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SOBOLEV ALGEBRAS ON NONUNIMODULAR LIE GROUPS

MARCO M. PELOSO AND MARIA VALLARINO

Abstract. Let G be a noncompact connected Lie group and ρ be the right Haar measure
of G. Let X = {X1, . . . , Xq} be a family of left invariant vector fields which satisfy
Hörmander’s condition, and let ∆ = −

∑q
i=1X

2
i be the corresponding subLaplacian. For

1 ≤ p <∞ and α ≥ 0 we define the Sobolev space

Lpα(G) = {f ∈ Lp(ρ) : ∆α/2f ∈ Lp(ρ)} ,
endowed with the norm

‖f‖α,p = ‖f‖p + ‖∆α/2f‖p ,
where we denote by ‖f‖p the norm of f in Lp(ρ).

In this paper we show that for all α ≥ 0 and p ∈ (1,∞), the space L∞ ∩ Lpα(G) is an
algebra under pointwise product, that is, there exists a positive constant Cα,p such that
for all f, g ∈ L∞ ∩ Lpα(G), fg ∈ L∞ ∩ Lpα(G) and

‖fg‖α,p ≤ Cα,p
(
‖f‖α,p‖g‖∞ + ‖f‖∞‖g‖α,p

)
.

Such estimates were proved by T. Coulhon, E. Russ and V. Tardivel-Nachef in the case
when G is unimodular. We shall prove it on Lie groups, thus extending their result to the
nonunimodular case.

In order to prove our main result, we need to study the boundedness of local Riesz
transforms RcJ = XJ(cI + ∆)−m/2, where c > 0, XJ = Xj1 . . . Xjm and j` ∈ {1, . . . , q} for
` = 1, . . . ,m. We show that if c is sufficiently large, the Riesz transform RcJ is bounded on
Lp(ρ) for every p ∈ (1,∞), and prove also appropriate endpoint results involving Hardy
and BMO spaces.

1. Introduction and statement of the main results

Let G be a noncompact connected Lie group. We shall denote by λ and ρ the left and
right Haar measures of G, respectively, and by δ the modular function, i.e. δ = dλ

dρ . For

every p ∈ [1,∞] and f ∈ Lp(ρ) we shall denote by ‖f‖p the norm of f in Lp(ρ).
Let X = {X1, . . . , Xq} be a family of left invariant vector fields which satisfy Hörmander’s

condition and consider the subLaplacian ∆ = −∑q
i=1X

2
i . For every p ∈ (1,∞), let ∆p

be the smallest closed extension of ∆|C∞c (G) to Lp(ρ). For every α > 0 one may define
the operator ∆α

p on Lp(ρ) which we shall always denote by ∆α, see e.g. [28]. For every
p ∈ (1,∞) and α ≥ 0 we define the Sobolev space

Lpα(G) =
¶
f ∈ Lp(ρ) : ∆α/2f ∈ Lp(ρ)

©
,
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2 M. M. PELOSO AND M. VALLARINO

endowed with the norm

(1.1) ‖f‖α,p = ‖f‖p + ‖∆α/2f‖p .

Throughout the paper we will often denote by Lp the space Lp(ρ), and when we refer to
Lp-integrability, we will always mean integrability with respect to the right Haar measure
dρ. Moreover, if the underlying group G is understood from the context, we will often write
Lpα in place of Lpα(G).

Our aim is to prove the following result.

Theorem 1.1. Let G be a noncompact connected Lie group. For all α ≥ 0 and p ∈ (1,∞)
the space Lpα ∩ L∞ is an algebra under pointwise product. More precisely, there exists a
positive constant Cα,p such that for all f, g ∈ Lpα ∩ L∞, we have fg ∈ Lpα ∩ L∞ and

‖fg‖α,p ≤ Cα,p
Ä
‖f‖α,p‖g‖∞ + ‖f‖∞‖g‖α,p

ä
.

Theorem 1.1 will be obtained as a particular case of the following more general theorem.

Theorem 1.2. Let G be a noncompact connected Lie group. Let α ≥ 0, p1, q2 ∈ (1,∞] and
r, p2, q1 ∈ (1,∞) such that 1

r = 1
pi

+ 1
qi

, i = 1, 2. There exists a positive constant C such

that for all f ∈ Lp1(ρ) ∩ Lp2α and g ∈ Lq2(ρ) ∩ Lq1α , we have fg ∈ Lrα and

‖fg‖α,r ≤ C
Ä
‖f‖p1‖g‖α,q1 + ‖f‖α,p2‖g‖q2

ä
.

Given a Laplacian or a subLaplacian on a Lie group, the question of finding under which
conditions the corresponding Sobolev spaces form an algebra, has a long history. It was
first proved by R. Strichartz [44] in the case of the Laplacian in Rn that the Sobolev spaces
Lpα(Rn) form an algebra when αp > n. Such result was later extended by G. Bohnke in
the case of a nilpotent Lie group G [10], under the condition αp > Q, where Q denotes the
homogeneous dimension of G. This result was also proved by T. Coulhon, E. Russ and V.
Tardivel-Nachev [15] on any unimodular Lie group G when αp > d, where d denotes the
local dimension of G; see (2.3).

Later, T. Kato and G. Ponce [27] proved Theorem 1.1 in the case of the Laplacian in
Rn, which is more general than Strichartz’s result since it does not rely on the Sobolev
embedding. Incidentally, the same authors showed that the algebra property of the Sobolev
spaces is fundamental in the theory of well-posedness of Cauchy problems for certain non-
linear differential equations.

More recently, the Sobolev algebra problem was studied for Laplacians, subLaplacians
and even more general differential operators satisfying suitable assumptions on various Lie
groups and Riemannian manifolds [6, 9, 15, 20]. In particular, Theorems 1.1 and 1.2 were
proved in [15] in the case when G is unimodular.

As already mentioned, in this paper we prove Theorems 1.1 and 1.2 in the case of a
subLaplacian on any nonunimodular Lie group. The situation on a nonunimodular Lie
group is considerably more complicated than in the unimodular case. Indeed we prove that
in general when G is nonunimodular, Lpα(G) is not an algebra, even when αp > d, see
Theorem 3.3. Incidentally, the same counterexample shows that the space Lp1(G) does not
embed in L∞ when p > d; see also Remark 3.4. Furthermore, since δ is not trivial, we have
to deal with some technical difficulties: δ obviously appears when we make some change of
variables in the integrals, and the factor δ1/2 naturally arises in the estimates of the heat
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kernel associated with ∆ and its derivatives (see Subsection 2.1 below). Very often we shall
work on balls of small radius where the modular function is comparable with its value at
the center of the ball; but sometimes we also have to deal with the behavior of the modular
function on balls of arbitrary radius. Let us mention that property (2.5) below, which gives

a control of the integral of δ1/2 on balls of any radius, is crucial in the proof of our results.
The main ingredient in the proof of Theorem 1.1, is a characterization of the Sobolev

norm (1.1) in terms of the p-integrability property of averages of differences of a function
on small balls. We consider the local versions of functionals introduced by Strichartz [44],
and E. M. Stein [42], respectively; see also [15] for these local versions in the unimodular
case. To be more precise, for a locally integrable function f and every α ∈ (0, 1) we set

(1.2) Sloc
α f(x) =

( ∫ 1

0

[ 1

uαV (u)

∫
|y|<u

|f(xy−1)− f(x)|dρ(y)
]2 du

u

)1/2
,

and

(1.3) Dloc
α f(x) =

( ∫
|y|<1

|f(xy−1)− f(x)|2

|y|2αV (|y|)
dρ(y)

)1/2
.

For r > 0, we denote by V (r) the volume of the ball centered at the origin e of G, with
respect to the right Haar measure ρ; see (2.1). Then, we prove the following result.

Theorem 1.3. Let G be a noncompact connected Lie group and let α ∈ (0, 1). Then the
following properties hold:

(i) for any p ∈ (1,∞) there exists a positive constant C such that

C−1 ‖f‖α,p ≤ ‖Sloc
α f‖p + ‖f‖p ≤ C‖f‖α,p ;

(ii) for any p > 2d/(d+ 2α) there exists a positive constant C such that

C−1 ‖f‖α,p ≤ ‖Dloc
α f‖p + ‖f‖p ≤ C‖f‖α,p .

We point out that the norm equivalence (i) of Theorem 1.3 is the main tool that we use
to prove Theorem 1.2 in the case when α ∈ (0, 1), while the norm equivalence (ii) provides
a further characterization of the Sobolev norm for certain values of p and α. In order to
prove Theorem 1.2 in the case α ∈ [1,∞), we need to prove the Lp-boundedness of the local
Riesz transforms. We consider the collection of multiindices

{1, . . . , q}m =
¶
J = (j1, . . . , jm) : j` ∈ {1, . . . , q}, for ` = 1, . . . ,m

©
.

For every c > 0 and J ∈ {1, . . . , q}m, we shall denote by RcJ the local Riesz transform of
order m

(1.4) RcJ = XJ(cI + ∆)−m/2 ,

where, XJ = Xj1 . . . Xjm .
Then, we prove the following boundedness result for RcJ , whose statement involves a

Hardy type space h1(ρ) and a space bmo(ρ), whose precise definition is given in Subsection
2.3.

Theorem 1.4. Let G be a noncompact connected Lie group. There exists c > 0 sufficiently
large such that for every J ∈ {1, . . . , q}m and m ∈ N, the local Riesz transform RcJ is
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bounded from the Hardy space h1(ρ) to L1(ρ), from L∞ to bmo(ρ) and on Lp(ρ) for every
p ∈ (1,∞).

Given a (sub)Laplacian ∆ on a Lie group the question of the Lp-boundedness of the

Riesz transforms Rj = Xj∆
−1/2, and of their higher order analogue RJ = XJ∆−m/2, where

J ∈ {1, . . . , q}m, has also a long and rich hystory. It is well known that the Lp-boundedness
of the Riesz transforms Rj , j = 1, . . . , q, is tighly connected to the equivalence of two
natural definitions of homogeneous first order Lp Sobolev spaces. The Riesz transforms
Rj are known to be bounded on Lp when the underlying group is stratified [19], nilpotent
[32], of polynomial growth [2] and on certain classes of Lie groups of exponential growth
[26, 31, 39, 40]. On nilpotent Lie groups the Riesz transforms of higher order RJ are also
bounded on Lp [18], but it is known that this is not always the case (see [21] for an example
of nonunimodular Lie group of exponential growth where the Riesz transforms RJ of order
2 are unbounded on Lp for every p ∈ [1,∞)).

In this paper we deal only with the local Riesz transforms. The Lp boundedness of the
local Riesz transforms Theorem 1.4 is known to hold on nonamenable Lie groups [30] and
on every Lie group when ∆ is a complete Laplacian [36]. Thus, it is certainly an expected
result, and maybe considered “folklore” by many. However, to the best of our knowledge
this result is new in the general setting of any subLaplacian on any noncompact Lie group,
especially for the endpoint results.

We point out that the problems considered in this paper, namely the algebra property
of Sobolev spaces and the Lp boundedness of local and global Riesz transforms, have been
intensively studied also in the context of Riemannian manifolds. Without any pretense of
exhaustiveness, we refer the reader to [4, 5, 10, 12, 33, 37, 43] and the references therein for
the study of the boundedness of Riesz transforms and to [6, 9, 15] for Sobolev algebras on
Riemannian manifolds satisfying suitable geometric assumptions.

Finally, we mention that the Sobolev algebra property is of great importance in the
study of the well-posedness of Cauchy problems involving the operator ∆ in some nonlinear
differential equation, such as a nonlinear heat equation, or a nonlinear Schrödinger equation,
see [6, 45, 11].

The paper is organized as follows. In Section 2 we recall all preliminaries and notation
on nonunimodular Lie groups, the properties of the maximal functions, the estimates of the
heat kernel associated with ∆ and the definition of the Hardy and BMO spaces that will
be used in the paper. Section 3 is devoted to the study of the boundedness of local Riesz
transforms of any order associated with ∆, and we also prove that the analogue of Strichartz
and Bohnke [44] and [10] results cited earlier cannot hold in a generic nonunimodular Lie
group. In Section 4 we prove two representation formulas for the Sobolev norms in the case
when α is in (0, 1). Section 5 is devoted to the proof of Theorem 1.2, while we collect in
Section 6 some final comments and a discussion on the future developments of this work.

Given two non-negative quantities A and B, we write A . B to indicate that there is
C > 0 such that A ≤ CB, and the constant C does not depend on the relevant parameters
involved in A and B. We also write A ≈ B when A . B and B . A.

We wish to thank the anonimous referee for her/his careful reading of the manuscript
and for making several useful comments.
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2. Preliminaries

The Carnot–Carathéodory metric on G associated with X is defined as follows. An
absolutely continuous curve γ : [0, 1]→ G is called horizontal if γ′(t) =

∑q
j=1 ajXj(γ(t)) for

every t ∈ [0, 1]. The length of such a curve is defined as `(γ) =
∫ 1

0

Ä∑q
j=1 |aj |2

ä1/2
dt. The

distance of two points x, y ∈ G is defined as the infimum of the lengths of all horizontal
curves joining x to y and denoted by dC(x, y). Since the vector fields {Xj}qj=1 are left

invariant, the metric dC is left invariant. We denote by |x| the distance of a point x ∈ G
from the identity e of G in such metric. For every x0 ∈ G and r > 0, the open ball centred
at x0 of radius r is B(x0, r) = {x ∈ G : dC(x, x0) < r}. When x0 = e, we simply write
Br = B(e, r), and set

(2.1) V (r) = ρ(Br) = λ(Br) .

Notice that for every x0 ∈ G and r > 0

(2.2) ρ(B(x0, r)) = δ−1(x0)V (r) .

It is known [24, 49, 50] that there exists a positive constant d such that

(2.3) V (r) ≈ rd ∀r ∈ (0, 1] ,

and there exists D > 0 such that

(2.4) V (r) . eDr ∀r ∈ (1,∞) .

Notice in particular that the space (G, dC , ρ) is locally doubling. Moreover, there exists a
constant Q > 0 such that

(2.5)

∫
Br

δ1/2 dρ . rd eQr ∀r > 0 .

Indeed, when r ∈ (0, 1] ∫
Br

δ1/2 dρ . ‖δ1/2‖L∞(B1) V (r) . rd ;

when r ∈ (1,∞) ∫
Br

δ1/2 dρ . (sup
Br

δ)1/2 V (r) . eAr eDr ,

where D is the constant in (2.4) and A = 1
2

Ä∑q
i=1 |(Xiδ)(e)|2

ä1/2
(see [25, Proposition 5.7

(ii)]) that gives (2.5). Let us mention that the fact that the integral of δ1/2 on any ball
grows at most exponentially with respect to the radius of the ball is crucial in the proof of
our results.

In the sequel we shall often deal with left invariant operators on G and their kernels.
Recall that by the Schwartz kernel theorem, all bounded operators T : C∞c (G) → D′(G)
have an integral kernel KT ∈ D′(G×G), such that

Tf(x) =

∫
G
KT (x, y) f(y) dρ(y)
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in the sense of distributions. Further, if T is left invariant, then it admits a convolution
kernel kT ∈ D′(G), such that

(2.6) Tf(x) = f ∗ kT (x) =

∫
G
f(xy−1) kT (y) dρ(y);

in this case the convolution kernel kT is related to the integral kernel KT by

(2.7) KT (x, y) = kT (y−1x) δ(y).

We shall list below some notation and well-known results which will be used in the sequel.

2.1. Heat kernel estimates. Let pt be the heat kernel of ∆ at time t, i.e. the convolution
kernel kTt of the operator Tt = e−t∆ and let Pt be the corresponding integral kernel. By [51,
Section IX] there exist positive constants c1 . . . , c4 such that for every x ∈ G and t ∈ (0, 1):

(i)
∫
G pt dρ = 1;

(ii) δ1/2(x)V (
√
t)−1e−c1|x|

2/t . pt(x) . δ1/2(x)V (
√
t)−1e−c2|x|

2/t;

(iii) |∂pt∂t (x)| . δ1/2(x) t−1 V (
√
t)−1e−c3|x|

2/t;

(iv) |Xipt(x)| . δ1/2(x) t−1/2 V (
√
t)−1e−c4|x|

2/t .

By [17, p. 132] there exist ω ≥ 0, b > 0 such that for every multiindex J ∈ {1, . . . , q}m and
every t > 0

(2.8) |XJpt(x)| . t−
d+m

2 eωt e−b|x|
2/t ∀x ∈ G .

By using the heat semigroup Tt for every β > 0 we define the g-function

gβf =
( ∫ ∞

0
|(t∆)βTtf |2

dt

t

)1/2
.

Since Tt is a diffusion semigroup symmetric with respect to the measure ρ, it is well
known that for every p ∈ (1,∞) and every f ∈ Lp

(2.9) ‖f‖p ≈ ‖gβf‖p .
See [34, 41].

2.2. Maximal functions. For every R > 0 we define BR as the set of all balls of radius
≤ R. The corresponding local Hardy–Littlewood maximal function with respect to the right
Haar measure is given by

(2.10) MRf(x) = sup
B∈BR,x∈B

1

ρ(B)

∫
B
|f | dρ .

The operator MR is bounded on Lp for every p ∈ (1,∞] and it is of weak type (1, 1).
We also introduce the modified local Hardy–Littlewood maximal function, with parameter
β ∈ [0, 1) with respect to the right Haar measure, given by

(2.11) MR
β f(x) = sup

B∈BR,x∈B

1

ρ(B)1−β

∫
B
|f | dρ .

It is easy to show that MR
β is bounded from L

1
β to L∞ and from L1 to the Lorentz space

L
1

1−β ,∞, so that by interpolation it is bounded from Lp to Lq whenever 1
q = 1

p − β and

p ∈ (1, 1
β ].
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We denote by M0 the local heat maximal function defined by

M0f = sup
0<t≤1

|f ∗ pt| .

It is known that M0 is bounded on Lp for p ∈ (1,∞) [16, 41].
It is easy to see that the statements of [15, Propositions 7-8-9-10] which concern global

maximal operators can be reformulated for the local maximal functionsM0 and MR: indeed
only the Lp-boundedness for p ∈ (1,∞) of the local maximal functions and the local doubling
property are neeeded to adapt the proofs of [15, Propositions 7-8-9-10] to our setting.

2.3. The spaces h1(ρ) and bmo(ρ). The theory of Hardy spaces of Goldberg type devel-
oped in [35] applies to the space (G, dC , ρ). For the reader’s convenience, we recall here
briefly the definition of the atomic Hardy space h1(ρ) and its dual bmo(ρ) and a few related
results. We refer the reader to [22] for details on the theory of Goldberg Hardy spaces in
the Euclidean setting and to [35, 46] for the corresponding theory in the context of metric
spaces and Riemannian manifolds.

Definition 2.1. A standard atom at scale 1 is a function a ∈ L1 supported in a ball B ∈ B1

such that

(i) ‖a‖2 ≤ ρ(B)−1/2;
(ii)

∫
a dρ = 0.

A global atom at scale 1 is a function a ∈ L1 supported in a ball B of radius exactly 1 such
that ‖a‖2 ≤ ρ(B)−1/2. Standard and global atoms at scale 1 will be referred to as atoms at
scale 1.

The Hardy space h1(ρ) is defined as the space

h1(ρ) =

{
f ∈ L1(ρ) : f =

∑
k

ckak, ak atom at scale 1, ck ∈ C,
∑
k

|ck| <∞
}
,

endowed with the usual atomic norm

‖f‖h1 = inf

{∑
k

|ck| : f =
∑
k

ckak, ak atom at scale 1, ck ∈ C
}
.

By [35, Theorem 2] the dual of h1(ρ) can be identified with the space bmo(ρ) of all
equivalence classes of locally integrable functions g modulo constants such that

‖g‖bmo := sup
B∈B1

Ç
1

ρ(B)

∫
B
|g − gB|2 dρ

å1/2

+ sup
x∈G

Ç
1

ρ(B(x, 1))

∫
B(x,1)

|g|2 dρ

å1/2

<∞ ,

where gB = ρ(B)−1
∫
B g dρ.

By [13, Theorem 8.2] and [14, Proposition 4.5] the following criterion for the boundedness
of integral operators on G holds.



8 M. M. PELOSO AND M. VALLARINO

Proposition 2.2. If T is a bounded operator on L2 and its integral kernel KT is a locally
integrable function away from the diagonal of G×G such that

(2.12) sup
B∈B1

sup
y,z∈B

∫
(2B)c

|KT (x, y)−KT (x, z)|dρ(x) <∞

and

(2.13) sup
y∈G

∫
(B(y,2))c

|KT (x, y)| dρ(x) <∞,

then T is bounded from h1(ρ) to L1.
If T is a bounded operator on L2 and its integral kernel KT is a locally integrable function

off the diagonal of G×G such that

(2.14) sup
B∈B1

sup
y,z∈B

∫
(2B)c

|KT (y, x)−KT (z, x)|dρ(x) <∞

and

(2.15) sup
y∈G

∫
(B(y,2))c

|KT (y, x)|dρ(x) <∞,

then T is bounded from L∞ to bmo(ρ).

Furthermore, by [35, Theorem 5], the following interpolation result holds, where (V,W )[θ]

denotes the lower complex interpolation space of parameter θ ∈ (0, 1) between the Banach
spaces V,W (see [8]).

Theorem 2.3. Let θ ∈ (0, 1) and set pθ = 2/(2 − θ). Then (h1(ρ), L2)[θ] = Lpθ and

(bmo(ρ), L2)[θ] = Lp
′
θ .

3. Boundedness of the local Riesz transforms

Recall that for every multiindex J ∈ {1, . . . , q}m the local Riesz transform of order m is

defined by RcJ = XJ(cI + ∆)−m/2 (see (1.4)).
In order to prove the boundedness of the local Riesz transforms on Lp, we shall need to

apply the following result concerning the derivatives of the heat kernel at small times. The
techniques used in the proof of the following lemma follow closely those used in [23, 37].

Lemma 3.1. Let B = B(cB, rB) be a ball of radius rB ≤ 1, t ∈ [r2
B, 1] and y, z ∈ B. For

every x ∈ G define

qt(x) = Pt(x, y)− Pt(x, z) .
Then there exist γ ∈ (0, 1), c5 > 0 such that

(i) |qt(x)| . δ1/2(cBx)V (
√
t)−1

(
d(y,z)√

t

)γ
e−c5|c

−1
B x|2/t;

(ii) for every β < 2c5,∫
2rB≤|c−1

B x|≤2
|qt(x)|2eβ|c

−1
B x|2/t dρ(x) . δ(cB)V (

√
t)−1

(d(y, z)√
t

)2γ
;
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(iii) for every β < 2c5 and J ∈ {1, . . . , q}m, m a non-negative integer,∫
2rB≤|c−1

B x|≤2
|XJqt(x)|2eβ|c

−1
B x|2/t dρ(x) . t−m δ(cB)V (

√
t)−1

(d(y, z)√
t

)2γ
.

Proof. We first prove (i). Fix x ∈ G and define u(t, ·) = Pt(x, ·). Then u is a solution of the
heat equation (∂t + ∆)u = 0. By applying [37, Proposition 10] (see also [38, Proposition
3.2]) we deduce that there exists γ ∈ (0, 1) such that

|qt(x)| .
(d(y, z)

rB

)γ
sup

(τ,w)∈Q
Pτ (x,w)

.
(d(y, z)√

t

)γ
sup

(τ,w)∈Q
δ(w)δ1/2(w−1x)V (

√
τ)−1 e−c2|w

−1x|2/t ,

where Q = (4
9 t,

20
9 t) × B

(
y, 4

3

√
t
)
. Using the fact that y, z ∈ B, rB ≤ 1 and r2

B ≤ t, we

deduce that there exists c5 > 0 such that

|qt(x)| .
(d(y, z)√

t

)γ
δ1/2(cBx)V (

√
t)−1 e−c5|c

−1
B x|2/t ∀x ∈ G .

To prove (ii) we apply (i) and the change of variables c−1
B x = v to obtain∫

2rB≤|c−1
B x|≤2

|qt(x)|2eβ|c
−1
B x|2/t dρ(x)

.
(d(y, z)√

t

)2γ
V (
√
t)−2

∫
2rB≤|c−1

B x|≤2
δ(cBx) e(−2c5+β)|c−1

B x|2/t dρ(x)

.
(d(y, z)√

t

)2γ
V (
√
t)−2δ(cB)

∫
2rB≤|v|≤2

e(−2c5+β)|v|2/t dλ(v) .

If 2rB ≤
√
t we choose j0 as the smallest integer such that 2j0+1

√
t ≥ 2 and obtain∫

2rB≤|c−1
B x|≤2

|qt(x)|2eβ|c
−1
B x|2/t dρ(x)

.
(d(y, z)√

t

)2γ
V (
√
t)−2δ(cB)

×
[ ∫

2rB≤|v|≤
√
t

dλ(v) +
j0∑
j=0

∫
2j
√
t≤|v|≤2j+1

√
t
e(−2c5+β)22j dλ(v)

]

.
(d(y, z)√

t

)2γ
V (
√
t)−2δ(cB)

[
V (
√
t) +

j0∑
j=0

e(−2c5+β)22j (2j+1
√
t)d
]

.
(d(y, z)√

t

)2γ
V (
√
t)−1δ(cB) ,

where we used the fact that β < 2c5. The proof in the case when
√
t ≤ 2rB is similar and

is omitted.
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We now prove (iii). Take J ∈ {1, . . . , q}m, where m is a non-negative integer. For every
x ∈ G, the function (t, y) 7→ XJ,xPt(x, y) is a solution of the heat equation ∂tu + ∆u = 0.
Thus, by [38, Proposition 3.2]

|XJqt(x)| .
Ç
dC(y, z)√

t

åγ
sup

(τ,w)∈Q
|XJ,xPτ (x,w)|

for some γ ∈ (0, 1), where Q =
Ä

4
9 t,

20
9 t
ä
×B

Ä
y, 4

3

√
t
ä
. By means of (2.8) and the assump-

tions on rB, t, y, z we get

|XJ,xPτ (x,w)| . τ−(d+m)/2 eωτ e−b|w
−1x|2/τ .

Since τ ≈ t, t ∈ (0, 1) and t−d/2 ≈ V (
√
t)−1, there exists a constant c5 such that

|XJqt(x)| .
Ç
dC(y, z)√

t

åγ
t−m/2V (

√
t)−1e−c5|c

−1
B x|2/t .(3.1)

If β < 2c5 we can apply (3.1), use the change of variables c−1
B x = v and argue as in the

proof of (ii) to obtain that∫
2rB≤|c−1

B x|≤2
|XJqt(x)|2eβ|c

−1
B x|2/t dρ(x) . t−m δ(cB)V (

√
t)−1

(d(y, z)√
t

)2γ
. �

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Fix J ∈ {1, . . . , q}m. By [47, Theorem 4.8, IV] if c > 0 is large
enough then the local Riesz transforms RcJ is bounded on L2. The convolution kernel of RcJ
is given by

kcJ(x) = cJ

∫ 1

0
tm/2−1e−ctXJpt(x) dt+ cJ

∫ ∞
1

tm/2−1e−ctXJpt(x) dt = k0(x) + k∞(x) .

We claim that k∞ ∈ L1 if c is sufficiently large. Indeed, we can choose c sufficiently large
so that

|k∞(x)| .
∫ ∞

1
tm/2−1e−ctt−(d+m)/2eωt e−b|x|

2/t dt .
∫ ∞

1
e−c

′t e−b|x|
2/t dt ,

for some c′ > 0. Now define for every t > 0, Ait = B2i
√
t \B2i−1

√
t, i ≥ 1. Then by (2.4)∫

G
|k∞(x)|dρ(x) .

∫ ∞
1

∫
B(e
√
t)
e−c

′t e−b|x|
2/t dρ(x) dt+

∞∑
i=1

∫ ∞
1

∫
Ait

e−c
′t e−b|x|

2/t dρ(x) dt

.
∫ ∞

1
e−c

′t eD
√
t dt+

∞∑
i=1

∫ ∞
1

e−c
′te−b2

2j
eD2i

√
t dt

. 1 +
∞∑
i=1

e−b2
2i+D222i

4c′

∫ ∞
1

e
−(
√
c′t− D2i

2
√
c′

)2
dt

. 1 ,

if c is sufficiently large. Thus the convolution operator f 7→ f ∗ k∞ is bounded on Lp for
every p ∈ [1,∞], and a fortiori it is bounded from h1(ρ) to L1 and from L∞ to bmo(ρ).
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We now consider the kernel k0. Choose a smooth cutoff function φ supported in B1 such
that 0 ≤ φ ≤ 1. First notice that

|(1− φ(x))k0(x)| .
∫ 1

0
tm/2−1t−d/2−m/2e−b|x|

2/t dt =

∫ ∞
|x|2

( |x|2
u

)−d/2
e−bu du . e−b

′|x|2 ,

for some b′ > 0. Then

(3.2)

∫
G
|(1− φ(x))k0(x)| dρ(x) .

∞∑
i=1

∫
Ai1

e−b
′|x| dρ(x)

.
∞∑
i=1

e−b
′22ieD2i

. 1 .

Thus the convolution operator f 7→ f ∗ (1−φ)k0 is bounded on Lp for every p ∈ [1,∞], and
a fortiori it is bounded from h1(ρ) to L1 and from L∞ to bmo(ρ).

It remains to consider the operator f 7→ f ∗ (φk0) which is bounded on L2, as difference
of operators bounded on L2. Let us denote by ` the function φk0 and by L the integral
kernel corresponding to the convolution operator with kernel `, i.e. L(x, y) = `(y−1x)δ(y).
Notice that

|`(x)| .
∫ 1

0
tm/2−1t−d/2−m/2e−b|x|

2/t dt =

∫ ∞
|x|2

( |x|2
u

)−d/2
e−bu du . |x|−d ,

and, for every j = 1, . . . , q,

(3.3)

|Xj`(x)| . |k0(x)|+
∫ 1

0
tm/2−1t−d/2−m/2−1/2e−b|x|

2/t dt

. |x|−d + |x|−d−1

. |x|−d−1 .

Notice that since ` is supported in B1 for every ball B of radius 1 and every y ∈ B

(3.4)

∫
(2B)c

|L(y, x)|dρ(x) =

∫
(2B)c

|L(x, y)| dρ(x) = 0 .
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Take now a ball B = B(cB, rB) of radius rB ≤ 1. For every y, z ∈ B we have∫
(2B)c

|L(y, x)− L(z, x)| dρ(x) =

∫
(2B)c

|`(x−1y)δ(x)− `(x−1z)δ(x)|dρ(x)

=

∫
{x:d(x−1,cB)>2rB

|`(xy)− `(xz)|dρ(x)

=

∫
|u|>2rB

|`(uc−1
B y)− `(uc−1

B z)|dρ(u)

=

∫
2rB<|u|≤2

|`(uc−1
B y)− `(uc−1

B z)|dρ(u)

. d(c−1
B y, c−1

B z)

∫
2rB≤|u|≤2

q∑
j=1

|Xj`(u)| dρ(u)

. rB

∫
2rB≤|u|≤2

|u|−d−1 dρ(u) ,

where we have applied (3.3). Choose i0 as the biggest integer such that 2i0−1 ≤ 2rB and
consider the annuli Ai = B2i \B2i−1 , with i0 ≤ i ≤ 1. By (2.3) we obtain

(3.5)

∫
(2B)c

|L(y, x)− L(z, x)|dρ(x) . rB
1∑

i=i0

∫
Ai
|u|−d−1 dρ(u)

. rB
1∑

i=i0

2−i(d+1)2id

. rB 2−i0

. 1 .

By Propostion 2.2 the conditions (3.4) and (3.5) imply that RcJ is bounded from L∞ to
bmo(ρ). By Theorem 2.3 we deduce that RcJ is bounded on Lp for every p ∈ [2,∞).

We now prove that f 7→ f ∗ k0 is bounded from h1(ρ) to L1. We denote by K0(x, y) the
corresponding integral kernel. For every ball B of radius 1 and every y ∈ B by (3.2) we
have

(3.6)

∫
(2B)c

|K0(x, y)| dρ(x) =

∫
d(cB ,x)≥2

δ(y) |k0(y−1x)| dρ(x) ≤
∫
|v|≥1

|k0(v)|dρ(v) . 1 .

Take now a ball B = B(cB, rB) of radius rB ≤ 1. For every y, z ∈ B we have∫
(2B)c

|K0(x, y)−K0(x, z)|dρ(x) =

∫
2rB≤d(x,cB)≤2

|K0(x, y)−K0(x, z)|dρ(x)

+

∫
d(x,cB)>2

|K0(x, y)−K0(x, z)|dρ(x)

= I + II .
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By applying (3.2) we have

II ≤
∫
d(x,cB)>2

|K0(x, y)| dρ(x) +

∫
d(x,cB)>2

|K0(x, z)| dρ(x)

≤ δ(y)

∫
d(v,y−1cB)>2

|k0(v)|δ−1(y) dρ(v) + δ(z)

∫
d(v,z−1cB)>2

|k0(v)|δ−1(z) dρ(v)

≤ 2

∫
|v|>1

|k0(v)|dρ(v)

. 1 .

To estimate the integral I we first decompose it as follows:

I ≤
∫ 1

0
tm/2−1e−ct

∫
2rB≤d(x,cB)≤2

|XJ,xPt(x, y)−XJ,xPt(x, z)| dρ(x)

=

∫ r2B

0
tm/2−1e−ct

∫
2rB≤d(x,cB)≤2

|XJ,xPt(x, y)−XJ,xPt(x, z)| dρ(x)

+

∫ 1

r2B

tm/2−1e−ct
∫

2rB≤d(x,cB)≤2
|XJ,xPt(x, y)−XJ,xPt(x, z)|dρ(x)

= I1 + I2 .

Since Pt(x, y) = δ(y)pt(y
−1x), we have XJ,xPt(x, y) = δ(y)(XJpt)(y

−1x), so that by (2.8)

|XJ,xPt(x, y)| . δ(y) t−d/2−m/2eωte−b|y
−1x|2/t .

We then have

I1 .
∫ r2B

0
t−1−d/2

∫
2rB≤|c−1

B x|≤2
δ(y)e−b|y

−1x|2/t dρ(x)

.
∫ r2B

0
t−1−d/2δ(cB)

∫
2rB≤|v|≤2

e−b|v|
2/tδ−1(cBv) dλ(v)

.
∫

2rB≤|v|≤2

∫ ∞
|v|2/r2B

e−bs
Ç

s

|v|2

å1+d/2 |v|2

s2
dsdρ(v)

.
∫

2rB≤|v|≤2
|v|−d

∫ ∞
|v|2/r2B

e−b
′s ds dρ(v)

.
∫

2rB≤|v|≤2
|v|−de

−b′ |v|
2

r2
B dρ(v) .

To estimate the last integral we split the domain of integration as the union ∪1
j=j0

Aj , where

Aj = B2j \B2j−1 , where j0 is the largest integer such that 2j0−1 ≤ 2rB and obtain

∫
2rB≤|v|≤2

|v|−de
−b′ |v|

2

r2
B dρ(v) =

1∑
j=j0

2−dj e
−b′ 2

2j

r2
B 2dj . 1 .
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It remains to estimate the integral

I2 =

∫ 1

r2B

tm/2−1e−ct
∫

2rB≤|c−1
B x|≤2

|XJqt(x)| dρ(x) dt ,

where qt(x) = Pt(x, y)− Pt(x, z). By applying the Cauchy–Schwarz inequality∫
2rB≤|c−1

B x|≤2
|XJqt(x)| dρ(x) ≤

( ∫
2rB≤|c−1

B x|≤2
|XJqt(x)|2eβ|c

−1
B x|2/t dρ(x)

)1/2

×
( ∫

2rB≤|c−1
B x|≤2

e−β|c
−1
B x|2/t dρ(x)

)1/2

= At ·Bt ,
with a constant β such that 0 < β < 2c5, where c5 is the constant which appears in Lemma
3.1.

To estimate Bt, when 2rB ≤
√
t we choose j0 as the smallest integer such that 2j0+1

√
t ≥ 2

and write

(Bt)
2 ≤ δ−1(cB)

∫
2rB≤|v|≤2

e−β|v|
2/t dλ

= δ−1(cB)
( ∫

2rB≤|v|≤
√
t
e−β|v|

2/t dλ+
j0∑
j=1

∫
2j
√
t≤|v|≤2j+1

√
t
e−β|v|

2/t dλ
)

. δ−1(cB)
(
V (
√
t)e−βr

2
B/t +

j0∑
j=1

(2j
√
t)de−β2j

)
. δ−1(cB)V (

√
t)e−βr

2
B/t .

When
√
t ≤ 2rB we argue in a similar way and obtain (Bt)

2 . δ−1(cB)V (
√
t)e−βr

2
B/t. By

the previous estimate and Lemma 3.1 we get∫
2rB≤|c−1

B x|≤2
|XJqt(x)|dρ(x)

. δ(cB)1/2t−m/2 V (
√
t)−1/2δ−1/2(cB)V (

√
t)1/2e−βr

2
B/2t

( rB√
t

)γ
,

so that

I2 .
∫ 1

r2B

tm/2−1e−ctt−m/2 e−βr
2
B/2t

( rB√
t

)γ
dt . 1 .

This shows that for every ball B of radius rB ≤ 1 and every points y, z ∈ B

(3.7)

∫
(2B)c

|K0(x, y)−K0(x, z)| dρ(x) . 1 ,

which together with condition (3.6) implies that the integral operator with integral kernel
K0 is bounded from h1(ρ) to L1. By Theorem 2.3 we deduce that RcJ is bounded on Lp for
every p ∈ (1, 2]. �

As a corollary of Theorem 1.4 we have the following result involving Sobolev spaces.

Corollary 3.2. For every p ∈ (1,∞) the following hold:
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(i) if ` ∈ N, then f ∈ Lp` if and only if XJf ∈ Lp for every J ∈ {1, . . . , q}m with m ≤ `
and

‖f‖`,p ≈
∑

J∈{1,...,q}m,m≤`
‖XJf‖p .

(ii) for every α ≥ 0, f ∈ Lpα+1 if and only if f ∈ Lpα and Xif ∈ Lpα, i = 1, . . . , q, and

‖f‖α+1,p ≈ ‖f‖α,p +
q∑
i=1

‖Xif‖α,p .

(iii) for every p ∈ (1,∞), α ≥ 0 and c > 0,

‖f‖α,p ≈ ‖(I + ∆)α/2f‖p ≈ ‖(cI + ∆)α/2f‖p ∀f ∈ Lpα .

Proof. Statement (i) follows from the Lp-boundedness of local Riesz transforms RcJ arguing
as in [36, Theorem 5.14]. Statement (ii) has the same proof as [15, Proposition 19].

To prove (iii) we observe that by [28, Theorem 6.4] Lpα = dom
Ä
(I + ∆)α/2

ä
, and then

arguing as in [19, Propositions 3.16, 4.1], the equivalence of norms on the left follows. The
one on the right now follows at once. �

We are now in the position to show that on a general nonunimodular group G, the
property that Lpα(G) is an algebra when the product αp is sufficiently large, cannot hold
true. We recall that when G is a nilpotent Lie group of homogeneuous dimension Q, and ∆
is a subLaplacian, then Lpα(G) is an algebra provide αp > Q, see [10] and the earlier paper
[44] for the case of Rn. The counterexample appears in the case of the “ax + b-group”.
Precisely, let G = R n R+, with product given by (x, a)(x′, a′) = (x + ax′, aa′). Then, the
right Haar measure is dρ(a, x) = a−1 dadx, δ(x, a) = a−1 and a basis for the left invariant
vector fields is {X0, X1}, where X0 = a∂a and X1 = a∂x. Then, we have the following
result.

Theorem 3.3. Let G = R n R+. Then, for every p ∈ (1,+∞) and k positive integer, the
Sobolev space Lpk(G) is not an algebra.

Proof. Let ψ be a nonnegative function in C∞c (0, 1) such that ψ = 1 on [1/4, 3/4], and χ a
nonnegative function in C∞c (−1, 1) such that χ = 1 on [0, 1/2]. For γ, r > 0 define

(3.8) g(x, a) = ψ(x/ar)χ(a)a−γ .

We claim that if γ and r satisfy the condition

(3.9)
r

2p
< γ <

r

p
+ k1(1− r) , for k1 = 0, 1, . . . , k,

then g ∈ Lpk, but g2 6∈ Lp. Note that condition (3.9) is satisfied by any pair r, γ with
0 < r < 1 and r/(2p) < γ < r/p.

By Corollary 3.2 (i), in order to show that g ∈ Lpk, since {X0, X1} is a basis, we need to

show that Xk0
0 Xk1

1 g ∈ Lp when 0 ≤ k0 + k1 ≤ k. Using induction, it is easy to check that

• Xk1
1 ψ(x/ar) = ak1−rk1ψ̃(x/ar) for another ψ̃ ∈ C∞c (0, 1);

• if ψ̃ ∈ C∞c (0, 1) and j ∈ N, then Xj
0ψ̃(x/ar) = ψ̃1(x/ar), for another ψ̃1 ∈ C∞c (0, 1);

• Xj
0a
−q = ca−q, for some constant c, for all q > 0 and j ∈ N;

• if any derivative falls on χ, the resulting term is of the form Ψ ∈ C∞c (G).
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Therefore, Xk0
0 Xk1

1 g is sum of terms of the form

ψ̃(x/ar)χ(a)ak1−k1r−γ + ‹Ψ(a, x)

for some ψ̃ ∈ C∞c (0, 1) and ‹Ψ ∈ C∞c (G). Thus, Xk0
0 Xk1

1 g ∈ Lp if∫
G
|ψ̃(x/ar)χ(a)ak1(1−r)−γ |p da dx

a
.
∫ 1

0
ak1(1−r)p−γp+r−1 da < +∞ ,

which is the case if and only if k1(1− r)p− γp+ r > 0; which is the inequality on the right
of (3.9).

On the other hand,

‖g2‖pp ≈
∫ 1/2

0
a−2γp+r−1 da ,

which is infinite if γ > r/(2p). �

Remark 3.4. In [50] Varopoulos showed that on a Lie group G, Lp1 continuously embeds in
Lq(δs) if 1 ≤ p ≤ q < ∞ and s = 1 − p

q . We note that the function g constructed in the

theorem is in Lp1 for γ, r satisfying (3.9), while, on the other hand g 6∈ L∞, as it is easy
to check. Thus, this function also shows that the Sobolev embedding theorem cannot hold
at the limiting point q = ∞ and the modular function δ appears in a natural way in the
Sobolev embeddings when the group is nonunimodular — see also [11].

4. Sobolev norms in the case α ∈ (0, 1)

We shall give two representation formulas for the Sobolev norms when α ∈ (0, 1).

4.1. A representation formula for the Sobolev norm in terms of Sloc
α . Recall that

in (1.2) we have defined the quantity Sloc
α f . We now prove Theorem 1.3 (i).

Proof of Theorem 1.3 (i). STEP I. We shall prove that

(4.1) ‖∆α/2f‖p . ‖Sloc
α f‖p + ‖f‖p ∀f ∈ Lpα .

We observe thatÄ
g1−α/2∆α/2f(x)

ä2
=

∫ ∞
0

t1−α|∆Ttf(x)|2 dt

=

∫ 1

0
t1−α

∣∣∣∆Ttf(x)
∣∣∣2 dt+

∫ ∞
1

t1−α
∣∣∣∆Ttf(x)

∣∣∣2 dt

=:
Ä
g1−α/2,0∆α/2f(x)

ä2
+
Ä
g1−α/2,∞∆α/2f(x)

ä2
.

Notice that Ä
g1−α/2,∞∆α/2f(x)

ä2 ≤ ∫ ∞
1
|t∆Ttf(x)|2 dt

t
≤
Ä
g1f(x)

ä2
,

so that by (2.9)

‖g1−α/2,∞∆α/2f‖p ≤ ‖g1f‖p . ‖f‖p .
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To estimate g1−α/2,0∆α/2f we first notice that for every t ∈ (0, 1) and x ∈ G, since
∂
∂t

∫
G pt dρ = 0, we have

∣∣∣∆Ttf(x)
∣∣∣ =

∣∣∣∣ ∂∂tTtf(x)

∣∣∣∣ =

∣∣∣∣ ∂∂t
( ∫

G
f(xy−1)pt(y) dρ(y)−

∫
G
f(x)pt(y) dρ(y)

)∣∣∣∣
≤
∫
G
|f(xy−1)− f(x)|

∣∣∣∣∂pt(y)

∂t

∣∣∣∣ dρ(y) .

Using estimate (iii) in Subsection 2.1 for the derivative of the heat kernel and Cauchy–
Schwarz’s inequality we haveÄ

g1−α/2,0∆α/2f(x)
ä2

.
∫ 1

0
t1−α−2V (

√
t)−2

( ∫
|y|<
√
t
|f(xy−1)− f(x)|δ1/2(y)e−c3|y|

2/t dρ(y)
)2

dt

+
∞∑
k=0

∫ 1

0
t1−α−2V (

√
t)−2

( ∫
2k<|y|<2k+1

√
t
|f(xy−1)− f(x)|δ1/2(y) e−c3|y|

2/t dρ(y)
)2

dt

.
∫ 1

0
t1−α−2V (

√
t)−2

( ∫
|y|<
√
t
|f(xy−1)− f(x)| dρ(y)

)2
dt

+
∞∑
k=0

e−c
′22k

∫ 1

0
t1−α−2V (

√
t)−2

( ∫
|y|<2k+1

√
t
|f(xy−1)− f(x)|δ1/2(y) dρ(y)

)2
dt .

By the change of variables u = 2k+1
√
t we obtainÄ

g1−α/2,0∆α/2f(x)
ä2

.
∫ 1

0

1

u1+2αV (u)2

( ∫
|y|<u

|f(xy−1)− f(x)| dρ(y)
)2

du

+
∞∑
k=0

e−c
′22k

∫ 2k+1

0

1

(2−k−1)2αu1+2αV (2−k−1u)2

( ∫
|y|<u

|f(xy−1)− f(x)|δ1/2(y) dρ(y)
)2

du

.
Ä
Sloc
α f(x)

ä2
+
∞∑
k=0

e−c
′22k

∫ 1

0

1

(2−k−1)2αu1+2αV (2−k−1u)2

( ∫
|y|<u

|f(xy−1)− f(x)| dρ(y)
)2

du

+
∞∑
k=0

e−c
′22k

∫ 2k+1

1

1

(2−k−1)2αu1+2αV (2−k−1u)2

( ∫
|y|<u

|f(xy−1)− f(x)|δ1/2(y) dρ(y)
)2

du .
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By (1.2) and formula (2.3) we obtain thatÄ
g1−α/2,0∆α/2f(x)

ä2
.
Ä
Sloc
α f(x)

ä2
+
Ä
Sloc
α f(x)

ä2 ∞∑
k=0

e−c
′22k(2k+1)2α+2d

+
∞∑
k=0

e−c
′22k(2k+1)2α+2d

∫ 2k+1

1

1

u1+2α+2d
|f(x)|2

( ∫
|y|<u

δ1/2(y) dρ(y)
)2

du

+
∞∑
k=0

e−c
′22k(2k+1)2α+2d

∫ 2k+1

1

1

u1+2α+2d

( ∫
|y|<u

|f(xy−1)|δ1/2(y) dρ(y)
)2

du

.
Ä
Sloc
α f(x)

ä2
+
∞∑
k=0

Jk(x) +
∞∑
k=0

Ik(x) .

By (2.5) we deduce that

(4.2)
Jk(x) . e−c

′22k(2k+1)2α+2d
∫ 2k+1

1

1

u1+2α+2d
|f(x)|2u2de2Qu du

. |f(x)|2e−c′22k(2k+1)2α+2de2Q2k ,

so that
∑∞
k=0 Jk(x) . |f(x)|2. We now notice that there exists c′′ > 0 such that

∥∥∥∥( ∞∑
k=0

Ik
)1/2

∥∥∥∥
p
.
∞∑
k=0

e−c
′′22k

∥∥∥∥( ∫ 2k+1

1

( ∫
|y|<u

|f(xy−1)|δ1/2(y) dρ(y)
)2)1/2

du

∥∥∥∥
p
.

For every integer k, by Minkowski inequality, we get

( ∫ 2k+1

1

( ∫
G
|f(xy−1)|χBu(y)δ1/2(y) dρ(y)

)2
du
)1/2

.
∫
G

( ∫ 2k+1

1
|f(xy−1)|2χBu(y)δ(y) du

)1/2
dρ(y)

.
∫
B1

|f(xy−1)|δ1/2(y)
( ∫ 2k+1

1
du
)1/2

dρ(y)

+

∫
1≤|y|≤2k+1

|f(xy−1)|δ1/2(y)
( ∫ 2k+1

|y|
du
)1/2

dρ(y)

.
∫
B1

|f(xz)|2k/2 dλ(z) +

∫
1≤|z|≤2k+1

|f(xz)|δ1/2(z−1)2k/2 dλ(z) .
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We then obtain, by applying once again Minkowski inequality,∥∥∥∥( ∫ 2k+1

1

( ∫
G
|f(xy−1)|χBu(y)δ1/2(y) dρ(y)

)2
du
)1/2

∥∥∥∥
p

. 2k/2
∫
B1

( ∫
G
|f(xz)|p dρ(x)

)1/p
dλ(z) + 2k/2

∫
1≤|z|≤2k+1

( ∫
G
|f(xz)|p dρ(x)

)1/p
δ−1/2(z) dλ(z)

. 2k/2‖f‖p + 2k/2‖f‖p
∫
B

2k+1

δ1/2 dρ

. 2k/2+kd‖f‖p eQ2k ,

where we have applied (2.5). We then have

(4.3)

∥∥∥∥( ∞∑
k=0

Ik
)1/2

∥∥∥∥
p
.
∞∑
k=0

e−c
′′22k2k/2+kd‖f‖peQ2k . ‖f‖p .

In conclusion, by (4.2) and (4.3) we get

‖g1−α/2,0∆α/2f‖p . ‖Sloc
α f‖p + ‖f‖p ,

as required.

STEP II. We shall prove that

(4.4) ‖Sloc
α f‖p . ‖∆α/2f‖p + ‖f‖p ∀f ∈ Lpα .

To prove it we write f = (f −T1f)+T1f and we estimate ‖Sloc
α (f −T1f)‖p and ‖Sloc

α T1f‖p,
separately.

Arguing as in [15] we write

f − T1f =
−1∑

m=−∞
fm , where fm = −

∫ 2m+1

2m

∂

∂t
Ttf dt , and gm =

∫ 2m

2m−1

∣∣∣∣ ∂∂tTtf
∣∣∣∣ dt .

We then obtainÄ
Sloc
α (f − T1f)(x)

ä2
=

∫ 1

0

1

u1+2αV (u)2

( ∫
|y|<u

|(f − T1f)(xy−1)− (f − T1f)(x)| dρ(y)
)2

du

=
−1∑

j=−∞

∫ 2j+1

2j

1

u1+2αV (u)2

( ∫
|y|<u

|(f − T1f)(xy−1)− (f − T1f)(x)|dρ(y)
)2

du

.
−1∑

j=−∞

2j

(2j)1+2α+2d

( ∫
|y|<2j+1

|(f − T1f)(xy−1)− (f − T1f)(x)| dρ(y)
)2
,

where we applied (2.3). Notice that

1

2jd

∫
|y|<2j+1

|(f − T1f)(xy−1)− (f − T1f)(x)|dρ(y)

.
−1∑

m=−∞

1

2jd

∫
|y|<2j+1

|fm(xy−1)− fm(x)|dρ(y) .
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If m < 2j + 3, then

(4.5)
1

2jd

∫
|y|<2j+1

|fm(xy−1)− fm(x)|dρ(y) .M1gm+1(x) ,

where M1 is the local maximal function defined in (2.10). In order to treat the case when
m ≥ 2j + 3, we notice that for every j ≤ −1, y ∈ B2j+1 and x ∈ G
(4.6) |fm(xy−1)− fm(x)| ≤ 2j+1 sup{|Xifm(w)| : i = 1, . . . , q, |w−1x| ≤ 2j+1} .
Since

fm = −2

∫ 2m

2m−1

∂

∂t
(T2tf) dt = −4

∫ 2m

2m−1
Tt
∂

∂t
(Ttf) dt ,

by applying the estimates of the heat kernel given in Subsection 2.1, for every w such that
|w−1x| ≤ 2j+1 we have

|Xifm(w)| .
∫ 2m

2m−1

∫
G

∣∣∣∣ ∂∂t(Ttf)(z)

∣∣∣∣|Xipt(z
−1w)| dλ(z)

.
∫
G

∫ 2m

2m−1

∣∣∣∣ ∂∂t(Ttf)(z)

∣∣∣∣t−1/2V (
√
t)−1 δ1/2(z−1w)e−c|z

−1w|2/t dtdλ(z)

. 2−m/22−md/2
∫
G
gm(z)δ1/2(z−1x)e−c|z

−1x|2/2m dλ(z)

. 2−m/2Tc2mgm(x) ,

for a suitable constant c. From (4.6) if follows that

(4.7)

1

2jd

∫
|y|<2j+1

|fm(xy−1)− fm(x)| dρ(y) .
1

2jd
2j+12−m/2Tc2mgm(x)2jd

. 2j−m/2Tc2mgm(x) .

Thus, by (4.5) and (4.7)Ä
Sloc
α (f − T1f)(x)

ä2
.

−1∑
j=−∞

1

(2j)2α

( 2j+3−1∑
m=−∞

M1gm+1(x) +
−1∑

m=2j+3

2j−m/2Tc2mgm(x)
)2
.

We can argue as in [15, p.298-303, 308-309] to deduce that∥∥∥∥Sloc
α (f − T1f)(x)

∥∥∥∥
p
.
∥∥∥∥( −1∑

m=−∞
2−mαg2

m

)1/2
∥∥∥∥
p
.

Since
−1∑

m=−∞
2−mαg2

m(x) .
−1∑

m=−∞

∫ 2m

2m−1

∣∣∣∣ ∂∂tTtf(x)

∣∣∣∣2 dt . g1−α/2∆α/2f(x)2 ,

we have

(4.8) ‖Sloc
α (f − T1f)‖p . ‖g1−α/2∆α/2f‖p . ‖∆α/2f‖p .

In order to estimate the norm of Sloc
α T1f we first notice that for every x ∈ G and y ∈ B1

|T1f(xy−1)− T1f(x)| . |y| sup{|XiT1f(w)| : |w−1x| ≤ |y|}
. |y| sup{|XiT1f(w)| : |w−1x| ≤ 1} .
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By the estimates of the heat kernel and its derivatives in Subsection 2.1 there exists t0 > 0
such that for every w such that |w−1x| ≤ 1

|XiT1f(w)| = |f ∗Xip1(w)|

≤
∫
|f(wv−1)||Xip1(v)| dρ

.
∫
|f(wv−1)|δ1/2(v)e−c|v|

2
dρ(v)

.
∫
|f(wv−1)|pt0(v) dρ(v)

=

∫
|f(z)|pt0(z−1w) dλ(z)

.
∫
|f(z)|pt0(z−1x) dλ(z)

= Tt0 |f |(x) .

Thus

Sloc
α T1f(x)2 =

∫ 1

0

( 1

uαV (u)

∫
|y|<u

|T1f(xy−1)− T1f(x)|dρ(y)
)2 du

u

.
∫ 1

0

1

u2αV (u)2

( ∫
|y|<u

uTt0 |f |(x) dρ(y)
)2 du

u

. Tt0 |f |(x)2 ,

where we used the fact that α ∈ (0, 1).

(4.9) ‖Sloc
α T1f‖p . ‖Tt0 |f |‖p . ‖f‖p ,

which together with (4.8) gives (4.4), as required. �

The representation formula that we just proved is the key ingredient to show the following
lemma, which will be useful to prove the ”interpolation estimate” given in Proposition 4.2
below.

Lemma 4.1. For all α ∈ (0, 1) and p ∈ (1,∞)

‖|f |‖α,p . ‖f‖α,p .

Proof. It suffices to notice that, for every x ∈ G, Sloc
α (|f |)(x) ≤ Sloc

α (f)(x), and use the
representation of the Lpα-norm given by Theorem 1.3. �

Proposition 4.2. Let α, β, γ ≥ 0, 1 < p, r < ∞, 1 < q ≤ ∞ and 0 < θ < 1 be such that
γ = θα+ (1− θ)β and 1/r = θ/p+ (1− θ)/q. Then for all f ∈ Lpα ∩ L

q
β

(4.10) ‖f‖γ,r . ‖f‖θα,p‖f‖1−θβ,q .

Proof. Notice that it is enough to give the proof in the case when β = 0.
We then take α, γ > 0, 1 < p, r < ∞, 1 < q ≤ ∞ and 0 < θ < 1 such that γ = θα and

1/r = θ/p+ (1− θ)/q. By (1.1) we have ‖f‖γ,r = ‖f‖r + ‖∆γ/2f‖r. Choose a, b, s such that
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a+ b = r, as = p and bs′ = q. By Hölder’s inequality we obtain that
(4.11)

‖f‖r ≤
( ∫

G
|f |as dρ

)1/sr ( ∫
G
|f |bs′ dρ

)1/s′r
= ‖f‖a/rp ‖f‖b/rq = ‖f‖θp‖f‖1−θq ≤ ‖f‖θα,p‖f‖1−θq .

It remains to estimate ‖∆γ/2f‖r.
If q <∞, choose δ > 0 and k ∈ N such that δ + γ/2 = k. Then if a = 2θ(k − 1

2 −
α
2 ) and

b = 2(1− θ)(k − 1
2), by applying Hölder’s inequality in t we get

(4.12)
(gδ∆

γ/2f(x))2 =

∫ +∞

0
ta+b|∆kTtf(x)|2 dt

≤ (gk−α/2∆α/2f(x))2θ (gkf(x))2(1−θ) .

Therefore, by Littlewood-Paley-Stein theory, (4.12) and applying Hölder’s inequality in the
x-variable

(4.13)

‖∆γ/2f‖r ≈ ‖gδ∆γ/2f‖r

≤
( ∫

G
(gk−α/2∆α/2f(x))θ r (gkf(x))(1−θ) r dρ(x)

)1/r

≤
( ∫

G
(gk−α/2∆α/2f(x))θ rs dρ(x)

)1/sr( ∫
G

(gkf(x))(1−θ) rs′ dρ(x)
)1/s′r

= ‖gk−α/2∆α/2f‖θp ‖gkf‖1−θq

. ‖∆α/2f‖θp‖f‖1−θq

. ‖f‖θα,p‖f‖1−θq .

Estimates (4.11) and (4.13) prove the proposition in the case when q is finite and β = 0.
Suppose now that q =∞. We follow closely [1, Theorem 2.4] using a complex interpola-

tion argument.
Assume first that f and h are nonnegative simple functions and define for z ∈ Σ∞0 = {z ∈

C : <z ≥ 0}

w(z) =

∫
G

∆−αz/2f(x)h(x)(1−1/p)(1−z)+z dρ(x) .

The function w is continuous in Σ∞0 , holomorphic in the interior of Σ∞0 and bounded in
any strip Σc

0 = {z ∈ C : 0 ≤ <z ≤ c}, c ∈ R+. When z = iζ, ζ ∈ R, by [34] there exists a
positive constant Cp such that

‖∆−iαζ/2f‖p ≤ Cp(1 + |αζ|/2)1/2 e
π
2
|αζ|
2 ‖f‖p ,

so that

|w(iζ)| ≤ Cp(1 + |αζ|/2)1/2 e
π
2
|αζ|
2 ‖f‖p‖h‖1−1/p

1 .
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On the other hand, since f is nonnegative

|∆−α/2−iαζ/2f(x)| = 1

|Γ(α/2 + iαζ/2)|

∣∣∣∣ ∫ ∞
0

tα/2+iαζ/2−1e−t∆f(x) dt

∣∣∣∣
≤ 1

|Γ(α/2 + iαζ/2)|

∫ ∞
0

tα/2−1e−t∆f(x) dt

=
Γ(α/2)

|Γ(α/2 + iαζ/2)|
∆−α/2f(x) .

Thus

|w(1 + iζ)| ≤ Γ(α/2)

|Γ(α/2 + iαζ/2)|
‖∆−α/2f‖∞ ‖h‖1 .

Define W (z) = Γ(1 + αz/2) 1
1+zw(z) for z ∈ Σ∞0 . By the estimates satisfied by the function

w on the boundary of the strip Σ1
0 and the three lines theorem we get

|W (1− θ)| . ‖f‖θp‖∆−α/2f‖1−θ∞ ‖h‖
(1−1/p)θ+1−θ
1 ,

which implies that

|w(1− θ)| . ‖f‖θp‖∆−α/2f‖1−θ∞ ‖h‖
1/r′

1 .

By taking the supremum over all functions g = h1/r′ such that ‖g‖r′ ≤ 1 we obtain that

‖∆−(1−θ)α/2f‖r . ‖f‖θp‖∆−α/2f‖1−θ∞
for all nonnegative functions f . This implies that

‖∆γ/2g‖r . ‖∆α/2g‖θp‖g‖1−θ∞
for all nonnegative functions g. By (4.11) and the estimate above we deduce that for all
nonnegative functions

(4.14) ‖g‖γ,r . ‖g‖θα,p‖g‖1−θ∞ .

Take now α ∈ [0, 1] and f of arbitrary sign. Then writing f = f+ − f−, applying (4.14) to

f+ and f−, using Lemma 4.1 and noticing that ‖∆α/2f±‖p . ‖∆α/2f‖p we obtain that

(4.15) ‖f‖γ,r . ‖f‖θα,p‖f‖1−θ∞ .

It remains to consider the case when α > 1. Suppose first that γ < 1, θ ∈ (0, 1), α > 1,
γ = θα and 1

r = θ
p . We choose β < 1 such that γ < β < γr and s > 1 such that 1

r = γ
βs .

Then by (4.15)

‖f‖γ,r . ‖f‖θ̃β,s‖f‖1−θ̃∞ ,

for θ̃ ∈ (0, 1) such that γ = θ̃β and 1
r = θ̃

s . Moreover, by (4.10)

‖f‖β,s . ‖f‖θ
′
α,p‖f‖1−θ

′
γ,r ,

for θ′ ∈ (0, 1) such that β = θ′α + (1 − θ′)γ, and 1
s = θ′

p + 1−θ′
r . Putting together the two

estimates above we obtain

(4.16) ‖f‖γ,r . ‖f‖θα,p‖f‖1−θ∞ ,
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which proves the theorem for α > 1 and γ < 1. Take now γ ≥ 1 and choose q such that
γr < q < r and β < 1 such that βq = γr. We have

‖f‖γ,r . ‖f‖θ̃α,p‖f‖1−θ̃β,q ,

for γ = θ̃α+ (1− θ̃)β and 1
r = θ̃

p + 1−θ̃
q . By (4.16) we get

‖f‖β,q . ‖f‖θ
′
α,p‖f‖1−θ

′
∞ ,

where β = θ′α and 1
q = θ′

p . Putting together the two estimates above we obtain

(4.17) ‖f‖γ,r . ‖f‖θα,p‖f‖1−θ∞ ,

which proves the theorem for α > 1, γ ≥ 1, q =∞ and β = 0. The proof of the proposition
is now complete. �

4.2. A representation formula for the Sobolev norm in terms of Dloc
α . Recall that

in (1.3) we have defined the quantity Dloc
α f . We shall prove Theorem 1.3 (ii). To do so, we

first need some tools and some technical results that we shall introduce below.
For every locally integrable function f and every ball B we denote by fB the average

1
ρ(B)

∫
B f dρ. For every q ∈ [1,∞), r > 0, x ∈ G we define

Ω
(q)
f (x, r) = sup

{( 1

ρ(B)

∫
B
|f − fB|q dρ

)1/q
: B ∈ Br, x ∈ B

}
,

and

Ω∞f (x, r) = sup{‖f − fB‖∞ : B ∈ Br, x ∈ B} .

We recall that BR denotes the collection of balls of radius ≤ R. We simply write Ωf (x, r)

for Ω
(1)
f (x, r).

Lemma 4.3. For every locally integrable function f the following hold:

(i) Ωf (x, r) ≤ Ω
(q)
f (x, r) for every q ∈ [1,∞], r > 0;

(ii) if B,B′ ∈ B1 and B ⊂ B′, then

1

ρ(B)

∫
B
|f − fB| dρ ≤ 2

ρ(B′)

ρ(B)

1

ρ(B′)

∫
B′
|f − fB′ |q dρ ;

(iii) for every x ∈ G, r ≤ s ≤ 2r ≤ 2

Ωf (x, r) . Ωf (x, s) . Ωf (x, 2r) ;

(iv) for every B ∈ B of radius r and almost every y ∈ B

|f(y)− fB| .
∫ 8r

0
Ωf (y, s)

ds

s
.

The above lemma was proved in [15]: the same proof works in our setting, since only the
local doubling property plays a role here.
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For every locally integrable function f , q ∈ [1,∞], R > 0, α ∈ (0, 1) and x ∈ G we define

Gloc
α f(x) =

( ∫ 1

0
[r−αΩf (x, r)]2

dr

r

)1/2

Gloc
α,qf(x) =

( ∫ 1

0
[r−αΩ

(q)
f (x, r)]2

dr

r

)1/2

GRαf(x) =
( ∫ R

0
[r−αΩf (x, r)]2

dr

r

)1/2

GRα,qf(x) =
( ∫ R

0
[r−αΩ

(q)
f (x, r)]2

dr

r

)1/2

SRα f(x) =
( ∫ R

0

[ 1

uαV (u)

∫
|y|<u

|f(xy−1)− f(x)| dρ(y)
]2 du

u

)1/2
.

Lemma 4.4. For every R1, R2 > 0, p ∈ (1,∞) and α ∈ (0, 1),

‖SR1
α f‖p + ‖f‖p ≈ ‖SR2

α f‖p + ‖f‖p ,
‖GR1

α f‖p + ‖f‖p ≈ ‖GR2
α f‖p + ‖f‖p .

Proof. Assume R1 ≤ R2. Then it is obvious that SR1
α f(x) ≤ SR2

α f(x) and GR1
α f(x) ≤

GR2
α f(x) for every x ∈ G, so that

‖SR1
α f‖p + ‖f‖p ≤ ‖SR2

α f‖p + ‖f‖p
‖GR1

α f‖p + ‖f‖p ≤ ‖GR2
α f‖p + ‖f‖p .

In order to prove the lemma, using (2.2), we notice that∫ R2

R1

[ 1

rαV (r)

∫
|y|≤r

|f(xy−1)− f(x)|dρ(y)
]2 dr

r

=

∫ R2

R1

[ 1

rαV (r)

∫
|y|≤r

|f(xy)− f(x)| dλ(y)
]2 dr

r

.
∫ R2

R1

[ 1

rαV (r)

∫
B(x,r)

|f(z)| dλ(z) +
|f(x)|
rα

]2 dr

r

=

∫ R2

R1

[ 1

rαV (r)

∫
B(x,r)

|f(z)|δ(z) dρ(z) +
|f(x)|
rα

]2 dr

r

.
∫ R2

R1

[ 1

rαV (r)

∫
B(x,r)

|f(z)|δ(x) dρ(z) +
|f(x)|
rα

]2 dr

r

.
∫ R2

R1

[ 1

rα
MR2f(x) +

|f(x)|
rα

]2 dr

r

.MR2f(x) + |f(x)| ,

where MR2 is the local maximal function defined in (2.10). It follows that

‖SR2
α f‖p + ‖f‖p ≤ ‖SR1

α f‖p + ‖f‖p + ‖MR2f‖p + ‖f‖p . ‖SR1
α f‖p + ‖f‖p ,
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where we have applied the boundedness of the maximal function MR2 on Lp. A similar
argument shows that for every r ≤ R2, Ωf (x, r) ≤MR2f(x) so that∫ R2

R1

[r−αΩf (x, r)]2
dr

r
.
∫ R2

R1

[MR2f(x)]2
dr

r1+α
.

Thus

‖GR2
α f‖p + ‖f‖p . ‖GR1

α f‖p + ‖f‖p + ‖MR2f‖p . ‖GR1
α f‖p + ‖f‖p ,

applying again the Lp boundedness of the maximal function MR2 . �

Proposition 4.5. For every locally integrable function f , α ∈ (0, 1) p ∈ (1,∞) and
R1, R2 > 0 the following hold:

(i) if p ∈ (1, 2], α ≤ d
p , q < dp

d−αp , then

‖GR1
α,qf‖p + ‖f‖p ≈ ‖GR2

α f‖p + ‖f‖p ;

(ii) if p ∈ [2,∞), α ≤ d
p , q < 2d

d−2α , then

‖GR1
α,qf‖p + ‖f‖p ≈ ‖GR2

α f‖p + ‖f‖p ;

(iii) if p ∈ (1,∞), α > d
p , then

‖GR1
α,∞f‖p + ‖f‖p ≈ ‖GR2

α f‖p + ‖f‖p .

Proof. In view of Lemma 4.4 we can assume R1 = R2 = R. We shall prove (i). The proofs
of statements (ii-iii) are similar and we omit them.

By Lemma 4.3(i) it follows that for every p ∈ (1,∞) and q > 1, ‖GRαf‖p . ‖GRα,qf‖p.
For every ball B′ = B(y′, s) with s < 1, and every y ∈ B′ we have that∫

B′
|f − fB′ |dρ ≤

∫
B′

Ωf (z, s) dρ(z) ≤
∫
B(y,2s)

Ωf (z, s) dρ(z) ,

so that by the local doubling property

1

ρ(B′)

∫
B′
|f − fB′ |dρ .

1

ρ(B(y, 2s))

∫
B(y,2s)

Ωf (z, s) dρ(z) .

It follows that

Ωf (y, s) .
1

ρ(B(y, 2s))

∫
B(y,2s)

Ωf (z, s) dρ(z) .

By Lemma 4.3(iv) for every ball B = B(y0, r), r < 1, for almost every y ∈ B and for every
β ≥ 0

|f(y)− fB| .
∫ 8r

0

1

ρ(B(y, 2s))

∫
B(y,2s)

Ωf (z, s) dρ(z)
ds

s

=

∫ 8r

0

ρ(B(y, 2s))−β

ρ(B(y, 2s))1−β

∫
B(y,2s)

Ωf (z, s)χ3B(z) dρ(z)
ds

s

.
∫ 8r

0
[δ−1(y)V (2s)]−βM1

β

Ä
Ωf (·, s)χ3B

ä
(y)

ds

s

. δ(y0)β
∫ 8r

0
V (s)−βM1

β

Ä
Ωf (·, s)χ3B

ä
(y)

ds

s
,
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where we applied again the local doubling property and where M1
β is the modified local

maximal function defined in (2.11). Take now p ∈ (1, 2], α ≤ d
p , q < dp

d−pα . We choose

p0 < p and 0 ≤ β < α
d ≤

1
p < 1 such that 1

q = 1
p0
− β. Then M1

β is bounded from Lp0 to Lq.

This implies that

1

ρ(B)1/q
‖f − fB‖Lq(B)

.
1

ρ(B)1/q
δ(y0)β

∫ 8r

0
V (s)−β‖Ωf (·, s)‖Lp0 (3B)

ds

s

≤ 1

ρ(B)1/q
δ(y0)β ρ(3B)

1
p0

∫ 8r

0
V (s)−β

( 1

ρ(3B)

∫
3B
|Ωf (z, s)|p0 dρ(z)

) 1
p0 ds

s

= δ(y0)
1
q

+β− 1
p0 V (r)

− 1
q

+ 1
p0

∫ 8r

0
V (s)−βM3(|Ωf (·, s)|p0)

1
p0 (x)

ds

s
.

Since 1
q = 1

p0
− β, we get

Ω
(q)
f (x, r) . V (r)β

∫ 8r

0
V (s)−βM3(|Ωf (·, s)|p0)

1
p0 (x)

ds

s
,

and

GRα,qf(x) ≤
( ∫ R

0
r−2αV (r)2β

[ ∫ 8r

0
V (s)−βM3(|Ωf (·, s)|p0)

1
p0

ds

s

]2 dr

r

)1/2
.

Now arguing as in [15, p.318] the statement (i) follows. �

We are now ready to prove the representation formula of the Sobolev norm involving the
functional Dloc

α .

Proof of Theorem 1.3 (ii). STEP I. We shall prove that

‖Sloc
α f‖p . ‖Dloc

α f‖p .
Indeed, by (2.3) for every x ∈ G

Sloc
α f(x)2 =

∫ 1

0

1

u2αV (u)

( ∫
Bu

|f(xy−1)− f(x)|dρ(y)
)2 du

u

.
∫ 1

0

1

u2αV (u)

∫
Bu

|f(xy−1)− f(x)|2 dρ(y)
du

u

=

∫
|y|<1

( ∫ 1

|y|

1

u2α+d+1
du
)
|f(xy−1)− f(x)|2 dρ(y)

. Dloc
α f(x)2 ,

so that ‖Sloc
α f‖p . ‖Dloc

α f‖p and ‖f‖α,p . ‖Dloc
α f‖p + ‖f‖p.

STEP II. We shall prove that, for p > 2d/(d+ 2α)

‖Dloc
α f‖p . ‖Sloc

α f‖p + ‖f‖p .
By applying Proposition 4.5 and Theorem 1.3 (i) it is enough to prove that

(4.18) Dloc
α f(x) . Gloc

α,2f(x) ,
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and

(4.19) ‖Gloc
α f‖p . ‖Sloc

α f‖p + ‖f‖p .

Indeed, we observe that Gloc
α,2f(x) ≤ Gloc

α,∞f(x) and apply Proposition 4.5 (iii) if α > d/p,
and Proposition 4.5 (i-ii) with q = 2 if α ≤ d/p. In this latter case, we need to assume
p > 2d/(d+ 2α). To prove (4.18) we argue as follows:

Dloc
α f(x)2 =

−1∑
k=−∞

∫
2k−1≤|y|<2k

|f(xy−1)− f(x)|2

|y|2αV (|y|)
dρ(y)

.
−1∑

k=−∞

1

22kαV (2k)

∫
|y|<2k

|f(xy−1)− f(x)|2 dρ(y)

.
∫ 1

0

1

r2αV (r)

∫
|y|<r

|f(xy−1)− f(x)|2 dρ(y)
dr

r

.
∫ 1

0

1

r2αV (r)

∫
B(x,r)

|f(z)− f(x)|2 dλ(z)
dr

r

.
∫ 1

0

δ(x)

r2αV (r)

∫
B(x,r)

|f(z)− fB(x,r)|2 dρ(z)
dr

r

+

∫ 1

0

1

r2αV (r)
λ(B(x, r))|f(x)− fB(x,r)|2

dr

r
.

We apply Lemma 4.3 (iv) and the following version of Hardy’s inequality: If g ≥ 0,
g ∈ L1[0, R], R > 0, 1− p < β < 1 and G(r) =

∫ r
0 g(t) dt, then,∫ R

0

1

rβ

(G(r)

r

)p
dr .

∫ R

0

1

rβ
g(r)p dr .

We obtain

Dloc
α f(x)2 .

∫ 1

0

1

r2α+1
[Ω2
f (x, r)]2 dr +

∫ 1

0

1

r2α+1

[ ∫ 8r

0
Ω2
f (x, u)

du

u

]2
dr

≤ G1
α,2f(x)2 +

∫ 8

0

1

u2α+1
[Ω2
f (x, u)]2 du

. G8
α,2f(x)2 .

We shall now prove (4.19). For every B(cB, r), with r ∈ (0, 1], cB ∈ G and x ∈ B∫
B
|f(y)− fB|dρ(y) ≤

∫
B
|f(y)− f(x)|dρ(y) +

∫
B
|f(x)− fB| dρ(y)

≤ 2

∫
B
|f(y)− f(x)|dρ(y) .

Using the fact that ρ(B(cB, r)) = δ(cB)−1V (r) ≈ δ(x)−1V (r), we deduce that

Ωf (x, r) .
2

δ(x)−1V (r)

∫
B(x,2r)

|f − f(x)|dρ ,
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so that∫ 1

0
r−2α−1[Ωf (x, r)]2 dr .

∫ 1

0
r−2α

[
δ(x)V (r)−1

∫
B(x,2r)

|f(y)− f(x)| dρ(y)
]2 dr

r

.
∫ 1

0
r−2α

[
δ(x)V (r)−1

∫
|w|<2r

|f(xw)− f(x)|δ−1(xw) dλ(w)
]2 dr

r

=

∫ 1

0
r−2α

[
V (r)−1

∫
|w|<2r

|f(xw)− f(x)| dρ(w)
]2 dr

r

=

∫ 1

0
r−2α

[
V (r)−1

∫
|w|<2r

|f(xw−1)− f(x)|δ(w) dρ(w)
]2 dr

r

. [S2
αf(x)]2 ,

where we used the fact that the modular function is bounded on B2r. It follows that

‖Gloc
α f‖p . ‖S2

αf‖p . ‖Sloc
α f‖p + ‖f‖p ,

as required in (4.19). This concludes the proof.
�

5. Proof of Theorem 1.2

We first prove Theorem 1.2 for α ∈ [0, 1). The case when α = 0 is trivial. Suppose that
α ∈ (0, 1), p1, q2 ∈ (1,∞] and r, p2, q1 ∈ (1,∞) are such that 1

r = 1
pi

+ 1
qi

, i = 1, 2. Take

f ∈ Lp1 ∩ Lp2α and g ∈ Lq2 ∩ Lq1α . According to Theorem 1.3

‖fg‖α,r . ‖Sloc
α (fg)‖r + ‖fg‖r .

By Hölder’s inequality one has

‖fg‖r ≤ ‖f‖p1‖g‖q1 ≤ ‖f‖p1‖g‖α,q1 ,

and

‖fg‖r ≤ ‖f‖p2‖g‖q2 ≤ ‖f‖α,p2‖g‖q2 .
Moreover,

Sloc
α (fg)(x) ≤

( ∫ 1

0

[ 1

uαV (u)

∫
|y|<u

|(fg)(xy−1)− g(xy−1)f(x)|dρ(y)
]2 du

u

)1/2

+
( ∫ 1

0

[ 1

uαV (u)

∫
|y|<u

|f(x)g(xy−1)− (fg)(x)| dρ(y)
]2 du

u

)1/2

= I(x) + II(x) .

Obviously,

II(x) = |f(x)Sloc
α g(x)| ,

so that by Hölder’s inequality

‖II‖r ≤ ‖f‖p1‖Sloc
α g‖q1 . ‖f‖p1‖g‖α,q1 .
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To estimate I(x) we choose p, q > 1 such that q = p′, 1 < p < q2 and p2 > qd
d+qα . By

Hölder’s inequality we obtain

I(x) .
( ∫ 1

0

[ 1

V (u)

∫
|y|<u

|g(xy−1)|p dρ(y)
]2/p

×
[ 1

V (u)

∫
|y|<u

|f(xy−1)− f(x)|q dρ(y)
]2/q du

u2α+1

)1/2

=
( ∫ 1

0

[ 1

V (u)

∫
|y|<u

|g(xy)|p dλ(y)
]2/p[ 1

V (u)

∫
|y|<u

|f(xy)− f(x)|q dλ(y)
]2/q du

u2α+1

)1/2

=
( ∫ 1

0

[ 1

V (u)

∫
B(x,u)

|g(z)|p dλ(z)
]2/p[ 1

V (u)

∫
B(x,u)

|f(z)− f(x)|q dλ(z)
]2/q du

u2α+1

)1/2

.
( ∫ 1

0

[ δ(x)

V (u)

∫
B(x,u)

|g(z)|p dρ(z)
]2/p[ δ(x)

V (u)

∫
B(x,u)

|f(z)− f(x)|q dρ(z)
]2/q du

u2α+1

)1/2

.
(
M1(|g|p)(x)

)1/p ( ∫ 1

0

[ δ(x)

V (u)

∫
B(x,u)

|f(z)− f(x)|q dρ(z)
]2/q du

u2α+1

)1/2

≤
(
M1(|g|p)(x)

)1/p
G8
α,qf(x) .

The last inequality follows as in [15, p. 322-323].
Therefore, the boundedness properties of the local maximal function, Proposition 4.5,

formula (4.19), Theorem 1.3 (i), and Hölder’s inequality imply that

‖I‖r ≤
∥∥∥∥(M1(|g|p)(x)

)1/p
∥∥∥∥
q2

Ä
‖Gloc

α,qf‖p2 + ‖f‖p2
ä
. ‖g‖q2 ‖f‖α,p2 .

In conclusion,

‖Sloc
α (fg)‖r . ‖f‖p1 ‖g‖α,q1 + ‖g‖q2 ‖f‖α,p2 ,

as required to prove Theorem 1.2 for α ∈ (0, 1].

We now prove Theorem 1.2 for α > 1. To do so, we argue by induction. Suppose that
the theorem holds for a certain α > 0: we shall show that it holds for β = α+ 1. According
to Proposition 3.2(ii)

‖fg‖β,r ≈ ‖fg‖α,r +
q∑
i=1

‖Xi(fg)‖α,r .

On the one hand, by the inductive hypothesis

‖fg‖α,r . ‖f‖p1‖g‖α,q1 + ‖f‖α,p2‖g‖q2 ≤ ‖f‖p1‖g‖β,q1 + ‖f‖β,p2‖g‖q2 .
On the other hand, for every i = 1, . . . , q,

‖Xi(fg)‖α,r ≤ ‖(Xif) g‖α,r + ‖f(Xig)‖α,r .
Using the inductive hypothesis,

‖f(Xig)‖α,r . ‖f‖α,p3‖Xig‖q3 + ‖Xig‖α,q1‖f‖p1 ≤ ‖f‖α,p3‖Xig‖q3 + ‖g‖β,q1‖f‖p1 ,

where 1
p3

= α
βp2

+ 1
βp1

and 1
q3

= α
βq2

+ 1
βq1

. One checks that 1
p3

+ 1
q3

= 1
r . By Proposition 4.2

‖f‖α,p3 . ‖f‖
α/β
β,p2
‖f‖1−α/βp1 ,
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and by Theorem 1.4 there exists c sufficiently large such that

‖Xig‖q3 . ‖(cI + ∆)1/2g‖q3 ∼ ‖g‖1,q3 . ‖g‖
1/β
β,q1
‖g‖1−1/β

q2 ,

where we applied Corollary 3.2(iii) and Proposition 4.2. It follows that

‖f‖α,p3‖Xig‖q3 .
Ä
‖f‖β,p2‖g‖q2

äα/βÄ‖g‖β,q1‖f‖p1ä1/β . ‖f‖β,p2‖g‖q2 + ‖f‖p1‖g‖β,q1 .

In conclusion,

‖f(Xig)‖α,r . ‖f‖β,p2‖g‖q2 + ‖f‖p1‖g‖β,q1 ,
as required. The term ‖g(Xif)‖α,r can be treated in the similar way, so that the proof of
the induction argument is complete and the theorem is proved for every α ≥ 0. �

6. Final remarks

As we mentioned in the Introduction, we shall apply our main result Theorem 1.1 to the
problem of well-posedness and regularity for solutions of the Cauchy problem for certain
nonlinear differential equations involving the subLaplacian ∆ on G, such as the heat and
Schrödinger equations, see [11].

We would like to point out that our results, if on one hand solve the question of when
Lpα∩L∞ is an algebra on a generic Lie group, on the other hand leave open several interesting
questions.

First of all, given the (counter)example in Theorem 3.3, it is certainly worth investigating
the analogous of the results in the present paper in the case of the weighted Lebesgue and
Sobolev spaces Lpα(δγ). This kind of weights arise naturally when considering the Sobolev
embedding theorem (see [50]). Moreover, the spaces Lpα(δγ) might turn out to be the correct
spaces for the well-posedness of some Cauchy problems — see [3], where Strichartz estimates
involving such weighted Lebesgue spaces are proved for the Schrödinger equation associated
with ∆ on a class of Lie groups of exponential growth.

Finally, we mention that on a generic Lie group G, the Lp-boundedness of the Riesz trans-
forms Rj , j = 1, . . . , q, is not known, while it is known that higher order Riesz transforms
might be unbounded (see the Introduction). These problems are connected with the study
of the analogue of Theorems 1.1 and 1.2 for the homogeneous Sobolev spaces in our setting,
which would be another interesting problem to investigate in the context of nonunimodular
Lie groups.
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[40] P. Sjögren, M. Vallarino, Boundedness from H1 to L1 of Riesz transforms on a Lie group of
exponential growth, Ann. Inst. Fourier (Grenoble) 58 (2008), no. 4, 1117–1151.

[41] E. M. Stein, Topics in harmonic analysis related to the Littlewood-Paley theory, Annals of Math-
ematics Studies, No. 63 Princeton University Press, Princeton, N.J.; University of Tokyo Press,
Tokyo 1970.

[42] , Singular integrals and differentiability properties of functions, Princeton Mathematical
Series, No. 30 Princeton University Press, Princeton, N.J. 1970.

[43] R. Strichartz, Analysis of the Laplacian on the complete Riemannian manifold, J. Funct. Anal. 52
(1983) 48–79.

[44] , Multipliers on fractional Sobolev spaces, J. Math. Mech. 16 (1967) 1031–1060.
[45] T. Tao, Nonlinear dispersive equations. Local and global analysis, CBMS Regional Conference

Series in Mathematics, 106. Published for the Conference Board of the Mathematical Sciences,
Washington, DC; by the American Mathematical Society, Providence, RI, 2006.

[46] M. Taylor, Hardy spaces and bmo on manifolds with bounded geometry, J. Geometric Anal. 19
(2009), 137–190.

[47] A. F. M. ter Elst, D. W. Robinson, Subcoercivity and subelliptic operators on Lie groups I. Free
nilpotent groups. Potential Anal. 3 (1994), no. 3, 283–337.

[48] H. Triebel, Theory of function spaces. II, Monographs in Mathematics, 84. Birkhuser Verlag,
Basel, 1992.

[49] N. Th. Varopoulos, Analysis on Lie groups, J. Funct. Anal. 76 (1988), no. 2, 346–410.
[50] , Sobolev inequalities on Lie groups and symmetric spaces, J. Funct. Anal. 86 (1989), no.

1, 19–40.
[51] N. Th. Varopoulos, T. Coulhon, L. Saloffe-Coste, Analysis and geometry on groups, Cambridge

Tracts in Mathematics, 100. Cambridge University Press, Cambridge, 1992.
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