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Abstract: We define operations that give the set of all Pythagorean triples a structure of commutative monoid. In
particular, we define these operations by using injections between integer triples and 3 x 3 matrices. Firstly, we
completely characterize these injections that yield commutative monoids of integer triples. Secondly, we determine
commutative monoids of Pythagorean triples characterizing some Pythagorean triple preserving matrices. Moreover,
this study offers unexpectedly an original connection with groups over conics. Using this connection, we determine
groups composed by Pythagorean triples with the studied operations.
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1 Introduction

Algebraic structures, like groups and monoids, are widely studied in mathematics for their importance. It is very
interesting to give particular sets an algebraic structure, in order to deepen their study. The set of Pythagorean triples
and their properties have been extensively studied for several years and aroused the interests of many mathematicians.
In spite of these studies, it is a hard work to give Pythagorean triples algebraic structures. In [1] and [2], an operation
over Pythagorean triples has been studied, showing a group of primitive Pythagorean triples. In [3] and [4], a monoid
structure has been provided.

In this paper, we show an original approach that allows to characterize a family of operations which determine
commutative monoids of Pythagorean triples. In section 2, we define injections, which we call natural, between
integer triples and 3 x 3 matrices. We use these injections to define products between integer triples, focusing on
Pythagorean ones. In section 3, we characterize matrices generating natural injections that determine commutative
monoids over Z3. Similarly, in section 4, we characterize a subset of Pythagorean triple preserving matrices, such
that the set of all Pythagorean triples has a commutative monoid structure. Finally, in section 5, we find a surprising
connection between Pythagorean triples and conics. In this way, we determine a group composed by Pythagorean
triples by means of a morphism between points over conics and Pythagorean triples. Section 6 is devoted to
conclusions.
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2 Commutative monoids of Pythagorean triples

Let P be the set of Pythagorean triples
P={(x.y.2) €2’ : x* + y* = 2%},

Several operations can be defined over this set. In particular, Taussky [1] and Eckert [2] studied the following
operation
(x1,91,21) - (X2, ¥2,22) = (X1X2 — Y1Y2,X1Y2 + Y1X2,2122)

which defines a structure of free abelian group over primitive Pythagorean triples. In [5], this result has been
generalized from Z to any ring of integers of an algebraic number field. In [3] and [4], the following operation
has been studied

(x1,¥1,21) - (x2, ¥2,22) = (X1X2,y122 + ¥221, Y12 + 2122),

determining a commutative monoid (i.e., a commutative semigroup with identity) over P.
Here, we study new operations on Pythagorean triples starting from an injection between triples and matrices.
These operations provide new commutative monoid structures over P. Let v be an injective function

v:Z3—>M3,

where M3 is the set of 3 x 3 matrices whose entries belong to Z. Clearly, v can be used to induce products over Z3.
Let us denote with . the usual matrix product. One natural way to induce a product over Z? is given by

ae b=v"'(v(a).v(b)), VabeZ3
whenever v is invertible. A second natural way is given by
aesb=v(a)b, VabeZ
Let us consider the following definition.

Definition 2.1. We say that injection v is natural when
1. v(v(a).b) = v(a).v(b), Ya.b € Z3
2. v(a).b = v(b).a, Ya.b € 7>
3. v(1,0,1) = I3 (identity matrix)

Remark 2.2. We consider an element a € 7> like a column vector or a row vector in order that products between a

and matrices are consistent.
In the following, we are interested in natural v. Thus, we will consider the induced product e = ] = o5, i.c.,
aeb=v(@)b=v"'(v(a).v(b)., VabeZ.

If v is natural, then (Z3, ) is a commutative monoid, whose identity is (1,0, 1).
We also want to determine when the product e preserves Pythagorean triples, i.e.,

VYa,be P, v(a)beP.
This study is clearly related to research Pythagorean triple preserving matrices.

Definition 2.3. A matrix A is called a Pythagorean triple preserving matrix (PTPM) if given a Pythagorean triple a,
then A.a is still a Pythagorean triple.
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In [6] and [7], the authors characterized PTPMs. Precisely, they are of the form

%(rz—tz—s2 +u?) rs —tu %(rz—t2+s2—u2)
rt —su ru + st rt + su
%(rz—l—tz—sz—uz) rs +tu %(r2 412452 +u2)

for some values of r, s, t, u. Further results can be found in [8]. Moreover, Tikoo [9] studied special cases of PTPMs
provided by matrices

x00 y00 z 0x
Bi=]0zy B>=]|0zx B3=]10y0
Oy:z 0xz x 0z

z0y —xy0

Bs=]10x0 Bs=]y x0

y 0z 0 0z

for (x, y, z) a given Pythagorean triple. All these matrices induce products that preserve Pythagorean triples. In other
words, we can consider, e.g., the injection

UBIZZ?’_)MZ% vB](x5y»Z)=Bl'
Thus, the induced product e g, preserves Pythagorean triples, i.e.,
Va,be P, aep beP.

Moreover, with a bit of calculation, it is possible to check that (P, ep,) is a commutative monoid or equivalently
Vg, is natural. Similarly, we can consider the injection v, and the product ez, . Clearly, ® g, preserves Pythagorean
triples. However, e, is not commutative nor associative and there is not the identity. In this case (P, ep,) is not a
commutative monoid or equivalently v, is not natural.

Thus, it is natural to ask when PTPMs determine commutative and associative products with identity. In the
following we answer to this question finding a characterization for these matrices.

3 Matrices yielding commutative monoids of triples

In this section we determine all matrices that yield natural injections v. In other words, we determine all matrices such
that (Z3, e) is a commutative monoid whose identity is (1,0,1). Using previous notation, we have that v(x, y,z) €
M3 has entries depending on triple (x, y, z).

We consider generic 3 x 3 matrices whose entries are functions of (x, y, z):

a(x,y,z) b(x,y,z) C(X,y,Z)
v(x,y,z) = | d(x,y,z2) e(x,y,2) f(x,y,2)
g(x,y,2) h(x,y,z) i(x,y,2)

Triple (1,0, 1) is the identity with respect to e if and only if
(x,y,z)e(1,0,1) = (1,0,1) e (x,y,2) = (x,y,2), V(x,y,2)¢€ 73

i.e., if and only if
v(x,y,2).(1,0,1) = v(1,0,1).(x,y,2) = (x,¥,2).

Direct calculations show that these equalities are satisfied if and only if

a(x,y,z) b(x,y,z) x —a(x,y,z)
v(x,y.z) = |d(x,y,z) e(x,y,2) y —d(x,y,z)
g(x,y,z) h(x,y,z) z—g(x,y,2)
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Moreover, ® is commutative if and only if
(x,y,z)e(r,s,t) = (r,s,t)®(x,y,2), V(x,y,2),(rs,t)€ VAR
From this condition, we obtain the following relations:

a(x,y,2)r +b(x,y,z)s + (x —a(x,y,z))t =a(r,s,t)x +b(r,s,t)y + (r —a(r,s,t))z
dx,y,z)yr +e(x,y,2)s + (y —d(x,y,z))t =d(r,s,t)x +e(r,s,t)y + (s —d(r,s,1))z
gx,y,o)yr + h(x,y,z)s +(z—g(x,y,z2)t = g(r,s,t)x + h(r,s,t)y + (¢t —g(r,s,1))z

In particular, if (r, s,7) = (1,0, 0) we obtain

a(x,y,z) = a(1,0,0)x + b(1,0,0)y + (1 —a(1,0,0))z
dx,y,z) = d(1,0,0)x +¢(1,0,0)y —d(1,0,0)z (1)
gx,y,z) = g(1,0,0)x + h(1,0,0)y — g(1,0,0)z

On the other hand, when (r, s,¢) = (0, 1,0) we have

b(x,y,z) = a(0,1,0)x + b(0,1,0)y —a(0,1,0)z
e(x,y,z) =d(0,1,0)x +e(0,1,0)y + (1 — d(0,1,0))z 2)
h(x,y,z) = g(0,1,0)x + h(0,1,0)y — g(0,1,0)z

From (1), when (x, y,z) = (0, 1,0), we get

a(0,1,0) = b(1,0,0)
d(0,1,0) = e(1,0,0)
2(0,1,0) = h(1,0,0)

These relations allow to rewrite equations (1) and (2) introducing the parameters

a=a(1,0,0) B =a(0,1,0) = b(1,0,0) ¢ = b(0,1,0)
8§ =4d(1,0,0) y =d(0,1,0) = e(1,0,0) p =¢(0,1,0)
o =g(1,0,0) 8 = g(0,1,0) = h(1,0,0) A = h(0,1,0)
and to finally find
a(x—z)+py+z Bx—z)+¢y (A-a)x—2z2)—By
Sx—2)+yy ylx—2)+py+z-8x—-2)+1-y)y
o(x—z)+ 60y Ox—z)+Ay —-ox—z)—0y+z
Elements of v(x, y, z) are all linear functions of (x, y, z) depending on the introduced parameters. This fact is very
useful in order to verify also condition 1 in Definition 2.1. Indeed, we may only consider such a condition for triples
(1,0,0), (0,1,0), and (0,0, 1). A (not so) little bit of calculation shows that parameters must satisfy the following
system
ay +(p+0—p)§+(1-y)o =y?
—(@—-MNa+¢y—A=p(p+6-p)
—0(@—-A)+Ay=0(p+0-p)
af + A — Bo = 0y
8(p—A)=py—0y+0
We consider two cases: ¢ = A and ¢ # A. When ¢ = A, we have

ay +(p+0—p)8+(1—y)o =y?
¢y —A=B(p+6-pP)

¢y =0(p+0—p)

ab + 8¢ — Bo =0y

By =0(y—1)
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v3+y2o—yo—8(oy+6) p = =D o _ 6yi6)

In this case, when y # 0 we find the solution ¢ = 2 s v e

corresponding to matrices

y3+oy? —oy=8loy+6) (y _ ;) 4 e(y B0=1) g 4 p =D ( _ 5) 4 Olort0) (yz—y3—ay2+oy+s(oy+e>)(x 7)— 0=D,
y2 v b4 v
A= Sx—z)+ vy y(x—z)+py+z —$(x—z)+A—y)y
o(x—2z)+ 0y O(x—z)-‘rWy —o(x—z)—0y+z

On the other hand, if y = 0 we find solution§ =y =0,¢ = A = —B(p — B), 0 = —8(p — B) and corresponding
matrices are
a(x—z)+py+zplx—2)=Pp—P)y 1 —a)(x —z) — By
B = 8(x —2) py +z —$(x—2)+y
—8(p—B)(x —2) —Bp— By S(p—PB)x—2)+z

When ¢ # A solution is & = d’y_’l_f_(‘)""'e_‘g), § = B"dﬁ”"'e o= 2= 9(;’0_"'9 B) giving matrices

QYA—BUHOB) (x _2) 4 By £z (x—2)+dy (““”ﬁ%’*e"g’) (x—2)—By
C= %9”9 (x—2)t+yy oy +py+z EEIEEG )+ (1 -y)y
Ay— 945;1—;0 B)(x —z)+ 0y O(x —z) + Ay —W(x—z)—%-i-z

4 Matrices yielding commutative monoids of Pythagorean triples

In the previous section, we have found all matrices v(x, y, z) such that injection v is natural and consequently (Z3, o)
is a commutative monoid. Now we want to show that a particular subset of PTPMs lies in one of families .A,5 and C.

Let us consider the set P = {(x, y,z) € Z> : x*> + y? = z?} and matrices v(x, y, z), where (x, y,z) € P. We
recall that generic form of v(x, y, z), with (x, y, z) € P, belonging to one of families A, B, C, is

Ai(x—z)+ B1y+z Ax(x—2z)+ Byy Az(x —z) + B3y
v(x,y,z) =| Aa(x—2z)+Bsy As(x—z)+Bsy+z Aec(x—2z)+Bsy |. (3)
A7(x —z) + Byy Ag(x—z)+ Bgy Ao9(x—2z)+ Boy +z

Lemma 4.1. Necessary conditions for (3) to be a PTPM are

By =Bs =By, B7=B3, Bg=Bg, B4s=—B>. (@)
Proof. Using the well-known parametrization x = m2 —nZ?, y=2mnandz = m? + n2, matrix (3) becomes
—2A41n% 4+ 2Bymn + m? + n? —2A5n% +2Bymn —2A3n? + 2B3ymn
—2A4n? 4+ 2Bsmn —2Asn? 4+ 2Bsmn + m? + n? —2A6n? + 2Bemn
—2A7n2 4+ 2B7mn —2Agn? + 2Bgmn —2Aon? + 2Bomn + m? + n?

We find, with a little bit of calculation, that condition
v(m2 — nz,2mn,m2 + nz).(u2 — vz,2uv,u2 + v2) epP

is valid for all Pythagorean triples (m? —n?, 2mn, m> 4+ n?) and (u? — vZ, 2uv, u> + v?) if the following equality
holds
M+ M3 — M? — My (u? —v?) — 2Mouv + M3u? + v?)n*+
+[N1(@? —v?) + 2Nouv — N3(u? + v?) —2M Ny —2M> N> + 2M3N3]n’m+

5
+[NZ + N? — N? — M1 (u? — v?) — 2Mouv + M3(u? + v?)Im?n’+ ©
[N1 (@2 — v?) 4+ 2Nouv — N3(u? + v2)nm3> =0
where, for j = 0, 1,2, we have
M; :A3j+1(u2—v2)+2A3j+2uv—|—A3j+3(u2+v2) ©)

Njy1 = Bsjy1(u? —v?) +2B3; ouv + B3 3(u? +v?)
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Equality (5) is independent by the choice of involved triples. Thus, all coefficients within square brackets must be
equal to 0. In particular, if we consider the equality

N1(u? = v?) + 2Nouv — N3(u? +v?) =0 @)
and we substitute the second relations of (6) into (7) we find

(B1 + B3 — B7 — Bo)u* + 2(B> + B4 + 2B — 2Bg)u>v — 2(B| — 2B5 + Bo)u?v>+
—2(Ba + By — Bg + Bg)uv> + (B; — B3 + B7 — Bo)v* =0
Since this equality must hold for all # and v, coefficients within round brackets must be 0, leading to the system of
equations
Bi+B3—B7—B9g=0
B> + B4+ 2Bs—2Bg =0
B1—2B5+ B9 =0
B> +Bs—Be+ Bg =0
Bi— B3+ B7— By =0.

which easily gives necessary conditions (4). O

Now, using previous lemma, we prove that PTPMs belong to family C.

Theorem 4.2. The PTPMs v(x,y,z) = Mg ,(x,y,z), with (x,y,z) € P, are subset of the family C and they have
the following form

-y +1-BHx—-2)+By+z Blx—z)—yy B>=y>+y)(x—z)— By
—BRy —D(x —z)+yy y(x—2)+By+z  BQy—Dkx—z2)+1~-y)y (8)
B>+y2—nx—z2)—By  —Bax—-2)+U—p)y—-B>+y>—y)x—z)+By+:

Proof. First we show that conditions (4) are satisfied only by a subset of C. Let us consider a matrix of the form A.
Conditions (4) correspond to relations

-1
=D _ _ 4 4=
14 14

Oy—1) Oy +6) _ Blpy +0)
- 2 2 =l-y y=—7H27—.
Y Y

which are clearly inconsistent.
If we examine a matrix belonging to family 3, we have that conditions (4) lead to equalities

pP=p=0B=0—Blp-p =1 —pl—-p) =0,

and also in this case they are clearly inconsistent.
Finally, for matrices belonging to family C, conditions (4) are equivalent to

They are compatible, providing matrices of the form (8). We can prove that these matrices are PTPMs considering
two triples generated by m,n and u, v.
We have
(m? —n?,2mn,m? + n?) e (u? —v2,2uv,u* +v?) = (4, B,C)

where
A = (mu + (1 =2y)nv)> — (mv + n(u + 2pv))>.

B =2(mu + (1 —2y)nv)(mv + n(u + 2pv)),
C = (mu + (1 =2y)nv)? + (mv + n(u + 2v))?,

which is clearly a Pythagorean triple.
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On the other hand

W? = v2,2uv,u? + v2).v(m? —n?, 2mn,m*> + n*) = (4, B’,C’)

where
A’ = (mu + nv)? — (mv + n(u — 2yu + 2pv))?,
B’ = 2(mu + nv)(mv + n(u — 2yu + 2pv)),
C’ = (mu + nv)® + (mv + n(u — 2yu + 2pv))?,
which is clearly another Pythagorean triple. O

The previous theorem characterizes matrices Mg ,,, depending on two parameters 8 and y, such that
V:P_)M37 V(Xay,z)=MB,V(X,y,Z)

is natural, i.e., said eg ,, the induced product, (P, g ;) is a commutative monoid.

5 Products over conics and groups of Pythagorean triples

Since we have the classical parametrization for the Pythagorean triples (x, y,z) € P given by
¢:72 > P, Ppu.v)= > —v22uv,u* +v?),

matrices Mg (x, y, z) can be rewritten as

u?2 +2Buv + (282 —2y2 4+ 2y — 1)v? —2v(yu + Bv) 2(=B2v—Bu+yy -
Mg, (u,v) = —2(Bv—y(u +2Bv))v u2 4+ 2Buv + (=2y + 12 2(—yu+u+ Bv—2Byv)v
—2(B%v + Bu +y(y — Dv)v 2(—yu +u + Bv)v u2 +2Buv + 282 +2y2 —2y + 12

Now, we define a product between points of R? such that it is well-defined with respect to multiplication of matrices
Mgy (u,v).

Definition 5.1. For any (u,v), (s, t) € R2, we define
(u,v) xg. (s,t) = (su +tv(l —2y),tu + sv + 2Btv). )
The reader can easily prove that
Mgy (u,v).Mg,y,(s.1) = Mg, (1, ) %8,y (s,1)).
The determinant of Mg_,, (u, v) is surprisingly (u? + 2Buv — (1 — 2y)v?)3. Thus, function
(Mg, (u,v)) = u? 4 2Buv — (1 —2y)?
is multiplicative, i.e.,
8(Mg.,(u,v).Mg ', V")) =8(Mg.,,(u,v)) - §(Mg, u',v)),

since it is the cubic root of the determinant.
In this way, study of commutative monoids of Pythagorean triples offers an unexpected connection with conics.
Indeed, it is now natural to consider conics

ag.y(z) ={(x,y) € R2:x2 + 2Bxy — (1 — 2)/)y2 =z}
From previous notation and remarks, it follows that
m,v) %,y (s, 1) € g y(wz), Y(u,v) €ag,,w),(s,t)€ag,(z). (10)
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Proposition 5.2. Let (u,v)"*8.7 be the n—th power of (u, v) with respect to xg.,,, then

(Mg, (u.v))" = Mg, ((u,v)""67).

Consequently, power of matrices of the form (8) are still of this form.

Proof. The proof directly follows from previous observations. O
Conic gy (1) is especially interesting, due to equation (10). In [10], the authors studied the conic
x2 +hxy —dy*> =1, (11)
which is a group with the operation
(u,v)-(s,t) = (tu + svd, tu + sv + tvh). (12)

The identity is the point (1, 0) and the inverse of a generic point (x, y) is (x + &y, —y). This conic and this product
clearly coincide with ag ) (1) and *g,, for h =28 andd = 1 —2y. Thus, (cg., (1), *g,,) is a group.

Theorem 5.3. If B2 — 2y + 1 is a positive square—free integer, then we have (uy — fv1,vy) € ag,y (1), where
(u1,v1) is the minimal solution of the Pell equation

(-2 +)yr=1
Proof. The proof directly follows from the equality
X2+ 2Bxy — (1=2y)y% = (x + By)?> = (B> =2y + D)y*. D

As a consequence, the set
Ng, ={u,v) €ag,(1):u,v eZ}

includes infinite points and (Ng,,, *g. ) is a group.
Let us consider ¢ = ®lag, (1), then ¢ is a morphism, i.e.,

J)((uv l)) *ﬁal’ (S,[)) = Q;(M, U) .BJ/ ¢Z(S,[), V(u7 U), (S’t) € 0‘/3,)/(1)-

Moreover, ker ¢ = {(£1,0)} and
(Im(),e5.y) = (Np )/ {(£1,0)}.

Thus we have the following theorem.
Theorem 5.4. (Im(¢), ep.,,) is a group of Pythagorean triples and the inverse of the Pythagorean triple ¢(u, v) is

d(u + 2Bv, —v) = (—v? + (u + 2Bv)%, —2v(u + 28v), v2(u + 2pv)?).

Example. Let us consider the Pythagorean triple (3,4, 5). Since we have ¢(2,1) = (3,4, 5), we are interested in
conics ag. (1) containing the point (2, 1). It is easy to see that (2,1) € ag.—25—-1(1), VB € R. However, we only
consider B € Z. By Theorem (5.4), inverse of (2,1) is (2(B + 1), —1) and inverse of (3,4,5) is

$Q2(B+1).~1) = (4B + 8B +3.~4(f + 1).4(B + D> + 1.
Let us set, e.g., B = 1, the conic a1,—3(1) is
x2 + 2xy —7y2 =1.

The inverse of (2, 1) is (4, —1) and inverse of (3,4, 5), with respect to ®1 _3, is (15,—8, 17). Indeed,

—-1510 18\ (15 1
(3.4,5) 81 _3 (15,—8,17) = My _3(3,4,5).(15,-8,17) = | —26 1530 | | =8 | = | 0
—-301835) \ 17 1
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Moreover, we can evaluate powers of Pythagorean triples:

—1510 18\ (3 85
(3,4,5)2'1‘*3 =|1-261530|]|4] =132
—3018 35/ \5 157

The Pythagorean triple (85,132, 157) corresponds to the point (2,1)2*1.=3 = (11,6) € a1.—3(1). Thus, the inverse
of (11, 6) is (23, —6) and the inverse of (85,132, 157) is ¢ (23, —6) = (493, —276, 565).

6 Conclusion

The paper provides new structures of commutative monoids and commutative groups over sets of Pythagorean triples,
starting from natural injections between triples and 3 x 3 matrices. Moreover, this study has connection with groups
OVer conics.

As future developments, we find interesting to study operations *g ,, and eg_,, over finite fields Z, for p prime.
Moreover, this study offers the possibility to use Pythagorean triples in the approximation of quadratic irrationalities.
Indeed, in [10], conic (11) and product (12) have been profitably used in Diophantine approximation for quadratic
irrationalities. Thus, the above connections with Pythagorean triples show that they can be used in this context.
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