‘(’[7(11(13)

Applying (11) on a ball centered at z of radius r = d;(x), taking (19) and (21) into
account, we obtain

1 log 2 Co
h — —log|2d <
 |hato) - 5 togl2an )| < 24 o
which is the thesis (15) with
Co 202 — 90 + 8
22 e =log2+ — =log2+ ——F —.
(22) Coi=log2 4 75 =log2+ ra— o =y
The lemma is proved. O

3. Main results. In this section, we prove our main results. We will apply
Lemma 2.4 first to study the Peach—Koehler force on a dislocation very close to the
boundary, and then to obtain criteria on the initial conditions of the evolution such
that dislocations hit the boundary or collide with each other within a given time
interval.

The situation we consider in the next two subsections is the following: we suppose
that we have n € N dislocations in €2, one of which, 27, is much closer to the boundary

0f) than the others; we also suppose that the other n — 1 dislocations, zs, ..., z,, are
spaced sufficiently far apart from each other and from the boundary.
We introduce the notation 2’ := (za,...,2,) so that the configuration of the n

dislocations can be represented by the vector z := (21,2") € Q™. Given 0 < § <y <
diam /2, define the set

(23) Doy = {(21,2") € Q" | di(21) < 0,dp—1(z") > ~}.

The geometric meaning of the set D, 5, defined above is the following: if 2 € D, 5.+,
it means that z; lies at a distance of at most § from the boundary, while all the other
dislocations, zs,...,z,, lie at a distance of at least v away from the boundary and
their mutual distance is also at least . The condition ¢ < v ensured that z; is closer
to the boundary than any other dislocation.
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3.1. Free boundaries attract dislocations. In the following theorem we show
that the Peach—Koehler force acting on a dislocation which is very close to the bound-
ary is directed along the outward unit normal at the boundary point closest to the
dislocation.

THEOREM 3.1. Let n € N, let o € (0, 1), recall the definition of p from (1), and
let 6 € (0,0p) and v € (max{24§,p},diamQ/2). Let z = (z1,2') € Dy 5. Then,
if s € 90 is the boundary point closest to z1, the Peach—Koehler force fi1(z) on the
dislocation z1 (see (8)) satisfies

(24) h(e) = s o)

where O(1), which is quantified in (31), denotes a term which is uniformly bounded
forall z € Dy 5.

Proof. Since z € Dy 5., di(z1) < p, by the assumptions on 0f, there exists a
unique point s € 9Q such that di(z1) = |21 — s].
Recalling (3), we express the renormalized energy (7) as

(25) En(z1,- -y 2n) = E1(21) + En1 () + D b1biGal(21, 2),

=2

where we separate the contribution of z; and that of z’. The Peach-Koehler force (8)
on z; can therefore be written as

fl(z) = _V21€n<z) = vzlg1(21) - Z blbivzlGQ(zla Zz)
1=2

1 n
= — 5Vzlhﬂ(zl) - ;blbivzlGQ(zl’zi)'

(26)

To prove (24), we estimate the difference

_ ()
47Td1 (2’1)

1
+ 3 ’Vzlhg(zl)Jr

Invoking (26), we use (12) to estimate the first term on the right-hand side above by

n 2(|zi — Text|? — 52) (ﬁ‘f' d1(21))

< 2
i=2 702 (|21 — zi| = di(21))

f1(2) + 5V halz1)

Recalling (23) and setting a; := |21 —z;| —d1(z1) for i = 2,...,n, we apply the triangle
inequality to obtain |z; — 21| > |z; — s| — |s — 21| > v — §, which entails that

(28a) a; > v — 296,

(28b)  |zi — Text| < |20 — 21| + 21 — Text| < [2i — 21| + di(21) + p = a; + 26 + p;

see Figure 2(b) for an illustration of the geometry. Using (28b) we estimate

|2 = Text|” — P < (a; +20 + p)° — p°

(29) 2 _ _
< ai +2a;(26 + p) +45(0 + p).
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Q

Fic. 2. (a) Depiction of the geometric parameters o and o, with the dislocations (z1,...,
2i,...) belonging to the set Dy 5 ~, defined in (23). (b) The elements involved in the estimate via
the triangle inequality for |z; — z1| and (28Db).

Applying (29) to bound the numerator and the definition of a; in the denominator,
and then using (28a), now gives

22|z — wexe|? — 52) (5 + di(#1))
; 2 (|21 — 21 — di (1))

n — 2 . — —

i—m TP %

2(p+d8)(n—1) p+26 d(p+9)
< ————( 142 4 .
- TP T T

Now, collecting terms in (30), then applying (15) and the hypothesis that § < op,
estimate (27) becomes

_ v
47Td1 (Zl)

20+0)n=1)y(v+2p)  Co _ Cno(n)
wp(y — 20p)? 2rp  2mp

(31) fi(2)

<

where the constant Cy, 5 () := Cy +4(1+0)(n—1)y(y+2p)/(7—20p)? depends only
on the geometric parameter p, on o € (0,1), and on how far all the other dislocations
are from z; and from 9. This proves (24). |

3.2. Collision with the boundary. We want to find conditions on the param-
eters § and 7 in (23), in order to strengthen the constraint § < v in such a way that
if the initial configuration of the system z(0) € D,, 5,4, for some dy < 9, then z; will
collide with the boundary before any other collision event occurs.

THEOREM 3.2. Letn € N, let o € (0,1), vo > 0, and consider p from (1). There
exist 0o > 0 such that if z(0) € Dy s, then there exists TSE > 0 such that the

coll

evolution z(t) is defined fort € [0, T2, z(t) € Q™ fort € [0,TIL), and 2, (T2E) € 0N

» *coll coll coll

and z’(Tgﬁl]) € Q1. Furthermore, as 6y — 0, the following estimate holds:

(32) TS < 2182 + O(57).

coll =

The structure of the proof is the following: We first find an upper bound on the
collision time for dislocation z; hitting the boundary, conditional on the configuration
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z remaining in D,, 5~. In the second half of the proof, after fixing v € (0, diam Q/2),
we establish a lower bound on the time at which the configuration z leaves the set
D,,.5,40/2 due to dp,_1(2") becoming smaller than vo/2. The proof is concluded by
finding conditions on § under which the former collision time is smaller than the
latter; this is contained in inequality (40) below.

Proof. Writing the renormalized energy (7) as in (25), the equation of motion (9)
for z; reads

A0 = —VaEalz1(t), .., 2a(t) = —Va (1) = O bibiVa, Galzi(t), zi(t)).

=2

We now compute the time derivative - [2d; (21 (t))?] and show that it is negative, so
that the dislocation z;(¢) moves towards the boundary. Indeed, we have

(53) 3 [ 07] = ac).

where

A1(2’> = 7d1(21)1/(5) . 2.11 = dl(zl)Vzlé'l (Zl) . I/(S) +Z blbidl(zl)vzl GQ(Zl, Zi) . I/(S).

=2

Now, we apply the bounds (12) and (15) to estimate

Ai(z) < di(z1)V E1(z) - v(s) + Z |d1(21)V.,Gal21,2) - v(s)|

=2
< _i_’_ |:Q,+zn:Q(Zi—xext|2_/—)2)(/3—|—d1221)) d1(21).
o Lmp S wp (e -zl = di(z) 2

Fix 79 > 0, and assume that z € D,, 5., /> for a certain 6 € (0,70/4) (see Figure 2(a));
we can estimate A;(z) and find conditions on d in such a way that A;(z) < 0. The es-
timates in (28) hold with 70/2 in place of 7y (again, see Figure 2(b) for an illustration),
so that, using (29), estimate (30) reads

"22(]2i — Texs|? — P7) (P + di(21))

= w2 (a - al - di(z)?

2p+5)(n—1) 542 5(p+6)
< .
R R R B CTR T

In turn, we obtain

1 620, A(p+9) p+ 26 5(p+0)
< - — — — 7 —
Ai(z) < yp + 471_{ ; + > (n—1) (1—1—470_45 +16(’YO—45)2

@) 0= 5o 20y (el o) |
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Therefore, from (34) we obtain the following estimate for (33):

(36) a [%dl(zl)Q] — Ai(2) <

1
= (1 — e(6)).

T
Expanding in powers of § near § = 0, (35) can be expressed as

26 o
(37)  c(6) = > [C’g +2(n—1) (1 + 45)] + 0(0%) = Cpn .00 + O(8°),
0
which implies that there exists dp € (0,70/4) small enough such that 1 — ¢(d) > 0 for
all § < dg, so that there must be a time t = TS} at which 21 (T2%) € 9.
Integrating (36) between ¢t = 0 and t = T2} entails that

coll

27dy (21(0))2 < 2702

_ 2 3
T=c0) = T—cag) ~ 20 +000),

where the second inequality holds true because the constant Cj ,, ~,,» in (37) is strictly
positive. Estimate (32) is proved.
Next, we note that

4() = Bi(2(t)) := —V..En(2(t)) fori=2,....n,

so using the expression of &, in (25) and the bound (13),

n

1 1 n
Bi()| <
|Bi(2)] < 2|21 — zi) " kZ—Q 2ml2; — 2] " 2md (2:)
(38) it
1 m— 92 2n —1

S 21 —dr(a)) | 2mdy 1) = 2n(dn 1 () — 09

We want to use (38) to obtain bounds on the closest that any two dislocations in
the ensemble 2’ can get either to each other or to the boundary 9. To do this, we
bound the rate at which the minimum distance among the dislocations 2z’ (and the
boundary) decreases. Indeed, by (38),

dp-1('(t)) — dp—1(2'(0)) > =2 [  max |%(s)|ds > —/0 ﬂ(dn_f(Z’zs)l) ~50) ds,

0 1=2,...,n

and, by writing the left-hand side as fot dn_1(2'(s)) ds, we are led to solving

. / 2n —1
dn—1(2) 2 ~ w(dn—1(2) — &)

with initial condition d,,—1(2’(0)) = 9. We find that

4n — 2

™

t.

dn—1('(t)) > b0 + \/(70 —00)% —

This entails that, given v € (0,70), dn—1(2'(t)) > 7 for all ¢t < T'(y), with

s

(39) T(y) = n_2 ((70 —60) — (v — 50)2)
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It is clear that T'(y) is the earliest time at which either any two dislocations in 2" are
~ far apart from each other or one of the dislocations in 2’ gets to a distance ~ from
the boundary 0€2. Therefore, a sufficient condition to observe z; colliding with the
boundary before any other collision event is that T9¢ < T'(v0/2), i.e.,

coll

253 Y0(3v0 — 40)
1 —¢(do) 8(2n —1)

(40)

The choice of g and the fact that 469 < ~p imply that both sides of (40) are positive
and, by possibly reducing dg, it is easy to see that dp can be chosen such that (40) is
satisfied. The theorem is proved. ]

Remark 3.3. We note that the constant ¢(d) in (35) is invariant under simulta-
neous scaling of geometric parameters p, §, and -y, and is thus invariant under dilations
of the coordinate system.

Moreover, we single out two different limits for ¢(d), which will be useful in what
follows: If Q is the half space, then () satisfies the interior and exterior disk conditions
(1) with arbitrarily large p; so letting p — oo, we find ¢(8) — 8v9d(n — 1) /(70 — 26)2.
If the system consists only of one dislocation, then by plugging n—1 in (35) we obtain
¢(6) = 26C,/p; notice that ¢(d) = 0 for one dislocation in the half plane.

It is then clear that, focusing attention on one particular dislocation, say z, ¢(9)
tracks the influence on Z of the other dislocations and on the geometry of the domain,
in terms of the force exerted on Z.

3.3. Collision between dislocations. We now turn to a scenario for collisions
of dislocations. We will find sufficient conditions for a collision between two dislo-
cations to occur before any other collision event. We suppose that we have n € N
(n > 2) dislocations in , two of which—2z1 and 29, with Burgers moduli b; = +1 and
by = —1—are much closer to each other than the others; we also suppose that the
other n — 2 dislocations, zs, ..., z,, are sufficiently distant from each other and from
the boundary. Our theorem states that z; and zo will collide in finite time, and that
this collision happens before any other collision event occurs.

Here we adapt our notation by defining 2z := (z3,...,2,) so that a trajectory
of the evolution of the configuration of the n dislocations can be represented by the
vector z(t) := (z1(t), 22(t), 2" (t)) € Q™. In this case, the meaningful trajectories for
the statement of our theorem are those that lie within sets of the form

Cnycm = {(2172272”) e ‘ |21 — 22| < ¢ dp—2(2") >,

dist ({21, 22}, {23, ..., 2.} U OQ) > n}7

with ¢ < 7 chosen in a way that we subsequently quantify properly.

The geometric meaning of the set C, ¢, defined above is the following: If z €
Cn.¢,n, it means that z; and z; lie at a distance of at most ¢ from each other, while
all the other dislocations, zs,...,z,, lie at a distance of at least n away from the
boundary and their mutual distance is also at least . Moreover, z; and 2o are at
least n far away from any other dislocations and from the boundary.

THEOREM 3.4. Letn € N (n > 2) and let ng € (0,diam Q/2). There exists (o > 0
such that if 2(0) € Cp.cono, then there exists T > 0 such that the evolution z(t) is

defined for t € [0,T=,], 2(t) € Q" fort € [0,T),), and 2 (TE),) = 22(TE),) € Q and

coll
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Z//(Ti

coll

) € Q"=2. Furthermore, as (o — 0, the following estimate holds:

(35
41 T < 010 .
(41) coll = 2(ng — ¢ —2(n — 2)¢ono)

Analogously to the proof of Theorem 3.2, we first find an upper bound on the
collision time for dislocations z; and z3, conditional on the configuration z remaining
in Cp ¢ n. In the second half of the proof, after fixing 79 € (0, diam §2/2), we establish
a lower bound on the time at which the configuration z leaves the set Cy, ¢, /2 due to
dp—2(z") becoming smaller than 7y/2. The proof is concluded by finding conditions
on ¢ under which the former collision time is smaller than the latter; this is contained
in inequality (60) below.

Proof. As in the proof of Theorem 3.2, recalling that b, = +1 and by = —1, we
express the renormalized energy (7) as

(42) En(zl, ey zn) = 82(217 Zg) + gn,Q(Z”) + Z b; [GQ(Zh Zi) - GQ(ZQ, Zi)],
i=3
where, again recalling (7) with n =2, by = +1, and by = —1,
1 1 1
2(%1,%22) = S~ 10g |21 — 22 5z 5halz2) — kRalz1, 22).
(8)  Ealen,z) = o logla — 22l + ghala) + ghalz) — ka(a1, )

The equations of motion for z; and z, read

4(t) = =V, En(2(t) = V., E(21(t), 22() = DbV, Galz1(t), zi(t))

=3

) =y 2 )+ Va0, ()
— Z blvzl GQ(Zl (t)v Zl(t))V
=3
£(t) = —VoEa(2(1) = —Vey&a(a1 (1), 22(1) + D 0V, G (20(t), (1))
=3
) = BT s 270 Vel (0 2200)

+ bV, Galza(t), 2(t)).

=3

We now fix 79 > 0, consider ¢ € (0,70/2), and for z € C,, ¢ ,/2 compute the time
derivative

3 310 - 207] = s

where Aa(2) 1= (21 — 2z2) - (21(t) — 22(t)). We will determine conditions on ¢ in such
a way that As(z) < 0, and therefore the dislocations z; and zo attract.
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Using the explicit expressions from (44) and (45), the contribution to As(z) com-
ing from &s(z1, 22) is

21— 2 1
(21 - 2’2) : (— ﬁ - §vz1hﬂ(zl) + Vzle(ZhZz)

1
+ 5 Vealn(e2) — Vasblor, o))
(46) 1 1
=+t (21 — 22) - (Vzlkﬂ(zhzz) - §vz1hﬂ(zl)

1
— szkg(zl, 22) + 2vz2hg(22)> .

Next, by Taylor expanding the function zo — F. (22) := V. kq(z1,22) about the
point z; using the Lagrange form for the remainder, and recalling (5), we obtain
(47)

1
(21 — 22) - (Vzle(ZhZQ) — QVzth(Zl)> ’ =|(21 — 22) - V., V., ka(21,0) (22 — 21)|,

where 0 is an intermediate point in the line segment joining z; and z5. Notice now
that zo — F., (z2) is a vector-valued harmonic function which, by (4), satisfies

—AF, () =0 in Q,

zZ9 — 21
le (2’2) = m on Of).

Applying (11) to F,, (22) on the ball centered at 6 of radius r = dist(#, 92), and using
the maximum principle on the domains B, () C 2, we can estimate (47) by

2
2 2
- : z z k 79 S - T R 3 FZ
|21 = 227+ [V, Vi ka(21, 0)] < |21 — 22| Bst(0.09) yezlélj(e)\ ()]
2|21 —ZQ|2 |21 —ZQ|2 1
4 o F, = —
(48) < dist(0,00) 2 2 W= Gic@,00) 5%, 71—l
e laab laal
— wdist(6, 0Q)dist(z1, 00) ~ e
From (47) and (48) we have obtained that
1 21 — 292
(19 (51 22)- (Vabolon,a) — 3 ¥urhinten) )| < 2222
™mg
Applying the same argument to the function z; — F,,(z1) := V., kq(z1,22) and
recalling that z € C,, ¢ /2, We obtain
1 |Zl — 22‘2
(50) (21 — 22) - | Vo ka(z1, 22) — §V22h9(22) <4
1o

By using (49) and (50), and the fact that |z; — 23] < ¢, we can bound (46) by
(51)
1 1 1
- + (21 — 22) - <Vzlk'9(21722) - ivzlhﬂ(zl) — Vi, ka(z1,22) + 2VZ2hQ(zz))

1 8¢
<——+4+—.
™ T
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We turn now to the remaining interaction terms in the estimate of As(2); namely, we
are left with estimating

(21 — 22) < Zb Vo, Galz1(t), z(t)) — zn:biVZQGQ(Zz(t),Zi(t))> ’

=3 =3

By using the estimate (13) on the gradient of the Green’s function Gg, we obtain

(=22 (= 3 0 Galaa(0). 20 — 3 bV, Goleal0) 0 )|

=3 =3
< o1 2l 3 (192, Golea(8), ()] +19-,Calea(0). (1)
(52) 123
1 1 1 1
< _
< e -z ; (27T|z1 — 7z * 21dy(z1) * 27|20 — 2| + 27Td1(22))
< 4(n - 2) .

Combining now (51) and (52), we finally obtain

(
1/ 8¢ 4(n—-2)¢\ _ 1
(-5 ) -

It is easy to see that ¢(¢) > 0 and that it is smaller than 1 for

¢<Co:=m(v(n—-2)2+2—(n-2))/4,

so that As(2) < 0if 2z € Cy ¢ o2
Integrating (53) between ¢ = 0 and t =
obtain

(53) )< —

(1= ¢(Q))-

coll (for which 2 ( c:toll) = 22(Tci011)) we

. a0 0P @ n Gt

Teon = 21 —c(¢))  ~ 2(1 —c(Co))  2(n2 —8C2 — 4(n — 2)Como)’

where we have used that z € Cp ¢, ,,/2 and the monotonicity of ¢(¢) for ¢ > 0.
Estimate (41) is proved.
For 2z € Cy, ¢ 5po/2 and @ = 3,...,n, we have that

54(8) = Bi(2(t) = —V.,Ea(=(2)).

By using the expression of &, in (42), we have to estimate

|Bi(2)] <D IV=Galzi )| + 5 |Vzihn(zz‘)\ +1V:,Galzi, 21) — Vi, Galzi, 22))|
j=3
i
=: B} + B? + B}

(54)

We notice that we separate the contributions of z; and z because finer estimates are
available for them since |27 — 22| < (. We estimate the three contributions separately.
Using (13), the fact that ¢,5 ¢ {1,2}, we have

1 1 1
< <
S o = 5] 2mdi(z) © rdna(e)

V. Galzi, )|
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for each 4,5 € {3,...,n}, and j # ¢, which implies that

n—3
wdp—o(2")

IN

(55) B}

K2

fori e {3,...,n}.

We use Lemma 2.3 to estimate BZ. By (14) we can bound

max{—logdi(z;), Ao}

(56) B? (=)

7

IN

forie{3,...,n}.

We are left with the estimate for Bf. We will apply the mean value theorem to the
function x — H;(z) := V,,Ga(x, z;). Let 6 belong to the line segment joining z; and
zo, and recall the definition (3) of Go. Then
B} = |Hi(z1) — Hi(z2)| = Vo H;(0)(21 — 22)]

1
= ‘_%(vam log |0 — zi|) (21 — 22) + (V2 V2, ka(0, 2:)) (21 — 22)
1 0 — Z; 0 — Z;
- (1=9 _
5710 — 2]? ( = zi|> (21 = 22)
here, I € R?*2? denotes the identity matrix. We notice that matrices of the type

I — 2e ® e, where e is a unit vector, are reflections, and their operator norm is 1, so
that, recalling the argument used in (48) and that z € Cy, ¢ . /2,

¢ ¢
B} < .
(57) T 270 — )2 * wdist (0, 0Q)d,—2(2")

<

+ (V2 Ve ka(0, 2:)) (21 — 22)|;

Putting (55), (56), and (57) together, and noting that d,,_o(z") < dy(z;), (54) finally
becomes

n — 3 + max{—logd,—2(z"), Ao} ¢
B; <
1Bi(z)| < Tdn_2(2") + 2|0 — 2|2
¢

T dist(0, 00 dy_a ()

Considering the ensemble zg := (0, 2") = (0, 23, ..., 2z,) € Q" 1, by definition of d,,_,
(see (10)), we have that d,_1(z9) < min{d,,_2(2"),dist(0,90Q), |0 — z;|}, so that

n — 3 + max{—logd,_1(29), Ao} 3¢
Bi(2)| <
|Bi(2)] < 7dy—1(zp) + 2md? _(zp)
(58) n—34+Xa+d;* (2) 3¢
mdn—1(26) 2mdy, 1 (20)
_2(n—=3+Xa)dn-1(20) +2+3C  Aqd,_1(20) +2+3C
a 2nd;, 1 (z0) - 2nd;, 1 (z0) ’

where we have used that max{—logd,_1(2),\a} < Ao + d,',(2¢) and we have
defined Aq :=2(n — 3+ Aq).

As in the proof of Theorem 3.2, we want to use (58) to obtain bounds on d,,_1(zg);
that is, we want to control how close any of the dislocations in z” approach one another
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or the boundary, and additionally prevent them from getting too close to z; and zs.
To do this, we bound the rate at which d,,_1(z9) decreases. Indeed, by (58),

¢ /t Aadn_1(z9) +2+ 3¢ ds.
0

dn-1(20(t) = du-1(20(0) > =2 [ max |%(s)| ds > ~ wd%_ (2)

0 1=2,...,n

and, by writing the left-hand side as fot dp_1(z6(s)) ds, we are led to solving

Aqdn—1(z9) +2+ 3¢
Wd%ﬂ(%)

dn—l(ZO) > —

with initial condition d,,_1(z9(0)) = n9. Noting that the corresponding equation is
separable, and defining x = x(¢) := 2 + 3¢, we find that the time evolution ¢ +—
dn—1(20(t)) satisfies

= g (Xldnoa (o) = ) = 2@ Golt) ~ )

mx* < Aano + x >
Aqdy-1(z(t)) + X

This entails that, given 1 € (0,70), dn—1(26(t)) > n for all t < T'(n), with

(59) T(n) == é <X(77 —10) — Af(n —5) + %log <A”"°+X)> :

Aan+x

As for the time T'(7) in (39), the time T'(n) above is the earliest time at which any
two points in zy are 7 apart from each other or from the boundary. Therefore, a
sufﬁ(:lent condition to observe z; and 2z colliding before any other collision event is
that 75, < T(no/2), that is, recalling (41) and (59),

coll
o <3Am78 x| x@)? (2 Moo +x(G) ))
2(1—c(Co)) A3 8 2 Aq Aono +2x(C) /) )

Recalling that x({o) = 2 + 3o, it is clear that the right-hand side above is of order
1 as (o — 0, whereas the left-hand side is of order (3. Since both sides in (60) are
positive, by possibly reducing it, {p can be chosen such that (60) is satisfied. The
theorem is proved. 0

(60)

Remark 3.5. Contrary to Theorems 3.1 and 3.2, Theorem 3.4 does not require
any regularity on the boundary 92, since bounding the forces due to the boundary
and other dislocations relies only upon estimates (13) and (14), which are independent
of the assumption that 9 is C2.

4. Comparison of collision bounds: Explicit examples and numerics.
In this section, we compare our analytical results with exactly solvable cases (see
also the discussion in section 3 of [5]) and numerical simulations. More precisely, we
consider domains that are the unit disk, the half plane, and the plane. Although the
theorems and lemmas from the previous sections apply only to bounded domains, a
careful inspection of the renormalized energy (7) shows that the evolution (9) is also
well defined in the case of unbounded domains. The exactly solvable cases that we
consider are as follows: (i) one dislocation z in the half plane, (ii) one dislocation z in
the unit disk, (iii) two dislocations z1, zo of opposite Burgers modulus b = +1 = —by
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in the unit disk, and (iv) two dislocations in the plane. In cases (i) and (ii) the
dislocation hits the boundary in finite time; case (iii) shows a variety of scenarios, i.e.,
collisions with the boundary, collision between dislocations, and unstable equilibria;
in case (iv) the dislocations will collide, or the evolution exists for all time. In cases
(i) and (ii), the renormalized energy (7) reads, recalling (5),

1 1
(61) &1(z) = ihg(z) = ikg(z,z)
In case (iii), the energy takes the form (43), whereas in case (iv) it reduces to

b1b
(62) Ea(21,22) = *;771_2 log |21 — 22

To numerically validate our conclusions, we collected data on the time required
for dislocations with random initial conditions in the circle to hit the boundary. We
also plotted trajectories for a single dislocation in domains whose Green’s functions
is not known explicitly, namely, a square and a cardioid, which show agreement with
the conclusion of Theorem 3.1.

4.1. One dislocation in the half plane. Let n = 1 and let z = (z1,22) € Q :=
R?, the upper half plane. Notice that o0 = {(x1, ) € R?}. Since, given u,v € ,
the Green’s function is Gq(u, ’U) 5 log |u—v|+ 5= log |4 —v|, with @ = (u1, —us),
and since from (3) kq(u,v) = —1og |u v|, from (5) we have hq(u) = 5= log |4 — ul,
the renormalized energy (61) for one dislocation in the half plane reads

(63) £1(2) = ghalz) = o log(243),

from which it emerges that &£ is translation-invariant with respect to the coordinate
x1, so that we consider z = (0,z2). The equation of motion for z is now determined
by

(64 0= (20)) =39k =~ (1),

with initial condition z(0) = (0, ). Solvmg the dynamics (64) yields the existence of
T2} = 2762 such that x1(t) = 0 and x2(t) = /62 — t/27 for all ¢ 6 [0,72¢]. The
collision time T9$ is characterized as that tlme for which xo(T2%) =
For n = 1 and letting p — 400, the dislocation z is in D; g, ~ for every dp > 4. By
Theorem 3.2, the upper bound on the collision time (see (32)) becomes 725t < 2762,
since in this situation the constant ¢(d) in (35) vanishes. This agrees exactly with the

collision time obtained solving (64).

4.2. One dislocation in the unit disk. Let n =1 and let z = (z1,22) € Q :=
B;1(0), the unit disk, be such that z # 0. Setting 6 = d1(z) = 1 — |z|, and evaluating
(75) for p =1, the energy (63) reads

1 1
&1(z) = ihg(z) = log(26 — 62).

The equation of motion 2(t) = —V &1 (2(t)) takes the form

z

(65) i(t) = (1= |2P)
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which, by taking the scalar product with z and setting R(t) := |z(¢)|?, yields the
implicit equation

(66) log

where we have used R(0) = [2(0)|> = (1 — 6)% Solving (66) for TS for which
R(T%}) =1 gives

coll
(67) T} = 7(6? — 26 — 2log(1 — §)) = 2m62 + O(5),
as 6 = 0.

In this case, the dislocation z is in Dj 4,1 for every dp € (6,1) and ¢(d) in (35)
becomes ¢(§) = 26C,, where C, is given in (22). As we can choose o = 0, we

have ¢(0) = O(9), so that the upper bound (32) on the collision time obtained in
Theorem 3.2 becomes T9¢ < 2762 + O(6%), which again agrees exactly with the
collision time obtained solving (65).

Notice that if the dislocation is located at the center of the disk, that is, z = 0,
then & (z) = 0 and also the velocity 2(t) in (65) vanishes, so that the dislocation will
not move. Consistently, the exact form of the collision time 72 in (67) tends to +o0o

as 0 — 1. Similarly, the upper bound obtained in Theorem 3.2 tends to +oo (noting
how ¢, in (21) depends on o, it is clear that ¢, — 400 as ¢ — 1).

4.3. Two dislocations in the unit disk. Let n = 2, let 21,20 € Q := B1(0),
and let the Burgers moduli be b; = +1, bo = —1. Taking into account (3) and (74),
the function kq(z1, 22) has the expression

1
ka(z1,22) = Elog(l — 221 - 20 + |21)? |22 %),
so that, using (5), the renormalized energy (43) reads

1 1 1

=—1 - —log(1 — |21]?) + — log(1 — |z|?

) &a(z1,22) =5 loglz1 — 2 + —log(1 — |a1]7) + —log(1 — |2[)
1

~ log(1 — 221 - 29 + |21 %] 22]?).
It is immediate to see that (68) is invariant under rotations in the plane, so that
solving the equations of motion (44) and (45) is equivalent to solving the equations
for the radial coordinates, r1(t) := |21(¢)| and ra(t) := |22(t)|, and for the angle
p(t) formed by 21(t) and 2o(t) (satisfying z1(t) - 22(t) = r1(¢)r2(t) cos p(t)). Plugging
the definitions of 71 (t), r2(t), and ¢(t) into (44) and (45) (and suppressing the time
dependence for the sake of readability), we obtain

) L[ recosp—r L T2 COS P — T3
= -
2m | r? +1r3 —2riracose - 1—1r?2 1 —2riracosp +rird |’

r1COSQ — T To 7108 P — 1279
2m | r? + 13 —2riracose 1 —1r2 1 —2riracosp +r2rd |’
[ e - Dsing

Y= or | r1m2(1 — 2rirg cos @ + r313) (12 + 12 — 2riracos ) |

We are going to discuss particular scenarios. Let us consider the initial condition with
21(0) and z5(0) aligned on a diameter on opposite sides of the center, that is, when
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©(0) = 7. The equation for ¢ in (69) reduces to ¢(t) = 0 for all ¢ > 0; that is, the
dislocations keep the alignment. The first two equations in (69) then reduce to

. 1 1 T1 T2 :| . 1 |: 1 T2 T
T1 ’

= —|— + + T = — | — + + .
o2 ri+re 1—1r2 147 27 on ri+re 1—1r3  1+4rr

If 21(0) = —22(0), since 71(0) = r2(0) =: 7o, the right-hand sides of the equations
above are the same, so that 1 (¢) and r3(¢) evolve with the same law, namely, calling
r(t) == r1(t) = ra2(t),

) +4r(t) — 1
(70 M= e - i)

with 7(0) = ro.

We can now study the sign of 7(0) to find if the dislocation will collide with each other
or with the boundary, or if they are in equilibrium. We obtain that if 7o = v/ v/5 — 2,
then the dislocations are in equilibrium and do not move, since for this value of
the initial condition all the right-hand sides of (69) vanish. If 79 < v/v/5 — 2, the
dislocations will collide with each other at the center of the disk (by symmetry),
whereas if 1o > V5 — 2, the dislocations will collide with the boundary.

We can now compute the collision time in the last two scenarios by integrating
(70). Tt is convenient to set R(t) := r2(t), so that it solves

_ R2(t) +4R(t) — 1

R(t) or (T~ R (D) with R(0) = Ry = 2.

We obtain

44/5 Rt)+2—-V5 (45 Rt)+2+V5 &
R(t)—Ro+(5—2>log Rtz V5 —< 3 —|—2>log

Ro+2++v5 21

from which we find the times of collision with the boundary, by imposing R(T. C‘zfﬁ) =1,
and of z; with z5, by imposing R(TﬂE ) = 0. The computations give

coll

45 (T-3V5)(r2 +2+/5)
log
5 2(rZ +2 - V/5)
4/5 log ((9 +4v5)(r2 +2 —/5)
5 —(rg+2+5)

coll — -2 IOg s

S 442 -1
(71a) T99 =2n {r% —-1- M}

(71b) TE, =2n [rg + ) —2log(1 — 472 — r{‘;)} .

When 79 — 1 in (71a), setting § = 1 — 7o, asymptotically 79 behaves like 2762,
which shows agreement with the upper bound found in (32).

When rg — 0 in (71b), setting ¢ = 2rg, asymptotically TCjE011 behaves like 7¢2/2,
which shows agreement with the upper bound found in (41).

4.4. Two dislocations in the plane. Let n = 2, let 21, 20 € Q := R2, and let b;
and bs be their Burgers moduli. Recalling (62), it is easy to see that the renormalized
energy is translation invariant, so that we can choose z2(0) = —z1(0). The equations
of motion read

o @ Zl(t) — ZQ(t)

(72) Z(t) = o7 [(t) — (D)) = —Z(1),



1700 THOMAS HUDSON AND MARCO MORANDOTTI

so that the barycenter z(t) := $(21(t) + 22(t)) satisfies 2(t) = 0 for all times. Since
z(0) = 0, the dislocations are always at a symmetric position across the center of the

coordinate system. Therefore, (72) becomes

= (1)

Integrating (73), one obtains

z1(t) = Z1(0)1 [1+ % = —2(t),

from which it is clear that if the dislocations have equal Burgers moduli, that is, if
b1by = 1, then the evolution exists for all times ¢ > 0, and z; and zy grow arbitrarily
far apart. If, on the other hand, b1b; = —1, then the dislocations attract and the
evolution exists up to the collision time 27|21 (0)|?, which again is in agreement with
the estimates on TCjE11 in (41), again recalling that ¢ = 2|z1(0)|.

0.

4.5. Plots from numerical simulations. Here, we include plots from numer-
ical simulations of the dynamics in different scenarios. All calculations are performed
in MATLAB R2016b, and the trajectories were integrated using a built-in stiff solver.

Figure 3 shows the superposition of 5000 runs of the scenario described in subsec-
tion 4.3, where initial conditions have been randomly generated. In all of the runs in
the unit disk (p = 1), we have chosen dp = 0.2 and 9 = 0.5, so that the initial condi-
tion (21(0), 22(0)) € D1,0.2,0.5 (see (23)); we have also chosen Burgers moduli b3 = +1
(for the dislocation close to the boundary) and by randomly chosen between +1 and
—1 at each run. In the numerics, explicit formulae for the forces were implemented
directly. In this case, evaluating ¢(do) in (35) gives ¢(dg) =~ 116.7, which makes the
estimate (32) invalid. Nevertheless, at leading order, T2} < 262 ~ 0.2513, which
bounds all times computed, as it can be verified in the histogram plot in Figure 3;
the peak is due to the fact that when by = +1, the dislocation z; is both attracted
by the boundary and pushed towards it by zs.

400

350

300 -

250 -

200

150

100

50 -

0.08 0.1 0.12 0.14 0.16 0.18 0.2

Fia. 3. 5000 runs and histogram of hitting times. Red corresponds to b; = +1, blue to b; = —1
(color available in the online version).

Figure 4 shows plots of 80 trajectories of one dislocation evolving in the square
and in the cardioid. To numerically resolve Vhq in these cases, we used quadratic
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finite elements with a mesh generated by the package DistMesh, described in [26].
Both of these domains have an unstable equilibrium point at their center, and initial
conditions are chosen on a circle of radius 0.1 centered at the equilibrium point. Due
to the interaction with the boundary, the dislocation starts following a curved line
and then hits the boundary perpendicularly (up to numerical artifacts), as indicated
by (24) in Theorem 3.1 (see also estimate (31)). In the square, by symmetry, the
dislocations starting on the diagonals move along them towards the corners. We
remark that the assumptions of Lemma 2.4, which is crucial in proving Theorem 3.1,
explicitly exclude domains with corners, but to leading order the conclusion appears
to hold at smooth points of the boundary even in this case. We stress that the
curved trajectories are a consequence of the interaction with the boundary and of its
curvature.
| H\\

“\HH
\\

Fic. 4. Superposition of 80 trajectories of one dislocation in the square and in the cardioid.

It would be of interest to study the behavior near nonsmooth boundary points
further, with a particular view to understanding the behavior of dislocations near
cracks.

5. Concluding comments. We have studied the qualitative behavior of the
dynamics of screw dislocations in two-dimensional domains under the assumption of
linear isotropic mobility. We dealt with unconstrained dynamics, which is the crucial
first step towards considering more realistic choices of mobility, such as enforcing glide
directions [5, 10] or other more general nonlinear mobilities [19]. In these cases, the
equations of motion (9) read

2i(t) = M[=V..En(21(1), ... 2a(t))],

where the mobility function M prescribes a law relating the Peach—Koehler force
fi(z) := =V, &, (2) experienced by the dislocation sitting at z; to its velocity.

5.1. On more general mobility functions. In [10], a dissipative formulation
is proposed to describe the motion of screw dislocations: dislocations are constrained
to move along straight lines following the direction of maximal dissipation among
finitely many glide directions. These are a finite set of lattice (unit) vectors G C
R?, such that span(G) = R? (which means that G contains at least two linearly
independent vectors) and such that —G = G (which means that G is symmetric under
inversion).
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In this case, the velocity field is given by

M(fi(2)] = (fi(2) - gi)gs, where g; € argéngax{fi(zh ey Zn) 9},
g

from which it is clear that glide directions reduce the modulus of the velocity. From
elementary geometric considerations concerning scalar products in the plane, a dis-
location moves fastest when there exists a glide direction ¢ aligned with the Peach—
Koehler force, whereas it moves slowest when the Peach—Koehler force is aligned with
the bisector of the largest angle among glide directions. Using these facts, it can be
checked that the qualitative behavior remains as described in Theorems 3.2 and 3.4.

More generally, we believe that the results contained in this paper are suitable to
treat more general mobility functions M satisfying appropriate growth conditions at
infinity; see [19] for an example of such a case.

5.2. Review of achievements. We focused on the interaction of one disloca-
tion with the boundary and on the collision of two dislocations. In the former case,
we have analytically shown that dislocations, if sufficiently close to the boundary,
experience a force directed along the outward normal to the boundary at the nearest
point, thus formalizing the fact that free boundaries attract dislocations (see [23] for
the behavior with different boundary conditions), and that a dislocation sufficiently
close to the boundary collides with it in finite time. In the latter, we have proved that
two dislocations of opposite Burgers moduli that are sufficiently close to each other
collide. In both cases, we have found an upper bound for the collision time in terms
of the geometry of the initial configuration, and we have given sufficient conditions
under which no other collisions happen. These sufficient conditions are encoded in
inequalities (40) and (60), where the different scaling of the left-hand sides in §p and
(o, respectively, compared to the right-hand sides may be heuristically viewed as a
time-scale separation. Indeed, in the dynamics described by (9), dislocations that are
close to a blow-up event acquire infinite speed.

Moreover, we validated our analytical results by devising numerical experiments
to show their consistency. The output of the numerics is contained in Figure 3, where
a plot of the dynamics for two dislocations in the disk is presented, together with a
histogram of hitting times, which is consistent with the bound (32) on Tgfﬁ provided
in Theorem 3.2. Finally, Figure 4 shows numerical experiments for different domains,
namely, a square and a cardioid, both having an unstable equilibrium at their centers.
We remark that the square domain does not satisfy the hypotheses of Theorem 3.2,
because of the corners; nonetheless, the dynamics can be solved numerically.

Appendix A. Interaction functions for the interior and exterior of a
disk. In this appendix, we recall the definitions of Green’s functions on the interior
and exterior of the disk B5(0) and compute kp,0) and hp, () in these cases.

We start by recalling that if z,y € B;(0), then, defining z* := pz/|z|?,

1 jzll=* — ]
4 0(@,y) = —=—| log |z — y| —log [ HL—Z1)|.
(74) Ga,0)(@,y) = =3 {oglx yl og( 5

Applying (3) and (5), we find that

1 z||lz* — 1 0> — |z|?
kBE(O)(xvy) = - log ('Hﬁy|> and hBE(O)(m) = i log (Pﬁ||) .
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The Green’s function on the exterior of the ball may be computed by a further
circular reflection. Let z,y € B;(0)°. By considering the conformal change of coordi-
nates z* := p?z/|x|? and y* := py/|y|?, it is straightforward to check that

GBﬁ(o)C(xvy) = GB,;(O) (x*,y*)

Applying (3), after some algebraic manipulation using the properties of the logarithm,
we find that

* * 1
kg, (T,y) = Gp,0) (" y") + o log |z — y|

1 z*||le — y*
{logfﬂylﬂog <| l Y > loglx*y*l}
27 p

1 _ *
log(lylx y |>_
2 o

Consequently, (5) implies

1 T 2 _ ﬁQ
hBﬁ(O)C(x) = o log (Hﬁ> .

By writing |z| = p £ di(x), we obtain

1 d3(z)
(75) hp, ) (7) = o log |2d; (z) — > for any « € B;(0), and
1 d3
hp, o) (r) = Py log |2d1 () + 1/(;) for any x € B;(0)°.

We remark that the former expression is a multiple of (2.3) in [8]. In both cases, hq
diverges logarithmically to —oo as x approaches 0f2.
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