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Abstract

Size effects related to circular notched samples imply that the strength of the structure decreases as the hole radius increases. In
this framework, Brazilian disk tests are carried out on brittle samples containing a circular hole. By considering two different
polymers, namely Polymethyl-methacrylate (PMMA) and General-purpose Polystyrene (GPPS), respectively, five different notch
radii were machined and tested for each material, keeping low the hole to disk diameter ratio in order to reproduce an infinite
geometry. Under this assumption, analytical relationship for the stress field and the stress intensity factor can be implemented
without loss of accuracy. The coupled finite fracture mechanics (FFM) is then applied to catch the recorded failure stresses,
allowing a complete description of the experimental size effects. On the contrary, the smallest radius leads to a locally negative
geometry, opening the discussion on the stability of crack propagation in circularly notched plates under generic biaxial loadings.
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1. Introduction

After more than one century since the well-known work by Kirsch (1898) on the stress field around a circular hole
subjected to remote tensile load, the problem of the related size effects has recently come back to the scientific attention
(Furtado et al. 2017, Torabi et al. 2017, Sapora et al. 2018). Indeed, some relevant discrepancies have been detected
between experimental results and the theoretical predictions by well-established failure criteria based on a critical
distance (Li and Zhang 2006). The whole question is here reconsidered both from an experimental and a theoretical
point of view. As concerns the former aspect, Brazilian disk (BD) tests on notched samples are carried out by
considering two different polymeric materials, PMMA and GPPS. Five different circular hole sizes are machined for
each material specimen keeping small the hole to disk radius ratio. As regards the latter aspect, the coupled stress and
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energy criterion in the framework of Finite Fracture Mechanics (FFM, Cornetti et al. 2006) is implemented. FFM
predictions are obtained by referring to an infinite geometry and exploiting the analytical relationships for the stress
field (Kirsch 1898) and the stress intensity factor (Tada et al. 2000) available in the Literature. The criterion involves
just two material properties, the material tensile strength o, and the fracture toughness K, and it reveals to be an
efficient tool to describe the size effects for the geometry under investigation. Finally, the analysis provides some
issues on the stability investigation of crack initiation in biaxial plates, which are briefly discussed starting from the
works by Manti¢ (2009) and Weiligraeber et al. (2016).

2. Experimental tests

For the experimental campaign, two different brittle polymers were taken into account: PMMA and GPPS,
respectively. The tensile strength and the fracture toughness for the two materials are: o, = 78 MPa and K. = 1.75
MPaVm for PMMA, ¢, = 40 MPa and K} = 0.9 MPaVm for GPPS. Interestingly, the value of I, = (K. / ¢,)? is nearly
the same in both cases, and equal to 0.5 mm.

Experimental tests were carried out in the Fracture Research Laboratory of the University of Tehran on notched
BD. By referring to the sample geometry depicted in Fig. 1a, the diameter 2R, was fixed equal to 80 mm, and the
thickness ¢ to 10 mm for PMMA samples, and to 8 mm for GPPS samples. In both cases, 7 was large enough to achieve
plane strain conditions, since ¢ > 2.5 /.. Five different hole sizes were considered with the following dimensions: 2R
=0.5,1, 2, 4, and 8 mm. The test speed was set equal to 0.5 mm/min in order to prevent possible instabilities in the
compression tests. The experimental fracture was of brittle character (Fig.1 b,c), but increasing non-linearities were
observed in the force-displacement curves for decreasing hole sizes (Torabi et al. 2018).

2R

Fig. 1. (a) Geometry under investigation; (b) experimental test on a PMMA notched sample (R=8mm); (c) broken PMMA sample (R=0.5 mm).
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The recorded failure stresses are presented in Table 1, together with the average value &, of the related failure
stress, rising from:

P
e (1)

TRyt

3. FFM criterion

With respect to the frame of reference xy depicted in Fig. la, the coupled FFM criterion (Cornetti et al. 2006,
Sapora et al. 2015), can be expressed as:
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where K;is the stress intensity factor (SIF) related to a crack of length a stemming from the notch tip, and oy is the tensile
stress along the axial loading (Fig. 1). For positive geometries the strain energy release rate function (and thus the SIF
K;) is monotonically increasing with a: at incipient failure Eq. (2) will turn into a system of two equations in two
unknowns: critical crack advance A and nominal failure stress oy, which is implicitly embedded in functions K; and o.

Table 1. Experimental failure loads and average failure stresses.

PMMA GPPS
2R (mm) Pr(N) 0, (MPa) 2R (mm) Pr(N) 0, (MPa)
0.5 37150 0.5 15930
0.5 33810 28.377 0.5 15280 15.020
0.5 36020 0.5 14090
1 28800 1 12260
1 26230 22.003 1 11970 11.986
1 27920 1 11920
2 21830 2 9950
2 24700 18.469 2 9130 9.3106
2 23100 2 9000
4 20250 4 8070
4 19936 15.453 4 7645 7.7190
4 18074 4 7565
8 14414 8 6525
8 16168 12.205 8 6220 6.2767
8 15432 8 6185

For sufficiently small hole radii, the SIF function related to a crack of length a stemming from the notch can be
approximated with the one valid for a circular hole in an infinite plate, where

K,(a) = o\[za F(s) (3)
with
a
= 4
y a+R @

The shape function F related to the symmetric crack propagation (Fig. 1a) can be written as (Tada et al. 2000):
F(s)=(1-2){0.5 3—s) [1+1.243(1—5)']} + A {1+ (1-5) [0.5+0.743(1 - 5)’]} (%)

where A = -3 according to the present geometry.
Furthermore, Kirsch solution (note that in the centre of a plain specimen the stress is equal to —3c in the y-direction)
yields the approximate solution for the stress field function:

R? R*
O'x(y)=£[2—2—2+12—4J ()
2 y y

Equation (6) provides ideally a stress concentration factor o(y=R)/o = 6, meaning that the maximum stress is 6
times higher than the nominal one. Indeed, the accuracy of Egs. (3) and (6) could be improved for not negligible R/Ro
ratios by taking the following multiplying factor into account:

2
F - 1%(5] )

The FFM criterion (1) can now be implemented by means of Egs. (3), (6) and (7). By introducing the function f
related to the integration of the stress field (6) and the function g related to the integration of the SIF squared (3), some
analytical manipulations allow to write the FFM system at failure as A, =A_/R:
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FFM predictions on both PMMA and GPPS experimental data are reported in Fig. 2. The size effects are well-
caught by FFM, and the trend of theoretical predictions is similar for both materials. As can be seen, FFM results are
accurate for 2R=8, 4, 2, and 1 mm, with discrepancies below 13%. On the other hand, the accuracy decreases
(discrepancies above 20%) for the smallest hole, i.e., 2R=0.5 mm. This behavior is imputable to some nonlinear
phenomena (detected in the stress-displacement curves) related to the high failure load and the particular
(compressive) loading conditions.
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Fig. 2. Dimensionless failure stress vs. hole diameter: FFM predictions and average experimental data (circles).
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4. Crack stability

The case analyzed in the previous section, as already outlined, is equivalent, from a mechanical point of view, to a
plate under biaxial loading (Fig. 3 with A=-3). In this case, the function K; is no longer monotonically increasing, as
its average value K , which corresponds to the former equation in (2). Indeed, K is increasing only for
A<A v A>A" . If A" <A <A”(to which corresponds R* <R=R/l, <R"), the FFM criterion cannot be longer
described by system (1), but it has to be replaced by the condition (Mantic 2009):

KA = UI KX(a)da =K, ©)

This geometry was referred to as locally negative/globally positive by Weiigraeber et al. (2016). .

Of course the values of A", R and A™,R" depend on the parameter A: as it decreases, A" tend to 0.31 and Ig*
to 1.44, whereas A™ diverges and R~ tends to zero. In other words, as 1 — —oo the distance between R~ and R’
increases (Fig. 3), and the limits of compressive loading are qualitatively recovered. As concerns the data presented
in Table 1, the smallest hole corresponds to R =0.5, which is comprised between 0.24 and 0.68 for A=-3 (Fig. 3).
Thus, FFM predictions should have been obtained by means of Eq. (9). On the other hand, this aspect was disregarded
in the theoretical analysis (Fig. 2) and Eq. (8) was implemented instead. The committed error is not significant in
terms of failure stress, but a relevant deviation could have been observed on critical crack advance, which
unfortunately was not measured experimentally. In order to stress this behavior, it would be interesting to carry out
similar tests by reducing R : since machining smaller hole diameters could result in a difficult task, this means
considering a material less brittle (increasing thus [/, ) than GPPS or PMMA .

ch
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Fig. 3. Circularly notched plates under biaxial loading: R and R™ values vs. loading parameter, A.
5. Conclusions

In the present work size effects related to circular notched samples are investigated both experimentally, by testing
PMMA and GPPS notched samples, and theoretically by means of FFM. Actually, FFM predictions are accurate but
for the smallest hole sizes, where the failure stress is overestimated: this discrepancy (more than 20%) is imputable to
some nonlinear phenomena (detected in the stress-displacement curves) related to the high failure load and the
particular (compressive) loading conditions. The investigation of nonlinearities goes beyond the scope of the paper,
but some works are in progress following the study by Leguillon and Yoshibash (2017).

Finally, in the more general framework of plates under biaxial loading conditions, it has been shown that the loading
parameter A and the dimensionless hole radius govern the FFM stability of the crack onset.
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