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Influence of the mechanical properties of the necrotic core on the growth
and remodelling of tumour spheroids.
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of Mathematical Sciences, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy

Abstract
Multicellular tumour spheroids (MCTSs) are complex biological materials, undergoing both growth, due
to cell proliferation, and remodelling, thanks to the ability of cells to reorganize the bonds among them. In
this paper, we study the mechanical behaviour of MCTSs, treated as porous materials, composed of cells and
filled with water, and we use the notion of evolving natural configurations to incorporate cells’ capability
to reorganize and proliferate. We model the MCTS as possibly made up of three concentric layers: the
necrotic core, either calcified of filled by liquid, the quiescent region, composed by cells that are alive but
not dividing and the outermost proliferative ring. The resulting system of equations is used to simulate the
response of a quiescent tumour spheroid when an external load is applied and the proliferation of a MCTS in
response to nutrients, either when the aggregate is let free to expand or when it is compressed by the external
environment. The results show the importance of remodelling on the capability of cells to redistribute inside
the living structure and the influence of the mechanical properties of the inner necrotic structure, when its
size is relevant.
Keywords: growth and remodelling, multicellular tumour spheroid, necrotic core, evolving natural
configurations

1. Introduction
The formulation of a mathematical model able to simulate the process of cell growth in vitro and in
vivo is of great interest both from the biological and the mathematical point of view. Indeed, modelling
the proliferation of tumours has the potential of shedding light on the interactions among the biological
mechanisms involved in the process, becoming a useful tool in cancer research, possibly improving diagnostic
treatments.
Solid tumours develop initially as a single undifferentiated mass of abnormal cells, that proliferate more
rapidly than the healthy cells around them. In this very first stage, tumour growth is not associated with
the formation of new blood vessels (avascular phase) and thus cells receive their nutrient supply by diffusion
from the existing vasculature [65]. Imaging techniques and biological tests through isolation and staining
[56] showed that, as the tumour size increases (up to hundreds of µm), cells at the interior become quiescent,
i.e., they are not dividing but are alive. Then, the avascular mass continues to grow until cell close to the
centre, being deprived of vital nutrients, die forming the central necrotic core [20, 56]. Therefore, avascular
multicellular tumour spheroids (MCTSs), with dimensions up to several millimetres in diameter, are typically
composed by an inner necrotic core, surrounded by a shell of quiescent cells, and an outermost thin layer of
live, proliferating cells [20].
The boundaries between the different layers inside a multicellular spheroid may vary in time, because quiescent cells can start dividing again if environmental conditions change and conversely proliferating cells
might turn quiescent. At the same time, a portion of the quiescent region can undergo both apoptosis and
∗ Corresponding

author
Email address: chiara.giverso@polito.it (Chiara Giverso∗ )

Preprint submitted to Elsevier

January 30, 2020

(a)

(b)

Figure 1: Morphology of multicellular tumour spheroids. (a) A human melanoma MCTS after 2, 4, 8 and 10 days in culture
(scale bar = 100 µm) (taken with permission from [52]: the liquid necrotic core start to form after 2 days. (b) Lobular carcinoma
in situ (LCIS) with a necrotic calcified core (taken with permission from [46]).

necrosis, enlarging the necrotic core. In contrast to apoptosis, which is the naturally occurring programmed
cell death, necrosis results in the premature death of cells and it is caused by external factors (e.g. nutrient
deprivation, infections, hypoxia, presence of tumour necrosis factor...) [29, 34, 35]. Thus, apoptotic cells
appear sporadically as isolated, shrunken cells, and are generally soon replaced by either proliferative or
quiescent cells, whereas necrotic cancer cells form large contiguous regions (such as the necrotic cores in a
MCTS) where oxygen, glucose or eventually other growth factors are too low to sustain cell survival [34, 35].
Necrosis starts with a rapid swelling by osmosis up to several times the initial cell volume and subsequent
lyses with leaks of fluids and other proteins [34, 35]. In some cases, the necrotic cells undergo dissolution
and are removed from the system entirely, leading to the formation of an inner cavity filled with liquid and
eventually some necrotic debris (see Fig. 1-a), while, in other cases, the necrotic core is separated from the
rest of the tumour, so that the clearance of the necrotic material is prevented and the whole region undergoes
dystrophic calcification (see Fig. 1-b) [15, 35, 36]. Calcification has been detected in many cancers, such as
in breast cancer and in particular ductal carcinoma in situ (DCIS) [41, 68], in glioblastoma multiforme [45],
in colorectal and ovarian cancer [15, 53] and in a wide variety of epithelial, mesenchymal, lymphoid, or germ
cell neoplasms [15]. However the pathophysiology of calcification in primary and metastatic malignancies is
extremely heterogeneous and not completely understood [15].
Since the very early stages of tumour progression are rarely seen clinically because of the small size of
the cell masses and the absence of symptoms, the initial avascular growth phase and the different regions
composing the MCTS can be easily studied in vitro, by culturing cancer cells in the form of three dimensional
spheroids in a liquid medium or gel containing appropriate nutrients [19, 44]. This assay, introduced by
Sutherland and coworkers in the early 1970s [59, 60], has been extensively used to study the properties of
tumours and its internal architecture, to investigate subsequent stages of cancer progression, and to predict
the response to therapeutic treatments, because it possesses growth kinetics which are very similar to the
one shown by tumour masses in vivo [66] (see [30, 37] for reviews). The relative abundance of in vitro
studies on MCTSs [19, 21, 29, 34, 60, 61, 66] has also fostered the development of several mathematical
models [2, 8, 10, 17, 25, 40, 42, 43, 49, 55, 63, 67]. Without claiming to be exhaustive, since the literature
on the growth of cellular aggregates is so widespread, we will focus only on those contributions that are
fundamental for this work, referring the interested reader to [4, 5, 40, 49, 64] for a detailed review on
mathematical modelling of solid tumour growth.
Typically, mathematical models of MCTSs in the literature treat the tumour as a spherical mass of cancer
cells which grows in response to an external nutrient supply. The layer of proliferating cells surrounds a region
containing non-proliferating, quiescent cells [7] and, eventually, a central necrotic core [10, 8]. The resulting
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system of equations comprise one or eventually more ordinary differential equations, derived from mass
conservation applied to the whole tumour and possibly the different subregions, and at least one reactiondiffusion equation describing the distribution within the tumour of the chemicals (e.g., oxygen, glucose,
growth inhibitory factors, ...) [10, 40, 49]. All these works consider the tumour mass as composed only by
cells that can proliferate or die or eventually stay at rest. However multicellular aggregates are complex
living materials, composed by different types of cells, with water filling the interstitial space. In particular,
the introduction of the liquid phase is fundamental in order to properly describe the flow of nutrients inside
multicellular spheroids, thus a multiphase framework would be more adapt to describe the whole process.
The description of solid tumours as a multiphasic mixtures date back to the late-1990s [47, 48] and in the
last years several multiphase models, with either sharp or diffuse interface separating the tumour from the
healthy tissue and eventually the different layers in the aggregate, have been developed and applied with
success to describe tumour growth [16, 17, 43, 49, 55, 67]. However in the aforementioned multiphase models,
the mechanical response to stress of necrotic cells is not distinguished from the one of live and quiescent
cells. Indeed necrotic cells are hinted in the source/sink term, without explicitly accounting for the additional
interface between living and dead cells and without considering the different mechanical properties of the
necrotic region from the rest of the MCTS. Furthermore, none of these multiphase continuous models have
examined the possible calcification of necrotic debris, which dramatically change the mechanical response of
that portion of tissue. Some efforts to characterize the necrotic core biomechanical properties and include
calcifications have been done, for instance, in the multiscale agent-based cell model proposed in [41], but,
also in this case, the potential impact of the necrotic core on tumour progression and on the ability to sustain
external stress is missed. However, it is well known that necrosis plays a prominent role in many carcinomas
and the mechanical characteristic of the necrotic core can alter the response of tumour spheroid to external
stresses [58].
Therefore, in the present paper, considering the tumour composed by cells living in a watery gel full of
nutrients and using the tools provided by mixture theory, we formulate a mathematical model to represent
the growth and remodelling of a multicellular spheroid under the application of an external load, that
represents the stress exerted by either the medium in which the tumour spheroids are cultured or, eventually,
the healthy tissue. In order to encapsulate in the model growth and cells reorganization which inexorably
occurs inside living systems, we use the theory of material with natural evolving configurations [32, 33, 54].
In particular, the proposed model follows the work done by Ambrosi and Mollica [1, 2], in which the response
of tumour spheroids undergoing growth is studied, and by Preziosi and Ambrosi [3, 50] in which the role
of remodelling in tumour response is introduced. In particular, in [1, 2], spheroids are considered as a
monophasic elastic material, undergoing growth depending on the external loading and the availability of
nutrients, without considering the role of remodelling, whereas in [23, 24, 50] a remodelling equation is
introduced, but the process of growth inside spheroidal aggregates is not exploited. In [3] a similar model,
with different remodelling equation, is presented and applied to the description of tumour growth inside a
cylindrical duct (with rigid wall). Moreover, in these works the diffusion and transport of nutrients are not
exploited. Nutrient availability controls the duplication of cells and its depletion limits the expansion of the
tumour spheroids and defines the presence of the quiescent and necrotic region.
Therefore, in the present work, we first consider a simple setting, composed of a necrotic core and a quiescent
ring, undergoing radial compression, then we consider the interplay between growth and remodelling in a
tumour composed of a necrotic core, a quiescent and a proliferative ring, determined by the availability of
nutrients in the external environment. In both conditions, we consider the cases in which the central necrotic
core is composed either by calcified debris resulting from the death of cells (i.e., calcified necrotic core) or
the case in which debris have been removed and the spheroid is left with a cavity filled by water (i.e. liquid
necrotic core).
The paper is structured as follows: Section 2 is devoted to the derivation of the equations describing the
growth and remodelling of a tumour spheroid in vitro. The balance laws and constitutive equations presented
in Section 2.1 are then set in spherical coordinates (see Section 2.2). Results are presented in Section 3,
considering the pure remodelling of a spheroid under an external load, and the growth and remodelling
of a MCTS composed by necrotic, quiescent and proliferative regions and considering the influence of the
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mechanical properties of the central necrotic core on the ability to sustain internal and external stresses.
Finally, the main outcomes of this work and future development are discussed in Section 4.
2. Mathematical Model
The mathematical model presented below describes the evolution of a multicellular tumour spheroid
growing in response to an externally-supplied nutrient, such as oxygen or glucose. We assume that the
tumour is radially-symmetric over the whole process and that contains proliferating, quiescent and necrotic
cells. The proportion of quiescent and proliferating cells changes as the tumour grows, whereas the size of
the calcified core is fixed, since we assumed that the necrotic process occurs over longer times than the ones
considered in the present work [41]. Indeed, it has been estimated that while the cell swelling and lysis,
associated to apoptosis and to the very first stage of necrosis, occur in some hours, calcification takes 15-20
days [41] to establish.
In particular, we modelled the multicellular tumour spheroid as a porous medium composed of a “solid”
fraction, φs , representing cells, and a liquid phase, φ` , representing the interstitial fluid and we assume that
the saturation condition for the aggregate is φs +φ` = φmax , where φmax is a given constant, possibly, but not
necessarily, equal to one. We, then, consider the velocities v s of the solid phase and v ` of the liquid phase. In
order to properly describe the growth and remodelling processes occurring inside the living structure, we refer
to the theory of material with evolving natural configurations [32, 33, 54] and we introduce the second-order
tensors Fg which represents pure growth/death (therefore accompanied with cell mass variation), Fp which
describe the anelastic deformation due to the rearrangements among cells (i.e. remodelling) and Fn which
represent the stress-induced deformation. Referring to Fig. 2, the tensor Fg maps vectors attached to Br ,
which is the reference configuration into vectors attached to what is generally called grown configuration Bg ,
whereas the tensor Fp maps vectors attached to Bg into vectors attached to a locally relaxed configuration,
which is often referred to as natural configuration [51] and denoted by Bn . Therefore, using the multiplicative
decomposition [39], the tensor F is decomposed as F = Fn Fp Fg . The variations of volume of the solid phase
due to the deformation when no growth and remodelling take place is denoted by Jn = det(Fn ), whereas
the volume increase due to growth is represented by Jg = det(Fg ). We assume that deformations due
to remodelling takes place, without changes in volume, i.e. Jp = det(Fp ) = 1, so that the multiplicative
decomposition of F implies J = Jn Jp Jg = Jn Jg .
2.1. Balance laws
For a closed saturated biphasic mixture, composed by incompressible solid and liquid phases (i.e. the
true densities of the solid and liquid phases, i.e., %ˆs = ρs /φs and %ˆ` = ρ` /φ` , are constant), the balance laws
in the Lagrangian form, referring to the solid constituent (in order to have all the quantities expressed in the
reference configuration which is fixed in time) [27], assuming that ρˆs = ρˆ` (which is reasonable being cells
mainly composed of water), read
˙
(Jφs ) = Jφs Γs ,

J˙ + Div Jφ` F−1 (vv ` − v s ) = 0,

(1)
(2)

where the operator Div(·) is the divergence computed with respect to the material coordinates. Since
Jg = J/Jn = Jφs /φsn ,
φsn
Jg
φs =
= φsn .
(3)
Jn
J
and the volumetric fraction of the solid phase, φs , is determined once the volumetric deformations J and Jg
are known and the constant solid volumetric fraction φsn ‘seen’ from the natural configuration is assigned.
Together with mass balance, also the balances of momentum of the cellular and liquid phase have to be
provided. We accept the validity of Darcy’s law, so that the fluid flow depends on the permeability of the
medium (K) and on the interstitial pressure (p) gradient
νφ` (vv ` − v s ) = −K grad(p),
4
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Reference configuration

Current configuration
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Figure 2: Diagram of the states from the original unstressed configuration Br to the current configuration Bt , in the framework
of multiple natural configurations. Fn identifies the deformation without anelastic deformations, Fp describes the reorganization
of cells inside the aggregate and Fg the anelastic deformation due to growth/death.

where ν is the viscosity of the fluid phase. Substitution of this result into (2) yields

1
J˙ = Div JF−1 KF−T Grad(p) ,
ν

(5)

where we wrote the pressure gradient in material coordinates, i.e. grad(p) = F−T Grad(p).
Assuming that the external body force density is null, the material, local form of the momentum balance law
for the mixture, written with respect to the reference placement Br and neglecting inertial term, is given by
Div(P) = 0,

(6)

where P is the first Piola-Kirchhoff stress tensor of the mixture, and it can be approximated with the sum
of the stress tensors of the solid and liquid phase, P = Ps + P` . The tensors Ps and P` are defined through
the standard Piola transformations
Ps := JTs F−T

(7)

P` := JT` F−T .

(8)

where Ts and T` denote the Cauchy stress tensors of the solid and fluid phase and J and F refer to the
solid phase.
In order to close the mathematical problem resulting from (5) and (6), it is necessary to provide information
about the stresses Ts and T` . The cellular component is assumed to be hyperelastic and isotropic, and it is
modelled by a modified Neo-Hookean constitutive equation [3], which leads to the following expressions


1
Ts = −φs p + Σ(φs ) + µ tr (Bn ) I + µφs Bn ,
(9)
3
5

where Bn = Fn FTn and Σ(φs ) is a stress function that in the following we will assume to have the form
φs − φ0
Σ(φs ) = E
. The liquid component is assumed to be inviscid, i.e T` = −φ` p. In the following, we
φmax − φs
will use the apex 0 to indicate the deviatoric part of the stress tensor of the solid phase, whereas the apex ∗
stands for the constitutive part, i.e., T0s = Ts − 31 tr(Ts )I and T∗s = Ts + φs pI .
Once it is known how the material behaves from the natural configuration to the actual state, we need to
describe how the natural configuration evolves, through remodelling and growth. For the evolution of the
internal reorganization, we use the relation introduced in [23], which links the the plastic velocity gradient
to the plastic deformation tensor Tp = FTn T0 s F−T
n



J
τ (φs )
,
(10)
sym FTn T0 s F−T
Lp =
1−
n
0
2η(φs )
f(T s ) +
where [·]+ stands for the positive part of its argument. We observe that in (10), the term containing the yield
stress switches on just when the stress overcomes the yield stress τ (φs ) in terms of the set frame invariant
measure of the stress of the cellular constituent f (T0 s ). In this case the energy is no longer elastically stored
but it is spent in cell unbinding and cytoskeleton reorganization at the microscopic scale, which produces
the spheroid rearrangement at the macroscopic scale.
Finally, we have to consider the equation representing the growth of the cellular constituent. In [3], it was
shown that the evolution of the growth term satisfies
J˙g
= Γs .
Jg

(11)

In this work, we will assume that the duplication of cells and its depletion is limited by contact inhibition
and is controlled by nutrient availability, fixing a minimum threshold of nutrients concentration, cn0 above
which cells can proliferate, so that we can set Γs = γs (φmax − φs )(cn − cn0 )+ . The inclusion of nutrients
allows to differentiate the proliferative region from the quiescent region of the spheroid, in which the amount
of nutrients is not sufficient to maintain cell proliferation (i.e., cn ≤ cn0 ). In order to insert the dependency
on nutrients in the growth term, it is necessary to give the evolution of these chemicals inside the spheroid.
Nutrients diffuse inside the tissue and are transported by the liquid moving in the interstitial space, so that
the mass balance for nutrients dissolved in the liquid phase, in Lagrangian coordinates, reads [26]
ċn =



1
1
φs
F−1 K(φs )F−T Grad p · Grad cn +
Div JF−1 Dn F−T Grad cn − ζ cn ,
νφ`
Jφ`
φ`

(12)

where cn is the mass concentration of the nutrients, ζ is the rate of consumption of nutrients for cell biological
functions and Dn is the diffusion coefficient of nutrients.
The system of equations (3), (4), (5), (6), (10), (11), (12), which hold in the internal points of Br , completed
with proper conditions prescribed on the boundary ∂Br , completely defines the growth and remodelling of
a tumour mass in response to nutrients.
2.2. Spherical symmetry
Assuming that the initial spherical geometry is preserved throughout the process, the model presented
in Section 2.1 is used to describe the isotropic growth and remodelling of a tumour spheroid. Therefore it
is reasonable to rewrite the system of eqs. (3)-(6), (10)-(12) in material spherical coordinates, (R, Θ, Φ),
considering deformations and velocities of all constituents to be along the R-axis and to depend on R and t
only. Therefore we have
r(t, X ) = χ(t, R),

ϑ(t, X ) = Θ,

ϕ(t, X ) = Φ,

so that the matrix representation of the deformation gradient tensor is diagonal and given by


∂χ χ χ
F = diag
, ,
∂R R R
6

(13)

(14)

and therefore J =

∂χ χ2
∂R R2 .

Then, being Jp = 1, and enforcing spherical symmetry, we take
 2

R Ψp Ψp
Fp = diag
,
,
,
Ψ2p R R

(15)

where Ψp is a measure of the remodelling of the spheroids, and we consider a spherical growth
Fg = diag {g, g, g} .

(16)

Finally, we assume that the medium is isotropic with respect to both its elastic properties and permeability.
In particular, the tensor K = K(φs )I is taken from [31] and adapted to our framework, i.e.,

m



m1 J 2 − Jg2
φs0 J − φsn Jg 0
.
(17)
exp
K(φs ) = kp
1 − φs0 Jg φsn
2
Jg2
Taking a spheroid of initial radius, R = Rout with an internal calcified core of radius R0 , the following system
of equations, derived from (3)-(6), (10)-(12), holds for R0 < R < Rout
J˙

=

ġ

=

Ψ̇p

=

ċn

=

1 χ2 ∂
K(φs ) J R
(K(φs )ΠR ) + 2
Π
ν R2 ∂R
ν χ
γs
(φmax − φs )(cn − cn0 )+ g
3
"
#

Jφs J 2 Ψ6p − χ6
2τ
−
sign J 2 Ψ6p − χ6 Ψp
−
6λ
g 2 Ψ2p χ4
µφs
+
 4

1 χ2
Dn
∂
χ ∂cn
φs
∂c
n
R
K(φs )Π
+
− ζ cn ,
2
2
2
ν Jφ` R
∂R
J(1 − φs )R ∂R JR ∂R
φ`

(18)
(19)
(20)
(21)

In (18) and (21), ΠR is the radial component of the material gradient of pressure pulled-forward to the actual
configuration, that in spherical coordinates reads



1 ∂
2
R
∗ rR
∗ rR
∗ ϑΘ
Π =
(P ) +
(Ps ) − (Ps )
,
(22)
J ∂R s
R

where P∗s = diag (Ps∗ )rR , (Ps∗ )ϑΘ , (Ps∗ )ϕΦ is the constitutive part of the first Piola-Kirchoff stress tensor of
the cellular component, given by the constitutive equation (9) and the Piola transformation
!
J 2 Ψ4p
χ2
1 J 2 Ψ6p + 2χ6
∗ rR
+
Jφ
µ
(23)
(Ps )
= −Jφs Σ(φs ) + µ
s
3
g 2 Ψ2p χ4
JR2
χ2 g 2 R2
!
1 J 2 Ψ6p + 2χ6 R
χR
∗ ϑΘ
∗ ϕΦ
(Ps )
= (Ps ) = −Jφs Σ(φs ) + µ
+ Jφs µ 2 2 .
(24)
3
g 2 Ψ2p χ4
χ
g Ψp
In (20), we defined the intracellular-reorganization time (or plastic rearrangement time) λ = η/µ and we
used the Tresca criterion in order to give a representation of frame invariant measure of the stress present
in (10), i.e., f(T0s ) = |(Tsrr )0 − (Tsϑϑ )0 |/2.
Finally, the evolution of the pressure inside the aggregate can be solved a posteriori, once the other unknowns
have been determined, using eq. (6) rewritten in spherical coordinates
∂
R2
p(t, R) = J 2 ΠR .
∂R
χ

(25)

We remark that the system of equations (18)-(21) has to be solved together with the auxiliary condition
R2
∂
χ=J 2 ,
∂R
χ
7

(26)

and should be supplied by proper boundary conditions (BCs) and initial conditions (ICs) for the unknowns.
As initial conditions, we consider that no elastic, plastic and growth deformations are already present and
that nutrients are concentrated close to the external boundary, i.e.,
J(0, R)
Ψp (0, R)
g(0, R)
cn (0, R)

=

1

(27)

= R

(28)

=

(29)

1

= e

−(R−Rout )2 /2

(30)

Regarding the boundary conditions, the mass balance (18) and the diffusion equation (21) require two BCs,
whereas eq. (26) is well defined provided that one BC is given. At the MCTS external boundary, located in
Rout , boundary conditions have to be consistent with the following requirements:
(i) the radial stress at the external boundary of the specimen has to be equal to the applied stress, Pappl (t);
(ii) the pressure p has to vanish at R = Rout since the liquid is in equilibrium with the liquid outside the
spheroid.
(iii) the nutrient concentration cn is maintained constant and equal to cb in the external nutrient-rich
environment
These observations are translated in the following set of boundary conditions
(Ts∗ )rr (t, χ(Rout )) = Pappl (t)

(31)

p(t, χ(t, Rout )) = 0

(32)

cn (t, χ(t, Rout )) = cb .

(33)

The boundary condition (31) looks like a Dirichlet condition on J at the external boundary, since, for the
particular form of Σ(φs ) that we chose,
!
#
"
J 2 Ψ4p
1 J 2 Ψ6p + 2χ6
φs − φ0
+ µφs 4 2
= Pappl (t) .
(34)
+µ
−φs E
φmax − φs
3 g 2 Ψ2p χ4
χ g
χ(t,Rout )

This equation is nonlinear with respect to J(t, Rout ) and solutions can be found by applying Newton’s
method or other techniques.
For what concerns the inner boundary located in R0 , we have to distinguish the case in which the necrotic
core is either calcified or composed by a liquid cavity. In the first case
(iv-n) the velocities of the fluid and of solid phases have to vanish at the inner boundary because the calcified
necrotic core is assumed impervious,
(v-n) since the necrotic process occurs over longer scales than those related to growth and remodelling, we
can consider a fixed boundary between the necrotic core and the quiescent region,
(vi-n) the rigid necrotic core is impermeable to nutrients,
so that
χ(t, R0 ) = R0
R

Π (t, R0 ) = 0
∂cn
(t, R0 ) = 0 .
∂R

(35)
(36)
(37)

Indeed (35) guaranties that the interface between the necrotic calcified core and the surrounding living cells
is fixed, whereas (36), which is a Robin BC for J at the inner boundary, states that the flux at the inner
8

boundary is null, being velocities null.
On the other hand, when we consider the case of spheroids with a necrotic liquid core, we cannot assume
that the inner boundary of the spheroid is impermeable and fixed. In this case, the BCs in R0 should be
consistent with the following requirements:
(iv-l) the radial stress exerted by the mixture equals the liquid core radial stress, T`rr ,
(v-l) the flux at the inner boundary is preserved and the inner boundary moves with the solid phase,
(vi-l) inside the necrotic liquid region, the concentration of nutrients is homogeneously distributed,
that are translated in the following set of boundary conditions

rr
Tm
(t, χ(t, R0 ))

=

χ̇(t, R0 ) = v R
s

=⇒

T`rr (t, χ(t, R0 ))

=⇒

K(φs ) R
Π
ν
∗ rr
(Ts ) (t, χ(t, R0 )) = 0
∂cn
(t, R0 ) = 0
∂R

χ̇(t, R0 ) =

(38)
(39)
(40)

The boundary condition (38) can be obtained by the mass-balance equation of the liquid and the cellular
phase for an incompressible, closed and saturated mixture, which written in spherical coordinates entails

∂
r2 (φsv s + φ`v ` ) = 0 .
∂r

(41)

Being v = φsv s + φ`v ` continuous across the interface and v = 0 in the liquid core, we have
v` = −

φs
vs
φ`

(42)

in the whole MCTS domain, which coupled with the Darcy equation (4) leads to (38). As observed for the
outer boundary, eq. (39) can be rephrased in
"
!
#
J 2 Ψ4p
φs − φ0
1 J 2 Ψ6p + 2χ6
−φs E
+ µ
+ µφs 4 2
=0
(43)
φmax − φs
3
g 2 Ψ2p χ4
χ g
χ(t,R0 )

that is a non-linear Dirichlet condition on J.
3. Results
In this section, we first present the results of a quiescent spheroid undergoing pure remodelling due to
the application of an external load on the outer boundary (Section 3.1), and, then, we consider the case
of a MCTS with an external proliferative ring, an intermediate quiescent region, determined by nutrients
availability, and a necrotic core (Section 3.2). In both cases we will analyze either the presence of a fully
calcified necrotic core or the presence of a cavity filled with water, inside the aggregate.
The results in this section are presented in terms of dimensionless quantities. Indeed, the parameters in the
model may vary significantly considering different types of tumour cells [19, 21, 29, 61, 66], therefore a dimensionless approach is more valuable in analyzing the relative influence of single and interrelated parameters on
the overall process. Spatial quantities are scaled with respect to the initial external radius of the spheroid,
−1
Rout , whereas temporal quantities scale with the typical cell proliferation time, tr = (φmax γs cb ) ; stresses
and mechanical parameters are made dimensionless with respect to the shear modulus of the material, µ,
the volume fractions are compared to the maximum cellular volume fraction, φmax , while the nutrient concentration is related to the concentration at the external boundary, cb . Thus, the following dimensionless
quantities are introduced
R̃ =

R
,
Rout

r̃ = χ̃ =

χ
,
Rout

Ψ̃p =

Ψp
,
Rout
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t̃ =

t
,
tr

φ̃s =

φs
φmax

,
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Figure 3: Calcified core without growth: simulations for dimensionless parameters Pappl = −0.28, kp = 0.77, m0 = 0.0848,
m1 = 4.638, τ = 0.028, λ = 0.028, E = 0.28. Lines report the evolution in space of (a) the cell volumetric fraction φs , (b) the
MSCT displacement, χ − R and (c) the plastic remodelling Ψp − R at the instant of time specified in the legend. For the final
time reported in the figures, the system is at the stationary condition.

P̃appl =

Pappl
,
µφmax
k̃p =

(P̃s∗ )rR =

k0 µφmax tr
,
2
νRout

(Ps∗ )rR
,
µφmax
D̃n =

(P̃s∗ )ϑΘ =

Dn tr
,
2
φmax Rout

(Ps∗ )ϑΘ
,
µφmax

ζ̃ = ζtr ,

τ̃ (φ̃s ) =
λ̃ =

λ
,
tr

τ (φs )
,
µφmax
c̃0 =

Ẽ =

E
,
µ

c0
.
cb

˜ and all the quantities reported
In the following, for sake of simplicity in the notation, we will drop the (·)
are dimensionless.
The numerical results have been obtained by discretizing the one dimensional dimensionless domain, represented by the interval [R0 , 1], into N + 1 subintervals of varying width, through the introduction of N
Chebyshev nodes in (R0 , 1), so that the discretization is denser closer to the inner and outer boundaries.
According to this procedure, the initial system of partial differential equations (18)-(21) is approximated by
a system of ordinary differential equations that can be integrated by an explicit Euler scheme in time. The
variation of pressure inside the specimen can be calculated a posteriori, once ΠR is known, using (25), that
can be solved with a forward Euler scheme in space.
3.1. Tumour response to an external stress, without growth
In this section, we simulate the mechanical behaviour of a spheroid with a necrotic core of radius R0
(that can be either composed of calcified debris, i.e., rigid, or filled with liquid) and an external quiescent
shell (in which cell proliferation is compensated by death), subjected to a known load applied on the outer
boundary. The external load represents the controlled stress exerted in vitro by the gel in which cancer cells
are cultured and it mimics the stress applied by the external tissue in vivo. In this case, we do not consider
growth, since the time of application of the load can be shorter compared to the typical time required by
growth [41]. Therefore in this case we do not have any net production of the cellular phase, i.e., Γs = 0 in
(19), which implies g(t, R) = 1 , ∀t and ∀R. The evolution of the system is, then, obtained by solving eqs.
(18), (20), (26), coupled with the initial conditions (27) and (28), the boundary condition at the external
boundary (34) and either the BCS (35)-(36) when the rigid necrotic core is studied or (38)-(39) for the liquid
core.
In particular, we focus on different behaviours of the MCTS depending on its capability to reorganize in
response to the external load, presenting both the case in which remodelling occurs (setting a small value
of the parameter τ , so that the stress is above the set threshold in a portion of the aggregate) in Figs. 3
and 5, and the case in which no plastic reorganization occurs (higher value of the parameter τ ) in Fig. 6.
We remark that if no stress is applied at the outer boundary, the stationary case corresponds to the initial
condition, i.e. we do not have any evolution of the system.
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Ψp − R > 0

Ψp − R = 0

Ψp − R < 0

Figure 4: Diagram of the possible internal reorganization occurring inside a spheroid: remodelling through compression (on the
left), physiological condition (centre), remodelling through extension (on the right).

Fig. 3 shows the evolution in time and space of φs (t, R) = φsn /J(t, R), Ψp (t, R) − R and χ(t, R) − R for a
spheroid with a calcified core subjected to a constant stress at the outer boundary able to trigger the internal
remodelling of the aggregate. Every curve represents the trend over R of the different quantities at a fixed
time step (see legend). It is possible to see that, in the first time steps, the cell volumetric fraction strongly
increases at the outer boundary where the load is applied. Then the whole aggregate is strongly compressed
(see Fig. 3-(a)) and its volume diminishes (i.e. J decreases, being J inversely proportional to φs ), as it is
clear from the negative displacement in Fig. 3-(b). In the case of a calcified necrotic core, due to the BC
(35) the displacement is null in proximity of the necrotic core, whereas the spheroid radius decreases until
the stationary condition is reached. We remark that after t ≈ 0.1 the trend in the curves representing the
distribution of φs changes in proximity of the internal boundary. This change corresponds to the activation
of the internal reorganization close to the inner boundary (see Fig. 3-(c)). Indeed, while the remodelling at
the external boundary starts as soon as the load is applied and after t ≈ 0.06 the region close to Rout has
completely reorganized, the layer close to the necrotic core starts deforming plastically only at a later time
(i.e., t > 0.1). For better understanding the meaning of the remodelling term, we remark that FprR = R2 /Ψ2p ,
whereas FpθΘ = FpφΦ = Ψp /R, thus
• Ψp − R < 0 ⇐⇒ FprR > 1 and FpθΘ = FpφΦ < 1 , which means that remodelling occurs through
extensions along the radial direction and compression in the transverse directions;
• Ψp − R > 0 ⇐⇒ FprR < 1 and FpθΘ = FpφΦ > 1, which means that remodelling occurs through
compression along the R-axis and extensions along the Θ and Φ directions.
Fig. 4 intuitively explains the biological meaning of the remodelling term.
Therefore, when a calcified quiescent MCTS is compressed, as shown in Fig. 3-(c), in the first instants
of time, consistent remodelling occurs at the external boundary due to compression along the radial direction and extension along the angular directions, as a consequence of the external compression load. Then
remodelling at the external boundary reaches the steady state condition (indeed, for the specific parameters
used in Fig. 3, after t ≈ 0.06 the curves at the external boundary almost overlap), while remodelling starts
at the internal boundary where cells are constrained not to penetrate the necrotic core. Close to the internal
boundary, Ψp − R > 0, being cell compressed towards the necrotic core. Also in this case, remodelling
continues until a stationary condition is reached (after t ≈ 2). We remark that, thanks to the remodelling
occurring in the region near the calcified core and in the outer region, φs is higher than in the central region,
where remodelling is not triggered. Therefore the effect of bond rupture, when the aggregate is constrained
on both sides, leads to a closer packaging of cells.
Moreover we observe that, for the parameters set in this simulations, remodelling occurs only in some regions
of the aggregate. Therefore we have that the mechanical behaviour of the aggregate changes in space: in
the central region it behaves visco-elastically, whereas close to the inner and the outer boundary it behaves
as an visco-elasto-plastic material. This difference in the mechanical response of cells leads to a highly
non-homogeneous distribution of cells inside the domain.
Looking at the liquid core case, in Fig. 5, we observe that, also in this case, in the first instants of time,
cells are more compressed at the outer boundary (Fig. 5-(a)), then, as the deformation of the aggregate
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Figure 5: Liquid core without growth: simulations for the same values of the parameters used in the simulation of the calcified
core. Lines report the evolution in space of the variables at the instant of time specified. We remark that in this case at time
t = 3 the steady state is not yet reached. Indeed, for the liquid core undergoing remodelling the internal boundary continues
to move until cells fill all the internal gap.
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Figure 6: Liquid core without growth and without remodelling: simulations for the same values of the parameters used in the
simulation of the calcified core, but for a value of τ for which no remodelling occurs. Lines report the evolution in space of the
variable at the instant of time specified. We remark that at the stationary state (after t ≈ 3) there is still some liquid in the
central necrotic core.

increases (see Fig. 5-(b)), cells volumetric fraction increases in the whole domain. However, in this case,
the solid volumetric fraction in the region near the necrotic core is less influenced by the application of an
external load, being cells not pushed against a rigid wall. Indeed in this case, cells can move toward the
liquid core, as fluid encapsulated inside the central core flows through the aggregate, leading to the decrease
of the central liquid core radius (χ(t, R0 ) − R0 < 0 in Fig. 5-(b)). In this case, for t = 3 the steady state
condition, which corresponds to the compressed cells filling the whole necrotic cavity, is not reached yet.
Moreover, consistent remodelling initially occurs at the external boundary, due to compression along the R
direction and extension along the transverse directions, as seen for the calcified necrotic core, due to the
application of the external load. At variance with what happens in presence of a necrotic core, in this case,
at the internal boundary, Ψp − R is negative which means that remodelling occurs through extension along
the R-axis. Indeed, when a liquid cavity forms the center of the MCTS, the effect of bond rupture is to
allow cells to move freely towards the central necrotic core, as long as it is all filled by cells. Also in this case
remodelling is triggered only in some regions of the aggregate, leading to different mechanical behaviours in
different MCTS layers.
Conversely, Fig. 6 reports the value of φs (t, R), χ(t, R) − R and p(t, R) in the case in which a quiescent
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Figure 7: Effect of remodelling on a quiescent aggregate subjected to an external load: comparison between liquid core and
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Figure 8: Effect of remodelling on a quiescent aggregate subjected to an external load: comparison between liquid core and
calcified core for a MCTS with a necrotic core of radius R0 = 0.5 (all variables are reported at time, t = 1).

aggregate with a liquid necrotic core is compressed, without experiencing remodelling. The distribution of
φs inside the MCTS, in this case, is almost constant, with only a slightly increase in the region close to
the inner liquid core, which is compressed. Differently from what observed in the elasto-plastic case, at the
steady state (which is reached at t ≈ 3), when p is null everywhere inside the spheroid (Fig. 6-(c)), so that
vc = 0, the internal liquid core is not fully filled by cells (see Fig. 6-(b)).
For a clearer comparison among the different cases, Fig. 7 reports the values of φs (t, R), χ(t, R) − R and
Ψp (t, R) − R at the reference time t = 5, both for the calcified core with and without remodelling (red and
blue curves, respectively) and the liquid core with and without remodelling (purple and light-blue curves,
respectively). Fig. 7 shows that, both for the calcified core and the liquid one, where remodelling is triggered,
cells are more closely packed than in the region in which remodelling does not occurs. Thus, at the internal
and external boundaries, the cell volumetric fraction is higher than in the central region. However, while at
the external border the behaviour of the MCTS with either a calcified or a liquid core is the same, at the
internal boundary, remodelling in the liquid core strives to maintain the cell volumetric fraction closer to the
physiological value and thus, when it is triggered, less intense volumetric changes are perceived in proximity
of the necrotic region. Indeed, in this case, the rupture of bonds leads to more intense cell movements toward
the central necrotic region and thus more intense displacement are recorded at the interface between the
necrotic and the quiescent regions. When no remodelling is triggered, the displacement of the cell phase at
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Figure 9: Free growth of a spheroid with a liquid core, a quiescent region and an external proliferative ring. The parameters
are the same as in the simulation in fig. 3, except for kp = 0.7745, cn0 = 0.5, Dn = 0.01 and ζ = 0.5.

the interior boundary is smaller and so φs should increase, to preserve the total spheroid mass. Finally, in
the case in which remodelling does not occur, being the mechanical behaviour of the aggregate the same in
the whole domain, the curves are smoother, both in the presence of the calcified and of the liquid core.
The influence of the composition (i.e., calcified vs. liquid) of the inner region on the mechanical behaviour
of the whole aggregate is more evident when the size of the necrotic core is larger. In particular, in Fig.
8 we report the case in which the tumour spheroid is 12.5% necrotic by volume (i.e. R0 = 0.5). In this
case, not only the occurrence of remodelling, but also the mechanical properties of the central region play a
fundamental role in determining the distribution of the cell volume fraction (Fig. 8-(a)) and displacements
inside the spheroid (Fig. 8-(b)). In particular, the MCTSs with the liquid cavity can be easily compressed by
the external load, so that the displacement at the outer boundary is higher in case in which the spheroid has
a liquid necrotic core, with respect to the calcified aggregate (Fig. 8-(b)). When remodelling is triggered,
in the case of a liquid necrotic core, high displacements are recorded both at the inner and at the outer
boundary, so that while the radius of the compressed spheroid decreases (χ(t, 1) < 1), the extension of the
quiescent region increases (in Fig. 8-(b), χ(t, R0 ) − R0 < χ(t, 1) − 1 =⇒ χ(t, 1) − χ(t, R0 ) > 1 − R0 for
the magenta curve) and the remodelling in the MCTS occurs through extension along the radial direction
(Ψp − R < 0 in Fig. 8-(c), magenta curve). Conversely, when the aggregate is compressed against the rigid
calcified core, the remodelling is due to compression along the radial direction (Ψp − R > 0 in Fig. 8-(c),
red curve).
3.2. Growth and remodelling of a tumour spheroid
In this section we include the growth of the spheroid guided by nutrients availability also considering
the application of a load on the outer boundary, that compresses the spheroid. Therefore the evolution of
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Figure 10: Effect of remodelling and free growth on a proliferative MCTS with a quiescent layer and a necrotic core, either
liquid or calcified (all variables are reported at time t = 3).

the system is obtained by solving eqs. (18)-(21) and (26), coupled with the initial conditions (27)-(30), the
boundary conditions at the external boundary (33),(34) and either the BCS (35),(36),(37) when the rigid
necrotic core is studied or (38),(39),(40) for the liquid core. In particular, we first look at the free growth
of a MCTS, i.e., when no load is applied at the outer boundary (Pappl = 0 in the simulations), in order to
let the aggregate freely expand and study the remodelling triggered by the pure growth inside the structure.
The variation in time and space of the different variables of the model, when there is a liquid cavity inside
the aggregate and remodelling occurs, are shown in Fig. 9.
Nutrients diffuse and are transported by the fluid moving inside the spheroid, from the outer environment,
and their concentration is high enough to guarantee the proliferation of cells, only in the region close to the
external boundary, (see Fig. 9-(a)). The radius of the quiescent region Rq (t), in which the nutrients are
below the set threshold for proliferation, cn < cn0 , depends on time and is regulated by the nutrient diffusive
length and by the expansion of the aggregate. Therefore g(t, R) > 1 only in the external portion of the
tumour spheroid, i.e., R > Rq (t), which corresponds to the proliferative shell (see Fig. 9-(b)), whereas for
R0 < R ≤ Rq (t), we have g(t, R) = 1 (quiescent region). The sharp transition between the proliferative ring
and the quiescent region is qualitatively in agreement with biological experiments [12, 18, 28], highlighting
the existence of a well-definded external rim in which cells duplicate and only some isolated cells proliferating
inside the quiescent region [28]. Even though also other factors (e.g. external environment, stresses, ...) can
play a crucial role in the growth of MCTSs, the thickness of the proliferative rim correlates with the diffusive
limit of oxygen and eventually other nutrients [12, 18, 28], estimated from images of the sections of dualstained MCTS with specific markers for proliferation and hypoxia.
Numerical simulations also show that the highest volumetric changes occur at the boundary of the tumour,
where the aggregate grows. In the case of the MCTS free growth, J(t, R) > 1 in the whole aggregate, which
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denotes the expansion of the tumour mass (Fig. 9-(c)). The enlargement of the aggregate is evident also
from the displacement plot (see Fig. 9-(d)). In the case of an inner liquid core, even though in the very
first instants of time the inner boundary slightly penetrates the cavity (not shown in the figure), then the
expansion of the whole structure makes the necrotic core and the quiescent region, expand, too, dragged
by the proliferative rim. Since the quiescent region enlargement is not compensated by cell growth the cell
volumetric fraction decreases there (see Fig. 9-(e)), whereas in the proliferative outer layer the tumour cell
volumetric fraction rapidly increases, leading to lines crossing over each other in the cell volumetric plot.
The void spaces in the expanding quiescent and necrotic regions are filled by the liquid moving towards the
center of the MCTS. The higher amount of liquid in the quiescent region with respect to the proliferative
region is also confirmed by biological experiments [56], showing a closer-packaging of cells in the external
rim and a higher amount of cytoplasmatic liquid, released by cell death, in the quiescent layer.
In the case in which remodelling occurs, closer to the outer boundary, due to the reorganization of the
structure (Fig. 9-(f)), the increase of the cellular volume fraction is less pronounced. We remark that in this
case, the plastic reorganization of the MCTS is merely due to the stress resulting from the proliferation of cells
and not to the application of an external load. Furthermore, for the particular value of remodelling threshold
set in the simulations, a portion of the proliferative rim does not experience the plastic reorganization of cells.
Therefore, it is possible to virtually divide the proliferative domain into two subregions: the outer portion
of the rim undergoes both proliferation and remodelling, whereas the inner part, where the stress due to
cell proliferation is not enough to overcome the yield stress, experiences anelastic deformations due to pure
growth. The result of this biphasic anelastic behaviour is evident in the cell volumetric distribution, which
shows different trends in the two proliferative subregions (Fig. 9-(e)). Of course this effect is dependent on
the chosen value of the remodelling threshold. Specifically, for lower values of τ , remodelling can occur in
the whole proliferative rim, leading to a smoother distribution of cell volume fraction inside the aggregate.
We remark that in the first instants of time, cell proliferation occurs without remodelling (up to t ≈ 0.9),
then remodelling due to extension along the R-direction (i.e., Ψp − R < 0) only starts in that portion of the
proliferative region where cell growth generates sufficient stress inside the structure in order to overcome the
chosen yield stress (Fig. 9-(f)).
The effect of remodelling on the distribution of cell growth, stresses, displacements and volumetric changes
inside the structure, depending on the mechanical characteristic of the central necrotic core, is transparent
in Fig. 10. As observed for the quiescent aggregate, remodelling highly influences the behaviour of a growing
MCTS, indeed the biggest differences in the curve in Fig. 10, apart from the region close to the necrotic
core, are not related to the mechanical properties of the central tumour region, but to the extent of the
plastic reorganizing phenomena occurring among the cells inside the structure. In this case, the differences
between the calcified and the liquid necrotic core is even less pronounced than in the case of a non-duplicating
MCTS, with appreciable alterations only in the distribution of displacements (Fig.10-(a)), of the mixture
stresses (Fig. 10-(b)) and of the fluid interstitial pressure (Fig.10-(c)) in the quiescent region in proximity
to the central necrotic region. On the other hand, the mechanical characteristic of the inner core, does not
significantly influence the distribution of φs , J and g (Fig. 10-(d)-(e)-(f), respectively). In the proliferative
region the presence of either calcifications or a liquid cavity inside the structure is shaded by the occurrence
of plastic phenomena, which strongly alter the behaviour of the system: when no remodelling is triggered,
the MCTS experiences lower displacements (Fig. 10-(a)), which are compensated by a higher φs (and
consequently less liquid) in the quiescent region with respect to the case in which remodelling does not occur
(Fig. 10-(e)), whereas the effect of remodelling is to reduce cell compaction in the region close to the external
boundary, where the MCTS yields.
Finally, we studied the behaviour of a MCTS growing under different imposed loads (specifically, Pappl = −0.1,
in Figs. 11 and 13, and Pappl = −0.28, in Figs. 12 and 14), that mimic the presence of an external tissue
or gel, compressing the tumour mass. In the first instants of time the aggregate is compressed due to the
external load, then cells duplication (Figs. 11-(a) and 12-(a)) becomes high enough in order to make the
spheroid expand again (see Fig. 11-(b) for t > 0.5 and Fig. 12-(b) for t ≥ 1). While at the beginning of the
process (Fig. 11-(c) for t < 0.5 and Fig. 12-(c) for t < 1) the increase in the volumetric fraction is purely due
to the compression of the aggregate, and thus it is distributed inside the whole MCTS, when growth becomes
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Figure 11: Growth of a spheroid with a calcified core when an external load is applied at the outer boundary. The parameters
are the same as in the simulation in Fig. 9, except for Pappl = −0.1 and τ , which is too high to induce remodelling.
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Figure 12: Growth of a spheroid with a calcified core when an external load is applied at the outer boundary. The parameters
are the same as in the simulation in Fig. 9, except for Pappl = −0.28 and τ which is too high to induce remodelling.

consistent, φs increases accordingly only in the proliferative region. When cell duplication in the external
rim prevails over MCTS compression, cell compaction in the quiescent region reduces, due to the expansion
of the whole multicellular structure, and cell volumetric fraction approaches the initial physiological value,
leading to line crossing in the plots (see Fig. 12-(c)).
As expected, when the applied load is higher (Fig. 12-(b) vs. Fig. 11-(b)), the multicellular spheroid experiences a more intense compression and the growth of the tumour is slowed down. We remark that in
both cases, the growth and applied stresses are not sufficient to overcome the threshold set for remodelling,
therefore the MCTS does not yield.
On the other hand, as observed in the free-growth cases, when plastic cell reorganization occurs (Fig. 13
and Fig. 14), the curves show abrupt changes in correspondence of the region where anelastic deformations,
i.e., remodelling and/or growth, are triggered (i.e., close to the internal and outer boundaries). In particular,
looking at the remodelling curves, it is possible to notice that, in the first instants of time, when proliferation is not significant, Ψp − R is positive both close to the necrotic core and to the external boundary (Fig.
13-(a) and Fig. 14-(a)), since, in both regions, internal reorganization occurs through compression along
the radial direction, as observed for the quiescent aggregate undergoing compression. Then, as proliferation
increases, while remodelling at the inner boundary continues to be driven by compression of cells against
the rigid calcified wall, at the outer boundary, Ψp − R becomes negative, which means that remodelling
occurs through a radial extension due to growth (see Fig. 13-(b) and Fig. 14-(b) in proximity of the external
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Figure 13: Growth of a spheroid with a calcified core when an external load is applied at the outer boundary. The parameters
are the same as in the simulation in Fig. 11, except for the remodelling threshold, τ = 0.028.

0.02
0

0

0.9

-0.02

0.85

-0.04

0.8

-0.06

0.75

-0.02
-0.04
-0.06
-0.08

0.7

-0.08
0.2

0.4

0.6

(a)

0.8

1

0.2

0.4

0.6

(b)

0.8

1

0.2

0.4

0.6

0.8

1

(c)

Figure 14: Growth of a spheroid with a calcified core when an external load is applied at the outer boundary. The parameters
are the same as in the simulation in Fig. 12, except for the remodelling threshold, τ = 0.028.

boundary). Specifically, in the final instants of the simulations reported in Fig. 13, for the chosen values
of yield stress and applied load, remodelling does not involve the whole proliferative region and thus it is
possible to virtually distinguish four MCTS subregions (from the core to the outer boundary): the quiescent visco-elasto-plastic layer, the quiescent visco-elastic layer, the proliferative visco-elastic layer and the
proliferative visco-elasto-plastic rim. On the other hand, when the external load is higher (see Fig. 14),
remodelling occurs in the whole proliferative rim and the distribution of φs is smoother than in the previous
case, even though transitions between the elastic and yielded regions are still clearly visible. In any case,
we remark that when remodelling is triggered, the increase in φs in the proliferative region is slowed down
(Fig. 13-(c) and Fig. 14-(c)) with respect to the MCTS that does not experience yield (Fig. 11-(c) and Fig.
12-(c)).
Finally, thanks to the rupture of the bonds among cells, the deformation inside the yielded MCTS rapidly
changes going from the proliferative layer to the quiescent one (see Fig. 11-(b) vs. Fig. 13-(b)).
4. Conclusion
In this work we formulated a mathematical model able to reproduce the growth of a tumour spheroid,
described as a biphasic material, composed by cells and extracellular liquid. The model is able to take into
account anelastic deformations resulting both from growth processes in response to nutrient availability and
the internal reorganization of cells, occurring when the stress inside the MCTS is above a given threshold.
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The introduction of the liquid phase is essential to properly describe the transport of nutrients, along with
their diffusion, from the external boundary of the multicellular aggregate, where they are supposed to be
abundant. Furthermore, the introduction of the liquid phase also allows to take into account the existence
of a water cavity inside the multicellular structure, due to cell necrosis. The effect of the surrounding
environment is included in the present model in term of a given force acting at the external boundary of the
spheroid.
In particular, the numerical simulations showed that when an external load is imposed on a quiescent
aggregate with a liquid necrotic core, if no remodelling occurs, the aggregate is able to bear the load
preserving the inner necrotic cavity. On the other hand when the stress inside the structure is able to
drive the intracellular reorganization, bonds break and the aggregate is compacted until the internal liquid
core is totally filled by cells. In the case of a MCTS with a solid calcified necrotic core, remodelling leads to a
denser spheroid close to the inner and outer boundary, with respect to the case in which plastic reorganization
is not triggered. Furthermore, in the case of a quiescent aggregate deforming under an external load, the
mechanical properties of the inner core plays a fundamental role in the MCTS mechanical behaviour if the
size of the necrotic region is sufficiently high. Indeed, it is found that, in the presence of a tumour spheroid
which is 12.5% necrotic by volume, the mechanical response of the cell aggregates to stress can be greatly
altered by the presence of the necrotic structure, along with the capability of cells to plastically reorganize.
On the other hand, for what concerns the case of a free growing aggregate in response to nutrients diffusing
inside it, the influence of the composition of the necrotic core (calcified vs. liquid) is not so remarkable,
since in this case the extent of the necrotic region, at least in the first instants of tumour progression is
not so wide. Indeed, even though some cells from the quiescent region penetrate the liquid cavity in the
first instant of time and then are pulled away by the proliferative cells, allowing the expansion of the liquid
core, the total growth of the MCTS is almost the same, independently from the composition of the necrotic
region. In the MCTS free growing condition, the total displacement of the structure is influenced by the
extent of remodelling: when the growth of cells is high enough to produce the plastic rearrangement of
cells, the expansion of the whole structure is lower than in the case in which the aggregate expands without
intracellular remodelling. Finally, when considering the growth of a tumour spheroid under an external load
imposed on the outer boundary, in the first instant of time the tumour spheroid experiences compression
and then cell growth predominates, leading to tumour expansion.
From the modelling point of view, future works need incorporating the evolution of the either liquid
or calcified necrotic core due to cell death, by looking at the problem on longer time scales, than the one
considered in the present paper. Indeed, remodelling, growth, apoptosis, necrosis and calcification occurs
on various time scales, from the cell swelling and lysis occurring in some hours up to calcifications taking
on the order of many days to establish [41]. Thus a comprehensive model should link all these temporal
scales, possibly supported by experimental measures for different types of carcinoma. Furthermore, while
the necrotic process takes place, secretions of some chemicals by necrotic cells may promote inflammation in
the neighboring tissue [41], playing a fundamental role in tumour progression. To this aim, the introduction
of the surrounding tissue is very important in order to simulate a situation closer to the pathological invivo one, and to take into account tumour-stroma interactions. Finally, it is well known that the original
spherical symmetry is not preserved over long time scales [60, 61, 20] and solid tumours might develop
asymmetric and complex shapes, due eiher to the occurrence of physical instabilities and morphological
transitions at their boundary [25, 7, 8, 11, 9, 22] or to inhomogeneities and anisotropies characterizing the
external environment. Since irregular contours usually indicate aggressive and infiltrating tumours, some
measure of the irregularity of a tumour boundary may serve as a prognostic index for tumour progression
[14, 38]. Thus future work should consider the occurrence of physical instabilities at the MCTS boundary
and its development in anistropic environment, both performing a stability analysis of a simplified setting
and numerically simulating the whole three-dimensional process.
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