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Magnetic field effects on a nanowire with inhomogeneous Rashba spin-orbit coupling:
Spin properties at equilibrium

Fabrizio Dolcini* and Fausto Rossi
Dipartimento di Scienza Applicata e Tecnologia del Politecnico di Torino, I-10129 Torino, Italy

(Received 20 December 2017; published 31 July 2018)

By modeling a Rashba nanowire contacted to leads via an inhomogeneous spin-orbit coupling profile, we
investigate the equilibrium properties of the spin sector when a uniform magnetic field is applied along the
nanowire axis. We find that the interplay between magnetic field and Rashba coupling generates a spin current,
polarized perpendicularly to the applied field and flowing through the nanowire even at equilibrium. In the
nanowire bulk, such effect persists far beyond the regime where the nanowire mimics the helical states of a
quantum spin Hall system, while in the leads, the spin current is suppressed. Furthermore, despite the nanowire
not being proximized by superconductors, at the interfaces with the leads we predict the appearance of localized
spin torques and spin polarizations, orthogonal to the magnetic field and partially penetrating into the leads. This
feature, due to the inhomogeneity of the Rashba coupling, suggests to use caution in interpreting spin polarization
as signatures of Majorana fermions. When the magnetic field has a component also along the Rashba field, its
collinearity with the spin polarization and orthogonality to the spin current are violated in the nanowire bulk
too. We analyze these quantities in terms of the magnetic field and chemical potential for both long and short
nanowires in experimentally realistic regimes.

DOI: 10.1103/PhysRevB.98.045436

I. INTRODUCTION

Rashba nanowires, i.e., semiconductor nanowires charac-
terized by a strong Rashba spin-orbit coupling (RSOC), such
as InSb or InAs, are currently on the spotlight of a broad
and growing scientific community, as they turn out to play
a relevant role in various fields. In spintronics, for instance,
RSOC enables one to act electrically on the electron spin
degree of freedom, with the fascinating perspective to encode
and manipulate information [1]. Furthermore, it has been
realized that, for sufficiently strong RSOC, a nanowire exposed
to a magnetic field can effectively mimic the helical edge
states of a quantum spin Hall (QSH) system [2–4] and that,
when a superconducting film is further deposited on it, the
proximized nanowire can realize a topological superconductor
[5,6]. In view of all these applications, a remarkable effort has
been devoted in recent theoretical and experimental studies to
improve the tunability of the RSOC, reaching unprecedented
high values of such coupling constant [7–11]. Not only the bulk
properties of nanowires are interesting. The recent discovery
that, under suitable conditions, Majorana fermions can be
localized at the interfaces between a nanowire and a supercon-
ductor [5,6] has been confirmed in a number of experiments
[12–18] and has provided a major boost to the investigation of
Rashba nanowires.

Despite the huge interest that nanowires are receiving
nowadays, various questions still remain mostly unexplored,
so that a gap of understanding still exists in comparison to
the analogous two-dimensional (2D) systems with RSOC. In
the first instance, most theoretical works related to hybrid
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structures involving nanowires assume a uniform RSOC
throughout the system. Since the origin of RSOC is the
strong electric field caused by structural inversion asymmetry
(SIA), metallic or superconducting films deposited on top of
a nanowire locally alter the RSOC [19]. In fact, top or lateral
gates are precisely exploited to this purpose. Similarly, the
nanowire is contacted to ordinary metallic electrodes, where
RSOC typically vanishes. The effects of the inhomogeneities
of the RSOC are thus crucial and may affect the behavior of a
nanowire-based setup, possibly even in terms of its topological
properties. However, while inhomogeneous RSOC has been
discussed in 2D systems like semiconductor quantum wells
and graphene [20–24], only a few groups have addressed it in
one-dimensional (1D) systems [25–30].

Secondly, as far as equilibrium properties are concerned,
nanowires have been much less analyzed than 2D electron
gases (2DEGs) with RSOC. In 2D, for instance, RSOC can
lead to a background spin current flow even at equilibrium [31],
a surprising effect that opened up an interesting conceptual
debate about its observability, with various proposals by
several groups [32–45]. In 1D systems, however, such effect is
absent [46], and this has probably contributed to convey the im-
pression that the equilibrium properties of Rashba nanowires
are trivial. In fact, most works on nanowires have focused on
out of equilibrium properties, concerning either the charge
sector, such as the behavior of the linear conductance as a
function of the gate voltage or magnetic field [25,26,48–51], or
the spin sector, such as the spin current under time-dependent
perturbations [28,46,52,53]. Notably, in many of these works,
the presence of an external magnetic field is crucial.

This paper is devoted to show that in a nanowire+leads
setup, the interplay between a uniformly applied magnetic field
and the inhomogeneous RSOC leads to interesting effects in the
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spin sector, even at equilibrium and at low temperatures. First,
while a mere RSOC or a magnetic field, separately, cannot
cause any equilibrium spin current, the latter does arise in
the nanowire bulk when both are present and the magnetic
field is applied along the nanowire axis. Such equilibrium
spin current is polarized along the Rashba field direction,
i.e., orthogonally to the direction of the applied magnetic
field. Notably, while the spin current decays in the leads, it
persists in the bulk far beyond the regime where the nanowire
mimics the helical states of the QSH effect, and can be tuned
by the magnetic field and the chemical potential. Secondly,
at the nanowire/lead interfaces, we predict the appearance of
localized spin torque and spin polarization orthogonal to the
magnetic field, whose penetration into the leads is discussed
in various regimes of chemical potential. Notably, this effect is
qualitatively similar to the orthogonal spin polarization of the
Majorana states localized at the boundaries of a proximized
nanowire in the topological phase [54], despite that in our case
there is no superconducting coupling and the nanowire is in the
topologically trivial phase. This result, purely due to the inho-
mogeneity of the RSOC, suggests that caution should be taken
in interpreting a localized and orthogonal spin polarization as a
signature of Majorana fermions. Furthermore, our analysis also
shows that, in the inhomogeneous nanowire+leads system, the
leads effectively act as magnetic barriers, and the interface spin
torques as sources and sinks of the equilibrium spin current
carried by spin bound states in the nanowire, similarly to
the charge current carried by the Andreev bound states in a
superconductor/normal/superconductor junction. Finally, we
address the effects of a magnetic field component parallel
to the Rashba spin direction, showing that it leads to a spin
polarization not collinear with the magnetic field and to a
spin-orbit torque also in the nanowire bulk.

The paper is organized as follows. In Sec. II, we introduce
the model and the quantities we shall analyze. Then, in Sec. III,
we discuss the bulk properties of the nanowire by taking the
limit of homogeneous RSOC. Specifically, we examine in
details the origin of the emerging equilibrium spin current and
analyze its behavior as a function of the applied magnetic field
and chemical potential. In Sec. IV, we account for the presence
of the leads by an inhomogeneous profile smoothly varying at
the interfaces, and discuss the appearance of the spin torque
and the orthogonal spin polarization at the interfaces, as well
as their penetration into the leads. Section V is devoted to
analyze the effects of a magnetic field component parallel to the
Rashba field direction. Finally, in Sec. VI, after summarizing
our main results, we conclude with a discussion of some
possible experimental realizations and an outlook of future
developments of this work.

II. MODEL AND SPIN EQUATION OF MOTION

A. System Hamiltonian

We consider a nanowire deposited on a substrate and assume
that one single electronic channel is active in the nanowire. The
SIA emerging at the interface with the substrate gives rise to an
effective Rashba spin-orbit “magnetic” field hSO orthogonal to
the nanowire axis, in the substrate plane. We also consider the
presence of an actual external magnetic field, applied along an
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FIG. 1. (a) A Rashba nanowire deposited on a substrate: the
Rashba effective magnetic field hSO is directed along z, whereas
an actual magnetic field, externally applied in the substrate plane,
has components hx (along the nanowire axis) and hz (along the
Rashba effective magnetic field). (b) Top view of the Rashba nanowire
contacted to leads: the setup can be modelled by an inhomogeneous
Rashba coupling α(x ) (dashed green curve) that varies from a finite
value in the bulk of the nanowire to zero in the leads, over a smoothing
length λ. Due to the inhomogeneous Rashba coupling, the leads act as
magnetic barriers: spin flip processes caused by the spin torque at the
interfaces (red areas), form spin bound states carrying a spin current
in the nanowire.

arbitrary direction in the substrate plane. For definiteness, we
shall denote the longitudinal direction of the nanowire by x,
the direction perpendicular to the substrate plane and pointing
downwards by y, while the direction of the Rashba field by z

[see Fig. 1(a)].
Denoting by �̂(x) = (ψ↑(x) , ψ↓(x))T the electron spinor

field, where ↑,↓ correspond to spin projections along positive
and negative Rashba field direction z, respectively, the Hamil-
tonian for a Rashba nanowire reads

Ĥ =
∫

�̂†(x) H (x) �̂(x) dx, (1)

where

H (x) = p2
x

2m∗ σ0 − {α(x), px}
2h̄

σz − h · σ , (2)

px = −ih̄∂x is the momentum operator, σ0 the 2 × 2 identity
matrix, and σ = (σx, σy, σz) are the Pauli matrices. Fur-
thermore, α(x) denotes the RSOC profile, in general inho-
mogeneous along the nanowire, so that the anticommutator
with px is necessary in Eq. (2). Finally, h = gμBB/2 is the
Zeeman energy vector induced by the external magnetic field
B = (Bx, 0, Bz), with μB denoting the Bohr magneton and
g the Landé factor. It is useful to decompose the Zeeman
energy vector as h = hx ix + hziz, where hx and hz denote the
components parallel and perpendicular to the nanowire axis x,
i.e., perpendicular and parallel to the Rashba spin-orbit field
direction z, respectively [see Fig. 1(a)].

Before focusing on the behavior of quantities in the spin
sector, it is worth recalling an aspect related to the charge sector
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in systems with RSOC: while the charge density has the usual
expression

n̂ = e �̂†(x) �̂ (x), (3)

where e denotes the electron charge, the charge current density

Ĵ c = − ieh̄

2m∗ (�̂†(x) ∂x�̂ (x) − ∂x�̂
†(x) �̂ (x))

− e
α(x)

h̄
σz�̂

†(x) �̂ (x) (4)

includes a term [second line of Eq. (4)] associated to the Rashba
coupling α in the Hamiltonian (2). Such term originates from
the fact that, in the presence of RSOC, the (charge) velocity
operator becomes spin-dependent,

v
.= [x,H (x)]

ih̄
= px

m∗ − α

h̄
σz, (5)

and is essential to ensure the fulfillment of the charge continuity
equation,

∂t n̂ + ∂xĴ
c = 0. (6)

In the following, we shall show that an analogous term plays
a crucial role in the spin sector.

B. Spin density, spin current, torques, and spin
equation of motion

Let us now focus on the spin sector. We define the spin
density and spin current density operators in the standard way
as [31,42]

Ŝ = h̄

2
�̂†(x) σ �̂ (x), (7)

Ĵs = 1

2

(
�̂†(x) Ŝ v�̂ (x) + H.c.

)
= h̄

2

(
− ih̄

2m∗ (�̂†(x) σ ∂x�̂ (x) − ∂x�̂
†(x) σ �̂ (x))

− α(x)

h̄
�̂†(x)

{σ , σz}
2

�̂ (x)

)
, (8)

respectively. Formally, Eqs. (7) and (8) can be obtained from
the related charge operators (3) and (4) by replacing e → h̄/2
and by inserting the set σ of Pauli matrices between �̂† and
�̂, implying that electrons with opposite spins contribute with
opposite sign to spin density and current, as compared to the
related charge quantities. Note that, similarly to the second line
of Eq. (4), the last term of Eq. (8) stems from Rashba coupling,
which modifies the spin velocity by an extra term along the z

direction of the Rashba field hSO,

vs .= {σ , v}
2

=
( px

m∗ σx ,
px

m∗ σy,
px

m∗ σz − α

h̄

)
. (9)

Differently from charge, however, spin does not obey in
general a continuity equation. For the Rashba nanowire, one
can prove that

∂t Ŝ + ∂x Ĵs = T̂h + T̂SO, (10)

where torque operators appear on the right-hand side [see
Eq. (6) for comparison]. In particular, T̂h denotes the custom-

ary spin torque due to the magnetic field h,

T̂h .= �̂†(σ × h)�̂, (11)

while T̂SO is an additional spin-orbit torque appearing in
systems with RSOC, which can be given two equivalent
expressions:

T̂SO .= α(x)

4
(�̂†[σ , σz]∂x�̂ − ∂x�̂

†[σ , σz]�̂ ) (12)

= 1

2
(�̂†(σ × hSO)�̂ + H.c.) , (13)

with

hSO(x, t ) = {α(x), px}
2h̄

(0, 0, 1) (14)

denoting the spin-orbit field operator (it actually has the
dimension of an energy density). Note that, by definition, the
spin-orbit torque T̂SO has components only in the plane (x, y)
orthogonal to the Rashba direction z. The proof of the equation
of motion (10) is provided in Appendix.

C. Equilibrium expectation values

The equilibrium properties of the system are obtained as

n(x) = 〈n̂〉◦,
J c(x) = 〈Ĵ c〉◦,
S(x) = 〈Ŝ〉◦, (15)

Js (x) = 〈Ĵs〉◦,
Th/SO(x) = 〈T̂h/SO〉◦,

where 〈. . .〉◦ denotes the quantum and statistical expectation
value over the equilibrium state. Note that, at equilibrium, these
expectation values are time-independent. However, they can be
space-dependent in the case of inhomogeneous RSOC, as we
shall see below.

Besides the above quantities, it is also useful to introduce
the particle density

ρ(x)
.= n(x)

e
(16)

and the spin polarization,

P(x)
.= 〈�†σ� 〉◦

〈�†� 〉◦ = 2

h̄

S(x)

ρ(x)
|P| � 1. (17)

The dimensionless quantity P identifies, up to a universal
constant, the spin density S per electron, and is more straight-
forwardly interpreted and customarily probed in experiments.

III. THE LIMIT OF HOMOGENEOUS RASHBA
COUPLING: NANOWIRE BULK

We start by analyzing the bulk properties of the nanowire
[55], which can be addressed in the limit of very long nanowire
length Lw → ∞ [see Fig. 1(b)], i.e., assuming a homoge-
neous Rashba coupling α(x) ≡ α. The Hamiltonian (2) of the
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nanowire then commutes with px . By expressing the electron
spinor field in terms of its Fourier components

�̂(x) = 1√
Lw

∑
k

eikx Ĉk, (18)

with Ĉk = (ĉk↑ , ĉk↓)T denoting the Fourier mode opera-
tors, the Hamiltonian is block-diagonal in k-space, Ĥ =∑

k Ĉ
†
k Hk Ĉk , where Hk can be compactly written as

Hk = ε0
kσ0 − (αk + hz)σz − hxσx

= ε0
kσ0 −

√
(αk + hz)2 + h2

x n · σ . (19)

Here, ε0
k = h̄2k2/2m∗, while the unit vector

n(k)
.= (sin θk , 0 , cos θk ) (20)

identifies the k-state spin-orientation in the x-z plane. Here the
angle θk ∈ [−π ; π ] is defined through⎧⎪⎪⎨

⎪⎪⎩
cos θk = αk + hz√

(αk + hz)2 + h2
x

sin θk = hx√
(αk + hz)2 + h2

x

(21)

and depends on both the magnetic field and k, due to the RSOC
α. From the expression (19), one straightforwardly obtains the
two spectrum bands

E±(k) = ε0
k ±

√
h2

x + (αk + hz)2 (22)

as well as the related eigenvectors

wk− =
(

cos θk

2

sin θk

2

)
wk+ =

(
− sin θk

2

cos θk

2

)
. (23)

Thus, by performing a rotation Uk = exp[−iθkσ2/2] by the
angle θk , the Fourier mode operators Ĉk can be re-expressed in
terms of new fermionic operators �̂k = (γ̂k−, γ̂k+)T related to
the eigenvectors (23),

Ĉk = Uk �̂k = wk−γ̂k− + wk+γ̂k+, (24)

and the Hamiltonian straightforwardly acquires a diagonal
form

Ĥ =
∑

k

(E−(k)γ̂ †
k−γ̂k− + E+(k)γ̂ †

k+γ̂k+). (25)

Notably, in the presence of a perpendicular component hx 
= 0
of the Zeeman field (i.e., θk 
= 0, π ), the eigenstates �k±(x) =
wk±eikx diagonalizing the Hamiltonian are not eigenstates of
the (charge) velocity operator v, due to the Rashba spin-orbit
term appearing in Eq. (5). This aspect will be important in
interpreting the spin current, as we shall discuss below. Yet, the
quantum expectation value of v on each eigenstate corresponds
of course to the group velocity associated to the slope of the
spectrum,

v±(k)
.= 〈�k±|v|�k±〉 = h̄k

m∗ ± α

h̄
cos θk = 1

h̄

∂E±
∂k

,

(26)

where E± is given in Eq. (22).

Using Eqs. (18) and (24) to re-express the operators Eqs. (3),
(4), (7), (8), (11), and (12) in terms of the diagonalizing
operators γ̂k±’s, and exploiting the fact that, at equilibrium

〈γ̂ †
k bγ̂k′ b′ 〉◦ = δk,k′δb,b′f ◦(Eb(k)) b, b′ = ±, (27)

where f ◦(E) = {1 + exp[(E − μ)/kBT ]}−1 is the Fermi dis-
tribution at temperature T and chemical potential μ, the equi-
librium expectation values (15) are straightforwardly obtained.
In particular, in the bulk limit, Lw → ∞, one can pass to the
continuum. For the charge sector, one obtains

n = e
∫

dk

2π
[f ◦(E−(k)) + f ◦(E+(k))], (28)

J c = e
∑
b=±

∫
dk

2π

(
h̄k

m∗ + b
α

h̄
cos θk

)
f ◦(Eb(k)), (29)

and by combining Eqs. (22) and (29) one straightforwardly
sees that J c = e(2πh̄)−1 ∑

b

∫
dk ∂kEb f ◦(Eb(k)) = 0, i.e.,

the charge current vanishes, as expected at equilibrium. In
contrast, for the spin sector one finds

Sx = h̄

2

∫
dk

2π
sin θk[f ◦(E−(k)) − f ◦(E+(k))], (30)

Sy = 0, (31)

Sz = h̄

2

∫
dk

2π
cos θk[f ◦(E−(k)) − f ◦(E+(k))], (32)

J s
x = h̄

2

∫
dk

2π

h̄k

m∗ sin θk [f ◦(E−(k)) − f ◦(E+(k))], (33)

J s
y = 0, (34)

J s
z = − h̄

2

∑
b=±

b

∫
dk

2π

(
h̄k

m∗ cos θk + b
α

h̄

)
f ◦(Eb(k)), (35)

Th
x = 0, (36)

Th
y =

∑
b=±

b

∫
dk

2π
(hz sin θk − hx cos θk )f ◦(Eb(k)), (37)

Th
z = 0, (38)

TSO
x = 0, (39)

TSO
y = −

∫
dk

2π
αk sin θk [f ◦(E−(k)) − f ◦(E+(k))], (40)

TSO
z = 0. (41)

Note that, since we are considering at the moment the
homogeneous bulk of the nanowire, all above equilibrium
quantities are independent of the space coordinate x, besides
being independent of time. Then, the expectation values of the
torque operators appearing on the left-hand side of Eq. (10)
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vanish,

Th + TSO = 0, (42)

and the spin continuity equation is fulfilled. This can also
be directly deduced by summing up Eqs. (37) and (40) and
by using Eq. (21). Here below we shall analyze the above
quantities as a function of the magnetic field and chemical
potential, focusing on the spin sector.

A. Vanishing magnetic field

Let us first briefly recall the effects of a purely Rashba
coupling α on the spin sector. For vanishing magnetic field,
hx = hz = 0, the Hamiltonian (19) commutes with σz, so that
the spin quantization axis is z for all electronic states of the
nanowire, i.e., θk = 0 or π in Eq. (21). The Rashba coupling
thus leads to the well known spectrum displayed by the solid
curves of Fig. 2(a): the spin-↑ and spin-↓ states are horizontally
displaced in opposite directions by the Rashba wave vector

kSO = m∗|α|
h̄2 , (43)

and the minima of the parabolic spectrum are lowered to
Emin = −ESO, where

ESO = m∗α2

2h̄2 = h̄2k2
SO

2m∗ (44)

is the Rashba spin-orbit energy. Inserting sin θk = 0 and
cos θk = sgn(αk) in the general expressions (30)–(38) one can
show that

P = Js = Th = TSO = 0. (45)

The absence of a net spin polarization is due to the fact
that the spin-↑ and ↓ bands, despite being displaced, lead
to perfectly opposite contributions at each energy E. The
absence of spin current can be understood from Fig. 2(a) as
follows: at any energy E, each pair of time-reversed states
(k ↑,−k ↓) is characterized by opposite group velocities and
opposite spin orientations (filled circles), thereby carrying
a spin current. However, at the same energy E, another
time-reversed pair (k′ ↓,−k′ ↑) exists, with the same group
velocities but reversed spin orientations (empty circles), whose
spin current cancels the one of the former pair. Finally, since
the spin torque Th is trivially absent for vanishing magnetic
field, Eq. (42) implies that the spin-orbit torque TSO vanishes
too. As summarized in Eq. (45), the mere presence of a RSOC
has no effect on the nanowire spin sector at equilibrium.

B. Effects of a perpendicular magnetic field: appearance of an
equilibrium spin current

When a magnetic field hx is applied along the nanowire
axis x, i.e., perpendicularly to the spin-orbit direction z, the
scenario changes significantly. The spin orientation, Eq. (20),
of each electron state becomes k-dependent [see Eq. (21)].
Furthermore, the two bands do not intersect anymore, and at
k = 0 they are separated by a gap 2�Z in the spectrum (22),
with

�Z = |hx | =
∣∣∣g μB

2
Bx

∣∣∣. (46)

(a)

(b)

k

E−
E+

μ
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gy

spectral spin current

Js
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Js
z,− g−
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Emin

+ΔZ

−ΔZ

Rashba-dominated 0 < ΔZ < 2ESO

+kSO−kSO

E+

E−
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k

μ

spectral spin current
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z,− g−
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z,+ g+

−E∗

−ΔZ

+ΔZ
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k
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+kSO−kSO

Emin

E↑E↓

FIG. 2. The bulk spectrum of the Rashba nanowire (homogeneous
RSOC). (a) In the absence of magnetic field, spin is a good quantum
number and the spectrum consists of two bands E↑ and E↓. Vertical
arrows describe the spin orientation for the case α > 0. (b) Effects of
a weak magnetic field hx : the Rashba-dominated regime. Thick solid
curves denote the electronic spectrum (left axis) in the presence of
a magnetic field hx applied along the nanowire axis, i.e., perpendic-
ularly to the Rashba spin-orbit direction z. Arrows denote the spin
orientation when α > 0. Thick dashed curves denote the spectrum
for hx = 0 and are a guide to the eye. Thin solid curves describe the
spectral weight J s

z,±(E) g±(E) of the two bands [the reader should
refer to the left vertical axis (energy) and to the upper horizontal axis
(spectral spin current)]. (c) Effects of a strong magnetic field: in the
Zeeman-dominated regime, the minimum of the bands is at k = 0.
The meaning of the curves is the same as in (b).

Two regimes can be identified, as illustrated in Fig. 2. For a
weak applied field, namely in the Rashba-dominated regime
�Z < 2ESO [see Fig. 2(b)], the effect of the magnetic field is
(i) to decrease to the value

k′
SO

.= kSO

√
1 − �2

Z

4E2
SO

, (47)

the magnitude of the wave vectors k = ±k′
SO corresponding to

the minima of the lower band E−, and (ii) to correspondingly
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lower the value of such minima,

E′
min = −ESO

(
1 + �2

Z

4E2
SO

)
. (48)

In contrast, for stronger fields, i.e., in the Zeeman-dominated
regime �Z > 2ESO [see Fig. 2(c)], the lower band has only
one minimum at k = 0, with energy

E′
min = −�Z. (49)

These essentially different features with respect to the case
of vanishing magnetic field entail deviations from the trivial
situation of the spin sector Eq. (45), and give rise to two effects.
The first one is the expected emergence of a spin polarization
along the direction of the applied magnetic field hx ,

P = (Px, 0, 0) (50)

with

Px = 1

ρ

∫
dk

2π

hx [f ◦(E−(k)) − f ◦(E+(k))]√
(αk)2 + h2

x

, (51)

as can be deduced from Eqs. (30), (32), and (17). An inspection
of Eq. (51) shows that this effect is essentially due to the
magnetic field, since it exists also without RSOC, i.e., for
α = 0. However, the RSOC α 
= 0 does affect the dependence
of Px on hx . Indeed, for each k state, the spin lies in the x-z
plane and forms an angle θk with the z axis [see Eq. (20)].
Thus, although the spin z component of states with opposite k’s
mutually cancel out and leave a net spin polarization directed
along x, the latter is only a fraction sin θk of the available
polarization [see Eq. (21)].

The second effect is not trivial, and is one of our main
results. It consists in the appearance of an equilibrium spin
current flowing through the nanowire and polarized along the
Rashba direction z, i.e., perpendicularly to direction x of the
applied magnetic field hx . Explicitly, from Eqs. (33)–(35), one
finds

Js = (
0, 0, J s

z

)
(52)

with

J s
z = −

∑
b=±

∫
dk

2π

(
α

2
+ b

h̄2k

2m∗
αk√

(αk)2 + h2
x

)
f ◦(Eb(k)),

(53)

where E±(k) is given in Eq. (22). The behavior of J s
z is

illustrated in Fig. 3 as a function of the ratio �Z/ESO of
the Zeeman gap energy to the Rashba spin-orbit energy, for
various values of the chemical potential μ, in the case α > 0.
As one can see, while for μ � 0, its magnitude monotonously
increases with the magnetic field, for μ > 0, the behavior is
nonmonotonous. Furthermore, cusps arise for any μ 
= 0. The
physical origin of the spin current and its behavior deserve
a detailed analysis, which will be carried out in the next
subsection. Here we just mention that, although for simplicity
of presentation we have assumed here a magnetic field applied
along the nanowire axis x, the result (53) for the equilibrium
spin current holds for any magnetic field h⊥ = (hx, hy, 0)
lying in the (x, y) plane orthogonal to the Rashba direction
z, upon the replacement |hx | → |h⊥|. Instead, the case of a

0 1 2 3 4 5
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0.0

0.1 /E
SO
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= -0.5
= 0.3
= 1

J
s z
/
E

S
O
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FIG. 3. The zero-temperature behavior of the equilibrium spin
current J s

z , induced by the interplay between the applied magnetic
field and the RSOC, is shown as a function of the ratio �Z/ESO of
the Zeeman gap energy (46) to the Rashba spin-orbit energy Eq. (44),
for various values of the chemical potential μ.

magnetic field with a component along the Rashba direction z

will be analyzed in Sec. V.
We conclude this subsection by a comment related to the

torques. In the present case, where the magnetic field h =
(hx, 0, 0) is applied along the nanowire axis x, the equilibrium
spin density vector S and the polarization P are both collinear
with h [see Eq. (50)]. One can thus deduce from Eqs. (7) and
(11) that the spin torque Th vanishes. Then, the spin-orbit
torque TSO must vanish as well, because of Eq. (42). In
conclusion, for a magnetic field applied along the nanowire
axis, both torques separately vanish:

Th = TSO = 0. (54)

This can also be deduced from Eqs. (40) and (37) by noticing
that, for hz = 0, sin θk and cos θk are even and odd in k,
respectively [see Eqs. (21)], and all integrals therein vanish
by antisymmetry.

C. Origin and meaning of the bulk equilibrium spin current

Let us now discuss the physical origin and the behavior of
the equilibrium spin current found in Eq. (53) and shown in
Fig. 3. We start by specifying the conditions for its appearance,
which can be done analyzing some special limits of Eq. (53).
On the one hand, when α = 0 the spin current vanishes. On
the other hand, when hx = 0 the band spectrum reduces to the
case of the purely Rashba coupling [see Fig. 2(a)] where the
net spin current also vanishes, as observed in Sec. III A. Thus,
differently from the spin polarization (51), the equilibrium
spin current needs the presence of both the Rashba coupling
α 
= 0 and the perpendicular magnetic field hx 
= 0. We thus
emphasize the difference with respect to the case of 2D systems
with RSOC, where an equilibrium spin current has been
predicted to arise already without magnetic field, i.e., when
time-reversal symmetry is preserved [31]. For nanowires the
presence of the magnetic field is crucial.

Secondly, we observe that the direction of flow of the spin
current is determined by the sign of the RSOC α, and not
by the direction of the magnetic field along the nanowire
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axis. Indeed from Eqs. (22) and (53), one can rewrite J s
z =

(2π )−1
∫

dk
∑

b=± J s
z,b(k)f ◦(Eb(k)), where each spin current

contribution

J s
z,b(k) = − h̄2

2m∗
∂Eb(k)

∂α
, (55)

can be regarded to as the response to the RSOC α of the energy
Eb(k) = Eb(k) + ESO measured from the band bottom −ESO.
In particular, J s

z is an odd function of the Rashba coupling α

and an even function of the magnetic field hx , i.e., it depends
only on the gap energy �Z [see Eq. (46)]. Notice the striking
contrast with the spin polarization in Eq. (50): P is pointing
along x, i.e., orthogonally to the equilibrium spin current
polarization Eq. (52), it exists also for vanishing RSOC, is an
odd function of the magnetic field hx and an even function of α

[see Eq. (51)]. Indeed each contribution to the spin polarization
P can be expressed as the response of the energy Eb(k) to the
applied magnetic field h,

Pb(k) = −ρ−1∇hEb(k), (56)

as straightforwardly obtained from Eqs. (22) and (30)–(32).
The quantities J s

z and P are thus related only indirectly. In
particular, the spin polarization component Pz parallel to the
spin current polarization vanishes [compare Eqs. (50) and
(52)], implying that J s

z is not due to an unbalance of the number
of spin-↑ carriers with respect to spin-↓ carriers.

In order to understand the origin of the spin current induced
by the magnetic field at equilibrium, we recall its physical
meaning, which can be straightforwardly read off from its
definition [see first line of Eq. (8)]: the spin current consists, up
to the symmetrization of the noncommuting operators Ŝ and
v, in a nonvanishing expectation value 〈Ŝv〉. Such expectation
value can always be rewritten as the sum of two terms [42].
The first one is related to the product 〈Ŝ〉〈v〉, and describes the
fact that a charge current transfers spin, when a spin unbalance
occurs along some orientation. The second one encodes the
correlation between between velocity v and spin Ŝ. When
the average velocity 〈v〉 vanishes, the latter term is the only
surviving contribution, and is also referred to as the pure spin
current [42]. This is precisely what we find in the Rashba
nanowire at equilibrium when the magnetic field is applied. As
the effect survives down to zero temperature, the spin current
(53) describes the nontrivial quantum correlation between the
propagation direction v and the spin orientation Ŝ. The ground
state is thus characterized by electrons with opposite spins
propagating in opposite directions, corresponding to a pure
transport of spin, without net charge current.

As far as 1D systems are concerned, this phenomenon
is known to occur in Rashba nanorings [32,36,41], where
the circular geometry induces a spin texture of the RSOC,
leading to a spin Berry phase [56–58]: electrons with opposite
spin polarizations circulate clockwise and counter-clockwise
along the ring, carrying a persistent spin current without an
accompanying charge current. An equilibrium spin current
also arises in the 1D helical edge states of a QSH system,
where right-moving electrons are characterized by (say) spin-↑
and left-moving electrons by spin-↓. At equilibrium, there
is an equal number of right- and left-movers, so that there
is no net velocity in the system (→ 〈v〉 = 0), no net spin
polarization (→ 〈Ŝz〉 = 0), but a spin current (→ 〈Ŝz v〉 
=

0), corresponding to a spin flow from left to right without
charge flow. This effect is a straightforward consequence of
the velocity-spin locking characterizing the helical QSH edge
states [59].

In single-channel Rashba nanowires, where the RSOC has
no spin texture, there is no bulk equilibrium spin current
without magnetic field [46,47]. However, as shown above,
it does appear when a uniform magnetic field hx is added.
Notably, for weak magnetic fields (Rashba-dominated regime)
the states inside the magnetic gap of the nanowire are known to
effectively behave like QSH edge states [5,6,12–18,60], where
the equilibrium spin current is known to flow [59]. One is thus
tempted to argue that this analogy with QSH edge states also
explains why the equilibrium spin current arises. We anticipate
that this argument is not sufficient to account for the features of
the equilibrium spin current shown in Fig. 3, which can only be
explained when the contribution of states outside the magnetic
gap is also considered. Nevertheless, such analogy does give an
intuitive argument to qualitatively justify the origin of the equi-
librium spin current. We shall thus briefly recall it here below.

1. The analogy with QSH edge states and the role of the states
inside the gap

To illustrate the analogy with the QSH helical states, let
us consider a weak applied magnetic field, �Z � 2ESO, and
compare Fig. 2(b) with the spectrum in the absence of magnetic
field depicted in Fig. 2(a). One observes that, while any energy
|E| � �Z outside the magnetic gap always identifies two pairs
of states like in Fig. 2(a), for energies |E| < �Z inside the gap
only one pair of “time-reversed states” is left [filled circles
of Figs. 2(a) and 2(b)]. It thus seems at first plausible that
the spin current is mainly due to the only pair remaining
inside the gap, whose contribution at any energy |E| < �Z

is left unbalanced. Notably, such pair surviving inside the gap
consists of counterpropagating states with equal and opposite
velocities, so that it carries no net current. Furthermore, as the
magnetic field is weak, their spin directions of are essentially
determined by the Rashba coupling, and are (almost) opposite
to each other, similarly to the helical states of a quantum spin
Hall (QSH) system. Explicitly, for α > 0, right-moving states
have (almost) spin-↑, while left-moving states have (almost)
spin-↓, whereas the opposite occurs for α < 0. This analogy
explains why the states inside the gap carry an equilibrium spin
current, and why its flow is determined by the sign of α, and
not by the sign of hx .

Although intuitive and appealing, the above analogy with
the QSH edge states is not sufficient to account for the behavior
of the nanowire equilibrium spin current shown in Fig. 3. This
is straightforwardly seen by focusing on the case of chemical
potential lying in the middle of the magnetic gap (μ = 0),
described by thick solid black curve of Fig. 3. It reveals two
key features. The first one is the sign of the spin current: the
analogy with QSH would predict that at weak fields the spin
current has the same sign sgn(α) as the RSOC, whereas the
actual sign is quite the opposite, as described by the following
asymptotic expression at weak fields,

J s
z

∣∣
μ=0 � − sgn(α)

8π

�2
Z

ESO

[
ln

(
8ESO

�Z

)
− 1

]
�Z � ESO ,

(57)
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and illustrated in the case α > 0 by the negative thick solid
black curve. The second feature is the behavior at strong
magnetic field: When the Zeeman-dominated regime �Z >

2ESO is entered [see Fig. 2(c)], the magnetic field tends to align
parallely along x the spins of the two states at the Fermi level,
and the analogy with the QSH helical pair is lost. One would
thus expect the spin current to decrease with �Z , whereas
the solid black curve of Fig. 3 shows that the magnitude of
J s

z is increasing, as confirmed by the strong field asymptotic
behavior

J s
z

∣∣
μ=0 � − sgn(α)

π

(√
�ZESO

3
− E

3/2
SO

5
√

�Z

)
�Z � ESO.

(58)

This proves that the equilibrium spin current arising in the
nanowire persists far beyond the Rashba-dominated regime,
and that the analogy with QSH edge states is not sufficient
to account for the behavior displayed in Fig. 3, not even
qualitatively.

2. The role of the states outside the gap

In order to go beyond the argument of the analogy with
the QSH edge states and explain the behavior of the equilib-
rium spin current in Fig. 3, two aspects must be taken into
account. First, while the charge current is essentially due to
the states near the Fermi level, the equilibrium spin current
takes contribution from all states up to the Fermi level μ.
Second, the states with energy |E| � �Z outside the gap turn
out to provide a significant contribution to the spin current.
This seems counter-intuitive at first, since a comparison of the
electron spectra without magnetic field [Fig. 2(a)] and with
magnetic field [Fig. 2(b)] would suggest that the difference
causing the spin current stems from the states inside the
gap only. However, when both RSOC and magnetic field are
present in the nanowire, spin and velocity are not factorizable,
〈Ŝzv〉 
= 〈Ŝz〉〈v〉, implying that the spin current contribution
of a state cannot be simply deduced by separately inspecting
its spin direction (spin arrows in the spectrum) and its group
velocity (slope of the spectrum). This is why, even in the
Rashba-dominated regime, the scenario for the nanowire is
more complicated and richer than in QSH edge state case. More
specifically, for each eigenstate �k±(x) = wk±eikx with wave
vector k in the band b = ±, the following inequality holds:

〈Ŝzv 〉k± − 〈Ŝz〉k± 〈v〉k± = −α

2

h2
x

(αk)2 + h2
x


= 0, (59)

where 〈. . .〉k± = 〈�k±| . . . |�k±〉. In particular, for states with
a large wave vector |k| ∼ kSO, the right-hand side of Eq. (59)
is small in the limit hx � ESO, so that spin and velocity
effectively factorize, similarly to the QSH edge states. In
contrast, for states with small wave vector |k| � kSO, the lack
of factorization becomes important, and spin current gets a
nontrivial contribution. This is particularly striking for the two
states at k = 0: While their group velocity vanishes for any
arbitrarily small magnetic field as they become the extremal
points of the two bands at the gap edges [〈v〉0,± = 0 ∀hx 
= 0,
see Fig. 2(b)], their spin current contribution is insensitive to
hx and remains equal to −α/4π , i.e., the value in the absence

of magnetic field [see Eq. (53)]. At the same time, because the
density of states (DOS) g±(E) of the 1D nanowire diverges at
the gap edgesE = ±�Z where the group velocity vanishes, the
contribution of the k = 0 states to the total spin current turns out
to be dramatically enhanced by the presence of the magnetic
field. Note that this is quite different from the behavior of the
charge current, where the DOS divergence is compensated by
the vanishing of the velocity v.

This consequence of the inequality (59)—a spin current car-
ried by states with vanishing velocity—deserves a comment. It
is worth noting that Eq. (59) originates from the fact that, when
both RSOC and magnetic field are present, the nanowire eigen-
states are not eigenstates of the velocity operator (5). Rather,
they are linear combinations |k±〉 = wk±,↑|k↑〉 + wk±,↓|k↓〉
of states with opposite spins and propagating in opposite
directions [see dashed curves of Fig. 2(b)]. In particular, at
k = 0+ and k = 0−, the linear combinations involve states with
exactly opposite velocities, opposite spins, and the same spin
current. This is why the k = 0 states carry a finite spin current
despite a vanishing net velocity. For this reason, already at the
band edges E = ±�Z the dominating contribution to the spin
current counterintuitively arises from the states at k = 0, and
not from the other pair of states at the same energy and with
finite wave vector. More in general, each energy |E| � �Z

outside the gap identifies two pairs of counterpropagating
states, one characterized by a large and one by a small wave
vector, carrying spin currents of opposite signs. While for
vanishing magnetic field a perfect cancellation occurs, in the
presence of the magnetic field the spin current contribution of
the pair with small wave vector prevails.

3. Spectral decomposition of the equilibrium spin current

It is useful to introduce its spectral decomposition of the
equilibrium spin current Eq. (53) through

J s
z =

∫
dE

(∑
b=±

J s
z,b(E) gb(E)

)
f ◦(E), (60)

where g±(E) = (2π )−1
∫

dk δ(E − E±(k)) denotes the DOS,
and

J s
z,±(E) g±(E) =

∫
dk

2π
δ(E − E±(k)) J s

z,±(k) , (61)

are the spectral weights related to the two bands b = ±,
illustrated by the two thin solid curves in Figs. 2(b) and
2(c), in the case α > 0 [the reader should refer to the left
vertical axis (energy) and to the upper horizontal axis (spectral
weight of spin current)]. Let us focus in particular on the
sign of the spectral weights of the two bands. As one can
see, independently of whether the nanowire is in the Rashba-
dominated or in the Zeeman-dominated regime [see Figs. 2(b)
and 2(c)], all states of the upper band E+ carry a spectral
weight J s

z,+(E) g+(E) with a sign −sgn(α) (i.e., negative in
the case α > 0 shown in Fig. 2), with a van Hove divergence
appearing in correspondence of the upper band edge E = �Z .
In contrast, the lower band E− exhibits states both with positive
and negative spectral weight, whose energy behavior depends
on the specific regime. In the Rashba-dominated regime, the
spectral weight J s

z,−(E) g−(E) consists of two branches; the
states with energy E > −�Z [including the “helical states” at
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E = 0] carry a spectral weight that has a sign +sgn(α) and
is weakly dependent on energy, whereas the states below the
band edge −E′

min � E � −�Z carry a spectral weight that has
a sign −sgn(α) and is strongly energy dependent. In particular,
a van Hove singularity arises as E → −�Z , due to the states
with small wave vector |k| � k′

SO. Notice that a third van Hove
singularity is present at the local minima (48) in Fig. 2(b).
This unbalance in the sign of the spectral weight shows that
low-energy states play a major role in determining the sign
and magnitude of the equilibrium spin current, which cannot
be deduced just from the states near E � 0.

D. Dependence of the equilibrium spin current on the magnetic
field and chemical potential

With the help of the spectral decomposition introduced
above, we can now understand the behavior of the spin current
shown in Fig. 3. Indeed, as can be seen from Eq. (60), the
zero-temperature spin current is obtained by integrating the
spectral weight up to the chemical potential μ, which thus
determines which branches–and therefore which sign–of the
spectral weight are active.

In particular, at μ = 0 only the lower band E− is involved
(see Fig. 2). The branch of the spectral weight J s

z,−(E)g−(E)
that has sign −sgn(α) (i.e., negative in Fig. 2) and contains
the van Hove singularities dominates over the branch with
sign +sgn(α). This explains why the spin current at μ = 0,
described in the case α > 0 by the solid black curve of Fig. 3,
is negative, oppositely to what one would naively conclude
from the analogy with QSH edge states. The inequality (59)
also justifies why the spin current increases in magnitude with
the magnetic field. Indeed, despite a strong field hx > 2ESO

[see Fig. 2(c)] tends to align spins along the direction x, so
that 〈Ŝz〉k± → 0, the first term on the left-hand side (l.h.s.)
of (59) remains finite. In fact, the range of states �k− of the
lower band contributing to the spin current 〈Ŝz v〉k± with a sign
−sgn(α) increases with hx . Explicitly, such range is identified
by |k| < k∗, where

k∗ = kSO

√√√√1 +
√

1 + h2
x/E

2
SO

2
, (62)

or equivalently by the energy window E′
min < E < −E∗, with

E∗=̇ − E−(k∗) ≡ h̄2k∗2/2m∗. In particular, in the Zeeman-
dominated regime [see Fig. 2(c)], where E′

min is given by
Eq. (49), such range increases with hx , and so does the
magnitude of the spin current.

In the caseμ < 0, the spin current is described by dashed red
curve of Fig. 3. Although only the lower band E− contributes
to J s

z at zero temperature, two situations can be identified in
this case. For weak fields �Z < |μ|, only the branch with sign
−sgn(α) of the spectral weight J s

z,−(E)g−(E) is filled [see
thin solid curves of Fig. 2(b)]. At �Z = |μ|, the van Hove
singularity of the spectral weight at E = −�Z is encountered,
whereas for higher field values the branch J s

z,−(E)g−(E) with
sign +sgn(α) starts to contribute. This explains why the dashed
red curve of Fig. 3 displays a cusp at �Z = |μ| and increases
in magnitude with a lower rate for �Z > |μ|. At high fields,
the behavior is qualitatively similar to the case of μ = 0.
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FIG. 4. The zero-temperature behavior of the equilibrium spin
current J s

z as a function of the chemical potential μ of the nanowire,
for two values of the Zeeman gap energy �Z related to the magnetic
field applied along the nanowire axis. The solid black curve refers to
the Rashba-dominated regime �Z/ESO = 1 [see Fig. 2(b)], while the
dashed red curve to the Zeeman-dominated regime �Z/ESO = 3 [see
Fig. 2(c)]. Singularities correspond to the gap edges μ = ±�Z .

For μ > 0, the spin current is given by the thin blue solid and
green dash-dotted curves in Fig. 3. For weak fields �Z < μ,
both bands E− and E+ contribute to J s

z . However, as hx is
ramped up, part of the spectral weight J s

z,+(E)g+(E), which
carries a sign −sgn(α), is cut off. The spin current for μ > 0
at low fields thus increases with �Z . However, when �Z = μ,
the van Hove singularity of the upper band edge is encountered,
the upper band is pushed above the Fermi level and does not
contribute anymore. This is why a cusp occurs at �Z = μ

in Fig. 3. For higher fields, the states of the spectral weight
J s

z,−(E)g−(E) carrying a sign −sgn(α) dominate and the spin
current becomes negative.

Importantly, these results also show that the equilibrium
spin current can be tuned by the chemical potential μ of the
nanowire, which can be varied, e.g., with an applied gate.
This is shown in Fig. 4, which displays J s

z as a function
of μ, for two different values of magnetic field. The solid
curve refers to the Rashba-dominated regime �Z < 2ESO [see
Fig. 2(b)], and the spin current increases (in magnitude) as μ

varies from the minimal energy of the band E′
min [see Eq. (48)]

to the value μ = −�Z corresponding to the first gap edge,
where J s

z exhibits a cusps and starts to decrease in magnitude.
Then, inside the magnetic gap, |μ| < �Z, J s

z grows essentially
linearly with μ. Interestingly, the change of sign occurring with
varying μ shows that the polarization of the spin current can
be controlled through the chemical potential. A second cusp
then arises at the other gap edge μ = +�Z where the states of
the upper band E+ start to provide an opposite contribution to
the spin current. Eventually, for μ � �Z, J s

z decreases since
at such high energies the effect of the magnetic field becomes
negligible. In contrast, in the case of the Zeeman-dominated
regime �Z > 2ESO, illustrated by the dashed curve of Fig. 4,
the first cusp reverses its curvature and occurs at the lower edge
μ = −�Z , corresponding to the minimum of the lower band
at k = 0 [see Fig. 2(c)].
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IV. INHOMOGENEOUS RASHBA PROFILE: NANOWIRE
CONTACTED TO THE LEADS

As observed in Introduction, in realistic setups the nanowire
has a finite length Lw and is typically contacted to metallic
electrodes, where the Rashba spin-orbit coupling is negligible,
as sketched in Fig. 1(b). We shall thus now investigate the
equilibrium spin properties for the system nanowire+leads.
Inspired by the model used in Ref. [26] to analyze transport
properties, we shall adopt in Eq. (2) an inhomogeneous Rashba
coupling, which takes a finite value in a central region (the
nanowire), and vanishing value in the external regions (the
leads). However, instead of the abrupt piecewise constant
profile used in Ref. [26], here we take into account a smooth
crossover between the leads and the nanowire. Explicitly, we
shall adopt

α(x) = α0

2

[
Erf

(
x + Lw/2√

2 λ

)
+ Erf

(
Lw/2 − x√

2 λ

)]
, (63)

where α0 denotes the value of the Rashba coupling in the
“bulk” of the nanowire, Lw the nanowire length and λ the
crossover lengthscale. The magnetic field is assumed to be
uniform over the whole system (nanowire + leads), for which
we can adopt periodic boundary conditions over a total length
L of the system nanowire+leads, without loss of generality.

A crucial difference with respect to the homogeneous case
analyzed in Sec. III is that the inhomogeneous profile (63)
makes the Hamiltonian (2) not commute with px . Nevertheless,
the states �k↑,↓(x) = eikxχ↑,↓, obtained by the product of
plane waves and the eigenvectors χ↑ = (1, 0)T and χ↓ =
(0, 1)T of the Rashba spin direction σz, form a complete set
for the Hilbert space. Exploiting Eq. (18), the Hamiltonian (1)
in such basis reads

Ĥ =
∑
k1,k2

Ĉ†
k1

((
ε0
k1

σ0 − h · σ
)
δk1,k2 − αk1−k2

k1 + k2

2
σ3

)
Ĉk2

,

(64)

where αq = L−1
∫

α(x) e−iqxdx denotes the Fourier compo-
nent of the inhomogeneous RSOC. The homogeneous case
is recovered by αk1−k2 = α δk1,k2 , while for the profile (63),
one has

αq = 2α0

qLw

sin

(
qLw

2

)
e−(qλ)2/2. (65)

We have thus numerically diagonalized the Hamiltonian matrix
Eq. (64), thereby obtaining diagonalizing operators ĉξ ’s. Then,
by expressing the operators (3), (4), (7), (8), (11). and (12)
in terms of the ĉξ ’s, the equilibrium expectation values (15)
are evaluated by using 〈ĉ†ξ ĉξ 〉◦ = f ◦(Eξ ). Differently from
the bulk limit of Sec. III, in this case, the inhomogeneity of
the RSOC makes the equilibrium expectation values space-
dependent, as we shall discuss here below.

A. Orthogonal spin polarization and spin torque pinned
at the interfaces

The results for the spin sector of the nanowire contacted
to leads are shown in Figs. 5 and 6, and refer to the cases of
a long (Lw = 2 μm), and a short (Lw = 200 nm) nanowire,
respectively. The parameters correspond to experimentally
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FIG. 5. Equilibrium spin properties of a long nanowire (Lw =
2 μm) contacted to leads, with �Z = 0.4 meV, μ = −0.2 meV, at
the temperature T = 50 mK. In the inhomogeneous RSOC profile
Eq. (63), the smoothing length is λ = 20 nm, while the value of α0

corresponds to a Rashba energy ESO = 0.3 meV in the nanowire bulk,
through Eq. (44) with an effective mass m∗ = 0.015me. (a) The solid
curves describe the space profile of the three components of the spin
polarization (17), while the dashed curve depicts the inhomogeneous
RSOC profile. At the interfaces with the leads, a spin polarization Py

orthogonal to the substrate plane appears. (b) The solid black curve
describes the space profile of the spin current (to be read on the left
vertical axis), while the solid red curve describes the spin torque (to
be read on the right vertical axis).

realistic values for Rashba nanowires, with a smoothing length
λ = 20 nm of the Rashba profile (63).

Let us focus first on the long nanowire. Figure 5(a) displays
the profile of inhomogeneous RSOC (dashed green curve) and
the behavior of the three components of the spin polarization
P as a function of the space coordinate x along the nanowire,
while Fig. 5(b) shows the spin current J s

z and the spin torque
T h

z along the Rashba direction z (the other spin current
components J s

x,y and the spin-orbit torque TSO vanish). In the
bulk of the nanowire (|x| < 1 μm), one observes a weakly
oscillatory behavior of the spin polarization component Px ,
collinear with the applied magnetic field hx [black curve of
Fig. 5(a)] and of the spin current component J s

z polarized along
the Rashba field direction z [black curve of Fig. 5(b)]. These
oscillations, which describe deviations from the bulk values of
Px and J s

z obtained from the analysis of the infinitely long wire
(in Sec. III), are a quantum interference effect due to the finite
size of the nanowire, which leads the states of the nanowire bulk
to be reflected at the interfaces, for each energy E. The
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FIG. 6. Equilibrium spin properties of a short nanowire (Lw =
200 nm) contacted to leads. All other parameter values and the
meaning of the curves are the same as in Fig. 5.

wavelength of these interferences can be estimated as

λosc � πh̄√
2m∗

(
μ + 2ESO +

√
4μESO + 4E2

SO + �2
Z

)−1/2

(66)
and depends on the Rashba spin-orbit energy, chemical poten-
tial and magnetic gap energy. For the specific values of Fig. 5
it takes a value of about 165 nm.

Furthermore, the space dependence of the polarization Px

collinear to the magnetic field [black curve of Fig. 5(a)]
displays a crossover from the “nanowire value” (due to the
magnetic field but also affected by the Rashba coupling)
to a “lead value” (bigger in magnitude and purely due to
the magnetic field). Importantly, at the nanowire/lead inter-
faces, one observes the appearance of a spin polarization Py

orthogonal to both the direction x of the applied magnetic
field h = (0, 0, hx ) and the Rashba direction z. Note that Py

takes opposite signs at the two interfaces, as shown by the red
curve of Fig. 5(a). This behavior can be understood as follows.
At each energy E, the wave function inside the nanowire is a
superposition of states whose spin is lying in the x-z plane, as
a result of the combined effect of the magnetic field (pointing
along x) and the effective Rashba field (pointing along z). In
contrast, in the bulk of the leads, where no RSOC is present,
the spin is simply oriented like the magnetic field along x. At
the interfaces, the wave-function matching between these two
regions can occur only if an orthogonal spin component 〈Sy〉
arises. This is causes the behavior of the spin polarization Py in
Fig. 5(a).

In turn, precisely because such interface polarization is
orthogonal to the magnetic field h, it generates a spin torque
Th = ρ(P × h) = (0, 0, T h

z ), as can be straightforwardly de-
duced from from Eqs. (7), (11), and (17). Thus the spin torque
component

T h
z = −Py ρ hx (67)

is also pinned at the interfaces, as shown in the red curve of
Fig. 5(b).

At the same time, across the interface we also observe a
suppression of the equilibrium spin current J s

z [black curves
of Fig. 5(b)], which eventually vanishes in the bulk of the
leads, consistently with the result shown in Sec. III that Js

vanishes when the RSOC is absent. The space profile of the J s
z

is closely related to the interface spin torque T h
z , according to

the equation

∂xJs = Th, (68)

showing that any space variation of the spin-current Js =
(0, 0, J s

z ) is associated with the presence of a spin torque
Th = (0, 0, T h

z ). This can be seen by taking the expectation
values (15) of the equation of motion (10), and by noting that at
equilibrium S is time-independent and TSO = 0 for symmetry
reasons.

For a shorter nanowire, Lw = 200 nm, the behavior of these
quantities is shown in Fig. 6. Notice that in this case, where
the Rashba profile (green dashed curve) is relatively smooth,
the length scale (66) of the oscillations becomes comparable
with the length Lw of the nanowire, so that Px and J s

z [black
curves in Figs. 6(a) and 6(b), respectively] do not exhibit the
oscillations observable in the long nanowire case of Fig. 5, and
the only residual track of the bulk value of Px and J s

z is the
minimum located at the center of the nanowire. Furthermore,
the orthogonal spin polarization component Py and the spin
torque T h

z [red curves in Figs. 6(a) and 6(b), respectively]
exhibit a node in the middle of the nanowire and one sign
change across the two interfaces.

B. Equilibrium spin current from spin bound states

The results obtained for the inhomogeneous RSOC also
provide an alternative way to interpret the equilibrium spin
current of the nanowire from purely a spin polarization ar-
gument. To illustrate it, let us focus for simplicity on the
helical-like states inside the magnetic gap. In the nanowire,
the spin direction is mainly determined by the RSOC and is
pointing along z, whereas in the leads it is dictated only by the
magnetic field applied along x. Thus, in a scattering formalism
picture, an electron with (almost) spin-↑ traveling rightwards
from the nanowire bulk cannot freely propagate into the right
lead, which instead acts as a magnetic “barrier,” backscattering
the electron at the interface into a left-moving electron with
(almost) spin-↓. The appearance of the interface spin torque
T h

z [red curves of Figs. 5(b) and 6(b)] is the hallmark of
such spin-flip process. A similar process occurs at the left
interface, where left-moving electrons with (almost) spin-↓ are
backscattered into right-moving electrons with (almost) spin-
↑. Sandwiched between the two magnetic “barriers,” i.e., the
leads, the nanowire hosts spin bound states, characterized by
electrons with opposite spins traveling in opposite directions,
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which are converted into each other by the spin torques present
at the interfaces. These bounds states, sketched in Fig. 1(b),
carry the equilibrium spin current inside the wire. Notice
that the presence of the magnetic field inside the nanowire
is crucial in creating the gap and removing the other pair of
counterpropagating states with opposite spin orientations: that
would otherwise give rise to a spin torque opposite to the
previous one, at each interface, and to another bound state
inside the nanowire canceling the above spin current. For
energies outside the gap, the reasoning follows the same lines,
the bound states being formed out of two inequivalent pairs of
states, though.

These spin bound states are reminiscent of the An-
dreev bound states (ABS) of a superconductor-normal-
superconductor hybrid junction, where electrons (holes) are
back-reflected as holes (electrons) at each interface, carrying a
net charge current. However, differently from charge current,
which is conserved across the interface transforming from a
ABS current in the normal region into a superfluid current in
the superconducting leads, the spin current is not conserved and
it vanishes in the leads, where carriers with opposite velocities
have the same spin. The spin torques, which have opposite
signs at the two interfaces, thus act as a “source” and “sink” of
spin current, as described by Eq. (68).

C. Orthogonal spin penetration length inside the leads

Figures 5 and 6 show that the orthogonal spin polarization
Py and the related spin torque T h

z in Eq. (67) localized at
the interface, penetrate inside the leads, even into regions
where the RSOC is vanishing. The origin of this effect is
the wave-function matching at the nanowire/lead interfaces
mentioned in Sec. IV A, which we now want to discuss in
more detail from the lead side. There, only the magnetic
field component hx is present, and at each energy E the
eigenfunction � of the leads consists of a superposition of
waves (propagating or evanescent), whose spinorial parts w are
eigenstates w± = (1,±1)T /

√
2 of σx , related to the different

eigenvalues ±1. For each of such eigenstates the expectation
value of σy is vanishing. However, in order for the wave
function in the lead to match the one in the nanowire, whose
spin also has a component along z, both eigenstates w± must be
present in � in the leads. It is their interference term 〈w+σyw−〉
that yields a finite expectation value of the orthogonal spin
polarization Py = 〈�†σy�〉/〈�†�〉 in the leads. This effect is
reminiscent of the anomalous expectation value induced by a
superconductor into a normal lead, where both particle and hole
states must be combined in the latter to match the wave function
in the former. For this reason, the penetration of Py in the leads
represents a sort of “spin proximity effect.” There is, however,
an important difference. Here, the expectation value of the
orthogonal polarization Py is vanishing in both the nanowire
bulk and in the lead bulk. The penetration is thus purely due
to the interface, i.e., to the inhomogeneity of the RSOC, and
each interface side can be considered as “proximizing” the
other.

To determine the penetration length into the leads, let us
focus on an interface between a nanowire in the Rashba-
dominated regime [see Fig. 2(b)] and a lead. The latter is
by definition always in the Zeeman-dominated regime [see

Fig. 2(c)], since α = 0. For definiteness, we shall consider
here below the case of a short nanowire Lw = 200 nm, with
spin-orbit energy ESO = 0.3 meV in its bulk and a Zeeman
gap energy �Z = 0.1 meV. Then, depending on the value
of the common equilibrium chemical potential μ, there can
be three possible cases, illustrated on the left hand side of
Fig. 7.

(a) E′
min < μ < −�Z . In this case, the chemical potential

lies above the band bottom Eq. (48) of the nanowire, but
below the band bottom of the lead [see Fig. 7(a)], so that the
eigenfunction in the lead at the energy E is a superposition
of two evanescent waves w+e−qE+x and w−e−qE−x , where
qE± = √

2m∗(−E ∓ �Z )/h̄. The penetration length for Py ,
originating from the interference between these two wave
components, can be estimated by the minimal values for qE±,
and reads

λpen � πh̄√
2m∗(−μ + �Z ) − √

2m∗(−μ − �Z )
. (69)

For the valueμ = −0.2 meV, the estimate of (69) yields λpen ∼
680 nm, and is in agreement with the behavior of Py shown by
the solid red curve of Fig. 7(d). The green dashed curve again
describes the inhomogeneous RSOC profile near the interface.
Notice that in this regime of chemical potential the electron
densityρ decays exponentially into the lead. Becauseρ appears
in the denominator of the polarization (17), the profile of the
spin polarization Py exhibits an exponential enhancement of its
penetration length as compared to the spin density Sy appearing
in the numerator. Indeed, Sy decays over a length scale of about
180 nm [61].

(b) |μ| < �Z . In this case, the chemical potential lies inside
the magnetic gap [see Fig. 7(b)], and the lead eigenfunction
is a superposition of a propagating wave w+e±iqE+x and an
evanescent wave w−e−qE−x . Their interference thus leads to a
damped oscillatory behavior for Py , as can be seen in Fig. 7(e).
In this case, the electron density in the lead does not decay, and
the penetration depth for both the spin polarization Py and the
spin density Sy is given by

λpen � πh̄√
2m∗(−μ + �Z )

. (70)

For μ = 0, Eq. (70) yields a value of about 500 nm, in
agreement with the solid red curve of Fig. 7(e). Notice that,
as compared to case (a), the length scale (70) is shorter than
the penetration length (69) of the polarization Py , but longer
than the penetration length of Sy in that case [61].

(c) μ > �Z . In this case, the chemical potential lies above
the magnetic gap, so that also in the lead there are only prop-
agating waves w+e±iqE+x and w−e±ikE−x . Their interference
is thus a long range oscillatory behavior, as described by
the solid red curve of Fig. 7(f). Notice that the x axis has
been widely extended purposely as compared to Figs. 7(d)
and 7(e).

It should be mentioned that the orthogonal spin penetration
is of course ultimately cut off by the spin diffusion length in
the leads, which depends on the specific material and the spin
relaxation rate of the lead [62]. In the low-temperature regime
considered here and for narrow leads, the penetration effect
may still be observable [63]. We conclude by noticing that, for
a nanowire in the Zeeman-dominated regime [see Fig. 2(c)],
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FIG. 7. The penetration of the orthogonal spin polarization Py into a lead, caused by the inhomogeneous RSOC. (a)–(c) sketch the “band”
spectrum of the bulk of the nanowire and the bulk of the lead, describing the three possible cases of the nanowire/lead interface in terms of the
common chemical potential μ. Correspondingly, the solid curve in (d)–(f) describe the space profile of Py , while the dashed curve corresponds
to the inhomogeneous Rashba profile (63) describing a short nanowire (Lw = 200 nm) contacted to leads. The value of the Zeeman gap energy is
�Z = 0.1 meV, while in the inhomogeneous RSOC profile Eq. (63) the smoothing length is λ = 20 nm, and the value taken for α0 corresponds
to a Rashba energy ESO = 0.3 meV in the nanowire bulk.

the nanowire band bottom (49) coincides with the lead band
bottom, and only the first two cases (b) and (c) are possible.

V. EFFECTS OF A MAGNETIC FIELD PARALLEL TO THE
RASHBA FIELD

So far, we have considered a magnetic fieldhx perpendicular
to the direction z of the Rashba field. Here we wish to discuss
the effects of a magnetic field component hz parallel to such
direction. Again, we first analyze the effects in the bulk, and
then consider the whole system nanowire+leads with a finite
nanowire length.

A. Effects of hz in the nanowire bulk

1. Magnetic field parallel to the spin-orbit field

When the magnetic field is applied only along the Rashba
field direction z (hz 
= 0, hx = 0), the spin quantization axis
remains z for all electronic states, similarly to the case of
a purely Rashba coupling. In this case, however, the spin-↑
and spin-↓ bands are further shifted vertically in opposite
directions by the parallel Zeeman energy hz [see dashed curves
in Fig. 8(a)]. Since the spectrum is no longer symmetric in k,
there is an energy range where only electron states with a spin
direction exist, giving rise to a net spin polarization along the
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FIG. 8. The effect of an additional field component hz parallel
to the Rashba direction z. (a) The spectrum of the nanowire bulk is
no longer symmetric in k (see Fig. 2 for comparison). (b) The thick
curves describe the zero-temperature behavior of the bulk ratio Py/Px

as a function of hz/hx , for �Z/ESO = 0.5 (thick black solid) and
�Z/ESO = 3 (thick red dashed), and show that the spin polarization
P is not collinear to the magnetic field h. The reader should refer
to the left vertical axis. The thin curves describe the bulk ratio
J s

x /J s
z as a function of hz/hx , for �Z/ESO = 0.5 (thin black solid)

and �Z/ESO = 3 (thin red dashed), and show that the polarization
of the equilibrium spin current is not perpendicular to the applied
magnetic field h. The reader should refer to the right vertical axis.
The thin dotted curves are the separatrices and serve as guides to
the eye. (c) The space profile of the orthogonal components Th

y of
the spin torque (dotted curve), TSO

y of the spin-orbit torque (thin
solid curve), and Th

y + TSO
y the total torque (thick solide curve) in

the case of a short nanowire Lw = 200 nm contacted to leads, with
ESO = 0.3 meV, �Z = 0.4 meV, hz = 0.2 meV, μ = −0.2 meV,

and T = 50 mK.

direction z of the magnetic field,

P = (0, 0, Pz) 
= 0, (71)

where Pz = (ρ↑ − ρ↓)/(ρ↑ + ρ↓) and ρ↑,↓ = (2π )−1
∫

dk

f ◦(E↑,↓(k)) is the equilibrium spin-resolved particle density.
In particular, at zero temperature, one obtains

ρ↑,↓ = 1

π

√
2m∗(μ + ESO ± hz)

h̄2 θ (μ + ESO ± hz), (72)

where θ is the Heaviside function, implying that Pz �
hz/(4(μ + ESO)) for weak fields |hz| � μ + ESO, while Pz =
sgn(hz) for large fields |hz| � μ + ESO.

The spin current Js instead vanishes. Indeed, despite the
presence of a spin polarization, at any energy E, each state with
a definite spin orientation and group velocity has a partner state
with the same spin orientation and opposite group velocity.
In each spin channel σ =↑,↓ the current Jσ vanishes, and
so do the equilibrium charge current and spin current, as
a straightforward evaluation of Eqs. (33) and (35) shows.
Furthermore, substituting sin θk = 0 and hx = 0 into Eqs. (40)
and (37), the torques are also vanishing, and one has

Js = Th = TSO = 0. (73)

As a consequence, a magnetic field hz parallel to the Rashba
spin-orbit direction cannot give rise, alone, to any equilibrium
spin current or torques.

2. Magnetic field with components parallel and perpendicular to
the spin-orbit field

When the field component hz parallel to the Rashba direc-
tion is added to a component hx perpendicular to the Rashba
spin-orbit field, the spectrum depicted by the dashed curves of
Fig. 8(a) modifies into the one described by the solid curves,
where the asymmetry in k appears as the essential difference
from Fig. 2(b). As compared to the case of purely perpendicular
field hx discussed in Sec. III B, the additional component hz

has mainly three effects on the spin sector.
The first one is quite expected, and is the appearance of an

additional spin polarization component along z,

P = (Px, 0, Pz) (74)

with Pz being obtained from Eqs. (17), (32), and (3). Notably,
because of the interplay between hz and the RSOC, the spin
polarization P is not collinear to the magnetic field h, as can
be seen by the two thick curves in Fig. 8(b), which describe
the behavior of Pz/Px = Sz/Sx as a function of the ratio hz/hx

(the thin dotted separatrix lines are meant as guides to the eye).
Explicitly, the thick black solid curve refers to �Z/ESO = 0.5,
while the thick red dashed curve to �Z/ESO = 3. The reader
should refer to the left vertical axis.

Secondly, hz thereby modifies the polarization of the equi-
librium spin current Js , since a component J s

x polarized along
the nanowire axis adds up to the component J s

z along the
Rashba field caused by hx ,

Js = (
J s

x , 0, J s
z

)
. (75)

In particular, when hz 
= 0, the bulk polarization of Js is
no longer perpendicular to the applied magnetic field h, as
shown by the thin curves in Fig. 8(b) that display the ratio
J s

x /J s
y as a function of hz/hx . The thin black solid curve

refers to �Z/ESO = 0.5, while the thin red dashed curve to
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�Z/ESO = 3. The reader should refer to the right vertical axis,
with the thin dotted lines indicating the separatrix lines.

The third effect caused by the component hz is the emer-
gence of torques also in the bulk of the nanowire. Indeed, since
S is not collinear to the magnetic field h, the spin torque Th is
no longer vanishing [see Eq. (11)], and exhibits a component
T h

y perpendicular to the substrate plane, where S and h lie.
Then, a spin-orbit torque TSO = (0, T SO

y , 0) must cancel such
contribution, as dictated by Eq. (42), i.e.,(

0, T h
y , 0

) = Th = −TSO 
= 0. (76)

This is thus qualitatively different from the case (54) of a field
along the nanowire axis.

B. Effects of hz in the nanowire contacted to leads

By adopting again the inhomogeneous RSOC profile (63),
one can analyze the effects of hz for a nanowire contacted
to the leads. In this case the effects of the finite length Lw

are particularly visible for a short nanowire, Lw = 200 nm,
as shown by Fig. 8(c), which shows the space profile of the
torque y component, orthogonal to substrate plane. Explicitly,
the dotted curve describes the behavior of the spin torque
Th

y , the thin solid curve the spin-orbit torque TSO
y , while the

thick solid curve the total torque Th
y + TSO

y . As one can see,
Th

y and TSO
y take relatively large values with opposite sign

near the middle of the nanowire. However, differently from
an infinitely long nanowire (homogeneous RSOC) where their
contributions perfectly cancel [see Eq. (76)], a finite total
torque appears because of the finite length of the nanowire.

VI. CONCLUSIONS

In conclusion, in this paper we have analyzed a Rashba
nanowire contacted to leads by using an inhomogeneous RSOC
(see Fig. 1), and we have determined the equilibrium properties
of the spin sector (spin density and polarization, spin current
and torques) when a uniform magnetic field is applied to the
nanowire. Differently from a 2DEG with RSOC, in a nanowire
the mere presence of a RSOC yields a trivial behavior of the
spin sector, with all spin quantities vanishing [see Eq. (45)].
In contrast, here we have found that the interplay between the
inhomogeneous RSOC and a uniformly applied magnetic field
leads to interesting effects already at equilibrium.

Focussing first on the bulk of the nanowire we have shown
that, when the magnetic field is applied along the nanowire
axis, i.e., perpendicularly to the Rashba field direction, a spin
current polarised along the Rashba field direction flows even
at equilibrium. Differently from the equilibrium spin current
found in nanorings with magnetic field texture [56,57], this is a
bulk effect that does not disappear in the limit of infinitely long
wire. It exists only if both RSOC and magnetic field are present,
since under these conditions a nontrivial quantum correlation
between the velocity direction and the spin orientation appears,
so that in the system ground state electrons with opposite
spin counter-propagate. Remarkably, the analogy between the
nanowire states inside the magnetic gap and the helical states
of a QSH system, which is useful to intuitively understand
why such states give rise to an equilibrium spin current [see
Fig. 2(b)], is not sufficient to explain the actual behavior of

the equilibrium spin current (see Fig. 3), which persists far
beyond the Rashba-dominated regime where such analogy
holds. Indeed we have shown that also the states outside the
magnetic gap provide an unexpectedly significant contribution
to the equilibrium spin current, due to the lack of factorization
between velocity and spin [see Eq. (59)] that characterize
the Rashba nanowire eigenstates under a magnetic field.
Such equilibrium spin current is tunable by both the applied
magnetic field (see Fig. 3) and the chemical potential (see
Fig. 4).

Then, considering the whole system nanowire+lead with
the inhomogeneous RSOC profile, we find that inside the
nanowire the equilibrium spin current exhibits weak oscilla-
tions around the finite bulk value, characterized by a wave-
length (66), while Js dies out in the bulk of the leads, where
RSOC eventually vanishes. Interesting effects emerge at the
nanowire/lead interfaces, namely the appearance of a spin
polarization component Py orthogonal to both the magnetic
field and the RSOC field, and a localized spin torque T h

z related
to it (see Fig. 5 for a long nanowire and Fig. 6 for a short
nanowire). These interface spin torques act as sources and
sinks of the spin current, which is carried in the nanowire by
spin bound states sketched in Fig. 1(b), while the leads play the
role of magnetic barriers. The inhomogeneity of the RSOC thus
leads to effectively spin-active interfaces, even under a uniform
magnetic field and in the absence of magnetic material. The
appearance of this orthogonal spin polarization at the nanowire
edges also impacts in the interpretation of results concerning
proximized nanowires where Majorana fermions should be
observable, as we shall discuss below. Notably, the orthogonal
spin polarization and the spin torque partially penetrate into the
leads for a length scale λpen that depends on the three possible
configurations of chemical potential (see Fig. 7).

Finally, we have analyzed the effect of a magnetic field
not collinear with the nanowire axis. A magnetic field hz

directed along the Rashba field leads to essentially trivial
results, as the only nonvanishing quantity is a spin polarization
component Pz [see Eq. (73)]. However, when hz is added
to a component hx , different effects emerge in the nanowire
bulk: the spin polarization P becomes not collinear with the
magnetic field, the polarization of the equilibrium spin current
Js is no longer orthogonal to the magnetic field [see Fig. 8(b)],
and both a spin torque and a spin-orbit torque appear. While
the contributions of the two torques perfectly cancel for a
homogeneous infinitely long nanowire, for a realistic nanowire
with finite length a residual of torque survives [see Fig. 8(c)].

A. Experimental realizations

The setup of Fig. 1 is currently realized with, e.g., InSb
nanowires or InAs nanowires, and realistic values for the
involved parameters have been used here for the plots. In
the case of InSb, for instance, the effective mass and the
g factor are m∗ � 0.015me and g � 50, respectively, while
the value of the RSOC depends on the specific implementa-
tion and experimental conditions and can be widely tunable,
e.g., α ∼ (0.03–1) eV Å [8,12,15,64,65]. In the case of InAs
nanowires, m∗ � 0.022 me, g � 20 and α ∼ (0.05–0.3) eV Å
[7,14,66,67]. The spin-orbit energy ESO resulting from these
values [see Eq. (44)] and used in the plots is some fractions of
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meV. We have taken similar values for the Zeeman gap energy
�Z , which corresponds to a magnetic field of some hundreds
of millitesla, while the temperature of 50 mK is taken from
recent low temperature experiments [12,14].

As far as the measurements of the predicted spin polariza-
tion is concerned, spatially resolved detection of spin orien-
tation with nanometer scale resolution can be performed with
various methods such as magnetic resonance force microscopy
[68,69], spin-polarized scanning electron microscopy [70,71],
by exploiting quantum dots as probes [72,73], or also elec-
trically by potentiometric measurements using ferromagnetic
detector contacts [74,75].

Concerning spin currents, they are customarily measured by
exploiting the Kerr effect [76,77], the inverse spin Hall effect
[78], or the charge imbalance voltage appearing on the normal
lead [79]. Also, pure spin current can be indirectly revealed
via or by optical detection exploiting a polarized light beam
[80]. However, for the detection of spin current at equilibrium,
these methods are not straightforwardly applicable, and various
alternative principles have been proposed. Equilibrium spin
current can for instance be detected by measuring the thereby
generated spin torque [81]. Another proposal is based on
detection of the mechanical deformations that the equilibrium
spin current induces onto the substrate underneath the Rashba
spin-orbit material: a mechanical cantilever magnetometer
with an integrated 2D electron system can be used to this
purpose [35]. Other works suggested that an equilibrium spin
current can be measured through the electric field it produces,
similarly to the case of a charge current that generates a
magnetic field [37,82]. These methods can in principle apply to
the nanowire as well. In particular, as emphasized in Sec. IV B,
the spin torque generated at the interfaces [see Figs. 5(b) and
6(b)] is precisely the hallmark of the equilibrium spin current
present in the nanowire bulk. It is thus plausible that the
predicted spin properties are at experimental reach.

B. Future developments

We conclude by outlining some possible future
developments of the present work. We first notice that,
although we have focused here on an inhomogeneous RSOC
profile that vanishes in the leads, it is straightforward to
generalize our results to more complex hybrid structures, such
as interfaces between regions where RSOC takes different
signs, which may possibly be obtained by coupling the
nanowire with different finger gates.

Secondly, the present analysis of the equilibrium properties
represents the first necessary step for any out of equilibrium
analysis, such as the effects of a time-dependent RSOC induced
by ac voltages applied to the gates. In particular, in order to
correctly determine the impact of the external drive on the
spin current, the equilibrium contribution found here must
be subtracted, for otherwise one could mistakenly interpret
a nonvanishing spin current as entirely due to the out of
equilibrium conditions [31]. In particular, the value of the
equilibrium spin current also identifies the limit of sensitivity
for the out of equilibrium spin current contribution.

Finally, a promising future development of this work
would be the inclusion of superconducting (SC) leads. For a
nanowire with homogeneous RSOC, it is well known that, in

appropriate parameter ranges, the interplay bewteen an s-wave
superconducting coupling and RSOC leads the proximized
nanowire to effectively behave as a p-wave topological super-
conductor, hosting Majorana fermions at the boundaries with
normal regions. In this respect, there are two aspects that we
would like to comment about. The first one is related to the spin
polarization. For a proximized nanowire with homogeneous
RSOC, the behavior of spin polarization has been shown to
provide useful insights about the topological transition, and
it has been recently suggested that the spin polarization of
Majorana fermions could be exploited to distinguish them from
ordinary fermion states of the nanowire [54,83–85]. Let us
compare this case to the spin polarization shown in Fig. 5(a)
that we find for a normal nanowire without proximity effect and
with inhomogeneous RSOC. In both cases, a spin polarization
orthogonal to the nanowire axis arises at the ends of the
nanowire, where it takes opposite values. However, while in the
former case the spin polarization is an effect of the topological
phase, in the latter case, the nanowire is purely due to inhomo-
geneity of the RSOC. Such comparison shows that a caution
should thus be taken in interpreting experimental analysis of
orthogonal spin polarization at the boundaries as a signature
of Majorana fermions. The second aspect that we would like
to point out is the interplay between the inhomogeneus RSOC
and the superconducting coupling. Although so far most works
have focused on the effect of inhomogeneities of either the
scalar potential or the superconducting parameter [86–92], we
expect that inhomogeneities of the RSOC can impact as well,
in a twofold way. In the first instance, the very presence of a
superconducting film deposited on top of a nanowire portion
can produce a structural inversion asymmetry, altering locally
the magnitude of the RSOC. Such inhomogeneity can thus
affect the stability of the topological phase, as the topological
gap crucially depends on the value of α in the proximized
nanowire portion [60]. Furthermore, when the RSOC profile
changes sign, either because of the very presence of the
SC film or because of locally applied finger gate voltages,
fermionic localized states form at the sign change region. It
has been recently shown [30] that, under suitable conditions,
these states have zero energy and can lead to an hybridization
of the otherwise spatially separated Majorana fermions. This
effect would split the Majorana off from zero energy and
disguise, or even jeopardize, their observability. For these
reasons, a detailed investigation of a proximized nanowire
with inhomogeneous RSOC seems a promising research topic.
Work is in progress along these lines.
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APPENDIX: SPIN EQUATION OF MOTION AND TORQUES

Here we provide the proof of the spin equation of motion
(10). From the Heisenberg equation for the electron field spinor

∂t�̂ = 1

ih̄

[
− h̄2

2m∗ ∂2
x �̂ − σz

2h̄
{α(x), p̂x} �̂ − h · σ �̂

]
(A1)
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and the one for its adjoint �̂†, the evolution of the spin density
is given by

∂t Ŝ = h̄

2

[
− ih̄

2m∗
(
∂2
x �̂†σ �̂ − �̂† σ ∂2

x �̂
)

+ i

2h̄2 �̂†σσz{α(x), p̂x} �̂

+ i

2h̄2 {α(x), p̂x}�̂†σzσ �̂

+ i

h̄
�̂† [σ , h · σ ]�̂

]
. (A2)

Rewriting σσz = ({σ , σz} + [σ , σz])/2 and σzσ =
({σ , σz} − [σ , σz])/2, one obtains

∂t Ŝ = h̄

2

[
ih̄

2m∗ ∂x (�̂† σ ∂x�̂ − ∂x�̂
†σ �̂ )

+ i

2h̄2 �̂† {σ , σz}
2

{α(x), p̂x}�̂ + H.c.

+ i

2h̄2 �̂† [σ , σz]

2
{α(x), p̂x}�̂ + H.c.

+ i

h̄
�̂† [σ , h · σ ]�̂

]
. (A3)

A straightforward calculation leads to show that the second
line in Eq. (A3) can be rewritten as

i

2h̄2 �̂† {σ , σz}
2

{α(x), p̂x}�̂ + H.c.

= ∂x

(
α(x)

h̄
�̂† {σ , σz}

2
�̂

)
, (A4)

while the third line in (A3) can be rewritten as

i

2h̄2 �̂† {σ , σz}
2

{α(x), p̂x}�̂ + H.c.

= α(x)

2h̄
(�̂†[σ , σz]∂x�̂ − ∂x�̂

†[σ , σz]�̂ )

= i

h̄
�̂† [σ , σ · hSO]

2
�̂ + H.c., (A5)

where we have used the definition (14) of the Rashba field
operator. Inserting Eqs. (A4) and (A5) into Eq. (A3), exploiting
the properties of Pauli matrices [σ , a · σ ] = −2i σ × a, and
recalling the definitions of spin current density (8), spin torque
(11), and spin-orbit torque (12), one obtains Eq. (10).
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