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SOBOLEV ALGEBRAS ON NONUNIMODULAR LIE GROUPS

MARCO M. PELOSO AND MARIA VALLARINO

ABSTRACT. Let G be a noncompact connected Lie group and p be the right Haar measure
of G. Let X = {Xi,..., Xy} be a family of left invariant vector fields which satisfy
Hérmander’s condition, and let A = — 577, X2 be the corresponding subLaplacian. For
1 < p < oo and a > 0 we define the Sobolev space

LE(G) ={f € L(p) : A**f € L”(p)},
endowed with the norm
[ fllace = 11 £llp + 1A% £l
where we denote by || f||, the norm of f in L”(p).
In this paper we show that for all & > 0 and p € (1,00), the space L™ N L%(G) is an

algebra under pointwise product, that is, there exists a positive constant Ca,p such that
for all f,g € L NLE(Q), fg € L= N LE(G) and

1£gllap < Cap (I fllapllglioc + I fllcllgllan) -

Such estimates were proved by T. Coulhon, E. Russ and V. Tardivel-Nachef in the case
when G is unimodular. We shall prove it on Lie groups, thus extending their result to the
nonunimodular case.

In order to prove our main result, we need to study the boundedness of local Riesz
transforms RS = X ;(cI + A)"™/2 where ¢ > 0, X; = X, ... X;,, and ji € {1,...,q} for

jm
{=1,...,m. We show that if c is sufficiently large, the Riesz transform RS is bounded on
LP(p) for every p € (1,00), and prove also appropriate endpoint results involving Hardy
and BMO spaces.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let G be a noncompact connected Lie group. We shall denote by A and p the left and
right Haar measures of G, respectively, and by § the modular function, i.e. § = 3—;‘. For
every p € [1,00] and f € LP(p) we shall denote by || f||, the norm of f in LP(p).

Let X = {X,..., X} be a family of left invariant vector fields which satisfy Hormander’s
condition and consider the subLaplacian A = — 3% | X2. For every p € (1,00), let A,
be the smallest closed extension of Alge(g) to LP(p). For every a > 0 one may define
the operator A% on LP(p) which we shall always denote by A%, see e.g. [28]. For every

p € (1,00) and a > 0 we define the Sobolev space
I(G) = {f € L7(p) : A°2f € I¥(p)} |
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2 M. M. PELOSO AND M. VALLARINO

endowed with the norm
(1.1) £ llap = I£1lp + A2 1],

Throughout the paper we will often denote by LP the space LP(p), and when we refer to
LP-integrability, we will always mean integrability with respect to the right Haar measure
dp. Moreover, if the underlying group G is understood from the context, we will often write
LP in place of LP(G).

Our aim is to prove the following result.

Theorem 1.1. Let G be a noncompact connected Lie group. For all « >0 and p € (1,00)
the space LY, N L is an algebra under pointwise product. More precisely, there exists a
positive constant Cy 4 such that for all f,g € LF, N L, we have fg € L, N L* and

1£gllap < Cap(IIflapllglloc + 11 llocllgllas)

Theorem 1.1 will be obtained as a particular case of the following more general theorem.

Theorem 1.2. Let G be a noncompact connected Lie group. Let o > 0, p1,q2 € (1,00] and
r,p2,q1 € (1,00) such that % = p%_ + é, 1 = 1,2. There exists a positive constant C' such
that for all f € LPY(p) N LP2 and g € L% (p) N L', we have fg € L, and

o)

1Fgllasr < C(Ifllps N9 llaas + 11 Fllapellglla. ) -

Given a Laplacian or a subLaplacian on a Lie group, the question of finding under which
conditions the corresponding Sobolev spaces form an algebra, has a long history. It was
first proved by R. Strichartz [44] in the case of the Laplacian in R™ that the Sobolev spaces
LP(R™) form an algebra when ap > n. Such result was later extended by G. Bohnke in
the case of a nilpotent Lie group G [10], under the condition ap > @, where @ denotes the
homogeneous dimension of G. This result was also proved by T. Coulhon, E. Russ and V.
Tardivel-Nachev [15] on any unimodular Lie group G when ap > d, where d denotes the
local dimension of G; see (2.3).

Later, T. Kato and G. Ponce [27] proved Theorem 1.1 in the case of the Laplacian in
R™, which is more general than Strichartz’s result since it does not rely on the Sobolev
embedding. Incidentally, the same authors showed that the algebra property of the Sobolev
spaces is fundamental in the theory of well-posedness of Cauchy problems for certain non-
linear differential equations.

More recently, the Sobolev algebra problem was studied for Laplacians, subLaplacians
and even more general differential operators satisfying suitable assumptions on various Lie
groups and Riemannian manifolds [6, 9, 15, 20]. In particular, Theorems 1.1 and 1.2 were
proved in [15] in the case when G is unimodular.

As already mentioned, in this paper we prove Theorems 1.1 and 1.2 in the case of a
subLaplacian on any nonunimodular Lie group. The situation on a nonunimodular Lie
group is considerably more complicated than in the unimodular case. Indeed we prove that
in general when G is nonunimodular, L2 (G) is not an algebra, even when ap > d, see
Theorem 3.3. Incidentally, the same counterexample shows that the space L}(G) does not
embed in L*>° when p > d; see also Remark 3.4. Furthermore, since ¢ is not trivial, we have
to deal with some technical difficulties: § obviously appears when we make some change of
variables in the integrals, and the factor §'/2 naturally arises in the estimates of the heat
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kernel associated with A and its derivatives (see Subsection 2.1 below). Very often we shall
work on balls of small radius where the modular function is comparable with its value at
the center of the ball; but sometimes we also have to deal with the behavior of the modular
function on balls of arbitrary radius. Let us mention that property (2.5) below, which gives
a control of the integral of §'/2 on balls of any radius, is crucial in the proof of our results.
The main ingredient in the proof of Theorem 1.1, is a characterization of the Sobolev
norm (1.1) in terms of the p-integrability property of averages of differences of a function
on small balls. We consider the local versions of functionals introduced by Strichartz [44],
and E. M. Stein [42], respectively; see also [15] for these local versions in the unimodular
case. To be more precise, for a locally integrable function f and every « € (0,1) we set

w2 st = ([ g [ e - @] )"
and
(1.3) D})?Cf(x) _ (/|y<1 f(m‘zpi)v—(‘;()m)P dp(y))1/2 |

For » > 0, we denote by V(r) the volume of the ball centered at the origin e of G, with
respect to the right Haar measure p; see (2.1). Then, we prove the following result.

Theorem 1.3. Let G be a noncompact connected Lie group and let o € (0,1). Then the
following properties hold:

(i) for any p € (1,00) there exists a positive constant C' such that
O I llap < 1S5 Fllp + 1 fllp < CIf]

(ii) for any p > 2d/(d + 2a) there exists a positive constant C' such that
C M I f law S UDEEfllp + 1Flp < Cllfllap -

We point out that the norm equivalence (i) of Theorem 1.3 is the main tool that we use
to prove Theorem 1.2 in the case when a € (0, 1), while the norm equivalence (ii) provides
a further characterization of the Sobolev norm for certain values of p and «. In order to
prove Theorem 1.2 in the case a € [1,00), we need to prove the LP-boundedness of the local
Riesz transforms. We consider the collection of multiindices

(L.} ={J=0rjm) je€{l,....q} for £=1,... ,m}.

For every ¢ > 0 and J € {1,...,¢}™, we shall denote by RS the local Riesz transform of
order m

(1.4) S = Xy(cl +A)™™/2,
where, X; = X; ... X

Jm*
Then, we prove the following boundedness result for R, whose statement involves a
Hardy type space h'(p) and a space bmo(p), whose precise definition is given in Subsection

2.3.

a,p

Theorem 1.4. Let G be a noncompact connected Lie group. There exists ¢ > 0 sufficiently
large such that for every J € {1,...,q}" and m € N, the local Riesz transform RS is
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bounded from the Hardy space h'(p) to L'(p), from L™ to bmo(p) and on LP(p) for every
p € (1,00).

Given a (sub)Laplacian A on a Lie group the question of the LP-boundedness of the
Riesz transforms R; = X jAfl/ 2 and of their higher order analogue R; = X;A~"/2 where
J e {1,...,q}™, has also a long and rich hystory. It is well known that the LP-boundedness
of the Riesz transforms R;, j = 1,...,q, is tighly connected to the equivalence of two
natural definitions of homogeneous first order LP Sobolev spaces. The Riesz transforms
R; are known to be bounded on LP when the underlying group is stratified [19], nilpotent
[32], of polynomial growth [2] and on certain classes of Lie groups of exponential growth
[26, 31, 39, 40]. On nilpotent Lie groups the Riesz transforms of higher order R ; are also
bounded on LP [18], but it is known that this is not always the case (see [21] for an example
of nonunimodular Lie group of exponential growth where the Riesz transforms R ; of order
2 are unbounded on LP for every p € [1,00)).

In this paper we deal only with the local Riesz transforms. The LP boundedness of the
local Riesz transforms Theorem 1.4 is known to hold on nonamenable Lie groups [30] and
on every Lie group when A is a complete Laplacian [36]. Thus, it is certainly an expected
result, and maybe considered “folklore” by many. However, to the best of our knowledge
this result is new in the general setting of any subLaplacian on any noncompact Lie group,
especially for the endpoint results.

We point out that the problems considered in this paper, namely the algebra property
of Sobolev spaces and the LP boundedness of local and global Riesz transforms, have been
intensively studied also in the context of Riemannian manifolds. Without any pretense of
exhaustiveness, we refer the reader to [4, 5, 10, 12, 33, 37, 43] and the references therein for
the study of the boundedness of Riesz transforms and to [6, 9, 15] for Sobolev algebras on
Riemannian manifolds satisfying suitable geometric assumptions.

Finally, we mention that the Sobolev algebra property is of great importance in the
study of the well-posedness of Cauchy problems involving the operator A in some nonlinear
differential equation, such as a nonlinear heat equation, or a nonlinear Schrodinger equation,
see [6, 45, 11].

The paper is organized as follows. In Section 2 we recall all preliminaries and notation
on nonunimodular Lie groups, the properties of the maximal functions, the estimates of the
heat kernel associated with A and the definition of the Hardy and BMO spaces that will
be used in the paper. Section 3 is devoted to the study of the boundedness of local Riesz
transforms of any order associated with A, and we also prove that the analogue of Strichartz
and Bohnke [44] and [10] results cited earlier cannot hold in a generic nonunimodular Lie
group. In Section 4 we prove two representation formulas for the Sobolev norms in the case
when « is in (0,1). Section 5 is devoted to the proof of Theorem 1.2, while we collect in
Section 6 some final comments and a discussion on the future developments of this work.

Given two non-negative quantities A and B, we write A < B to indicate that there is
C > 0 such that A < CB, and the constant C' does not depend on the relevant parameters
involved in A and B. We also write A ~ B when A < B and B < A.

We wish to thank the anonimous referee for her/his careful reading of the manuscript
and for making several useful comments.
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2. PRELIMINARIES

The Carnot—Carathéodory metric on G associated with X is defined as follows. An
absolutely continuous curve v : [0, 1] — G is called horizontal if 7/(t) = Z;I':I a; X;(v(t)) for

every t € [0,1]. The length of such a curve is defined as ¢(v) = fol ( i ]aj]2)1/2 dt. The
distance of two points x,y € G is defined as the infimum of the lengths of all horizontal
curves joining z to y and denoted by dc(z,y). Since the vector fields {Xj}?zl are left
invariant, the metric d¢ is left invariant. We denote by |z| the distance of a point z € G
from the identity e of G in such metric. For every xg € GG and r > 0, the open ball centred
at xg of radius r is B(xg,r) = {x € G : do(x,z9) < r}. When zy = e, we simply write
B, = B(e,r), and set

(2.1) V(r) = p(Br) = A(B,)

Notice that for every zg € G and r > 0

(2.2) p(Blxo,1)) = 5~ (20) V(r).

It is known [24, 49, 50] that there exists a positive constant d such that
(2.3) V(ir)~rt  Vvre(0,1],

and there exists D > 0 such that

(2.4) Vir)<el™  vre(l,00).

Notice in particular that the space (G, dc, p) is locally doubling. Moreover, there exists a
constant ) > 0 such that

(2.5) / §Y2dp < rdeQr vr > 0.

T

Indeed, when r € (0,1]
[, 872 dp <16 2w V) S 17
By

when r € (1, 00)

"2 dp S (sup6) 2V (r) S e e,
B By
where D is the constant in (2.4) and A = %( T ](Xid)(e)lz) (see [25, Proposition 5.7

(ii)]) that gives (2.5). Let us mention that the fact that the integral of §'/2 on any ball
grows at most exponentially with respect to the radius of the ball is crucial in the proof of
our results.

1/2

In the sequel we shall often deal with left invariant operators on G and their kernels.
Recall that by the Schwartz kernel theorem, all bounded operators T : C°(G) — D'(G)
have an integral kernel K1 € D'(G x G), such that

Tf(z) = /G Kr(z,y) f(y) do(y)
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in the sense of distributions. Further, if T is left invariant, then it admits a convolution
kernel kr € D'(G), such that

(2.6 Tf(@) = foke(@) = [ floy™) he() doly);
in this case the convolution kernel kp is related to the integral kernel K7 by
(2.7) Kr(z,y) = kr(y~"2)6(y).

We shall list below some notation and well-known results which will be used in the sequel.

2.1. Heat kernel estimates. Let p; be the heat kernel of A at time ¢, i.e. the convolution
kernel k7, of the operator T; = e~*» and let P, be the corresponding integral kernel. By [51,
Section IX] there exist positive constants c; ..., cq such that for every x € G and ¢ € (0, 1):

(i) prt dp =1;

(i) 6Y2(z) V(VE)~Le—aleP/t < p,(z) < 6Y2(2) V(VE)~le—ealel/t;

(iii) |22 ()| < 8/2(x) t~ 1V (V) ~Leeslel?/ty

(iv) [ Xipe(x)| < 0V2(x)t=1/2 V(\/i)flefcﬂx\?/t_
By [17, p. 132] there exist w > 0,b > 0 such that for every multiindex J € {1,...,q}" and
every t > 0
(2.8) Xopi(a)| St et e P e,
By using the heat semigroup 7} for every 8 > 0 we define the g-function

58 = ([ 10eaymsp )"

Since T} is a diffusion semigroup symmetric with respect to the measure p, it is well
known that for every p € (1,00) and every f € LP

(2.9) 1fllp = llgsfllp-
See [34, 41].

2.2. Maximal functions. For every R > 0 we define Br as the set of all balls of radius
< R. The corresponding local Hardy—Littlewood maximal function with respect to the right
Haar measure is given by

R
(2.10) M@y = s [ 151,

The operator M is bounded on LP for every p € (1,00] and it is of weak type (1,1).
We also introduce the modified local Hardy—Littlewood maximal function, with parameter
B € [0,1) with respect to the right Haar measure, given by

2.11 MEf(z)= sup /fd
( ) A (@) BeBR:ceBP p(B)1-5 Fldp-

It is easy to show that M é% is bounded from Lﬁ to L>™ and from L' to the Lorentz space

1
Lﬂ’oo, so that by interpolation it is bounded from LP to LY whenever % = % — B and

€ (1L, 3]
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We denote by M the local heat maximal function defined by
Mof = sup [fxpi.
0<t<1

It is known that My is bounded on L? for p € (1,00) [16, 41].

It is easy to see that the statements of [15, Propositions 7-8-9-10] which concern global
maximal operators can be reformulated for the local maximal functions Mg and M indeed
only the LP-boundedness for p € (1, 00) of the local maximal functions and the local doubling
property are neeeded to adapt the proofs of [15, Propositions 7-8-9-10] to our setting.

2.3. The spaces h!(p) and bmo(p). The theory of Hardy spaces of Goldberg type devel-
oped in [35] applies to the space (G,dc,p). For the reader’s convenience, we recall here
briefly the definition of the atomic Hardy space h!(p) and its dual bmo(p) and a few related
results. We refer the reader to [22] for details on the theory of Goldberg Hardy spaces in
the Euclidean setting and to [35, 46] for the corresponding theory in the context of metric
spaces and Riemannian manifolds.

Definition 2.1. A standard atom at scale 1 is a function a € L! supported in a ball B € B;
such that

(i) flall2 < p(B)~/2;

(ii) [fadp=0.
A global atom at scale 1 is a function a € L' supported in a ball B of radius exactly 1 such

that [ja|jz < p(B)~'/2. Standard and global atoms at scale 1 will be referred to as atoms at
scale 1.

The Hardy space h'(p) is defined as the space

f)l(p) = {f € Ll(p) : f= chak, ay atom atscalel, ¢ € C, Z\ck| < oo},

k k
endowed with the usual atomic norm
| fllyr = inf {Z lek|: f= chak, ay atom atscalel, ¢ € C} .
k k

By [35, Theorem 2] the dual of h'(p) can be identified with the space bmo(p) of all
equivalence classes of locally integrable functions g modulo constants such that

1 1/2
2
9llomo := sup 7/ 9—98 dp)
lolim = s0p (5 [ 1o~ sl

1 1/2
+sup ( / |g|2dp) < o0,
e \ p(B(z,1)) JB(21)

where gp = p(B)™" [z gdp.
By [13, Theorem 8.2] and [14, Proposition 4.5] the following criterion for the boundedness
of integral operators on G holds.
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Proposition 2.2. If T is a bounded operator on L? and its integral kernel K is a locally
integrable function away from the diagonal of G X G such that

(2.12) sup sup / |Kp(z,y) — Kp(x, 2)|dp(z) < 0o
BeBy y,z€B J(2B)°
and
(2.13) sup [ |Kp(a,y)| dpla) < o,
yeG J(B(y,2))°

then T is bounded from bh'(p) to L.
If T is a bounded operator on L? and its integral kernel Kt is a locally integrable function

off the diagonal of G X G such that

(2.14) sup sup / |K7r(y,z) — Kr(z,2)|dp(z) < o0
BeB y,2€B J(2B)¢
and
(2.15) sup [ |Kp(y,2)] dple) < o,
y€G J(B(y,2))°

then T' is bounded from L to bmo(p).

Furthermore, by [35, Theorem 5], the following interpolation result holds, where (V, W)ig

denotes the lower complex interpolation space of parameter 6 € (0,1) between the Banach
spaces V, W (see [8]).

Theorem 2.3. Let 0 € (0,1) and set pg = 2/(2 —6). Then (hl(p),Lz)[g] = LP and
(bmo(p), L?)jg) = LP.

3. BOUNDEDNESS OF THE LOCAL RIESZ TRANSFORMS

Recall that for every multiindex J € {1,...,¢}"™ the local Riesz transform of order m is
defined by RS = X (el + A)™™/? (see (1.4)).

In order to prove the boundedness of the local Riesz transforms on LP, we shall need to
apply the following result concerning the derivatives of the heat kernel at small times. The
techniques used in the proof of the following lemma follow closely those used in [23, 37].

Lemma 3.1. Let B = B(cp,rg) be a ball of radius rg < 1, t € [r},1] and y,z € B. For
every x € G define

Qt(l') = Pt(l’,y) - Pt(w7 Z) .
Then there exist v € (0,1), c5 > 0 such that

2)\7 —c5l|cp @
() lan(o)| S 02 (epa) V(VE) T (A42) " emealen'aP

(ii) for every B < 2cs,

Lo P apt0) ) VT (R
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(iii) for every B < 2c5 and J € {1,...,q}™, m a non-negative integer,

calz)? —m B dy’z 2
/ g R @S o) 7 6 VIV ( (\/i)) .
TBS|Cp TS

Proof. We first prove (i). Fix z € G and define u(t,-) = Pi(z,-). Then u is a solution of the
heat equation (0, + A)u = 0. By applying [37, Proposition 10] (see also [38, Proposition
3.2]) we deduce that there exists v € (0, 1) such that

d(y, z)

Y
@) S (———) sup Pr(z,w
@)l < (<) S Prlau)

d(y’z) 7 1/2/,, —1 -1 - 1412 /4
S sup 6(w)5/ (w ) V(v7T) te colw™tz|2/ ’
( Vi ) (Tw)eQ

where Q = (%t, %Ot) X B(y,%\/i). Using the fact that y,2 € B, rg < 1 and 7% < t, we
deduce that there exists c5 > 0 such that

d 2 v — —cslcy @
lgt ()] < (%/ftz)) S12(cpr) V(VE)Lemsles' Pt wp e q.

To prove (ii) we apply (i) and the change of variables cglx = v to obtain

-1 2
[ )P ap)
2rp<|cg z|<2

d(y, z)\? —2 —2c5 Slaf?
< (LN (Ve 5 (=2e5+8)leg =/t 4
SC ) vens S p()

S (d(\yff))wv(ﬁ)_%(%) /ZTB<U|<2 e T2t/ g\ (v).

If 2rp < v/t we choose jy as the smallest integer such that 270t1y/t > 2 and obtain
/ a(a) P51 dp(a)
2rp<|ep’z]<2

Jjo .
x d\(v) + / e(=265+8)2% 4\ (y
[/2r3<v|<\ﬁ ) ;0 20 Vi< v <21V ( )}

< (L V) aen [ (vh + ;0 o2 (41 ]

S (d(\yff))%‘/(\/lg)_lﬂ%) ,

where we used the fact that 5 < 2c5. The proof in the case when v/t < 2rp is similar and
is omitted.
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We now prove (iii). Take J € {1,...,q}", where m is a non-negative integer. For every
x € G, the function (¢,y) — X, Pi(x,y) is a solution of the heat equation du + Au = 0.
Thus, by [38, Proposition 3.2]

do(y,2)\”
Ko@) (U2 s X0
Vi (Tw)eQ
for some v € (0,1), where Q = (%t, %t) x B (y, % t). By means of (2.8) and the assump-
tions on rp,t,y, z we get

|X 5 Py (2, w)] S 7 (M2 g o=l

~

Since 7~ t, t € (0,1) and t~%? ~ V(y/t)~!, there exists a constant ¢z such that

(3.1) | Xsq ()] < <dCE[yt72))Wt_m/QV(\/i)_le_CﬂCleF/t.

If B < 2¢5 we can apply (3.1), use the change of variables cg,la: = v and argue as in the
proof of (ii) to obtain that

_ oo
/ LX) Pl P dp(x) St 6(en) VIV TH( - z))”. O
arasiep al<2 Vit

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Fix J € {1,...,q}™. By [47, Theorem 4.8, IV] if ¢ > 0 is large
enough then the local Riesz transforms R is bounded on L?. The convolution kernel of RS
is given by

K(w) =cs [

1 o
2ot X ipy (@) At + CJ/ 2=t X (@) At = KO (2) 4+ k() .
0 1

We claim that k> € L! if ¢ is sufficiently large. Indeed, we can choose ¢ sufficiently large
so that

‘koo(l,)’ g /OO tm/271€fcttf(d+m)/2€wt efb\x|2/t dt S, /OO efc’t efb|z|2/t dt,
1 1

for some ¢’ > 0. Now define for every t > 0, A} = By 7 \ Byi-1 s, % > 1. Then by (2.4)

/ 5% (2)| dp(z) < / / et et dp(zydt + / / =<t =W/t dp() dt
G 1 JB(evt) —h i

0o o 00 ) )
5/ et eD\/idH-Z/ e Clem b2 D2VE gy
1 i—1 1
00 i D222 [0 _( /oy D2? )2
§1+Ze_b22+ ac/ / e V) gy
i=1 1
S 1,

if ¢ is sufficiently large. Thus the convolution operator f +— f *x k* is bounded on L? for
every p € [1,00], and a fortiori it is bounded from h*(p) to L! and from L to bmo(p).
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We now consider the kernel k. Choose a smooth cutoff function ¢ supported in B; such
that 0 < ¢ < 1. First notice that

o0

2, —d/2
x /|2
(| ‘ ) efbu ]U,S efb || ’
u

1
(1= ¢(2))k(@)] < /0 pm/2=1g=d/2-m /2, -blal/t gy _ /

||

for some b’ > 0. Then

[e.9]

[0 = sanr@la) £ 3 [ e ant

_}/921 7
e b'2 6D2

N
.Mg |

1

LA
=

Thus the convolution operator f + f (1 — ¢)k" is bounded on LP for every p € [1, 0], and
a fortiori it is bounded from h'(p) to L' and from L™ to bmo(p).

It remains to consider the operator f ~ f x (¢k°) which is bounded on L2, as difference
of operators bounded on L?. Let us denote by ¢ the function ¢k® and by L the integral
kernel corresponding to the convolution operator with kernel £, i.e. L(z,y) = £(y~12)d(y).

Notice that

o0

2, —d/2
(Y o < e,
u

@) 5 [ ezt iegy -
0 |

z|?

and, for every j =1,...,q,

1
‘Xjf(.%')‘ S ‘kO(fL’)‘ +/ tm/?—1t—d/2—m/2—1/26—b|x|2/t dt
0

S la = |4

S a7t

Notice that since £ is supported in B; for every ball B of radius 1 and every y € B

(34) Ly \E a0t = [ )] dpta) =o0.



12 M. M. PELOSO AND M. VALLARINO

Take now a ball B = B(cp,rp) of radius rg < 1. For every y, z € B we have

/ \L(y,fv)—L(zw)!dp(w):/ [0(z" )6 () — Lz 2)6(x)| dp(x)
(2B)° (2B)°

= [£(zy) — £(x2)| dp(z)

{z:d(z=1,cp)>2rp

= [(ucg'y) — €ucg'2)| dp(u)

|u|>2rp

= [ gty — )| dpw)
2rp<|u|<2

< d(cy'y, ch / E X;l(u)|dp(
( B y B 27‘B<|u|<2 | | p

S [ rurd*dpw),
2r 5 <|u|<2

where we have applied (3.3). Choose ig as the biggest integer such that 2°0~! < 2rp and
consider the annuli A* = By \ Bgi—1, with ig < i < 1. By (2.3) we obtain

L )l dp(a) < [ Tl dof
gy | E052) = L )] e oY [ aptu

=10

(3.5) <rp Z 9—i(d+1)gid
=10
Srp27h
S1.

By Propostion 2.2 the conditions (3.4) and (3.5) imply that RS is bounded from L> to
bmo(p). By Theorem 2.3 we deduce that R is bounded on LP for every p € [2,00).

We now prove that f ~ f * k% is bounded from h'(p) to L!. We denote by K°(z,y) the
corresponding integral kernel. For every ball B of radius 1 and every y € B by (3.2) we
have

36 [, K@l = |

d(cp,z)>2

W) KDl o) < [ ) ap) 1

v[=

Take now a ball B = B(cp,rp) of radius rg < 1. For every y, z € B we have

[ 1K @y) ~ K@ )l dpta) = [ IKO@,y) - K*(@, )] dpla)
(2B)° 2

rp<d(z,cp)<2
[ K y) - K, 2) o)
z,cp)>2

=I+1.
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By applying (3.2) we have

ms [ K@yl + [ K2 dp(a)
d(z,cp)>2 d(z,cp)>2

<o) [ R @) +56) [ R ) det)
d(v,y~lep)>2 d(v,z2=teg)>2

<2 [ W@ldp)

<1.

To estimate the integral I we first decompose it as follows:

1
I< / /21 et / X 50Pi(2,y) — X 50 Pi(x, 2)| dp(z)
0 2rp<d(z,cp)<2
7,2
_ / B tm/27167ct/ | X 2Pz, y) — X 2Pz, 2)| dp(z)
0 2rp<d(z.cp)<2

1
+ [, emtee X Pil,y) = X Pz, 2)] dp(a)
rh 2rp<d(xz,cp)<2
=L +1.
Since Pi(z,y) = 6(y)pe(y~ 1), we have X, Pi(z,y) = 6(y)(X7pt)(y~ 1), so that by (2.8)
XgaPile,y)| S 8(y) =2 2ete T

We then have
,,,2
L < / Bt—l—d/Q/ 5(y)e—b|y71z|2/t dp(z)
0 27”B§|cglx|§2

,,,2
< / P25 (o) / e /51 (cpu) dA(v)
0 2rp<|v|<2

> —bs S v
< e 5 —-dsdp(v)
2rp<[o|<2 JJuf2/73, |v] s

To estimate the last integral we split the domain of integration as the union Ujl»:jo Aj, where

Aj = By; \ Byj-1, where j is the largest integer such that 2701 < 2rp and obtain

V5
52U <1,

L2 ! ,
/ lv|=% "B dp(v) = Z 2 Ye
2rp<|v|<2 i=jo
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It remains to estimate the integral
1
L= [, e | X sai()| dp(ar) .
7"23 27‘}3§|c§1x|§2
where ¢(x) = Pi(z,y) — Pi(z, z). By applying the Cauchy—Schwarz inequality

cqta)? 1/2
[ W@l < ([ X P dp(a)
2rp<|cp <2 2rp<|ep <2

— 1/2
% (/ e~ Bleg 2/t dp(x)) /
2rp<leg @|<2

= A - By,

with a constant 8 such that 0 < 8 < 2¢5, where c5 is the constant which appears in Lemma,
3.1.

To estimate By, when 2rp < V/t we choose Jo as the smallest integer such that 200+ /t > 2
and write

(B <o™en) [ ey

2rp<|v|<2

Jo
= (571(03) (/ e~ Bl /t g\ + Z/ e~ P/t d)\)
2rp<|v|<VE j=1 27/t<|v| <2714/t
Jo )
S 67 ew) (V(VDe B/ 4+ 3 (20l
j=1

<5 Heg)V(V)e Pralt.

When v/ < 2rp we argue in a similar way and obtain (B;)2 < 6~ (cp)V (Vi)e P5/t. By
the previous estimate and Lemma 3.1 we get

o o) o)
2rp<lcy ©|<2

< 0ep) Y (VTR eV (V) 2R ()]

so that )
< m/2—1_—ct,—m/2 ,—pr% /2t (B v <
IZN/ﬂBt ecty=m/2 g=Pr (\/E) at<1.
This shows that for every ball B of radius rg < 1 and every points y,z € B
(37) | 1K)~ K 2)|dpla) S 1,
(2B)°

which together with condition (3.6) implies that the integral operator with integral kernel
KY is bounded from h'(p) to L!. By Theorem 2.3 we deduce that RS is bounded on LP for
every p € (1,2]. d

As a corollary of Theorem 1.4 we have the following result involving Sobolev spaces.

Corollary 3.2. For every p € (1,00) the following hold:
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(i) if £ € N, then f € L} if and only if X;f € LP for every J € {1,...,¢}™ withm < {

and
| fllep = > 1 X7 fllp -

Je{l,...,q}™, m<L
(ii) for every a >0, f € L? ., if and only if f € LP, and X;f € LP, i=1,...,q, and

ar

[fllat1p 2 [I7]

q
apt D1 Xifllap-
i=1

(iii) for every p € (1,00), & >0 and ¢ > 0,
1f lap = (2 + )22 f |l ~ (el +A)fll,  VfeLb.

Proof. Statement (i) follows from the LP-boundedness of local Riesz transforms RS arguing
as in [36, Theorem 5.14]. Statement (ii) has the same proof as [15, Proposition 19].

To prove (iii) we observe that by [28, Theorem 6.4] L, = dom ((I + A)a/2), and then
arguing as in [19, Propositions 3.16, 4.1], the equivalence of norms on the left follows. The
one on the right now follows at once. O

We are now in the position to show that on a general nonunimodular group G, the
property that LE(G) is an algebra when the product ap is sufficiently large, cannot hold
true. We recall that when G is a nilpotent Lie group of homogeneuous dimension @), and A
is a subLaplacian, then LP(G) is an algebra provide ap > @, see [10] and the earlier paper
[44] for the case of R™. The counterexample appears in the case of the “az + b-group”.
Precisely, let G = R x Ry, with product given by (z,a)(z,a’) = (z + az’,aa’). Then, the
right Haar measure is dp(a,z) = a~*dadz, §(x,a) = a~! and a basis for the left invariant
vector fields is {Xo, X1}, where Xo = ad, and X; = ad,. Then, we have the following
result.

Theorem 3.3. Let G = R x Ry. Then, for every p € (1,400) and k positive integer, the
Sobolev space L} (G) is not an algebra.

Proof. Let ¢ be a nonnegative function in C2°(0, 1) such that ¢» =1 on [1/4,3/4], and x a
nonnegative function in C2°(—1,1) such that x =1 on [0,1/2]. For «,r > 0 define

(3.8) 9(x,a) = (z/a")x(a)a™".
We claim that if v and r satisfy the condition
r r
3.9 —<yv<-—+k(1l-7), for k1 =0,1,... k,
(39) 3o << k(1) 1

then g € LY, but g ¢ LP. Note that condition (3.9) is satisfied by any pair 7,y with
O0<r<landr/(2p)<~y<r/p.
By Corollary 3.2 (i), in order to show that g € L, since {Xp, X1} is a basis, we need to

show that X(lfOXflg € LP when 0 < kg + k1 < k. Using induction, it is easy to check that
o XFp(z/a”) = abr=mR1y(x/a") for another ¢ € C2°(0,1);
. if Y € C2°(0,1) and j € N, then X/ (x/a") = 1 (x/a"), for another ¢, € C°(0,1);
. Xga*q = ca~ 4, for some constant ¢, for all ¢ > 0 and j € N;
« if any derivative falls on x, the resulting term is of the form ¥ € C°(G).
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Therefore, X(])COX k14 is sum of terms of the form
Y(a/a)x(a)a" M 4 U(a, z)

for some ¢ € C2°(0,1) and ¥ € C2(G). Thus, X X¥g e 1P if
1
/ ’{/;(x/ar)x(a)akl(lfr)*’qp da dz f,/ akl(lfT)p*’Ypﬂbl da < 400,
G a 0

which is the case if and only if k1 (1 — r)p — yp + r > 0; which is the inequality on the right
of (3.9).
On the other hand,

2P ~ 1/2 72’yp+r71d
lg"lp~ | a a,

which is infinite if v > r/(2p). O

Remark 3.4. In [50] Varopoulos showed that on a Lie group G, L} continuously embeds in
Li(¢%)ifl<p<g<ooand s =1-— %. We note that the function g constructed in the

theorem is in LY for v, satisfying (3.9), while, on the other hand g & L™, as it is easy
to check. Thus, this function also shows that the Sobolev embedding theorem cannot hold
at the limiting point ¢ = oo and the modular function § appears in a natural way in the
Sobolev embeddings when the group is nonunimodular — see also [11].

4. SOBOLEV NORMS IN THE CASE « € (0,1)

We shall give two representation formulas for the Sobolev norms when « € (0, 1).

4.1. A representation formula for the Sobolev norm in terms of S!°°. Recall that
in (1.2) we have defined the quantity S!°°f. We now prove Theorem 1.3 (i).

Proof of Theorem 1.3 (i). STEP I. We shall prove that
(4.1) 1A Fllp S USKfllo + Ifll, V€ LE.
We observe that
(0% 2 * —Q
(91-028°2 @) = [ 1-2|AT @) at
! -« 2 o -« 2
:/ £ | AT () dt+/ f-o|at @) ar
0 1
2 2
= (gl—oa/Z,OAaﬂf(x)) + (gl—oz/Z,ooAa/2f<x)> :

Notice that
dt

(91-0/2 A2 @) < [T AT @) < (018 @)
so that by (2.9)

191-a/2.00A%2fllp < llgr fllp S 1/l
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To estimate gl_a/ZOAa/Qf we first notice that for every t € (0,1) and = € G, since
% Jepedp =0, we have

]Ath(x))—’atth ‘g /ffcy )pe(y) dp(y /f z)pe(y) dp( ))‘
< [ 1) = 5@ 282 apty).

Using estimate (iii) in Subsection 2.1 for the derivative of the heat kernel and Cauchy—
Schwarz’s inequality we have

(gl—a/2,0Aa/2f(x)>2
< /o1 t1a2v(ﬁ)2(/y|<¢z |[Fy™) = f(@)[8" /2 (y)ecolul/! dp(y))2 dt
0 [V, M = £ ) e )
k=0 <|ly|< t
! l—ax—2 -2 T —1y - 2
S e (f e - el de)

+}§)e—d22k /Oltl_o‘_ZV(\/i)_2</

ly| <2k 1Vt

Flay™) = F@)152() dp(w)dr.

By the change of variables u = 2¥*1\/t we obtain

(11-20d"2 )
1
5/o u1+2a1W(/|y|<u [f(zy™") = f(2)] dp(y))zdu

)
0 2 1 2
#3100 )

1 1 2
0 (27F—1)2ay 14201/ (9—k—1y)2 (/|y|<u |f($y_1> — f(2)| dp(y)) du

o] 2k+1 1

+> e / (2 F—1)2ay 121/ (2—h—1y)2 (/|y|<u [Flay™) = F(2)[0'2(y) dp(y))2 du-

k=0 1
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By (1.2) and formula (2.3) we obtain that

(91—a/2,0Aa/2f($))2
S (S8 (@) + (S8 (@)" 3 e (ko

k=0
2k+1 1

© — 2k @ 2
+ Y e T2k +2dfl u1+2a+2d|f(:v)\2(/|< 02 (y)dp(y))” du
yl<u

k=0
k41
2k+ 1

= —c/22k « — 2
+ e 2k et / o ( /|y<u|f(wy 02 (y) dp(y)) du

k=0

< (S f(x ) +Z=]k —l—ilk(a:)
k=0

By (2.5) we deduce that

2k+1
—'22k 1 5k4+11\204+-2d 1 2. 2d 2
Jula) § e @ [T e ) PP du

_ 192k k
< |f(5(,‘)|2€ 2 (2k+1)2a+2d62Q2 ,

~

(4.2)

so that S°7° o Ji(x) < |f(z)>. We now notice that there exists ¢’ > 0 such that

For every integer k, by Minkowski inequality, we get

()
<), /
< [, 1FG e >(/1

¥ / e H@T ) ([ an) anty)

yl
</ |f(g;z)|2k/2dA(z)+/ | F(22)161/2(=1)25/2 dA(2).
By 1<|2|<2k+1

oo 2k7+1

(Z [k) 1/2

k=0

_01122k

(], 0= )’y

p p

/ Fay ™) e, )62 ) dp(y)) du)

2k+1

D, o) du)  dp(y)

2k+1

au)"” dp(y)

~
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We then obtain, by applying once again Minkowski inequality,

([ (L1 e w0 a) )
s /B1 (/G |f(z2) | dp(az))l/p dA(z) + 242 /1

S PRl + 220l [ 6 dp

ok+1

2k+1

p

( /G |f(a2)[P dp(m))l/pé“/ 2(2) dA()

<|z|<2kH1

k
PAGS FIPEL

where we have applied (2.5). We then have

©° 1/2
(X 5)
k=0
In conclusion, by (4.2) and (4.3) we get
l91-0/208% Fllp S 155 Fllp + 1/l

oo
__ 1192k k
S Do e R e S £

~

(4.3) ‘ )

as required.
STEP II. We shall prove that

(4.4) 155 fllp S NAY2Fllp +1Iflp  VF € LE.

To prove it we write f = (f — T f)+ T f and we estimate || SX¢(f —T1 f)||, and || STy £,
separately.
Arguing as in [15] we write

2m+1 a

1 gm P
foTif= 3 fuowhere fu=- [ STifdt, and gu= [ | S0

m=—00

dt.

We then obtain
(S°(f —T1 /) (@)’

1
- /0 umlvw ( /m (f = T1f)(xy™h) = (f = Taf)(2)] dp(y>)2 du

-1

-2 / 1(/|y<u = TiP)ay™) — (7 = Tif) (@)l dp(y))

i o9 u1+2av(u)2
~1 o - 2
< 3 e [ 6 =TDay™) = (= T @) dplw)

where we applied (2.3). Notice that

1
27d /|y|<2j+1 I(f — Tlf)(xyil) = (f =T f)(@)|dp(y)

1 1 -
S Y g ey - Fa(@ldoty).

m=—0Q
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If m <25+ 3, then
1 _
(4.5) 57d N fm(zy™h) = (@) dp(y) S M gmia(x),
27d
ly|<27+1

where M! is the local maximal function defined in (2.10). In order to treat the case when
m > 2j + 3, we notice that for every j < —1, y € Byjy1 and z € G

(4.6) [fn(2y™h) = (@) < 2770 sup{| Xifm(w)] 2 =1, q, Jw™ e < 271}

Since

g 2" 9
fn = —2 /2m71 E(thf) dt = —4/277171 Tta(th) dt,

by applying the estimates of the heat kernel given in Subsection 2.1, for every w such that
|lw™lz| < 27! we have

Xl £ [ g ‘gt(ﬂf)(Z)

N// o @He)

S o [ gm(2)8 2 ) )
G

Z-pt(z_lw)\ dA(z)

V2V (VO T8V 2 (2 Tw)e T Wt Qe da(2)

<27 2T gm g (),

for a suitable constant c¢. From (4.6) if follows that
1 _ 1 _ ;
i [ @) = @) dp(y) S 5212 g ()27
(4.7) 2719 Jiy|<2i+1 2J
< 22T g () -

Thus, by (4.5) and (4.7)
~1 | sl

-1
(G -TN@)] S S (X Monal)+ S 27 Tanga()

j=—00 m=—o0 m=2j+3
We can argue as in [15, p.298-303, 308-309] to deduce that

1/2
’Sloc(f Tlf H Z 2~ ma )
m=—o00 p
Since )
Z 27 g2 Z /,} th dt N Qlfa/2Aa/2f($)2 ;
we have
(4.8) IS (f = Tof)llp S Nlg1-apA Fllp S A2 £, .

In order to estimate the norm of S!°°Ty f we first notice that for every z € G and y € By

T f(ey™) = Tuf ()] S lylsup{| T f(w)] : [w™ ] < Jy[}
< lylsup{|XiT1 f (w)] : [w™a| < 1}
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By the estimates of the heat kernel and its derivatives in Subsection 2.1 there exists tg > 0
such that for every w such that |w™tz| <1

XD f (w)] = 1 * Xipi (w)
< [ 1o )IXim ()] dp
< / | (wo1) |82 (0)e < dp(v)
S [ 176 )pe () dp(o)
= [ 17 (=7 w) dA(2)

S [ 17 (1) dA:)
— Ty |f1(0).

Thus
2 du

oc _ ! 1 _
Sa Tlf(f)Q—/O (uav(u) /|y<u\T1f(3:y H) =T (@)l do(y) =
1
< [ e (o) )
< Tilf1(@)?,

where we used the fact that o € (0, 1).

(4.9) 1S T fllp S 1 Twol lllo S N
which together with (4.8) gives (4.4), as required. O

i

The representation formula that we just proved is the key ingredient to show the following
lemma, which will be useful to prove the ”interpolation estimate” given in Proposition 4.2
below.

Lemma 4.1. For all o € (0,1) and p € (1,00)

I My < M1 fllewp

Proof. Tt suffices to notice that, for every x € G, S°¢(|f])(z) < S¢(f)(z), and use the
representation of the LE-norm given by Theorem 1.3. O

Proposition 4.2. Let a,5,v >0, 1 <p,r < oo, 1 <qg< o0 and 0 < 6 <1 be such that
y=0a+(1—-0)8 and 1/r =0/p+ (1—0)/q. Then for all f € LE, N L}

(4.10) 1/l S 11811

Proof. Notice that it is enough to give the proof in the case when 8 = 0.
We then take a,v > 0, 1 < p,r < 00,1 < g < oo and 0 < 6 < 1 such that v = fa and
1/r=0/p+(1—0)/q. By (1.1) we have || f|ly» = || fll- +||AY2f]|,. Choose a,b, s such that
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a+b=r,as=pand bs’ = q. By Holder’s inequality we obtain that
(4.11)

/ST ’ /
1l < ([ 1o dp) £ dp = LIS LIS = N FIEN AL < AN FE2
G

It remains to estimate ||AY/2f||,.
If ¢ < 00, choose 6 > 0 and k € N such that § ++/2 = k. Then if a = 20(k —
b=2(1-0)(k— %), by applying Holder’s inequality in ¢ we get

— ) and

(9872 f(2))* = /Om 1| ART, f(2) 2 dt
< (G2 D2 f(2))* (gif (2))077.

(4.12)

Therefore, by Littlewood-Paley-Stein theory, (4.12) and applying Holder’s inequality in the
x-variable

1A £ ~ 1| gs A2 £
/r
< ([ (90apd2 s <gkf<x>><1—"“dp<x>)l
/s'r
(4.13) < (/G(gka/zA“/Qf( 2))’"* dp(x) / (gf ()07 dp(x ))1

= Hgk—a/QAaﬂng lgnfllg?
S ||Aa/2f||z\|f\|;_0

9 1-6
S fllapllFllg™ -

Estimates (4.11) and (4.13) prove the proposition in the case when ¢ is finite and 5 = 0.
Suppose now that ¢ = co. We follow closely [1, Theorem 2.4] using a complex interpola-
tion argument.
Assume first that f and h are nonnegative simple functions and define for z € £5° = {z €

C: Rz >0}
/A az/2f ( )1 1/p)(1— Z)Jrzdp( )

The function w is continuous in 3§°, holomorphic in the interior of ¥§° and bounded in
any strip 3§ = {2 € C: 0 < Rz < ¢}, ¢ € RT. When z = i(, { € R, by [34] there exists a
positive constant C), such that

IA=2 f||, < Cp(1 + |ag]/2) /2 €5 5

2 fllp,
so that

[w(iC)] < Cy(1 + [ac|/2)/2 3 5 || [, Il
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On the other hand, since f is nonnegative
1

* a/2rial/2—1 —tA
|r(a/2+z'ag/2) t e fw)dt

|A—a/2—iag/2f(x)’ _

ta/2 1 ftAf( )

ST (a/2+mg/2 |/

o T@?2) s apy,
_|F(oz/2+iozC/2)|A fl@).

Thus

| PO/2) o
w1101 < [FaTg 3 sacTy 1A~ e Il

Define W (z) = T'(1 + az/2) > Ww(2) for z € ¥5°. By the estimates satisfied by the function
w on the boundary of the strip X} and the three lines theorem we get

—a _ 1— 0+1—6
W (1= 0)] S IFISIIA=2 L0 a0

which implies that
0171

(1 = 0)] S IF151A2F 10 IRl

By taking the supremum over all functions g = /" such that ||g||,» < 1 we obtain that
|A=A=0 R p |l < | Fllp A2 f115°
for all nonnegative functions f. This implies that
1A72g]l, S 1A g]pll9l13°
P

for all nonnegative functions g. By (4.11) and the estimate above we deduce that for all
nonnegative functions

0 —0
(4.14) gl < Ngllapllallss”-

Take now « € [0,1] and f of arbitrary sign. Then writing f = f+ — f—, applying (4.14) to
f+ and f_, using Lemma 4.1 and noticing that [|A%/2fi||, < [|A%/2f]|, we obtain that

(4.15) £l S AR IS 15S7

It remains to consider the case when o > 1. Suppose first that v < 1, 0 € (0,1), a > 1
'y:@aand%:%. Wechooseﬁ<1suchthat7<ﬁ<’yrands>1suchthat%:
Then by (4.15)

e

£y S A NF1357
for 6 € (0,1) such that v = 63 and 1= g. Moreover, by (4.10)
0/
1flls,s S N fllep

for 6’ € (0,1) such that 8 = 0o+ (1 —6')y, and 1 = % + 1%0/. Putting together the two
estimates above we obtain

(4.16) 1F e S WA1GRNF1SS7

9
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which proves the theorem for a > 1 and v < 1. Take now v > 1 and choose g such that
vr < q < r and 8 < 1 such that 8¢ = yr. We have

i 0
£l S UFlapll £y

for v = 0o + (1 — )Bandlz 19 . By (4.16) we get

0’ 0’
I£ll.a S Ifllapllfll”

where 8 = 6'a and % = %. Putting together the two estimates above we obtain

0 1-60
(4.17) [f 1l < 1 lapllflloe” s
which proves the theorem for a > 1, v > 1, ¢ = co and 8 = 0. The proof of the proposition
is now complete. O

4.2. A representation formula for the Sobolev norm in terms of D!°°. Recall that
in (1.3) we have defined the quantity DX°°f. We shall prove Theorem 1.3 (ii). To do so, we
first need some tools and some technical results that we shall introduce below.

For every locally integrable function f and every ball B we denote by fp the average
ﬁ [ fdp. For every ¢ € [1,00),7 > 0,2 € G we define

Qgcq)(x,r) = sup{(p(lB)/B |f — fB\qdp)l/q :BeB,xe B},
and
QF (x,r) =sup{||f — fBllw : B € B, x € B}.
We recall that Br denotes the collection of balls of radius < R. We simply write Q¢(x,r)
for Qgcl)(x, T).
Lemma 4.3. For every locally integrable function f the following hold:

(i) Qp(z,r) < QSCQ) (x,r) for every q € [1,00],1 > 0;
(ii) of B,B" € By and B C B', then

pB)
gy e palap <220

(iii) for every x € G, r<s<2r<2

Qf(.%’, 7") 5 Qf(aj¢ 5) 5 Qf(x7 2T) ;

dp;

(iv) for every B € B of radius r and almost every y € B

8r
1)~ fol 5 [ lw0) S

The above lemma was proved in [15]: the same proof works in our setting, since only the
local doubling property plays a role here.
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For every locally integrable function f, ¢ € [1,00], R > 0, a € (0,1) and x € G we define

6r@) = ([ oaste P

Goof(@) = (/Ol[raQ}q)(x,r)]ﬂ”")l/Q

o2t = ([ oot np) "

et )= ([ o)

0 T

550 = ([ [y [, 1™ = 1@l ant)]

Lemma 4.4. For every Ry, Ry >0, p € (1,00) and a € (0,1),
I\Sﬁlfllp + ([ fllp =~ ||S§2f”p + £l
IGE fllp + 1fllp = INGE2 Fllp + 1L -

Proof. Assume Ry < Ry. Then it is obvious that S f(z) < SZ2f(z) and GFrf(x) <
GE2 () for every z € G, so that

IS fllp + 1Ll < 1882 fllp + £l
IGE Fllp + 1fllp < IGE2Fllp + £ 1lp-

In order to prove the lemma, using (2.2), we notice that

2 du>1/2.

o lw fyo 0™ = sl 0]

e [ e = slaxe)]
S/RR :To‘é(r) /B(m)\f(z)yszH ’quﬂf)! 2¥

- /1:2 :raé(r) /B(m) |£(2)[8(2) dp(z) + |f£f)|]2‘i7"
< Lo fo, NS e + L
< [ R+ LGP

Ry LT re T

< MP2f(2) + | f ()]
where M7 is the local maximal function defined in (2.10). It follows that

1522 Fllp + 11l < ISa Fllp + £l + 172 fllp + 1 < 1S Fllp + 1Lf 1
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where we have applied the boundedness of the maximal function M2 on LP. A similar
argument shows that for every r < Ry, Qp(z,7) < M2 f(x) so that

Ro> d fi2 d
| sl s [t

Ry r Ry
Thus
IGE fllp + 1o S NGE Fllp + 1 Fllp + 1072 fllp S NG Fllp + £l
applying again the LP boundedness of the maximal function M %2, ([l

Proposition 4.5. For every locally integrable function f, o € (0,1) p € (1,00) and
Ry, Ry > 0 the following hold:

o - d d
() ifpe (1,2, a <%, q< 72, then

IGELfllp + 1Fllp ~ G2 Fllp + 1L.f 115

(i) ifp € [2,00), o < &, g < 22, then

HGg,quHp + [ fllp = HGgngp + {1 fllps
(iii) if p € (1,00), a > %, then
IGEf Iy + 1 Fllp = IGE2 Fllp + 1L/ -

Proof. In view of Lemma 4.4 we can assume R; = Ry = R. We shall prove (i). The proofs

By Lemma 4.3(i) it follows that for every p € (1,00) and ¢ > 1, |GE £, < ||G§7qf||p.
For every ball B’ = B(y/, s) with s < 1, and every y € B’ we have that

1= tmldns [ o< [ o),

so that by the local doubling property

1 1
_ , G — z,8 zZ).
S Jo I8N0 S g [ 049 dole)

It follows that )

Qe(y, s ,57/ Qr(z,8)dp(2).

1. 9) p(B(y,2s)) JB(y,2s) (55 dpl2)

By Lemma 4.3(iv) for every ball B = B(yo,7), r < 1, for almost every y € B and for every
B=>0

8r .
[f(y) — /Bl 5/0 M/B(y%) Qf(z,s)dp(z)%
8r B ,28 -B ds
o 5((19((;28))))15 B(y.25) Q(z,8)x3p(2) dp(2) -~
: /ogr[él(y)v(%)]ﬁMé (eC 5)X3B>(y)%

o) [ VM0 5)x08) )L
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where we applied again the local doubling property and where M é is the modified local
maximal function defined in (2.11). Take now p € (1,2], « p, q < ddga We choose
po<pand 0 < B <G < % < 1 such that % = p% — (. Then MB is bounded from LP° to L9.
This implies that

1

p(T)l/qui fBllLaB)
1 8r ds
< B -8
< g0 [ VO )l
1 1 8 1 25 ds
- B -8 PO Po 2
< ) BBy [V (e / 94(2, )P dp(2)) <
_1 _1 L ds
= SR [TV AR o )
el 1
Since T B, we get
(a) o ~B 3 Lo\ ds
QP (w,r) SV()7 [ V()M ( 5) )70 (),
0
and " . )
r 1 dsq2 dry 1/2
Gl ) < ([ r2ever?| [T v tarest s rm ST
0 sdor
Now arguing as in [15, p.318] the statement (i) follows. O

We are now ready to prove the representation formula of the Sobolev norm involving the
functional D¢,

Proof of Theorem 1.3 (ii). STEP I. We shall prove that
18 fllp < 11D Fllp -
Indeed, by (2.3) for every x € G

seesr = [ umlv()( [ 15t s anw) 2

U
du

< [ v [ e - s s S
_/|<1 /u2aid+1 )If(wy D — f(2))? dp(y)
S DR f(x)?,

so that [|SYfllp S 1D fllp and || fllap S 1D fllp + [1£1p-
STEP II. We shall prove that, for p > 2d/(d + 2«)

1
ID&f I S 158 Fllp + 11.£1lp -
By applying Proposition 4.5 and Theorem 1.3 (i) it is enough to prove that

(4.18) DY°f(x) S GRS f(z),
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and

(4.19) G Fllp S USSFllp + 11 £l -

Indeed, we observe that Glf%f(x) < G};";;Of(:c) and apply Proposition 4.5 (iii) if o > d/p,
and Proposition 4.5 (i-ii) with ¢ = 2 if @ < d/p. In this latter case, we need to assume
p > 2d/(d + 2a). To prove (4.18) we argue as follows:

-1

loc 2 __ ’f(wy_l) — f(.%’)|2
Pty = 2 s R

R *
S ) PR R IR

L | _ dr
<) vy [, e - @R )

LI | 9 dr
< M/B(m)mz) OO

1 x

~ Jo T2O‘V(T)

+ [ e BN @)~ Jota

dr

We apply Lemma 4.3 (iv) and the following version of Hardy’s inequality: If g > 0,
ge L' 0,R, R>0,1—-p<B<1and G(r) = [y 9(t) dt, then,

R 1
r)P
/0 7“5 r / ar.
oc 1 1 1 1 8r du12
Dk f(x)2§/0 W[Qz(x,r)]er—i—/o m[ ; Q?c(x,u)—] dr

u
< GlLof(x) +/ 2a+1[Q2(xu)]2du

Goof(@)?.
We shall now prove (4.19). For every B(cp,r), with r € (0,1], cg € G and x € B

[ 1£w) = fal st /!f D)ldp(w) + [ 1£@) = fldp(y)
<2 [ 1) - F@)] dplw).

Using the fact that p(B(cg,r)) = d(cg) "tV (r) = §(x) "1V (r), we deduce that

2
Qf(l’ﬂ”) S 5(93)1‘/(7")/3(1,27") |f — f(z)|dp,

We obtain
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so that

2dr

1 1
/0 201 (2, 7 er,é/o P25 (x )‘1/3(:0’%) If(y)—f(év)ldp(y)} -
Sz -1 zw) — f(2)]6 " (zw) d\(w dr
V(r) /le<2r|f< ) = F(@)l6 (ww) dA(w)]
2dr

5@

ot
:/0 r 2a{v /w<2T\f(xw)—f(x)‘dp(w)} ar
= [ r QQ{V /w<2r\f(xw—1)_f(x)\6(w) dp(w)]zg

where we used the fact that the modular function is bounded on Bs,. It follows that

G fllp S ISafllp S 1S& Fllp + £l
as required in (4.19). This concludes the proof.

5. PROOF OF THEOREM 1.2

We first prove Theorem 1.2 for o € [0,1). The case when oo = 0 i 1s tr1v1al Suppose that
€ (0,1), p1,q2 € (1,00] and r,pa2,q1 € (1,00) are such that % = = —|— —, 1t =1,2. Take
feLPrNLP2 and g € L% N LY. According to Theorem 1.3

1£gllar S ISl + 1 fllr -
By Holder’s inequality one has

1Fallr < 1 fllpillgllar < [1fllpillglleg -

and
1fgllr < ([ fllp2llglle: < 1f lovp2 llgllgo -
Moreover,
! u
Sa(f9)() < (/0 {uaé(u) /|y<u (fg)(zy™") —g(xy‘l)f(:c)|dp(y)r%)l/2
! 1 B 2 du~ 1/2
+ (/0 [W(u) /|yl<u|f(9«’)g(wy b= (f9)@)|dp(y)] 7)
=1I(x)+ 1(x).

Obviously,

(x) = | f(2)Sy g ()],
so that by Holder’s inequality

It
I < ([ fllpu 19679l S 11fllpi 9l acan -
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To estimate I(x) we choose p,q > 1 such that ¢ = p/, 1 < p < ¢2 and py > dfm' By
Hoélder’s inequality we obtain

s ([ S0 | ot dnt

}2/10

}2/11 du )1/2

w20+l

1 2/pr 1
- eyl )| [ [ 1)~ @)

(

([ o [ oo ) o [ 1) - r@rae)
S O 170 2070 55 1690 00000 )™
< (ramo)” ([ [50 [ 1160 - s ane)] " i)

p2o+1

}2/(1 du )1/2

u2a+1

< (Mg @) " 68 o (@)

The last inequality follows as in [15, p. 322-323].
Therefore, the boundedness properties of the local maximal function, Proposition 4.5,
formula (4.19), Theorem 1.3 (i), and Holder’s inequality imply that

1/
11 < [ (M a)@) | (1625 s + 1 12) < lglas 17
q2

a,p2 -

In conclusion,

1
152 (Pl S 1 Fllpr gllaar + lgllas [1flleps »
as required to prove Theorem 1.2 for o € (0, 1].

We now prove Theorem 1.2 for o > 1. To do so, we argue by induction. Suppose that
the theorem holds for a certain o > 0: we shall show that it holds for § = o+ 1. According
to Proposition 3.2(ii)

q
1£gllsr = I fgllasr + D IXi(f)lar-
i=1
On the one hand, by the inductive hypothesis
19l S N llpr [9llaar + 1 fllapellgllan <

On the other hand, for every ¢ = 1,...,q,
1 Xi(fPllawr < (Xif) gllayr + I1f (Xig)lla -
Using the inductive hypothesis,

1f(Xigllar S HfHa,ngXz‘qu:,» + HXz'gHa,quprl < N llovpsll Xigllas + 119llg.q0 [l Fllpr
1

where — 5p2 + ﬁ an d ﬁqz + Bq One checks that i +41= % By Proposition 4.2

g3
1 flams S IFIGm N FlIpe7?

1 flls.p2ll9lgo -
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and by Theorem 1.4 there exists ¢ sufficiently large such that

1/8 _
1Xigllgs S el + A)2gllg, ~ lgllras < lgll52 gl 2,

where we applied Corollary 3.2(iii) and Proposition 4.2. It follows that

a/p /8
1F Napall Xigllaa S (1 lgpallglla)™ (llgllg.an 1 fllp) ™ S 1LF]

In conclusion,

B.p2ll9llas + 11 fllp 191|501 -

1F(Xig)llar S (1102 l9llge + 1 llp 1911501 »

as required. The term || g(X;f)|/a,» can be treated in the similar way, so that the proof of
the induction argument is complete and the theorem is proved for every a > 0. g

6. FINAL REMARKS

As we mentioned in the Introduction, we shall apply our main result Theorem 1.1 to the
problem of well-posedness and regularity for solutions of the Cauchy problem for certain
nonlinear differential equations involving the subLaplacian A on G, such as the heat and
Schrodinger equations, see [11].

We would like to point out that our results, if on one hand solve the question of when
LP NL> is an algebra on a generic Lie group, on the other hand leave open several interesting
questions.

First of all, given the (counter)example in Theorem 3.3, it is certainly worth investigating
the analogous of the results in the present paper in the case of the weighted Lebesgue and
Sobolev spaces LP (67). This kind of weights arise naturally when considering the Sobolev
embedding theorem (see [50]). Moreover, the spaces L (67) might turn out to be the correct
spaces for the well-posedness of some Cauchy problems — see [3], where Strichartz estimates
involving such weighted Lebesgue spaces are proved for the Schrédinger equation associated
with A on a class of Lie groups of exponential growth.

Finally, we mention that on a generic Lie group G, the LP-boundedness of the Riesz trans-
forms Rj, j = 1,...,q, is not known, while it is known that higher order Riesz transforms
might be unbounded (see the Introduction). These problems are connected with the study
of the analogue of Theorems 1.1 and 1.2 for the homogeneous Sobolev spaces in our setting,
which would be another interesting problem to investigate in the context of nonunimodular
Lie groups.
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