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Politecnico di Torino, DIGEP (Department of Management and Production Engineering),
Corso Duca degli Abruzzi 24, 10129, Torino (Italy)

Abstract

Recent studies show that the combined use of Large-Volume Metrology (LVM) systems (e.g.,

laser trackers, rotary-laser automatic theodolites (R-LATS), photogrammetric cameras, etc.)
can lead to a systematic reduction in measurement uncertainty and a better exploitation of the
available equipment. Unfortunately, the sensors of a specific LVM system are usually able to

localize only specific targets (i.e., active/passive elements positioned in the measurement
volume) and not necessarily those related to other systems (e.g., the reflective markers for
photogrammetric cameras cannot be used for R-LATs or laser trackers); this represents an
obstacle when using combinations of different LVM systems.

This paper describes the design of a new modular probe, with different typologies of targets
and integrated sensors, which allows to simplify the measurement process. The probe is
versatile as the number of targets, their typology and spatial position can be customized
depending on the combination of LVM systems in use.

A detailed analysis of the technical and functional characteristics of the probe is followed by

the presentation of a mathematical/statistical model for the real-time probe localization.

Description is supported by realistic application examples.

Keywords: Large-volume metrology, Distributed sensors, Multi-target probe, Modularity,

6DOF probing, Probe-localization model.

1. Introduction
The field of Large-Volume Metrology(LVM) deals with objects with linear
dimensions ranging from several meters to tens of meters (Estler et al., 2002; Peggs et

al., 2009; Franceschini et al., 2011). Typical industrial applications concern
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dimensional verification and assembly of large-sized mechanical components, in
which levels of uncertainty of several tenths of millimetre are tolerated (Maropoulos et
al., 2014). These applications are generally performed using technologically advanced
LVM systems, which are very expensive and may require time consuming set-up and
measurement operations (Franceschini and Maisano, 2014).

LVM systems are usually equipped wisiensors which are able to perform local
measurements of distances and/or angles. Depending on the sensor layout, LVM
systems can be classified into: ¢@ntralized if sensors are grouped into a unique
stand-alone unit (e.g., a laser tracker), ordigtributed if sensors are spread around

the measurement volume (e.g., a set of rotary-laser automatic theodolites (R-LATS)).
Even though the existing measuring systems may differ in technology and
metrological characteristics, two common features are: (i) the use oftaggeésto

be localized, generally mounted on a hand-held probe for localizing the points of
interest or in direct contact with the measured object’'s surface, and (ii) the fact that
target localization is performed using local measurements by sensors.

For distributed LVM systems, sensors are arranged around the measured object and

there are three possible approaches for target localization (Franceschini et al., 2011):

« Multilateration, which uses the distancbstween targets and sensors;

- Multiangulation which uses theangles subtended by targets with respect to
Sensors;

« Hybrid techniquesbased on the combined use of angles and distances between

targets and sensors.

Although several types of LVM systems are (not rarely) available in the same
industrial workshop or metrology laboratory, they are often used independently of
each other (e.g., a laser tracker is used for certain tasks, a photogrammetric system for
others, and so on). This is a rather myopic view because it ignores the benefits that
may result from the combination of multiple systems, including but not limited to: (i)
overcoming the limitations of the individual systems, (ii) improving measurement
accuracy and coverage, and (iii) reducing the risk of measurement errors, due to

measurement redundancy.
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Franceschini et al. (2016) recently proposed a novel cooperative approach, in which a
combination of LVM systems equipped with sensors of different nature — i.e., sensors
based on different technologies and metrological characteristics, which are able to
perform distance and/or angular measurements — share their measurement data and
cooperate for determining a unique localization of the target. In other words, data
provided by a number of sensors from different LVM systems are joined together and
processed in order to localize the target. According to this philosophy, the set of
multiple LVM systems (centralized and/or distributed) that are used in conjunction
can be seen as a singlsstributed LVM “macro-system”, consisting of sensors of
different nature, which are distributed around the measurement volume.

The combined use of multiple LVM systems is allowed by an innovative mathematical

model for target localization that can be adapted to a variety of practical contexts

(Galetto et al., 2015; Franceschini et al., 2016; Maisano and Mastrogiacomo, 2016). A

significant limitation of the above model is the assumption that the same target is

simultaneously visible from sensors of different nature; in other words, it was assumed
the existence of a “universal” target, compatible with any sensor, e.g., a target
simultaneously visible from R-LATs, photogrammetric cameras, laser-trackers, etc..

Unfortunately, universal targets do not exist yet. Nevertheless, the above target-

localization model can be applied adopting the following method: (i) targets of

different nature are in turn repositioned in the same point and (ii) (distance or angular)
local measurements by the sensor(s) compatible with them are gradually collected. See

the example in Fig. 1(a).

This method has several weaknesses:

1. Repositioning different targets in the same position can be difficult. E.g., a solution
is to use spherical targets with identical diameter, positioned in turn on a sphere
mount with fixed position (e.g., attached to the surface of the object to be
measured). Unfortunately, constructing spherical targets is not feasible for some
sensor typologies (e.g., specific targets for US transducers or R-LATS);
additionally, attaching a sphere mount to the surface of the object to be measured is

not very practical.
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2. The collection of the sensor local measurements is made slower, as it is fragmented
into multiple turns.

3. The procedure is impracticable for dynamic measurements, in which targets are
constantly moving and should be localized in real time.

The goal of this paper is to describe a maadular probe equipped with targets of

different nature and a tip in contact with the point of interBsin(Fig. 1), which

allows the localization in a single turn (see Fig. 1(b)). In other words, this probe

allows to implement the cooperative-fusion paradigm — according to which data from

sensors with different technical and metrological characteristics are fused

(Franceschini et al., 2016) — in a practical and efficient way.

(a) multiple repositionings of targets (turn 1 of 2) (turn 2 of 2)

target T1 : :" target T2
i w8
sphere mount in a fixed position——— —

(b) use of a multi-target probe

S1 T S .
S12
I si1 x". S;z
A i Key:
""""""""""" + point to be localized
...... (S) ith LVM system
" (sij) j-th sensor of the i-th system

N 0T s, S12, S13 Sensors of Si
_largetlz local measurements by the sensors of S1
S21, S22 sensors of Sz

T —targetTi | seeseeeeees local measurements by the sensors of Sz

tip—__ P
T

Fig. 1. Cooperative localization of the poinP when using two targets T, and T,), which are visible
from different sensors: (a) the two targets are in turn repositioned in the same point and the
acquisition of the local measurements is broken into two turns; (b) a probe equipped with the two
targets and a tip in contact withP allows to gather the sensor local measurements and to localRe
in a single turn.

The scientific literature — regarding both scientific articles and patents — includes
probes that are able to achieve the above requirements only partially. For example, the
probe equipping the Leica T-Probe incorporates an array of infrared light-emitting

diodes (LEDs), clustered around a conventional retro-reflecting laser-tracker target

4
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along with an extended stylus (Kyle, 2006; Peggs et al., 2009). The resulting Six

degrees of freedom (6DOF) probe is capable of measuring features that would

otherwise be out of sight. A camera mounted on the tracker head and associated
image-processing hardware and software can determine the three &@Elaf the

probe by analysing the positions of the LED targets in the camera image.

Unfortunately, this probe isgid, since it has fixed geometry and number of targets,

and is closely related to a specific LVM system, thus it is not adaptable to

combinations of other LVM systems.

The proposed modular probe overcomes the above limitations, thanks to several

innovative features:

« The number and typology of targets mounted on the probe can be varied depending
on the specific application;

« The geometry of the probe, i.e., the relative position between any target and the tip,
can be varied depending on the specific application;

« The (dis)assembly of several targets is quick and practical, thanks to the use of
modules with quick coupling systems;

« The probe can integrate other sensors that are able to provide additional data — e.g.,
inclinometer and compass. To avoid ambiguity, the LVM-systems’ sensors
positioned around the measurement volume will be hereafter denominated as
distributed while those embedded in the probersgrated

Modularity is a feature that characterizes the probes of some commercial LVM

systems, e.g., the GOM'’s 3D ATOS Digitizer or NDI's ProCMM (GOM, 2016; NDI,

2016), for which it is possible to vary the number and position of the probe targets,

depending on the application. However, these probes are exclusively equipped with

sensors of the same typology (e.g., reflective markers for photogrammetric cameras).

An important innovation of the new probe is to extend the modularity feature to

targets of different nature.

After having described the probe in detail, this paper will also present a new

mathematical/statistical model for the probe localization and estimate of the relevant

uncertainty, which takes into account the following factors:
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- Relative position between distributed sensors and probe targets.

« Uncertainty in the position/orientation of any distributed sensor, which is generally
determined through initial calibration process(es) (Bar-Shalom, et al., 2001).

« Uncertainty in the local (distance and/or angular) measurements by distributed
sensors, with respect to probe targets.

« Number, typology and relative position of the probe targets (and corresponding
uncertainty) with respect to the probe tip.

« Angular measurements (and relevant uncertainty) provided by integrated sensors
embedded in the probe.

The remainder of this paper is organized into five sections. Sect. 2 describes in detail

the technical and functional characteristics of the probe. Sect. 3 summarizes the

mathematical/statistical model for the probe localization and estimate of the relevant

uncertainty; detailed information on this model is contained in the appendix. Sect. 4

exemplifies two of the possible probe configurations, applying the above probe-

localization model. Sect. 5 summarizes the original contributions of this paper,

focusing on its practical implications, limitations and future developments.

2.Technical and functional characteristics of the probe

The probe has a modular structure. The main modulaijrmary module consists of a

bar with a handle for the operator, two ends with several calibrated holes (in

predefined positions), in which different typesseicondarymodules can be plugged

in, and a power-supply and data-transmission system (see Fig. 2(1)). In the following

list, we describe the different types of secondary modules:

1. Sphere mounte.g., with conical surface), where to put spherical targets (e.qg., the
reflective markers for photogrammetric cameras or the spherically mounted
retroreflectors (SMRs) for laser trackers). Target locking can be performed using
some magnets embedded in the mounts, assuming that targets are made of
ferromagnetic metal. Mounts have a calibrated shaft, which can be plugged into the

holes of the primary module or those of other secondary modules described at point

A3).
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2. Targetsof different nature — such as those for R-LAT systems or ultrasonic (US)
sensors — with a calibrated shaft, which can be plugged into the holes of the
primary module or those of other secondary modules described at point (3).

3. Variable-lengthextensionsto be interposed between the primary module and the
elements described at points (1) and (2), so as to vary the distance/position between
targets and primary module.

4. Stylus with a tipin contact with the points of interest, which also includes a
calibrated shaft that can be plugged into the holes of the primary module or those
of other secondary modules described at point (3).

An important requirement is that these secondary modules are coupled on the primary

module or other modules, quickly, precisely and with a certain repeatability (e.g.,

consider a target plugged into an extension, which is in turn plugged into the primary

module, in Fig. 2(3)). This requirement can be achieved by adopting different
technical solutions, such as providing the calibrated holes and shafts with threads or
adopting quick coupling systems with magnetic lock. The geometric characteristics of
the parts coupled, calibrated shafts/holes especially, should be precise enough, so that

(1) coaxiality is obtained and (2) the modules are in the correct relative positions when

coupled. To facilitate the achievement of these requirements, secondary modules have

cylindrical symmetry (Fig. 2(2)).
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Fig. 2. Schematic representation of (1) the primary and (2) secondary module of the probe, and (3)
example of coupling between them. Highlighted in grey the calibrated shafts/holes (i.e., the coupled
elements) of the modules. The distances between the points indicated by the symbol “+” (in red) are
supposed to be known, with some uncertainty.
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In the representation in Fig. 2, specific reference points of the modules (e.g., points on
the axis of calibrated holes/shafts and/or mating plane with other modules, centre of
targets, etc.) are denoted by the symbol “+”. When two or more modules are coupled
together, these points should be in the expected positions, with relatively small
uncertainties, in the order of a few hundredths of a millimetre (i.e., about one to two
orders of magnitude lower than the typical uncertainties on the spatial localization of
the individual targets, for most of the LVM systems). Using relatively accurate
instruments, such as Coordinate Measuring Machines (CMMs), the (primary and
secondary) modules can be calibrated through a prelimiadryhoc calibration
process. This also allow to estimate the repeatability of the coupling systems (e.g., in
terms of uncertainty in the relative positions of the modules) and — for a specific probe
configuration — to determine the relative positions (and relevant uncertainties) of
targets with respect to the tip.

In the example in Fig. 2(3), some modules (one primary module and three secondary
ones: spherical target, extension and tip) are coupled together. Considering a 2D local
Cartesian coordinate systemmpXpyr) centred in the probe tip and assuming that the
geometry of the modules is known, the relative position of the centre of the spherical
target with respect to the centre of the probe tip can be determingd=ad-e,

yp = atb+c.

Focusing the attention on targets, some onepassive(such as reflective markers

and SMRs), while other onestive (such as arrays of LEDs, US transducers, and R-
LATs targets), because they require a suitable system for power-supply, data-
transmission and control. A practical solution is to connect the active targets to a
power-supply/data-transmission/contrahit' on the primary module (see Fig. 2),
using electrical contacts between the shafts/holes of the coupled modules. This unit
should be in turn able to transmit/receive data from other external units (e.g., a central

processing unit or some of the distributed sensors), in a wireless or wired manner.

! For simplicity, it will be hereafter referred to gmfver-supply unit”.
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The primary module has appropriate housings to lodge some integrated inertial
sensors — such as inclinometer and/or compass — which should be also connected to
the power-supply unit; since these integrated sensors exclusively estimate the probe
orientation angles, it is not necessary that they have a precise position.

The primary module is also equipped with a trigger for the acquisition of the point of
interest: when the trigger is pressed, the probe tip is localized on the basis of the data
collected by the probe targets/sensors at that time.

For the purpose of example, Fig. 3 shows some pictures of a prototype that we are
currently developing at the Politecnico di Torino — DIGEP. Structural elements (i.e.,
the “endoskeleton” of the primary module and shafts of secondary modules) are made
of carbon fibre, since this material is relatively rigid, lightweight, and with a small
thermal-expansion coefficient. The jack-based coupling system guarantees a relatively
quick, precise and repeatable insertion of secondary modules into the primary one.
Once the primary and secondary modules are assembled, the relative positions
between the probe targets and tip can be measured using a standard CMM with a
relevant uncertainty lower than of few hundredths of a millimetre. At this stage, a
local Cartesian coordinate systeopxtyrzp) — with origin ©p) in the probe tip, ang

and z» axes perpendicular to two reference planes on the surface of the primary

module) — can also be defined (see Fig. 3(a)).

10
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ACCEPTED MANUSCRIPT

(b) assembly views

Fig. 3. Pictures of a prototype probe, which is still under development at Politecnico di Torino -
DIGEP. In these pictures, the prototype is equipped with active photogrammetric targets only.

3. Mathematical/statistical model for probe localization

3.1 Main features of the model

In general, eachi-th LVM system §) includes a number of sensors; we
conventionally indicate the genejith sensor of S- or, for simplicity, the ith sensor

— ass; (e.0.,S1, S2, .-, §» -..). The probe includes a number of targets of different
nature and a tip, in contact with the points of interest on the surface of the measured
object. T conventionally denotes a generithktarget mounted on the prébe

Sensors can be classified in two typologies:

1. distancesensors, which are able to measure their distalgerom the kth target;

2 For simplicity, targets and sensors are considered as punctiform elements; this assumption is
commonly adopted when dealing with LVM systems (Franceschini et al., 2011).
11
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2. angular sensors, which are able to measure the aziméthdnd elevation g;)
angle subtended by tlkeh target.

The subscript ifk” refers to the local measurements (of distances or angles) by the

ij-th sensor with respect to thkeh probe target. It is worth remarking that egethn

sensor is not necessarily able to perform local measurements with respectkdheach

probe target, for two basic reasons:

« The communication range of thjeth sensor should include theth target and
there should be no interposed obstacle. For example, the communication range of a
high-quality photogrammetric camera is approximately 6-8 m (Maisano and
Mastrogiacomo, 2016).

» Even if ak-th target is included in the communication range ofijthh sensor,
local measurements can be performed only if they are compatible; e.g., the R-LAT
target is not compatible with a photogrammetric camera or a laser tracker. Also,
some sensors (such as photogrammetric cameras, US or R-LAT sensors) can
perform local measurements with respect to multiple targets, while other sensors
(such as laser trackers/tracers) with respect to a single target at a time.

In the case of compatibility between theh sensor and thieth target, we can define

some (linearized) equations related to the local measurements:

A DX -BE® =0 onequation  relatedijan thdistane@nsaandkth target

AP IX -BR¢ =0 twequationelatedoaij trangular sensoandth target
where X = [Xp, Yp, Zp, @b, @, k5]" is the (unknown) vector containing the spatial
coordinatesXp, Yp, Zp) Of the centre of the probe tip)(and the anglesf, @, &p) of

spatial orientation of the probe, referring to a global Cartesian coordinate system

OXYZ Matrices related to distance sensors are labelled with superstis{t While

those related to angular sensors with superscepg™ The matrices AR>, BS*,

ALY and B contain:
- the position/orientation parameters((g ,Yqj vZoi,- , wij, @ andxj) related to thg-th

Sensor,
12
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« the distancedj) and/or angleséy, ¢j) subtended by thieth target, with respect
to a local Cartesian coordinate systejx;y;z; of theij-th sensor.

Since the “true” values of the above parameters are never known exactly, they can be

replaced with appropriate estimates, i.ﬁq ,\?qj ’2% , &1)] , &p , kij , resulting from

initial calibration process(esﬁlijk resulting from distance measurements, émdand
@ijk, resulting from angular measurements. For details on the construction of the

above matrices, see the appendix.

As already said, the probe can also be equipped with suswrated sensors such

as two-axis inclinometer and compass — which are able to perform angular
measurements for estimating the spatial orientation of the probe, through the following

linearized equations:

A™ X -B™ =0 three equations related to three angular measurements. (2)

MatricesA™ andB™ contain local measurements of three angtesd, &) depicting

the orientation of the integrated sensors with respect to a ground-referenced coordinate
system XY,z). For details, see the appendix.

The probe localization problem can therefore be formulated through the following

linear model, which encapsulates the relationships in Egs. 1 and 2:

AdiSt BdiSt
ADX -B=| A X -| B™9 |=0, 3)
Aint Bint

where blockA®™!, A% Bt andBa™ are defined as:

dist _ dist ang _— ang dist _ dist ang — ang
AT = Aijk , AT = Aijk , B = Bijk , BT = Bijk )
© o ko o kst © Jikoene
1%t and 1°™ being the sets of index-pair valuefik) relating to theij-th

distance/angular sensors seeingktie target.

13
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We remark that all the equations of the system in Eq. 3 are referenced to a unique
global Cartesian coordinate systedXYZ These equations therefore include the roto-
translation transformations to switch from other reference systems (e.g., the local
reference system related to each distributed sensor, that one related to the probe, or the
ground-referenced system of the integrated probe sensor®XwZ For more
information, see the appendix.

The six unknown parameters ¥ can be determined solving the system in Eq. 3,
which is generallyoverdefined i.e., there are more equations than unknown
parameters: one for each combinationjh distance sensor ameth target, two for

each combination df-th angular sensor andth target, and three for the integrated
sensors (i.e., two for the two-axis inclinometer and one for the compass).

The equations of the system may differently contribute to the uncertainty in the probe

localization. Five important factors affecting this uncertainty are:
1. Uncertainty in the position/orientation of distributed sens(% ,Yj ,Zoij A

quJ and f(ij ), resulting from initial calibration process(es);

2. Uncertainty in the local measuremedtéijk, éjk and @ijk) by the distributed

sensorswith respect to probe targets, which depends on their metrological
characteristics;

3. Relative positiorbetween each probe targetBnd each ij-th distributed sensor
e.g., for angular sensors, the uncertainty in target localization tends to increase
proportionally to the distance between target and sensors (Maisano and

Mastrogiacomo, 2016);

4. Uncertainty in the relative position between the probe targets and the tip (P)
which may depend on the accuracy of the manufacturing processes of the probe

modules.

5. Uncertainty in the angular measuremerts) , Eq and k| ) by the probe’s
integrated sensorsvhich depends on their metrological characteristics.

14
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Consequently, it would be appropriate to solve the system in Eq. 3, giving greater
weight to the equations producing less uncertaintyvéeel versa To this purpose, a
practical method is that dBeneralized Least Squaré&LS) (Franceschini et al.,
2011; Kariya and Kurata, 2004), in which a weight matki,(which takes into

account the uncertainty produced by the equations, is defined as:

w=prxal" (@)

whereJ is the Jacobian matrix containing the partial derivatives of the elements in the
first member of Eq. 3 (i.eA-X — B) with respect to the parameters contained in the
vectoré, i.e., the position/orientation of distributed sensors, the local measurements by
the distributed sensors available, the angular measurements by the integrated sensors,
and the relative position of the probe targets with respect to the tip. For details, see the

appendix.2.. is the covariance matrix of, which represents the variability of the

parameters ii§.

The parameters i can be determined in several ways: (i) from manuals or

technical documents relating to the distributed/integrated sensors in use, or (ii)
estimated throughd hocexperimental tests. We remark that these parameters should
reflect the measurement uncertainty of the elementsf, oin realistic working
conditions — e.g., in the presence of vibrations, light/temperature variations and other
typical disturbance factors.

By applying the GLS method to the system in Eq. 3, we obtain the final estindte of

as:
X =(ATw ) T w B, (5)

For further details on the GLS method, see (Kariya and Kurata, 2004).

We remark that this probe-localization approach can be classifiembagerative
fusion as it may fuse data from sensors with different technical and metrological
characteristics (Franceschini et al., 2016).

The metrological traceability of the probe localization, i.@éhe” property of a

measurement resuft.e., probe localizationjvhereby the result can be related to a
15
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reference(i.e., a measurement unit of lengthyough a documented unbroken chain

of calibrations, each contributing to the measurement uncerta{(f§O/IEC Guide
99:2007, 2007)), is ensured by the initial calibration process(es) to determine the
spatial position/orientation of the distributed sensors and that to determine the relative
position of the probe targets. In fact, these processes are generally based on the use of
physical artefacts (such as calibrated bars with multiple reference positions) or
measuring instruments (such as CMMs), which are traceable to the measurement unit
of length (Peggs et al., 2009).

3.2 Estimation of the measurement uncertainty

The mathematical/statistical model shown in the previous section can also be used to
estimate the uncertainty in the probe localization. For each localization, we can
determine the covariance matix. , applying theMultivariate Law of Propagation of
Uncertainty (MLPU) to the system of (linearized) equations in Eq. 3, referring to the

parameters affected by uncertainty and contained in the \@gttall, 2004):
>y = (AT v )™ (6)

The resulting 6x6 matrix, containing the variances (in the diagonal) and covariances

(off-diagonal) related to the six elementsXinis:

A)Z(P J XY OA-XPZP OA-XP("P OA-XP% a-XPKP
&YPXP 5\2, &YP Z 6vap &prp a-YPKP
A I ] @
UwP Xp wpYp Uwpz P pr U“’P% WpKp
U@P Xp J’/’PYP U@PZ P Pplp J(/Z’P Pokp
L AKPXP AKPYP AKPZP AKP(‘)P &KP(PP 5—’313 |

The Zx matrix will vary from point to point, depending on the position and orientation
of the probe, the number and metrological characteristics of the distributed/integrated
sensors, and the probe targets in use. It is worth remarking that the quality of estimates

of the parameters contained 3R is closely related to the quality of estimates of the

16
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parameters contained Ky therefore, we reiterate that the latter parameters should
reflect the measurement uncertainty the elemendsinfrealistic working conditions.

From the practical point of view, the most interesting part o&hmatrix is the top-

left 3x3 block, which depicts the variability in thfép, \?p, Zp estimates. On the
other hand, the remainder of the matrix contains information on the variability related
to the estimate of the probe orientatias,( ¢ andxg) and correlations between
spatial coordinates and orientation angles.

Returning to the top-left 3x3 block, the diagonal elements —5>@P 5YP and ézp -

are respectively the combined standard uncertainties related to the estim&ieg-of

and Z,. The relevant expanded uncertainties — it&,, , Uy, and U, - can be

calculated as:

Uy, =k Zx,n:kD&xp
Uy, = KL Zx 22 = kD&YP , (8)
Uz, =k DIV kg\sz

wherek is the coverage factor, generally fixedkat 2, which means that, assuming a
normal distribution of the estimates &, Yp, Zp, the corresponding coverage
probability is 95% (JCGM 100:2008, 2008).

A synthetic estimate of the expanded measurement uncertainty related to the position
of the probe tip, with a coverage factgrcan be obtained through the sum of squared

uncertainties in Eqg. 8:

UP=\/U§P+UY2P+U§P=kq/&§P+&Y2P+&§P, (9)

The uncertainties related to the positions of individual points can be used to determine
those related to more complex datums, which are constructed using multiple points,
e.g., distance between two points, centre and radius of a sphere, axis and radius of a
cylinder, etc.. To this purpose, the typical least-square fitting techniquBarfaice
Metrologycan be used (Whitehouse , 1994; Bosch, 1995).
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An intuitive representation of the probe-tip localization uncertainty can be obtained
through the so-calledincertainty ellipsoids whose construction is based on the
following steps: (i) diagonalization of the top-left 3x3 block3xf (ii) determination

of the principal axesX, Y, Z), and (iii) construction of a 3D ellipsoid with centroid

in the pointXp, Yp, Zp, sSemi-axes oriented along, Y', Z, and proportional to the
diagonal elements of the diagonalized matrix.

For the purpose of example, Fig. 4 illustrates three ellipsoids related to three different
localizations A, B andC) of the probe in the measurement volume. These results are
produced through simulated experiments, which consider a specific network of
distributed sensors and a specific probe configuration. Since the distributed sensors
and probe targets that are involved in each probe localization may change from case to
case (e.g., depending on the relative position/orientation of the probe), the resulting
uncertainty in the probe-localization may change from case to case too: e.g., it can be
noticed that the uncertainty concerning the localizatiéh i€ lower than that
concerning B) or (C). It is also clear that the uncertainty contribution related to three
localizations are not necessarily isotropic with respect to the three spatial coordinates
Xp, Yp, Zp (if SO, each ellipsoid would degenerate into a sphere); in addition, the three
resulting ellipsoids have different principal orientations (see Fig. 4), corresponding to
the directions of their axes. This effect may be due to the non-uniform spatial
distribution of the sensors positioned around the measurement volume (Maisano and

Matrogiacomo, 2016).
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Fig. 4. Representation of three uncertainty ellipsoids related to three different probe localizations
(A, B and C) into the measurement volume. The segments culminating into the ellipsoids represent
the probe orientations.

4. Application examples
The following subsections describe two probe configurations, based on different
combinations of LVM systems, and exemplify the application of the probe-

localization model and relevant uncertainty estimation.

4.1 First application example

We consider a combination of two LVM systems (see Fig. 5):

(S) A distributed photogrammetric system consisting of two Hitachi Gigabit Ethernet
photogrammetric infrared cameras;(and s;;) — pixel resolution: 1360x1024,
frame rate: 30 fps (Hitachi Kokusai Electric Inc., 2016) — using 38.1 mm
reflective spherical targets. Each camera is able to provide the aziéy#nd
6,) and elevation,, and ¢,_,) angular measurements with respect to kitie
target;

(S) A laser tracker API Radiali (API, 2016) with a 38.1 mm SMRS; is equipped

with an ADM (s,,), providing distance measurements and an angular sexn¥or (
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providing angular measurements of Kath target. The local Cartesian coordinate
systems of the two sensors are coincident.

z S (laser tracker)
S1 (photogrammetric cameras) ___.- _
S11
Yu
X11
ST
B,y
/O ST
global coordinate
system
) ’ g
point to be localized——
Z Key:
Yi (S) i-th LVM system
(si) j-th sensor of the i-th system
X X (oixijyijzj) local coordinate system
earth-referenced ® photogrammetric cameras (from S1)
coordinate system mininiii measurements by sii, S12 and Spi, S22

Fig. 5. Qualitative representation of the combination of two LVM systems used in the first
application example.

This combination of LVM systems can be interpreted as a single “macro-system”

consisting of total four sensors, distributed around the measurement volume. The
distributed-sensor positions/orientations and the respective uncertainties were
determined through suitable calibration/alignment processes (see Tab. 1), referring to

the global reference systedXYZ

Distributed sensor  Description (a) Position [mm] (b) Orientation [degrees]
>zou Yo, Zq, st.dev. Gij Zij Kij st.dev.
FromS: si Photogrammetric camer&24 -156 2340 =0.01 5.23 3.11 28.53 =~0.003

Si2 Photogrammetric camer2214  -50 2126 ~0.01 11.51 358.48 345.31~0.003
FromS: s ADM 1548 4568 1540 ~0.01 356.78 6.28 195.54 ~0.003

S22 Angular encoder idem idem idem idem idem idem idem idem
Tab. 1. Data concerning position/orientation and relevant uncertainty of the distributed sensors
used in the first application example.

i

The probe in use is equipped with: three reflective spherical marker§, @ndTs),
visible from the photogrammetric cameras, a SME {isible from the two laser-
tracker sensors, a tigP)Y, in contact with the objects to be measured, and two

integrated sensors (compass and two-axis inclinometer). Fig. 6 contains a qualitative
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representation of the probe, while Tab. 2 contains detailed information on its

geometric and functional characteristics.

In practice, an operator places the tip in contact with the point of interest (on the

surface of the object to be measured) and pulls a trigger to command the acquisition of

local measurements. Contact stability is certainly an important factor for localization

accuracy: if the probe slightly moves during acquisition, the accuracy in its

localization may deteriorate. However, this problem can be mitigated, adopting some

practical solutions:

« Synchronizing distributed sensors and targets, so that their local measurements are
acquired at the same time or — at least — in a very small time window;

» Ensuring that the sampling rate of local measurements is relatively high;

» Training operators to hold the probe as stable as possible during local-measurement
acquisition;

« Implementing appropriate control systems to monitor the stability of the probe,
e.g., real-time monitoring of the angular data from the probe’s integrated sensors.
Regarding uncertainty modelling, it is important that the experimental measurements
to estimate the uncertainty in the local (angular or distance) measurements are carried
out under the usual measuring conditions — i.e. with an operator placing the probe in

contact with points of interest and commanding the local-measurement acquisition.
The relative position of eadkth target with respect to a reference systepip{rzp)

fixed in the probe tip is known (see Tab. 2). Assuming that the probe modules were
constructed through relatively accurate manufacturing processes, the corresponding
uncertainty is assumed to be in the order of magnitude of a few hundredths of mm. For

simplicity, we consider the same uncertainty along the three spatial dirextjons

andze.
Secondary module Description Relative position with respect B[mm]
Xy Vi Zy st. dev.
T, Reflective marker visible frorm; ands;;  -100 -150 0 ~0.001
T, Reflective marker visible frorg; ands;; -100 0 -150 ~0.001
Ts Reflective marker visible frorg; ands;; -300 150 0 ~0.001
Ty SMR visible froms,; andsy; -300 0 150 ~0.001

Tab. 2. Details on the geometric and functional characteristics of the probe, in the first application
example.
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For obvious reasons of compatibility, the reflective mark&rsT, andTs) are visible

from the photogrammetric cameras, (@nds;;) only, while the SMR is visible from

the laser tracker sensors;(andsy;) only. The only sensor that is able to perform
distance measurementssjg while the other ones perform angular measurements.

The dispersions related to the measurements of the four distributed sensors and two
integrated sensors are supposed to be known and are related to their metrological
characteristics. For simplicity, the standard deviations of homologous sensors are

supposed to be equal (e.g., those related to the angular ser&oaref coincident:

Gy, =0,, = 00Med) D{13 COkO{13}).
SensorTarget(s) Distributed sensors Integrated sensors
aijk [mm] st.dev. [mm] éjk [deg] ¢”k [deg] st.dev. [deg]gLI [deg] EH [ded] &, [deq] st.dev. [deg]

Si1 Ty - - 129.56 -28.88 =0.003

idem T, - - 12492  -27.67 =0.003 -

idem T; - - 12494 -27.03 =0.003 - -

Siz Ty - - 143.587 -27.376 =~0.02 - -

idem T, - - 139.663 -27.5978~0.02 - -

idem T; - - 134.663 -27.66 =0.02 - -

1 T, 2371.98 =0.012 - - - - - -

S22 T, - - 225.707 -16.681 ~0.001 - - -
St N/A - - - - - 272.8 336.3 2443 =0.1

Tab. 3. Local measurements related to the (integrated and distributed) sensors used in the first
application example.

Fig. 6 contains a qualitative representation of the probe and its modules. As a curiosity,
we notice that the two typologies of targets are both passive, therefore — differently
from the integrated sensors (compass and inclinometer) — they should not be

connected to the power-supply unit.

Ty Ts
Zp
tip
power-supply cable

Xp i )
Op

yp
Ts integrated sensors
T,

Fig. 6. Qualitative representation of the probe used in the first application example. Although the
two typologies of targets (i.e., reflective spherical markers and SMR) are both passive, the
integrated sensors need to be power-supplied.
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Considering the spatial position/orientation of the distributed sensors (in Tab. 2), their
local measurements with respect to the probe targets and those by the integrated
sensors (in Tab. 3), we can apply the probe-localization model, obtaining the

following results:

X =[1545.95mm 2093.8amm 1119.93nm 305.8%leg 102.02leg 353.4Hed"
7310 mM  1.220°mm?>  2.430°mm?
1.210° mM  1.410°mm? - 8.910*mm?
2.410°mm?* - 8.810° mm  4.810°mm?

» (10)

Y = =U, = 0.32mm

Ur being the expanded measurement uncertainty related to the position of the probe
tip, with a coverage probability of 95% € 2).

Fig. 7 represents the resulting probe-tip localization and the relevant uncertainty
ellipsoid.

"
1208

1206

1204

12

120

1188

T186- .

119.4

1182

1119

1545

15452

ya 1545.4 X
15456

1545.8

2095

1646

Y 1546.2

1546.4

15466

1546.8

B0y

X 1547 a3

Fig. 7. Uncertainty ellipsoid (with 95% confidence interval) related to the localization of the probe
tip in the first application example. The segment culminating into the ellipsoid represents the probe
orientation.
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4.1 Second application example

We consider a combination of the following two LVM systems {&ige 8):

(S) System consisting of three US sensas, (Si2, S13) with Murata MA40S4R
piezoelectric US transceivers. These distributed sensors are able to measure their
distance from targets with homologous US transceivers. For details on these
transceivers, see (Priyantha et al., 2005; Franceschini et al ., 2010).

(S) System consisting of two R-LAT sensoss, @nds;,) of an iGPS" (Maisano et
al., 2008). These distributed sensors use rotating laser beams and infrared strobe
lights to determine angle information to akyh target simultaneously. Targets
have photodiodes inside their modules that can sense the transmitted laser and

infrared-light signals.

system

point to be localized—
Key:

(S) i-th LVM system
(sip) j-th sensor of the i-th system
X (oijxiy;zij) local coordinate system

US sensors (from S;)
= R-LATs (from S,)
measurements by si1, S1s, S13 and s,1, So»

Fig. 8. Qualitative representation of the combination of two LVM systems used in the second
application example.

Thanks to suitable calibration/alignment process, we determined the
position/orientation and relevant uncertainties of the five sensors, referring to the

global reference syste@XYZ(see Tab. 4).

Distributed sensor  Description (a) Position [mm] (b) Orientation [degrees]
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From S: Si1
S12
Sz
From S: 1
S22

US transceiver
US transceiver
US transceiver
R-LAT
R-LAT

Xo,
352
2218
35

1228

97

%
-178
-50
2252

-68

1147

st.dev.
4040~0.4
4052~0.4
4036~0.4

Z,

2126
2165

~0.02
~0.02

Gij
-0.1
0.2
0.3
0.01
-0.02

&ij
0.00
-0.1
0.2
-0.08
0.02

Kij
182.43
179.11
185.86

st.dev.
~0.1
~0.1
~0.1

177.73 =0.01
181.19 =0.01

Tab. 4. Data concerning the position/orientation and relevant uncertainty of the distributed sensors
used in the second application example.

The probe in use is equipped with two US transceiVerad T,) visible from the

three US sensors, two targets &ndT,) visible from the two R-LATS, a tip in contact

with the points to be localized, and two integrated sensors (compass and two-axis
inclinometer), which are able to estimate the orientation of the probe with respect to an
earth-referenced coordinate syst¥,Z, (see Fig. 9). Tab. 5 contains detailed data
related to geometric and functional characteristics of the probe.

Zp

tip

Xp power-supply cable

Op

yp

T, integrated sensors

Fig. 9. Qualitative representation of the probe used in the second application examplg. and T,
are two targets that are able to communicate with the three US sensors ( s;, and s;3), while Ts
and T, are two targets that are able to communicate with the two R-LAT sensors,f and s,).

Secondary module  Description Relative position with respect B[mm]
K Vi 2y st. dev.
Ta US transceiver visible from, si;ands;: -100.0 -150.0 0.0 =0.01
T, US transceiver visible from, si,ands;: -300.0 0.0 150.0 =0.01
Ts Targets visible from the R-LATs; ands,; -100.0 0.0 -150.0 =0.01
Ta Targets visible from the R-LATs; ands;; -300.0 150.0 0.0 =0.01

Tab. 5. Details on the geometric and functional characteristics of the probe, in the second
application example.

For reasons of compatibility, targels and T, can be seen by the US distributed
sensors 41, S12 and s;3) only, while targetsl; and T, are visible from the R-LAT
sensors%; ands,,) only.

The uncertainties related to the local measurements of the distributed/integrated

sensors are supposed to be known. The corresponding standard deviations, which are
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related to the metrological characteristics of the sensors, can be estimated using data
collected in the calibration process. For simplicity, the standard deviations of
homologous sensors are supposed coincident (see Tab. 6).

The two types of targets in use, as well as the integrated sensors are active, therefore

they have to be connected to the power-supply unit.

Distributed sensors Integrated sensors
SensoiT arget(S)(]IJk [mm] st.dev. [mm]g;IJk [deg] Bk [deg] st.dev. [deg] & [deg]&4 [deg] &, [deg]st.dev. [deg]
S11 T 3986.9 =~0.4 N/A N/A N/A N/A N/A N/A N/A
idem T 38476 =~0.4 N/A N/A N/A N/A N/A N/A N/A
S12 Ta 3808.7 =0.4 N/A N/A N/A N/A N/A N/A N/A
Idem T, 35989 =~0.4 N/A N/A N/A N/A N/A N/A N/A
Si3 T1 34371 =0.4 N/A N/A N/A N/A N/A N/A N/A
Idem T, 34655 =0.4 N/A N/A N/A N/A N/A N/A N/A
S1 Ts N/A N/A 73.23 -26.11 =0.01 N/A N/A N/A N/A
Idem T, N/A N/A 78.16 -27.23 =0.01 N/A N/A N/A N/A
S2 Ts N/A N/A 49.45 -34.27 =0.01 N/A N/A N/A N/A
Idem T, N/A N/A 39.01 -32.48 =0.01 N/A N/A N/A N/A
St N/A N/A N/A N/A N/A N/A 325.0 97.0 143.0 =~0.1

Tab. 6. Local measurements related to the (integrated and distributed) sensors used in the second
application example.

Considering the spatial position/orientation of distributed sensors (in Tab. 5), their
local measurements with respect to probe targets and those by the integrated sensors,

we can apply the probe-localization model, obtaining the following results:

X =[ 15506mm 20942mm 11200mm  324.98leg 97.05deg 143.0Hed’

0058nfm - 0002mMd - 0022mm?

- 2 e '
5, = 0002nA  005MN 0015an U, =0.93mm
- 0022nm  0015mmA 0108mm? .-

(11)

Up being the expanded measurement uncertainty related to the position of the probe
tip, with a coverage probability of 95% € 2).

Fig. 10 depicts the resulting localization of the probe tip and the relevant uncertainty
ellipsoid. The volume of this ellipsoid is considerably greater than that in the first
example (in Fig. 7); the reason is that the measurement uncertainty is “inflated” by the
presence of distributed US sensors, notoriously much less accurate than those related

to other LVM systems.
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Fig. 10. Uncertainty ellipsoid (with 95% confidence interval) related to the localization of the probe
tip in the first application example. The segment culminating into the ellipsoid represents the probe
orientation.

6. Conclusions

This document has described a new modular and multi-target probe for determining
the spatial coordinates of the points in contact with the tip, when using combinations
of different LVM systems.

An important feature of the probe is that — depending on the LVM systems in use — it
can be equipped with targets of different nature and additional sensors (such as two-
axis inclinometer and compass), which contribute to the probe localization. Also it can
be easily customized through the use of calibrated extensions and quick coupling
systems.

Apart from the description of the technical and functional characteristics of the probe,
a novel mathematical/statistical model for the real-time probe localization was
presented. The model efficient as it is based on a system of linearized equations,
and effective as the equations are weighed with respect to their uncertainty

contribution.
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To improve the quality of the localization, it is important that all the parts of the probe,
especially calibrated holes/shafts, have rather low uncertainties in the relative
positions between targets and the tip (e.g., in the order of a few hundredths of
millimetre).

The use of the probe can be extended from the measurement process to the distributed-
sensor calibration process, which is generally based on repeated measurements of
artefacts within the measurement volume (Peggs et al., 2009): thanks to its technical-
functional characteristics, the probe can be seen as a special artefact. The calibration
process may also include multiple repositionings of the probe in reference positions on
other calibrated artefacts; see for example, the reference positions on the calibrated bar
in Fig. 11. Since probe targets are placed at known distances, it is possible to
determine the unknown position/orientation of the distributed sensors and estimate the
relative uncertainty. This type of procedure (that we plan to develop in the future) is

known in the scientific literature dmindle adjustmern(Peggs et al., 2009).

probe repositionin calibrated b

@ated mounts for the probk&

 — = \g»q%

: o : d; ; ds :
A B C D

Fig. 11. Example of simultaneous use of two calibrated artefacts in the calibration process: (1)
probe equipped with tip/targets and integrated sensors and (2) calibrated bar with several mounts
(A, B, C and D) at known distances ¢;, d, and ds).

Acknowledgements

This research was supported by the project Co-LVM “Cooperative multi-sensor data
fusion for enhancing Large-Volume Metrology applications” (E19J14000950003),
financed byFondazione CRTinder the initiative “La Ricerca dei Talenti".

References

APl (Automated Precision Inc.) (2016). RadianTM [accessed: 24-03-2016],
http://www.apisensor.com.
28

Page 28 of 53



Bar-Shalom, Y., Li, X.R., Kirubarajan, T. (2001) Estimation with applications to
tracking and navigation. Wiley, New York.

Bosch J.A. (1995) Coordinate measuring machines and systems. Edited by Marcel
Dekker, New York.

Estler, W.T., Edmundson, K.L., Peggs, G.N., Parker, D.H. (2002) Large-scale
metrology—an update. CIRP Ann. Manuf. Technol., 51: 587-609.

Franceschini, F., Maisano, D., Mastrogiacomo, L., Pralio, B. (2010) Ultrasound
transducers for large-scale metrology: a performance analysis for their use by the
MScMS. Instrumentation and Measurement, IEEE Transactions on, 59(1): 110-
121.

Franceschini, F., Galetto, M., Maisano, D., Mastrogiacomo, L., Pralio, B. (2011)
Distributed Large-Scale Dimensional Metrology, Springer, London.

Franceschini, F., Maisano, D., Mastrogiacomo, L. (2014). Cooperative diagnostics for
distributed large-scale dimensional metrology systems based on triangulation.
Proceedings of the Institution of Mechanical Engineers, Part B: Journal of
Engineering Manufacture, 228(4): 479-492.

Franceschini, F., Maisano, D. (2014). The evolution of large-scale dimensional
metrology from the perspective of scientific articles and patents. The International
Journal of Advanced Manufacturing Technology, 70(5-8), 887-909.

Franceschini, F., Galetto, M., Maisano, D., Mastrogiacomo, L. (2016). Combining
multiple Large Volume Metrology systems: Competitive versus cooperative data
fusion. Precision Engineering, 43: 514-524.

Galetto, M., Mastrogiacomo, L., Maisano, D., Franceschini, F. (2015). Cooperative
fusion of distributed multi-sensor LVM (Large Volume Metrology) systems, CIRP
Annals - Manufacturing Technology, 64(1): 483-486.

GOM (2016). GOM Touch Probe [accessed: 03-05-2016],
http://www.gom.com/metrology-systems/system-overview/gom-touch-probe.html.

Hall, B.D. (2004). On the propagation of uncertainty in complex-valued quantities.
Metrologia, 41(3): 173.

Hartley, R., Zisserman, A. (2003) Multiple view geometry in computer vision.
Cambridge University, 2nd edition, Cambridge (UK).

Hitachi Kokusai Electric Inc. (2016). GigE(Gigabit Ethernet) 3CCD Cameras
[accessed: 24-03-2016], http://www.hitachi-kokusai.co.jp.

JCGM 100:2008 (2008) Evaluation of measurement data - Guide to the expression of
uncertainty in measurement, BIPM, Paris.

Kariya, T., Kurata, H. (2004) Generalized least squares, John Wiley & Sons, New
York.

Kyle, S.A. (2006). Optically jointed probing systems for large volume coordinate
metrology. Coordinate Measurement Systems Conference (CMSC), 17-21 July
2006, Orlando, US.

29

Page 29 of 53



Maisano, D.A., Jamshidi, J., Franceschini, F., Maropoulos, P.G., Mastrogiacomo, L.,
Mileham, A., Owen, G. (2008). Indoor GPS: system functionality and initial
performance evaluation. International Journal of Manufacturing Research, 3(3),
335-349.

Maisano, D., Mastrogiacomo, L. (2016). A new methodology to design multi-sensor
networks for distributed large-volume metrology systems based on triangulation.
Precision Engineering, 43, 105-118.

Maropoulos, P.G., Muelaner, J.E., Summers, M.D., Martin, O.C. (2014). A new
paradigm in large-scale assembly—research priorities in measurement assisted
assembly. The International Journal of Advanced Manufacturing Technology,
70(1-4):621-633.

NDI (2016). PRO CMM Overview [accessed: 03-05-2016],
http://www.ndigital.com/msci/products/procmm/.

Peggs, G.N., Maropoulos, P.G., Hughes, E.B., Forbes, A.B., Robson, S., Ziebart, M.,
Muralikrishnan, B. (2009) Recent developments in large-scale dimensional
metrology. Proceedings of the Institution of Mechanical Engineers, Part B: Journal
of Engineering Manufacture, 223(6), 571-595.

Priyantha, N.B., Balakrishnan, H., Demaine, H.D., Teller, S. (2005) Mobile-assisted
localization in wireless sensor networks, in Proc. 24th Annual Joint Conf. IEEE
Commun. Soc. Comput. Commun. (INFOCOM), Miami, FL, Mar. 13-17, 2005,
vol. 1, pp. 172-183.

ISO/IEC Guide 99:2007 (2007) International vocabulary of metrology — Basic and
general concepts and associated terms (VIM), International Organization for
Standardization, Geneva (2007), freely available at:
http://www.bipm.org/en/publications/guides/vim.html.

Whitehouse, D. J. (1994). Handbook of surface metrology. CRC Press.

Wolberg, J. (2005) Data Analysis Using the Method of Least Squares: Extracting the
Most Information from Experiments. Springer. ISBN 3-540-25674-1.

30

Page 30 of 53



Appendix

Details on the mathematical/statistical model for probe localization

This section presents a detailed description of the new model for the localization of the multi-
target probe, when adopting combinations of LVM systems.

We consider a set of LVM systemS, (beingi = 1, 2, ...), each of which is equipped with a
number of sensors( beingj =1, 2, ...) positioned around the object to be measured, with a
local Cartesian coordinate systeopx(y;z;) roto-translated with respect to a global o®XYZ

see Fig. A.1). The single LVM systems candestralizedor distributed in the former case,
sensors are rigidly connected to each other, while in the latter, they are not.

S, (centralized)

Si (distributed) |

global coordinate

system
measured object
Key: (aircraft fuselage)
(Si) i-th LVM system
(si) j-th sensor of the i-th system
(oijxiyizij) local coordinate system
(Tw) k-th probe target -

Fig. A.1. Schematic representation of the combination of three LVM system&; is a distributed system with
two sensors §; and s;,), while S, and S; are two centralized systems with one sensos,() and two sensors %;
and s3,) respectively. A multi-target probe is equipped with three targetsTy, T, and Ts), which can be seen
only by those sensors compatible with them (e.d; can be seen bg,; and s;5, not by s,4, S3; and s3»).

A general transformation between a local and the global coordinate system is:

X X X 0;
Y | = Rij Yi + YO”_ . (Al)
Z z; Z,

]

R;j is a 3x3 rotation matrix, which elements are functions of three rotation paramgtaysi:
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CO%} COSK;; — Oy Sink; sing,
R = c@s &N+ N 9N cay  cag COs; — Siny sing sink; - siny cosy |, (A2)
apin kgir @PS @in eqQs  sp cep+ Ccag Sig SRy  CO%y cosy
where a; represents a counterclockwise rotation around xheaxis; ¢ represents a
counterclockwise rotation around the ngwaxis, which was rotated byy; «; represents a

counterclockwise rotation around the newaxis, which was rotated by and theng; for
details, see (Franceschini et al., 2014).

lXq Y ’Zoi,-r are the coordinates of the origin @f;y;z;, in the global coordinate system
OXYzZ
The (six) location/orientation parameters related to égtih sensor (i.e.,X(a ,Yqj ,ZOij ,

@, K;) are treated as known parameters, since they are measured in an initial calibration process.
This process, which may vary depending on the specific technology of the individual measuring
systems, generally includes multiple measurements of calibrated artefacts, within the
measurement volume (Bai et al, 2014).

The above considerations apply to bdistributedandcentralizedLVM systems. For the latter
systems, sensors are rigidly connected (e.g., consider a photogrammetric tracking bar with three
cameras, such as the OptiTrack V120-TRID so there is an additional link (i.e., the so-called
rigid-body constraint between the sensors’ position vectorxoij() and the relevanR;

matrices.

Focusing the attention on the probe, the point to be localizé=i§Xp, Ys, Zp]', Which
coincides with the centre of the spherical tip of a probe with a number of targéfs (.. , Tk,
...), e.g., three in the representation in Fig. A.1. The general position dfttheéarget is
Te = [Xo Yio ZJ". In addition, the probe has a local Cartesian coordinate sysbeszs, for
convenience centred with respect to the probe tp=@, see Fig. A.2). A general
transformation between the coordinates of a generic point refer@aetezs (i.e., Kk y, 7"
and those referred to the global coordinate system #.ex, £]") is:

X X Xp
Y| =R Oy[+| Y, |, (A3)
Z z Z
where
cogsp [LOsK, - cosy LSink, sing

Rp = a@sl] gin+ sipl sipl cag  cas, Ucosp — siny, Csings, [$inkp,  — siny, [Cosg,
wsil ksin  @pd] @nl eqgs sipll ces+ cas, Usip Usik,  cosy, [EOsp

is a rotation matrix, whose elements are functions of three rotation parawsgtersand e,

which are analogous to the paramemTprsw, andx; included in Eqg. A2, but related to the axes

X, Yp, Zp INstead ok, Vi, z;j. [Xp, Yp, Zp]* are the coordinates 8% i.e., the origin 0bpXpypze, in

the global coordinate syste@XYZ
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Assuming that the probe geometry is known (albeit with some uncertainty), fok-datarget

we can define a position vectog,(y«, z) related to the tigP, referring to the local reference
systemopxpypze. The coordinategy, Yk, z should be interpreted as random variables related to
the precision with which the various components of the probe (i.e., primary module, secondary
ones and coupling systems) are manufactured and assembled together. Applying the
rototranslation in Eg. A3, we can switch from the coordinates okdthetarget in the local
coordinate system (i.e, Yk, Z) to those in the global system (i.%, Yk, Z), obtaining:

Xy X | | Xp
Yo [ZRe Y [+] Y5 | (A4)
Z, 4 Zp

We notice that the relationship in Eq. A4 includes six parameters related to the position of the
probe tip and those related to the orientation of the probe itself, which are the unknown
parameters of the probles, Yp, Zp, b, @, Kp.

The probe-localization problem can be decomposed by considering (i) distance sensors, (ii)
angular sensors, and (iii) integrated sensors separately, as discussed in Sects. A.1, A.2 and A.3
respectively.

Zp

T3 = (%3, Y3, 23) = (Xs, Y3, Za)

Xp 0p =P =(0,0,0)= (Xp, Yp, Zp)

yp

Z
local coordinate
system | multi-target probe
tip o)
Y
X .
T2 2 (%0, Y2, 22) £ (Xa, Y2, Z2) global coordinate
T1= (X, Y1, 21) £ (Xy, Y1, Z2) system

Fig. A.2. Schematic representation of the local coordinate system of the multi-target probe-Xpypzs) and the
global one OXYZ). The coordinates of the points representing the probe tip and targets can be referred to the
local coordinate systemppxpypze, and the global oneOXYZ.

A.1 Distance sensors

From the local perspective of a geneyith distance sensor, the distance betweetk-thaarget

T« = [X Y ZJ" and a local observation point — which we assume as coincident with the origin
05 = [Xo,» Yo+ Zo, 1" of the local coordinate systegg;y;z; — can be calculated as (see Fig.

do=yx-6 Pe{y-v F+lz-z, F. (A5)

Eq. A5 can be reformulated as a function of the probe-tip coordingtes’{, Zs) and its
orientation anglesdap, @, « p), instead ofX,, Yy, Z, applying the transformation in Eq. A4. Of
course, the resulting equationds, (X) — is not linear with respect to the unknown parameters

of the problem, grouped in the vecXr [Xp, Yp, Zp, ab, @, Kp]T. However, a linearization can
be obtained through a first order Taylor expansion with respect to the parameters contained in

3
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~ PP S o |
X, considering someX :[XPYP,ZP,&)P,%,/?P} value$§” reasonably close to them. This

operation can be (at least partly) automated, using the Matlab's symbolic-calculation function
"functionalDerivative".

Z; A
! ” T Kijkr Yijir Zije)

/// :

di, |

/ 1

// !

7 i1

i i

// ﬂjk :

sensors; Q — ; >V
-
E

%
Fig. A.3. For a generic sensory), a distance @) and two angles — i.e.gj (azimuth) and g, (elevation) — are
subtended by a line joining thek-th target (T,) and the origin (0;) of the local coordinate systenw;x;y;;z;.

The resulting equation can be linearized and expressed in matrix form as:
Ai?ist X - BiniSI =0 ’ (A6)

dist_[ dist ~dist . dist dist

where AT = | g gt gt 51 ,ag"S‘,ag‘St],being

|

{xk(cos&,sin/?p + cosépsincf)PSin;P)+ yk(coséJpcosép —sinl?,,sin(i)psinéq,) - zk(sin(i&cosgi},)j* |
[ip —Z, + xk(sinﬁpsimgp - cosépcosé)psinqij + yk(sianJP cosép +sin/§Pcosa:Jpsin¢:4>) + zk(coscf)p cos;;D +

dist —

- xk(sincf)PSinlgp —cosépcoscf)PSinqﬁqb) + yk(s;in(incos;?P +sin/§pcoscf)Psinép)+ zk(coséJPcos;;,)j*

[\z Y%, + xk(coscf)Psinlgp —cosépsincf)PSinq:;D)+ yk(cosé)Pcosép —Sin/?,,sin(i)psinq:b) - zk(sin(fJPcosé},)j

z(xk(sin&,cosép +sin/§pcosoijpsinépj - yk(sincf)Psinlﬁp —cos;?PcoséJPsinq}g)]*
(Z, 4, + )@(sinéjpsinép —cos;?pcosoﬁjpsin(k,) + yk(sincf),:cosép +sin/§Pcos$3Psin(;JP)+ zk(cosaﬁjpcos&g)}
adst=|+ {xk(cosaﬁjpcosép —sinlﬁpsincfjpsinézpj - yk(cosé)Psinlﬁp + cosépsiné)Psinq}Dn*

(i(p Y, * x((costf),; sinlép + cosépsintf),;sinépj + yk(coscf),: cosép - sinlépsintf),;sinépj - zk(sinfi)P cosébn +

- {yk(cosé pcosép) + xk(costi),: sinl?P)j* [ >:<P =X, + x((cosé Pcosépj + y(sinépcosépj - zk(sin&,D

! The “double-hat” symbol:‘“’ indicates that a vector “close” t§ can be obtained through a rough

estimate ofX , i.e., the (final) estimate of itself. We will illustrate how to determinX later.
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{x kcos;? Fsincf) F,cos&p— yksiné Psintf)pcosg?zp+ zksin(f)psinépj*

(\A(p Y%, * xk(coscf)psinlﬁp + cosépsincf)Psinqﬁb) + yk(coscf)P cosép - sinl?,,sincf)psinéb) - zk(sin(fJP cos;;)]
adst=| - 2<x (COSK LOS) F;:os¢:7p— y,sink pcosé)pcosép +7, COS(fJPSin(;,)*
( ip —Z, + xk(sin(f),:sin/?P - cosépcoscfjpsinqﬁb) + yk(sino:.)P cosép + sinl%Pcoso:.)PSinép) + zk(cosé)P cos&)} +

{— X kcosé F,sing?zp+ yksinlﬁpsinéP +2z, cos&;j*( 5(;, = X, +X kcos;? Pcosg?zp— yksinlﬁpcosq?zP -z siné{,j ]

£ = 2( Xp = Xo +X,COSK 1COSP, ~ ¥, SINA COSE, + zksinépﬂ.

gt = 2(\:@, -Yo, * xk(coscf)P sinkp + coyﬁpsinﬁpsinqﬁbj + yk(cosé)P coskp —sinlﬁpsiné)psin(/:bj - zk[sincf)pcos;bjﬂ,

st = 2[ ip =Z, * xk(sincf)Psimép - cos;?Pcoscf)Psinépj + yk(sincf)Pcosép +sin/§Pcoscf)Psinq;Jp) + zk(coscf),:cosqup)ﬂ.

and B{™ = A" * X - d, (Xj , being

. R R N R ~ A \2
dij (Xj :( Xp = Xg, +X COSK xCOS@p — Y SINK » COSP, + Z, singop) +

2 - - - A 2 - - - A 2 - 2\)?
+(ZP = Zy * X (sincbp SinKp — COSKp COSWp sinqap) + Yy (sincbp COSKp +SINKp COSWp sin(apj +2, (coscbp COS@s D +

~ ~ ~ ~ 2
+(YF, Yo, * xk(coscbp SinKp +COSK pSINGWp sin(opj + yk(cos&)P COSKp —SINK pSINQW, sinqap) - zk(sin&)P cosanD +
q2
= dik -

A.2 Angular sensors

From the local perspective of a gengjith angular sensor, two angles — iy, (azimuth) and
@i (elevation) — are subtended by the line passing througk-tiheéargetT, ando; (see Fig.
A.3). Precisely,g describes the inclination of segmesjil with respect to the plang;y;
(with a positive sign wheujx > 0), while ¢y describes the counterclockwise rotation of the
projection 0;;Ti') of 0 Tk on thex;y; plane, with respect to thg axis. Referring to the local
coordinate system of thigth sensor, the following relationships hold:

. V4 V4
ifx, = Othen-—<6, <—
O = tart ik ik 27 % 32
I Xk if X Teg <27
j If)(ul< < Othen 5 <H|lk < 5 . (A?)
X :Sin_lzii {—]_TS X 5]_T
¢Ijk 0|ka 2 ¢|]k 2
Given that:
sing,
tandy, =——= (A8)
COSH
and
5
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T _ X /Cosgijk _ Xiji

0Ty, = = = , (A9)
COpy, cospy, cod [tospy,
Eq. A7 can be reformulated as:
{Xijk [$ind - Yy Lo =0 . (A10)
X i@y -z [lcosy, [Coghy =0

We remark that the above two equations are coupled with respect to the twoggngtebg,

which means that they can be used only if the angular sensor is able to measure both angles
simultaneously. In theory, these two equations could be decoupled, but this would unnecessarily
complicate their formulation without any practical reason: in fact, it is very unlikely that the
same angular sensor are able to measure just one angle and not the other one (e.g., consider a
photogrammetric camera or a R-LAT).

The system in Eq. A10 can be expressed as a function of the global coordinates of point
T.= (X Yw Z). Reversing Eq. Al, for switching from the sensor’s local coordinates to the

global ones, and considering thRy; is orthonormal — thereforeR”Tl:Rg (Hartley and
Zisserman, 2003) — we obtain:

X, X ] [ X X ] [ %
Y | = Ri? Yo 7| Yo, (= RiJT Y | 7| Y, (A11)
4 Z, Zy Z, Zy

(] )
Combining Eq. A11 and Eq. A10, the above system can be expressed as a function of the global
coordinates of thé&-th target (demonstration omitted). Next, by applying the transformation in
Eq. A4, the system can be expressed as a function of the six unknown parameters contained in
vectorX = [Xe, Yp, Zp, b, @b, o] .
Obviously, the two resulting equations will not be linear with respect to the six (unknown)
elements oK. A linearization can be obtained through a first order Taylor expansion of the two
equations, with respect to the parameters contained Xin considering some

A

A A X R A R 2 T . . .
X :[X P,YP,ZP,a)P,(pP,KP} values reasonably close to them. The resulting linearized system

A ~ A

can be expressed in matrix form as:

AMIX -B" =0, (A12)
where

,,ang:{ R A A VA afgg} being

‘ g & &t & e’ an’]|

(cos&;,, COSKp —SiNW,, SINKp SiNg ]cl

(costbp Sinkp +COSK p Sing, SiNd, Jcl

ang — ) Cwind
a);° = COSG R sin g,

+(sin&)P COSKp +COS@W, SiNK p SiNg, jcz —[sin&)P Sinkp +COS@, COSKp SiNg, )cz
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(sincbp COSKp +COSWp SINK p SiNgGs )04 (costbp sinkp +sin &, COSK p SiNgs )03

aj;" =-cosb, +(cos&)p COSKp +SiN@p SiNK sianF.)c3 +sing; +(sin @p SiNKp —COS@W, COSK p sinijc4 ,
—(sinkp cos@ )cs —(coskp cos@ )05
(sin @ COSKp +COS@p SINK p sinq);,jc6 (cos&)p Sinkp +sin, COSK sinq);,)c7

0 = C0osGy, —(costl)P COSKp —SiNdp Sinkp sin(pp)c7 +singy, —(sin&),, SiNKp —COS@W, COSK p sin¢zpjc8 ,

+(sin/?P cos@ )cs +(cos;?P COoS@ jcg

ang _

aj,” =cosb), | sink, COS%:‘+Sin9ijk {cos;?,, coswp},
+sin

ang — A 2 PP S A 2 .2 .2 2 . A
5. = —C0SH), | COS&, COSKp —SiN W, SINK, Sings, ik [coswp SiNKp +SiNdp COSK p smqap},
ang _ _ A .2 2 2 .2 .= . A LA 2 2 2 . =
6 = —C0S6) | SiN&, COSKp, +COSW; SINK sm(pp}sm ik [smwp SiNKp —COSW, COSK p sm%},

(cos&)P SiNKp +SiNdp COSKp SIN@s )cl

ang _ _ o B 2 o 22 2 2
a5 =-sin ¢ijk COS@y, COSEy, [(cosqop sinw, jcl + (coswp [le]7/8 )Cz:i,

—(sinfbp SiNKp —COSW, COSK p SING )cz
(cos&)P SiNKp +SiNW,COSKp sin&,Jc3

a5," = sindy, +(sincf¢sin/§p - coso:JF,cos;?F,singZ},)c4 +C0sfy, cosnSA{Jk Ksiné@,)% —(coséip COS(ZPJC4 + (sin(ilpcosgzjjcs}

- (cosép cosq?zp )05

(cos&)P SiNKp +SINW,COSKp sin¢f,)c7

a33° =singy, —(sin(f),:sinép - cosoﬁjpcosépsinqﬁq,jcs +CoSBy cos@ijk K— siné},jca +(coscf)P coszfq,)cs + (sin&,cos&,)c,],

+(cosz§p coszfq;)cg ]

a5," =sing,, cosk, cosg, —cosdy, cosd;, sing,,

ang
s

=singy, (coscf}P sinf?P -sin cf)P cos;?,, sin¢:zp)+cosq3ijk cos@ijk (cosép sin cf}P )

az’ =sing, (sin (f)P sin /?F. —coso:up cos;?P sin¢:JP ) - cosgy, cos@ijk (cosr;;, coscf)P )

in which the parameters to cg are respectively:

C, = X (sin (f)P sin;?P = coséP coscfip sin(;)Pj + Yy (sin (f)F. cos;?,, + sin;?,, cosé)P sinq:ap) + zk(cosé)P cosép),
C, = Xy (coscf)P sim?P + cos;?Psincf)P sin(zpj + yk(COS(f)P cos;?,, —sinépsin(f),, sin(zpj -z (sin(f)P cos&,),

C = xk(coscbp COSKkp —SiNKp sindp, sinqap)— Vi (cosrbp SinKp +COSKp SiN@, sinij,

Cy = X% (sin&)p COSKp +SiNKp COS@p sinij— Vi (cosrbp SinKp +COSKp SiN@, sinij,
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C; = xk(sinip cosqu)+ Yy (cos;?p cosr;JP ) G = xk(cosépcosépcosépj - yk(coso:)Psin/?Pcosr;P) + zk(coscf)Psin;;,),

c, = xk(sin @p COSK cosqop)— Vi (sin WpSinkp cosqapj +2, (sincbp sinij,

G = —xk(cosépsin%)+ yk(sinépsin(ap) + zk(coqu) 1 Gy = xk(cosép COS(pP) - yk(sinlgp coij +2z,.sings,

N

and B/ = AT X +

blang

, with

b = COSGy,

ang
b2

[sin&)P COSKp, +COSW, SINK SINg,

+ (cos&)p COSKp —SiN@, SINKp sinij

+ xk(smwp Sinkp — COSKp COSER sm;upj

( N, COSKp +SiNKp coswpsmrppj

)

YPY+

o

+ xk(cosa)P Sink, +cosk smwpsm@,j

osa)P COSKP Sinkpsind, sinqapj +

(smwp cosqapj

—(sinépcos&ypj( Xp = Xo, +X \COSK pCOSPp — Y, SINK » COSG + zksm(ppj
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-sing +[cos&)P SinKp +sin@, coskp Sings

and

bzang = Coséuk Cosguk

[sin @ COSKp —COSW, COSK sinqop]

+

(coscf)P cos&,)

+

+

—(sinaf)P cos&,

+2, (cos&)p cosij

Yo=Y, +

- zk(sin Wy coswp)

p=Zo t

i

X sindp Sink, — cOSK , COSW, Sin(pp) +

/N

Yi| sin@, cosk +sink, cosa, sin@,j +

/N

z coscf)P cosézp)

/N

Vo -Y, +

% =Y,

+ xk(cos&)P SiNKp +COSKpSINW, sinqq;] +
+ yk(cos&)P COSKp —sin/?PsincI)Psian) +

- zk[sinaf)P cos&,)

+ yk[sin @p COSKp +SiNKp COSWp SiNg,

—(COSKP cosqopj( Xp— Xo‘, + X, COSK ,COS@,~ Y, SINK , COS@, + Z, sm(ppj

—(sinézpj( 5(P = Xp, X kcost? Pcosq?zp— yksin/?Pcosézp + zksinézpj

+ Xy [sin @y SiNKkp —COSK, COSW, sin%)+

j+

+ xk[cos&)p Sinkp +COSKp SN, SiNgs

]+

+ yk[coscbp COSKp —SiNKp Sin e sin%j+
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Z,-24 +

+ xk[sin&)P SinKp —COSKp COSWp sinij +

(sin&),, SiNKp —COS@W, COSK p sinij . . R R A +
+ yk(sin&),, COSKp +SINKp COS@Wp sinwp)+

+2z, (cos&)P COS%]

Yo =Yg +

+ xk[cos&)P SinKp +C0Skp Sindp sin¢¢,)+

=singy, +(cosc?)P SinKp +SiN&, COSKp SiNg, R R R R R +1.
+ yk[cos&),, COSKp —SiNKp SiNW, sinij +

- zk(siné)P cosépj

—[cosép cosép)[ 5(P = Xo, X% cosk F,cosq?JF,— yksinépcosép +2z, sinép)

It can be noticed that the matrix expression in Eq. A12 is similar to the one related to distance
sensors (in Eg. A6). However, the latter encapsulates a single equation while the former
encapsulates two equations.

A.3 Integrated sensors

The (inertial) integrated probe sensors (i.e., two-axis inclinometer and compass) may contribute
to estimate the three orientation angles of the probe dke@ andxr), although not directly.
Precisely, these integrated sensors perform angular measurements referring to a ground-
referenced coordinate syste@ X Y,Z), with arbitrary origin Q,), Z axis coinciding with the
vertical to the ground plane, aXdaxis pointing toward the magnetic north.

The two reference systen@XY,Z, and OXYZ are fixed in the 3D space and linked by a
rototranslationR.; is the relevant rotation matrix, whose elements are functions of the three
rotation anglesuy, @n andkoy, representing the rotation @5XY,Z, with respect tdXYZ (see

the schematic representation in Fig. A.4).

10
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Z

Yi

Xi z
earth-referenced
coordinate system

integrated sensors Y
Xp
global coordinate

local coordinate
system

system

Yp
Fig. A.4. Schematic representation of the (local) coordinate system, integral the multi-target probe-Xpypz),
and of two other (fixed) coordinate systems: the earth-referenced related to the integrated sensaos«fy,z)

and the global coordinate system@XYZ).

Assuming that the compass estimates the probe rota#gnargund the vertical axiZ{) and
the two-axis inclinometer estimates the probe rotatianarfd ¢) with respect to the horizontal
planX}Y,, Rp can be expressed as:

Re =Ry [R, (A13)
where R, is another rotation matrix, whose elements are functions of the three rotation

parametersu, @ andk , measured by the probe’s integrated sensors (see the scheme in Fig.
A.5).

INPUT: angles measured by the Z
robe’s integrated sensors
p 9 Roff
Yi
Zp RI Z
Xi
earth-referenced
coordinate system
X O
Xp op .
local coordinate Y

system
global coordinate

yp
system

OUTPUT: probe’s orientation
angles in OXYZ

Re
Fig. A.5. Schematic representation of the relationship in Eq. A13.

Since Eq. A13 is a 3x3 matrix function, it can be reformulated as a vector, function of the three
anglesw, @, Kp:

11
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Rp =Ry Ry
[0 0 0
000
000
[0 0 0
000
0 0 0

00O
00O
00O
RP - Roff RI
00O
00O
00O

T
O O OO O o

RP - Roff RI

O O OO o o

© © 9 o o o

O OO0, OO0 O

1

OO O O O O O

o O

0

(A14)

The nine relationships in Egq. A14 can be linearized (e.g., by a first order Taylor expansion,

using the Matlab's symbolic-calculation function "functionalDerivative".) with respect to the six
parameters iiX and expressed in matrix form, according to the following linearized model:

int
13
int
23
int
33
int
43
int
53

t
63

int
14
int
24
int
34
int
a4
int
54

t
64

= COSKp COSWp SiNg, —SINKp SINQW,,

= COSKp COSWp —SiNg, SINKp SINQW,,

int int _
being
[ int int
11 12
ot ot
21 922
ot ot
it _| 31 Az
j ot ot
41 Yy
ot ot
51 952
ot ot
| 461 Ae2
where
e =0
a = —cosg, Sinkp,
a = —sing, coskp,
a =0
al =0,
alt =0
int
ax
int
az
aj = cosk, COS@ SN,
az; =0,
a =0,
ati =0
as

int
Az,

=sinkp COS@W, +siNg, COSKp, SiNW,,

= COSKp SIN@W, +sing, SINKp COSW,,

int
15
int
25
int
35
int
45
int
55
int
65

int _
3 =
int _
Az =
int _
A5 =
int _
35 =
int _
a =
int _
Ay =
int _
A3 =
int _
Ay =
int _
Qs =
int _
Qg =

aly =
aln =
al =
al =
al =

oo al)
o A o
6 d
o dy
6 ol
o o

—COSKp COSWp COSGh,
0,
0,
0,

0,

—COSK , COS@,
sinkp sing,,

0

0
0

—COSKp SiNW, —SiNg, SiNK, COSW,,  gint

- COoS@, SiNKp SN,
0,
0,

int ]

&9

int

int
Q39
int
Ay
int
59
int

859

(A15)

) (A16)

a4 =0

int _ 2 2 T
agy = COSKp COS@W, —SiNg, SINKp SIN,,
int _ 2 2 .2 L2 o2
agy =COSKp COSWp SiNgp —SINKp SIN,,

al =sink, cosw, COS@ ,

<0
o <0
int _

a5 = U
aln =0,

alt = -sink, cosg,

int _ P .
al =-cosk, sing,,
a;, =0,

int _

=-sinkp COS@, —sing, COskp, sindp, ags =0,

int _
az =0

al = coskp, COSiy Sing, —SiNKp Sin@,

12
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. a a . R A .2 int _ int _
al = coskp COSW, —SiNg, sink, sind,, s =0 ags =0,
int

it _ . oA A A ) N N o2 PO g5 =0,
8g3 = COSKp COSG SINGWp, agy =SiNKp COSWp +SiNg, COSKp SINWp, a =0

int _ N [
agy _Ov int _

int

al =0 agy =COSKp SiN@, +SiNg, SiNkp COSW;,
5 — Y X

all = - cosk, COS@, COSW,,

and Biijnt - ‘ijnt* i +[ Eit ES‘ E‘gt fﬂt ti—T‘ H‘gt U'7nt biBnt bém]T ' where

b™ =sing,, d, — COSK,, COS@, — COSY,; SINK,d, +COSK, COSK; COSE COSE,, »
B = d,d, —Ccosw, SNk, — oS, SiNd, dg +COSK, oSy d; — COSK, SN, Sing, »

B =dgd, —sincf)P sin;?P +c0Sg, COSA, dg +Cosk, cosgd, + cos;?P coscf)P sing »
b™ =sing,d, +sin/§P cosqu - cosg, SiNk,, d, —SiNk, COSK,;; COSY COSP, 1
B = d,d, —costhp cost?P - cosg, Sind),,d, —sink, cosgd, +sinc§Psin/§P sinéip )
H" =d,d, —sincfip cosép +cosg, Cosdy, d, —sink, cosgd, —coscf)Psinép sinrzp )
b™ =sing,d, —cos;?P cosqu -cos@, SiNk,,d, +COSK, COSK,; COS COSgY, »
B = d,d, —cosé)P sin/?P - coS@, SiN), d, +COSK, cosg d, —sincf.)P cos;?P sin(;)P )

H" = d,d, —sind, sink, +cosg,, cos@, d, +COSK, cosg d, +COSw, COSK,, SiNg, 1
and

d, :(sin/?| COS@, +Cosk, sind sing ),d2 :(cosk, cos@, —sink, sindy sing )1d3 :(cos;?fo COS@W,; — SiNK i SIN G, sin(ooff)1

d, = (cosf(oﬂ SiN@y, + SiNK o COSW. sin%ff) = (sin/?fo COS@yy + COSK o SINGy¢ SIN@y )1

1dg
dg :(sin/?Oﬁ SiN@,; — COSK o COSWy sin%ﬁ)1d7 :(cosk, sind, +sink, cosa sing ),d8 :(sin/?| sind, —cosk, cosdy sing )1

@, (27 K, and g ,qZ()ﬁ , K being respectively the estimates of the anglesg, «, and

Wt » Pt + Kot -

A.4 Weighting and solution

Considering a generic combination of LVM systems equipped with distance and/or angular
sensors, and a probe with multiple targets and integrated sensors (inclinometer and compass),
the resulting linearized target-localization model is:

AdiSt BdiSt
ADX -B=| A |[X -| B™9 |=0, (A17)
Aint Bint

where block®®, A BY* andB* are defined as:
Adist - dist Aang - ang Bdist - Bdist Bang - Bang
=| Ax , =| Ak , =| Bik ) =| Bi )
© ik st © ikonan o i ast © ikonan
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where | and 12" are the sets of index-pair valugj) relating to theij-th distance/angular
sensors seeing thketh target.

All the equations of the system in Eq. A17 are referenced to the global Cartesian coordinate
system,OXYZ As seen before, these equations include the roto-translation transformations to
switch from other reference systems — e.g., the local reference system related to each distributed
sensor ¢;X;Y;zj), that one related to the probe-xpyrze), or the ground-referenced system
related to the integrated probe sensors ©X¥Z In summary, the variables that appear in the
system in Eq. A17 can be grouped into two families, kmoywnandunknown as shown in Fig.

A.6.

Known variables
» Spatial position % Y.4, and orientationay, ¢, &; of theij-th distributed sensor; these data may result from initial
calibration/alignment processes;

« Relative position, Yk, % of thek-th probe target with respect to the tip; these data may result form an initial probe-caljbration
process.

« Rotationswy, @orr, K oif OF the earth-referenced system — related to the inertial sensors integrated into the probe — with frespect to
OXYZ these data may result from an initial calibration process;

« Distancedy and/or angulagy, 8 measurements between theh sensor and theth probe target; these data are captured in
each probe localization.

¢ Local angular measuremendg @, « of the inertial sensors integrated into the probe; these data are captured in eagh probe
localization.

Unknown variables

« Spatial positiorXp, Yp, Zp and orientatiorw, @, & of the probe, which represent the output of the probe-localization prgblem.

Fig. A.6. Summary of (known and unknown) variables in a generic probe-localization problem.

The system in Eq. 17 can be solved when at least six (independent) equations are available (e.qg.,
one target is seen by at least two distance sensors, while two other targets are seen by at least
one angular sensor). Since this system is generally overdefined (more equations than unknown
parameters), there are several possible solution approaches, ranging from those based on the
iterative minimization of a suitable error function (Franceschini et al., 2014) to those based on
thelLeast Squaremethod (Wolberg, 2005).

It is worth remarking that the equations of the system may differently contribute to the
uncertainty in the localization of the probe. Specifically, the main factors affecting this
uncertainty are:

« Uncertainty in the position/orientation of the distributed sens(of% ,\?Qi ,20ij , cqj, (2{1
k; ) anduncertainty in the mutual orientation of)QY,Z, andOXYZ(i.e., Wy , B+ Ryt )
resulting from initial calibration process(es);

« Uncertainty in the local measurememﬁ;jk , éijk and @, ) by the distributed sensgrehich

generally depends on their metrological characteristics;
« Relative positionbetween each probe targdi)(and eachij-th distributed sensor; e.g.,
assuming that the uncertainty in angular measurements is fixed, the uncertainty in the

14
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localization of P will tend to increase proportionally to tliistancebetweenT, and the
angular sensors (Maisano and Mastrogiacomo, 2016).

+ Uncertainty in the measuremer{is , (/31 and £, ) by the probe’s integrated senspvehich
depends on their metrological characteristics.

+ Uncertainty in the relative position of the probe targets, ¥, and 2, ), with respect to the
probe tip(P).

For the above reasons, the sensors that mostly contribute to uncertainty in the localiZation of
are the less accurate and/or the more distant.om

Returning to the system in Eq. A17, it would be appropriate to solve it, giving greater weight to
the contributions from equations that produce less uncertaintyiemdersa To this purpose,

an elegant and practical method is that of @eneralized Least Squaré6LS) (Kariya and
Kurata, 2004), in which a weight matriwj, which takes into account the uncertainty produced
by the equations of the system, is defined. One of the more practical ways to \Weitne
applying theMultivariate Law of Propagation of UncertainiMLPU) to the system in Eg.

Al7, referring to the parameters affected by uncertainty (Hall, 2004), which are collected in a
vectoré.

[T swcalibr 7]
dist
meas
L ®dist _|
gzdiSt _é;calibr ]
_ _ ang
€= Cang | = || gmeas | |- (A18)

| Sang |
é:int _é;calibr B

int
4: meas
int

Precisely, the calibration parameters of the distributed sensors (involved in the measurement)
are contained into the sub-vectogi™ and &5, referring to distance and angular

measurements respectively, while those of the integrated sensors are contaigédint®n
the other hand, the local measurements by distributed sensors are contained in the sub-vectors

meas meas

dst and &g, (for distance and angular sensors respectively); similarly, the measurements by

integrated sensors are included in the sub-vef{5#°. More in detail:

15
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. R —_—XO 71
Xou i
Yo, Yo
ZOIJ 0;
. . G
ég_alibr : % f calibr : Kij
o ist - K. _ ang _
Saist gmeas I ! Qrang - meas - w and
dist ik ) dist gan . an L*
- )y 9 lijkoiane
. T X T Xk
k
y Yk
k
z, L L& ]
L i 9.
k
L dijk Jijey o |:¢”
: L L7k ] Jijpyane
st
I?off
é;calibr &)off
— | Sint —
fim - |?neas - ~
fint ﬂ
K
@

W can be determined propagating the uncertainty of the equations in Eq. A17 with respect to the
elements iré;:

W =[JT [ng]_l. (A19)

This operation can be (at least partly) automated, using the Matlab's symbolic-calculation
function "functionalDerivative".

Focusing the attention on the elements in the second member of EgJ #Aslfhe Jacobian
(block-diagonal) matrix containing the partial derivatives of the elements of the equations in the
first member of Eq. A17 with respect to the element§ in

J* 0 0
J=| 0 J™ o], (A20)
o o Jn
. 0 ‘ 0
where, J %' = I 39 = gane
0 ik 0 st 0 ik 0129

Jij’kiSt is defined as the Jacobian matrix containing the partial derivatives of the elements of the
equations in the first member of Eq. A17 with respect to the elemedgjg,in
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dist _§ dist ; dist ; dist : dist ; dist ; dist
Ji,-k—{ 2 03 Ja s s

where

st = [— 2( Xp - Xo, +X \COSK pCOS@p— Y, SINK »COSE + zksin&,ﬂ,

).

joist = {— 2(\:(,, Y, * x‘(coscﬁpsinép + cosépsincf),,sinép) + yk(coscf),, cos;?,, —sin/?Psin chPsin(}P) - zk(sinéfJPcos@ )ﬂ

dist _

jgwst O ]dISl 0 dest O

dist

+ {sin/?P cogf,}, + cosépsintf)psinqép)(\:(p =Y, + xk(cosé)psin;?p + cosépsinlfipsiny:b) + yk(coyf)r, cos;?P —sinépsinlf)psinyib) - zk(sinlf)p cos%,)j +

+ {cosépcosq},,)( )2,, =X, +X kcosé pcos&Jp— yk'sinépcos&;P + zksin(;q,),

joist = {cos;(psmwp +sink coswpsmwp)[ -7, + x{smwpsmkp - cosk cosa),,smpr + yk(smwp cosk, +sink cosa),,sm@,) + zk(coswp cos%D

{cos;(p cosip - sm/(psmwpsmpr(

+ {sinépcosﬁp)( 5(p =X, *+ xkcosé Pcosz?z,,— yksin/:(,,coy;;,, + 7, sin&zp),

jost = {coscflpcosép)[ ip 2y + xk(sincflpsin/:(,, - cosépcosrf)psin(;;,) + yk(sin(f)P cosép + sin/?,,coscfzpsinép) + zk(cosrpr cos&,)) +

{smwpcos%j[ { Y, * ><k[cosa)P sinkp + cos;(Psmwpsm%) + yk(coswp cosk, —sink snnwpsmij zk(sincfipcosébj] +

+ {sinép)( 5(,, = Xo, +X kcos;? pCOSPp— yksinfgpcos@ + zksin@),

lldols‘ = _2&uk .

Jang

i3 { 2[ %P —Zy, * xk(sincﬁpsinfép —cosépcoschPsin(}P) + yk(sinchPcosép +sin;§pcoschPsin&P) + zk(costf),, cos@)ﬂ,

jdist = z(sin/?,;sin&)p —cos&pcos@psin&PJ[Zp -7, + xk(sincflpsin/ip —cosﬁpcosoﬁjpsin&pj + yk(sina:opcoséP +sin/§Pcoscfzpsinép)+ zk(cosélpcos&,D +

-Yo, + x‘(coswpsmkp + cos;<psmwpsmwp) + yk(coswp coskp —smkpsmwpsmij (sinzf:;,cos&,)] +

(A21)

ik Is defined as the Jacobian matrix containing the partial derivatives of the elements of the

equations in the first member of Eq. A17 with respect to the elemeﬁ;§gin

ioang ; ang : an ioan +oan i an 3
gang i 110 120 T30 Jae Tis daee i
ik ang H ang ang ang . ang : ang .
V227 V2w Voo Jos Jas oz

where

ji1° = —cosg; )COS@U )sin(@ijk - cos(r;;,j )sin(&; )cos@ijk ),
i’

j1a® =COSE; )(smcqj COSK;; +C0S4y Sink; sing, )—sm i )(smcqj SiNk;; —COSdy COSK;

=-sin éijk ((cosr?‘j sinq}j X ):(P =X, +c9) + (cosz?ij cos¢}I cos@jiip -z + Cl) - (cost?ij cosz}ﬂ sin&)le\:(P -, * cz)j +

ang _
Iza

- cos(éﬁJk {(sinf?ii sin&jx

= cos@ icosd),j Cosk; —sindy sink; sing; )—sin(Hijk icos&gj sink; +sind; cosk; sing, )

j
j

ang
111
ang
211

Xp — Xy, +cg) + (sin/?ij cosqf;J cosd]jXQP -7y + 01) - (sin/( cosqg sm(qJI Y * CZD
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A (sin/(Il Sina)u)-(COSK“ sing, cosa)“IZP—ZOu +c1]+(sin/(IJ cosw; )+(c05;(IJ sing, sina)UXYP—YCJu +C2)+
jang —
ifs” =cos@) Vs +
COSK;; cOSg; X Xp = X, +c9)

(cos;?ii sinz?),j)+(sin/?ii sing, cosci)ijIZP—ZOU +cl)+(cos;?ij cos&),j)—(sin/?ij sing, sin&)“-IYP—YOU +C2)+
+sin@ )

—(sin/?ij cos@,j I Xp = Xo, +cg)
jre® =sin(1§?iJk {(sin/?iJ cosdy; )+(cos;?ij sin¢}I sin&)”XZP -Z, +clj—(sin/?ii sinay )—(COS/?U- sin(},j cosw; I\?P -Yo, +CZD+

_cos(éIJK ((cos;?“ cos&)u)—(sin/?“ sin(}{J sin&)“IZP—ZqJ +cl]—(<:oskU sin&)u)+(sin/?“ sinéJ cos&)UX\A(P - Yo, +CZD,

[(sin/?P coscbp)+[coskp sings sinc?JF,D((sin/?IJ COS@; )+(cos;?IJ sing sina; ))+

i :sin(éuk) [(sinl?P sincf)P)—[cosép sing, coscf)ij((sin/?“ sind; )—((:os;?U sinq?)IJ cOSQ; ))+

[cos;qj oS, COSKp cosqop)
((sin/?P coscbp)+(coskp sing, sinc?)p]]((cos;?IJ coS@; )—(sin/?IJ sing sind; ))+
—cos@ ) ((sin/?P sin&)P)—[coskP sing, cos&)p)j((coskIl sinay )+(sin/?U sing; cosa; ))— \

(sin/?u- cosé{j cos;?P cosﬁpj
[(cosép sincf)P)+[sin/§P sint;JP coscf)P))((sin/ﬁj sind; )—((:os;?ii sinéqj coSd; ))+
e = Sin(éuk ) [(Cos/ép COSé)p)_[Sinl?P Sin(:”P Siné)P D((Sin’?u cosay, )+ (COS’?‘J Sin{o“ coSG ))+ *
(COS/?ij cosg, sinkp COS(;P]
((cos;?,, sincf)P)+(sin/§P sint;:ap cosrf),,)]((cos&j sindy; )+(Sinl?\j Sinéﬁ cosay ))"'
—cos(é.,k) ((cosip coscf)P)—(sinép sinéJP sinchPD((cosk” COSw; )—(sin/?IJ sinq};J sindy, ))+ \

(sin/?IJ cosg,; sinkp cosij

(cos&,sin&,)((cos&j cos&gj)—(sin/?ii sing sind, ))— (cos&,cos&,)((sin/ﬁ] singy, )—(cos;%j sing cosd) ))—
jrg® = cos@uk) coscf;, cos¢:1, (cos;?‘J sindy +sink; sinéﬂ cosy )+ +sin(§,lk) sin(f,;, cosé (sin/?,I COS@; +COSK; sinéﬁ sin@l)+ \

cosg sink; sing, CcOS COSk; singg,

(sin/?Il sin&)lj)—(coskIl sing; cos&}lszp -7, +<:1)+(sin/?IJ cos&)lj)+(cos;?Il sing; sin&),lXYp—YOl +c2)+
sang _ %) ! L
JllOg - COS@uk) Z ~ +
(cos;?iJ cosg, X Xp =X, +c9j

A (cos;?ii sind, )+(sin/?ii sing, cos&)uxzp -Z, +clj+(cos;?ij COSQ; )—(sin/?ij sing sintZ)“-IYP—YO‘J +cz)+
+Sin(9uk)

—(sin/?IJ coquJ,l I Xp = Xo, +cg)
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rang —

Inr =0,

i519 =sing cosé, cosd,, —cosk; cosg sing,

i55° = —singy, (cos&;l sink; +cosk; sing sin &4])— cosg sindy cospy, cosby ,

cang _ A ~ A oA s P ~
559 = cosgy, cos, cosg cosaw; —sindy, (smcql Sink; - cosk; sing cosa )

(cos;?,l sing - cosk; COS&J‘JI Xp = X, * cg) + (COS&'X Xo - Xq * cg] -
i54° = —singy | + (cos;?U coségl COS&; I 2}9 =Zy + Cl) + - cosBy cosé{lk - (sinégl cos&glxip —Zy + cl] +,
- cosé, cosg singy [ ¥ -, +c, +fingsn,) %, +c,)

(cos./?U sinéy, +cosdy sing; sinq}i [ Z.- Zo * Cl) +
j5e? :Sin¢uk + (COSI?“ COS&‘I] —sin/?,] Sin&(] Sin&lx?" - Yc'u * Cz) *h
- (cos&gl sinkijx Xo - Xao, +c9)

(sin/%ij COSGy, +SiNG) COSK; siné{lxzp -z, +Cl)+ (coséﬂ COS&’UX% -Y, +c2)+

Lang _ o ”
is6° = singy, +COSfy, COSG,

- (sin/%ij sindy, - cos&; cosdy sianﬁ[\:@ Yo, * Cz) - (cosé@ sin&)uxz, —Zy + Cl)
(coszf;F. sim?,, + cosﬁpsin@siné{))(sin/ﬁl cosay +sindy cosk; s,inq]xl )+ (coséﬂw cosqy, Isin/?P sinzf)P - cosépcosé),, sinqz)) +
i57% =singy +(sinzf),,sin/«:’p —cosﬁpcoscf)psin(;,,j(sin;?IJ sindy - cosy cosk; sirw}J )+ - cosfy cosé?iJk + (singizl (cosép cos&;)+

+ cos;?,;cosép cosép cosrzp - (cosg} sing, Xsimﬁp coszf)P + cosﬁpsin@sinégb)
(sinfilp (:031?p +sinkp costf)p sinéf,j(sim?iJ sindy — cosiy COsk; sin@J )+ (cost},] sindy Icosép cosrilp —sin/?,;sin(ilp sin;;,) +

Lang _ o 2 3 B A s - S PO _ o I 2
izg” =singy +(coswpcos;(p sm/(psmwpsm%j(smku COSiy, +SiNgy COsk; sm¢}1)+ COSpy COSH +(sm¢ﬁ Ismkpcos%j+

— COSK; COSg; SinKp, cosgp, - (cosz« cosi); Xcoskp Sinéy + SNk, COSWp sin%)

cosé;, cos@ (sin/?,l sindy — cosk; coséy siné(J )+ sincf; cos@ (cos&gJ COS(/}J )+
i59° = singy - cosg sin(f,s (cos&gJ Sink; +cosk; sin&@ sindy )+ - cosgy, cosé{lk +cosg@ coscfg, (cos&}] coséf‘l )+ ,
+ COSK; coséfi sing +siné@ sing,
(sinéﬂ[ o= X, +c2) +
358 = cosy, sind,, | + (coséa cosdy I Zy-74 + q) +|,
- (cos,q}l sina; I = Yo, + cz)
(s,in/?U sinqu)+ A
-~ 2 sing | Xo—- X, +c )+
_(sm% COSI?,] COS&)UIZP_ZQA +Cl)+ ( W]X P 0 2

i517 = cosBy +singy, cosgy | + (COSWI COS&; I Zy = ZoU + cl) |

+(cos&gJ sink; + cosk; sing sin&)uX\(, =Y, +c2)+

~Y 2 - @ SinG ;—Y +
+(coy?“ cosqjxxp—xouﬂ;z) (COSWJSIH%I P~ Yo, Cz)

J™ is defined as the Jacobian matrix containing the partial derivatives of the elements of the
equations in the first member of Eq. A17 with respect to the elemedgis in
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+int int int

Jun Ji2 o s
int .

int _ 121

ik =| . )
sint sint
Jo1 Jos

where
sint _ ~ ~ s P P ot
Jll - COSKI COSKoff COSﬂ SIr]¢{)ff _SInKOff SIr]¢{)ff dl —CO%“ d81

dint — C - s ot - P
112 - cC)g(()ff Co%ff dl + COSKI com Co%ff SInKOff 1

iz =0

i = cosk, COSR,; COS@y SING +COSK, COSG) COSE SiNgy; +COSK, COSE COSPy SINK o SINGY ,
J1¥ = COS@y SINK 5 d, —SiNgy d; +COSK o COS COSPy SINK,

jis =—singyd, —cosgy Sink g,

i = cosgy, SINK SN, d; —SiNG), SiNgy, dg —COSK y; COSK, COSE COS@y SNy,

™ = d,d, - cosk, cosgd,,

st — C - ~ -
j23 = d,d, +COSk, cosg dg + COSw,; COSE; dg,

;int

jos =COSk, singds —Cosk, sing Sind d, — COSK, COSA) COSE COS@y SNy ,

ji = cosg sink, ds— d,d, +Cosgy sindy,d,,
.nt - ~ . A~
i26 = dgls +COSE@y SNy,

;int

j31 =COSQyy SiNg dg — COS@yy COSPy SINK Oy + COSK, COSK oy COSL; COSE COSEYy

i = d,dg - cosk, cosgd,,
i =cosg, sind,,d, —cosk, cosg d; — d,d,
i = cosk, singgds —cosk, cosq sind)d, + COSK, COSG} COSGY, COSH COSGy

i = cosg sink, d — costyy cosgy d; — dyd,,

5 = dgdl, — COS@yy COSfpy

Jz|1n1t = _Coséoﬁd7 = Sink Sin(;oﬁ d, —cosky COS& Sink, Siné)off

j = cOSK o COSg O, — COSY COSRyy SINK, SINK

& =0,

jiM = —cosk, COS@y SINK, SiNg — COSEy COSA SINK, Singy, — COSR COS, SINK, SINKy SINGY ,
jLnst - Sil’l&oﬁ dg _cosé)off Sinkoffdl + COSI?I COSI?Off COS& COS&off'

ik = _Siné}offdz _Coséjoff SiNK oy dy,

jiM = cosgy SINK y; SING,; Oy —SINGY, SN Ay +COSK y; COSE COSPy SINK, SN,
iy =dds + cosr/} sink, d,,

j&5 = d,d, + cosiy c0Sgd; ~cos Sing, d,

i = cosg sink, sindyd, - Sink, singds + COSG) COSY COSRy SINK, SiNdyy,

i = d,d, +cosk, cosg dg —cos@y; SNy dg,

™ = dyd, +cosgy sindyd,,

jiN = cosiyy Sing d, — COSAy, COS@y SINK ,y y — COSK o COSGY, COSE COSEy SINK,

ji™ = d,d, +cosg sink, d,,
jss =cosg sink, ds - dd; + cospy sindyd;,
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ji = cosg sink, sinéyd, - sink, singgd, — cosi) cosay, COSY COSPy; SINK, ,
fint — - C ~ -

Jos = dhd, + cosyy cosk, dg + COSwy COSy dg,

P . R

jes = d7d, — costy cosp s,

T = oSk, COSK 4 COSE SNy —SINK o SNy d; — SN, g,

nt _ o op - - - S aing
j72 = COSK COS@;dy +COSK| COSY COSyr SINK o,

7 int

izz =0,

" = coSK, COSK y SING COSPy; + COSK, COSG) COSA SiNggy; + COSK, COSP COSPy SINK i SINGY

SNt e cin £ P P - S aing
j75 =COS@ SiNKyd, —Singgd, + COSK; COSE COS@y SINK, ,

i = _Sin&offdl - Coséz)ff SiNKyq dg,

©int

i™ = d,d —cost, cosgds,

™ = d,d, + COSK, COSg g + COSEY; COSAy; Oy,

ji" = cosk, singjd, — COSK, COSY SINGY d; — COSK, COSGY COSP COSAy; SN,
i = cosg sing, dg — d,ds + cosgy sindyd;,

™ = dgd, + cosgy SiNGdy,

int

i = dgd, - cosk, cosgd,,

j = cosgy; Sindy g — COSK, COSY ds — dyd,

j45 = COSk, singjdg — cosk, cosy Sind) d, +COSK| COSY COSyys COS COSy
jin = cosg cosk, dg — COSA, CoSgy d; = dyd,,

sint ~ -
jgs = dgdl; — COSWy; COSE d;.

jor =COSWL, SiN@ dg — COSAY, COSP SINK 4y + COSK| COSK g COSA COSP COSPyt 5

i1 =COS@y SINK o SiNAL d; —SiNdyy SiN@y; dg — COSK, COSK o COSP COSEy SNy

Returning to the description of Eq. AIZX;is the covariance matrix & defined as:

0
&),
0 ijkc 1 dist
2, 0 0
Z‘{: 0 Zgang 0 |= 0
0 0 2

where bIocks(ZfJSt) and (Z?”g)__

ijk ijk
calibration and measurement parameters:

0

(e2),

0

0

lijk or ane

) Sint

. (A22)
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(Zdist) _ Zééiii‘b 0
E le O ngeas .
L dist_liji 3y st
- i (A23)
z calib O
(Zang) — "fang
E I]k O Z meas
L {ang Jijle ang

2. is therefore a block-diagonal matrix containing the (co)variances of the parametgrs in
While the data related to the positioning/orientation of the sensors in use can be obtained from
initial calibration process(es), those related to their local (angular and distance) measurements
can be determined in other ways: e.g., (i) from manuals or technical documents relating to the
distributed/integrated sensors in use, or (ii) estimated thraddtocexperimental tests.

The off-diagonal entries in the blocks concerning local measurements are zeros, assuming no
correlation between these parameters. This assumption is reasonable upon the hypothesis that
sensors work independently from each other and there is no correlation between the local
measurements related to different sensors.

By applying the GLS method to the system in Eq. A17, we obtain the final estimagsof

X =(AT W ) AT w B (A23)

For further details on the GLS method, see (Kariya and Kurata, 2004).

We emphasize that an (at least rough) initial estima¢ isfrequired to define some elements

of the matrice®\, B andW (see Eqgs. A6, A12, A19).

This problem can be overcome applying the formula in Eq. A23 recursively: (i) setting no-

matter-what initial X , in order to determine the elements of matriseB andW, (ii) obtaining
a not very accurate localization Bf and (iii) iterating the localization using the result of the

previous one as a new . We verified that the localization tends to converge to the correct
solution after about four-five iterations.
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Highlights
¢ A new modular probe for Large-Volume Metrology (LVM) applications is described.
e The probe enhances the measurement process when using combinations of LVM systems.
e The probe can be customized depending on the combination of LVM systems in use.
e A mathematical/statistical model for the real-time probe localization is presented.

e The description is supported by realistic application examples.
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