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Summary  

In aircraft application, due to space constraints, employing integrated starter-
generator is an efficacious solution. Among various electric machines, wound rotor 
synchronous machine (WRSM) offers advantages of high reliability, sufficient 
controllability, high power factor in a wide range of torque-speed plan, etc. 
Requirement of supplying rotor of WRSM is its main drawback. Since in aircraft 
application, safety is a critical demand, brushless type of WRSM is a practical 
solution. A conventional structure of brushless WRSM consists three electrical 
machines which are mounted on a same shaft. Therefore, this kind of WRSM is 
called three-stage brushless synchronous machine. First stage of the machine is Pre-
exciter which is usually a small PMG. Second stage in an inverse synchronous 
machine with stationary single-phase field and rotating armature which is called 
Main Exciter (ME). Third stage is the Main Generator (MG). Electrically, ME is 
connected to the MG by means of a rotating rectifier. Existence of the rotating 
rectifier connected between armature windings of ME and field winding of MG 
significantly increases nonlinearity of the system. In consequence, investigating 
nonlinear behavior of the rotating rectifier plays a key role in studying of the 
brushless synchronous starter-generator.  

In this thesis, using analytical, numerical and experimental analysis, different 
operation modes of three-stage brushless synchronous machine are investigated. 
Using revolving field theory, analytical description of relationship between the 
stationary pulsating field flux of ME and its armature voltages is presented. Because 
of single-phase field winding of ME, at standstill and low speed operations, for 
exciting field winding of ME, AC excitation is required. Then, by speed increasing, 
AC excitation must be switched to DC. Since field excitation of ME is variable, 
induced armature voltages of ME are different in various operating points. 
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In this thesis, it is explained that during starting process of the starter-generator, 
armature voltages of ME are severely unbalanced. Therefore, for the sake of 
modelling and studying, a model of rotating rectifier with ability to deal with wide 
range of unbalanced conditions is required. As the first step, in this thesis a novel 
model of uncontrolled rectifier with capability of considering unbalanced input 
voltages and harmonics in AC-side is proposed. 
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Chapter 1 

Introduction 

1.1 Motivation and Background 

The main on-board source of power in a conventional aircraft is the engine that 
is used to create thrust and feed the other systems (bleed air for hydraulics and 
pneumatics, auxiliary gearbox to drive electrical generators and pumps). For a 
typical aircraft with 150-200 passenger capacity like Airbus A320 and Boeing 737, 
the thrust power is about 40 MW and non-thrust power is about 1.5 MW. Electrical 
power is the secondary power in an aircraft. In above-mentioned aircrafts, only 200 
KW of the non-thrust power is used to convert into the electric power. By increasing 
attractiveness of more electric aircrafts (MEA), due to their significant benefits in 
terms of weight, volume, and reliability, trend of the industry is to increase the 
electrical power level of aircraft. For example, in Boeing 787, by eliminating the 
pneumatic bleed systems, about 1.5 MW of non-thrust power is converted to the 
electric power. The transition from bleed-air power to electric powered systems in 
Boeing 787 has been performed for the following systems:  

 Engine start 

 Auxiliary power unit (APU) start 

 Wing ice protection 

 Cabin pressurization 

 Hydraulic pumps 
 

 Although the MEA concept is not a new concept, its feasibility significantly 
depends on the improvement of reliability and capability of power electronics and 
electrical machine design technologies.  

Power electronics devices are used to convert the generated electric power to 
the demanded power level in terms of frequency and voltage. For example, the 
Boeing 787 has four different kinds of electric power buses which are: 



 

2 
 

 

Figure. 1. 1. The electric power system of the Boeing 787 

 230 V, three-phase AC electric power bus with variable frequency (360-
800Hz) to feed large loads. 

 115 V, three-phase AC electric power bus with constant frequency (400 
Hz) to feed existing legacy loads such as the galley, windows heat 
systems and cooling fans of equipment.  

 28 V DC for avionic and small loads. 

 270 V DC for the environmental control system (ECS) which provides 
air supply, thermal control and cabin pressurization  

In addition, the power electronics devices are used to control and drive the 
generators and actuators.  

Electric machines play an important role in the MEA in order to replace 
hydraulic, pneumatic and gearbox driven subsystems with electrical driven 
subsystems. Implementing this replacement needs high-performance Integrated 
Starter/generator (ISG) electric machines and compact lightweight motor drives. 
The size of the electrical starter/generator system is determined by requirements of 
starting and power generation stages.  The ISG must be able to start turbine engine 
in the prescribed amount of time under worst case condition. The ISG and Generator 
Control Unit (GCU) must be designed appropriately in order to perform the 
required start attempt sequences (starting duty cycles). The required sequence may 
be as follows: 
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1. First attempt: 30 seconds ON - 60 seconds OFF 

2. Second attempt: 30 seconds ON – 5 minutes OFF 

3. Third attempt: 30 seconds ON – 60 minutes OFF 

The power generation requirement for an ISG is the amount of needed power 
for supplying the electric loads with sufficient redundancy regarding fault-tolerant 
requirements. Fig.1.1 shows the power system of the Boeing 787. As can be seen, 
it contains four 250 KVA main ISGs and two smaller ISGs as Auxiliary power units 
(APU). 

1.2 Aims and Objectives 

In start operation, the ISG must meet the load torque requirements with 
available power source limitations. In this thesis, a three-stage brushless 
synchronous machine is investigated as the ISG. Since during the starting mode, 
the ISG is fed by the APU or battery pack (small aircrafts), finding an efficient 
approach to excite the field winding of the machine for guarantee maximum 
exploiting of available power is necessary. In this regard, this thesis deals with 
describing nonlinear dynamics of the machine when is excited by variant excitation 
methods, in order to find the most efficient excitation method. 

In the light of reliability and safety concerns for the aircraft power system, 
instead of machines with commutator and collector rings, brushless electrical 
machines are used as an ISG. The conventional brushless exciter synchronous 
starter/generator is a three-stage machine which comprises of a permanent magnet 
generator (PMG) which is called pre-exciter (PE), an AC exciter which is called 
Main Exciter (ME), an uncontrolled diode bridge rotating rectifier and a Main 
synchronous Generator (MG) which are mounted on a same shaft. Fig.1.2 shows 
the schematic of this kind of machine. 

The PE has a rotating PM field and a stationary three-phase armature. The 
output of PE supplies the GCU. GCU contains a controlled DC/DC regulator and 
will be described in more details in this thesis. GCU provides a regulated DC power 
for the stationary single-phase field of ME. ME has a rotating armature which 
generates three-phase outputs and feeds a rotating rectifier through its armature 
windings. The rectified voltage of the rotating rectifier provides the rotating field 
of the MG. Through the magnetic coupling between the field and armature, the 
rotating field of the MG induces three-phase voltages (or multiphase voltages, as 
the case may be) in the stationary armature windings of the MG. 
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Figure. 1. 2. Three-stage brushless synchronous starter/generator 

During operating of the under study ISG, injected power to the single-phase 
field (stator) winding of the ME transfers to the three-phase rotor windings by 
transformer effect between field and armature windings. Then, the transferred AC 
voltages are converted to DC via the rotating rectifier. The output of the rotating 
rectifier supplies excitation power to the field winding of MG. The existence of the 
rotating rectifier connected between the armature windings of ME and field winding 
of MG significantly increases the nonlinearity of the system. In consequence, 
investigating the nonlinear behavior of the rotating rectifier plays a key role in 
studying of the brushless synchronous starter-generator.  

The special and variable form of ME’s armature voltages, which are input 
voltages of the rotating rectifier, adds to the nonlinearity of behavior of the rectifier. 
At standstill, since there is no relative speed between single-phase field of ME and 
armature windings of ME, DC excitation fails to induce voltages in armature 
windings. Therefore, AC excitation is needed for field excitation of ME. AC 
excitation of the single-phase field winding leads generating a pulsating field flux. 
Increasing rotation speed, the excitation must be changed from AC to DC. 

In this thesis, it will be described that during operating of the brushless 
synchronous generator, induced voltages in armature windings of ME are of 
different forms. At standstill where AC field excitation is applied, always two 
phases of armature voltages are in-phase with each other while they are 180̊ out of 
phase with another armature phase voltage. In addition, amplitudes of armature 
voltages are different. Therefore, in this case, input voltages of the rotating rectifier 
are severely unbalanced.  Consequently, the capability of dealing with unbalanced 
input voltages is a prerequisite of the required model of rotating rectifier.  
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Once the ISG starts rotating, AC excitation of field winding induces modulated 
voltages in armature windings of ME. In this case, each input voltage of rectifier 
(armature voltages of ME) consists of two voltage components with different 
phases, amplitudes, and frequency. Accordingly, besides the ability to manage 
unbalanced conditions, the required model of the rotating rectifier must be able to 
handle coupling between all AC side harmonics and DC side quantities.   

Although modeling of uncontrolled diode bridge rectifier is a mature research 
topic, to the best knowledge of the author, considering all operating modes of ME, 
none of the existing analytical modeling approaches for uncontrolled diode bridge 
rectifier are capable of describing the nonlinear coupling between AC and DC sides 
of the rotating rectifier. Therefore, in this thesis, as the first step, a model of 
uncontrolled diode bridge rectifier which meets all above-mentioned requirements 
is proposed. The proposed model is capable of describing nonlinear relationships 
between armature windings of ME and field winding of MG in all operating modes 
of ME. 

The final goal of this study is to investigate relationships between the field of 
ME and field of MG. To provide required tools for the study, a given brushless 
starter-generator which is potentially able to meet starting torque requirement has 
been simulated by a finite element software. Then, Matlab/Simulink model of the 
machine has been extracted from finite element analysis data. This provides the 
possibility of fast simulating.  

Using provided models of entire machine, different operating modes of the ISG 
are studied.  From analytical investigations, two methods for excitation control of 
ME are proposed.  

1.3 Thesis Organization 

This thesis is organized into eight chapters. The structure of the thesis and 
briefly outlines of each chapter are as follows:  

Chapter 1 describes background, motivations, and objectives of the thesis. In 
this chapter, the necessity of efficient excitation of ISG is described. Different parts 
of the three-stage brushless synchronous starter-generator are introduced. 
Challenges and requirements of studying and modeling of the under study ISG are 
explained. Regarding the requirements, contributions of the thesis are outlined. At 
the end, the structure of the thesis is presented. 

 

In Chapter 2 background of the industry trend to move from conventional 
aircraft to MEA is described. Different state of art architectures of aircraft electric 
power system are explained. It is indicated that application of power electronics in 
aircraft power system is becoming increasingly significant. 
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Chapter 3 deals with modeling of uncontrolled diode bridge rectifier. This 
modeling is performed taking into account the requirements corresponding to 
special forms of ME’s armature voltages. All the proposed models are presented in 
time-domain and Dynamic Phasor (DP) domain. Both time-domain and DP-domain 
models are able to describe interactions between harmonics.  

 

In Chapter 4 Finite element model of a given ISG is presented. After 
identifying magnetic characteristics of the machine, two Matlab/Simulink models 
of the machine are built. First Simulink model employs Look-up table in order to 
simulate nonlinear flux-current relationships. Second Simulink model uses Fourier 
series method to approximate nonlinear functions which are describing nonlinear 
flux-current relationships. The presented models provide the possibility of fast 
simulation while they have enough accuracy. In the presented models, Geometry 
dependencies of inductances and saturation effects are taken into account. 

 

In Chapter 5 magnetics maps of a given ISG are experimentally extracted. 
These magnetic maps are used in control systems to improve the performance of 
the drive control systems. Since ISG driving in starting process must be performed 
by a high-performance drive system, magnetic maps which are able to estimate 
optimum current combination are of importance for control purpose. These 
magnetics maps are determined for a constant field of MG. At the end, the 
effectiveness of Maximum Torque Per Ampere (MTPA) obtained from magnetics 
maps is validated by the experimental test. 

 

In Chapter 6 a new excitation procedure is proposed.  As indicated in Chapter. 
5, for implementing a high-performance control, magnetic mapping of the ISG is 
needed. Since MG is a wound rotor machine, magnetic characteristics of MG vary 
corresponding to combinations of its stator and field currents. The magnetic 
mapping is performed by an extensive experimental procedure. Therefore, it is more 
convenient and feasible to obtain magnetic maps for a constant MG field current.  

On the other hand, since MG field winding is mounted on the rotor, there is no 
possibility to measure and control it. In Chapter. 5 with the purpose of high-
performance torque control, an excitation procedure to keep MG field current 
constant is proposed. In addition, transient operation modes of MG field current are 
studied and taken into account. Experimental validation of the proposed method is 
performed.  

In Chapter 7, a new method to estimate MG field current is proposed. Based 
on the proposed method, MG field current in all operating modes of the starter-
generator can be estimated with excellent accuracy. Estimating the MG field 
current, one more degree of freedom is added for control purpose.  
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Chapter 8 presents summary and contributions of the thesis. 
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Chapter 2 

Power Electronics for Aircraft 
Power System 

2.1 Industry Trends of More Electric Aircraft 

The main on-board source of power in a conventional aircraft is the engine that 
is used to create thrust and feed the other systems (bleed air for hydraulics and 
pneumatics, auxiliary gearbox to drive electrical generators and pumps) [1]. For a 
typical aircraft with 150-200 passenger capacity like Airbus A320 [2] and Boeing 
737 [3], the thrust power is about 40 MW and non-thrust power is about 1.5 MW. 
Electrical power is the secondary power in an aircraft. In above-mentioned aircrafts, 
only 200 KW of the non-thrust power is used to convert into the electric power. By 
increasing attractiveness of more electric aircrafts (MEA), due to their significant 
benefits in terms of weight, volume and reliability, the trend of the industry is to 
increase the electrical power level of aircrafts. For example, in Boeing 787, by 
eliminating the pneumatic bleed systems, about 1.5 MW of non-thrust power is 
converted to the electric power [4]. The transition from bleed-air power to electric 
powered systems in Boeing 787 has been performed for the following systems [5]:  

 Engine start 

 Auxiliary power unit (APU) start 

 Wing ice protection 

 Cabin pressurization 

 Hydraulic pumps 

Aircraft power system is going toward major changes. These changes are in 
respect of size and architecture.  
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Figure. 2. 1. Evolution of aircraft electric power system technologies based on frequency and voltage 
level 

Regarding the size of components, there is a dominant and increasing trend to 
use electric power for driving aircraft subsystems [6]. Toward this change, driving 
power of many subsystems driven by mechanical, hydraulic, and pneumatic are 
fully or partially replaced by electric power. As an example, new aircrafts such as 
Boeing 787, use set of compressors close to the cabin of the aircraft to provide bleed 
air for the environmental control system.  

In conventional aircrafts, the bleed air for cabin environment control system 
was provided by mechanical driven compressors connected to the main aircraft 
engine [7]. The conventional bleed air system needed a set of pneumatic system and 
air ducts from the main engine to the cabin of the aircraft.  Replacing the 
conventional bleed air system with the electrically driven system leads to 
significantly decreasing the size of the replaced subsystem and a significant weight 
saving [8]. On the other hand, these substitutions result in significant increase of 
the required onboard power generation and the increase of the size of the aircraft 
power system.   

2.2 Architecture of MEA Power Distribution System 

In effect of increasing number of electric driven subsystems, the architecture 
of the aircraft power system has been changed [9]. One reason for this change is 
that now loads are a mixture of AC and DC loads. Moreover, some big loads are 
not sensitive to frequency. So, there is no need to have an AC bus for all AC loads 
with the constant frequency. This leads to increase the number of required local 
power electronics converters [10]- [11]. Generally speaking, evolution of nature of 
loads leads to a requirement for new power system structures which is more adapted 
with the newly introduced loads.  Fig. 2.1 shows the evolution of aircraft electric 
power system strategies based on frequency and power level [12]. As can be seen 
from the Fig. 2.1, aircraft power system evolution is from low-level voltages with 
constant frequency toward higher voltage levels and variable frequencies.  
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  (a)  (b) 
Figure. 2. 2. Aircraft constant frequency power generation systems. (a) Mechanical constant 
frequency power generation. (b) VSCF power generation system 

The constant frequency power systems are categorized into mechanical 
constant frequency and power electronics constant frequency power generation 
systems. Fig. 2.2.a shows schematics of the mechanical constant frequency power 
generation system and Fig. 2.2.b shows schematic of Variable Speed-Constant 
Frequency (VSCF) power generation system [13]- [14]. The mechanical constant 
frequency power generation system uses a mechanical gearbox to create a constant 
speed shaft for the electric generator. So, the frequency of the generated electric 
power is constant. The VSCF exploits power electronics converters to convert the 
generated electric power with variable frequency to a constant frequency electric 
power.  

By increasing diversity of the aircraft power system loads, more-electric 
aircrafts exploit a variable frequency power generation [15]-[17]. In this 
architecture, voltage level control is performed by the generator, but frequency 
adoption and further voltage level control are performed by local power electronics 
converters. Respect to the constant frequency power generation architecture, the 
new aircraft power system architecture (VF) contains a large number of power 
electronics converters. Fig. 2.3 shows schematic of the variable frequency power 
generation concept. Block diagram of aircraft VSCF and VF power distribution 
systems are shown in Fig 2.4 and Fig 2.5, respectively [18]. As can be seen, in 
VSCF power distribution system, the frequency adaption is performed for entire 
AC loads at the AC bus. While in the VF architecture, the frequency adaption is 
performed by local power electronics converters. 
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Figure. 2. 3. The aircraft variable-frequency power-generation system 

 
Figure. 2. 4. Block diagram of the VSCF power distribution system 
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Figure. 2. 5. Block diagram of the VF power distribution system 
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Chapter 3 

Modeling of Uncontrolled Rectifier 

3.1 Introduction 

As mentioned in the Chapter.2, modern aircraft power systems contain a large 
number of power electronics converters. This promotes the necessity of accurate 
modeling of the power electronics converters, and electric machine with power 
electronics loads.  

The focus of this thesis is investigation and modeling of the three-stage 
brushless synchronous starter-generator. Since the starter-generator contains two 
synchronous machine-rectifier systems (exciter-rotating rectifier, and MG-
rectifier), this chapter leads with modeling of diode bridge rectifier used in aircraft 
power system.  

In addition, in the aircraft power system, most of the on-board power 
electronics systems such as switching power supplies, electric motor drives, etc., 
contain uncontrolled rectifier [19]. Therefore, an accurate average, dynamic model 
of the uncontrolled rectifier is needed in order to assess the stability and dynamic 
behaviour of the power electronics systems containing uncontrolled rectifier [20]-
[23].  

In part of the starting process of the brushless starter-generator, field excitation 
of main exciter machine is AC. Since field winding of the exciter machine is single-
phase, induced voltages in armature windings of the main exciter have special non-
ideal form. In the future chapters, this phenomenon will be described in detail. At 
standstill with AC excitation, only two voltages contribute in rectification, so the 
model of rectifier must be able to take unbalanced input voltages into account. Also, 
applying AC excitation when the rotor is rotating, armature voltages are composed 
of two harmonics components which have varying amplitude and phase. Therefore, 
for modeling the brushless starter-generator, a rectifier model is needed with ability 
to consider the effect of harmonics in AC side on DC outputs. 
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In this chapter, first, a detailed and an average value models for uncontrolled 
rectifier are presented, then a selective harmonic model based on Dynamic Phasor 
(DP) method is presented. Due to the complexity of the aircraft power system with 
a large number of power electronics converters, the model of the converters must 
be able to take in account desired harmonics while is efficient in respect of 
computation time. Another desired feature of the model is its performance under 
unbalanced and transient condition. Contributions presented in this chapter are as 
following: 

 Correct voltage and current switching functions in DP-domain are 
presented in Section 3.10. 

 Proposed models in this chapter are presented in both time- and DP-
domains. While the time-domain model has a fast dynamic, the DP-
domain model offers flexible accuracy and efficient performance in 
respect of required computation time.  

 A new model of uncontrolled diode bridge rectifier in unbalanced 
condition based on switching function method in time-domain and DP-
domain is presented in Section 3.7.  

 In addition, unbalance factor (amount of unbalance) does not affect the 
performance of the proposed model. Therefore, the proposed model 
can deal with wide range of unbalance and fault conditions.  

 Considering all harmonics in AC-side, two new methods for modeling 
of uncontrolled diode bridge rectifier are proposed in Section 3.15 and 
.17.  

 Unlike other methods in time-domain and DP-domain presented in the 
literature, performance of the proposed model is not limited by the 
amplitude of harmonics even when due to harmonics presence, phase 
sequence of AC-side voltages changes. Therefore, for the case of 
modeling and investigation of the three-stage brushless synchronous 
machine, the proposed models are able to fully and accurately describe 
the relationships between AC-side (armature windings of ME) and DC-
side (field winding of MG).   

3.2 Benchmark Model of Uncontrolled Rectifier (Detailed 
Model) 

Fig. 3.1 shows a three-phase uncontrolled rectifier. The three-phase 
uncontrolled rectifier converts input alternating current/voltage into DC 
current/voltage. A three-phase uncontrolled rectifier consists of three diode legs 
which form a three-phase bridge using diodes D1 to D6.  According to the diode 
switching logic, the input AC current is switched between legs and their 
corresponding diodes. In Fig. 3.1, Lc indicates the commutation inductance. At the 
presence of Lc, the output current of the rectifier (if) cannot be switched between 
diode instantaneously. This leads to a finite commutation process which will be 
discussed in detail in this chapter. First, the performance of the rectifier without the 
presence of Lc is considered.  
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Figure. 3. 1. Benchmark model of uncontrolled rectifier 

 
Figure. 3. 2. Input and output voltages of the uncontrolled diode bridge rectifier 

Fig. 3.2, shows the input and output voltages of the uncontrolled rectifier 
without considering the commutation effect. In this chapter, detailed model of the 
uncontrolled rectifier is simulated using Matlab/Simpowersystem model of the 
uncontrolled diode bridge rectifier. 

3.3 Transfer Function Method 

In the transfer function method, the uncontrolled rectifier is considered as a 
black box and its transfer function determines its functionality based on input 
variables. To implement the transfer function method, relationships between input 
and output voltages and currents of the rectifier are obtained either from detailed 
simulation or experimental tests and are stored in look-up tables. To find these 
relationships, comprehensive simulation or experimental tests must be performed 
for various operating points [24]. Fig. 3.3 shows a schematic of the transfer function 
modeling. 
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Figure. 3. 3. Transfer function modelling 

In [25],[26], the nonlinear behaviour of the uncontrolled rectifier fed by a 
synchronous generator was modeled. The presented models are based upon sets of 
data obtained from comprehensive simulation or experimental tests. These data are 
saved into lookup tables and used to estimate output voltage and current of the 
rectifier. The estimation is based on nonlinear relationships between the magnitude 
of input and output voltages of the rectifier. These relationships are interpreted from 
data saved in lookup tables. In [27]-[31], the same method was implemented and 
called parametric model. Since the only magnitude of voltages and currents are 
considered and the frequency of input voltages was not taken into account, these 
models are not able to describe the behaviour of the uncontrolled rectifier 
completely. In [32], in addition to the magnitude of input/output voltages and 
currents, the frequency of AC-side was considered in parameters obtaining process. 
This one variable increasing led to needing for 3D look-up tables instead of 2D 
look-up tables to create the dataset for the parametric model of uncontrolled diode 
bridge rectifier.  

Although the transfer function method is simple and does not require to 
calculate complex mathematical equations, it is not generic to be used for various 
operating points, unbalanced or fault conditions.  

3.4 Switching Function Method 

Switching functions represent a bidirectional relationship between input and 
output variables of power electronics converters by means of emulating switching 
action of active/passive switches of the converter [33]. Neglecting the effect of 
commutation phenomena, Fig. 3.4 shows switching functions of uncontrolled diode 
bridge rectifier respecting its three-phase input. These phase switching functions 
are obtained from state functions of corresponding diodes of each phase (Table .3.1) 
as follows: 

ܵ௔ ൌ 	ܵௗଵ െ ܵௗସ 

ܵ௕ ൌ 	ܵௗଷ െ ܵௗ଺ 

ܵ௖ ൌ 	 ܵௗହ െ ܵௗଶ 

ୟୠୡ܁  ൌ 	 ൥
Sୟ
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Sୡ
൩ ൌ 	 ൥

Sୢଵ െ Sୢସ
Sୢଷ െ Sୢ଺
Sୢହ െ Sୢଶ
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(Sets of LUTs)
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where Sa, Sb, and Sc are switching functions of phase a, b, and c, respectively. Sd1 
to Sd6 are switching functions of diodes D1 to D6, respectively (Fig. 3.1). 

 

Table. 3. 1. Switching states of diodes in the uncontrolled rectifier 

ωt Sd1 Sd2 Sd3 Sd4 Sd5 Sd6 
0̊ <ωt< 60 ̊ 1 0 0 0 0 1 
60 ̊ <ωt< 120̊ 0 0 1 0 0 1 
120 ̊ <ωt< 180̊ 0 1 1 0 0 0 
180 ̊ <ωt< 240̊ 0 1 0 0 1 0 
240 ̊ <ωt< 300̊ 0 0 0 1 1 0 
300 ̊ <ωt< 360̊ 1 0 0 1 0 0 

 

 

Figure. 3. 4. Piecewise switching functions of the uncontrolled rectifier under balance condition 

These switching functions are called Piecewise switching functions. Since they 
represent a complete association between input voltages/currents with output 
voltage/current of the rectifier considering all harmonics, in time-domain, they 
cannot be used for selective harmonics average value modeling. 

Using switching function method, the relation between input and output 
voltages/currents are as follows: 

௔௕௖,௜௡ࢂ ൌ 	 ൥
௔ݒ
௕ݒ
௖ݒ
൩ ൌ 	

ۏ
ێ
ێ
ێ
ۍ ௠ܸ ∙ ሻݐሺ߱ݏ݋ܿ

௠ܸ ∙ ݏ݋ܿ ൬߱ݐ െ
2 ∙ ߨ
3
൰

௠ܸ ∙ ݏ݋ܿ ൬߱ݐ ൅
2 ∙ ߨ
3
൰ے
ۑ
ۑ
ۑ
ې

	

	 ௗ௖ݒ ൌ ௔௕௖ࡿ	
் ∙ 	௔௕௖,௜௡ࢂ (3.2)	

	 ௔௕௖,௜௡ࡵ ൌ ௔௕௖ࡿ	 ∙ 	ௗ௖࢏ (3.3)	



 

18 
 

Where Iabc, in is: 

۷௔௕௖,௜௡ ൌ 	 ൥
݅௔
݅௕
݅௖
൩ 

The piecewise switching function can be represented by approximation using 
series Fourier of quasi-square wave functions. Using series Fourier makes it 
possible to select harmonics of interest in the averaging process of modeling. 
Fourier series of piecewise switching functions are as follows: 

 ௜ܵ ൌ ∑ ௡ܣ ∙ cosሺ݊߱ݐ ൅ ߮௜ሻ, ݅ ൌ ܽ, ܾ, ܿஶ
௡ୀଵ  (3.4) 

௡ܣ  ൌ 	 ቀ
ସ

௡గ
ቁ ∙ sin ቀ

௡గ

ଶ
ቁ ∙ cos ቀ

௡గ

଺
ቁ (3.5) 

 

The fundamental components of the diode switching functions are as follows 
(n=1). 

௔௕௖|௡ୀଵ܁  ൌ 	
ଶ√ଷ

గ
∙

ۏ
ێ
ێ
ۍ

cosሺ߱ݐሻ

cos ቀ߱ݐ െ
ଶ∙గ

ଷ
ቁ

cos ቀ߱ݐ ൅
ଶ∙గ

ଷ
ቁے
ۑ
ۑ
ې
 (3.6) 

Fig. 3.5 shows switching functions of three-phase input voltages using Fourier 
series approximation by considering first ten components of switching functions 
(1st, 5th, 7th, 9th, 13th, 15th, 19th, 21st, 25th, and 27th components). 

 

Figure. 3. 5. Fourier series approximation of the switching functions 
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Figure. 3. 6. DP method for selective harmonic modelling 

3.5 Dynamic Phasor (DP) method 

Dynamic Phasors (DP) are used to simulate power system by representing 
instantaneously high-frequency time-domain signals as low-variant signals [34]-
[37]. Based on the Nyquist sampling theory, low-pass signals needs fewer 
samplings than the original high-frequency signals. Therefore, using DPs, it is 
possible to reduce the unnecessary time steps in the simulation. In [38], functional 
model of diode bridge rectifier in DP-domain is presented. DP modeling method 
for autotransformer rectifier unit (ATRU) has been addressed in [39]. 

In fact, DPs are time-varying Fourier series coefficient of a quasi-periodic 
signal. DPs are calculated for a sliding window over time. Usually, the fundamental 
period of the signal is chosen as the time window. As a result, each DP is the Kth 
Fourier series coefficient of the original signal. For signal x(τ) in complex Fourier 
series form, DPs are defined as: 

 

 〈ܺ〉௞ ൌ ܺ௞ሺݐሻ ൌ
ଵ

்
׬ ሺ߬ሻݔ
௧
௧ି் ∙ ݁ି௝௞ఠ௧ ∙ ݀߬ (3.7) 

 

where k is order of DP. T, and ω are fundamental period and frequency of the signal, 
respectively. Transformation from DP-domain to time-domain is as 

 

ሻݐሺݔ  ൌ ∑ 〈ܺ〉௞
ஶ
௞ୀିஶ ∙ ݁௝௞ఠ௧ (3.8) 

 

Some useful feature of DPs are as follows: 

 

 〈ܺ〉ି௞ ൌ 〈ܺ〉௞
∗  (3.9) 

 

where the superscript ‘*’ refers to conjugate operation. 
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 〈ܺ ∙ ܻ〉௞ ൌ ∑ 〈ܺ〉௞ି௡ ∙ 〈ܻ〉௡௡  (3.10) 

 

 〈ௗ௑
ௗ௧
〉௞ ൌ

ௗ

ௗ௧
〈ܺ〉௞ ൅ ݓ݆݇ ∙ 〈ܺ〉௞ (3.11) 

 

Despite that DP method offers an efficient simulation time, the main advantage 
of the DP method is that it is flexible in considering the number of harmonics of 
interest (Fig. 3.6). Therefore, using DP method, it is possible to select desired 
harmonics and include them in the model.  

3.5.1 DP Model of Uncontrolled Rectifier 

The Fourier series switching function method provides a straightforward and 
explicit presentation of the detailed piecewise switching function. DP calculation 
can be easily implemented on the Fourier series switching functions of the 
uncontrolled rectifier. Representation of uncontrolled rectifier switching function 
(equation 3.4) in DP-domain is as follows: 

 

 〈 ௜ܵ〉௞ ൌ 	
஺ೖ
ଶ
∙ ݁௝ఝ೔,										݅ ൌ ܽ, ܾ, ܽ݊݀	ܿ (3.12) 

 

where k indicates DP’s indexes. 

Based on (3.2), output voltage of the uncontrolled rectifier in DP-domain can 
be calculated as: 

 

௞〈ௗ௖ݒ〉  ൌ ௔ݒ〉 ∙ ௔〉௞ݏ ൅ ௕ݒ〉 ∙ ௕〉௞ݏ ൅ ௖ݒ〉 ∙  ௖〉௞ (3.13)ݏ

 

According to (3.10), in DP-domain, product of voltages and switching 
functions can be expanded. Zero order DP of output voltage is: 

 

଴〈ௗ௖ݒ〉 ൌ ሾ…൅ ଵ〈௔ݒ〉 ∙ 〈ܵ௔〉ିଵ ൅ ଵି〈௔ݒ〉 ∙ 〈ܵ௔〉ଵ ൅ ⋯ ሿ ൅ ሾ…൅ ଵ〈௕ݒ〉 ∙ 〈ܵ௕〉ିଵ ൅
ଵି〈௕ݒ〉 ∙ 〈ܵ௕〉ଵ ൅ ⋯ ሿ ൅ ሾ…൅ ଵ〈௖ݒ〉 ∙ 〈ܵ௖〉ିଵ ൅ ଵି〈௖ݒ〉 ∙ 〈ܵ௖〉ଵ ൅ ⋯ ሿ (3.14) 
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As can be derived from (3.14), DC component of the uncontrolled rectifier 
output voltage is calculated by first harmonic (fundamental component) of 
switching functions of input voltages. For other orders of DP representation of 
output voltage, there is the same procedure. For example, under balanced condition, 
output voltage of the uncontrolled rectifier contains 6th harmonic component. 6th 
harmonic component of the output voltage of the uncontrolled rectifier in DP-
domain under balance condition can be expressed as: 

 

଺〈ௗ௖ݒ〉 ൌ ሾ…൅ ଵ〈௔ݒ〉 ∙ 〈ܵ௔〉ହ ൅ ଵି〈௔ݒ〉 ∙ 〈ܵ௔〉଻ ൅ ⋯ ሿ ൅ ሾ…൅ ଵ〈௕ݒ〉 ∙ 〈ܵ௕〉ହ ൅
ଵି〈௕ݒ〉 ∙ 〈ܵ௕〉଻ ൅ ⋯ ሿ ൅ ሾ…൅ ଵ〈௖ݒ〉 ∙ 〈ܵ௖〉ହ ൅ ଵି〈௖ݒ〉 ∙ 〈ܵ௖〉଻ ൅ ⋯ ሿ (3.15) 

 

From (3.15), it can be concluded that 6th harmonics of uncontrolled rectifier 
output voltage is obtained from 5th and 7th harmonics components of input voltages 
switching functions. 

3.6 Unbalanced condition modelling 

As mentioned in the previous chapter, by increasing power electronics loads, a 
new architecture and optimization are required for the aircraft power system. 
Adequate comprehending of the dynamic behaviour of the aircraft power system in 
relation to design parameters is an important prerequisite for studying and 
improving the stability of the aircraft power system. Such a model should be 
adequately precise and be able to indicate the dynamic behaviour of the system in 
various operating points. 

The trend toward employing variable frequency power generation systems for 
aircrafts leads to increasing use of the uncontrolled rectifiers. The advantages of 
uncontrolled rectifier are high reliability, simple structure, and low cost. However, 
it is well known that the uncontrolled rectifier injects a considerable number of 
harmonics into the power system. These harmonics caused by power electronics 
loads and other unexpectable faults or dynamic conditions make aircraft power 
system variables (voltage, current, and frequency) distorted. These result in 
unbalanced condition and degraded power quality. A small amount of voltage 
unbalance in AC-side can lead to a large number of current harmonics which affect 
AC-side currents and DC-side voltage and current of rectifier [40]-[42]. Hence, a 
proper model for studying of the aircraft power system must be able to deal with 
unbalanced conditions. 

Regarding the above-mentioned requirements for an adequate modeling 
method for aircraft power system, in this chapter, modeling method for uncontrolled 
rectifier is proposed. The proposed model can be able to keep its accuracy in various 
operating points containing unbalanced conditions. 
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Figure. 3. 7. switching functions of the uncontrolled rectifier under balanced condition 

3.7 Proposed Improved DP Model of Uncontrolled 
Rectifier for Unbalanced conditions 

Fig .3.7 shows piecewise switching function of three-phase input voltages of 
uncontrolled rectifier under balanced condition. Previously presented Fourier series 
of switching functions in the literature are calculated for this balanced condition.  

Equation (3.5) which indicates the coefficient of the Fourier series of switching 
function has been calculated based on intersection points between phase voltages, 
therefore this equation only is valid for the balanced condition. This has not been 
considered in presented DP-domain models in the literature. For example, in [43]-
[45]. The general expression of Fourier series for a periodic signal (x(t)) with the 
period equal to T is: 

ሻݐሺݔ  ൌ ܽ଴ ൅ ∑ ሾܽ௡ ∙ cosሺ݊߱ݐሻ ൅ ܾ௡ ∙ sinሺ݊߱ݐሻሿஶ
௡ୀଵ  (3.16) 

where 

 ܽ௡ ൌ
ଶ

்
׬ ሻݐሺݔ ∙ cosሺ݊߱ݐሻ
	
் ∙ ݊						,ݐ݀ ് 0 (3.17) 

 

 ܾ௡ ൌ
ଶ

்
׬ ሻݐሺݔ ∙ sinሺ݊߱ݐሻ
	
் ∙ ݊						,ݐ݀ ് 0 (3.18) 
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As can be seen in Fig .3.7, under the balance condition, the switching functions 
are even functions. So, Fourier series representation of switching functions has the 
following features. 

ቐ
݂݈݄ܽ	݄ݐ݅ݓ	݊݋݅ݐܿ݊ݑ݂	݊݁ݒ݁	݊ܽ	ݏሻ݅ݐ௜ሺݏ െ ݅											ݕݎݐ݁݉݉ݕݏ	݁ݒܽݓ ൌ ܽ, ܾ, ܽ݊݀	ܿ

ܾ௡ ൌ 0
ܽ௡ ൌ ݊݁ݒ݁			ݏ݅				݊							0

 

 

Figure. 3. 8. Switching functions of the uncontrolled rectifier under an unbalanced condition. 

Fig .3.8 shows piecewise switching functions of the uncontrolled rectifier 
under an unbalanced condition, where input voltages are: 

௔ݒ ൌ 2 ∙ ௠ܸ ∙ cosሺ߱ݐሻ 

௕ݒ ൌ ௠ܸ ∙ cos ൬߱ݐ െ
2 ∙ ߨ
3
൰ 

௖ݒ ൌ ௠ܸ ∙ cos ൬߱ݐ ൅
2 ∙ ߨ
3
൰ 

As can be seen in Fig 3.8, the switching functions are neither even or odd 
functions. But, always they have half-wave symmetry. So, the equations (3.4) and 
(3.5) which represent the uncontrolled rectifier output voltage are not valid for 
unbalanced conditions. Fourier series expression of switching functions of the 
uncontrolled rectifier under unbalanced condition has the following features: 

ቐ
݅						,݀݀݋	ݎ݋݊	݊݁ݒ݁	ݎ݄݁ݐ݅݁݊	ܾ݁	ݕܽ݉		ሻݐ௜ሺݏ ൌ ܽ, ܾ, ܽ݊݀	ܿ

௜ܵ		݈ܽݏݕܽݓ	ݏ݄ܽ	݄݈݂ܽ െ ݕݎݐ݁݉݉ݕݏ	݁ݒܽݓ
ܽ௡ ൌ 	ܾ௡ ൌ ݊݁ݒ݁	ݏ݅		݊							,0
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Figure. 3. 9. Relationship between zero-crossing points of line-to-line voltages and intersection 
points of phase voltages 

Therefore, under unbalanced conditions, the coefficients of the Fourier series 
must be recalculated. This can be done easily using DP representation of the 
variables. Recalculating the Fourier series coefficients requires knowledge of 
intersection points between phase voltages. These intersection points can be easily 
found from DP expressions of line voltage. Zero-crossing points of line voltages 
are intersection points of phase voltages. This is shown in Fig .3.9. Applying (3.7) 
on line voltages, DP representation of line voltages are obtained. The angle of line 
voltages DPs are zero-crossing points of line voltages (intersection points of phase 
voltages). Therefore, first, line voltages should be converted into DP-domain as 
time-varying phasors: 

ଵ〈௔௕ݒ〉  ൌ
್ೌࢂ
ଶ
∙ ݁௝ణೌ್  (3.19) 

ଵ〈௕௖ݒ〉  ൌ
೎್ࢂ
ଶ
∙ ݁௝ణ್೎ (3.20) 
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ଵ〈௖௔ݒ〉  ൌ
೎ೌࢂ
ଶ
∙ ݁௝ణ೎ೌ (3.21) 

 

where Vab, Vbc, and Vca are the magnitude of three-phase line voltages. ϑab, ϑbc, and 
ϑca are the phase of line voltages.  

In Fig .3.8, Ai and Bi (i = a, b, and c) indicate the beginning and end points of 
each switching function pulse. Using the value of this points, it is possible to 
calculate the switching function Fourier series. Exploiting symmetry of the 
switching functions, intersection points of three-phase input voltages of the 
uncontrolled rectifier can be expressed as: 

 

௔ܣ  ൌ
గ

ଶ
െ  ௖௔ (3.22)ߴ

௔ܤ  ൌ
గ

ଶ
െ  ௔௕ (3.23)ߴ

௕ܣ  ൌ  ௔ (3.24)ܤ

௕ܤ  ൌ
గ

ଶ
െ  ௕௖ (3.25)ߴ

௖ܣ  ൌ  ௕ (3.26)ܤ

௖ܤ  ൌ  ௔ (3.27)ܣ

Since Line voltages in DP-domain have 90̊ phase shift with respect to their 

actual waveform, the term 
గ

ଶ
	is included in above relations. For example, when 

phase voltages are cosine functions, line voltages are sine functions, but in DP-
domain line voltages are expressed as cosine. Fourier series of switching functions 
for three-phase input voltages of the uncontrolled rectifier under unbalanced 
condition can be expressed as: 
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Figure. 3. 10. The proposed DP model of the uncontrolled rectifier 

௡ܣ  ൌ
ଶ

௡∙గ
∙ ሾsinሺ݊ ∙ ௜ሻܤ െ sinሺ݊ ∙  ௜ሻሿ (3.28)ܣ

 

௡ܤ  ൌ
ଶ

௡∙గ
∙ ሾcosሺ݊ ∙ ௜ሻܣ െ cosሺ݊ ∙  ௜ሻሿ (3.29)ܤ

 

 ௜ܵሺݐሻ ൌ ∑ ሾܣ௡ ∙ cosሺ݊߱ݐሻ ൅ ௡ܤ ∙ sinሺ݊߱ݐሻሿ																												ஶ
௡ୀଵ ݅ ൌ ܽ, ܾ, ܽ݊݀	ܿ 

  (3.30) 

 

Equation (3.30) is a general expression for Fourier series of uncontrolled 
rectifier under unbalance conditions where three-phase input voltages have not 120̊ 
phase differences and/or not have equal amplitude. DP expression of (3.30) is as: 

 

 〈ܵ௔〉௞ ൌ
஺ೖ
ଶ
∙ ݁௝଴ െ ݆ ஻ೖ

ଶ
	 ∙ ݁௝଴ (3.31) 

After some manipulation, (3.31) can be rewritten as: 

 

 〈 ௜ܵ〉௞ ൌ 	
ଶ

௞∙గ
	 ∙ sin ቀ

௞∙ሺ஻೔ି஺೔ሻ

ଶ
ቁ ∙ ݁

ି௝൬
ೖ∙൫ಲ೔శಳ೔൯

మ
൰
	,						݅ ൌ ܽ, ܾ, ܽ݊݀	ܿ (3.32) 
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A DP model can be interfaced to the time-domain models. After estimation 
desired DP orders for each variable, according to (3.8), each variable can be 
transformed from DP-domain into the time-domain. This transformation is essential 
for interfacing a converter model in DP-domain to other parts of the overall time-
domain model. For rectifier output voltage, the transformation from DP-domain 
into time-domain is as follows: 

 

ሻݐௗ௖ሺݒ ൌ ଴〈ௗ௖ݒ〉 ൅ ∑ ሻݐ௞ሺ〈ௗ௖ݒ〉 ∙ ݁௝௞ఠ௧ ൌ ଴〈ௗ௖ݒ〉 ൅ 2 ∙ ∑ ሺԸ݁ሾ〈ݒௗ௖〉௞ሿ ∙
௠௔௫
௞ୀଵ

௠௔௫
௞ୀଵ

cosሺ݇߱ݐሻ െ Ա݉ሾ〈ݒௗ௖〉௞ሿ ∙ sinሺ݇߱ݐሻሻ  (3.33) 

Fig .3.10 shows overall schematic of uncontrolled rectifier model in DP-
domain and its interfacing with time-domain model. 

3.8  Case Study and Validation of the Proposed Model of 
Uncontrolled Rectifier 

To examine the performance and accuracy of the proposed model, the model is 
comprised with detailed benchmark model simulated is Simpowersystem 
Matlab/Simulink environment. Four different conditions are considered for 
examination of the model as follows: 

 Case.1 : Balanced three-phase inputs with Continuous Current Mode 
(CCM) of output current. 

 Case. 2 : One phase open circuit fault. 

 Case. 3: Three-phase Unbalanced input voltages 

 Case. 4: CCM to DCM transient 

3.8.1  Case. 1: Balanced three-phase inputs with Continuous 
Current Mode (CCM) of output current. 

In this case of study, input voltages of the rectifier are considered as: 

 

௔ݒ ൌ 10 ∙ cosሺ߱ݐሻ 

௕ݒ ൌ 10 ∙ cos ൬߱ݐ െ
2 ∙ ߨ
3
൰ 

௖ݒ ൌ 10 ∙ cos ൬߱ݐ ൅
2 ∙ ߨ
3
൰ 

where 

߱ ൌ 400 ∙ 2 ∙  ߨ
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Fig .3.11 and Fig .3.12 show the rectifier output voltage and current 
respectively. The switching function contains odd harmonics from 0th to 29th.  Figs 
.3.13a to 3.13c show input phase currents. Frequency spectrum of the rectifier 
output voltage (vdc) and switching function of phase a (Sa) are shown in Fig .3.14. 
As can be seen in Fig .3.14, the rectifier output voltage contains characteristics 
harmonic orders of 0th, 6th, 12th, 18th, etc. Also, the switching function (Sa) contains 
odd harmonics.  

 

Figure. 3. 11. Uncontrolled rectifier output voltage obtained from detailed and DP models under 
balance input voltages condition      

 

 

Figure. 3. 12. Uncontrolled rectifier output current obtained from detailed and DP models under 
balance input voltages condition 
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Figure. 3. 13. Three-phase input currents of uncontrolled rectifier obtained by the detailed and DP 
models. (a) ia, (b) ib, (c) ic 
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Figure. 3. 14. Frequency spectrum of the rectifier output voltage (vdc) and switching function of 
phase a 

As can be derived from (3.14) and can be seen in Fig .3.14, first harmonic of 
Sa multiplied by the phase voltage represents the zero-order component of vdc. Also, 
fifth and seventh harmonics of Sa are representative of 6th harmonic of vdc. 

0th order component of the rectifier output current and voltage are shown in Fig 
.3.15 and Fig .3.16, respectively. Fig .3.17 .a to .d show the effect of adding 6th, 
12th, 18th, and 24th harmonics of vdc. As can be seen, by increasing the order of 
harmonics, their influence decreases (As can be derived from Fig .3.14.). 

 

 

Figure. 3. 15. Uncontrolled rectifier output current obtained from the detailed model versus its 0th 
component obtained from the DP model  
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Figure. 3. 16. Uncontrolled rectifier output voltage obtained from the detailed model versus its 0th 
component obtained from the DP model 
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Figure. 3. 17. Uncontrolled rectifier output voltage. (a) detailed model versus 0th +6th component of 
the DP model, (b) detailed model versus 0th +6th+12th components of the DP model, (c) detailed 
model versus 0th +6th+12th+18th components of the DP model, (d) detailed model versus 0th 
+6th+12th+18th +24th components of the DP model 

3.8.2  Case. 2: One phase open circuit fault. 

In this case of study, at t = 0.2 s, phase b of input voltages is disconnected from 
the rectifier input. Input voltages are same as in Case. 1. Fig .3.18 shows the three-
phase input voltages. Fig .3.19 and Fig .3.20 show the rectifier output voltage and 
current, respectively. As can be seen in Fig .3.19 and Fig .3.20, at the beginning of 
the transient condition (at t = 0.2s) vdc and idc obtained from the DP model are not 
perfectly matched with the waveforms obtained from the detailed model. The 
reason is that after the fault occurred, the intersection between phases and 
consequently the switching functions must be updated.  
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Since in the DP method, the intersection angles are calculated from line 
voltages in DP-domain, and in fact, DP is one period average of a signal, one period 
delay is imposed. This is shown in Fig .3.21. Fig .3.22 shows three-phase input 
currents of the rectifier estimated by the detailed model and the DP model. 
Frequency spectrum of the vdc and Sa after occurring the fault are shown in Fig. 
3.23. As can be seen, in addition to characteristic harmonics (0th, 6th, 12th, etc.) the 
rectifier output voltage contains non-characteristic harmonic orders such as 2th, 4th, 
8th etc. [46].  

 

 

Figure. 3. 18. Three phase input voltages of the rectifier 

 

 

Figure. 3. 19. Rectifier output voltage under one phase open-circuit fault 
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Figure. 3. 20. Rectifier output current under one phase open-circuit fault 

 

 

 

Figure. 3. 21. Switching functions of the rectifier before and after of the fault occurrence 
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Figure. 3. 22. Rectifier input currents before and after of the fault occurrence obtained from the 
detailed model and the DP model. (a) ia, (b) ib, (c) ic 
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Figure. 3. 23. Frequency spectrum of the rectifier output voltage (vdc) and switching function of 
phase a 

3.8.3  Case. 3: Three-phase unbalance input voltages 

In this case of study, the input voltages are set as: 

௔ݒ ൌ 20 ∙ cos ቀ߱ݐ ൅
ߨ
4
ቁ 

௕ݒ ൌ 10 ∙ cos ൬߱ݐ െ
2 ∙ ߨ
3
൰ 

௖ݒ ൌ 14 ∙ cos ൬߱ݐ ൅
3 ∙ ߨ
2
൰ 

where 

߱ ൌ 	400 ∙ 2 ∙  ߨ

Fig .3.24 shows three-phase input voltages. Fig .3.25 and Fig .3.26 show the 
rectifier output voltage and current, respectively. Comparing the results obtained 
from the detailed model with the results obtained from the DP model, the proposed 
DP model that is able to update Fourier series coefficients shows a successful 
performance even in the unbalanced condition. Three-phase input currents of the 
rectifier are shown in Fig .3.27a to .3.27c. The frequency spectrum of the rectifier 
output voltage and switching function of phase a are shown in Fig .3.28. As can be 
seen in Fig .3.28, under the unbalanced condition, vdc contains non-characteristic 
harmonics (2th, 4th, 8th, etc.). 
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Figure. 3. 24. Three phase input voltages of the rectifier 

 

Figure. 3. 25. Rectifier output voltage under unbalanced input voltages condition 

 

Figure. 3. 26. Rectifier output current under unbalanced input voltages condition 
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Figure. 3. 27. Unbalanced rectifier input currents obtained from the detailed model versus the DP 
model. (a) ia, (b) ib, (c) ic 
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Figure. 3. 28. Frequency spectrum of the rectifier output voltage (vdc) and switching function of 
phase a. 

3.8.4  Case. 5: Transient from CCM to DCM  

In this case of study, the uncontrolled diode bridge rectifier is fed by 
unbalanced voltages as same as in case 4, but at t = 0.1 s, the rectifier load is 
switched to a lighter load that makes the rectifier to operate in DCM condition. Fig 
.3.29 shows the frequency spectrum of the rectifier output voltage in the tested 
CCM operation. As can be seen, rectifier output voltage contains more harmonics 
than other previous cases (odd and even orders). Therefore, the switching function 
must contain more harmonics to be able to represent the actual output voltage of 
the rectifier. Fig .3.30 and Fig .3.31 show the rectifier output voltage (vdc) and 
output current (idc), respectively. As can be seen, DP model has a good performance 
at the transient interval. Fig .3.32a to 3.32.c show three-phase input currents of the 
rectifier. 

 

Figure. 3. 29. Frequency spectrum of the rectifier output voltage (vdc) in DCM. 
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Figure. 3. 30. Rectifier output voltage under transition from CCM to DCM 

 

 

Figure. 3. 31. Rectifier output current under transition from CCM to DCM 
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Figure. 3. 32. Rectifier input currents under transition from CCM to DCM. (a) ia, (b) ib, (c) ic 
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3.9 Effect of front-end inductance on rectifier output 
voltage  

In the previous section, the idealized circuit for the rectifier was considered. 
The main assumption considered for the idealized circuit was that the AC power 
source has zero reactance. So, DC output current of the rectifier switches 
instantaneously between rectifier diodes. In real condition, this assumption is far 
from true. In this section, the effect of the AC-side reactance is included in the 
rectifier model.  

AC-side front-end inductances (hereafter is called commutation inductance) 
lead to a finite commutation interval when the output current of rectifier switches 
between rectifier legs. Presence of the commutation inductance prevents the 
instantaneous current transfer between diodes. Thus, during the commutation 
interval, two or more diodes are carrying current which makes line-to-line short-
circuit between armature phases. Based on commutation duration, there are three 
operation modes for a rectifier which are described in detail in [47]. The first mode 
in which two-phase short circuit occurs is the most likely (commutation interval is 
less than 

గ

଺
 degrees).  

 

Figure. 3. 33. Equivalent circuit of the rectifier during current commutation between phase a and c 

Fig 3.33 shows the equivalent circuit of the rectifier during current 
commutation between phase a and c. In this case, commutation current flows 
between phase a and c. Fig 3.34 shows the current of phase a and c during the 
commutation. The beginning of the commutation process is considered as time 
origin and end of the commutation process is shown by µ. Voltages of phase a and 
c during the commutation are shown in Fig 3.35. The dashed area indicates the 
voltage drop of the commutation process.  
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Figure. 3. 34. Current of phase a and c during the commutation process between phase a and c 

 

Figure. 3. 35. Voltage of phase a and c during commutation process between phase a and c. 

 

Current constraints for the commutation process between phase a and c are as 
follows: 

݅௕ ൌ 	  ௗ௖ܫ

݅௔ ൌ 	 ݅ఓ 

݅௖ ൌ 	 ௗ௖ܫ െ ݅ఓ 

where, ݅ఓ is circulating current between phase a and c during the commutation.  

Applying KVL in the loop I (Fig 3.33), relationship between phase voltages 
and circulating commutation current can be derived as: 

௔ݒ  െ ௖ݒ ൌ 	2 ∙ ௖ܮ ∙
ௗ௜ഋ
ௗ௧

 (3.34) 

Multiplying both sides of (3.34) by ω and integrating for the commutation 
interval: 

 ߱ ∙ ௖ܮ ׬	 ݀݅ఓ
ூ೏೎
଴ ൌ ׬	

௩ೌି௩೎
ଶ

ఓ
଴ 	݀ሺ߱ݐሻ (3.35) 

where 

௔ݒ  െ ௖ݒ ൌ 	 ௅ܸ௅ sinሺ߱ݐሻ (3.36) 

 

௖ܫ

0 ߤ

ௗ௖ܫ
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௖ݒ ௔ݒ
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Substituting (3.36) in (3.35) 

 

 ߱ ∙ ௖ܮ ∙ ௗ௖ܫ ൌ
௏ಽಽ∙ሺଵିୡ୭ୱሺఓሻሻ

ଶ
 (3.37) 

 

Simplifying (3.37) for µ 

 

ߤ  ൌ cosିଵ ቀ1 െ
ଶ∙ఠ∙௅೎∙௜೏೎

௏ಽಽ
ቁ (3.38) 

 

3.10 Including commutation effect in switching functions 

Fig 3.36.a shows input and output voltages of the rectifier under the existence 
of commutation inductance. Fig 3.36b and Fig 3.36.c show currents of upper and 
bottom diodes. The effect of commutation process on voltages and currents can be 
seen in Fig 3.36a, Fig 3.36b, and Fig 3.36c. Fig 3.37 shows voltage switching 
function waveform for phase a, with considering the commutation effect. As can 
be seen in Fig 3.36, taking the commutation effect in the account, during the 
commutation interval, the value of the switching function is 0.5 instead of 1 in the 
ideal case (without considering the commutation effect).  

As mentioned before, due to the presence of the commutation inductance, 
current changes in the circuit have a finite slope. Thus, during the commutation 
interval, the switching function of the currents should be different from voltages. 
Fig 3.38 shows current switching function of phase a.  

 

 

 

(a) 
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Figure. 3. 36. Diode bridge rectifier performance under existence of commutation inductance. (a) 
input and output voltages of the rectifier, (b) currents of upper and bottom diodes 

 

Figure. 3. 37. Voltage switching function waveforms, with considering the commutation effect 
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Figure. 3. 38. Current switching function waveforms, with considering the commutation effect 

3.10.1 Switching functions with considering the commutation effect 
in time-domain 

Commutation angle is calculated from (3.38). Phase shifting the switching 

functions by 
ఓ

ଶ
 to the left, even waveforms can be achieved. This makes the 

calculation of Fourier series easier. Then, after calculation of Fourier series 

coefficients, a phase shift of  
ఓ

ଶ
 to the right must be applied. To the best knowledge 

of the author, in the literature, reported Fourier series formula of switching 
functions under the existence of commutation inductance is incorrect [44] and [48]. 
In the papers, the second phase shift in the calculation process of Fourier series was 
not applied. For voltage switching functions, correct Fourier series approximation 
of Switching functions (equations (3.28) to (3.30)) is: 

 

௡ܣ  ൌ
ଶ

௡∙గ
∙ ሾsinሺ݊ ∙ ௜ሻܤ െ sinሺ݊ ∙ ௜ሻሿܣ ∙ cos ቀ

௡∙ఓ

ଶ
ቁ (3.39) 

 

௡ܤ  ൌ
ଶ

௡∙గ
∙ ሾcosሺ݊ ∙ ௜ሻܣ െ cosሺ݊ ∙ ௜ሻሿܤ ∙ cos ቀ

௡∙ఓ

ଶ
ቁ (3.40) 

 

 ܵ ௏,௜ሺݐሻ ൌ ∑ ቂܣ௡ ∙ cos ቀ݊߱ݐ െ
௡∙ఓ

ଶ
ቁ ൅ ௡ܤ ∙ sin ቀ݊߱ݐ െ

௡∙ఓ

ଶ
ቁቃஶ

௡ୀଵ 	,						݅ ൌ ܽ, ܾ, ܽ݊݀	ܿ 

  (3.41) 
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As mentioned before, under existence of commutation inductance, switching 
functions of currents are different from voltages. In time-domain, switching 
functions of rectifier input currents are: 

 

 ூܵ,௜ሺݐሻ ൌ ∑ ቂܣ௡ ∙ cos ቀ݊߱ݐ െ
௡∙ఓ

ଶ
ቁ ൅ ௡ܤ ∙ sin ቀ݊߱ݐ െ

௡∙ఓ

ଶ
ቁቃஶ

௡ୀଵ ∙
ୱ୧୬ቀ೙∙ഋ

మ
ቁ

೙∙ഋ
మ

	,						݅ ൌ

ܽ, ܾ, ܽ݊݀	ܿ  (3.42) 

 

3.10.2 Switching functions with considering the commutation effect 
in DP-domain 

Representation of voltage switching functions (equation (3.41)) in DP-domain is: 

 

 〈ܵ௩,௜〉௞ ൌ 	
ଶ

௞∙గ
	 ∙ sin ቀ

௞∙ሺ஻೔ି஺೔ሻ

ଶ
ቁ ∙ ݁

ି௝൬
ೖ∙൫ಲ೔శಳ೔൯

మ
൰
∙ cos ቀ

௞∙ఓ

ଶ
ቁ ∙ ݁ି௝ሺ

ೖ∙ഋ
మ
ሻ		,						݅ ൌ

ܽ, ܾ, ܽ݊݀	ܿ  (3.43) 

 

And, for current switching functions (equation (3.42)), DP expression is: 

 

 〈ܵூ,௜〉௞ ൌ 	
ଶ

௞∙గ
	 ∙ sin ቀ

௞∙ሺ஻೔ି஺೔ሻ

ଶ
ቁ ∙ ݁

ି௝൬
ೖ∙൫ಲ೔శಳ೔൯

మ
൰
∙
ୱ୧୬ቀೖ∙ഋ

మ
ቁ

ೖ∙ഋ
మ

∙ ݁ି௝ሺ
ೖ∙ഋ
మ
ሻ		,						݅ ൌ ܽ, ܾ, ܽ݊݀	ܿ 

  (3.44) 

 

3.11 Validation of switching function model considering 
the commutation effect in balanced condition 

Using formulas of switching functions, uncontrolled diode bridge rectifier is 
modeled. To validate the presented model of rectifier in DP-domain, comparison 
between detailed model and switching function model in DP-domain is performed. 
Fig 3.39 shows input voltages of the rectifier. Voltage switching function of input 
phases and current switching function of phase a are shown in Fig 3.40.  
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Figure. 3. 39. Input voltages of the rectifier 

 

 

Figure. 3. 40. Switching functions of the diode bridge rectifier 
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Figure. 3. 41. Waveforms of AC-side currents  

 

Figure. 3. 42. Trajectory of AC-side currents 

Considering commutation inductance and based on number of simultaneous 
conducting diodes, there are two operation modes for uncontrolled diode bridge 
rectifier. These modes are called interlude and commutation modes. During 
interlude mode, only two diodes (one upper diode and one bottom diode) are 
conducting.  While, during commutation mode, more than two diodes are carrying 
current. These modes are shown in Fig 3.41, where interlude intervals are indicated 
by ‘I’. For example, Iab represents interlude interval where phase a carries positive 
current and phase b carries negative current. Also, commutation intervals are 
indicated by “Comm”. For instance, Commbc indicates commutation interval where 
current transfers from phase b to phase c.  

To show the influence of commutation inductance on the output voltage and 
current of the rectifier, this test is repeated without the existence of commutation 
inductance. Then, space phasor of input currents is calculated and plotted in Fig. 
3.42.  
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As can be seen in Fig 3.42, trajectory of input currents of the rectifier is a 
hexagon. Corners of the hexagon represent interlude states and its sides represent 
commutation intervals. As can be seen in Fig 3.42, amplitudes of input currents of 
the rectifier are reduced. This is consequence of commutation voltage drop. 

Output voltage and current of the rectifier are shown in Fig 3.43 and 3.44. The 
current of phase a is shown in Fig 3.45. As can be seen, in switching function 
method, the exponential increment of current during commutation interval is 
approximated by linear increment. Fig 3.46 shows the frequency spectrum of the 
rectifier output voltage and voltage switching function of phase a.  

 

 

Figure. 3. 43. Rectifier output voltage 

 

Figure. 3. 44. Rectifier output current 
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Figure. 3. 45. An input current of the rectifier, phase a 

 

Figure. 3. 46. Frequency spectrum of the rectifier output voltage (vdc) and switching function of 
phase a 

3.12 Switching functions with considering the 
commutation effect in Unbalance conditions 

Since commutation duration is related to amplitude of phase voltages that are 
commutating, in unbalanced condition, commutation interval between each two 
phases is different from other two phases. Therefore, commutation angle must be 
calculated for each combinations of commutating phases.  

௔௕ߤ  ൌ cosିଵ ቀ1 െ
ଶ∙ఠ∙௅೎∙௜೏೎

௏ೌ್
ቁ (3.45) 

௕௖ߤ  ൌ cosିଵ ቀ1 െ
ଶ∙ఠ∙௅೎∙௜೏೎

௏್೎
ቁ (3.46) 

௖௔ߤ  ൌ cosିଵ ቀ1 െ
ଶ∙ఠ∙௅೎∙௜೏೎

௏೎ೌ
ቁ (3.47) 
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3.12.1 Time-domain Representation of Switching Functions with 
considering the commutation effect in Unbalance conditions 

Since commutation angles for different combination of commutating phases is 
not equal, switching functions have uneven commutation interval at each of their 
sides. Coefficients of voltage switching functions in time-domain are calculated as: 

 

For phase a: 

௡ܣ  ൌ
ଵ

௡∙గ
∙ ൣsinሺ݊ ∙ ௜ሻܤ െ sinሺ݊ ∙ ௜ሻܣ ൅ sin൫݊ ∙ ሺܤ௜ ൅ ௔௕ሻ൯ߤ െ sin൫݊ ∙ ሺܣ௜ ൅  ௖௔ሻ൯൧ߤ

  (3.48) 

௡ܤ ൌ
ଵ

௡∙గ
∙ ൣcosሺ݊ ∙ ௜ሻܣ െ cosሺ݊ ∙ ௜ሻܤ ൅ cos൫݊ ∙ ሺܣ௜ ൅ ௖௔ሻ൯ߤ െ cos൫݊ ∙ ሺܤ௜ ൅

 ௔௕ሻ൯൧  (3.49)ߤ

 

For phase b: 

௡ܣ ൌ
ଵ

௡∙గ
∙ ൣsinሺ݊ ∙ ௜ሻܤ െ sinሺ݊ ∙ ௜ሻܣ ൅ sin൫݊ ∙ ሺܤ௜ ൅ ௕௖ሻ൯ߤ െ sin൫݊ ∙ ሺܣ௜ ൅  ௔௕ሻ൯൧ߤ

  (3.50) 

௡ܤ ൌ
ଵ

௡∙గ
∙ ൣcosሺ݊ ∙ ௜ሻܣ െ cosሺ݊ ∙ ௜ሻܤ ൅ cos൫݊ ∙ ሺܣ௜ ൅ ௔௕ሻ൯ߤ െ cos൫݊ ∙ ሺܤ௜ ൅

 ௕௖ሻ൯൧  (3.51)ߤ

 

For phase c: 

௡ܣ ൌ
ଵ

௡∙గ
∙ ൣsinሺ݊ ∙ ௜ሻܤ െ sinሺ݊ ∙ ௜ሻܣ ൅ sin൫݊ ∙ ሺܤ௜ ൅ ௖௔ሻ൯ߤ െ sin൫݊ ∙ ሺܣ௜ ൅  ௕௖ሻ൯൧ߤ

  (3.52) 

௡ܤ ൌ
ଵ

௡∙గ
∙ ൣcosሺ݊ ∙ ௜ሻܣ െ cosሺ݊ ∙ ௜ሻܤ ൅ cos൫݊ ∙ ሺܣ௜ ൅ ௕௖ሻ൯ߤ െ cos൫݊ ∙ ሺܤ௜ ൅

 ௖௔ሻ൯൧  (3.53)ߤ

 

Formula of Fourier series of voltage switching functions is: 

 

 ܵ௏,௜ሺݐሻ ൌ ∑ ሾܣ௡ ∙ cosሺ݊߱ݐሻ ൅ ௡ܤ ∙ sinሺ݊߱ݐሻሿ,			ஶ
௡ୀଵ 	݅ ൌ ܽ, ܾ, ܽ݊݀	ܿ				 (3.54) 
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Coefficients of current switching functions in time-domain are calculated as: 

For phase a: 

௡ܣ  ൌ
ଶ

௡∙గ
∙ ቈsin ൬݊ ∙ ቀܤ௜ ൅

ఓೌ್
ଶ
ቁ൰ ∙

ୱ୧୬ቀ
೙∙ഋೌ್
మ

ቁ
೙∙ഋೌ್
మ

െ sin ൬݊ ∙ ቀܣ௜ ൅
ఓ೎ೌ
ଶ
ቁ൰ ∙

ୱ୧୬ቀ೙∙ഋ೎ೌ
మ

ቁ
೙∙ഋ೎ೌ
మ

቉ 

  (3.55) 

 

௡ܤ  ൌ
ଶ

௡∙గ
∙ ቈcos ൬݊ ∙ ቀܣ௜ ൅

ఓ೎ೌ
ଶ
ቁ൰ ∙

ୱ୧୬ቀ೙∙ഋ೎ೌ
మ

ቁ
೙∙ഋ೎ೌ
మ

െ cos ൬݊ ∙ ቀܤ௜ ൅
ఓೌ್
ଶ
ቁ൰ ∙

ୱ୧୬ቀ
೙∙ഋೌ್
మ

ቁ
೙∙ഋೌ್
మ

቉ 

  (3.56) 

 

For phase b: 

௡ܣ  ൌ
ଶ

௡∙గ
∙ ቈsin ൬݊ ∙ ቀܤ௜ ൅

ఓ್೎
ଶ
ቁ൰ ∙

ୱ୧୬ቀ
೙∙ഋ್೎
మ

ቁ
೙∙ഋ್೎
మ

െ sin ൬݊ ∙ ቀܣ௜ ൅
ఓೌ್
ଶ
ቁ൰ ∙

ୱ୧୬ቀ
೙∙ഋೌ್
మ

ቁ
೙∙ഋೌ್
మ

቉ 

  (3.57) 

 

௡ܤ  ൌ
ଶ

௡∙గ
∙ ቈcos ൬݊ ∙ ቀܣ௜ ൅

ఓೌ್
ଶ
ቁ൰ ∙

ୱ୧୬ቀ
೙∙ഋೌ್
మ

ቁ
೙∙ഋೌ್
మ

െ cos ൬݊ ∙ ቀܤ௜ ൅
ఓ್೎
ଶ
ቁ൰ ∙

ୱ୧୬ቀ
೙∙ഋ್೎
మ

ቁ
೙∙ഋ್೎
మ

቉ 

  (3.58) 

For phase c: 

௡ܣ  ൌ
ଶ

௡∙గ
∙ ቈsin ൬݊ ∙ ቀܤ௜ ൅

ఓ೎ೌ
ଶ
ቁ൰ ∙

ୱ୧୬ቀ೙∙ഋ೎ೌ
మ

ቁ
೙∙ഋ೎ೌ
మ

െ sin ൬݊ ∙ ቀܣ௜ ൅
ఓ್೎
ଶ
ቁ൰ ∙

ୱ୧୬ቀ
೙∙ഋ್೎
మ

ቁ
೙∙ഋ್೎
మ

቉ 

  (3.59) 

 

௡ܤ  ൌ
ଶ

௡∙గ
∙ ቈcos ൬݊ ∙ ቀܣ௜ ൅

ఓ್೎
ଶ
ቁ൰ ∙

ୱ୧୬ቀ
೙∙ഋ್೎
మ

ቁ
೙∙ഋ್೎
మ

െ cos ൬݊ ∙ ቀܤ௜ ൅
ఓ೎ೌ
ଶ
ቁ൰ ∙

ୱ୧୬ቀ೙∙ഋ೎ೌ
మ

ቁ
೙∙ഋ೎ೌ
మ

቉ 

  (3.60) 

 

Formula of Fourier series of current switching functions is: 

 

 ூܵ,௜ሺݐሻ ൌ ∑ ሾܣ௡ ∙ cosሺ݊߱ݐሻ ൅ ௡ܤ ∙ sinሺ݊߱ݐሻሿஶ
௡ୀଵ ,			݅ ൌ ܽ, ܾ, ܽ݊݀	ܿ								 (3.61) 
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3.12.2 DP-domain Representation of Switching Functions with 
considering the commutation effect in Unbalance conditions 

In this section, time-domain voltage and current switching functions are 
transformed into DP-domain. 

Voltage switching functions in DP-domain: 

 

For phase a: 

 〈ܵ௏,௔〉௞ ൌ 	
ଵ

௞∙గ
	 ∙ ቈsin ቀ

௞∙ሺ஻೔ି஺೔ሻ

ଶ
ቁ ∙ ݁

ି௝൬
ೖ∙൫ಲ೔శಳ೔൯

మ
൰
൅ sin ቀ

௞∙ሺ஻೔ି஺೔ାఓೌ್ିఓ೎ೌሻ

ଶ
ቁ ∙

݁
ି௝൬

ೖ∙൫ಲ೔శಳ೔శഋೌ್శഋ೎ೌ൯
మ

൰
቉	  (3.62) 

 

For phase b: 

 〈ܵ௏,௕〉௞ ൌ 	
ଵ

௞∙గ
	 ∙ ቈsin ቀ

௞∙ሺ஻೔ି஺೔ሻ

ଶ
ቁ ∙ ݁

ି௝൬
ೖ∙൫ಲ೔శಳ೔൯

మ
൰
൅ sin ቀ

௞∙ሺ஻೔ି஺೔ାఓ್೎ିఓೌ್ሻ

ଶ
ቁ ∙

݁
ି௝൬

ೖ∙൫ಲ೔శಳ೔శഋ್೎శഋೌ್൯
మ

൰
቉	  (3.63) 

 

For phase c: 

 〈ܵ௏,௖〉௞ ൌ 	
ଵ

௞∙గ
	 ∙ ቈsin ቀ

௞∙ሺ஻೔ି஺೔ሻ

ଶ
ቁ ∙ ݁

ି௝൬
ೖ∙൫ಲ೔శಳ೔൯

మ
൰
൅ sin ቀ

௞∙ሺ஻೔ି஺೔ାఓ೎ೌିఓ್೎ሻ

ଶ
ቁ ∙

݁
ି௝൬

ೖ∙൫ಲ೔శಳ೔శഋ೎ೌశഋ್೎൯
మ

൰
቉	  (3.64) 

Current switching functions in DP-domain: 

 

For phase a: 

 〈 ூܵ,௔〉௞ ൌ 	
ି௝

௞∙గ
	቎
ୱ୧୬ቀೖ∙

ሺഋ೎ೌሻ
మ

ቁ
ೖ∙ሺഋ೎ೌሻ

మ

∙ ݁
ି௝ቆ

ೖ∙ቀಲ೔శ
ഋ೎ೌ
మ ቁ

మ
ቇ
െ

ୱ୧୬൬
ೖ∙൫ഋೌ್൯

మ
൰

ೖ∙൫ഋೌ್൯
మ

∙ ݁
ି௝൭

ೖ∙ቀಳ೔శ
ഋೌ್
మ ቁ

మ
൱
቏ 

  (3.65) 
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For phase b: 

 〈 ூܵ,௕〉௞ ൌ 	
ି௝

௞∙గ
	቎
ୱ୧୬൬

ೖ∙൫ഋೌ್൯
మ

൰

ೖ∙൫ഋೌ್൯
మ

∙ ݁
ି௝൭

ೖ∙ቀಲ೔శ
ഋೌ್
మ ቁ

మ
൱
െ

ୱ୧୬൬
ೖ∙൫ഋ್೎൯

మ
൰

ೖ∙൫ഋ್೎൯
మ

∙ ݁
ି௝൭

ೖ∙ቀಳ೔శ
ഋ್೎
మ ቁ

మ
൱
቏ 

  (3.66) 

For phase c: 

 〈 ூܵ,௖〉௞ ൌ 	
ି௝

௞∙గ
	቎
ୱ୧୬൬

ೖ∙൫ഋ್೎൯
మ

൰

ೖ∙൫ഋ್೎൯
మ

∙ ݁
ି௝൭

ೖ∙ቀಲ೔శ
ഋ್೎
మ ቁ

మ
൱
െ

ୱ୧୬ቀೖ∙
ሺഋ೎ೌሻ
మ

ቁ
ೖ∙ሺഋ೎ೌሻ

మ

∙ ݁
ି௝ቆ

ೖ∙ቀಳ೔శ
ഋ೎ೌ
మ ቁ

మ
ቇ
቏ 

  (3.67) 

3.13 Case study and validation of proposed models of 
uncontrolled rectifier under unbalanced condition.   

In order to validate effectiveness of the proposed model of uncontrolled diode 
rectifier for unbalanced conditions, the performance of the proposed model is 
investigated by two cases of study. First, the performance of the proposed model is 
comprised with the detailed model. In this case, input voltages are highly 
unbalanced, and one phase open-circuit fault happens in input voltages. The second 
case examines the performance of the proposed model in transient from CCM to 
DCM operations. 

3.13.1 Case. 1: Arbitrary three-phase unbalanced input voltages, 
and one phase open-circuit Fault 

 In this case of study, input voltages of the rectifier are assumed as: 

௔ݒ ൌ 10 ∙ cos ቀ߱ݐ ൅
ߨ
6
ቁ 

௕ݒ ൌ 18 ∙ cos ൬߱ݐ െ
2 ∙ ߨ
3
൰ 

௖ݒ ൌ 15 ∙ cos ቀ߱ݐ ൅
ߨ
2
ቁ 

where 

߱ ൌ 400 ∙ 2 ∙  ߨ

At t=0.2 s open-circuit fault occurs in phase b. Fig 3.47 shows input voltages 
of the rectifier. Voltage switching functions and current switching function of phase 
a are shown in Fig 3.48. As can be seen, commutation intervals are not equal. For 
example, commutation interval between phase b and phase c is shorter than phase 
a and phase c.  
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Figure. 3. 47. Input voltages of the rectifier 

 

Figure. 3. 48. Voltage switching functions and current switching function of phase a 

 

Fig 3.49 and Fig 3.50 show rectifier output voltage and current, respectively. 
Current of phase a is shown in Fig 3.51. Frequency spectrum of the rectifier output 
voltage (vdc) and voltage switching function of phase a before and after occurrence 
of fault are shown in Fig 3.52 and 3.53, respectively. As can be derived from Fig 
3.52, and Fig 3.53, before occurrence of fault because of unbalanced input voltages, 
output voltage of rectifier and switching functions contain non-characteristic 
harmonics. Amplitude of non-characteristic harmonics increases after occurrence 
of the fault.  
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Figure. 3. 49. Output voltage of the rectifier under unbalanced input voltages and one phase open-
circuit fault 

 

Figure. 3. 50. Output current of the rectifier under unbalanced input voltages and one phase open-
circuit fault 

 

Figure. 3. 51. Current of phase a under unbalanced input voltages and one phase open-circuit fault 
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i dc
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Figure. 3. 52. Frequency spectrum of the rectifier output voltage (vdc) and voltage switching function 
of phase a before occurrence of fault 

 

Figure. 3. 53. Frequency spectrum of the rectifier output voltage (vdc), voltage, and current switching 
function of phase a after occurrence of fault 

3.13.2 Case. 2: Transient from CCM to DCM 

In this case of study, performance of the proposed uncontrolled rectifier model 
is examined in transient from CCM to DCM operation modes. At t=0.1 s, load of 
the rectifier is reduced. The lighter load makes the rectifier to operate in DCM. 
Input voltages are shown in Fig 3.54. Fig 3.55 shows voltage switching functions 
and current switching function of phase b. Fig 3.56 and Fig 3.57 show rectifier 
output voltage and current, respectively. The current of phase b under unbalanced 
input voltages and transient from CCM to DCM is shown in Fig 3.58. 
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Figure. 3. 54. Input voltages of the rectifier 

 

Figure. 3. 55. Voltage switching functions and current switching function of phase b 

 

Figure. 3. 56. Output voltage of the rectifier under unbalanced input voltages and in transient from 
CCM to DCM. 
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Figure. 3. 57. Output current of the rectifier under unbalanced input voltages and in transient from 
CCM to DCM. 

 

Figure. 3. 58. Current of phase b under unbalanced input voltages and transient from CCM to DCM. 

Fig 3.59 and Fig 3.60 show Frequency spectrum of the rectifier output voltage 
(vdc) and voltage switching function of phase a in CCM and DCM, respectively. 
Comparing with Fig 3.49 and Fig 3.50, it can be derived that DCM operation results 
in lower non-characteristic harmonics than one phase open-circuit fault. 
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Figure. 3. 59. Frequency spectrum of the rectifier output voltage (vdc) and voltage switching function 
of phase a in CCM 

 

Figure. 3. 60. Frequency spectrum of the rectifier output voltage (vdc) and voltage switching function 
of phase a in DCM 

 

3.14 Model of the Uncontrolled Rectifier with harmonic 
consideration 

In the previous sections, it was considered that input voltages of uncontrolled 
rectifier only contain fundamental component and harmonic components are 
negligible. However, in some conditions such as fault condition input voltages of 
the rectifier may contain significant harmonic contents [49]-[51]. 
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For the three-stage brushless synchronous machine, during starting process 
where field excitation of the main exciter is AC, induced voltages in armature 
winding of the exciter are comprised of two components with different amplitude 
and frequency. Amplitude and frequency of the armature voltages are related to 
excitation frequency and rotation speed of the machine. Therefore, the model of 
uncontrolled rotating rectifier connected to armature winding must be able to 
consider different harmonics of input voltages.  

In [52], transferred harmonics from AC-side to DC-side of rectifier were 
studied analytically. The presented method in [52] uses approximated Fourier series 
representation of switching functions in balance condition. Therefore, the presented 
method only is applicable to low amplitude harmonics. In [53], frequency-domain 
harmonic matrix model of uncontrolled diode bridge rectifier has been proposed. 
The proposed harmonic matrix can describe relationships between harmonics of 
input voltages and generated input currents in balance condition. However, the 
unbalanced condition was not considered. Therefore, application of the proposed 
harmonic matrix is limited to slightly unbalanced condition and low amplitude 
harmonics. Using double Fourier series method, approximated transfer function of 
uncontrolled rectifier has been proposed in [54]. In this work, the procedure of 
transfer function calculation only was reported for considering one harmonic. In 
addition, it was assumed that amplitude of the harmonic component is less than the 
fundamental component and does not change phase sequence of input voltages. 
From the presented methods in the literature, it can be concluded that for starting 
process of the starter-generator, neither of addressed methods are able to model 
relationships between AC- and DC-sides of the rotating rectifier.  

3.15 Time-domain and DP-domain Representation of 
Switching Functions by considering AC-side harmonics 
(Method 1) 

As mentioned in the former section, under unbalanced input voltages, 
commutation intervals are not even. In the case that input voltages contain a 
significant amount of harmonics, commutation intervals not only are unequal but 
also are variable.  In this section, considering harmonics of input voltages, the 
switching function of uncontrolled diode bridge rectifier are derived. The proposed 
switching-function model is fully capable to deal with input harmonics even when 
amplitudes of harmonics are more than the fundamental component.  

First, input voltages with two components are considered. In this case, input 
voltages are comprised of the fundamental component with the frequency of ωf and 
a harmonic component.  

௔ݒ  ൌ ܽଵ cos൫߱௙ݐ ൅ ௔భ൯ߴ ൅ ܽଶ cos൫߱௔మݐ ൅  ௔మ൯ (3.68)ߴ
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௕ݒ  ൌ ܾଵ cos൫ ௙߱ݐ ൅ ௕భ൯ߴ ൅ ܾଶ cos൫߱௕మݐ ൅  ௕మ൯ (3.69)ߴ

 

௖ݒ  ൌ ܿଵ cos൫߱௙ݐ ൅ ௖భ൯ߴ ൅ ܿଶ cos൫߱௖మݐ ൅  ௖మ൯ (3.70)ߴ

For phase a, complex form of the two cosine terms is: 

 

௔ݒ  ൌ 	ܴ݁ቄܽଵ ∙ ݁
௝൫ఠ೑௧ାణೌభ൯ ൅ ܾ ∙ ݁௝൫ఠೌమ௧ାణೌమ൯ቅ (3.71) 

 

where Re indicates real part of a complex term.  

 Factoring of fundamental frequency and phase, (3.71) can be rewritten as: 

 

௔ݒ  ൌ ܴ௘ ቄ	݁
௝൫ఠ೑௧ାణೌభ൯ ∙ ቂܽଵ ൅ ܽଶ ∙ ݁

௝ቀ൫ఠೌమିఠ೑൯௧ାణೌమିణೌభቁቃቅ (3.72) 

 

Magnitude and angle of (3.72) are: 

 

|௔ݒ|  ൌ 	ටܽଵ
ଶ ൅ ܽଶ

ଶ ൅ 2 ∙ ܽଵ ∙ ܽଶ ∙ cos ቀ൫߱௔మ െ ௙߱൯ݐ ൅ ௔మߴ െ  ௔భቁ (3.73)ߴ

 

௔ݒ∠  ൌ 	 tanିଵ ቈ
௔మ ୱ୧୬ቀ൫ఠೌమିఠ೑൯௧ାణೌమିణೌభቁ

௔భା௔మ ୡ୭ୱቀ൫ఠೌమିఠ೑൯௧ାణೌమିణೌభቁ
቉ ൅  ௔భ (3.74)ߴ

 

 Now, sum of the two cosines with different amplitude, frequency, and phase 
can be expressed as one cosine: 

 

௔ݒ  ൌ |௔ݒ| cos൫ ௙߱ݐ ൅  ௔൯ (3.75)ݒ∠
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For phase b, magnitude and phase are calculated as: 

 

|௕ݒ|  ൌ 	ටܾଵ
ଶ ൅ ܾଶ

ଶ ൅ 2 ∙ ܾଵ ∙ ܾଶ ∙ cos ቀ൫߱௕మ െ ߱௙൯ݐ ൅ ௕మߴ െ  ௕భቁ (3.76)ߴ

 

௕ݒ∠  ൌ 	 tanିଵ ቈ
௕మ ୱ୧୬ቀ൫ఠ್మିఠ೑൯௧ାణ್మିణ್భቁ

௕భା௕మ ୡ୭ୱቀ൫ఠ್మିఠ೑൯௧ାణ್మିణ್భቁ
቉ ൅  ௕భ (3.77)ߴ

 

So, vb in (3.69) can be rewritten as: 

 

௕ݒ  ൌ |௕ݒ| cos൫ ௙߱ݐ ൅  ௕൯ (3.78)ݒ∠

 

And for phase c: 

 

|௖ݒ|  ൌ 	ටܿଵ
ଶ ൅ ܿଶ

ଶ ൅ 2 ∙ ܿଵ ∙ ܿଶ ∙ cos ቀ൫߱௖మ െ ௙߱൯ݐ ൅ ௖మߴ െ  ௖భቁ (3.79)ߴ

 

௖ݒ∠  ൌ 	 tanିଵ ቈ
௖మ ୱ୧୬ቀ൫ఠ೎మିఠ೑൯௧ାణ೎మିణ೎భቁ

௖భା௖మ ୡ୭ୱቀ൫ఠ೎మିఠ೑൯௧ାణ೎మିణ೎భቁ
቉ ൅  ௖భ (3.80)ߴ

 

 

So, vc in (3.70) can be rewritten as: 

 

௖ݒ  ൌ |௖ݒ| cos൫߱௙ݐ ൅  ௖൯ (3.81)ݒ∠

 

Then, phase of line voltages should be calculated. These phases are used in 
Fourier series expressions of switching functions (intersection points of phase 
voltages). Line voltages are: 
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௔௕ݒ  ൌ |௔ݒ| cos൫ ௙߱ݐ ൅ ௔൯ݒ∠ െ |௕ݒ| cos൫߱௙ݐ ൅  ௕൯ (3.82)ݒ∠

 

௕௖ݒ  ൌ |௕ݒ| cos൫ ௙߱ݐ ൅ ௕൯ݒ∠ െ |௖ݒ| cos൫ ௙߱ݐ ൅  ௖൯ (3.83)ݒ∠

 

௖௔ݒ  ൌ |௖ݒ| cos൫ ௙߱ݐ ൅ ௖൯ݒ∠ െ |௔ݒ| cos൫ ௙߱ݐ ൅  ௔൯ (3.84)ݒ∠

 

The line voltages are sum of two cosines with different amplitude. First, they 
should be expressed as a single cosine functions. Using the same approach as was 
employed to phase voltages, amplitudes and phases of line voltage are calculated 
as: 

 

|௔௕ݒ|  ൌ 	ඥ|ݒ௔|ଶ ൅ ௕|ଶݒ| െ 2 ∙ |௔ݒ| ∙ |௕ݒ| ∙ cosሺ∠ݒ௕ െ  ௔ሻ (3.85)ݒ∠

 

|௕௖ݒ|  ൌ 	ඥ|ݒ௕|ଶ ൅ ௖|ଶݒ| െ 2 ∙ |௕ݒ| ∙ |௖ݒ| ∙ cosሺ∠ݒ௖ െ  ௕ሻ (3.86)ݒ∠

 

|௖௔ݒ|  ൌ 	ඥ|ݒ௖|ଶ ൅ ௔|ଶݒ| െ 2 ∙ |௖ݒ| ∙ |௔ݒ| ∙ cosሺ∠ݒ௔ െ  ௖ሻ (3.87)ݒ∠

 

௔௕ݒ∠  ൌ tanିଵ ቂ
ି|௩್| ୱ୧୬ሺ∠௩್ି∠௩ೌሻ

|௩ೌ|ି|௩್| ୡ୭ୱሺ∠௩್ି∠௩ೌሻ
ቃ ൅  ௔ (3.88)ݒ∠

 

௕௖ݒ∠  ൌ tanିଵ ቂ
ି|௩೎| ୱ୧୬ሺ∠௩೎ି∠௩್ሻ

|௩್|ି|௩೎| ୡ୭ୱሺ∠௩೎ି∠௩್ሻ
ቃ ൅  ௕ (3.89)ݒ∠

 

௖௔ݒ∠  ൌ tanିଵ ቂ
ି|௩ೌ| ୱ୧୬ሺ∠௩ೌି∠௩೎ሻ

|௩೎|ି|௩ೌ| ୡ୭ୱሺ∠௩ೌି∠௩೎ሻ
ቃ ൅  ௖ (3.90)ݒ∠

 

After expressing line voltages as one cosine functions, starting and ending 
points of switching functions can be calculated as: 

 

௔ܣ  ൌ
గ

ଶ
െ  ௖௔ (3.91)ݒ∠
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௔ܤ  ൌ
గ

ଶ
െ  ௔௕ (3.92)ݒ∠

 

௕ܣ  ൌ  ௔ (3.93)ܤ

 

௕ܤ  ൌ
గ

ଶ
െ  ௕௖ (3.94)ݒ∠

 

௖ܣ  ൌ  ௕ (3.95)ܤ

 

௖ܤ  ൌ  ௔ (3.96)ܣ

 

Now, commutation angles must be calculated. Commutation angles are: 

 

௔௕ߤ  ൌ cosିଵ ቀ1 െ
ଶ∙ఠೌ್∙௅೎∙௜೏೎

|௏ೌ್|
ቁ (3.97) 

 

௕௖ߤ  ൌ cosିଵ ቀ1 െ
ଶ∙ఠ್೎∙௅೎∙௜೏೎

|௏್೎|
ቁ (3.98) 

 

௖௔ߤ  ൌ cosିଵ ቀ1 െ
ଶ∙ఠ೎ೌ∙௅೎∙௜೏೎

|௏೎ೌ|
ቁ (3.99) 

 

where ωab, ωbc, and ωca are:  

 

 ߱௔௕ ൌ
∠௩ೌ್ିణೌభ

௧
 (3.100) 

 

 ߱௕௖ ൌ
∠௩್೎ିణ್భ

௧
 (3.101) 
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 ߱௖௔ ൌ
∠௩೎ೌିణ೎భ

௧
 (3.102) 

Now, Fourier series coefficients for voltage switching functions can be 
calculated using (3.48) to (3.53). Then, Fourier series expression of voltage 
switching functions in time-domain is: 

 

 ܵ௏,௜ሺݐሻ ൌ ∑ ௡ܣൣ ∙ cos൫݊߱௙ݐ൯ ൅ ௡ܤ ∙ sin൫݊߱௙ݐ൯൧,			ஶ
௡ୀଵ 	݅ ൌ ܽ, ܾ, ܽ݊݀	ܿ				 

  (3.103) 

Fourier series coefficients for current switching functions are calculated using 
(3.55) to (3.60). Fourier series expression of current switching functions is: 

 

 ூܵ,௜ሺݐሻ ൌ ∑ ሾܣ௡ ∙ cosሺ݊߱ݐሻ ൅ ௡ܤ ∙ sinሺ݊߱ݐሻሿஶ
௡ୀଵ ,			݅ ൌ ܽ, ܾ, ܽ݊݀	ܿ								 

  (3.104) 

Voltage switching function in DP-domain are calculated by (3.62) to (3.64). 
Current switching function in DP-domain are calculated using (3.65) to (3.67). 

If more than two harmonics are desired to be considered, the mentioned method 
can be applied to every two harmonics and at the end, single cosine expression of 
voltages can be obtained. As an example, if three harmonics of phase a voltage are 
desired to be considered, single cosine expression of va can be calculated as: 

 

௔ݒ  ൌ ܽଵ cos൫߱௙ݐ ൅ ௔భ൯ߴ ൅ ܽଶ cos൫߱௔మݐ ൅ ௔మ൯ߴ ൅ ܽଷ cos൫߱௔యݐ ൅  ௔య൯ߴ

  (3.105) 

Sum of the first two terms in (3.105) can be replaced by their single-term 
expression as: 

 ܽଵ cos൫ ௙߱ݐ ൅ ௔భ൯ߴ ൅ ܽଶ cos൫߱௔మݐ ൅ ௔మ൯ߴ ൌ ௔|ଵݒ| cos൫ ௙߱ݐ ൅ ሺ∠ݒ௔ሻଵ൯ 
  (3.106) 

where |ݒ௔|ଵ and ሺ∠ݒ௔ሻଵ are calculated by (3.73) and (3.74), respectively.  

Now va contains two terms. 

௔ݒ  ൌ ௔|ଵݒ| cos൫ ௙߱ݐ ൅ ሺ∠ݒ௔ሻଵ൯ ൅ ܽଷ cos൫߱௔యݐ ൅  ௔య൯ (3.107)ߴ
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Its amplitude, phase and final single-term expression are: 

 

|௔ݒ|  ൌ 	ට|ݒ௔|ଶ ൅ ܽଷ
ଶ ൅ 2 ∙ |௔ݒ| ∙ ܽଷ ∙ cos ቀ൫߱௔య െ ߱௙൯ݐ ൅ ௔యߴ െ ሺ∠ݒ௔ሻଵቁ 

  (3.108) 

 

௔ݒ∠  ൌ 	 tanିଵ ቈ
௔య ୱ୧୬ቀ൫ఠೌయିఠ೑൯௧ାణೌయିሺ∠௩ೌሻభቁ

|௩ೌ|ା௔య ୡ୭ୱቀ൫ఠೌయିఠ೑൯௧ାణೌయିሺ∠௩ೌሻభቁ
቉ ൅ ሺ∠ݒ௔ሻଵ (3.109) 

 

Final single-term expression of va can be written as (3.75). After re-expressing 
the phase voltages, line voltages contain two terms and their phase angle can be 
calculated by (3.88) to (3.90). As before, from the phase angle of line voltages, 
switching functions can be calculated. 

 

3.16  Case Study and Validation of the Method. 1: 

In this section, performance and accuracy of the proposed model are examined 
by simulation. Simulation results of the proposed model are compared with results 
obtained from a detailed benchmark model simulated in SimPowerSystem 
Matlab/Simulink environment.  

3.16.1. Case 1: Three-phase unbalanced arbitrary input voltages 

 In this case of study, input voltages of the rectifier are assumed as: 

 

௔ݒ ൌ 5 ൅ 10 ∙ cosሺ߱ ∙ ሻݐ ൅ 7 ∙ cosሺ5 ∙ ߱ ∙  ሻݐ

௕ݒ ൌ 10 ∙ cos ൬߱ ∙ ݐ െ
2 ∙ ߨ
3
൰ ൅ 15 ∙ cos ൬2 ∙ ߱ ∙ ݐ െ

2 ∙ ߨ
3
൰ 

௖ݒ ൌ 5 ∙ cos ൬߱ ∙ ݐ ൅
2 ∙ ߨ
3
൰ ൅ 15 ∙ cos ൬3 ∙ ߱ ∙ ݐ ൅

2 ∙ ߨ
3
൰ 

where 

߱ ൌ 400 ∗ 2 ∗  ߨ

First, simulation is performed without the existence of commutation inductance. 
Fig 3.61 shows input voltages. Switching functions are shown in Fig 3.62. Output 
voltage and current of the rectifier are shown in Fig 3.63 and 3.64, respectively. Fig 
3.65 shows the current of phase a.  
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The frequency spectrum of the rectifier output voltage (vdc) and switching 
function of phase a are shown in Fig 3.66. From the results, excellent performance 
of the proposed model can be proved.   

 

 

Figure. 3. 61. Input voltages of the rectifier 

 

 

Figure. 3. 62. Switching functions 

In
pu

t V
ol

ta
ge

s 
[V

]
S

w
it

ch
in

g 
F

un
ct

io
ns



 

70 
 

 

Figure. 3. 63. Output voltage of the rectifier 

 

Figure. 3. 64. Output current of the rectifier 

 

Figure. 3. 65. Current of phase a 
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Figure. 3. 66. Frequency spectrum of the rectifier output voltage (vdc) and switching function of 
phase a 

3.16.2. Case 2: Three-phase unbalanced arbitrary input voltages 
with existence of commutation inductance. 

In this case, input voltages are same as in the previous test, but commutation 
inductances exist in AC-side. Fig 6.67 shows input voltages of the rectifier. Voltage 
switching functions and current switching function of phase a are shown in Fig 
3.68. Output voltage and current of the rectifier are shown in Fig 3.69 and 3.70, 
respectively. The frequency spectrum of the rectifier output voltage (vdc) and 
voltage switching function of phase a are shown in Fig 3.71. Effect of commutation 
inductance in increasing harmonics of vdc can be seen in Fig 3.71. 

 

 

 

Figure. 3. 67. Input voltages of the rectifier 
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Figure. 3. 68. Voltage switching functions and current switching function of phase a 

 

 

Figure. 3. 69. Output voltage of the rectifier 
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Figure. 3. 70. Output current of the rectifier 

 

Figure. 3. 71. Current of phase a 

 

Figure. 3. 72. Frequency spectrum of the rectifier output voltage (vdc) and voltage switching function 
of phase a 
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3.17 Time-domain and DP-domain Representation of 
Switching Functions by considering AC-side harmonics 
(Method 2) 

In addition to the previous method (Method 1), in this section, another method 
to consider input harmonics in modeling of the uncontrolled rectifier is proposed. 
Step by step modeling approach is as follows: 

First, Signum function is applied on line voltages. Sign of line voltages can be 
obtained by (3.110) to (3.115). In this thesis, (3.113) to (3.115) are used.  

 

 ܵ௩ೌ್ሖ ൌ ௩ೌ್
|௩ೌ್|

ൌ ௩ೌ್
ඥሺ௩ೌ್ሻమ

 (3.110) 

 

|௔௕ݒ|  ൌ ௔௕ݒሾ݁݀ݑݐ݅݊݃ܽܯ ൅ ݆0ሿ (3.111) 

 

Or 

 

 ܵ௩ೌ್ሖ ൌ cosሺtanିଵሺݒ௔௕ ൅ ݆0ሻሻ (3.112) 

 

Another representation of above formula in DP-domain is: 

 

 ܵ௩ೌ್ሖ ൌ cos ቂ∡ ቀ∑ ቀሺ〈ݒ௔〉௜ െ ௜ሻ〈௕ݒ〉 ∙ ݁௝∙௜∙ఠ∙௧ቁ
௞
௜ୀ଴ ቁቃ (3.113) 

 

For phase b and c 

 

 ܵ௩್೎ሖ ൌ cos ቂ∡ ቀ∑ ቀሺ〈ݒ௕〉௜ െ ௜ሻ〈௖ݒ〉 ∙ ݁௝∙௜∙ఠ∙௧ቁ
௞
௜ୀ଴ ቁቃ (3.114) 

 

 ܵ௩೎ೌሖ ൌ cos ቂ∡ ቀ∑ ቀሺ〈ݒ௖〉௜ െ ௜ሻ〈௔ݒ〉 ∙ ݁௝∙௜∙ఠ∙௧ቁ
௞
௜ୀ଴ ቁቃ (3.115) 
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Equation (3.113) to (3.115) can be used in the case where input voltages come 
from DP-domain. Using (3.113) to (3.115), implicit zero-crossing points of line 
voltages can be obtained. This is shown in Fig 3.73. 

Now, switching functions can be obtained by finding pulses which their zero-
crossing points are intersection points of phase voltages.  

 

 ܵ௔ ൌ 	
ଵ

ଶ
	 ∙ 	 ൫ܵ௩ೌ್ሖ െ	ܵ௩೎ೌሖ ൯ (3.116) 

 

 ܵ௕ ൌ 	
ଵ

ଶ
	 ∙ 	 ൫ܵ௩್೎ሖ െ 	ܵ௩ೌ್ሖ ൯ (3.117) 

 

 ܵ௖ ൌ 	
ଵ

ଶ
	 ∙ 	 ൫ܵ௩೎ೌሖ െ 	ܵ௩್೎ሖ ൯ (3.118) 

 

 

 

Figure. 3. 73. Vab and ܵ௩ೌ್
ᇱ  

Commutation process effect has been not considered in switching functions 
obtained from (3.116) to (3.117). To consider commutation inductance effect, in 
this thesis, two approaches are proposed. The first approach to calculate voltage 
switching functions is as follows. 

First, line voltages are shifted to the right by their corresponding commutation 

angle. These shifted line voltages are indicated by ܵ௩ೌ್_ഋೌ್
ሖ , ܵ௩್೎_ഋ್೎

ሖ , and ܵ௩೎ೌ_ഋ೎ೌ
ሖ . 
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 ܵ௩ೌ್_ഋೌ್
ሖ ൌ cos ቂ∡ ቀ∑ ቀሺ〈ݒ௔〉௜ െ ௜ሻ〈௕ݒ〉 ∙ ݁௝∙ሺ௜∙ఠ∙௧ି௜∙ఓೌ್ሻቁ

௞
௜ୀ଴ ቁቃ (3.119) 

 

 ܵ௩್೎_ഋ್೎
ሖ ൌ cos ቂ∡ ቀ∑ ቀሺ〈ݒ௕〉௜ െ ௜ሻ〈௖ݒ〉 ∙ ݁௝∙ሺ௜∙ఠ∙௧ି௜∙ఓ್೎ሻቁ

௞
௜ୀ଴ ቁቃ (3.120) 

 

 ܵ௩೎ೌ_ഋ೎ೌ
ሖ ൌ cos ቂ∡ ቀ∑ ቀሺ〈ݒ௖〉௜ െ ௜ሻ〈௔ݒ〉 ∙ ݁௝∙ሺ௜∙ఠ∙௧ି௜∙ఓ೎ೌሻቁ

௞
௜ୀ଴ ቁቃ (3.121) 

 

Then, from (3.113) to (3.115) and (3.119) to (3.121), voltage switching 
functions are calculated as: 

 

 ܵ௏,௔ ൌ
ଵ

ଶ
∙ ቄ൫ܵ௩ೌ್ሖ െ ܵ௩೎ೌሖ ൯ െ ቂ

ଵ

ଶ
	 ∙ 	 ቀܵ௩ೌ್ሖ െ ܵ௩ೌ್ഋೌ್

ሖ ቁ െ	
ଵ

ଶ
	 ∙ 	ቀܵ௩೎ೌ െሖ 	ܵ௩೎ೌ_ഋ೎ೌ

ሖ ቁቃቅ 

  (3.122) 

 

 ܵ௏,௕ ൌ
ଵ

ଶ
∙ ቄ൫ܵ௩್೎ െሖ ܵ௩ೌ್ሖ ൯ െ ቂ

ଵ

ଶ
	 ∙ 	ቀܵ௩್೎ሖ െ ܵ௩್೎_ഋ್೎

ሖ ቁ െ	
ଵ

ଶ
	 ∙ 	 ቀܵ௩ೌ್ െሖ 	ܵ௩ೌ್_ഋೌ್

ሖ ቁቃቅ 

  (3.123) 

 

 ܵ௏,௖ ൌ
ଵ

ଶ
∙ ቄ൫ܵ௩೎ೌሖ െ ܵ௩್೎ሖ ൯ െ ቂ

ଵ

ଶ
	 ∙ 	 ቀܵ௩೎ೌሖ െ ܵ௩೎ೌ_ഋ೎ೌ

ሖ ቁ െ	
ଵ

ଶ
	 ∙ 	ቀܵ௩್೎ െሖ ܵ௩್೎_ഋ್೎

ሖ ቁቃቅ 

  (3.124) 

 

Equations (3.122) to (3.124) present absolute voltage switching functions. If 
harmonics interactions are desired, and also in order to calculate current switching 
functions, second approach is presented.  

Applying (3.7) on (3.113) to (3.115), DPs of line voltages are calculated. 
Voltage switching functions in DP domain are: 

 〈ܵ௏,௔〉௞ ൌ 	 〈ܵ௩ೌ್ሖ 〉௞ ∙ cos ቀ݇ ∙
ఓೌ್
ଶ
ቁ ∙ ݁ି

ೕ∙ೖ∙ഋೌ್
మ െ 〈ܵ௩೎ೌሖ 〉௞ ∙ cos ቀ݇ ∙

ఓ೎ೌ
ଶ
ቁ ∙ ݁ି

ೕ∙ೖ∙ഋ೎ೌ
మ  

  (3.125) 

 〈ܵ௏,௕〉௞ ൌ 	 〈ܵ௩್೎ሖ 〉௞ ∙ cos ቀ݇ ∙
ఓ್೎
ଶ
ቁ ∙ ݁ି

ೕ∙ೖ∙ഋ್೎
మ െ 〈ܵ௩ೌ್ሖ 〉௞ ∙ cos ቀ݇ ∙

ఓೌ್
ଶ
ቁ ∙ ݁ି

ೕ∙ೖ∙ഋೌ್
మ  

  (3.126) 
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 〈ܵ௏,௖〉௞ ൌ 	 〈ܵ௩೎ೌሖ 〉௞ ∙ cos ቀ݇ ∙
ఓ೎ೌ
ଶ
ቁ ∙ ݁ି

ೕ∙ೖ∙ഋ೎ೌ
మ െ 〈ܵ௩್೎ሖ 〉௞ ∙ cos ቀ݇ ∙

ఓ್೎
ଶ
ቁ ∙ ݁ି

ೕ∙ೖ∙ഋ್೎
మ  

  (3.127) 

Current switching functions are: 

 

 〈 ூܵ,௔〉௞ ൌ 	 〈ܵ௩ೌ್ሖ 〉௞ ∙
ୱ୧୬ቀ௞∙

ഋೌ್
మ
ቁ

௞∙
ഋೌ್
మ

∙ ݁ି
ೕ∙ೖ∙ഋೌ್

మ െ 〈ܵ௩೎ೌሖ 〉௞ ∙
ୱ୧୬ቀ௞∙ഋ೎ೌ

మ
ቁ

௞∙ഋ೎ೌ
మ

∙ ݁ି
ೕ∙ೖ∙ഋ೎ೌ

మ  

  (3.128) 

 

 〈ܵூ,௕〉௞ ൌ 	 〈ܵ௩್೎ሖ 〉௞ ∙
ୱ୧୬ቀ௞∙

ഋ್೎
మ
ቁ

௞∙
ഋ್೎
మ

∙ ݁ି
ೕ∙ೖ∙ഋ್೎

మ െ 〈ܵ௩ೌ್ሖ 〉௞ ∙
ୱ୧୬ቀ௞∙

ഋೌ್
మ
ቁ

௞∙
ഋೌ್
మ

∙ ݁ି
ೕ∙ೖ∙ഋೌ್

మ  

  (3.129) 

 

 〈 ூܵ,௖〉௞ ൌ 	 〈ܵ௩೎ೌሖ 〉௞ ∙
ୱ୧୬ቀ௞∙ഋ೎ೌ

మ
ቁ

௞∙
ഋ೎ೌ
మ

∙ ݁ି
ೕ∙ೖ∙ഋ೎ೌ

మ െ 〈ܵ௩್೎ሖ 〉௞ ∙
ୱ୧୬ቀ௞∙

ഋ್೎
మ
ቁ

௞∙
ഋ್೎
మ

∙ ݁ି
ೕ∙ೖ∙ഋ್೎

మ  

  (3.130) 

 

3.18 Validation of the Method. 2 

Method .2 of modeling the uncontrolled diode bridge rectifier with considering 
input harmonics is examined by performing a simulation. Results obtained from the 
proposed model is compared to results obtained from the detailed model.  

 

3.18.1 Case 1: Without existence of commutation inductance 

Input voltages of rectifier are as follows: 

௔ݒ ൌ 20 ∙ cos ቀ߱ ∙ ݐ ൅
ߨ
4
ቁ 

௕ݒ ൌ 3 ∙ cos ൬߱ ∙ ݐ െ
2 ∙ ߨ
3
൰ ൅ 12 ∙ cos ൬2 ∙ ߱ ∙ ݐ െ

2 ∙ ߨ
3
൰ 

௖ݒ ൌ 7 ∙ cos ൬߱ ∙ ݐ ൅
2 ∙ ߨ
3
൰ 

where  

߱ ൌ 200 ∗ 2 ∗  ߨ
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The first test is performed without the existence of commutation inductance. 
At t= 0.2 s one phase open-circuit happens in phase a. Fig 3.74 shows waveforms 
of input voltages. Absolute switching function calculated by (3.116) to (3.118) are 
shown in Fig 3.75. Output voltage and current of the rectifier are shown in Fig 3.76 
and Fig 3.77, respectively. Fig 3.78 shows the current of phase b. The frequency 
spectrum of the rectifier output voltage (vdc) and voltage switching function of 
phase a before fault occurrence are shown in Fig 3.79. 

 

Figure. 3. 74. Input voltages of the rectifier 

 

Figure. 3. 75. Switching Functions 
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Figure. 3. 76. Output voltage of the rectifier 

 

Figure. 3. 77. Output current of the rectifier 

 

Figure. 3. 78. Current of phase a 
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Figure. 3. 79. Frequency spectrum of the rectifier output voltage (vdc) and voltage switching function 
of phase a. 

 

3.18.2 Case 2: With existence of commutation inductance 

Another test is performed with commutation inductances in AC-side of the 
rectifier. Fig 3.80 shows waveforms of input voltages. Absolute and DP-domain 
voltage switching functions of phase a are shown in Fig 3.81. The current switching 
function of phase a and its absolute voltage switching function are shown in Fig 
3.82. Uneven commutation intervals can be seen in Fig 3.81 and 3.82. Fig 3.83 and 
3.84 show absolute voltage switching function of phase b and its DP-domain 
voltage and current switching functions. The same for phase c are shown in Fig 
3.85 and 3.86. Fig 3.87 and Fig 3.88 show output voltage of the rectifier using 
absolute and DP-domain switching functions, respectively. Fig 3.89 and Fig 3.90 
show output current of the rectifier using absolute and DP-domain switching 
functions, respectively. Input phase currents using DP-domain method are shown 
in Fig 3.91, Fig 3.92, and Fig 3.93. The frequency spectrum of the rectifier output 
voltage (vdc) and voltage switching function of phase a are shown in Fig 3.94. 
Comparing Fig 3.94 with Fig 3.79, it can be derived that commutation inductance 
in AC-side of the rectifier increases harmonics of the output voltage of rectifier. 
Therefore, to achieve a precise modeling, order of considered switching functions’ 
DPs must be increased. 
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Figure. 3. 80. Input voltages of the rectifier 

 

Figure. 3. 81. Absolute and DP-domain voltage switching functions of phase a 

 

Figure. 3. 82. Absolute voltage switching function of phase a and its current switching function in 
DP-domain 
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Figure. 3. 83. Absolute and DP-domain voltage switching functions of phase b 

 

Figure. 3. 84. Absolute voltage switching function of phase b and its current switching function in 
DP-domain 

 

Figure. 3. 85. Absolute and DP-domain voltage switching function of phase c 
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Figure. 3. 86. Absolute voltage switching function of phase c and its current switching function in 
DP-domain. 

 

Figure. 3. 87. Output voltage of the rectifier obtained from the detailed model and method 2 using 
absolute switching functions 

 

Figure. 3. 88. Output voltage of the rectifier obtained from the detailed model and method 2 using 
switching functions in DP-domain 
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Figure. 3. 89. Output current of the rectifier obtained from the detailed model and method 2 using 
absolute switching functions 

 

Figure. 3. 90. Output current of the rectifier obtained from the detailed model and method 2 using 
switching functions in DP-domain 

 

Figure. 3. 91. Current of phase a 
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Figure. 3. 92. Current of phase b 

 

Figure. 3. 93. Current of phase c 

 

Figure. 3. 94. Frequency spectrum of the rectifier output voltage (vdc) and voltage switching function 
of phase a 
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3.19 Comparison between computation time of the models 

In the previous section, accuracy of the developed models has been validated. 
In this section, computational performance in terms of computation time of the 
developed models of the uncontrolled diode bridge rectifier is studied. The models 
under study are time-domain and DP-domain models using Method. 2. In the DP-
model. 30 harmonics were considered, so the smallest sample time was set as 16e-
5 s. The same sample time was set for the time-domain model. CPU time taken by 
the time-domain model for each step was 118.64 μs and for the DP-domain model 
was 153.76 μs. As was expected, time-domain model is more efficient in terms of 
computation time. However, by reducing number of harmonics in the DP-domain 
it is possible to significantly increase its computation speed. 

3.20. Experimental Validation of the Proposed Models of 
uncontrolled Rectifier. 

To validate the effectiveness of the proposed method, two experimental tests 
have been performed. Fig 3.95 and 3.96 show the experimental setup. The test rig 
consists of three-phase commutation inductor, three-phase diode bridge rectifier, 
and R-L load. The inductance of each commutation inductor is 135 µH. R-L load 
consists of an inductor with 3 mH inductance and a resistor with 53 Ω.  

3.20.1 Case 1. Unbalanced Input Voltages 

In this test, AC-side voltages are supplied by a programmable power source as: 

௔ݒ ൌ 152 ∙ cosሺ߱ ∙  ሻݐ

௕ݒ ൌ 132 ∙ cos ൬߱ ∙ ݐ െ
2 ∙ ߨ
3
൰ 

௖ݒ ൌ 97 ∙ cos ቀ߱ ∙ ݐ ൅
ߨ
2
ቁ 

where  
߱ ൌ 400 ∗ 2 ∗  ߨ

In this test, three-phase unbalanced voltages have been supplied to the rectifier. 
Phase voltages, one phase current, the output voltage of rectifier, and output current 
of rectifier have been captured by means of voltage and current probes. Then, using 
the proposed models in Section 3.17 (Method 2), measured input voltages are 
transferred to the DC-side. From output current of the rectifier, AC-side phase 
currents are estimated.    
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Figure. 3. 95. Rectifier and AC-side components of the experimental setup 

 

 

 

Figure. 3. 96. DC-side components of the experimental setup 

Measured waveforms are shown in Fig 3.97.  Calculated voltage switching 
functions and current switching function of phase a are shown in Fig 3.98. The 
estimated output voltage of the rectifier by means of estimating absolute switching 
functions (Section 3.17) is compared with the measured waveform in Fig 3.99.  
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Output voltage of the rectifier estimated by DP-domain switching functions 
(Section 3.17) is compared with the measured waveform in Fig 3.100. Measure 
waveform of rectifier output current and estimated output current of the rectifier 
using absolute switching functions and DP-domain switching functions are shown 
in Fig 3.101. Fig. 3.102, shows measured current of phase a and estimated current 
calculated by DP-domain switching functions. 

 

 

Figure. 3. 97. Measured waveforms 

 

 

Figure. 3. 98. voltage switching functions and current switching function of phase a 
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Figure. 3. 99. Measured and estimated output voltage of rectifier, using absolute switching functions 

 

 

 

Figure. 3. 100. Measured and estimated output voltage of rectifier, using switching functions in DP-
domain 
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Figure. 3. 101. Measured and estimated output voltage of rectifier, using switching functions in DP-
domain and absolute form of switching functions 

 

Figure. 3. 102. Measured and estimated current of phase a, using switching functions in DP-domain 
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where  

߱ ൌ 400 ∗ 2 ∗  ߨ

In this test, output voltage and current of the rectifier, input voltages, and 
current of phase bare measured by means of voltage and current probs. Then, the 
same input voltages are inserted to the proposed model of the rectifier using Method 
2 (Section 3.17).  The measured waveforms are depicted in Fig 3.103. Fig 3.104 
shows voltage switching functions and current switching function of phase a using 
switching functions in DP-domain representation. Absolute switching functions are 
depicted in Fig 3.105. Uneven commutation intervals can be seen in Fig 3.104 and 
3.105. For instance, in accordance with (3.97) to (3.99), the commutation interval 
between phase a and phase c is shorter than the commutation interval between phase 
b and phase c. The output voltage of the rectifier estimated by Method 2 using 
absolute switching functions and DP-domain representation of switching functions 
are compared to the measured waveform in Fig. 3.106, and Fig. 3.107, respectively. 
Fig. 3.108 shows the output current of the rectifier estimated by the proposed 
method using absolute switching functions of Method. 2 in comparison with the 
measured waveform. Comparison between the measured current of phase b and its 
estimated waveform using DP-domain form of switching functions of Method 2 is 
depicted in Fig. 3.109. 

 

 

Figure. 3. 103. Measured waveforms 
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Figure. 3. 104. voltage switching functions and current switching function of phase a using DP-
domain representation of Method 2 

 

 

 

Figure. 3. 105. Absolute voltage switching functions using Method 2 
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Figure. 3. 106. Measured and estimated output voltage of the rectifier using absolute switching 
functions 

 

 

Figure. 3. 107. Measured and estimated output voltage of the rectifier using switching functions in 
DP-domain 
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Figure. 3. 108. Measured and estimated output current of the rectifier, using absolute switching 
functions 

 

 

 

Figure. 3. 109. Measured and estimated current of phase b, using switching functions in DP-domain. 
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Chapter 4 

Phase Variable Model of Aircraft 
Brushless Exciter 

4.1 Introduction 

This chapter deals with modeling of the three-stage brushless synchronous 
machine. The goal is to provide a model of the machine for simulation purpose. The 
model must be able to perform in both starting and generating operations. Since in 
part of starting process excitation of ME is AC, induced voltages in armature 
windings are not balanced three phase voltages. Therefore, a D-Q transformation 
of quantities does not yield to time-invariant quantities, so it is not reasonable to 
apply an extra transformation to variables when does not result in an advantage.   

Adequate modeling of the main exciter is extremely important for studying the 
dynamic behavior of the system. The uncontrolled diode rectifier connected to the 
armature winding of the exciter makes the system more complicated. As a result, 
adequately considering the coupling effects of the power electronics part and 
armature windings of the brushless exciter is necessary. Based on the voltage and 
inductance of the armature windings, the uncontrolled diode rotating rectifier 
operates in different commutation modes [55]-[58]. So, the model of the rotating 
rectifier must be able to deal with all operation modes of the rectifier. Such a model 
is proposed in Chapter .3 of this thesis.  

Since the ME armature voltages are supply voltages of the rotating rectifier, 
the precise knowledge of the ME inductance which contributes in commutation 
process of the rotating rectifier (hereafter called the commutation inductance) is 
required to get a good ME model. In this chapter, a method based on Finite Element 
(FE) analysis is proposed to identify the commutation inductance. 
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A model of the brushless exciter based on self and mutual inductances obtained 
from FE analysis is presented in [59]. This model uses an algorithm which 
determines the states of the rectifier operation by checking the exciter armature 
voltages and currents in each step time. In [60], a model of the brushless exciter 
based on a state machine has been proposed. Neither of the presented models in 
[59] and [60] considered the exact value of the commutation inductance. Numerical 
and parametric average value models of brushless exciter have been proposed in 
[61]-[65]. These models use a numerical average model of the rectifier obtained 
from data sets given by a detailed model. The reported detail models are based on 
nonlinear Simulink SimPowerSystem toolbox or state machine. Since the 
commutation inductance is not considered in the detailed models, the developed 
model of the exciter-rectifier system is not accurate. 

In this chapter, a phase variable Simulink model of the exciter-rectifier system 
is developed. The proposed Simulink model uses the current-flux linkage nonlinear 
relationships obtained from FE analysis to determine back-emf of the machine 
windings. Identification methods are described in Section 4.3. In addition, a simple 
FE analysis method for commutation inductance identification is proposed. The 
structure of the implemented model is presented in Section 4.4. Section 4.55 
contains the model verification using the comparison with the FE analysis. 

4.2 Phase variable Model 

In this chapter, two phase-variable Simulink/Matlab models of the brushless 
exciter based on current-flux linkage nonlinear functions of the exciter machine is 
developed. In order to identify these functions, a Finite Element (FE) analysis is 
performed. The first model is based on sets of data obtained from FE analysis and 
saved in look-up tables. While the second model uses Fourier series approximation 
to map magnetic characteristics of the machine. Voltage and flux formulations of 
the developed phase variable model of the exciter are expressed as follows. 

௝ݒ  ൌ ௝ܴ ∙ ௝݅ ൅
ௗఒೕ
ௗ௧
	,						݆, ݇ ൌ ܽ, ܾ, ܿ, ݁ (4.1) 

 

 ሾ݅ሿ ൌ ሾ݅௔			݅௕		݅௖		݅௘ሿ (4.2) 

 

௝ߣ  ൌ ݂ሺߴ, ሾ݅ሿሻ ൌ ௝,௔ߣ ൅ ௝,௕ߣ ൅ ௝,௖ߣ ൅  ௝,௘ (4.3)ߣ

 

where V, i, and λ, are the instantaneous voltage, current, and flux linkage of the 
machine windings, respectively. R is the resistance of the machine windings. 
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Figure. 4. 1. Brushless exciter FE model 

In (4.3), the “a”, “b” and “c” indexes indicate three phases of armature 
windings and “e” index indicates field winding (excitation winding); ϑ is rotor 
position of the machine and f indicates the nonlinear current-flux linkage function. 
Actually, the flux linkages are nonlinear functions of the rotor position and machine 
currents. In this paper, to describe the nonlinear current-flux linkage functions, 
Look-Up Tables (LUT) with linear interpolation method are used. Dataset of the 
LUTs are directly determined from a FE model, using the Flux-2D software.  

4.3. Finite Element Analysis and Parameters Identification 

In this section, the required parameters and current-flux linkage relationships 
are determined through a circuit-coupled FE analysis of the brushless exciter 
machine. Then the obtained data sets of the current-flux linkage relationships are 
saved into 2-D tables. In addition, a method to determine the commutation 
inductance is proposed.  

4.3.1. Current-Flux Linkage Relationships Identification 

In order to identify current-flux linkage nonlinear relationships, a FE model of 
a 12 pole brushless exciter has been built (Fig. 4.1). The modeled brushless exciter 
contains a single-phase field winding (stator) and three-phase armature windings 
(rotor). 

Each winding is fed by a range of current whereas other windings are open. For 
each value of the injected current, the flux linkages are calculated for a complete 
electric period (rotor angular position changes from 0̊ to 360̊ electrical degrees). 
Then, the obtained data sets are saved in LUTs. 
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Using phase variable model, geometry space harmonics and saturation effects 
are taken into account. The only assumption in the modeling is that inductance 
saturation of each winding depends on its own current. With this assumption, some 
of the saturation effects are not considered even though, since exciter machines are 
usually operating in their linear operating region, this assumption does not have a 
significant effect [59].  

Fig. 4.2.a shows the flux linkage of the armature phase a winding caused by 
magnetizing the field winding (λa,e). Fig 4.2.b shows flux linkage of the field 
winding induced by its current (λe,e). 

 

 (a) 

 

 (b) 

Figure. 4. 2. Current-flux linkage profiles obtained from FE analysis. (a) variation of λa,e with 
increasing of ie, (b) variation of λe,e with increasing of ie 
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Figure. 4. 3. Equivalent circuit of exciter-rectifier during commutation interval 

4.3.2. Identification of the Commutating Inductance 

In this section, commutation inductance (Lc) to be used in the Simulink model 
is calculated. During the commutation interval, the finite commutation time interval 
of the rectifier diodes makes line-to-line short-circuit between armature phases of 
the exciter. Therefore, the inductance which contributes in the equivalent circuit of 
the exciter and the rotating rectifier (Fig. 4.3) is not one of the exciter steady-state 
inductances.  

Since the commutation interval is very short, Lc may be assumed as one of the 
sub-transient inductances of the machine. Because the rotating rectifier is connected 
to the rotor windings of the exciter, once a commutation short-circuit occurs 
between the armature phases, the air-gap flux cannot change instantaneously and 
remains constant, according to the constant flux linkage theory [66]. In this case, 
the flux changes during the commutation intervals remain inside the rotor (since 
short-circuits occur between rotor windings). Hence, the inductance which 
contributes in equivalent circuits during commutation can be considered as sub-
transient inductance.  

To estimate the commutation inductance using FE analysis, two methods can 
be used: the magneto-static method and the transient analysis method. In this paper, 
the magneto-static FE technique is performed. The proposed magneto-static 
technique exploits the simplification method presented in [67], therefore is more 
optimal in terms of the required computation time.  

Since the commutation inductance is realized as an inductance defined at 
specific instants of the machine transient response to an applied short-circuit occurs 
during diodes current commutation, instead of solving the transient equations in a 
large time span, only an instant of time which is of interest for commutation 
inductance estimation is concerned. Thus, using boundary conditions, regions of 
the problem domain which contribute in the commutation inductance estimation 
were isolated from other regions to simplify the problem. Based on the constant 
flux linkage theory, these regions for the commutation inductance estimation are 
the rotor of the brushless exciter and its windings. 
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Figure. 4. 4. Brushless exciter’s armature windings currents 

Fig. 4.4 shows the brushless exciter’s armature winding currents. As can be 
derived from Fig. 4.4, the indicated instant at the middle of a commutation interval 
can be referred to the condition which the direct axis (d-axis) of the armature 
currents (and mmf) coincides with phase a axis (a-axis). To simulate this condition 
in FE simulation model, the armature windings currents should be set as: 

 ݅௔ ൌ 	 ݅௕							ௗ,ܫ ൌ െ ூ೏
ଶ
,								 ݅௖ ൌ െ ூ೏

ଶ
						 (4.4) 

where Id is the d-axis current and is set for a value range from 5 to 15 A. 

The rotor position is set so that the d-axis takes up the same place as the a-axis. 
The stator winding is not fed. Therefore, the commutation inductance can be 
considered as the d-axis inductance during commutation interval and is calculated 
as: 

௖ܮ  ൌ ௗܮ ൌ
ఒೌ
ூ೏

 (4.5) 

Fig. 4.5 shows flux distributions during the commutation interval. Since the 
implemented FE model was a 2D model, at the end the value of end-winding was 
added to the implemented model. The end-winding inductance has been calculated 
based on equations in [68]. The calculated end-winding inductance and 
commutation inductance are reported in Table. 4.1. 

Table. 4. 1. Calculated end-winding and commutation inductances 

Parameter Abbreviation Value Unit 

Commutation Inductance Lc 2.32 µH 

End-Winding Inductance Lew 5.1 µH 
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Figure. 4. 5. Flux distribution based on implemented commutation inductance identification 
technique 

 

4.4 Implementation 

To implement exciter’s rotor and stator blocks, current or flux linkage can be 
chosen as the state variable. The developed model uses flux linkage as the state 
variable for stator model and the winding currents for rotor model. The advantages 
of these choices are described in the following subsections. 

 

 

Figure. 4. 6. Stator flux-based Simulink block 
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4.4.1. Implementation of the brushless exciter’s Stator Block 

The schematic of the implemented flux-based block of the stator is shown in 
Fig. 4.6, where the linkage flux of the field winding is the state variable. Choosing 
the linkage flux as the state variable provides a direct interface between the input 
of the stator block and the power electronics part which feeds the field winding. 
Therefore, input of the stator flux-based block is excitation voltage (Ve), while 
output of the block is excitation current (Ie). The developed stator model uses the 
following formulae: 

 

௘ߣ  ൌ ሺ׬ ௘ܸ െ ܴ௘ ∙ ݅௘ሻ (4.6) 

 

௘,௘ߣ  ൌ 	 ௘ߣ െ ൫ߣ௘,௔ െ ௘,௕ߣ ∙  ௘,௖൯ (4.7)ߣ

 

 ݅௘ ൌ ௘,௘ߣ ∙ ,ߴ௘,௘ሺܮ ݅௘ሻିଵ (4.8) 

 

where Le,e(ϑ,ie)-1 is the inverse of the apparent self-inductance of the stator winding.  

Since the flux is chosen as a state variable, the inverse of the apparent 
inductance is required to obtain the current. Apparent inductances can be calculated 
from the current-flux linkage data sets as follows. 

 

,ߴ௝,௞ሺܮ  ݅௞ሻ ൌ
ఒೕ,ೖ
௜ೖ
		,						݆, ݇ െ ܽ, ܾ, ܿ, ݁ (4.9) 

 

Figure. 4. 7. Simulink implementation of the developed brushless exciter model 
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4.4.2. Implementation of the Rotating Components Block 

In order to provide a direct interface with the rotating rectifier which is modeled 
base on switching function method proposed in Chapter .3 (Section 3.17), rotor 
currents are chosen as the state variables. This makes the direct connection between 
the output of the rotor block and the rotating rectifier possible. A complete 
schematic of the implemented brushless exciter PD block is shown in Fig. 4.7.  

Outputs of the rotor block are the induced voltages in armature windings which 
are modeled as controlled voltage sources. The commutation inductance (Lc) and 
end-winding inductance (Lew) are modeled as constant parts of the machine 
inductances. The armature windings’ back-emf is calculated as follows. 

 ௝݁ ൌ
ௗఒೕ
ௗ௧

ൌ ௗ

ௗ௧
൫ߣ௝,௘ ൅ ௝,௔ߣ ൅ ௝,௕ߣ ൅ ݆								,௝,௖൯ߣ ൌ ܽ, ܾ, ܿ. ݁ (4.10) 

4.5. Results and Performance Comparison between  
Simulink and FE Models 

In this section, the performance of the developed exciter Simulink model is 
proven by comparing its results with a transient magnetic simulation carried out by 
Flux-2D FE software. The characteristics of the FE simulation are reported in 
Table. 4.2. The comprised parameters are: armature windings fluxes, armature 
windings induced voltages, and output voltage and current of the rotating rectifier. 

In addition, the computational efficiency of the developed phase variable 
Simulink model and the implemented FE have been compared using a computer 
with Intel core i7-3.6 GHz processor and 8 GB RAM. The developed Simulink 
model takes 5.1 s to complete 1.2 second simulation with a time step of 1e-6 s. The 
FE model, however, needs 800 min to perform the simulation for the same time 
period with the time step of 1e-4 s (12001 computation steps). 

Table. 4. 2. FE transient magnetic simulation parameters 

FE simulation Parameters Value Unit 

Field winding current of the brushless exciter 3ꞏsin(400ꞏπꞏt*) A 

Rotation speed 250ꞏt RPM 

Simulation time interval 1.2 s 

Simulation time step value 1e-4 s 

Number of computation steps 12001  

* t is the simulation time 
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4.5.1. Armature Flux-Linkages 

The flux linkages of the armature winding obtained from the FE analysis and 
Simulink model are shown in Fig. 4.8.a, 4.8.b, and 4.8.c. Fig. 4.8.d shows 
magnification of a part of the Fig. 4.8a. From these figures, it can be derived that 
the flux linkage waveforms obtained by the Simulink model are very close to those 
obtained by the FE simulation. This justifies that the developed Simulink model is 
capable of precisely representing the nonlinear current-flux linkage relationships. 
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(c)

 

  (d) 

Figure. 4. 8. Armature fluxes obtained by the Simulink model and FE analysis. (a) Armature phase 
a linkage flux, λa (Wb), (b) Armature phase b linkage flux, λb (Wb), (c) Armature phase c linkage 
flux, λc (Wb), (d) Zoom of λa in time interval between 0.51 s to 0.55 s 

4.5.2. Armature Induced Voltages 

The induced voltages in armature windings from the FE simulation and the 
developed Simulink model are plotted in Fig. 4.9.a, 4.9.b, and 4.9.c. The magnified 
waveform of Fig. 4.9.a in the time interval between 0.51 to 0.55 s is shown in Fig. 
4.9.d. 
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 (c)

 

  (d) 

Figure. 4. 9. Armature voltages obtained by FE analysis and the developed Simulink model. (a) 
Armature phase a voltage Va (V), (b) Armature phase b voltage Vb (V), (c) Armature phase c voltage, 
Vc (V), (d) Zoom of Va in time interval between 0.51 s to 0.55 s 

4.5.3. Rotating rectifier outputs 

Fig. 4.10 shows the rotating rectifier output voltage and current. The 
magnifications of the waveforms in Fig. 4.10.b and Fig. 4.10.d show the accuracy 
of the developed phase variable Simulink model.  
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 (c) 

 

  (d) 

Figure. 4. 10. The rotating rectifier outputs. (a) Rotating rectifier output voltage obtained by FE 
analysis and the Simulink model (Vd). (b) Zoom of Vd in time interval between 0.51 s to 0.55 s. (c) 
Rotating rectifier output current (Field current of the main generator if). Zoom of if in time interval 
between 0.51 s to 0.55 s 
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4.6 Model of Three-stage Brushless Synchronous Machine 
Based on Fourier Series Inductance Mapping 

In this section, magnetic characteristics of the machine are represented using 
Fourier Series method. In this modeling method, nonlinear relationships among flux 
linkages with windings’ currents and rotor position are mapped by Fourier series 
approximation method [69]-[72].  

Similar to the previous method based on lookup tables, the implemented model 
in this section takes care of magnetic non-linearities. The first step of Fourier series 
modeling is to decide which harmonic component of quantities are desired. Taking 
into account harmonics of inductances results in a more accurate model. Harmonics 
of inductances in excitation frequency (fexc) frame are considered as follows: 

4.6.1 Self-inductance of the field winding, Lff: 

In this case, 0th, 1st, and 2nd harmonics are of more importance. In AC excitation 
modes where field current is AC, 1st and 2nd harmonics of Lff represents saturation 
effect when field current changes from positive to negative values and when the 
amplitude of field current changes from zero to maximum and vice versa. Profile 
of Lff is shown in Fig 4.11. Fig 4.12 shows Lff  and its 0th harmonic versus the sum 
of its 0th, and 1stharmonics. 

 

 

 

Figure. 4. 11. Lff versus excitation current and rotor position 
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Figure. 4. 12. Lff and its approximation bysum of its 0th and 1st harmonics 

  

As can be seen in Fig 4.11. saturation effect for excitation currents higher than 
2 A is significant. From harmonics analysis of FE analysis data, Lff is maped using 
following functions: 

 

ሻߠ௙௙ሺܮ  ൌ 0.0919 െ 1.4977 ൈ 10ିସ ∙ cosሺ0.6283 ∙ ሻߠ െ 2.2573 ൈ 10ି଺ ∙

sinሺ0.6283 ∙ ሻߠ െ 9.1967 ൈ 10ିହ ∙ cosሺ2 ∙ 0.6283 ∙ ሻߠ ൅ 1.4657 ൈ 10ିହ sinሺ2 ∙
0.6283 ∙ ሻߠ ൅ 1.2687 ൈ 10ିସ ∙ cosሺ3 ∙ 0.6283 ∙ ሻߠ ൅ 2.8837 ൈ 10ି଻ ∙ sinሺ3 ∙
0.6283 ∙  ሻ  (4.11)ߠ

 

And nonlinear relationships of saturation effect is: 

 

௙௙ܮ 
௦௔௧ሺ݅௘௫௖ሻ ൌ 0.9914 െ 0.1381 ∙ cosሺ3.491 ∙ ݅௘௫௖ሻ ൅ 0.05104 ∙ sinሺ3.491 ∙

|݅௘௫௖|ሻ െ 0.01942 ∙ cosሺ2 ∙ 3.491 ∙ ݅௘௫௖ሻ െ 0.03783 ∙ sinሺ2 ∙ 3.491 ∙ |݅௘௫௖|ሻ ൅
0.007984 ∙ cosሺ3 ∙ 3.491 ∙ ݅௘௫௖ሻ െ 0.0063 ∙ sinሺ3 ∙ 3.491 ∙ |݅௘௫௖|ሻ (4.12) 

 

Taking into account position dependencies (slot harmonics) and saturation 
effect, Lff is represented as:  

 

,ߠ௙௙ሺܮ  ݅௘௫௖ሻ ൌ ሻߠ௙௙ሺܮ ∙ ௙௙ܮ
௦௔௧ሺ݅௘௫௖ሻ (4.13) 

L
ff
 [

H
]
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4.6.2 Mutual inductance between field and armature windings, Mrs: 

As the most effective inductance in the model, for Mrs more harmonic 
components are considered. Mrs versus current and position is shown in Fig 4.13.  
For Mrs, 0th, 1st, 2nd, 3rd, 4th, and 5th harmonics are considered. 

 0th harmonic represents the fixed value of the inductance. 1st and 2nd harmonics 
represent saturation effects. 3rd, 4th, and 5th provide more details of slot harmonics 
effects. Fig 4.14 shows Mrs versus sum of its 0th, 1st, and 2nd harmonics.  

As can be seen in Fig 4.13, slot harmonics have a significant effect on the value 
of Mrs. The reason is that number of teeth in rotor and stator are not equal (number 
of rotor’s teeth are more than stator’s teeth) and interactions among them impose 
ripples on the value of Mrs.  

 

 

 

Figure. 4. 13. Mrs versus excitation current and rotor position 
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Figure. 4. 14. Mrs and its approximation bysum of its 0th, 1st, and 2nd harmonics 

Mrs can be approximated by following nonlinear functions: 

 

ሻߠ௥௦ሺܯ  ൌ 0.0033 ∙ sinሺ0.1047 ∙ ߠ ൅ 2.618ሻ ൅ 1.7334 ൈ 10ିସ ∙ sinሺ0.5236 ∙ ߠ െ
2.617ሻ െ 4.4743 ൈ 10ିହ ∙ sinሺ0.3141 ∙ ߠ െ 1.57ሻ ൅ 3.8086 ൈ 10ିହ ∙ sinሺ1.151 ∙
ߠ ൅ 0.5657ሻ ൅ 1.5869 ൈ 10ିହ ∙ sinሺ0.7337 ∙ ߠ െ 0.54444ሻ (4.14) 

 

 

௥௦ܯ 
௦௔௧ሺ݅௘௫௖ሻ ൌ 0.7505 ൅ 0.2086 ∙ cosሺ1.315 ∙ ݅௘௫௖ሻ ൅ 0.2162 ∙ sinሺ1.315 ∙

|݅௘௫௖|ሻ ൅ 0.06063 ∙ cosሺ2 ∙ 1.315 ∙ ݅௘௫௖ሻ െ 0.01894 ∙ sinሺ2 ∙ 1.315 ∙ |݅௘௫௖|ሻ ൅
0.0108 ∙ cosሺ3 ∙ 1.315 ∙ ݅௘௫௖ሻ െ 0.05655 ∙ sinሺ3 ∙ 1.315 ∙ |݅௘௫௖|ሻ െ 0.01363 ∙
cosሺ4 ∙ 1.315 ∙ ݅௘௫௖ሻ െ 0.01949 ∙ sinሺ4 ∙ 1.315 ∙ |݅௘௫௖|ሻ െ 0.01624 ∙ cosሺ5 ∙
1.315 ∙ ݅௘௫௖ሻ ൅ 0.005754 ∙ sinሺ5 ∙ 1.315 ∙ |݅௘௫௖|ሻ (4.15) 

 

 

,ߠ௥௦ሺܯ  ݅௘௫௖ሻ ൌ ሻߠ௥௦ሺܯ ∙ ௥௦ܯ
௦௔௧ሺ݅௘௫௖ሻ (4.16) 
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4.6.3 Self-inductance of armature windings, Lrr 

Fig 4.15 shows profile of Lrr. As can be derived from Fig. 4.15, for Lrr 
saturation effect is not significant and position dependency is more considerable. 
Equations (4.17), (4.18), and (4.19) represent approximation of Lrr.  

 

 

 

Figure. 4. 15. Lrr versus rotor current (ir) and rotor position 

 

ሻߠ௥௥ሺܮ  ൌ 5.6219 ൈ 10ିହ െ 0.2356 ൈ 10ି଺ ∙ cosሺ0.2094 ∙ ሻߠ െ 0.4081 ൈ 10ି଺ ∙
sinሺ0.2094 ∙ ሻߠ െ 0.2452 ൈ 10ି଺ ∙ cosሺ2 ∙ 0.2094 ∙ ሻߠ ൅ 0.4247 ൈ 10ି଺ sinሺ2 ∙
0.2094 ∙ ሻߠ ൅ 0.3986 ൈ 10ି଺ ∙ cosሺ3 ∙ 0.2094 ∙ ሻߠ ൅ 0.099 ൈ 10ିଽ ∙ sinሺ3 ∙
0.2094 ∙  ሻ  (4.17)ߠ

 

 

௥௥௦௔௧ሺ݅௥ሻܮ  ൌ 0.9997 ൅ 0.0001055 ∙ cosሺ0.9821 ∙ ݅௥ሻ െ 1.244 ൈ 10ିହ ∙
sinሺ0.9821 ∙ |݅௥|ሻ ൅ 7.161 ൈ 10ିହ ∙ cosሺ2 ∙ 0.9821 ∙ ݅௥ሻ െ 5.178 ൈ 10ିହ ∙ sinሺ2 ∙
0.9821 ∙ |݅௥|ሻ െ 0.0002825 ∙ cosሺ3 ∙ 0.9821 ∙ ݅௥ሻ െ 0.0002829 ∙ sinሺ3 ∙ 0.9821 ∙
|݅௥|ሻ  (4.18) 

 

 

,ߠ௥௥ሺܮ  ݅௥ሻ ൌ ሻߠ௥௥ሺܮ ∙  ௥௥௦௔௧ሺ݅௥ሻ (4.19)ܮ

2.05
360

2.1

300 40

10-5

L
rr

 [
H

]

2.15

30

Rotor Position [degree]

200

2.2

i
r
 [A]

20100 10
0 0



 

115 
 

4.6.4 Mutual inductance of armature windings, Mrr: 

Mutual inductance of armature windings versus rotor current and rotor position 
is shown in Fig 4.16. Because of the small effect of saturation, in the approximation 
of Mrr, saturation effect is neglected. The nonlinear function which represents rotor 
position dependency of Mrr is: 
 

 

Figure. 4. 16. Mrr versus rotor current (ir) and rotor position 

 

 

ሻߠ௥௥ሺܯ  ൌ 1.7684 ൈ 10ିହ െ 2.2048 ൈ 10ିହ ∙ cosሺ0.2094 ∙ ሻߠ ൅ 0.1417 ൈ 10ି଻ ∙
sinሺ0.2094 ∙ ሻߠ ൅ 7.0935 ൈ 10ି଺ ∙ cosሺ2 ∙ 0.2094 ∙ ሻߠ െ 0.1642 ൈ 10ି଻ sinሺ2 ∙
0.2094 ∙ ሻߠ ൅ 0.084 ൈ 10ି଺ ∙ cosሺ3 ∙ 0.2094 ∙ ሻߠ ൅ 0.2225 ൈ 10ି଼ ∙ sinሺ3 ∙
0.2094 ∙  ሻ  (4.20)ߠ

 

 

4.7 Simulation results of the model based on Fourier series 
approximation of inductances 

Simulation results of the model based on Fourier series are shown in Fig 4.17 
to 4.21. In this simulation, the excitation current is 1 A, 200 Hz and rotation speed 
is 1500 RPM. Armature phase voltages are shown in Fig 4.17. fig 4.18 shows 
armature currents. Output current and voltage of the rotating rectifier are shown in 
Fig 4.19, and 4.20, respectively. 
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Figure. 4. 17. Armature phase voltages 

 

 

Figure. 4. 18. Armature currents 
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Figure. 4. 19. MG field current 

 

 

Figure. 4. 20. Output voltage of the rotating rectifier 

 

 

 

 

 

  

5 5.05 5.1 5.15 5.2
Time [s]

6

6.2

6.4

6.6

6.8

7

i f [
A

]

5 5.05 5.1 5.15 5.2
Time [s]

0

1

2

3

4

5

6

7

v f [
A

]



 

118 
 

Chapter 5 

Experimental Magnetics 
Characteristics Identification of 
Three-Stage Brushless 
Synchronous Starter-Generator 

5.1 Introduction 

The main advantage of flux-adjustable machines over PM machines is their 
inherent ability of controllability of their field excitation flux. This potential 
capability provides more degree of freedom for drive control system and results in 
extension of constant power speed range employing field flux control rather than 
implementing flux weakening which is based on imposing negative d-axis current. 
Skipping need of flux weakening in high-speed operations brings about less copper 
and iron losses which improves the efficiency of the derive in high-speed operations 
[73]-[75].   

In [76], excitation control of the wound rotor synchronous machine for traction 
application using slip rings is presented. The presented excitation current control is 
based on maximum torque per ampere technique. In [77], a field flux control 
method is presented which leads unity power factor operation at steady states. In 
addition, in the proposed discrete time field excitation control, field flux is changed 
with respect to torque command in order to improve dynamic response of the drive.  

Considering efficiency of the drive as the main goal, maximum torque-speed 
curves of wound rotor synchronous machine and hybrid excitation synchronous 
machine are calculated and presented in [78], and [79], respectively. In these 
studies, iron and copper losses were not considered. Also, magnetic saturation 
effect was neglected.  
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However magnetic saturation effect in wound rotor synchronous machines is 
significant, and for accurate magnetic mapping of the machine must be taken into 
account. 

Extracting magnetic characteristics of electric machines is of importance for 
design and control purposes [80]-[82]. Magnetic map of an electric machine 
describes relationships between windings’ flux linkages and currents. The magnetic 
map provides important information for control purposes such as finding the 
optimal combination of field current and armature currents. Describing the 
importance of field excitation control in torque control of three-stage brushless 
synchronous starter-generator the main objective of this chapter.  

Magnetic map of an electrical machine can be obtained using FE analysis [83]. 
Usually, this is done in the design stage of the machine and all details of the machine 
design, such as lamination, materials, and configuration of windings must be 
known. For a given built machine with unknown magnetic characteristics, 
experimental magnetic map identification must be performed [84]. However, post-
design experimental extraction of the magnetic map can give valuable feedback to 
designers [85]. Experimental magnetic characteristics identification is divided into 
offline and online categories. In this chapter, an offline magnetic map extraction of 
the three-stage brushless synchronous machine is presented. 

In [86]-[92], various experimental magnetic identification methods are 
presented. Advantages of obtaining an accurate magnetic map are as follows.  

 From an accurate magnetic map, torque production capability of the 
machine can be estimated. 

 Accurate Maximum Torque per Ampere (MTPA) curve can be 
calculated. 

 Online torque estimation can be achieved. 

 Accurate value of machine’s inductances can be obtained which are 
of importance in the tuning of the current control system. 

In this chapter, the goal of the experimental magnetic map identification 
procedure is to extract steady-state flux linkages of the machine. The extracted 
magnetic map represents flux linkages as a function of d- and q-axis currents while 
field excitation current is constant. Including magnetic maps in torque and speed 
control systems, the experimentally obtained magnetics maps are validated by 
several experimental tests.  
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5.2 Procedure of the Experimental Magnetic Map 
Identification 

In dq coordinate, flux linkages as the function of d- and q-axis currents are: 

	 ௗߣ ൌ ݂൫݅ௗ	, ݅௤൯	 (5.1)	

	 ௤ߣ ൌ ݃൫݅ௗ	, ݅௤൯	 (5.2)	

With constant and maximum field current fed by the ME, and considering 
corresponding currents of all operating points of the machine, different 
combinations of d- and q-axis (id and iq) current are applied to the stator windings 
of the MG. Applied id and iq are changed from id,min to id,max and iq,min to iq,max, 
respectively. Fig 5.1 shows mapped area of applied currents. Exact values of 
currents are interpolated from predefined equally spaced arrays of current values 
as: 

	 ݅ௗ,௜ ൌ ݅ௗ,௠௜௡ ൅ ݅ ∙ ∆݅ௗ	,								݅ ൌ 1, 2, 3	 (5.3)	

	

	 ݅௤,௝ ൌ ݅௤,௠௜௡ ൅ ݆ ∙ ∆݅௤	,								݆ ൌ 1, 2, 3	 (5.4)	

 

Figure. 5. 1. d- and q-axis current mesh 

For a given combination of applied id and iq and at constant rotation speed, 
steady-state voltage equations of the MG are: 

	 ௗ,௜௝ݒ ൌ 	ܴ௦ ∙ ݅ௗ,௜ െ ߱௘ ∙ 	௤,௜௝ߣ (5.5)	

	 ௤,௜௝ݒ ൌ 	ܴ௦ ∙ ݅௤,௝ ൅ ߱௘ ∙ 	ௗ,௜௝ߣ (5.6)	

where, Rs is stator resistance of MG. ωe is electrical speed. λd,ij and λq,ij are flux 
linkages corresponding to the applied d- and q-axis currents, respectively. 
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 In order to compensate resistance voltage drop in (5.5) and (5.6), the voltage 
vectors (vd,ij and vq,ij) are first measured in motoring operation. In this case, current 
vector is id,i + jꞏiq,j. Then, generating operation is emulated by imposing a conjugate 
form of the vector current in motoring operation (id,i - jꞏiq,j). In generating operation, 
again voltage vector is measured. Then the average of voltage vectors in motoring 
and generating operations is calculated. As can be derived from (5.5) and (5.6), this 
average voltage is independent of stator resistance. The first and the second current 
vectors generate two flux linkage vectors which are conjugate of each other. So, 
resistive terms of the measured voltage vectors (equations (5.5) and (5.6)) in 
motoring and generating operation modes have positive and negative signs, 
respectively. Therefore, in the averaging process, these resistive terms are 
eliminated.  

The experimental test is performed after heating up the machine to reach its 
thermal steady-state condition. However, during imposing current pulses, stator 
resistance may vary. This variation of the stator resistance prevents eliminating of 
the resistive terms in voltage averaging process. In order to compensate the 
variation of stator resistance due to temperature increase, another current pulse in 
motoring operation is applied to the stator windings. Since the duration of imposing 
current pulses even for all three operation modes, the average value of the 
resistances in the first and third intervals is equal to the stator resistance in the 
second interval. This is shown in Fig 5.2. The relationship among stator resistances 
in three intervals is as follows. 

	 ܴ௦,௜௝,ଶ ൌ
ோೞ,೔ೕ,భାோೞ,೔ೕ,య

ଶ
	 (5.7)	

where 1, 2, and 3 represent sequence number of test intervals. 

 

Figure. 5. 2. Sequence of imposed current pulses and variation of stator resistance due to temperature 
increase 
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At the end of each set of current pulse imposing, mean values of measured 
voltages, currents and rotation speed are calculated for one mechanical period as 
three groups. Corresponding equations of the three groups of quantities are as 
follows. 

Group 1, first motoring operation: 

	 ௗ,௜௝,ଵݒ ൌ 	ܴ௦,௜௝,ଵ ∙ ݅ௗ,௜ െ ߱௘,ଵ ∙ 	௤,௜௝,ଵߣ (5.8)	

	 ௤,௜௝,ଵݒ ൌ 	ܴ௦,௜௝,ଵ ∙ ݅௤,௝ ൅ ߱௘,ଵ ∙ 	ௗ,௜௝,ଵߣ (5.9)	

	

Group 2, generating operation: 

	 ௗ,௜௝,ଶݒ ൌ 	ܴ௦,௜௝,ଶ ∙ ݅ௗ,௜ െ ߱௘,ଶ ∙ 	௤,௜௝,ଶߣ (5.10)	

	 ௤,௜௝,ଶݒ ൌ 	െܴ௦,௜௝,ଶ ∙ ݅௤,௝ ൅ ߱௘,ଶ ∙ 	ௗ,௜௝,ଶߣ (5.11)	

	

Group 3, second motoring operation: 

	 ௗ,௜௝,ଷݒ ൌ 	ܴ௦,௜௝,ଷ ∙ ݅ௗ,௜ െ ߱௘,ଷ ∙ 	௤,௜௝,ଷߣ (5.12)	

	 ௤,௜௝,ଷݒ ൌ 	ܴ௦,௜௝,ଷ ∙ ݅௤,௝ ൅ ߱௘,ଷ ∙ 	ௗ,௜௝,ଷߣ (5.13) 

	

As mentioned before, to eliminate stator resistance variation due to the 
temperature rising, first, the averaging process applied for the first and the third test 
interval. Then, the average value of the resulted value and the quantities 
corresponding to the third test interval is calculated.  Averaging equations of flux 
linkages are as follows. 

	 ௗ,௜௝ߣ ൌ 		
ଵ

ଶ
	 ∙ 	

௩೜,೔ೕ,మା
ೡ೜,೔ೕ,భశೡ೜,೔ೕ,య

మ

ఠ೘೐ೌ೙,೔ೕ
	 (5.14)	

	 ௤,௜௝ߣ ൌ 		െ
ଵ

ଶ
	 ∙ 	

ೡ೏,೔ೕ,భశೡ೏,೔ೕ,య
మ

ି௩೏,೔ೕ,మ

ఠ೘೐ೌ೙,೔ೕ
	 (5.15) 

where, ωmean,ij is mean value of rotation speed in three test intervals. 

 

	 ߱௠௘௔௡,௜௝ ൌ 	
ଵ

ଷ
	 ∙ 	 ൫߱௘,ଵ ൅ ߱௘,ଶ ൅ ߱௘,ଷ൯	 (5.16) 
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5.3 Hardware implementation of magnetics map 
identification for three-stage brushless synchronous 
starter-generator 

The described identification procedure has been implemented experimentally 
to identify magnetic characteristics of three-stage brushless synchronous starter-
generator. The implemented experimental setup consists of a 25kvA three-stage 
brushless synchronous starter-generator, a permanent magnet servomotor employed 
as a prime mover, modular power converter to excite field winding of ME and stator 
windings of MG, and a battery emulator which supplies the modular converter. The 
experimental setup is shown in Fig 5.3. Schematic of the test rig is shown in Fig 5.4 
which presents more details of the experimental test rig. Characteristics of the 
starter-generator are presented in Table 5.1. 

 

 

Figure. 5. 3. Experimental setup 

 

Figure. 5. 4. Schematic diagram of the experimental setup 
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Table. 5. 1. Parameters of the tested starter-generator 

 value Unit 
Rated phase (rms) voltage at 12000 RPM 115 V
Rated excitation current (dc) 0.5 A
Rated current (rms) 72 A
Pole-pairs 2 —

 

 

The used torque sensor is a T40 sensor from HBM Gmbh which is shown in 
Fig 5.5. Rated torque of the torque sensor is 100 Nm. 

 

 

 

Figure. 5. 5. Torque sensor 

 

Switching frequency of the modular converter is 8 kHz and peak value of phase 
currents is limited at 50 A. The battery emulator is a 50-kw dc source which supplies 
the modular converter via 270 Vdc DC-link (Fig 5.6). 
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Figure. 5. 6. Battery emulator 

 

 

 

Figure. 5. 7. Implemented current control system 
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Implemented current control scheme is shown in Fig 5.7. Excitation field 
winding of ME is fed at 400 Hz with a peak reference voltage of 350V.  

In the experimental test, the active time duration for getting the steady-state 
operation at the constant speed after a current variation is set at 1s. The 
identification procedure uses a motoring-generating-motoring operation sequence 
by inverting the sign of the q-axis current, while the d-axis current is constant. As 
mentioned before, this sequence eliminates the influence of the stator resistance in 
the back-emf voltage calculation.  

Experimental magnetic mapping has been performed at constant speed (200 
RPM) with 350 vdc excitation voltage of ME. Limits of imposed m×n current mesh 
are as follows: 

iq,min=0 and iq,max=50A, n = 11  

id,min=-20A and id,max=20A, m = 11  

Fig 5.8 shows an interval of the magnetic mapping procedure where id is 20A 
and iq is 50 A. 

As mentioned before, the implemented experimental procedure uses 1111 
current mesh as reference currents for the current control system. Therefore, two 

1111 flux maps are obtained for d and q. Also, for each operation point, 

measured torque has been stored as another (11  11) map. At the end of the 
experimental test, the d-axis current vector, the q-axis current vector, the flux maps 
(d- and q-axis fluxes) and the torque map have been processed off-line in Matlab.  

 

Figure. 5. 8. One interval of the magnetics mapping procedure, id = 20 A and iq = 50 A 
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5.3.1 Experimental magnetics identification results 

In this section, results of the experimental magnetic characteristics 
identification procedure are presented. The main aim of the identification procedure 
is to map d- and q-axis fluxes with respect to various combinations of d- and q-axis 
currents. However, using obtained data during the experimental identification 
procedure, MTPA profile and dq inductance profiles have been identified.  

5.3.1.1. d- and q-axis fluxes mapping 

 

Fig 5.9 shows d-axis flux versus d-axis current with different values of q-axis 
current. As can be seen, the influence of the q-axis current due to the armature 
reaction (cross-saturation) is significant. At no-load d-axis flux is 80.74 mVs and 
when iq is 50A, d-axis flux is 63.49 mVs. 

 

 

   

Figure. 5. 9. d-axis flux versus d-axis current at different values of q-axis current 
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q-axis flux as the function of d- and q-axis currents is shown in Fig 5.10. Like 
q-axis flux, d-axis flux significantly influenced by cross-saturation effect. 

 

 

Figure. 5. 10. q-axis flux versus q-axis current at different values of d-axis current 

 

5.3.1.2 Extracting Maximum Torque per Ampere (MTPA) profile using measured 
torque data 

 

Using obtained d- and q-axis flux maps, steady-state performance of the 
machine can be evaluated. Torque equation in dq reference frame is: 

	 ܶ ൌ 	 ଷ
ଶ
	 ∙ 	݌ ∙ 	 ൫ߣௗ ∙ ݅௤ െ	ߣ௤ 	 ∙ 	 ݅ௗ൯	 (5.17) 

Since d- and q-axis fluxes are known, for a given current vector, voltage vector 
and generated torque can be calculated from (5.5)-(5.6), and (5.17), respectively. 
From these data, MTPA profile of the machine is calculated an shown in Fig 5.11.  

Id>0 

Id<0 
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Figure. 5. 11. MTPA profile using experimental data 

Another representation of MTPA profile which is the optimum combination of 
id and iq versus torque is shown in Fig 5.12. As can be seen in Fig 5.11 and Fig 5.12, 
for the given field current, maximum torque can be achieved when id is positive. 
Optimum combinations of id and iq are stored as a 32 points look-up tables. The 
input of the look-up tables is the reference torque and their outputs are id and iq.   

 

Figure. 5. 12. Optimum combination of id and iq versus required torque 
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Since during the identification procedure, torque was measured and captured, 
MTPA can be estimated from the measured data. Fig 5.13 shows MTPA profiles 
obtained by calculating the torque using (5.17) and measured values of torque. In 
Fig 5.13, the curve indicated by the dashed line is MTPA profile obtained from the 
measured torque data and the curve indicated by solid line is MTPA profile obtained 
from calculated torque. 

 

 

 

Figure. 5. 13. Comparison of the MTPA profile obtained from measured torque data and the MTPA 
profile obtained from calculated torque 

 

5.3.1.3 d- and q-axis Inductances mapping 

Using flux data, d- and q-axis inductances have been mapped. These 
inductance trajectories can be used for tuning current control system. Knowledge 
of inductances leads to avoiding current control issues due to inductance variations 
according to the operation point in the (d,q) currents plane. d- and q-axis 
inductances versus d- and q-axis currents are shown in Fig 5.14 and Fig 5.15, 
respectively.  
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Figure. 5. 14. d-axis inductance versus id and iq  

 

 

Figure. 5. 15. q-axis inductance versus id and iq  
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5.4 Experimental verification of magnetics maps 

In this section, torque control and speed control are implemented on the under-
test machine. Both control schemes use experimentally obtained magnetics maps. 
MTPA profile is used in order to determine the optimum combination of d- and q-
axis currents based on required torque. Inductance profiles are used for tuning 
current controllers.  
 

5.4.1 Torque control 

Schematics of the implemented torque control scheme is shown in Fig 5.16. 
Reference torque is the input of the MTPA profile. MTPA profile determines the 
optimum combinations of d- and q-axis currents which are references of the current 
control loop. Rotor position estimation is performed using position information 
obtained from a resolver which has been installed into the starter-generator 
machine. These data are converted from analog to digital using a resolver to digital 
converter. Three torque control tests have been implemented. The first test was 
performed at constant reference torque while reference speed of the prime mover 
has fast acceleration (test. 1). In the second test, imposed speed by the prime mover 
is constant and the reference torque has fast transitions (test. 2). The third test 
investigates the performance of the machine in steady-state (test. 3). 

 

Figure. 5. 16. Diagram of the implemented torque control scheme 

5.4.1.1 Torque control test. 1: Fast acceleration from standstill with a reference 
torque value of 11Nm 

Fig 5.17.a shows reference waveform of the imposed speed by the prime mover 
(PM servomotor). Reference torque has been set at 11 Nm. Fig 5.17.b shows the 
reference torque, measured torque and filtered measured torque waveforms.  
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Figure. 5. 17. Reference and measured waveforms of torque control test.1. (a) Reference speed. (b) 
Reference torque, measured torque and filtered measured torque waveforms 

D- and q-axis currents are shown in Fig 5.18.a. Current of MG stator phase a 
is shown in Fig 5.18.b. As can be derived from the results, using MTPA, correct 
combination of d- and q-axis currents have been determined and the machine was 
capable to generate the required torque. 

 

 

Figure. 5. 18. Measured current waveforms in the torque control test. 1. (a) d- and q-axis currents. 
(b) Current of MG stator phase a 

(a) 

(b) 

(a) 

(b) 
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5.4.1.2 Torque control test. 2: Fast torque transients at constant speed of 1000 rpm 

In this test, the imposed speed by the prime mover has been set at 1000 RPM. The 
waveform of the speed is shown in Fig 5.19.a. Reference torque and generated 
torque waveforms are shown in Fig 5.19.b. This test also proves good performance 
of the torque control tuned based on the magnetic maps. Reference and measured 
current waveforms are shown in Fig 5.20.  

 

Figure. 5. 19. Results of torque control test. 2. (a) Reference speed imposed by the prime mover. (b) 
Reference torque and generated torque waveforms 

 

Figure. 5. 20. Measured current waveforms of torque control test.2. (a) d- and q-axis currents. (b) 
MG stator phase a current 

(a) 

(b) 
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(b) 
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5.4.1.3 Torque control test .3: Steady-state operation at 1000 rpm with 11 Nm 

In this test, the performance of the implemented drive at constant speed and 
constant torque under torque control has been investigated. Waveforms of measured 
currents are shown in Fig 5.22. 

 

Figure. 5. 21. Speed and torque waveforms of torque control test .3. (a) Imposed speed by the prime 
mover. (b) Reference torque and measured generated torque waveforms 

 

Figure. 5. 22. Measured current waveforms of torque control test. 3. (a) d- and q-axis currents. (b) 
MG stator phase a current 
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Figure. 5. 23. Schematic diagram of the implemented speed control 

5.4.2 Speed Control 

In this test, speed control has been implemented on the starter generator and 
the torque has been imposed by the prime mover. Schematic diagram of the 
implemented speed control is shown in Fig 5.23. The output of the PI speed 
controller has been limited at 11 Nm which corresponds to maximum torque that 
can be generated by the maximum MG stator current (50 A). This test was 
performed at two different conditions as follows: 

Speed control test. 1: Starting from controlled zero speed and constant load 
torque followed by acceleration up to 1000 rpm. 

Speed control test. 2: Speed loop performance for load rejection at 1000 rpm. 

5.4.2.1 Speed control test. 1: Speed control with an active load of 8 Nm. 

During entire the test, the imposed torque by the prime mover was set at 8 Nm. 
Reference and actual speed waveforms are shown in Fig 5.24.a. Fig 5.24.b shows 
reference torque and measured torque waveforms of the starter-generator. MG 
stator current waveforms are shown in Fig 5.25. 
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Figure. 5. 24. Speed and torque waveforms of speed control test. 1. (a) Reference and actual speed 
waveforms. (b) Reference and measured torque waveforms 

 

Figure. 5. 25. Measured current waveforms of speed control test. 1. (a) d- and q-axis currents. (b) 
MG stator phase a current 

 

5.4.2.2 Speed control test. 2: Speed loop performance for load rejection at 1000 
rpm. 

In this test, using the prime mover, a load torque of about 10.5 Nm is applied 
to the machine and then removed. Reference speed and actual speed waveforms are 
shown in Fig 5.26.a. generated reference torque of the speed controller and actual 
measured torque waveforms are shown in Fig 5.26.b. Also, Mg stator current 
waveforms are shown in Fig 5.27. 
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Figure. 5. 26. Speed and torque waveforms of speed control test. 2. (a) Reference and actual speed 
waveforms. (b) Reference and measured torque waveforms 

 

 

Figure. 5. 27. Measured current waveforms of speed control test. 2. (a) d- and q-axis currents. (b) 
MG stator phase a current 
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Chapter 6 

An Excitation Procedure for Single-
phase Brushless Exciter with 
Seamless Transitions in Starting 
mode of the Three-stage Brushless 
Synchronous Starter-generator 

6.1 Introduction 

Since safety is a crucial requirement for aircraft power systems, brushless 
electric machines are the preferred solution for Integrated Starter-Generator system 
(ISG) due to their advantages of high safety level and low maintenance requirement 
[93]-[94].Among the brushless machines, the Wound Rotor Synchronous Machine 
(WRSM) with brushless excitation system is a popular solution due to its simplicity 
and better reliability with respect to Permanent Magnet (PM) machines since the 
field excitation can be controlled [95]. Typically, a brushless WRS machine is a 
three-stage machine consisted of a PM three-phase Pre-Exciter (PE), the Main 
Exciter (ME) and the Main Generator (MG) that are mounted on the same shaft, as 
shown in Fig. 6.1 [96].  

At starting, the PE cannot be used to supply the ME field winding through the 
DC-DC converter (Fig. 6.1). In this case, the DC-DC converter is fed by a DC bus 
[97]. The voltages induced in the three-phase ME rotor windings are rectified by a 
rotating diode bridge rectifier and applied to the field winding of the MG, providing 
the MG field current If. On the MG side, the stator windings are supplied by a three-
phase inverter. At standstill, the DC excitation cannot be used for the ME since 
there is no relative speed between the ME excitation field and the ME rotor.  
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Figure. 6. 1. Three-stage brushless synchronous starter generator for aircraft in start-up operation 
mode (without pre-exciter) 

Therefore, AC excitation is needed for the ME. As the speed increases, the 
excitation must be changed from AC to DC. The power converter for ME supply 
can be a simple bridge DC-DC converter that can easily provide both AC and DC 
excitations for the ME during starting and generation. Therefore, the single-phase 
exciter is fully compatible with the existing aircraft Generator Control Units (GCU) 
since the power converter used for the excitation can be easily performed by the 
same GCU that controls the entire system. However, the single-phase ME needs a 
particular attention in case of AC excitation since it produces a pulsating magnetic 
field. To produce a rotating magnetic field, polyphase ME stator windings can be 
used, as in [98]-[104]. These solutions have better performance with AC excitation, 
but they need more complicated power converters.  

Moreover, the transition from AC excitation to DC excitation is performed with 
relays and additional wiring, so the system reliability is reduced. For these reasons, 
the single-phase ME solution is preferable for the industry with respect to the 
polyphase solutions in terms of compatibility, size, simplicity, and safety. In 
addition, it must be emphasized that the starting time with AC excitation is very 
small when compared with the generation and starting time with normal DC 
excitation, so the use of polyphase ME windings is not justified only for a very 
small part of the starting. For this reason, it is more convenient to find the proper 
AC excitation solution of the ISG with single-phase ME. 
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The few papers dealing with the starting of an ISG with single-phase ME 
provided solutions based on intensive experimental tests to find the relationship 
between the ME excitation current and the MG field current. 

 In [105], a linear relation between excitation current Iexc and MG field current 
If was obtained for a three-stage WRS machine by experimental tests. An 
exponential function was proposed in [106] representing the relationship between 
the excitation frequency and speed. Although the proposed function can be used to 
find the instant of the AC to DC excitation transition, since the relationship between 
the required excitation frequency and speed obtained from experimental data using 
curve fitting, it works only for the machine used for the test and therefore it is not 
a generic solution.  

In [102], a two-phase ME is designed which produces a rotating field when AC 
excitation is required. In addition, an excitation frequency control is proposed 
which keeps the MG field current constant by keeping constant the frequency of the 
induced armature voltages. However, the proposed solution needs additional relays 
and wiring for excitation switching from AC to DC. Moreover, the influence of the 
commutation voltage drop that is different in AC and DC excitation conditions, was 
not considered.   

To the best of the authors’ knowledge, an analytical study to get the relationship 
between the ME excitation current and the MG field current with AC and DC supply 
(including the seamless transition and the optimal speed at which the transition 
should be performed) has not been addressed in the literature. 

Therefore, a universal excitation control strategy based on analytical study of 
ME during engine starting mode is proposed in this chapter to keep constant the 
MG field during the entire starting operation. Moreover, the proposed strategy 
presents a seamless transition between AC and DC excitation and provides the 
optimal speed at which the transition should be performed. 

This chapter is organized as follows. Three starting excitation modes are 
defined and modeled analytically in sections 2 to 4. The influence of the exciter 
rotor inductance and resistance on the MG field current is described in Section 5. 
Then, all possible transition conditions of the MG field current are analysed in 
Section 6 using the revolving field theory. An excitation current control is proposed 
to obtain quasi-constant MG field current during the starting, with seamless 
transitions between different excitation modes. Moreover, the proposed procedure 
specifies an optimum speed when the AC excitation should be switched to DC 
excitation. Simulation and experimental verifications are reported in sections 8 and 
9, respectively.  
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6.2 ME Operation at Starting 

There are two ambiguous issues with starting of a three-stage brushless 
synchronous starter generator during its start operation as follows. 

What is the value of MG field current under a given excitation? 

In practice, the obtainable MG field current at standstill is measured by 
experimental tests using open rotor measurement.  

Knowing the MG field current is essential for optimal control of the machine 
in starting mode. In this chapter, as a solution an excitation control strategy is 
proposed which keeps constant the known MG field current at standstill during the 
entire starting process. This is performed by keeping constant the rotating rectifier 
output voltage. 

At which speed, AC excitation should be switched to DC excitation? 

When the machine is at standstill, AC excitation is required since there is no 
relative speed between the field and rotor windings. The AC excitation at standstill 
will be called hereinafter the first excitation mode.  

When the machine starts rotating, the ME excitation remains AC up to a certain 

rotor speed r_acdc, at which the excitation should become DC. The operation with 

rotor rotation below r_acdc and AC excitation is called the second excitation mode. 

The third excitation mode starts when the rotor speed exceeds r_acdc and the ME 
excitation changes from AC to DC. 

In this chapter, switching functions of the rotating rectifier in all excitation 
modes are calculated in Section 4. By knowing the switching function of the 
rotating rectifier, now it is possible to calculate the rotating rectifier output voltage 
during entire start process.  

The proposed excitation control uses the MG field current at standstill If1 as the 
reference value for the MG field current at the next two excitation modes (If2 in the 
second excitation mode, and If3 in the third excitation mode). Thus, the AC 
excitation current amplitude in the second excitation mode Iexc2 is controlled to keep 
the If2 equal to If1. Meanwhile, the required DC excitation Iexc3 to provide If3 equal 
to If1 is calculated. Once the required DC excitation Iexc3 becomes equal to the 
amplitude of the Iexc2, the excitation switches from AC to DC. In this case, 
transitions of the MG field current between different excitation modes are smooth 
and its value is kept constant. 
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6.3 Analytical Model of the Single-phase Brushless Exciter 

Equations of ME armature voltages are as following. 
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	 	 ሺ6.1ሻ	
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ଶగ

ଷ
ቁቃ	 	 (6.3) 

	

where, Rr is armature winding resistance. Lrr, and Mrr are self-inductance and 
mutual inductance of armature windings, respectively.  

Mrs is mutual inductance between field and armature windings. Iexc is excitation 
current (field current of ME). ωr is rotation speed, and ϑ0 is initial electrical rotor 
position. 

Voltage equation of ME field winding is: 

௘௫௖ݒ  ൌ ௙ܴ ∙ ݅௘௫௖ ൅
ௗ

ௗ௧
ቂെܯ௥௦ ∙ ݅௔ ∙ cosሺ߱௥ݐ ൅ ଴ሻߴ െ ௥௦ܯ ∙ ݅௕ ∙ cos ቀ߱௥ݐ ൅ ଴ߴ ൅

ଶగ

ଷ
ቁ െ ௥௦ܯ ∙ ݅௖ ∙ cos ቀ߱௥ݐ ൅ ଴ߴ െ

ଶగ

ଷ
ቁ ൅ ௙ܮ ∙ ݅௘௫௖ቃ (6.4) 

 

where, Rf and Lf are resistance and self-inductance of the field winding, 
respectively. 

6.3.1 Armature reaction 

From (6.4), armature reaction flux is: 

 

஻ߣ  ൌ ௥௦ܯ	 ∙ ݅௔ ∙ cosሺ߱௥ݐ ൅ ଴ሻߴ ൅ ௥௦ܯ ∙ ݅௕ ∙ cos ቀ߱௥ݐ ൅ ଴ߴ ൅
ଶగ

ଷ
ቁ ൅ ௥௦ܯ ∙ ݅௖ ∙

cos ቀ߱௥ݐ ൅ ଴ߴ െ
ଶగ

ଷ
ቁ  (6.5) 

 

Based on switching function method (Chapter 3), (6.5) can be expanded as follows. 
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௄

 (6.6) 

where Sa, Sb, and Sc are switching functions of phase a, phase b, and phase c, 
respectively.  

To show the increment of λB with respect to speed, vexc with constant amplitude 
and frequency (150 v, 200Hz) is applied to field winding of ME and speed increases 
from 0 (at t=0.5s) to 2500 RPM (at t=3s). if is increasing with respect to speed. 
Then waveform of λB divided by if is shown in Fig 6.2. As can be seen in Fig. 6.2, 
λB is constant. The reason is that, in (6.6), the maximum value of the term indicated 

by K is always √3. Also, the frequency of armature reaction flux (λB) and back-emf 
(the derivative of λB) is equal to the excitation frequency (fexc).  

6.3.2 Induced voltages in armature windings 

In this thesis, presented analytical model uses revolving field theory to 
analytically describe the pulsating field which is produced by the ME single-phase 
field winding. This pulsating field can be decomposed into two imaginary rotating 
fields which are rotating in opposite directions with an amplitude equal to half of 
the real stationary field magnitude. The field that rotates in the same direction of 
the rotor is called forward rotating field (λFW), while the field that rotates in opposite 
direction is called rhe backward rotating field (λBW). 

 

 

 

Figure. 6. 2. Increment of armature reaction flux with respect to speed 
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Induced three-phase voltages on armature windings are: 

	 ௔ݒ ൌ 	
ଵ
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The above equations explicitly demonstrate the revolving field theory; the first 
term on the right side of equal sign denotes an armature voltage component induced 
by the backward rotating flux, while the second term represents a voltage 
component induced by the forward rotating flux. 

6.4 Starting Excitation Modes 

In this section, with respect to speed and excitation type (AC or DC), different 
excitation modes are defined. 

6.4.1 AC excitation at standstill 

When the machine is at standstill, rotor position is 0, ωr is equal to zero, and 
slip is unity. As a result, the induced phase voltages in armature windings can be 
rewritten as follows. 

	 ௔ݒ ൌ ௥௦_௘௫௖ܯ ∙ ௘௫௖ܫ ∙ ω௘௫௖ ∙ cosሺω௘௫௖ݐሻ ∙ cosሺϑ଴ሻ	 (6.10) 
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ଷ
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ସ∙஠

ଷ
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From the equations (6.10) to (6.12), it results that two of the phase voltages 
have the same phase, while the third phase has a 180̊ phase shift. Since armature 
windings feed a rotating diode rectifier bridge, only two phases which have phase 
shift to each other and have largest amplitudes contribute in voltage rectification.  
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The third phase just carries current during phase commutations which leads to 
three-phase short-circuit. This phenomenon will be investigated in detail in Section 
6.5. 

In this chapter, to figure out the relationship between input voltages of the 
rotating rectifier and its output voltage which governs field current of MG, 
switching functions of the rotating rectifier in all excitation modes are calculated. 
Switching function method is described in detail in [107] and Chapter .3 of this 
thesis. Using the switching functions, the output of the rectifier is: 

	 ௗ௖ݒ ൌ 	 ௔ݒ ∙ ܵ௔ ൅	ݒ௕ ∙ ܵ௕ ൅	ݒ௖ ∙ ܵ௖ െ 2 ∙ ௢ܸ௡	 (6.13) 

	

Switching function vector of the rotating rectifier in the first excitation mode, 
with the armature resistance neglected, is calculated as follows.  

 

	 ܵ௔,௕,௖ ൌ 	
ସ

஠
	 ∙ ቎

∆௔ ∙ cosሺω௘௫௖ݐሻ
∆௕ ∙ cosሺω௘௫௖ݐሻ
∆௖ ∙ cosሺω௘௫௖ݐሻ

቏	 (6.14) 

where the coefficient (4/π) is calculated from the Fourier series calculation of the 
switching functions [107]. Δa, Δb, and Δc depend on the initial rotor position (ϑ0) 
and are expressed in Table.6.1. Substituting (6.14) in (6.13), rotating rectifier output 
voltage in the first excitation mode can be calculated. Its mean value over one 

electrical period (
ଵ

ଶ∙గ
∙ ׬ ௗܸ௖

ଶ.గ
଴ ) is: 

ௗ௖ଵݒ	 ൌ 	
ଶ

గ
∙ ௥௦ି௘௫௖ܯ ∙ ௘௫௖ܫ ∙ ߱௘௫௖ ∙ ቀcosሺϑ଴ሻ ∙ ∆௔ ൅ cos ቀϑ଴ ൅

ଶ∙గ

ଷ
ቁ ∙ ∆௕ ൅ cos ቀϑ଴ ൅

ସ∙గ

ଷ
ቁ ∙ ∆௖ቁ െ 2 ∙ ௢ܸ௡	 	 (6.15) 

 

where, Von is forward voltage of rectifier diodes. 

Table. 6. 1. Δa, Δb, and Δc functions in the first excitation mode 

Initial Rotor Position ϑ଴ Δa Δb Δc 
0° ൑ ϑ଴ ൏ 30° 1 -1 0 
30° ൑ ϑ଴ ൏ 60° 1 -1 0 
60° ൑ ϑ଴ ൏ 90° 0 -1 1 
90° ൑ ϑ଴ ൏ 120° 0 -1 1 
120° ൑ ϑ଴ ൏ 150° -1 0 1 
150° ൑ ϑ଴ ൏ 180° -1 0 1 
180° ൑ ϑ଴ ൏ 210° -1 1 0 
210° ൑ ϑ଴ ൏ 240° -1 1 0 
240° ൑ ϑ଴ ൏ 270° 0 1 -1 
270 ൑ ϑ଴ ൏ 300° 0 1 -1 
300° ൑ ϑ଴ ൏ 330° 1 0 -1 
330° ൑ ϑ଴ ൏ 360° 1 0 -1 
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Equation. (6.15) indicates that the rotating rectifier output voltage at standstill 
depends on the initial rotor position, excitation current amplitude Iexc and frequency 
ωexc.  

6.4.2 AC excitation at low speed 

When the machine starts rotating up to the rotor speed r_acdc, the excitation 
remains AC. During this interval, the induced phase voltages on armature windings 
are the same as (6.7) to (6.9). 

As rotation speed increases, the frequency of voltage component induced by 
the backward imaginary field increases while the frequency of voltage component 
induced by the forward field decreases. Hence, the sum of two voltage components 
is like a beat signal which voltage component induced by backward field is its 
carrying signal and another voltage component induced by the forward field is a 
modulating signal. Calculating switching functions of such voltages is presented in 
Chapter .3. Detailed demonstrations are as follows. 

For simplicity, in (6.7), (6.8), and (6.9), following assumptions can be made: 

 

1
2
∙ ௥௦೐ೣ೎ܯ ∙ ௘௫௖ܫ ൌ 1 

 

଴ߴ ൌ 0 

 

ሺ2 െ ሻݏ ∙ ߱௘௫௖ ൌ 	߱௘௫௖ ൅ ߱௥ ൌ ܽ 

 

ݏ ∙ ߱௘௫௖	 ൌ 	߱௘௫௖ െ ߱௥ ൌ ܾ 

 

Therefore, the equation (6.7) can be rewritten as: 

 

	 ௔ݒ ൌ 	ܽ ∙ cosሺܽ ∙ ሻݐ ൅ ܾ ∙ cosሺܾ ∙ 	ሻݐ (6.16) 

	

Thus, during the second excitation mode, induced voltages in the armature 
windings are sum of the two cosine terms with different amplitudes and frequencies. 
The complex form of the two cosine voltages is: 
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ܴ݁ሼܽ ∙ ݁௝௔௧ ൅ ܾ ∙ ݁௝௕௧ሽ ൌ ܴ௘൛݁௝௔௧ ∙ ൣܽ ൅ ܾ ∙ ݁௝ሺ௕ି௔ሻ௧൧ൟ	 (6.17) 

	

where Re indicates the real part of a complex expression.  

During the second excitation mode, the condition a>b is always valid, so “a” 
is the dominant frequency (average frequency of the resulting voltage). 

In other words, the low frequency-low amplitude voltage component 
“bꞏcos(bꞏt)” (the red vector in Fig. 6.3) modulates the amplitude of the high 
frequency-high amplitude voltage component “aꞏcos(aꞏt)” (the black vector in Fig. 
6.3). In addition, the low frequency-low amplitude voltage component leads to a 
variation of the high frequency-high amplitude voltage component phase.  

In Fig. 6.3, the blue vector represents the sum of the two voltage components. 
The amplitude of the resulting voltage is: 

ܣ  ൌ หܽ ൅ ܾ ∙ ݁௝ሺ௔ି௕ሻ௧ห ൌ 	ඥܽଶ ൅ ܾଶ ൅ 2 ∙ ܽ ∙ ܾ ∙ cos	ሺሺܾ െ ܽሻ ∙  ሻ (6.18)ݐ

	

 

 

Figure. 6. 3. Armature voltages in the second excitation mode (complex representation of equation 
(6.6)) 

 

For phases b and c, amplitudes are: 

ܤ  ൌ ܾ	݁ݏ݄ܽ݌	݂݋	݁݀ݑݐ݈݅݌݉ܣ ൌ ටܽଶ ൅ ܾଶ ൅ 2 ∙ ܽ ∙ ܾ ∙ cos	ሺሺܾ െ ܽሻ ∙ ݐ െ ସ∙గ

ଷ
ሻ 

  (6.19) 

	

	 ܥ ൌ ܿ	݁ݏ݄ܽ݌	݂݋	݁݀ݑݐ݈݅݌݉ܣ ൌ ටܽଶ ൅ ܾଶ ൅ 2 ∙ ܽ ∙ ܾ ∙ cos	ሺሺܾ െ ܽሻ ∙ ݐ െ ଼∙గ

ଷ
ሻ	

	 	 (6.20) 
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Phase deviation of the high frequency-high amplitude voltage component due 
to the low frequency-low amplitude voltage component is: 

 

	 θ஺ ൌ tanିଵ ቀ
௕∙ୱ୧୬	ሺሺ௕ି௔ሻ∙௧ሻ

௔ା௕∙ୡ୭ୱ	ሺሺ௕ି௔ሻ∙௧ሻ
ቁ	 (6.21) 

	

For phases b and c, phase deviations are: 

 

For phase b: 

 

	 θ஻ ൌ tanିଵ ቆ
௕∙ୱ୧୬	ሺሺ௕ି௔ሻ∙௧ିర∙ഏ

య
ሻ

௔ା௕∙ୡ୭ୱ	ሺሺ௕ି௔ሻ∙௧ିర∙ഏ
య
ሻ
ቇ	 (6.22) 

	

For phase c: 

 

	 θ஼ ൌ tanିଵ ቆ
௕∙ୱ୧୬	ሺሺ௕ି௔ሻ∙௧ିఴ∙ഏ

య
ሻ

௔ା௕∙ୡ୭ୱ	ሺሺ௕ି௔ሻ∙௧ିఴ∙ഏ
య
ሻ
ቇ	 (6.23) 

	

Thus, induced voltages in the armature of the ME in the second excitation mode 
((6.7), (6.8), (6.9)) are: 

	 ௔ݒ ൌ 	
ଵ

ଶ
∙ ௥௦೐ೣ೎ܯ ∙ ௘௫௖ܫ ∙ ܣ ∙ cosሺࢇ ∙ ࢚ ൅θ஺ሻ	 (6.24) 

	

	 ௕ݒ ൌ 	
ଵ

ଶ
∙ ௥௦೐ೣ೎ܯ ∙ ௘௫௖ܫ ∙ ܤ ∙ cosሺࢇ ∙ ࢚ ൅	

ଶ∙గ

ଷ
൅ θ஻ሻ	 (6.25) 

	

	 ௖ݒ ൌ 	
ଵ

ଶ
∙ ௥௦೐ೣ೎ܯ ∙ ௘௫௖ܫ ∙ ܥ ∙ cosሺࢇ ∙ ࢚ ൅	

ସ∙గ

ଷ
൅θ஼ሻ	 (6.26) 

	

Switching functions of the rotating rectifier in this mode are 

	 ܵ௔,௕,௖ ൌ
ଶ∙√ଷ

గ

ۏ
ێ
ێ
ێ
ێ
ۍ

௩ೌ
ன೐ೣ೎∙ඥሺଶି௦ሻమା௦మାଶ∙௦∙ሺଶି௦ሻ∙ୡ୭ୱሺଶ∙னೝ∙௧ሻ

௩್

ன೐ೣ೎∙ටሺଶି௦ሻమା௦మାଶ∙௦∙ሺଶି௦ሻ∙ୡ୭ୱቀଶ∙னೝ∙௧ା
ర∙ഏ
య
ቁ

௩೎

ன೐ೣ೎∙ටሺଶି௦ሻమା௦మାଶ∙௦∙ሺଶି௦ሻ∙ୡ୭ୱቀଶ∙னೝ∙௧ା
ఴ∙ഏ
య
ቁے
ۑ
ۑ
ۑ
ۑ
ې

	 (6.27) 
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where the coefficient (
ଶ∙√ଷ

గ
) is calculated from the Fourier series calculation of the 

switching functions [107]. Substituting (6.27) in (6.13) and calculating mean value, 
the simplified average value of the rectifier DC output voltage, in the second 
excitation mode, can be written as 

 

	 ௗ௖ଶݒ ൌ 	
ଷ∙√ଷ∙ெೝೞ_೐ೣ೎∙ூ೐ೣ೎∙ன೐ೣ೎

஠మ
	 ∙ ,ሾπܧ ݏ ∙ ሺ2 െ ሻሿݏ െ 2 ∙ ௢ܸ௡	 (6.28) 

	

where E is an incomplete elliptic integral of the second kind [108]. 

Usually, AC excitation is needed when slip is between 1 (at standstill to 1) and 
zero. For slips less than zero, the rotation speed is enough to establish sufficient 
coupling between single-phase field winding and armature windings of ME. 

Therefore, AC excitation is no longer required. Hence, in (6.28), s(2-s) changes 
from 1 to 0 and it is possible to replace the elliptic integral with an approximated 
function. By curve fitting, an approximated function for E[π , sꞏ(2-s)] can be written 
as : 

 

	 ܧ ൌ 	െ4.004ݔ଺ ൅ ହݔ10.27 െ ସݔ10.14 ൅ ଷݔ4.571 െ ଶݔ1.13 െ ݔ0.7044 ൅ 3.14	
	 	 (6.29) 

	

where x = sꞏ(2-s). 

 

The equation. (6.28) demonstrates that below r_acdc, the DC output voltage 
variation depends on Iexc , ωexc, and the E[π, sꞏ(2-s)]. 

6.4.3 DC excitation at high speed 

The third excitation mode starts when excitation changes from AC to DC. In 
this case, induced voltages in armature windings are 

	 ௔ݒ ൌ 	െሺܫ௘௫௖ ∙ ௥௦ି௘௫௖ܯ ∙ ω௥ ∙ sinሺω௥ݐሻሻ	 (6.30) 

	

	 ௕ݒ ൌ 	െሺܫ௘௫௖ ∙ ௥௦ି௘௫௖ܯ ∙ ω௥ ∙ sinሺω௥ݐ ൅
ଶ∙஠

ଷ
ሻሻ	 (6.31) 

	

	 ௖ݒ ൌ 	െሺܫ௘௫௖ ∙ ௥௦ି௘௫௖ܯ ∙ ω௥ ∙ sinሺω௥ݐ ൅
ସ∙஠

ଷ
ሻሻ	 (6.32) 
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Switching function vector of the rotating rectifier in this mode is 

	 ܵ௔௕௖ ൌ 	
ଶ∙√ଷ

஠
	 ∙ 		 ൦

sinሺω௥ݐሻ

sinሺω௥ݐ ൅
ଶ∙஠

ଷ
ሻ

sinሺω௥ݐ ൅
ସ∙஠

ଷ
ሻ

൪	 (6.33) 

	

Using (6.33) in (6.13) and calculating its mean value, mean value of rectifier 
output voltage, in the third excitation mode, becomes 

	 ௗ௖ଷݒ ൌ 		
ଷ∙√ଷ

஠
	 ∙ ௘௫௖ܫ 	 ∙ ௥௦೐ೣ೎ܯ	 	 ∙ 	ω௥ െ 2 ∙ ௢ܸ௡	 (6.34) 

	

As results from (6.34), DC output voltage of the rotating rectifier during the 
third excitation mode is proportional with DC excitation current and rotor speed. 

6.5 Effects of front-end Inductance on rectifier output 
voltage 

As described in Chapter .3, AC-side front-end inductances lead to a finite 
commutation interval when the output current of rectifier switches between rectifier 
legs. During the commutation interval, two or more diodes are carrying current 
which makes a line-to-line short-circuit between armature phases [109]. Based on 
commutation duration, there are three operation modes for a rectifier which are 
described in detail in [110]. Commutation influence on the output voltage is a 
voltage drop that is usually modeled by a virtual resistance Rcom. This resistance 
will be obtained in the next subsection for the different excitation modes. 

 

 

Figure. 6. 4. Commutation interval waveform in the first excitation mode 
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6.5.1 Commutation voltage drop in the first excitation mode 

In the first excitation mode, supply voltages of the rotating rectifier are two-
phase with 180 ̊ phase shift. Fig. 6.4 shows the interval in which positive current is 
transferring from phase b to phase a and voltage of phase a is higher than phase b. 
So, current commutation of phase a is faster than of phase b, and the phase c carries 
difference of the phase a current and the phase b current. 

 

 

 a 

 

 

 b 

Figure. 6. 5. Equivalent circuit of the rotating rectifier during commutation in the first excitation 
mode. a) First mode. b) Second mode 

During commutation, there are two distinct modes (Fig. 6.5.a). In the first 
mode, always more than three diodes are on. Fig. 6.5.a shows the equivalent circuit 
of this mode Applying KVL in the indicated loops yields: 

	 െݒ௔௕ ൅ ௖ܮ ∙
ௗ௜ೌ
ௗ௧
െ ௖ܮ ∙

ௗ௜್
ௗ௧
	ൌ 0	 (6.35) 

	

	 െݒ௕௖ ൅ ௖ܮ ∙
ௗ௜್
ௗ௧
െ ௖ܮ ∙

ௗ௜೎
ௗ௧
	ൌ 0	 (6.36) 
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Applying KCL at point O yields 

 

	 ݅௖ ൌ 	െሺ݅௔ ൅ ݅௕ሻ	 (6.37) 

	

Substituting (6.37) in (6.36) 

 

	 ௖ܮ ∙
ௗ௜್
ௗ௧
ൌ 	 ଵ

ଶ
	 ∙ 	 ቀݒ௕௖ െ ௖ܮ ∙

ௗ௜ೌ
ௗ௧
ቁ	 (6.38) 

	

Substituting (6.38) in (6.35), the time interval needed by the phase a current to 
reach If is  

	 ݐ∆ ൌ 	
ଷ∙௅೎∙ூ೑

ቀ௩ೌ್ା
భ
మ
∙௩್೎ቁ

	 (6.39) 

	

In (6.39), vab and vbc can be calculated from (6.10), (6.11), and (6.12). For the 
first commutation mode, dia = 2ꞏIf and dib = ib1-If , where ib1 is current of the phase 
b at the end of the first commutation mode. Substituting (6.39) in (6.38), at the end 
of the first mode, phase b current is 

 

	 ݅௕ଵ ൌ െ√3 ∙ ௙ܫ ∙ tanሺϑ଴ሻ	 (6.40) 

	

Rewriting (6.35) 

 

	 ௔௕ݒ ൌ ௖ܮ ∙
ௗ௜ೌ
ௗ௧
െ ௖ܮ ∙

ௗ௜್
ௗ௧
	 (6.41) 

Multiplying both sides of (6.41) by dtωexc and integrating for 180̊ interval 
yields 

	 ଵ

஠
׬ 	௔௕ݒ ∙ ݀ሺω௘௫௖ݐሻ ൌ

ଵ

஠
	 ∙ 	 ሺ׬ ௖ܮ ∙ ω௘௫௖ ∙ 	݀ሺ݅௔ሻ

ூ೑
ିூ೑

െ	׬ ௖ܮ ∙ ω௘௫௖ ∙ 	݀ሺ݅௕ሻሻ
௜್భ
ூ೑

	
௧ଵ
଴ 	

	 	 (6.42) 

The left side of (6.42) is voltage drop during this mode that is lost every 180̊. 
This voltage drop can be modelled by a resistor at the rectifier output. 

 

	 ܴ௖௢௠ ൌ ሺ6 ൅ 2 ∙ √3 ∙ tanሺϑ଴ሻሻ 	 ∙ ௘݂௫௖ ∙ 	௖ܮ (6.43) 
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When phase a current gets its final value (If), the second mode starts. Fig. 6.5.b 
shows equivalent circuit of the second mode. During this mode, only three diodes 
are conducting. Applying KVL in the indicated loop 

 

	 ௔௕ݒ െ	ݒௗ 	ൌ 	െ	ܮ௖ ∙
ௗ௜್
ௗ௧
	 (6.44) 

	

Left side of (6.44) is voltage drop due to commutation in the second mode. 
Multiplying both side of (6.44) and integrating for 180̊ interval yield: 

	 ଵ

஠
∙ ׬ ሺݒ௔௕ െ	ݒௗሻ ∙ 	݀ሺω௘௫௖ݐሻ ൌ െ	ଵ

஠
∙ ׬ ௖ܮ ∙ ω௘௫௖ ∙ 		݀݅௕

ିூ೑
௜್భ

௧మ
௧భ

	

	 	 (6.45) 

	

	 ܴ௖௢௠ ൌ ሺ2 െ 2 ∙ √3 ∙ tanሺϑ଴ሻሻ 	 ∙ 	 ௘݂௫௖ ∙ 	௖ܮ (6.46) 

	

Finally, total voltage drop due to commutation for the first excitation phase can 
be represented by sum of resistances from (6.43) and (6.46) as 

	 ܴ௖௢௠ଵ ൌ 8 	∙ 	 ௘݂௫௖ ∙ 	௖ܮ (6.47) 

 

At initial positions of 0̊ and 180̊, where Vb and Vc are equal, only first 
commutation mode happens. Applying KCL at point O yields 

 

	 ݅௖ ൌ 	 ݅௕ ൌ െ ଵ

ଶ
∙ ݅௔	 (6.48) 

	

Substituting (6.48) in (6.35) 

 

	 ௔௕ݒ ൌ
ଷ

ଶ
∙ ௖ܮ ∙

ௗ௜ೌ
ௗ௧
	 (6.49) 

	

Calculating average value of (6.49) for 180̊ as in (6.42), Rcom is obtained. 

 

	 6൉fexc൉Lc.	 (6.50)	
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6.5.2 Commutation voltage drop in the second and third excitation 
modes 

In the case of a three-phase system with 120̊ phase shift between phases (like 
in the third excitation mode), in each electrical period of the input voltages, six 
commutations happen. For each commutation, fꞏLc represents the resistance to 
model the commutation voltage drop. 

 

Figure. 6. 6. Number of commutations in each period of the dominant voltage component 

Fig. 6.6 shows the number of commutations during each period of the dominant 
voltage component in the second excitation mode (ܽ ൉ ݐ ൌ ሺ߱௘௫௖ ൅ ߱௥ሻ ∙  As can .(ݐ
be seen, in the second excitation mode, during each period of the dominant voltage 
component, almost six commutations happen. Therefore, with a good 
approximation, the frequency of the dominant voltage component (carrying 
component) can be considered in the calculation of Rcom. Thus, Rcom for the second 
and third excitation modes is: 

	 ܴ௖௢௠ଶ,ଷ ൌ 6 ∙ ݂ ∙ 	஼ܮ (6.51) 

 

where f for the second excitation mode is fexc+ ωr/(2ꞏπ), and for the third excitation 
mode is ωr/(2ꞏπ).  

6.5.3 Commutation inductance 

In this section, commutation inductance (Lc) is calculated for the analytical 
model. As mentioned before, during the commutation interval, line-to-line short-
circuit occurs. Hence, the commutation inductance is not a steady-state machine 
inductance. According to constant flux linkage theory, once short-circuit occurs 
between armature phases, airgap flux remains constant.  
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Therefore, armature flux variations at the beginning of short-circuit interval 
retain inside the rotor. Hence, the inductance used by the equivalent circuits during 
commutation can be calculated based on induced fluxes in the rotor during 
commutation process. 

To estimate Lc with FE analysis, two methods are used which are: 
magnetostatic and transient analysis.  

FE analysis based on both methods are as follows: 

 

 Magnetostatic method based on [109]: Since commutation inductance is 
realized as an inductance defined at specific instants of the machine transient 
response to an applied short-circuit occurring during diodes current commutation, 
instead of solving transient equations in a large time span, only an interval of time 
which is of interest for commutation inductance estimation can be considered. Thus, 
using boundary conditions, regions of the problem domain which contribute to the 
commutation inductance estimation are isolated from other regions which leads to 
simplifying the problem. Based on the constant flux linkage theory, these regions 
for commutation inductance estimation are the rotor of the ME and its windings. In 
this method, based on the proposed technique in [109], to simplify the calculation 
of the commutation inductance, a boundary condition for FE analysis is defined to 
keep rotor flux linkages, during commutation interval, inside the rotor. Then, the 
magnetostatic analysis is performed to calculate d- and q-axis inductances. In this 
thesis, the average value of d- and q-axis inductances is chosen as Lc. 

 

 Transient analysis: A transient FE analysis is performed for the ME. In this 
method, field winding of ME is excited by a range of excitation current and the ME 
armature windings are connected to a rectifier fed MG field winding. The 
simulation is continued until the MG field current reached its steady state value. 
Then a commutation interval is selected and for one-time step, based on (6.36), Lc 
is calculated. 

 Since the implemented FE model was a 2D model, at the end value of end-
winding was added to the estimated inductance. As a result, Lc is the sum of the 
estimated inductance during commutation interval and the end-winding inductance. 
The end-winding inductance has been calculated based on equations in [110]. 

It was concluded that, in our case (commutation inductance estimation), the 
method based on the magnetostatic analysis presented in [109] is more optimal in 
terms of the required computation time. However, to prove the implemented 
method, also a transient FE analysis was implemented. 
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6.5.4 Effect of armature resistance 

When armature phases are in conduction interval (when there is no 
commutation between armature phases), two phases carry the rectifier output 
current If. In this case, the voltage drop due to the armature resistance is 2ꞏRrꞏIf. This 
is the voltage drop of each line voltage.  

From (6.10) to (6.12), it should be noted that in the first excitation mode, when 
ϑ0 is 0̊ and 180̊, the amplitude of va is twice the amplitude of vb and vc. Thus, ib and 
ic are equal. The amplitude of ib and ic is half of the amplitude of ia. In this case, the 

voltage drop of each line voltage is 
ଷ

ଶ
∙ ܴ௥ ∙  .௙ܫ

During commutation intervals, one phase carries If  and the commutating 
phases carry less than If. Therefore, the voltage drop of the line voltage is less than 
2ꞏRrꞏIf. In this chapter, this phenomenon is neglected, and the voltage drop due to 
the armature resistance is considered constant. 

6.6 MG Field Current Transition Modes 

Usually, excitation current amplitude and frequency are kept constant during 
the starting with AC excitation. This method will be called hereafter as the 
uncontrolled method. In this method, the MG field current will not be constant 
during the starting process. Moreover, the switching between AC excitation and DC 
excitation is often done at a speed that is chosen experimentally, as in [96] and 
[105].  

In this chapter, the proposed excitation control method aims at obtaining a 
constant MG field current during starting, by controlling the ME excitation current 
amplitude, while the excitation frequency is constant. Transition modes of the MG 
field current are: 

 

First transition mode – is the transition between AC excitation at standstill and AC 
excitation at low speed. 

 

Second transition mode – is the transition between the AC excitation at low speed 
and DC excitation. 

6.6.1 First transition mode 

The first transition mode happens when the machine begins to rotate. Since 
induced rotor voltages and therefore rotating rectifier output voltage are different 
in the standstill and rotating conditions, there is a transition condition for the MG 
field current.  
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Fig. 6.7 shows the E[π, (sꞏ(2-s)] versus slip that changes from 1 to -1. From 
(6.28) and Fig. 6.7, it results that the output voltage of the rotating rectifier increases 
by increasing the rotation speed when the amplitude and frequency of excitation 
current are constant. However, as soon as the rotor starts rotating, the output voltage 
of rotating rectifier may become lower or higher than its standstill value.  

 

 

Figure. 6. 7.  Elliptical integral versus slip 

 

 

 

Figure. 6. 8. First transient mode condition based on rotor initial position 
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Comparing (6.15) and (6.28) for the initial position changing from 0 to 2.π, all 
possible transient conditions for the first transition mode based on initial rotor 
position are shown in Fig. 6.8. Areas with red color show conditions wherein the 
output voltage of the rotating rectifier decreases after rotation and other areas 
indicate the conditions with output voltage increases. 

As can be seen in Fig. 6.8, in the most of conditions, the rotating rectifier output 
voltage and respectively the MG field current decrease when the machine starts 
rotating.  

If1 and If2 are the MG field current in the first and the second excitation modes, 
and can be written as: 

	 ௙ଵܫ ൌ 	
௩೏೎భ

ோ೑ାோ೎೚೘భାଶ∙ோೝ
	 (6.52) 

	

	 ௙ଶܫ 	ൌ 	
௩೏೎మ

ோ೑ାோ೎೚೘మାଶ∙ோೝ
		 (6.53) 

	

To keep the MG field current constant (If1 = If2), the amplitude of exciter field 
current (Iexc) should be changed. Using the proposed method, the rotating rectifier 
output voltage is controlled in an open-loop fashion by controlling the ME 
excitation current amplitude. 

Using (6.15), (6.28) and (6.52), (6.53), excitation current for the second 
excitation mode is calculated by (6.54) as 

 

	 ௘௫௖ଶܫ ൌ 	 ௗ௖ଵݒ ∙
஠మ∙൫ோ೑ାோ೎೚೘మାଶ∙ோೝ൯

ଷ∙√ଷ∙ெೝೞష೐ೣ೎∙ன೐ೣ೎∙ா൫஠,௦∙ሺଶି௦ሻ൯∙൫ோ೑ାோ೎೚೘భାଶ∙ோೝ൯
		

	 	 (6.54) 

For the ME, the impact of the armature current reaction is assumed negligible 
since current control is employed. In addition, the saturation effects on the Mrs-exc 

are taken into account by using the 2-D look-up table obtained from Finite Element 
(FE) analysis instead of a constant value.  

6.6.2 Second transition mode 

When the machine is in rotating condition, at an optimum speed (slip) which is 
found by the excitation controller, the AC excitation should switch to DC 
excitation. 

The output current of the rectifier in the third excitation mode is: 

	 ௙ଷܫ 	ൌ 	
௩೏೎య

ோ೑ାோ೎೚೘యାଶ∙ோೝ
	 (6.55) 
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From (6.28), (6.34) and (6.54), (6.55), to achieve constant MG field current (If3 
= If2), amplitude of DC excitation current during the third excitation phase should 
be: 

	 ௘௫௖ଷܫ ൌ ௗ௖ଶݒ	 ∙
஠∙ሺோ೑ାோ೎೚೘యାଶ∙ோೝሻ

ଷ∙√ଷ∙ெೝೞష೐ೣ೎∙னೝ∙ሺோ೑ାோ೎೚೘మାଶ∙ோೝሻ
	 (6.56) 

6.7 Proposed Excitation current control  

Fig. 6.9 shows the flowchart of the proposed excitation control algorithm. The 
method generates the proper excitation current amplitude ܫ௘௫௖∗  that is provided to a 
closed-loop excitation current scheme using the DC-DC converter that supplies the 
ME excitation winding (Fig. 6.1). The closed-loop excitation current control is 
simple and therefore will not be analysed in this chapter. 

 

 

Figure. 6. 9. Structure of the proposed excitation control algorithm 

The proposed excitation control uses equations (6.54) and (6.56) to calculate 
the required excitation current in the second and third excitation modes, Iexc2, and 
Iexc3, respectively. Once Iexc3 becomes equal to Iexc2, the excitation switches from 
AC to DC. 

The amplitude of the excitation reference current is obtained from three 
different values (MUX block in Fig. 6.9) corresponding to three operation modes 
described below: 

At standstill (Mode 1), the DC-DC converter operates as single-phase inverter 
and the excitation current reference is sinusoidal having the amplitude Iexc1. This 
current reference is obtained from a preliminary experimental evaluation. 

mode
(6.54) & (6.56) 
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As soon as the rotor starts moving (Mode 2), the amplitude of the excitation 
current becomes Iexc2., while its frequency does not change. The amplitude Iexc2 is 
calculated from (6.54). At the same time, (6.56) is evaluated. 

The DC excitation is engaged when Iexc2= Iexc3 (Mode 3). The ܫ௘௫௖∗  becomes a 
DC value that is equal to Iexc3. 

Fig. 6.10 shows the ratio of the DC excitation current amplitude (Iexc3) to the 
AC excitation current in the second excitation mode (Iexc2). From Fig. 6.10, it results 
that the ME excitation can switch from AC to DC at a value that is equal to the 

amplitude of the AC excitation in the second excitation mode ቀ
ூ೐ೣ೎య
ூ೐ೣ೎మ

ൌ 1ቁ leading 

to a smooth transition.  

 
Figure. 6. 10. Ratio of controlled DC excitation current amplitude to amplitude of AC excitation 
current in the second excitation mode 

 

As can be seen in Fig. 6.10, commutation voltage drop has a significant effect 
on the estimation of the optimum instant for excitation switching from AC to DC 
(the slip at which Iexc3 = Iexc2). Furthermore, since in the controlled method output 
voltage of the rectifier is controlled to be constant, the second transient is smooth. 

6.8 Simulation Results 

A numerical phase variable model of the brushless exciter is built based on FE 
analysis using Flux-2D software (Chapter 4). Using FE technique, for all rotor 
positions and various current ranges, all current-flux linkage nonlinear functions 
have been estimated and modeled in Simulink/Matlab environment using 2-D 
lookup tables. These nonlinear functions have been estimated for different rotor 
positions and full current ranges. Hence, geometry space harmonics and saturation 
effects are taken into account.  
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Fig. 6.11, Fig 6.12, and Fig 6.13 show simulation results using the controlled 
and uncontrolled excitation methods for the first and second excitation modes. 
Excitation current at standstill is 3A, 200Hz sinusoidal current. The test is 
performed for initial positions of 0̊ and 30̊ which represent maximum decrease and 
increase of MG field current at the first transition mode. Fig. 6.11 shows the MG 
field current using controlled and uncontrolled excitation methods.  

As can be seen in Fig. 6.11, when the initial position is 30̊, at the first transition 
mode the MG field current suddenly decreases and when the initial position is 0̊, 
the MG field current has an overshoot. However, using the controlled excitation 
method, the MG field current is kept constant. 

Fig. 6.12 and 6.13 show the rotating rectifier output voltage for the same 
excitation as Fig. 6.11, for the uncontrolled and controlled excitation methods, 
respectively. 

 

 
 

 

 
Figure. 6. 11. MG field current using the controlled and uncontrolled excitation methods 
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Figure. 6. 12. Rotating rectifier output voltage using the uncontrolled excitation method, ϑ0 is 0̊ and 
30̊ 

 

 
Figure. 6. 13. Rotating rectifier output voltage using the controlled excitation method, ϑ0 is 0̊ and 30̊  

 

As can be seen, based on (6.54), changing the excitation current at the second 
excitation mode Iexc2 led to a constant average value of the rectifier output voltage.  
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Figure. 6. 14. MG field current using the controlled and uncontrolled excitation methods 

 

For all excitation modes, the MG field current with and without ME excitation 
control is shown in Fig.6.14. Fig.6.15 shows the controlled exciter field current with 
0 ̊ and 30 ̊ initial positions. 

It can be noted from Fig. 6.14 that behaviour of the MG field current without 
ME excitation control depends on the initial rotor position.  

In order to compare the results of ME excitation with and without excitation 
control, at the same point as controlled excitation method, uncontrolled AC 
excitation (Iexc2) has been switched to a DC excitation current (Iexc3) that is equal 
with the amplitude of AC excitation rms current. 
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Figure. 6. 15. Controlled excitation current 

 
The Fig. 6.16 shows the rectifier output voltage for uncontrolled excitation 

method for all excitation modes, when initial rotor position is 0 ̊ and 30 ̊. Results of 
the same condition but using the proposed excitation control method are shown in 
Fig. 6.17. 

 
Figure. 6. 16. Rotating rectifier output voltage using the uncontrolled excitation method, ϑ0 is 0̊ and 
30̊ 
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Figure. 6. 17. Rotating rectifier output voltage using the controlled excitation method, ϑ0 is 0̊ and 30̊ 

 

6.9 Experimental Results 

To demonstrate the feasibility of the proposed excitation control, a scaled-down 
experimental test rig was built. The experimental setup is shown in Fig. 6.18 and 
consists of a two-stage brushless synchronous generator (10kVA-1500rpm) and a 
prime mover driven by an industrial inverter. 

 

Figure. 6. 18. Experimental test rig 
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Since the output voltage of the rotating rectifier was not available, an indirect 
method was implemented to demonstrate that the MG field current has been kept 
constant during the entire starting process. For both controlled and uncontrolled 
excitation tests, whilst prime mover rotates the generator from standstill to 2000 
rpm, the generator output voltages were saved at the no-load condition. For the 
controlled method, the excitation controller receives the reference excitation current 
according to the flowchart shown in Fig. 6.9. 

 

Figure. 6. 19. Back-emf constant of MG output voltage (KE) using the uncontrolled and controlled 
excitation methods 

Then a post-processing was performed as follows. The three-phase voltages 
were transformed to (d,q) voltages and then d-axis voltage quantity was divided by 
speed and multiplied by 100. The resulting quantity is the back-emf constant 
defined as 

	 ாܭ ൌ 	
௏೏
ேೝ
∙ 100	 (6.57)	

where Nr is rotor speed in RPM.  

In this test, for uncontrolled excitation method, the amplitude of reference field 
current is 0.7A and its frequency is 200Hz. The prime mover rotates the MG from 
0 to 2000 rpm in 30 seconds. After the implementation of the proposed excitation 
control strategy, the speed at which excitation current switched from AC to DC was 
captured. This speed was used for uncontrolled excitation case for the switching 
between AC and DC excitation. In the uncontrolled excitation test, the amplitude 
of DC excitation current is the rms value of AC excitation current.  
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For controlled excitation test, excitation current reference at standstill was set 
at 0.7 A. At 2000 RPM, excitation current reference determined by excitation 
controller was 0.5 A. 

Fig. 6.19 shows the back-emf constant, after post-processing the saved data, 
for uncontrolled and controlled excitation methods. Since at standstill and very low 
speeds, the captured data were very noisy, Fig 6.19 shows the waveform of the 
back-emf constant from almost 200 RPM. 

As can be seen in Fig. 6.19, under controlled excitation method, the back-emf 
constant does not change by increasing the rotation speed, so it can be concluded 
that the MG field current is constant. Moreover, the results demonstrate that using 
the ME excitation current control, the second transition (ME excitation current 
switching from AC to DC) is smooth. 
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Chapter 7 

Field Current Estimation of Main 
Generator 

7.1 Introduction 

 
Accurate and optimum torque control of the three-stage brushless synchronous 

starter-generator in start process requires a current map of MG. The current map 
determines optimum combination among MG field current, and MG stator currents 
according to the load conditions.  Among the currents in the current map, MG field 
current is of most importance and has a critical impact in choosing the optimum 
currents combination. The saturation level of the MG rotor varies according to the 
MG field current. In addition, MG field current significantly affects direct-axis (Ld) 
and quadrature-axis (Lq) inductances. By virtue of the MG field current importance 
in torque control of the three-stage brushless synchronous starter-generator, 
accurate information of the MG field current is a prerequisite of a successful control 
system.  

In brushless electric machines, the field current is not accessible. One possible 
solution for rotor current data acquisition is to mount a sensor on the rotor. 
Measured data can be transferred from the rotor by using wireless data transfer 
technologies such as Bluetooth [111] and Wi-Fi [112]-[114]. Due to 
electromagnetic interference (EMI) generated by the magnetic field of the machine 
and also power electronic parts, the performance of wireless data transfer systems 
for rotor data measurement encounters serious disturbances and malfunction. Since 
reliability is a critical requirement for starter-generator in the aircraft application, 
wireless rotor data measurement technique is not feasible for brushless synchronous 
starter-generator. 
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Consequently, MG field current must be estimated. To the best knowledge of 
the author, in the literature, no method has been proposed for estimating MG field 
current of the three-stage brushless synchronous machine using single phase main 
exciter. 

Since MG mostly operates in saturation state of its magnetic field, MG field 
current from MG side of the three-stage brushless synchronous machine is not 
feasible. especially, during the starting process where high torque is required, and 
MG stator currents are high, saturation effects are more significant. Therefore, it is 
more reasonable and convenient to estimate the MG field current from the exciter 
side of the machine.   In [115], two methods are proposed for the machine using the 
main exciter with three-phase field winding. The first method relies on estimating 
the rotor currents of the main exciter. From the estimated rotor currents, using a 
simple and inaccurate model of diode bridge rectifier, the MG field current was 
estimated. In the second method, first, rotor voltages of the main exciter are 
estimated. Then using the former-mentioned model of the diode bridge rectifier, the 
output voltage of the rotating rectifier is estimated. Then by knowing MG field 
winding resistance, MG field current is calculated.  

In [116], an estimation method for MG field current is proposed. The proposed 
method again is applicable for three-phase main exciter. In the proposed method, 
both currents and voltages of the main exciter are estimated. Then they are 
considered as input voltages and currents of the rotating rectifier model. The 
proposed method relies on a Parametric Average Value Model (PAVM) of the 
rotating diode bridge rectifier. In the PAVM modeling technique, the diode bridge 
rectifier is modeled as a variable impedance. This impedance is estimated from a 
dataset saved in a 2-D look-up table. Look-up table data is provided from a detailed 
simulation in different operating conditions. It is like training data collection step 
of Artificial Neural Network (ANN) learning process. Inputs of the look-up table 
used for modeling the rotating rectifier are rotor currents and voltages. Since the 
frequency of the rotor’s quantities are changing and as it has been mentioned and 
analyzed in Chapter. 3, the frequency of input voltages plays a critical rule in the 
performance of a diode bridge rectifier. Therefore, representing the rotating rectifier 
as a variable impedance is not feasible. Especially in the starting process where high 
MG field current is required, inaccuracy of the proposed model is more significant. 
As a potential solution, a 3-D look-up table having exciter’s rotor currents, voltages 
and frequency as its inputs can provide more accuracy in estimating of the MG field 
current.  

In this chapter, an estimation method for MG field current estimation is 
proposed. In the proposed estimation method, estimation of exciter rotor currents 
and voltages are not required. This leads to the increasing of the accuracy of the 
proposed MG field current estimation method.  
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7.2 Proposed MG field current estimation 

From Chapter. 4, the voltage equation of the field winding of the main exciter 
is: 

 

௘௫௖ݒ  ൌ ௙ݎ ∙ ݅௘௫௖ ൅
ௗ

ௗ௧
ቂܮ௙௙ ∙ ݅௘௫௖ െ ௥௦ܯ ∙ ݅௔ ∙ cosሺ߱ݐሻ െ ௥௦ܯ ∙ ݅௕ ∙ cos ቀ߱ݐ െ

ଶగ

ଷ
ቁ െ

௥௦ܯ ∙ ݅௖ ∙ cos ቀ߱ݐ ൅
ଶగ

ଷ
ቁቃ  (7-1) 

 

Based on relationships between input currents of the rotating rectifier (ia, ib, and 
ic) and its output current (if), from Chapter. 3, (7.1) can be rewritten as: 

 	

௘௫௖ݒ ൌ ௙ݎ ∙ ݅௘௫௖ ൅
ௗ

ௗ௧
ቂܮ௙௙ ∙ ݅௘௫௖ െ ௥௦ܯ ∙ ݅௙ ∙ ܵ௔ ∙ cosሺ߱ݐሻ െ ௥௦ܯ ∙ ݅௙ ∙ ܵ௕ ∙

cos ቀ߱ݐ െ
ଶగ

ଷ
ቁ െ ௥௦ܯ ∙ ݅௙ ∙ ܵ௖ ∙ cos ቀ߱ݐ ൅

ଶగ

ଷ
ቁቃ (7-2) 

Factoring of if in (7.2), and integrating of both sides yields: 

 

௘௫௖ݒ൫׬  െ ௙ݎ ∙ ݅௘௫௖൯ ൌ ௙௙ܮ ∙ ݅௘௫௖ െ ݅௙ ∙ ∙௥௦ܯ ቂܵ௔ ∙ cosሺ߱ݐሻ െ ܵ௕ ∙ cos ቀ߱ݐ െ
ଶగ

ଷ
ቁ െ

ܵ௖ ∙ cos ቀ߱ݐ ൅
ଶగ

ଷ
ቁቃ  (7-3) 

 

The maximum value of the term in the bracket in the right side of (7-3), except 
at standstill, always is the square root of three. At standstill, knowing the rotor 
position, its value can be calculated by using predefined functions presented in 
Table 6.1(chapter 6). The formula for calculation of the MG field current is: 

 

 ݅௙ ൌ
௘௡௩௘௟௢௣௘ൣ௅೑೑∙௜೐ೣ೎ି׬൫௩೐ೣ೎ି௥೑∙௜೐ೣ೎൯൧

√ଷ∙ெೝೞ∙
 (7-4) 

where vexc and iexc are measured.  

To achieve an accurate estimation of the MG field current, self-inductance of 
field winding and mutual inductance between field and armature of the main exciter 
must be calculated. As mentioned in Section. 1, in the case of exciter which has low 
magnetic loading, these inductances accurately can be calculated. 
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The numerator of (7-4) can be calculated by various methods. One can be 
Hilbert transform [117]-[119]. In this thesis, the numerator of (7-4) is calculated as 
follows. 

The frequency of the numerator of (7-4) is equal to excitation voltage 
frequency (fexc) which is known.  Delaying the numerator of (7-4) by the quarter of 
its period, the second signal can be obtained which is in quadrature with the original 
signal. Then, these signals must be transformed into the DQ rotating frame. d-axis 
quantity of the transformation is the envelope of the numerator of (7-4).  Fig.7.1 
shows the block diagram of the proposed MG field current estimation. 

 

 

 

Figure. 7. 1. Block diagram of the proposed MG field current estimation method 

 

7.3 Validation of the proposed MG field current 
estimation. 

 

To validate the effectiveness of the proposed MG field current estimation 
method, simulation and experimental tests in steady state and transient conditions 
are performed. 

7.3.1 Simulation Results 

In the simulation study, first, at standstill, field winding of the exciter is fed by 
60v, 200 Hz excitation voltage while the MG stator d-axis current is 20A and its q-
axis current is 40A.  Then, at t=0.55 s, rotation speed starts to increase. At t=1s, 
speed is 135 RPM. This test is performed for the machine in different standstill 
initial positions. Fig. 7.2 shows the simulation results when the initial position is 0̊, 
and 30̊. In this section, estimated MG field current is indicated by if-est. 
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Performance of the proposed method in a transient condition where excitation 
voltage suddenly changes is shown in Fig. 7.3.  In this test, at t = 0.8s, excitation 
voltage (vexc) is changed suddenly from 60 v to 40 v. Then, at t = 1.5 s, the excitation 
voltage is changed from 40 v to 65 v. As can be seen in Fig. 7.3, the estimated MG 
field current follows real waveform of the MG field current. Fig. 7.4 shows the 
simulation results for another transient condition. In this test, the excitation voltage 
is kept constant at 60 v, 200 Hz. At t = 0.8 s, MG stator current is increased suddenly 
and at t = 1.5 s, back to its previous value. Again, it can be derived from the results 
that the proposed method is successful in following the reals MG field current.  

 

Figure. 7. 2. Real and estimated MG field current for different standstill initial positions 

 

 

Figure. 7. 3. Real and estimated MG field current when excitation voltage is change suddenly 
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Figure. 7. 4. Real and estimated MG field current when MG stator currents or MG field resistance 
is changed suddenly  

7.3.2 Experimental Results 

In this section, in order to demonstrate the accuracy of the proposed MG field 
current estimation method, experiments in steady-state and transient are performed. 
The test rig consists of a DC machine as the prime mover and a wound-rotor 
asynchronous machine. Field windings (rotor windings) of the asynchronous 
machine are supplied through slip-rings and its armature windings (stator windings) 
are connected to a series R-L load through an uncontrolled diode bridge rectifier. 
R-L load emulates Field winding of the MG. In this manner, measuring MG field 
current and excitation current of the exciter are possible. Fig 7.5 shows the 
experimental setup.  

In order to cover all excitation modes, four different steady-state and transient tests 
are carried out as follows: 

1) Case. 1: Step-changes of the excitation voltage at standstill with AC excitation 
(excitation mode. 1) 

2) Case. 2: Step-changes of the excitation voltage at low speed with AC excitation 
(excitation mode. 2) 

3) Case. 3: Steady-state DC excitation at high speed (excitation mode. 3). 

4) Case. 4: Step-change of the rotating rectifier loading condition (emulating step 
change of d-axis current of the MG’s stator currents). 
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Figure. 7. 5. Experimental test platform  
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7.3.2.1. Case. 1: step-changes of the Excitation voltage at standstill with AC 
excitation (excitation mode. 1): 

In this test, the machine was at standstill. First, the field winding of the 
exciter was supplied by 12.5 v @ 400 Hz. Then, at t=0.713 s, magnitude of the 
excitation voltage was instantly changed to 27.6 v. The third step-change of the 
excitation voltage occurred at t= 1.694 s where magnitude of the excitation voltage 
was changed from 27.6 v to 18.8 v. The measured waveforms of the excitation 
voltage, excitation current, and MG field current are shown in Fig. 7.6. Comparison 
between the measured MG field current and the estimated MG field current is 
depicted in Fig 7.6.  

 

Figure. 7. 6. Measured field voltage and current of the exciter and field current of the MG at the first 
excitation mode under step-change of the excitation voltage   

 

Figure. 7. 7. Comparison between measured and estimated field current of MG at the first excitation 
mode under step-change of the excitation voltage  

if

vexc 

iexc



 

177 
 

As can be seen in Fig. 7.7, since the mutual inductance between field and 
armature windings of the exciter (Mrs_exc) was considered as a constant value 
(without considering the saturation effect), for the higher value of the MG field 
current (when the excitation voltage is 27.6 v), the estimated MG field current 
seems not equal to the mean value of the MG field current. So, in order to improve 
the accuracy of the estimation technique, inductance profile in accordance with the 
excitation current is required. 

 

7.3.2.2. Case. 2: Step-changes of the excitation voltage at low speed with AC 
excitation (excitation mode. 2) 

In this test, speed of the machine was set at 2180 RPM. First, field winding of 
the exciter was supplied by 18.8 v @ 400 Hz. Then, at t = 1.973 s, the excitation 
voltage was instantly changed to 12.5 v. At t= 2.975 s, the excitation voltage was 
changed to 27.6 v and at t= 3.956 s it was backed to 18.8 v. The measured MG field 
current and field voltage and current of the exciter are shown in Fig. 7.8. 
comparison between measured and estimated MG field current is depicted in Fig. 
7.9.  

 

 

 

 

Figure. 7. 8. Measured field voltage and current of the exciter and field current of the MG at the 
second excitation mode under step-change of the excitation voltage  
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Figure. 7. 9. Comparison between measured and estimated field current of MG at the second 
excitation mode under step-change of the excitation voltage 

 

7.3.2.3. Case. 3: Steady-state DC excitation at high speed (excitation mode. 3). 

Experimental test in steady-state was carried out with exciting the field winding 
of the exciter by 5.4 A at 2870 RPM. Measured MG field current and the exciter 
field voltage and current are shown in Fig. 7.10. Comparison between measured 
and estimated MG field current is shown in Fig. 7.11. 

 

 

Figure. 7. 10. Measured field voltage and current of the exciter and field current of the MG at the 
third excitation mode 
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Figure. 7. 11. Comparison between measured and estimated field current of MG at the third 
excitation mode 

7.3.2.4. Case. 4: Step-change of the rotating rectifier loading condition (emulating 
step change of d-axis current of the MG’s stator currents). 

In this test, at the second excitation mode where rotor speed was 2400 RPM, 
load resistor of the rectifier was changed from one value to another value while the 
excitation voltage was kept constant. This load change emulates back-emf change 
in the MG field winding due to suddenly change of stator currents of MG. In this 
test, the load resistor was set at 0.5 Ω, then at t= 1.711 s, the load resistor was 
suddenly changed to 19.27 Ω. In accordance with (7.4), by decreasing the MG field 
current, the excitation current was forced to decrease. Measured MG field current 
and the exciter field voltage and current are shown in Fig. 7.12. Comparison 
between the measured MG field current and the estimated MG field current is 
depicted in Fig 7.13. 
 

 

Figure. 7. 12. Measured field voltage and current of the exciter and field current of the MG under 
step-change of the rectifier load 
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Figure. 7. 13. Comparison between measured and estimated field current of MG under step-change 
of the rectifier load 
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Chapter 8 

Conclusions 

8.1 Summary and Contributions 

In this thesis, performance of the three-stage brushless synchronous machine 
as starter-generator has been investigated and two excitation control methods were 
proposed. As the first step, two models of the three-stage brushless synchronous 
machine based on switching function technique have been presented. To provide an 
analytical framework to determine and conceptualize relationships between field 
excitation of the ME and field current of the MG, the analytical equations governing 
ME, the rotating rectifier, and MG have been developed. These equations were 
developed for different operation modes of the three-stage brushless synchronous 
machine which have been defined in accordance with rotation speed and ME’s field 
excitation type (AC and DC). Exploiting the analytical formulas, for the first time, 
various phenomena which are occurred during start-up process of the three-stage 
brushless synchronous machine have been defined, namely unbalanced armature 
voltages of ME, harmonics of armature voltages of ME, and transients of MG field 
current. The analytical framework also provides a possibility to find an optimum 
instant for ME’s field excitation switching from AC to DC. In addition, using the 
developed switching function method for the rotating rectifier, a novel technique 
for estimating and control the field current of MG has been proposed. Contributions 
of the thesis are as follows. 

In Chapter. 1, the motivations behind the research were presented by 
describing aircraft’s power system, start-up process requirements of the starter-
generator, and influence of the rotating rectifier in the performance of the three-
stage brushless synchronous starter-generator. The limitations of the available 
solutions were explained, and goals of the thesis were outlined. 
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Chapter. 2 presented applications of the power electronics in the aircraft 
distributed power system. In accordance with the severely unbalanced voltages 
which are induced in the armature windings of the ME and were described in 
Chapter. 1, in Chapter 3 two novel models of the rotating rectifier have been 
proposed. The proposed models are capable to consider any kind of input voltage 
unbalanced conditions and harmonics. Contributions presented in Chapter. 3 are as 
follows: 

 Correct voltage and current switching functions of the uncontrolled diode 
bridge rectifier in the time- and DP-domain have been presented. In Section 
3.10, it was analytically described that the presented switching functions of 
the uncontrolled diode bridge rectifier under balance voltage condition in 
the literature were resulted from a miscalculation in Fourier series 
calculation of switching functions.  

 The proposed models in this chapter are presented in both time- and DP-
domains. While the time-domain model has fast dynamic, the DP-domain 
model offers flexible accuracy and efficient performance in respect of 
required computation time.  

 The phenomenon of uneven commutation intervals under unbalanced 
voltage conditions has been presented and proper equations to calculate 
commutation interval time between phases has been proposed. This 
phenomenon has not been addressed in the literature.  

 A new model of the uncontrolled diode bridge rectifier in unbalanced 
condition based on the switching function method in time-domain and DP-
domain has been presented. The presented models in the literature use fixed 
switching functions with constant switching intervals. In Chapter 3, it was 
described that based on magnitude and phase of the input voltages the 
corresponding switching functions are varied under different input voltages. 
So, in this chapter, a novel technique has been presented to recalculate and 
update the switching functions in accordance with the input voltages.  

 Unbalance factor (amount of unbalance) does not affect performance of the 
proposed model. Therefore, the proposed model can deal with wide range 
of unbalance and fault conditions.  

 Considering all harmonics of the AC-side, two new methods for modelling 
of the uncontrolled diode bridge rectifier were proposed. 

 Unlike other method in time-domain and DP-domain presented in the 
literature, performance of the proposed model is not limited by amplitude 
of harmonics even when due to harmonics presence, phase sequence of AC- 
side voltages changes. Therefore, for the case of modelling and 
investigation of three-stage brushless synchronous machine, the proposed 
models are able to fully and accurately describe the relationships between 
AC-side (armature windings of ME) and DC-side (field winding of MG) of 
the rotating rectifier.   

In Chapter 4 two phase-variable models of the brushless exciter machine were 
proposed. The first model employs look-up tables and interpolation technique to 
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extract magnetic characteristics of the machine from the datasets obtained from the 
FE analysis. The second model, uses Fourier series for harmonics mapping of 
machine’s inductances with considering geometry dependencies and saturation 
effects. Both models of the ME are connected to the model of the rotating rectifier 
proposed in Chapter 3. The switching function model of the rotating rectifier 
provides interfacing between ME armature windings and MG field winding. Using 
the proposed model of the rotating rectifier, it is possible to describe interactions 
between the ME and MG.  

For further investigations and validations, in Chapter 5 some experimental tests 
were implemented on a 25kw three-stage brushless starter-generator as following: 

 An experimental procedure for magnetic mapping of a given three-stage 
brushless synchronous starter-generator was presented. 

 Magnetic maps of the starter-generator were extracted experimentally. 

 From obtained magnetic maps, MTPA profile of the starter generator 
was estimated. Also, profiles of inductances were estimated. 

 To validate the experimental magnetic mapping procedure, several tests 
based on torque and speed controls were performed. 

 

In addition to the presented numerical models of ME and MG in Chapter 4, in 
Chapter 6 an analytical framework for ME and MG was developed. Considering 
the single-phase field winding of the ME, the governing equations of the ME and 
MG were obtained using the revolving fields theory. These equations were 
presented in abc frame to provide better conceptual presentation of the ME’s 
armature voltages which are input voltages of the rotating rectifier. The presented 
equations of the armature voltages of ME were derived as function of excitation 
current, excitation frequency and slip of the machine. Other contributions of this 
chapter are as follows: 

 According to the field excitation of ME, three excitation modes for the 
starter-generator were defined. For each excitation mode, based on the 
methods presented in Chapter 3, average value of the rotating rectifier 
output voltage was calculated.  

 At standstill, dependency of the generated MG field current to initial 
rotor position is explained and defined analytically.  

 Two transitions modes of MG field current were defined and explained 
analytically. 

 A new universal excitation control procedure for brushless synchronous 
starter-generator was proposed. The proposed method is valid for 
generators employing single-phase stator exciter. During entire starting 
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process, the proposed excitation control can keep MG field current 
constant by means of controlling the excitation current. Therefore, the 
proposed excitation control leads to a constant and known MG field 
current. This feature improves controllability of the ISG during starting.  

Knowing the MG field current, MTPA profile is able to estimate 
optimum combinations of MG stator currents with respect to reference 
torque. 

 Also, in the proposed excitation control, suppressing of MG field 
current transitions was considered.   

 Based on the presented methods in the literature, the instant at which 
field excitation of ME can be changed from AC to DC usually is 
determined from experimental offline tests. One major drawback of the 
method based on experimental tests is that it is not generic and only is 
applicable to the tested machine. To the best knowledge of the author, 
for the first time, optimum instant for the excitation switching from AC 
to DC has been determined analytically in this thesis. In addition, two 
transient modes of the MG field current were defined and described 
analytically. Using the proposed method for determining the optimum 
switching instant of the ME’s field excitation, a seamless transition of 
the MG field current was obtained.  

 The effectiveness and feasibility of the proposed excitation control were 
validated by the experimental tests. 

In Chapter 7, a novel and accurate MG field current estimation has been 
proposed. The presented estimation method can be used to control the MG field 
current by means of controlling the field excitation of the ME. Using the proposed 
method, MG field current is controllable; so, one degree of freedom is added for 
the control purpose. Simulation and experimental test were implemented to validate 
the proposed MG field current estimation technique.  

 

8.2 Future Work 

The research presented in this thesis may be developed and continued in some 
directions. The following concepts are currently under consideration by the author. 

 Improving the parametric average-value model of the uncontrolled 
rectifier. 

In the general parametric average-value of the uncontrolled rectifier 
presented in [29] and the model used for estimating MG field current 
presented in [116], frequency of the rectifier input voltages and 
consequently the commutation voltage drops are not considered. In these 
models, a single parametric coefficient establishes the relationships 
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between AC- and DC-sides of the rectifier. Using the presented equations 
of the rectifier output voltage average-value in Chapter .6, it is possible to 
include commutation effects in the model of the parametric model of the 
rectifier based on the frequency of input voltages.  

 Developing DP-domain model of the three-stage brushless 
synchronous starter-generator.  

As described in Chapter. 4, in modeling of the inductances, some 
harmonics are of more importance. This is valid also for the voltages and 
currents. Using DP-domain representation of the machine variables 
(inductances, voltages, and currents), it is possible to develop a model of 
the three-stage brushless synchronous starter-generator in DP-domain with 
capability of selecting harmonics of interest. For example, MG field current 
can be represented by its DC component (zero order DP). In addition, in 
DP-domain derivatives are represented as multiplication terms leading to a 
simple average modelling by avoiding time-domain derivatives. 

 Using MG field current estimation technique in torque control 
system. 

As mentioned in Chapter. 7, for optimum torque control of the three-
stage starter-generator, optimum combination of d-axis, q-axis and field 
currents of MG is required. In this case, MTPA profile should be a 3-D 
look-up table which its outputs are d-axis, q-axis and field currents of the 
MG. Using the proposed method in Chapter. 7, it is possible to estimate the 
MG field current and then control it in accordance with the reference value 
of the MG field current obtained from the MTPA profile.  
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