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Abstract

We reformulate a model of avascular tumour growth in which the tumour
tissue is studied as a biphasic medium featuring an interstitial uid and a
solid phase. The description of growth relies on two fundamental features:
One of those is given by the mass transfer among the constituents of the
phases, which is taken into account through source and sink terms; the other
one is the multiplicative decomposition of the deformation gradient tensor of
the solid phase, with the introduction of a growth tensor, which represents
the growth-induced structural changes of the tumour. In general, such tensor
IS non-integrable, and it may allow to de ne a Levi-Civita connection with
non-trivial curvature. Moreover, its evolution is related to the source and
sink of mass of the solid phase through an evolution equation. Our goal is
to study how growth can be in uenced by the inhomogeneity of the growth
tensor. To this end, we study the evolution of the latter, as predicted by
two di erent models. In the rst one, the dependence of the growth tensor
on the tumour’s material points is not explicitly considered in the evolution
equation. In the second model, instead, the inhomogeneity of the growth
tensor is resolved explicitly by introducing the curvature associated with it
into the evolution equation. Through numerical simulations, we compare the
results produced by these two models, and we evaluate a possible role of the
material inhomogeneities on growth.
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1. Introduction

Because of its repercussion on public health, the study of tumour growth is
a very active research eld, to which mathematical modelling can give an im-
portant contribution [I], 2, [3]. A rather standard approach is to answer speci ¢
questions at each scale of interest by formulating dedicated models. These can
be based on Statistical Mechanics [4], Kinetic Theories[5, 6] [7, 8, 9], and Con-
tinuum Mechanics [10] [11] (and references therein), depending on whether
the given problem involves the molecular, cellular, or the tissue scale. One of
the main challenges, however, is to understand the complexes of phenomena
that contribute to initiate the sprouting of a tumour, and to bridge across
the physical scales at which they occur. The di culty arises, for instance,
when di erent types of models, conceived for di erent scales and disciplines,
have to be combined e ciently, and solved simultaneously.

Within the framework of Continuum Mechanics, the search for the multi-
scale and interdisciplinary approach outlined above is put into action by
formulating multiphasic, multi-scale models of tumour growth (see e.g. [12,
13), 114} (15,116, [17]). In such models, growth is described as the mass variation
of the solid phase of the tumour at the expenses of its uid constituents, and
the mass variation is often viewed as the result of the cooperation of both
chemical ad mechanical factors [18].

From the point of view of Mechanics, a relevant aspect of growth is the
occurrence of structural transformations that accompany the \visible" mo-
tion of a tissue [19] 20] as well as its gain or loss of mass. All through the
years, a huge amount of literature has been produced on this subject, and
on the related issue of the residual stresses and strains that are expected to
exist in a grown material [21]. In fact, apart from [22] and some other recent
papers (see e.g. [23]), many works usually address the structural evolution of
a medium that grows or remodels by having recourse to the Bilby-Kroner-
Lee decomposition (BKL-decomposition) of the deformation gradient tensor
(see e.g. [10, 15, 19, [24, [25, 126, (27, (28, 29, 30, 31, [32), 33|, 34), 35] and the
references therein). For a historically reliable review on the roots of the BKL
decomposition and on its signi cance in Di erential Geometry, the Reader
is referred to [36] (Chapter 1, pp. 10{27) and to [37]. In both cases, the
Authors give due credit to the \old", yet always up-to-date, ideas that have
led to what we nowadays know as BKL decomposition. In particular, the
review provided in [37] makes the uncommon e ort of drawing the attention
of the Reader on some literature that, in spite of its importance, has not
become as popular as it deserved.

In the case of growth, the simplest version of the BKL-decomposition
consists of splitting the deformation gradient tensor of a tissue into an ac-
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commodating factor and a growth factor (cf. Sect.[2). The latter one, denoted
by F in the following, is often referred to as growth tensor, and is taken as
the representative of the changes of the tissue’s internal structure.

The main properties of F are that it is non-integrable in general, and
that it may induce a non-Euclidean metric tensor, C = F ":F . The latter
can be employed to construct a Levi-Civita connection with a non vanishing
fourth-order curvature tensor, R. This result is consistent with the analysis
of Kroner [38], according to whom the stress-free body pieces can be glued
together in a non-Euclidean space. We emphasise that, in the context of
growth, the concept of curvature has been explored e.g. in [39, 40, 41, 142,
43, 144, 145] (see also [46]).

The introduction of the growth tensor, F , produces many similarities
among growth, nite strain elastoplasticity, and the theory of defects in solids
(see e.g. [47),136] for a review) and, in fact, many biological aspects of growth
can be re-interpreted in terms of the evolution of inelastic distortions. One
similarity with elastoplasticity is the de nition of a stress-free \intermediate
con guration™, which exempli es the conceptual separation between growth
and deformation. Actually, the \intermediate con guration™ is a collection of
tissue pieces rather than a true con guration, and is obtained in two steps:
First, by removing all the loads acting on the current con guration of the
tissue, and then, by ideally chopping the tissue in small, stress-free pieces
[36]. These can be assembled in a reference con guration by means of a
transformation that is identi able with F 1. Hence, growth can be under-
stood as the reverse process, which maps the tissue pieces from the reference
con guration into the intermediate one.

Tensor F ! is formally related to the existence of growth-induced in-
homogeneities, [28, [42, 48|, 49]. Note that we have emphasised the adverb
\formally" because, in our theory, we are not using the concept of \archetype"
[42, 48|, 149]. This notion, instead, is used to de ne an inhomogeneous body
as a body for which it is possible to de ne a non-singular tensor eld, whose
inverse is non-integrable [28, [42].

Clearly, the way in which the inhomogeneities evolve depends on the bio-
logical problem under study and, thus, on the proposed model of growth. For
instance, in [28], a prototypal evolution law for the growth inhomogeneities
is set in the form of a relation between Eshelby stress and the rate at which
the inhomogeneities themselves are produced. In this case, the evolution law
is obtained by following a reduction procedure that requires its compliance
with the body’s material symmetries, and with the principles of uniformity,
objectivity, and independence of the reference con guration [28].

A di erent perspective is considered e.g. in [29, 50], where some phe-
nomenological growth laws are discussed within a chemo-mechanical frame-
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work. For arteries [51], an evolution law for the growth tensor is obtained
in terms of a generalised Onsager’s relation, in which the driving force of
growth is identi ed with the di erence between a suitable measure of me-
chanical stress and a target stress, referred to as \homeostatic stress".

As long as tumour growth is concerned, the hypothesis is often made
that the growth tensor is a pure dilatation [52], 53], therby depending on one
parameter only, denoted by and referred to as \growth parameter™ in the
sequel. In such cases, one has to supply an evolution law for  (see e.qg.
below), which translates the mass balance law for the tissue’s solid phase into
a kinematic constraint on itself [54) 55| 56, 57]. When this line of thought
is followed, the evolution of the growth tensor is entirely dictated by the law
describing the variation of mass of the tissue, denoted by rs in our notation.

Since rg is related to the rate of change of , the problem arises to de-
termine a generalised force that is conjugate to the variation of and that,
thus, triggers growth. However, since rg is almost always assigned on the basis
of biological observations (see e.g. [55, 56]), which may be phenomenologi-
cal or \micro-mechanically motivated" [10], it may not be possible to identify
mechanical stress with the \driving force" that moves the growth-related dis-
tortions (i.e., the inhomogeneities, in the jargon of [28, 142]). This is, in fact,
a relevant di erence with elastoplasticity, in general, and with the models
put forward in [28| 51], in which stress plays a central role. Indeed, it should
be emphasised that the growth of a tumour may occur also in the absence of
stress, whereas it strongly depends on the presence of nutrients, and may re-
sult in a loss of mass when these are unavailable. Still, stress may contribute
to modulate the way in which the mass change takes place [54, 58]. Perhaps,
we might say that, whereas stress is the \starring character" of pure remod-
elling (be it growth-induced or not), as it can be the trigger of the changes
of the tissue’s structure, it is somehow \downgraded" to a modulating factor
in the case of pure growth

A rather di erent approach is suggested in [42], where the concept of \self-
driven™ inhomogeneities is introduced. The underlying idea, framed within
the theory of defects in solids, could be rephrased as follows. Assume to have
an inhomogeneous solid medium with a non-uniform distribution of defects,
which can be modelled as incompatible distortions, and thus associated with
F . Assume, in addition, that the defects interact with each other, and that
the strength of their mutual interaction is accounted for by the variability of
F (i.e., the more F varies, the stronger the interaction is). Then, to adhere
to Epstein’s statement [42]:

We warmly thank Prof. Luigi Preziosi for several discussions on this issue.
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\The evolution is intrinsic or self-driven if [...] the inhomogeneity
moves just by virtue of its being there, perhaps in its e ort to relax
itself "

we claim that the spatial variability of F is su cient to initiate a sponta-
neous evolution of F in time.

In our work, we formulate a model of tumour growth based on the the-
ory presented in [42), 54]. We are interested in quantifying how, and to what
extent, the inhomogeneities produced by growth in uence the spatiotempo-
ral evolution of . For this purpose, we propose a model that merges the
quasi-phenomenological de nition of ry supplied in [54] with the concept of
\self-driven" distortions put forward in [42]. The underlying idea is that the
functional form of the source/sink of mass rg should be modi ed by intro-
ducing a term that takes explicitly into account the scalar curvature,
associated with R (see Sect. [2.2). Our motivation for undertaking this task,
inspired by [42], is to give a possible answer to the following question:

Let us \prepare" the tissue in some grown con guration, with
initial distribution of , j,, corresponding to nonzero curvature,
in-  Then, giving for granted that growth produces inhomo-
geneities [28],142], what is the impact of the initial inhomogeneities
on the growth of the tissue in the subsequent instants of time?

The remainder of this work is structured as follows: In Sect. [2], we provide
the notation and the fundamental de nitions used in our work. In Sect. 3]
we formulate in detail our model of tumour growth. In Sect. [4, we solve a
benchmark problem. In Sect. 5, we comment the results of our numerical
simulations and, nally, in Sect. [6], we summarise our results, and outline
some future research goals.

2. Theoretical background

2.1. Kinematics of growth

We indicate by B a bounded region of the three-dimensional Euclidean
space, S, chosen as reference placement for the considered tissue. For every
X 2Bandevery x 2 S, we introduce the tangent spaces Tx B and TS and
the tangent bundles TB = txogTxB and TS = t,s TxS . Moreover, we
denote by B(t) (B;t) the placement of the tissue at time t 2 1, where

(;):B ¥ S isthe motion and | R an interval of time. The tangent
map F( ;t) T ( ;t)is the deformation gradient tensor, and is de ned as
F(;t):TB ¥ TS, so that, for every X 2 B, F(X;t) maps vectors of
TxB into vectors of T (x.nS, i.e., FO) i TxB T T (x:pS.
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Remark 1. The \classical” de nition of reference placement, or con gura-
tion, although widely used in Solid Mechanics, may not apply to biological
tissues. To the best of our knowledge, this is particularly true for a medium
undergoing appositional growth, i.e., the process in which material particles
are either deposited on the growing medium, or depleted from it. In both cases,
the \number" of material particles constituting the medium varies with time
and, consequently, it is impossible to de ne a unique reference con guration
for the medium, at least in the classical sense [22]. Rather, as reported in
[22], \the reference con guration of a material point is de ned at the time
it is deposited,” which means that, at di erent times, the medium has to
be associated with di erent reference con gurations. In our setting, however,
we deal with volumetric growth. This type of growth, in fact, still permits
the de nition of a xed reference con guration for a growing medium if, as
stated in [28], the addition or depletion of material is assumed to occur \in
such a way that material points preserve their identity”. With the aid of this
hypothesis, we can assume the existence of a xed reference con guration for
the medium under investigation.

A major character of our theory is the BKL-decomposition, F = F¢F .
As anticipated in the Introduction, F describes the inelastic changes of
the tissue’s internal structure that are induced by growth, while F¢ is the
accommodating part of F, and is assumed to be elastic. Both F, and F
are non-singular, and their determinants, Jo = detF, and J = detF , are
strictly positive.

For every pair (X;t) 2 B 1, we prescribe that F (X;t) maps vectors of
Tx B into \relaxed" vectors of another tangent space. Such space is denoted
by Tx Ny, and can be identi ed with the image of TxB through F (X;t)
[45]. Coherently, we write F (X;t) : TxB ¥ TxNy, and, putting together
this result and the de nition of F (X; t), we express the elastic part of F (X; t)
as Fe(X;t) : TxN¢ ¥ T (x:nS.

In general, the tissue may nd itself in a stressed state both in the current
and in the reference con guration. Stresses may have di erent origin but, in
the present context, they are generated either by growth or by the loading
history undergone by the tissue. Since in our framework growth is the only
process regarded as inelastic, it produces stresses that cannot be eliminated
by simply switching o the applied loads. Indeed, even though all such loads
were suppressed, the tissue would still occupy a con guration in which the
growth-induced stresses are nonzero.

As mentioned in the Introduction, to achieve a state in which every part
of the tissue is free of stress, one should virtually disassemble the tissue into
a \conglomerate" of completely relaxed pieces [38]. Each of such pieces can
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be thought of as an arbitrarily small neighbourhood of a point x 2 By, and,
for in nitesimally small neighbourhoods, the body piece associated with x
can be identi ed with the tangent space of B¢ at X, i.e., TxB¢. In this case,
the whole relaxation can be viewed as a linear mapping between tangent
spaces. In particular, since the relaxation is elastic, it is represented by
Fo. '(x;t) : TxB: ¥ TxN..

Although, Tx Ny is attached to the same point X 2 B as Tx B, it depends
on time and, above all, it is associated with a state of the tissue characterised
by an important property: it is free of stress, and is obtained by distorting
the elements of Tx B, or the elements of TyBy, in a generally incompatible
way. Hence, neither F (X;t) nor F, *(x;t) can be taken as the tangent maps
of deformations evaluated at X 2 B and x 2 By, respectively. Since this
reasoning applies for each X 2 B, the tangent bundle TN; = txosTxN¢
cannot be associated with a con guration in the Euclidean space, and N
cannot be claimed to be a con guration in the classical sense. Rather, it
is the natural, or ground, state of the tissue, i.e., the state in which the
tissue is free of stress. Such state encompasses the whole structural evolution
undergone by the tissue, which occurs from the reference con guration in the
form of the distortional tensor map F ( ;t) : TB ¥ TNy A sketch of the
explanation given so far is given in Fig. 1) (left), where Ny is represented as
a \conglomerate™ of stress-free body pieces [38]. We recall, however, that N
can be assembled in a stress-free Riemannian manifold, endowed with the
curved metric induced by F (cf. e.g. [38, 39, 45]).

We notice that, at this stage, F is not subjected to any restriction.
Hence, granted the polar decompositions F (X;t) = R (X;t)U (X;t) and
F ;) =V CX;)R (X;t), which hold true for each pair (X;t) 2B 1,
F (X;t) is generally obtained by combining one of the inelastic stretches,
UCXt): TxB T TxB and V (X;t) : TxN¢ ¥ Tx Ny, with the rotation
tensor R (X;t): TxB ¥ TxN¢.

Before going further, we mention that a di erent formulation of the BKL-
decomposition is presented in [59, [60]. The core of such formulation is the
use of two mappings that de ne a base and a \target™ [60] con guration for
each of the factors of the BKL-decomposition. In summary, one indicates by
Fa and F4 the accommodating and the growth part of F, so that F = F;F,
holds true, and introduces the di erentiable mappings , and 4 such that
Fa and Fq are expressed as F, = (T a)Ha and Fg = (T 4)H4 [60]. Here,
T aand T 4 are the tangent maps of , and ¢, and they represent the
compatible contributions to F, and F4. On the contrary, in general H, and
Hg cannot be identi ed with the tangent map of any deformation. Indeed,
H, describes the generally incompatible structural changes due to growth,
while H; models the elastic distortions that may have to be applied to the
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grown body pieces to restore a global con guration.
Forevery t 2 I, the map 4( ;t) is identi ed with the di eomorphism
o( ;1) : B ¥ Ci, where C; is referred to as \intermediate con guration",
while T 4( ;t) and Hg( ;t) are de ned in terms of maps between tangent
spaces, i.e., T (X;t) : TxB ¥ T xnCt and Hg(X;t) : TxB ¥ TxB,
respectively [60]. Analogous considerations hold for ,( ;t): C; ¥ B¢ and
for T ,( ;t), and Ha( ;t) (see [60] for details). A drawing summarising the
view of the BKL-decomposition presented in [60] is given in Fig. [1| (right).
We notice that Hy plays the same role as F in the present context.

We emphasise that, although we do not use here the approach by [60],
we nd it important to draw attention on it because, through 4 (or ),
it introduces an additional degree of freedom that, along with F , could be
useful for other applications of the BKL-decomposition.

In the following, we investigate some consequences of the generally non-
integrable nature of F on the evolution of growth itself (cf. also [39] 45]).

Figure 1: Schematic representation of the introduced mappings.

2.2. Growth and curvature
In this work, F is assumed to induce the Riemannian metric tensor

C =F"F; (1)

with is said to be the growth metric tensor. As pointed out in [59], C induces
a Levi-Civita connection with non-trivial curvature [40, [41]. To see this, we

rst construct the Christo el symbols of the connection, which, for a given
coordinate system, are given by [61]

A _1 1w @(Clen |, 0(Clem  0O(C)un .
MN—E(C ) aXM + aXN OxXB

)
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and are symmetric in the lower indices, thereby implying the vanishing of
the torsion [61], i.e.,

Tor=( “un MmEa EM EV=0: (3)

Then, we compute the fourth-order curvature tensor generated by C , i.e.,
R=R%4unEa EP EM EN, whose components read [40, 41, 61]

A @ A
Rsmn = @X?\AN @XBNM + “Mb BN No TBm: 4)

Moreover, by contracting the rst and the third index of R, we obtain the
Ricci curvature tensor,

R =RgnEP EN=RB,EP EV; (5)

and, by double-contracting R with C !, we determine the scalar curvature
associated with growth, i.e.,

=R:C % (6)

3. A model of tumour growth

We report on a mathematical model of tumour growth that, in spite of two
important di erences, largely follows the path designated in [54]. The rst
di erence concerns the benchmark problem that we solve, whose geometry is
much simpler than the one used therein. This choice is due to the fact that
we are interested here in purely modelling issues The second di erence, as
anticipated in Sect. [1, concerns the de nition of the source/sink term rs.

3.1. Growth and balance laws

By adhering to the model of tumour growth developed in [54], we describe

a tumour in avascular stage as a biphasic medium comprising a solid and a
uid phase. At each point of the tissue, the amount of solid is measured by
means of the apparent mass density ~%s, where 5 and %s are said to be
solid volumetric fraction and true mass density, respectively. Analogously,
the amount of uid is determined by the apparent density ”:%;, with s
and %; being the volumetric fraction and true mass density, respectively. We
recall that the true mass density of one of the phases constituting a mixture
is the intrinsic mass density of the considered phase. In other words, it is
the density that the phase would have if it were present in the mixture with
unitary volumetric fraction. For this reason, the true mass density of a phase
expresses its mass per unit volume of the phase itself, whereas the apparent

9
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mass density expresses the phase mass per unit volume of the mixture as a
whole.

Within our biphasic model, the tumour represents a saturated porous
medium, so that the condition ”; = 1”4 applies. Moreover, the uid
is assumed to feature only two constituents: nutrients, with mass fraction
Iy, and \water”, with mass fraction 1, =1 Iy. We hypothesise that Iy
is very small, so that the mass density of the uid, %, can be regarded as
constant, and approximately equal to the mass density of water. What we
call \water™ here is, in fact, a uid comprising several substances, among
which the constituents of the dead cells that return to the uid in order to
be expelled.

For simplicity, we prescribe that the solid phase consists of two types
of cells only: the proliferating cells, with mass fraction !,, and the necrotic
cells, with mass fraction ', =1 ;. The former ones describe the gain of
mass of the tissue in response to the consumption of the nutrients. However,
they become necrotic when the nutrients fall below a given threshold. The
necrotic cells, in turn, are absorbed by the uid, thereby accounting for the
tissue’s loss of mass due to cell death. In our model, the transition of a cell
from the proliferating to the necrotic stage preserves the mass density of the
cells. Hence, % is independent of the composition of the solid phase, and
may be regarded as constant, in spite of the fact that the mass fractions of
the solid constituents may change in space and time [12, 54, 57].

To account for the gain and loss of mass pertaining to the proliferating
and necrotic cells, we introduce their mass balance laws, which we write
under the hypothesis that both types of cells move with the same velocity
Vs, 1.e., the solid phase velocity. By extending the model developed in [54],
we write such balance laws as

@t(,s%s!p) + diV(’S%S!pVS) =Tpn+Tp+ Ip; (7&)
@t(,s%s!n) + diV(’S%S!nVS) = rnp +Inet+ Iy (7b)

where rpn, Fip, Inp, Inf, p , and r, denote the rates of mass uptake or
depletion for the solid constituents. In particular, rp, describes the portion
of proliferating cells that, per unit volume and unit time, is converted into
necrotic cells. In turn, rpp is the rate at which the necrotic cells are generated
at the expenses of the proliferating ones, so that the condition ry, + r,, =0
Is respected. Moreover, rg, measures the growth of the proliferating cells
due to the presence of nutrients, while rp¢ represents the depletion of the
necrotic cells in the uid. We remark that rp,, I, rnp, and ry; address
processes that are at the basis of tumour evolution and, in this respect, their
physical interpretation is rather intuitive. On the contrary, r, and r, are

10
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introduced to investigate possible consequences of the properties of F on
growth itself. In other words, their task is to establish a feed-back loop among
growth, the distortions that it generates, i.e., F , and the in uence of those
on the mass exchange terms. To the best of our knowledge, the presence of
ro and r, in and is a novelty in the framework of mathematical
modelling of tumour growth.

Since the mass fraction of the necrotic cells can be writtenas 1, =1 1,
Equation (7b) can be replaced by the mass balance law of the solid phase as
a whole. Indeed, by adding together and (7b), we obtain [54]

@7 s%s 1p) + div(7s%s 1 ,Vs) = rpn + g + 1 (8a)
@t(’s%s) + div(,s%5VS) = rs, (8b)

where rs = g, + e +1, +1, is the overall source/sink of mass for the solid
phase. In general, this term can be diverted into changes either of density or
of volume. In this work, since %, is constant, rs is diverted into changes of
volume. To show this, we perform the backward Piola transformation of
and by multiplying both equations by J = detF. Then, by splitting J
asJ =J.J , with Jo =detF, and J = detF , we obtain

D s %)=Jrs= J[rfp +Iy +1p + 1y l; (9b)

where s :=J¢”s is the volumetric fraction of the solid phase expressed per
unit volume of the intermediate, stress-free con guration. We require now
that ¢ is constant in time. Since % is constant too, the left-hand-side of

is proportional to I =J tr[E F ']. Hence, and become

_Jron+rep +1p Tors]

P J s U ’

Jrp+rns + 1, +1n ]
s %sJ

(10a)

trlE F '] =

(10b)

In general, besides varying the mass of a tissue, growth may also induce
isochoric distortions. Accordingly, F can be written as F = [detF ]**3F ,
where [det F ]***> measures the tissue’s volume changes, and F is a volume-
preserving tensor eld that keeps track of the tissue’s remodelling at constant
mass. Thus, by adopting the notation [det F ]*3, we obtain [54]

=P J s % ’

(11a)
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_ ‘][rfp+rnf +rp, +1I, ]
B 3  %J

(11b)

Remark 2. The hypothesis of constant true mass density of the solid phase
is due to the fact that such phase is considered to be a representation of
the tissue’s cells. These, in turn, are essentially made of water, whose mass
density is constant in the biophysical range relevant to our work. It follows,
thus, that also %s can be safely assumed to be constant. However, if this
assumption is relaxed, Eq. can be recast in the form

s + 7 U divvg = rg; (12)
and, by exploiting the identity J = J(divvs), one can write
J 7% + 37 %s + 37 % = I (13)

Since it holds that 1 = JoJg + Jed = Jtr[Le] + Jtr[L ], with L, = E.F,*
and L =FE F ?, one obtains

37 s+ 37 s + 37 Uhstr[Le] + I 7 Yhstr[L ] = JIrs: (14)
Moreover, we require tr[L ] = rs=("s%s), so that becomes

7sts + 7 s%hs + 7 sWstr[Le] = O; (15)

which can be equivalently rearranged as J. %% = 0. Thus, only the product
”s%s, which individuates the mass density of the solid phase, is constant in
time. Without loss of generality, it can be expressed with respect to the natural
state, i.e., for Jo =1, as

Je7sUs = 5 Yso; (16)

where  is the volumetric fraction in the natural state, and %, denotes a
constant reference value of the solid phase mass density. Equation im-
plies that ” %, is a function of the elastic part of the overall deformation
gradient tensor through J.. In this case, % can be either treated as an in-
dependent variable of the theory or speci ed through a state law. If the rst
option is chosen, the model necessitates an additional equation determining
the volumetric fraction (cf. e.g. [62, 63, [64]). If, instead, the second choice
is made, and one assumes that % is a constitutive function e.g. of the com-
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position of the solid phase, one obtains

> s%s(!po)_J s%s(!po):

STy IRl (1)

Here, %(1,) is the constitutive representation of the true mass density of the
solid phase. As anticipated above, it is speci ed as a function of the com-
position of the solid phase, which, within our model, is determined by the
amount of proliferant and necrotic cells. Since it holds that ¥, + 1, =1, it
su ces to use only one of the two mass fractions !, and !, to charaterise
the composition. Upon choosing I, we let % depend on !, only, and we take
0 as a reference value for I,.

In conjunction with (11a) and (11b)), also the mass balance laws of the
nutrients and the uid phase as a whole need to be studied

@c(” ¢%: In) + div(” % Ve + YN) = Inps (18a)
@ (7 1%) + div(e%eve) = 1 (18b)

In and (18b), v is the velocity of the uid, yy is the mass ux vector

associated with the motion of the nutrients relative to the uid phase, and ry,

is the rate at which the nutrients are \eaten" by the proliferating cells. We

remark that, to ensure the conservation of the mass of the biphasic medium

under study, the right-hand-side of is taken equal to the negative of rs.
After some calculations, and can be rephrased as

7% In + %rq grad Iy + divyy = rnp + Inrs; (19a)
1 1

divg +divvs = " % rs;
S

(19b)

where g = “¢[v¢ V] issaid to be Itration velocity. Finally, (19a) and (19b))
can be pulled-back to the reference con guration, thereby obtaining

I Jg s )beIn+%QGrad !y + DivY y = J[rnp + INKs]; (20a)
: 1 1

DivQ+J1= — — Jrg (20b)
%s %f

where Q = JF !q is the material Itration velocity, and Y y = JF ly,
is the material mass ux vector of the nutrients. Under the hypothesis of
validity of Darcy’s law for the uid, and of Fick’s law for the nutrients, Q and
Ynread Q= KGradpandYy= %DGrad!y, with K =JF 'kF T
being the material permeability, p the pore pressure, and D = JF 'dF T

13



407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

the material di usivity tensor of the nutrients in water. The tensors K and
D are the backward Piola transforms of the spatial permeability, k, and of
the spatial di usivity, d, respectively.

To conclude, we introduce the momentum balance law for the biphasic
medium as a whole, which we write directly in material form (see [54] for
details), i.e.,

Div Jpg 'F T+Py =0; (21)

where P is referred to as the constitutive part of the rst Piola-Kirchho
stress tensor of the solid phase.

3.2. Constitutive laws

In this work, the tumour tissue is assumed to be isotropic, and, for sim-
plicity, k and d are taken \unconditionally isotropic™ [65], which means that
they are both proportional to the inverse metric tensor g 1. Hence, we write
k = kog ! and d = dog !, where kg is given in the form of the Holmes-
Mow scalar permeability [65] 66], and do is de ned as a function of J and J
through the uid phase volumetric fraction, i.e.,

] Mo 2 2
m; J J
ko = k d -t
0= KR 5 5 &xp 32
J J . Mo m; J2 J2 .
=kr = xp o —; : (22a)

J J

do = 7¢dor = 3 > dor: (22b)

In 224), =1  is areference value of the uid phase volumetric frac-
tion, mg and m; are constant material coe cients, and kgr is said to be the
reference permeability of the medium. This quantity is assumed to be a con-
stant in this work, even though it should be de ned as a function of material
points in a more general setting. The factor dor in (22b) is the reference dif-
fusivity, which, for simplicity, is assumed here to be constant. This condition,
in fact, may be violated when the nutrient mass fraction, Iy, is su ciently
greater than zero, in which case dor should be de ned as a function of .

By substituting and into the de nitions of k and d, and the
corresponding results into the expressions of the material permeability and
di usivity, we nd

K =Jk,C % (23a)
D=0 J ,)drC (23b)
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Besides being isotropic, the solid phase of the tissue is assumed to be
hyperelastic. Hence, its mechanical behaviour can be described by means of
a strain energy density function, W, which we express per unit volume of
the reference con guration. To account for the variation of internal structure
induced by growth, W is given in terms of a constitutive function, W, of F,
F , and material points, X. The purely elastic contribution of the material
to the overall energy can be measured by introducing the energy density W
de ned per unit volume of the stress-free con guration, whose associated
constitutive representation, W , depends on F and F exclusively through
F.. Hence, we write [28] (see also [67] for details)

W=JW; WFEF:X)=JW (Fo): (24)

For W (F.), we choose a constitutive law of the Holmes-Mow type [66], i.e.,

W (Fe) =W (Co=wW (ﬁ(cg; [5(Ce); 15(Ce))

= o exp("(Ce)) 1 ; (25q)
"(Co) = (fi(Ce); [5(Ce); 15(Ce))
= 4[li(Ce) 31+ Lf(C) 31 sln (3(Ce) ; (25b)

where C, = F{ :F, is the elastic Cauchy-Green deformation tensor, W (Co)
is introduced to comply with objectivity, and, to account for isotropy, the
dependence of W on C, is expressed through the principal invariants

I,=f(C)=tr C.; (26a)
I = [3(Ce) = LML(CHP  tr[( 'Ce)g; (26b)
I; = [3(C.) = det C.: (26¢)

Here, is the metric tensor of the \intermediate con guration™ and, by using
the equality C. = F TCF *, it can be eliminated from (26a){(26c), so that
the invariants can be rephrased as functions of C and C . Finally, in (25b)),
the material coe cients o, 1, 2, and 3 are functions of Lame’s elastic
parameters [68] (in particular, as in [66], we set 3 =1), i.e.,

o= 7, 1= sy 2T sy 3T 1+2 50 (27)

Equations (24), (25a), (25b), and (26a){(26c) permit to calculate the consti-
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w4 tutive part of the second Piola-Kirchho stress tensor of the solid phase:

' | #
W
Se=8uCic)= JF* 22 c) F T
eC.
=2 bC t+2Ip[1LC ! C cC 1+23 bslC L (28)

w5 With by = @W =015, 1 2 F1;2;3g. Consequently, the rst Piola-Kirchho
s Stress tensor Ps. can be expressed constitutively as

P = Pi(F;C ) =F S (C;C); (29)
7 and, thus, the constitutive part of the Cauchy stress tensor reads

sc — Asc(F;C ) =J 1p\sc(F;C )FT
J

2blbe + 2b2[|1be be:be] + 2b3|3g ! ’ (30)

s Where by = FC 'F T is the elastic right Cauchy-Green deformation tensor.

s 3.3. Sources and sinks of mass

460 To model growth, it is necessary to describe the mass exchanges among
w1 the constituents of the system under study. In our framework, this requires
w2 1o provide mathematical expressions for rey, rpn, rns, and ryp, and to relate
w3 each of these quantities with the appropriate set of chemo-mechanical vari-
w4 ables. For rpn, rne, np and ry,, we adopt the phenomenological expressions
w5 Suggested in [54], which we report here with slight changes of notation, i.e.,

1 ! J
fn= pn 1 —% *d,= , 1 N 1 (31a)
¥'Ner + INer + J
J
Mt = nf’sll Yol = o JS NN (31b)
_ 'n L., _ In J 5 .
er - Npm s!p - Np !N + !NO J !py (31C)
!N !Ncr 1h i+ ’f,s
Mo = — SRR LY
fp o !Nenv !Ncr + 2 +h I+ fo P
1 1 hie, J J J
— o N Ncr 1 1 i u S S !p (31d)
!Nenv !Ncr + 2 +h I+ J fo J

w6 The terms rpn, ns, and ryp are sinks of mass for the constituents to which
w7 they refer. In particular, ry, represents the loss of mass of the proliferant
s Cells that become necrotic. The term ry, instead, is a source of mass for
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the proliferant cells, and represents the mass gained by this population of
cells at the expenses of the uid. We need to emphasise that both rp, and ry,
represent processes whose occurrence is strongly controlled by the availability
of the nutrients in the tissue. To describe mathematically the concept of
\availability of the nutrients"”, we introduce a critical value of the nutrient
mass fraction, Yyer 2 ]0;1[, and we model the transfers of mass associated
with rp, and rg as threshold processes. Accordingly, when it holds that
I'n  Tners the proliferant cells die, which means that rp, is active, while rg,
is switched o . On the contrary, for Ty > I\, rp,n must vanish identically,
whereas Iy, is switched on. Such activation and deactivation of r,, and rg,
is formulated by means of the operator h i., which returns the argument
to which it is applied, when the argument is greater than zero, and zero
otherwise. Thus, it is introduced to switch o cell death when the mass
fraction of the nutrients, 1y, is above, or equal to, the threshold level ¥y 2
10; 1[, which is assumed to be a constant of the model.

In our model, the coe cients ,,, nf, np and g are constants, and
can be related to the characteristic time scales with which, respectively, the
proliferating cells die, the necrotic cells are converted into uid, the nutrients
are consumed and the interstitial uid becomes a tumor due to cell growth.

We notice that the sinks de ned in (31a){(31d) depend on the solid phase
volumetric fraction, ”s = (J s )=J, in such a way that they vanish for
vanishing ”s. For the same reason, rp, must be zero for zero I, ryp, must
be zero when I, or 1y is zero, and r,; must be zero for unitary 1,, i.e., for
zero I, (indeed, ', =1 1I,). We remark, in addition, that the dependence
of ryp on Iy is taken from Population Dynamics [69], with the constant
T'vwo 2]0; 1] being a reference value of the nutrient concentration, introduced
to modulate the rate at which their uptake occurs. The dependence of rg, on
’sand 7 = ” s guarantees that growth ceases in the limit of compaction,
i.e., when all the uid ows away, and the porous medium features no voids,
or when the solid disappears, which means that * becomes zero. Besides,
Iy, vanishes for vanishing !, and is modulated by stress through the term
h iy, where is de ned as

P, .
5 omaibil

— (32)

= 30 )=

We reserve now a separate treatment for the non-standard terms r, and

r, . In particular, for the sake of simplicity, we set r, = 0 and we prescribe
rp as

!N ’f’s !N J J S J S
r, =c ! =cC ! : 33
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With the formulation of r, given in (33), we assume that r, is proportional
to  through the factor ¢ (¥n="ner)(71%s)="10. In this work, the product
C o Is assumed to be constant and it represents, with respect to a suitable
time scale, the way in which the inhomogeneities induced by growth evolve
in the tissue. Moreover, as explained above for the standard terms (31a){
(31d), we need to account for the limit cases in which compaction occurs
(”+ = 0) or the solid phase is locally absent (*s = 0). In fact, we ensure
that r, vanishes when ¢ or ”5 vanish. Finally, we relate the availability of
nutrients to growth. In fact, we prescribe that growth does not take place if
Iy =0, and we modulate the growth rate through the reference value ..
This factor, indeed, is introduced to re-scale the current mass fraction of the
nutrients, 'y. In particular, the e ect of is ampli ed for Ty > T\, and
reduced for 'y Tner.

For the sake of a lighter exposition, in the present work we suppress the
rotations related to growth, so that R reduces to a shifter [61] from TB
to TNy, and we assume that U represents a pure dilatation, i.e., we set
U = 1. This form of U also impliesJ = 3%and C = 2G, so that the
material metric, G, is rescaled by 2. Hence, no remodelling is considered in
this work, and growth is entirely expressed in terms of an evolution law for

, which, for given r¢, and rys, coincides with (11b).

We emphasise that the introduction of  in our model of tumour growth
is the major novelty of our work, and it constitutes the principal di erence
with respect to the model developed in [54]. The di erence is in the fact
that, while is an ordinary di erential equation in [54], it is a partial
di erential equation in our model. This feature of our approach allows for
an explicit resolution of the spatial variability of and, more importantly,
it permits to estimate to what extent such variability in uences growth. In
fact, going through the calculations leading to (6)), we notice that  features
the derivatives of up to the second order. Hence, by introducing r, into
(11B), we obtain a nonlinear di usion-reaction like equation in the unknown

Solving this equation shows how the resolved spatial variability of
in uences the evolution of the other model descriptors, i.e., the mass fraction
of the proliferating cells, the mass fraction of the nutrients, the motion, and
pressure.

Looking at (L1b)), and combining it with the de nitions (310, (31d), and
(33), we notice that, when the mass fraction of the nutrients, 1y, is below
the threshold e, (so that ry, = 0), we obtain

1.

— fp "N f nf .
=c 2 "1 L R N 34
3%3 !Ncr ’fO P 3%3 p] ( )
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In (34), indeed, the evolution of is governed by an a ne function of
and is modulated by the mass fractions I, and . More generally, instead,
when 1y is above !y, Equation becomes:

l E
= = i °N _fl Lfl 1
3%5 !Ncr ,fO P 3%5[ -p]
! ! h i 7
fp N Ncr 1 + f .
B L 35
3%3 !Nenv !Ncr + 2+h I+ fo P ( )

Equation combines two models: The rst two terms on the right-hand-
side of are an adaptation of the model by Epstein [42] to our biphasic
problem, which requires the introduction of the mass fraction of nutrients
and proliferating cells as well as the volumetric fraction of the uid phase.
The last term, instead, is taken from the model by Mascheroni et al. [54] and
has phenomenological nature in order to account for the fact that growth
occurs when the mass fraction of the nutrients, !y, is greater than .., and
it is modulated by stress.

Remark 3. Following [42], one could formulate a more general model, with-
out the a priori assumptions of no growth-induced rotations and U = 1.
In this case, a possible evolution law for F could be obtained by relating E

to a known function of R and GradR [42]. Such an evolution law, however,
is out of the scope of this work. Therefore, for the moment, we simply neglect
GradR in the evolution law for F , thereby keeping only its derivatives up to

the second order. Moreover, since in our framework it holds that U = 1,
we end up with model in which the evolution of is a function of the scalar
curvature, , whereas it does not depend on the spatial derivatives of of

order higher than the second.

4. Solution of a benchmark problem

4.1. Summary of the model

Before addressing the details of the considered benchmark problem, we
summarise the model equations, and declare the unknowns to be determined.
In doing this, we perform the following simpli cations: (a) since the cells
consist mainly of water, the mass densities %s and % are regarded as equal
to each other, so that the right-hand-side of is zero; (b) the advective
term Q Grad ! is considered to be negligible with respect to the other terms
of (20a). In conclusion, the model equations are given by (11a)), (11b), (20a),
(200), and (21), which we rewrite as

Div Jpg 'F T+P, =0; (36a)
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J Div[KGradp] =0; (36b)

. 33 (1
@ 3 )y Div[DGrad!ly]=J %++'\': . (360)
bf
1
1= P Ny o M 431 1= 36d
=p %s !Ncr . 0] %s[ p] [ p] ’ ( )
IhJ I[rep + I
- fp N S fp nfl.
-=C : R T 36e
M T J J 5 P 33 o (36e)

where ryf, np, and ry, are de ned in (31b)), (31c), and (31d). Consistently
with (36a){(36€), the unknown of the models are the motion of the solid

phase, , the pressure, p, the nutrient mass fraction, !y, the growth parame-
ter, , and the mass fraction of the proliferating cells, I,,. Finally, K, D, and

Py are speci ed in (234), (23b), and (29), and all the material parameters
are reported in Table [T and in Table [2

4.2. Description of the benchmark test

As a proof of concept, we specialise now Equations (36a){(36¢) to a bench-
mark problem taken from the literature. For our purposes, we select the
problem of \isotropic and homogeneous growth inside a rigid cylinder™, for-
mulated in [55] for the case of mono-phasic growing medium, and we adapt
it to our scopes.

Also in our formulation, the growth is isotropic, i.e., U = 1, and takes
place inside a tissue specimen of cylindrical shape, with undeformable curved
surface. Hence, both the reference and the current con gurations of the tissue
have cylindrical shapes, with equal radius and di erent lengths. We indicate
by Ri, and L the initial radius and the initial length of the cylinder, re-
spectively. Moreover, the reference con guration is covered with a system of
cylindrical coordinates X = (R; ;Z), where R, , and Z are the radial,
circumferential, and axial coordinate, respectively. Analogously, the generic
current con guration of the tissue is covered with the system of cylindrical
coordinates ® = (r; #;z). Any rigid rotation of the specimen about the axis
of the cylinder is suppressed from the outset.

The restrictions imposed on  imply that only the axial component of
the momentum balance law has to be solved, and that the sole un-
known component of the motion is the axial one, %, while the radial and
circumferential ones, "and #, return the radial and the angular coordinate,
respectively.

The growth cannot be assumed to be homogeneous in our framework, as
the scalar curvature, , would then be trivially zero, and our model would
boil down to a simple biphasic rephrasing of the model presented in [55]. On
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the contrary, to highlight the role of , we prescribe initial distributions of
with a strong gradient.

In [55], the two extremities of the considered cylinder are free of applied
forces, so that the axial component of stress is zero both at two outermost
sections of the cylinder and, because of homogeneity, everywhere else in-
side it. In our setting, however, we may only conclude that the overall axial
Cauchy stress, ** = p+ Z is zero, whereas the pressure, p, and the
constitutive Cauchy stress, ZZ, cannot be individually zero because of the
point-dependent distribution of . In fact, they can be such only in the limit
in which the initial inhomogeneities relax, and the conditions p = 0 and

2 = 0 are the unique, stationary solutions to and (36b). Further
di erences with [55] are due to the di erent constitutive relations which we
work with, and to the fact that our solid phase consists of two types of cells.

To solve (36a){(36€) compatibly with the descriptions given so far, we
prescribe the reference con guration of the tissue, B, to be of cylindrical
shape, and we assign the following set of boundary conditions, which apply
for all times:

" = Rin; on (@B)c; (37a)

= on (@B)c; (37b)
( Jpg 'F T+ Py):Na=0; on (@B)Lere and (@B)rignt; (37¢)
( KGradp):N¢ =0; on (@B)c; (37d)
p=0; on (@B)Ler and (@B )righ; (37e)
( %DGrad \):Nc =0; on (@B)c; (371)
'n = TNenvs on (@B)Ler and (@B )righ; (379)
(Grad )N =0; on @B: (37h)

In B7a){(B7g), (@B)c is the lateral boundary of the cylindric specimen,
whereas (@B) e and (@B)rigne are the left and the right surfaces at the
extremities of B, respectively, N is the unit vector eld normal to (@B)eft
and (@B)right, Nc is the unit vector eld oriented normal to (@B)c, and
Rin is the initial radius of the cylinder. Furthermore, it holds that 0B =
(@B)Lert L (@B)right L (@B)c, and that N is the unit vector eld normal to
oB.

Before going further, we remark that the boundary conditions and
describe the situation in which (@B)c, besides being undeformable,
is also impermeable to the uid and to the nutrients. Finally, the Dirichlet
condition (37g), with I\en, kept constant in all calculations, means that the
tissue specimen nds itself in a \bath" of nutrients, which can ow through
the boundary surfaces (@B) e and (@B )rignt.
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Together with (37a){(37g), we enforce the initial conditions:

"R; ;Z,00=R; *R; ;Z,00= ; (38a)
‘(R ;,Z;0) =Z +uin(2); (38b)
p(R; ;Z;0)=0; (38c)
IN(R; 5Z50) = YNeny; (38d)
(R :Z;0) = n(2); (38e)
(R, ;Z;0)=1; (38f)

which apply at all inner points of B. The way in which the problem is
formulated allows to infer that the deformation gradient tensor takes on
theformF = e, ER+e;, E + (@1 +u)e, E?%, whereu is the axial
displacement, the prime indicates partial di erentiation in the axial direction
(i.e., W' @u=@Z), while fe,; ey e,q and FER; E ; E“g are the vector basis
and the co-vector basis generated by the coordinate systems X = (r; #; z) and
X = (R; :Z), respectively. It is understood that R 2 [0;Rin], 2 [0:2 [,
andZ2 IL;iL .

As a further simpli cation, we require that all the physical quantities
involved in the model are point-independent on each cross-section of the
specimen, whereas they do vary along the axis of the cylinder, i.e., they are
point-dependent only through the axial coordinate, Z. Therefore, the scalar
curvature reads

_ 2( 0)2 4 0 _ 6( 0)2 (4 0)0'

2 ; , (39)
and the model equations simplify as reported below:
[(Ps)*“] = p’; (40a)
ko '
1 — 0 .
U= 2o (40b)
0
0 3 _ @+u)  d 0
1

3 =1 Ne_ °N 1 .

+ s 3 IN Th !N+!N0-p ; (4OC)
1= M IN R L N EX (40d)
=P %s !Ncr +-p %s P P ’

0 3 0 0y2
I N L' B B 6

s Iner X+ UYL 5) 7P
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fp 'n o Tier 1 ih ie (1+UY) 3
3%3 !Nenv !Ncr + 2+h i+ (1+U0)(1 S )-p

nf )

3, 1 1] (40e)
where we have set J = 1+ U’, and ko is de ned in (22a). Equations (40a){
are now put in weak form, and solved by employing the Finite Element
Method. To eliminate rigid motions along the axial direction, we introduce
a Dirichlet point for u at Z = 0, where we prescribe u(0;t) = 0 for all t.
Finally, we assign the initial conditions ,(Z) and u;j,(Z) in such a way that
the problem results to be symmetric with respect to Z = 0.

Parameter Unit Value Equation Reference
L [cm] 1:000 Initial length |
Rin [cm] 1:000 10 2 Initial radius |
[Pa] 1:333 10* 27) [70]
[Pa] 1:999 10% 27) [70]
Ko [mm*=(Ns)] 0:4875 22a), (23a), [66]
Mo [] 0:0848 E [68]
m; [ ] 4:638 223 [66]
dor [m?=s] 3:200 10 ° (22b), (@0c)  [66]

Table 1:  Parameters used in the de nitions of the energy density, permeability and
di usivity. The mass fraction of the solid phase in the natural state is s = 0:8. The
solid and uid phase densities are %s = %; = 1000 kg=m3,

5. Results

To evaluate the impact of the scalar curvature, , on the evolution of
the system under study, we solve (40a){(40€) twice: First, we set ¢ = 0 in
(40€), thereby switching o the term with  (this rst model is denominated
M1). Then, we set ¢ & 0, and solve (40a){(40¢e), paying particular attention
to the e ect of  (this second model is referred to as M2).

For our purposes, we prepare a protocol of numerical experiments in which
the initial distribution of the growth-related distortions, ,(Z), has strong
gradients and non-vanishing curvatures. Speci cally, we consider two types
of in(2), i.e.,

osc(Z) = To + go cos(hoZ); (41a)

a bpatanro Z+3iL ; Zz2  IL;0;

Z) =
atan(Z) ao+boatanro Z L ; Z2 0O;iL ;

(41b)
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Parameter Unit Value Description Reference

fo [kg=(m3s)] 1:343 10 * (@B1d).(33).(42) [71]
pn [kg=(m3s)] 1:500 10 3 [71]
o [kg=(m®s)] 1:150 10 5 (31D) [71]
Np [kg=(m3s)] 3:000 10 * [72, 73]
c [m?] f0; 10 g |
% [] 0:125 10 1 I
L [ ] 1+go |
ho [1=cm] 8 (41a) |
ag [ ] 1:020 (41b) |
bo [ ] 0:010 I
ro [1=cm] 50 |
I'Ner [ ] 1:000 10 3 @2 1
I neny [ ] 7:000 10 3 -. I
"o [] 1:480 10 4 I
L [ ] 7:138 10 1! -. [74]
[P

al 1:541 103 [74)

Table 2: Parameters used in the de nitions of the system’s geometry, in the de nitions of
the sources and sinks of mass, and in the initial conditions for .

both de ning even functions with respect to Z = 0, and representing a grown
con guration of the tumour characterised by strong inhomogeneities. All the
parameters featuring in and are reported in Table[2 The models
‘M1’ and ‘M2’ are further specialised in ‘M1(a)’ and ‘M2(a)’, for in = osc,
and ‘M1(b)’ and ‘M2(b)’, for in = atan-

5.1. Formulation of specialised sub-models

Models M1(a) and M1(b) [no spatial resolution of the inhomogeneities]. We
solve (40a){(40e) with ¢ = 0, thereby switching o the curvature in the
simulations. Hence, (40e) reduces to the ordinary di erential equation

-t "N e ih i (1+d) 3
3%5 !Nenv !Ncr + 2+ h i+ (1 + uo)(l S ) P
nf
LN R N 42
3%5[ pl; (42)

and the boundary condition is no longer necessary. Therefore, together
with (40a){(40d) and (42), only the boundary conditions (37a){(37g) and the
initial conditions (38a){(38f) have to be accounted for.

Although the spatial variability of does not play a direct role on (42),
the initial distribution of the growth-related distortions does in uence the
evolution of
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Models M2(a) and M2(b) [spatial resolution of the inhomogeneities]. We

solve (40a){(40e) with ¢ & 0, and we enforce the complete set of bound-

ary and initial conditions, i.e., (37a){(37h) and (38a)-(38f), respectively. In

this case, the scalar curvature, , does contribute to drive the evolution of
, through the rst term on the right-hand-side of (40€).

5.2. Numerical results

In Fig. [2, we report the displacement of the tumour in the axial direction
of the specimen, evaluated at the cross section of the cylinder Z = L=2, i.e.,
u(L=2;t) = ?*(L=2;1) £(L=2;0). As expected, in all the considered cases,
the results of our simulations show that u(L=2;t) increases monotonically
with time. By comparing M1(a) with M2(a), and M1(b) with M2(b), we
note that the curvature seems to play a signi cant role in the evolution of
the tumour displacement. In fact, the inclusion of the curvature augments
the steepness of the displacement from the beginning of the simulation, and,
from the 3rd day onward, it increases its magnitude appreciably. This result
suggests, in addition, that the initial curvature relaxes, and that the system,
at the end of the simulation, nds itself in a less curved con guration.These
deductions are con rmed by Fig. [ and Fig. [, in which the spatial distri-
bution of the scalar curvature , at the initial and nal instants of time, is
presented.

-~ Model M1(a)
| |—Model M2(a)

‘
0.040 M- Model Mi(b)
(= Miodel M2()

o
o
@
S

Displacement

0.025

0.020 ,/

. . . . . . . . . | . . . . . . |

2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
Time [d] Time [d]

Figure 2: Evolution of the tumour in the axial direction, evaluated at the cross section
Z = L=2. Panel on the left: comparison between M1(a) and M2(a), for which i, = osc.
Panel on the right: comparison between M1(b) and M2(b), for which i, = atan.

Starting from Fig. [3| we note that the oscillating behaviour of the scalar
curvature , which re ects the trend of the initial distribution of the inho-
mogeneities i, = osc, results strongly mitigated at the end of the simulation.
In fact, oscillations are appeased in this case, and  is closer to zero than
the initial case, which means that tissue is evolving towards a con guration
with reduced curvature. Analogously, in Fig. 4] the concentration of the gra-
dient, which characterizes the scalar curvature for the model with ;, = o,
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£ 0.006
=

m

Radius

0.004

0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
Axial coordinate [cm] Axial coordinate [cm]

Figure 3: Spatial distribution of the scalar curvature  evaluated on the meridian section
of the specimen, in the case of i, = osc. Panel on the left; initial instant of time. Panel
on the right: nal instant of time.

Figure 4. Spatial distribution of the scalar curvature  evaluated on the meridian section
of the specimen, in the case of i, = atan- Panel on the left: initial instant of time. Panel
on the right: nal instant of time.

relaxes at the end of the simulation. Also in this case, the tissue attains a -
nal con guration in which the inhomogeneities are appreciably redistributed.
The presence of the curvature  in the model and its relaxation, in uences
the spatial trend of the growth. In this sense, looking at Fig. [5 we notice
that marked qualitative di erences emerge among the spatial pro les of

computed with M1(a) and M2(a), or M1(b) and M2(b). Still, if we neglect
the embodiment of the curvature, the curves are qualitatively similar, with
the magnitude increasing as time goes by. In particular, no peculiarity of
the initial data seems to be found in the computed curves: The presence
of oscillations in the case for which , = s (left), or the steep change in
concavity, for the other choice of i, i.e. in = atan (right). On the other
hand, when the curvature is explicitly considered, the spatial distribution
of the growth is strongly in uenced by the initial conditions. In detail, de-
pending on time, the oscillations (left) and the rapid change in concavity
(right), characterizing the two chosen initial distribution of inhomogeneities,
are mitigated, but still present, until the end of the simulations. Althougth
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Figure 5: Spatial pro le of the growth parameter for the models with i, = o5 (panel
on the left) and in = atan (pPanel on the right). Since the problem is symmetric, only the
half [0; L=2] of the domain is shown.

the di erences outlined above, and independently on the initial condition iy,
all the considered models lead to a nal spatial behaviour of , in which the
inhomogeneities are present.

Another point to put in evidence concerns Fig. |5 (left). The sub-system
corresponding to the interval [0; L=2] is initially symmetric with respect to
Z = L=4. Yet, this further symmetry is lost in the course of time, as visible
from the the spatial pro le of . This peculiarity of the results could be ex-
plained by referring to biological motivations, rather than geometric ones. To
specify this aspect, let us focus on Fig. [6, which reports the trend of the nu-
trient mass fraction. We note, indeed, that the nutrients tend to di use from
the boundaries (@B)Lere and (@B)rigne towards the centre of the specimen,
along its axial direction. In the course of this process, there exists an instant
of time after which the mass fraction of the nutrients becomes smaller than
the critical value Iy in the interior of the tumour. Hence, while the growth
of the tumour is inhibited in its centre, it is active close to the free bound-
aries, where the mass fraction of the nutrients is still higher than the critical
threshold.

Figure 6: Spatial pro le of the nutrient mass fraction 1y for the models with 5, = osc
(panel on the left) and i, = atan (panel on the right). Since the problem is symmetric,
only the half [0; L=2] of the domain is shown.
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Figure 7: Spatial pro le of the proliferating cells mass fraction p for the models with
in = osc (panel on the left) and in = atan (panel on the right). Since the problem is
symmetric, only the half [0; L=2] of the domain is shown.

A relevant result concerns the dynamics of the proliferating cells, as shown
in Fig. [7} Their mass fraction, !, remains close to unity in the proximity
of the boundary (@B )rignt, Where the level of nutrients is still high, while it
diminishes in the centre of the tumour, where nutrients tend to become un-
available (this means that the proliferating cells are \converted" into necrotic
ones). This phenomenon is in uenced by the explicit resolution of the cur-
vature in the model. Indeed, when the curvature is explicitly considered, the
conversion process of proliferating cells into necrotic ones is accelerated in
the rst days, and slowed down towards the end of the simulations. This
behaviour occurs for both choices of j,, but appears to be slightly more
pronounced for i, = atan.

Figure 8: Spatial pro le of the pore pressure p for the models with j, = o5 (panel on
the left) and in = atan (panel on the right). Since the problem is symmetric, only the
half [0; L=2] of the domain is shown.

To proceed with our analysis, we refer to Fig. [8, where we plot the be-
haviour of the pressure, p. When the tumour grows, the interstitial uid ows
towards the centre of the tumour, and p decreases from the free boundary
(where the condition p = 0 applies) to the tumour’s interior, where it takes
on negative values. However, when the system goes towards the end of the

28



755

756

757

758

759

760

761

762

763

764

765

766

767

768

769

770

771

772

773

774

775

776

T

778

779

780

simulations, p tends to become positive in the cases in which the curvature
is explicitly accounted for, while it tends to zero from below otherwise.

Figure 9: Spatial pro le of the e ective stress for the models with i, = o5 (panel on
the left) and in = atan (panel on the right). Since the problem is symmetric, only the
half [0; L=2] of the domain is shown.

Finally, in Fig. [9 we display the e ective stress . First, we notice that
the tumour is subjected to a compressive stress, since is positive. Apart
from this result, which is common to all the studied cases, we report that the
curvature modi es the qualitative behaviour of . As nal remark, we note
how the spatial evolution of the stress in the specimen, independently of the
model, is strongly a ected by the initial distribution of the inhomogeneities.

6. Conclusion

In this work, a mathematical model addressing tumour growth has been
presented. The mechanical framework has been developed by regarding the
tumour as a multi-constituent, biphasic medium, and by enforcing the BKL-
decomposition of the deformation gradient tensor. The growth of the tumour
is in uenced by both mechanical stimuli and biological factors, such as the
nutrients transported by the interstitial uid, and the interactions among
proliferating and necrotic cells.

The principal novelty of our approach consists of a partial reformulation
of the balance laws for the constituents of the solid phase, in such a way
that it is introduced an explicitly dependence on the scalar curvature,
generated by the growth tensor U = | through the Riemannian, growth-
related metric tensor C = 2G.

The introduction of  amounts to express the evolution law for as a
partial di erential equation, with the purpose of obtaining a better resolution
of the material inhomogeneities, and an estimate of their in uence on growth.
To accomplish this task, we prescribe two types of initial conditions for |,
both characterised by strong gradient and nonzero initial curvature, .
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Two more thoughts about our results may be worth to be mentioned.
The rst one concerns the physical interpretation of the evolution of the
initial inhomogeneities accompanying i,. Indeed, since evolves according
to a generalised di usion-reaction like equation, one may say that, in our
model, the material inhomogeneities brought about by growth \dissipate"
towards a con guration in which they are redistributed over the tissue. The
second thought pertains to the structure of the evolution equation (40e),
and is also related to the rst one. Indeed, in the case in which the initial
inhomogeneities relax, the system tends to pass from a con guration in which
it is not invariant under material translations to a homogeneous con guration
in which it is translational invariant, thereby restoring the symmetry that is
initially broken by .

One limitation of our study is related to the fact that, in this work, we
have just relied on a phenomenological model in which ~ appears without a
strong theoretical justi cation. We have not built a systematic constitutive
framework, in which, for example, the strain energy density of our material
depends on and on , nor have we conducted any study of the dissipation
inequality of the system at hand. Yet, con dent in the intuitions that have
led to the model presented in [42], we hope that our results could provide a
basis for further investigations.

In our work, we concentrated on an academic benchmark problem in order
to compare our results with those of other Authors and, in particular, with
those of Ambrosi and Mollica [55]. For this reason, our general setting is as
simple as the setting of the problems taken as reference, expect for the fact
that we deal with a biphasic system featuring two cell populations and for the
fact that we account for the role of inhomogeneities through the introduction
of the term rp, in the mass balance law of the proliferant cells. Clearly, our
model can be further generalised and, in our opinion, this could be done in
several steps. Here, we give some indications on how the formulation of our
problem should look like if such generalisations were done.

First, one could consider exactly the same framework and geometry as
the ones presented here, while relaxing the hypothesis of axial symmetry
of the problem. In this case, the initial inhomogeneities may vary not only
in the axial direction, but also radially or circumferentially, and the scalar
curvature  must be computed according to its own de nition (6], since it
is no longer represented by (39). This requires the computation of all the
partial derivatives necessary to determine the Christo el symbols as well as
the fourth-order curvature tensor speci ed in and (5), respectively.

A second option could be to formulate an evolution law for in which the
evolution is driven by the full curvature tensor R and its gradient GradR,
rather than by the scalar curvature only. In this case, the de nitions of rp
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g2 and r, should be further generalised, thereby implying a rewriting of the
222 Mass balance laws of the proliferant and necrotic cells.

824 A further extension of the model could be the formulation of an evolution
s law for the whole growth tensor F , with a restriction on tr[E F 1], as done
es in (10D). A model of this type extends the concept of growth presented in
sz this work and further rephrases the theory proposed in [42].

828 Another step is to specialise our model to problems with more realistic
220 geometries, which may arise from two- and three-dimensional studies. For a
20 given study, this means that the boundary value problem formulated in our
s WOrk has to be modi ed, and the Finite Element scheme adopted to solve it
sz has to be extended accordingly. In particular, the use of new computational
g3 schemes may not be needed to resolve physical phenomena that could not be
s« Captured otherwise, as is the case, for example, when the growth of a tumour
s3s 1N the present of a host tissue and is studied [54].

836 Finally, although in the present work we dispensed with remodelling from
g7 the outset, we are aware of the fact that such process accompanies growth.
g IN fact, it plays an important role in the redistribution of the mechanical
g9 Stress within the tissue and, thus, on the modulating e ect of the latter
g0 ON the growth of a tumour. One possible way for studying remodelling is
sn 10 use the decompositions F = F.F.F oras F = F.F F,, where F,
sz represents the distortion tensor describing the remodelling process, and to
a3 Study the dynamics of F in relationship with all the other model variables. In
sas the literature, F, is often assumed to describe a plastic-like phenomenon
ss and is thus treated accordingly. Within the context of tumour growth, F,
s @ccounts for the structural transformations of a tissue at the cellular level. Its
a7 INtroduction requires to elaborate numerical schemes capable of capturing the
s interplay between the growth and the structural evolution of a tissue, even
a9 When these phenomena exhibit rather separated time scales.

850 Moreover, our model could be developed and extended to describe other
es1  biological situations. For instance, the approach presented in this work for
ez 1SOtropic media could be adapted for describing a tumour growing in anisotropic
ss3  tissues. Moreover, we could investigate the coupling with other remodelling
s« phenomena, introduced in term of cellular reorganisation, blue bre reorienta-
gss  tion or onset of degenerative phenomena. Finally, at the pore scale, the e ect
sss  Of Inhomogeneities could be studied by introducing a kinematic descriptor,
sz called \intrinsic volume ratio™ [64].
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