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Abstract

The measurement of time and frequency is at the heart of many technological
applications and scientific measurements alike. In fact, the SI-unit the second is by
quite a margin the SI-unit with the best relative uncertainty (ca. 10−16), given by the
accuracies of Cs fountain clocks probing the F= 3→ F= 4 ground-state transition in
133Cs. Still, demands for even higher accuracy and especially stability (a Cs fountain
needs up to two weeks for the statistics to reach its declared uncertainty) are uttered
in support of technological advancements (e.g. geodesy and GNSS systems) as well
as fundamental science (physics beyond the standard model, tests of relativity).

Nowadays optical lattice clocks confining a large number of neutral atoms in
Stark shift free optical traps (the Stark shift free condition is characterised by a
so-called “magic wavelength” of the trap) propose good candidates for a future
redefinition of the SI-second in terms of an optical transition. Their accuracy and
stability already surpass the Cs-fountains by two and three orders of magnitude,
respectively. With further improvements to be expected in the near future, the
application of optical lattice clocks to relativistic gravimetry, quantum computing,
quantum simulation and fundamental physics keeps evolving.

This thesis describes the development and characterisation of an 171Yb lattice
clock at INRIM as well as its first frequency measurement campaigns and technolo-
gies towards improved optical frequency measurements. The lattice clock confines
cold atoms in a 1D optical dipole trap at the magic wavelength, which also cancels
any Doppler- and recoil-related effects on the ultra-narrow clock transition. The first
chapter offers a general overview of the physics behind lattice clocks and optical
frequency measurements.

In the second chapter the 171Yb lattice clock developed during this work is
expounded, including the trapping, state-preparation and state-probing of ultracold
atoms inside the optical lattice. An exhaustive uncertainty budget for the clock
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transition is given and discussed showing already a performance beyond state-of-
the-art Cs fountain clocks. An absolute frequency measurement obtained during
this work is laid out. The result represents the lowest uncertainty achieved in a
measurement of this transition against a primary frequency standard so far and is in
agreement with previous values obtained by other groups around the world.

A proof-of-principle experiment demonstrating for the first time the feasibility of
transportable optical lattice clocks for geodesy and metrology applications outside
of laboratory environments is described in chapter three. This experiment was
conducted in collaboration with PTB and NPL and included a geodetic measurement
with a transportable optical lattice clock that agreed with conventional methods as
well as an optical 171Yb/87Sr frequency ratio measurement, enlarging the database
on this particular ratio and thereby contributing to a possible redefinition of the
SI-unit the second in terms of an optical transition or frequency-ratio matrix in the
future.

The fourth chapter discusses improvements added to the Yb lattice clock after
the aforementioned measurements, in particular the stabilisation of the cooling and
trapping lasers on a single stable low-drift cavity using mirrors coated for three
disparate wavelengths across the optical spectrum. The simultaneous offset sideband
locking and a throughout characterisation of the cavity are discussed.

The last chapter is about the characterisation and optimisation of the NPL “uni-
versal oscillator”, which was conducted during my secondment at the NPL research
facilities in the UK. The universal oscillator consists out of a femtosecond frequency
comb, an ultra stable master laser and six slave oscillators. The femtosecond comb
is transferring the stability of the superior master oscillator cavity to all six slave
oscillators, which includes five lasers ranging from the infrared to the visible region.
The principle of operation is explained and the obtained high performance of the
spectral purity transfer set forth and discussed. This experiment demonstrated an
unprecedented spectral purity transfer performance in a multi-branch configuration,
opening the way for the interrogation of whole clock ensembles by just one master
oscillator.
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Chapter 1

Optical Frequency Standards

1.1 Introduction

Throughout most of human history time had been related to astronomical events
such as the orbit of the earth around the sun for a year or the lunar cycle for months
and the rotation of the earth for days. At the advent of a basic unit, called the second,
it was only natural to refer it to a fraction (1/86400) of the mean solar day. This
definition obviously goes well with human experience, but has the disadvantage of
changing with time due to tidal/seasonal effects and long-time drifts of earth’s orbit.

Since Niels Bohr described the electromagnetic oscillations of atomic systems
with energy levels separated by a fixed energy difference, the discrete (or quantised)
nature of atomic systems has been evident. The reason for that is the quantum-
mechanical nature of the atom’s core and electrons and their electro-magnetical (EM)
interaction. Therefore, assuming these laws are universal, the difference energy
between two atomic energy levels is the same for any unperturbed atom. When
driven on resonance by an electro-magnetic wave this energy is absorbed or emitted
as a photon of corresponding frequency, offering a universal frequency reference.
Therefore the frequency of an atomic transition serves as a superior definition of the
basic time unit, the second.

Since 1967 microwave clocks based on the F= 3⇒ F= 4 ground state Hyperfine-
transition in 133Cs constitute the standard for the SI-unit the second.
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In recent years atomic clocks based on optical transitions in ions or neutral
atoms have surpassed the current realisation of the SI-second with Caesium fountain
clocks by more than one order of magnitude in accuracy as well as in stability
[1] and have therefore been recognised by the “Bureau International Des Poids Et
Mesures” (BIPM) [2] as secondary representations of the second. Among these
atomic frequency standards is the spin and angular-momentum forbidden and there-
fore long-living 1S0 → 3P0 transition in neutral 171Yb.

The fermionic 171Yb isotope has a nuclear spin of I = 1/2 leading to a two-level
hyperfine structure, which makes it an interesting candidate not only as a frequency
standard [3–7], but also for quantum computing [8] and quantum simulation [9, 10].
Its sensitivity to possible variations of the fine-structure constant makes it also an
interesting proposal for fundamental science looking for physics beyond the current
standard model [11].

Quantum Projection Noise And Allan Variance

Quantum mechanics imposes a limitation on the knowledge of the electronic state of
a 2-level atom driven on resonance by an electromagnetic field called the “Quantum
Projection Noise” (QPN). The EM field excites the atom into a superposition of
excited- and ground-state. The relative amplitudes of these two states within the
superposition depend upon the pulse area A =

∫ T
0

√
δ 2 + |Ω|2dt, where Ω denotes

the Rabi frequency and δ the detuning of the photonic frequency from resonance.
When measuring the electronic state of the atom its wavefunction collapses to either
state with the corresponding probability. This uncertainty is present in any quantum-
measurement and represents the uncertainty in a-priori knowledge of a quantum state
before measurement. It limits the stability of any atomic clock. In the case of this
work the interrogating laser exerts Rabi pulses with a π pulse area to the atoms in
the ground state. The frequency difference between the atomic transition and the
laser is calculated by taking the average value of two pulses applied on the fringes of
the spectroscopic line and the result used to stabilise the laser to the transition. The
maximum error signal sensitivity is obtained if the excitation probability is about
0.5 (corresponding to a detuning of half the transition linewidth). The projection
operator Pe = |e⟩⟨e| has an expectation value of p, called the excitation probability.
The variance of the excitation probability is:
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(∆Pe)
2 = ⟨(Pe −⟨Pe⟩)2⟩

= ⟨P2
e −2⟨Pe⟩Pe + ⟨Pe⟩2⟩

= p(1− p)

(1.1)

Taking N atoms the excitation probability turns into a binomial distribution with
a variance of:

σ
2
p =

p(1− p)
N

(1.2)

This transfers to an uncertainty in frequency by multiplication of σp with the
linewidth, γ . Here γ represents the full width at half maximum (FWHM) and
consequently p = 1

2 is assumed. A constant K is also introduced to account for
different lineshapes (K ≈ 1 for a lorentzian shape and K = π for Ramsey and, in
approximation, Rabi spectroscopy) [12]:

δν =
σp ·γ

K
(1.3)

And introducing the quality factor Q = ν0
γ

it follows:

δν

ν0
=

σp

K ·Q
(1.4)

The stability of oscillators is commonly given in terms of the Allan-variance
[13], a temporal uncertainty of the mean. The Allan-variance at a certain time τ

is obtained by dividing the time of the measurement, T , into M ∈ N packages of
duration τ and taking the average of the difference between adjacent packages. The
Allan-variance is defined as:

σ
2
y (τ) =

1
2M−1

M−1

∑
i=1

[⟨y⟩i+1 −⟨y⟩i]
2 (1.5)

where ⟨y⟩i is the i-th measurement of the average fractional frequency difference
y = ∆ν/ν0 over duration τ = T/M.



4 Optical Frequency Standards

A cold atoms clock, such as the one described in this thesis, is usually operated in
a pulsed operation mode. First the atomic sample is cooled and captured and then the
clock transition frequency is interrogated. One single measurement point therefore
corresponds to one cycle of atomic state preparation and subsequent interrogation
of N atoms within a cycle time Tc. As a result during an integration time τ a total
of τ/Tc atomic samples have been interrogated. Using π Rabi-pulses (probing the
fringes of the Fourier-limited lineshape) the relative quantum projection noise of a
spectroscopic line (for now ignoring the state-preparation time and assuming white
noise) is then obtained by inserting equation 1.4 into equation 1.5 [14, 12]:

σy(τ) =
1

2πQ
√

N

√
Tc

τ
(1.6)

It becomes clear that high Q and N (obtainable by high frequencies and large
interrogated atomic samples) lead to low QPN. With cycle-times around 1s the
quantum projection noise of a nowadays achievable 1Hz linewidth in the optical
domain (1015 Hz) and 105 captured atoms results as σy(τ) = 10−18 1√

τ
. This stability

limit supersedes by about 4 orders of magnitude any modern microwave standard.

Dick Effect

In all optical atomic clocks the interrogation of the atomic sample with the clock
oscillator cannot be continuous, as the preparation of the cold atomic sample and
the state read-out demand a finite amount of time. In consequence, a dead time is
introduced in the spectroscopy of the atomic line, during which the frequency of the
oscillator is not compared to the atomic transition. This leads to a degradation in
stability with respect to equation 1.6, as the frequency noise of the clock oscillator
at Fourier frequencies near the harmonics of the inverse cycle time 1/Tc is down-
converted into the spectroscopy [15, 16]. The exact degradation of the clock stability
through this so-called Dick effect depends on the fraction that the dead time occupies
within the cycle time, the interrogation method (Rabi or Ramsey spectroscopy) and
the oscillator noise spectrum. It can be calculated via [15, 17]:

σ
2
y (τ) =

1
τg2

0

∞

∑
m=1

(g2
c,m +g2

s,m)S
f
y (m/Tc) (1.7)
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Here Tc is the clock cycle time and m an integer number. Consequently S f
y (m/Tc)

is the one-sided power spectral density of the clock oscillator at the Fourier frequency
m/Tc. The gc,m and gs,m factors are the Fourier sine and cosine series coefficients
of the time-dependent sensitivity function g(t). The coefficient g0 normalises the
Fourier series. It holds [17]:

gs,m =
1
Tc

∫ Tc

0
g(x)sin(

2πmx
Tc

)dx (1.8)

gc,m =
1
Tc

∫ Tc

0
g(x)cos(

2πmx
Tc

)dx (1.9)

g0 =
1
Tc

∫ Tc

0
g(x)dx (1.10)

The sensitivity function g(t) gives the change of excitation probability δP(t,δφ)

as a result of an infinitesimal phase-step of the clock oscillator, δφ :

g(t) = 2 lim
δφ→0

δP(t,δφ)/δφ . (1.11)

The function is calculated by looking at the excited state fraction with respect to
probing time and detuning from resonance. In the case of Rabi spectroscopy with a
π-pulse it is given by [18, 19]:

g(t) =
δHM

(1+δ 2
HM)3/2 [sin(Ω1(t))(1− cos(Ω2(t)))+ sin(Ω2(t))(1− cos(Ω1(t)))]

(1.12)

, where Ω1(t) = β t/tp, Ω2(t) = β −Ω1(t), β = π

√
1+δ 2

HM and the Rabi pulse
time tp and the half-maximum detuning δHM = 0.799.

The Dick effect is a major limitation for the stability of contemporary optical
atomic clocks based on neutral atoms. Therefore techniques to reduce this effect are
being developed. Among these are improvements of the interrogating local oscillator
[20–22]. Another approach is the reduction of the dead time using non-destructive
measurements of the state occupation [23–25]. The comparison of more than one
atomic clock system in a synchronous fashion [26–28] cancels the laser noise in
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differential measurements, although the individual clocks are still limited by the
Dick effect. A zero dead time clock with two cold atom ensembles and continuous
interrogation of the atomic sample has recently been demonstrated, effectively
suppressing the Dick effect [29].

1.1.1 Ion- and Neutral-Atoms Frequency Standards

After having established optical atomic transitions as preferred candidates, the
question still remains how to suppress the perturbations acting on the atomic energy
levels. Among these are most prominent the Doppler effect resulting from the
movement of the atom (at room temperature often several hundred m/s) and the Stark
shift (outer electric fields bending the level structure).

There are two quite diverse approaches to obtain Doppler-free spectroscopy of
the so-called “clock-transition” in optical atomic clocks. The historically first method
is to charge the atom and use static and RF electromagnetic fields which push and
confine the atom to a tiny well-defined field-free region. The charged atoms are
easy to control in Paul-traps or similar geometries and the electronic structure of the
outer-shell electrons well predictable. Optical ion clocks have already demonstrated
accuracies in the 10−18 region [30], trapping single atoms for as long as several
weeks [31] and possibly even years.

But the charge the ion carries is also limiting this approach in one serious
attribute: It prevents loading of multiple ions to be simultaneously interrogated
inside the narrow (mm-scale) trapping region due to electric repulsion. Therefore ion
clocks suffer from low stability due to the QPN of the single oscillator. Nowadays
ion clocks reach stabilities on the order of 10−14 to 10−15 at 1s [32].

Neutral atoms do not exert such long-range attractive or repulsive forces, making
it possible to confine them with high density, but are harder to control. Therefore
it is attainable to interrogate high numbers of oscillators (atoms) simultaneously,
thereby reducing the QPN limit. In order to take advantage of the lower QPN
limit in comparison to ions, highly stable lasers and Doppler-free trapping are
necessary prerequisites. Cooling of atomic vapours to temperatures suitable for
loading into Doppler-free traps has only been possible since the advent of laser-
cooling technologies, which was first proposed in the 1970s [33, 34] and not too
much later demonstrated[35, 36]. It is worth noting, however, that laser cooling was
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first demonstrated in ion experiments and has since also become an important part
of ion clocks for the same reason as in neutral atom experiments: Doppler-noise
suppression. The Nobel prize in Physics 1997 was awarded to Steven Chu, Claude
Cohen-Tannoudji and William D. Phillips for their ground-breaking research in the
cooling of atomic vapours, including sub-Doppler cooling.

External electromagnetic fields induce dipoles in otherwise neutral atoms. These
induced dipoles then interact themselves with the external fields, similar to the
aforementioned ions, allowing the trapping of neutral atoms. In order to prevent
interactions such as collisions between the atoms the confining electromagnetic field
should also have a periodic structure constraining the atoms to separate pockets
in space. An optimal trap would confine no more than one atom in each pocket,
thereby eliminating shifts of the atomic level structure by the potential of the collision
interactions.

High electromagnetic field strengths not only exist with DC and RF-fields, but
also in focused laser beams. It is known that dipole oscillators driven with a frequency
above resonance experience a force pushing them out of the field’s region, whereas
red-detuning acts like an attractive force to high field strengths. Self-reflection of
such laser rays leads to interference patterns of λ/2 periodicity and even increased
local field intensities as well as field-free regions, suitable for Doppler-motion
suppression.

The established method of choice for trapping of neutral atoms are optical lattices.
Optical lattices are formed by self-interfering optical fields, using high power lasers,
to form a dipole trap with a standing-wave pattern. In any case, the lattice needs to be
far-detuned from any atomic resonance as not to excite it. In the case of a red detuned
optical lattice the atoms would then be captured at the anti-nodes of the standing wave
and for blue detuning at the nodes. In such an optical lattice the atoms are confined to
spaces of less than half a wavelength extension, allowing one to consider the atoms
as being exposed to a constant AC electric field. The high intensity of the lattice laser
results in a dipole potential forming a deep quantum well imposing a quantisation of
the atomic motion inside, similar to the quantum-mechanical harmonic oscillator.

In order for the optical lattice to constitute an effective Doppler-free trap, the
atomic movement needs to be constrained by suppressing the excitement of vi-
brational states. For the spectroscopy of the atomic transition not to excite such
vibrational states, the sidebands to the clock transition lowering or raising the vibra-
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tional quantum state by one quanta need to be separated from the carrier without
any overlap. This condition is called the well-resolved sideband regime. A stronger
requirement for the Doppler-suppression is the so-called Lamb-Dicke regime [37].
In this regime the recoil from a single (lattice) photon-atom collision is not sufficient
to excite a vibrational state of the atom. Therefore an atom inside the lattice stays
within its initial vibrational quantum state, removing the sensitivity of the transition
to the Doppler- and recoil effects. A more detailed description of an optical lattice
in the Lamb-Dicke regime is given in chapter 1.3. The temperature of an atomic
ensemble in the lowest trap levels usually corresponds to a few µK [4, 38].

But with the optical lattice a new issue arises. The same potential trapping the
atoms is also bending their energy levels. This effect is called the AC-stark shift
(Stark shift induced by AC-fields). It results from the interaction between the external
EM-field and the atomic electron shell. In contrast to the low-frequency fields of ion
traps the action of the optical EM-wave on the level structure is not only dependent
upon its intensity at the position of the atom, but also its frequency and polarisation.
With the polarisability of ground-and excited state of the clock transition usually not
being exactly equal this means an intensity-, polarisation- and wavelength-dependent
shift of the clock-transition, far from an unperturbed state.

But luckily for the alkaline-earth elements and electronically similar atoms (e.g.
Sr, Yb, Hg, Mg etc.) there do exist several lattice-wavelengths for which the dynamic
polarisability α(ω) of ground- and excited-state are equal (independent of laser
intensity to first order) and polarisation-insensitive, leading to an operating condition
where not the individual electronic levels, but the clock transition between them is
unperturbed by the lattice-field. This specific lattice-laser wavelength is called the
“magic wavelength” [39] and a theoretical evaluation of the magic wavelength of
171Yb is shown in figure 1.1.

The principle of operation in an optical lattice clock comprised of capturing,
cooling and probing an atomic transition is unchanged, regardless of the atomic
species under investigation. Nowadays various groups worldwide are using optical
lattices at the magic wavelength to trap a whole bunch of different alkaline-earth
like atomic species with ultra-narrow clock-transitions. Among these are Sr [39],
Hg [40, 41], Yb [4, 42, 43], Mg [44], Cd [45] and Ca [46] in various bosonic
and fermionic isotopes, some of which (87Sr, 88Sr, 199Hg, 171Yb, 40Ca) have been
recognised by the Bureau international des poids et mesures (BIPM) as secondary
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Fig. 1.1 Calculated AC Stark shift of the ground-state (1S0) and excited-state (3P0) of the
clock transition in 171Yb for a lattice intensity of 25 kWcm−2. The polarisability (and
thereby the AC Stark shift) is independent of the lattice polarisation and changes sign around
resonances. There are several crossings where α(1S0) = α(3P0) holds true, but the minimum
slope of the difference between those two curves at a position of equal shift is around 760nm.
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representations of the SI-unit the second [47]. All these elements have different
advantages and disadvantages over the others. At INRIM the choice for an optical
lattice clock fell on the fermionic 171Yb isotope. This element features optical
transitions suitable to fast and efficient laser cooling and its spin- and angular-
momentum forbidden inter-combination clock-transition features an ultra-narrow
linewidth with a near-infrared magic wavelength and low susceptibility to external
fields (see chapter 2).

Optical lattice clocks have already demonstrated accuracies similar to the best ion
clocks in the low 10−18 region and stabilities below 1×10−16 at 1s [48, 49]. Due
to the high number of simultaneously interrogated oscillators (103 to 105) the QPN
limit is not yet the limiting factor to the stability, but the interrogation-laser stability
[50]. The QPN limit is however a growing matter of concern [49] and proposals
to overcome it by squeezing of the atomic states [51] have become a subject of
increasing attention [25, 52].

1.2 Laser Cooling

1.2.1 The Light Force

In this chapter a quantitative understanding of the force an electromagnetic wave
exerts on a 2-level atom at rest shall be deduced. The mathematical calculations
will be abbreviated to shine more light on the physical interpretation, since these
calculations are easily found elsewhere [33, 34, 53].

Starting point is a 2-level atom at rest in the centre of the laboratory coordinate-
system and a classical electromagnetic wave detuned from resonance. Spontaneous
Emission is a result of the non-classical treatment of the electromagnetic fields (pre-
cisely the interaction of the vacuum modes with the atom), but the electromagnetic
fields in laser cooling can mostly be described as classical fields. Therefore in the
following and as to simplify the equations it is viewed as a given attribute of the
atom, allowing a semi-classical treatment. The Hamiltonian of such system is:

Ĥ =

−̂→
P 2

2M
+ h̄ωA |e⟩⟨e|−

−̂→
D ·−→E (

−̂→
R , t) (1.13)
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The first two terms denote the kinetic and internal energy of the atom, whereas

the Dipole operator
−̂→
D couples the atom and the electromagnetic wave. Calculation

of the corresponding force can be found in most basic literature on atom-matter
interaction. In short, perturbation theory is applied to the above Hamiltonian and
the rotating wave-approximation implemented, taking only frequency terms close
to resonance and thereby cancelling off-resonant mixing terms in the potential. For
detailed calculations see [54].

The resulting force is the sum of two terms: one contribution proportional to
the gradient of the electromagnetic phase (dissipative force), and the other one
proportional to the amplitude-gradient of the laser field (conservative force).

The dissipative force is:

−→
F dissip = h̄

−→
k Γ

Ω2/4
δ 2 +(Γ2/4)+(Ω2/2)

(1.14)

Here δ = (ω −ω0) is the detuning of the laser from resonance, Ω the Rabi-
Frequency and Γ the inverse lifetime (spontaneous emission rate of the excited state).−→
k is the usual wave vector with length k = 2π/λ .

The conservative force can be written as the result of a potential (dipole-potential)
Udip:

−→
F dip =−−→

∇Udip ,with Udip =
h̄δ

2
ln
[

1+
Ω2/2

δ 2 +(Γ2/4)

]
(1.15)

1.2.2 Doppler Cooling

Having established the radiation pressure force in the previous paragraph its usage
for the cooling of an atomic ensemble undergoing thermal motion shall now be
considered. An atomic ensemble’s velocity distribution is characterised by two
parameters: the mean velocity ⟨ν⟩ and the velocity spread δν around the mean. The
attribute “temperature” is defined only in case of a Maxwell-Boltzmann distribution
of velocities, but in case of a non-zero mean value an “effective temperature” can be
defined over the velocity spread. The usage of a slower beam had already proven to
be an effective method in reducing the mean velocity [55] and consequently cooling
by radiation pressure force was a natural next step [56]. A cooling mechanism
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necessarily has to exert a velocity-dependent force in all directions, leading to what
is called an “optical molasses”, which does not trap, but can slow down atoms
to the so-called Doppler limit by exposing them to 6 red-detuned uniform laser
beams in 3 orthogonal space directions with pairwise counter-propagating beams.
A quantitative understanding of the laser cooling in optical molasses shall now be
established, starting first with one red-detuned laser beam applying the following
(purely dissipative, homogeneous field) force on the atoms in the rest frame of the
atoms:

−→
F (ν) = h̄

−→
k Γ

Ω2/4

(ω −−→
k −→

ν −ω0)2 +(Γ2/4)+(Ω2/2)
(1.16)

Here ω and kL denote the laser frequency and wavevector, respectively, and ω0

the resonance frequency of the atomic transition. With the laser counter-propagating
the atoms a first order power series expansion of the force near ν = 0 gives:

F(ν) = F(0)+F ′(0)·(ν −0)

=−h̄kΓ
Ω2/4

(ω −ω0)2 +(Γ2/4)+(Ω2/2)

−ν · h̄k2 s
(1+ s)2

(ω0 −ω)Γ

(ω −ω0)2 +(Γ2/4)

(1.17)

where s = (Ω2/2)/[(ω −ω0)
2 +Γ2/4] is called the saturation parameter.

Two components of the dissipative force are therefore left: First there is a constant
term in the direction of the laser beam and second comes a velocity-dependent force
slowing down the atoms. In the limit of low intensities (s ≪ 1) the force can be
simplified to:

F(ν) = F(0)−ν · h̄k2s
(−δ )Γ

δ 2 +(Γ2/4)
(1.18)

A single beam does not make a molasses, but is sufficient to work as slower beam
in one direction. In fact many high-performing atomic clocks use such a slower
beam to initially decelerate the atoms entering the science chamber from e.g. a hot
atomic oven. The gain of such a system can further be improved by chirping the
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laser frequency or implementing a Zeeman-slower [57]. These technologies serve to
readjust the detuning from resonance of the Doppler-shifted electromagnetic wave
as the atoms slow down along their path to keep an optimised impinging light force.
The most common technology, the Zeeman-slower, adjusts, rather than the laser
frequency, the atomic resonance by a position-dependent magnetic field resulting in
the well-known Zeeman-splitting of the transition, thereby compensating the change
in Doppler-shift [58].

Now back to laser cooling: the counter-propagating molasses beam is added to
the picture with equal intensity and frequency. One sees directly from equation 1.17
that the constant forces cancel out, leaving only the viscous parts acting on the atom.
The laser light facing the atomic movement is Doppler-shifted towards resonance,
therefore its action on the atoms is increased, whereas the co-propagating beam is
further red-shifted, therefore its force on the atoms is reduced significantly. Adding
both forces independently (and thereby neglecting interference effects) is justified
for low intensities and spatial averaging , as shown e.g. in[59].The resulting force to
first order around ν = 0 is given by:

F(ν) =−αν with α = 2h̄k2s
(−δ )Γ

δ 2 +(Γ2/4)
(1.19)

where the constant α acts as the friction coefficient of the viscous force F. α is
maximum if δ =−Γ/2 (αmax = 2h̄k2s)

An optical molasses is formed by Doppler-cooling in all three space-dimensions.

The Doppler Limit

As each emission process comprises a momentum kick of the atom in a random di-
rection, the atom experiences a random walk, setting a lower limit for atomic motion,
and thereby temperature, inside the molasses. To understand the minimum tempera-
ture achievable with Doppler cooling a closer look at the momentum dispersion of
the atom in a time interval t inside a molasses proves helpful:

δ p2 = h̄2k2
(

dN
dt

)
t (1.20)
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where dN/dt = 2sΓ signifies the absorption rate (kicks per unit time) for low
intensities.

This represents a Brownian motion in 3 dimensions (δ p2 = 6D· t) with a Diffu-
sion coefficient D = 1/3h̄2k2sΓ. This Brownian motion competes with the cooling
force. At steady state the heating rate of the Brownian motion, δ p2(2m· t)−1, equals
the cooling rate, F(ν)·(ν). Combining equations 1.19 and 1.20 and using the rela-
tion between velocity and temperature: kBT = m⟨v2⟩, this leads to an equilibrium
temperature T [59]:

T =
h̄Γ

4kB

(
2|δ |

Γ
+

Γ

2|δ |

)
(1.21)

The Doppler limit (minimum temperature) results as:

TDoppler =
h̄Γ

2kB
(1.22)

There are various methods for sub-Doppler cooling, some reaching even below
the recoil-temperature (the temperature associated with the energy transfer of a single
photon recoil event). One very common technology uses polarisation gradients in
red-detuned optical molasses creating potential walls to be climbed by the atoms
before being pumped to a dark state, thus reducing the kinetic energy of the atom
[60, 61]. Other methods exploit the quantum nature of the electromagnetic wave or
cool by evaporation, to name just two methods among many others [62–64]. These
techniques are especially important for Bose-Einstein-Condensates (BEC) [57].

1.2.3 The Magneto-Optical Trap

The Magneto-Optical Trap (MOT) is the workhorse of cooling in contemporary
optical lattice clocks [12]. It is a combination of Doppler-cooling with a magneto-
optic trapping mechanism allowing to cool efficiently large numbers of atoms and
store them inside a small volume in order for a subsequent transfer into a dipole-trap
to take place.

A sketch of the working principle is depicted in figure 1.2. Six laser beams form
a red-detuned optical molasses at the position of the atomic cloud. Each pair of
counter-propagating laser beams has one beam polarised as σ+, the other one σ−.
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Fig. 1.2 Scheme of a MOT. The magnetic field gradient leads to a position-dependent
detuning of the counter-acting circular-polarised lasers, giving an imbalance of net-force.
This force is zero only at the centre of the trap where the magnetic field vanishes. The
energy-bending of the atomic states is shown in the case of a 399 nm 171Yb MOT (not to
scale).
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Two coils in anti-Helmholtz configuration lead to a magnetic field with a zero value
in the centre of the trap and increasing field strength towards the trap-ends with
opposing directionality. In consequence The energies of the excited Zeeman-split mJ

states are bend in opposite direction as the atom moves from the centre of the trap.
This state-bending then detunes the beam pushing the atom towards the centre closer
to resonance and the other beam further away, leading to an effective force restoring
the atom to the field-free trap centre. In addition with the velocity-dependent force of
the molasses the MOT thus captures and stores atoms in the field-free region around
the centre of the trap.

The MOT nowadays is a common method of choice in cold atomic physics with
fast (fractions of a second) loading times for large (millions) and dense (1010atoms/cm3

atomic samples. The exact number of atoms of a certain element as well as their
density and temperature depend strongly on the electromagnetic wave’s detunig and
intensity and the magnetic field gradient applied. The temperatures achievable in a
MOT are on the same order as for Doppler-cooling, with momentum-kicks due to
photon-absorption and collisions heating the trapped sample.

1.3 Trapping With Optical Lattices

Trapping of neutral atoms is far more difficult than in the case of ions. Therefore
historically optical atomic clocks were at first ion- or beam-clocks [65]. An ion
is well controlled by static- or RF electric fields. In the case of neutral atoms a
different approach is necessary. Fountain clocks have proven a great success in the
context of microwave transitions in neutral atoms (e.g. 133Cs and 87Rb), but optical
transitions are more sensitive to the Doppler effect, requiring a trapping mechanism
that practically cancels any atomic movement [12].

In order to find a suitable trap for neutral atoms the first question is obviously
regarding the suppression of the Doppler-shift and the second concerning the inter-
action between the clock transition, or more general the outer and inner degrees of
freedom of the atom, and the trapping mechanism. In fact, a good trap should not
perturb the electronic structure of the atom in order to preserve the clock-transition,
but strongly act on the outer degrees of freedom of the atoms. To enable the advan-
tage of neutral atoms, higher densities, to be fully exploited, the trap should also
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allow for simultaneous confinement of a high number of atoms in a small space,
nonetheless with very few collisions between the atoms happening.

It has already been seen in section 1.2.1 that the interaction of any electromagnetic
wave with a 2-level atom leads not only to the dissipative, but also to a conservative
force, which is proportional to the field-amplitude gradient. Recalling equation 1.15
it becomes clear that the conservative force is running against the amplitude gradient
in case of a red-detuned wave and with it for blue detuning. This means that in the
case of e.g. a 2-level atom inside a focused laser beam the conservative force will
push the atom towards the focal point, where the amplitude (intensity) of the beam is
the highest, for red detuning and into the field-free region outside the beam in case
of blue-detuning. This allows the construction of various one to three dimensional
trapping geometries in the case of red detuned beams, whereas the blue-detuning
calls necessarily for a 3D configuration to actually confine the atoms [66].

The focused beam trap, first demonstrated in [67], has one obvious major dis-
advantage: The focal area needs to be larger than the atomic cloud in order for the
atoms to experience a uniform field, meaning that the atomic movement (sparked e.g.
by collisions photon-atom or atom-atom) during the clock-transition interrogation is
still a major factor. This problem can be overcome by interfering two laser beams
of the same frequency and shape (in practice that means usually one retro-reflected
beam), leading to a standing wave with a periodicity of λ/2, called an optical lattice
[68].

Given sufficient intensity each trapped atom is then confined to one “pancake”
(see figure 1.3) in the case of a 1D lattice, whereas the 2D and 3D lattices result
in much smaller trapping regions (e.g. cigar-shaped traps for 2D lattices, “crystal
structures” in the 3D case). A blue-detuned lattice always constitutes a 3D round-
shaped field free region. Otherwise the atoms escape along a non-confining axis.
The exact geometry of these trapping regions is determined by the relative phase
and intensity of the involved beams. By introducing a variable phase-mismatch
between laser beams the interference pattern and with it the atoms trapped inside
can be moved. Red-detuned lattices are very widespread traps for optical lattice
clocks, since they can be used with all geometries. On the other hand the 3D beam
configuration in a blue detuned lattice always leads to some ellipticity of the resulting
lattice polarisation. Contemporary optical lattice clocks feature mostly 1D lattices
[7]. These offer the advantage of uniform polarisation over higher dimensional
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lattices, allowing a complete cancellation of the vector light shift. On the other hand
they are susceptible to cold collision shifts, especially in the case of bosonic isotopes,
as multiple atoms might get trapped in each “pancake”. But this effect is rather small
for spin-polarised fermionic samples [69]. Another apparent issue is the change of
the trapping potential along the weak confinement directions, leading to excitation
inhomogeneities [70]. A 3D lattice configuration on the other hand promises very
low cold collision rates when less than one atom is trapped in one lattice site and
also a uniform potential in all directions. But these advantages come at the cost
of unavoidable polarisation inhomogeneities with non-zero vector light shifts for
isotopes carrying some angular momentum F ̸= 0. These lattice configurations are
also technically more complex to realise [71]. An optical clock with a 3D lattice
configuration has been demonstrated using a bosonic isotope [72] and a 2D geometry
with Fermions [73] . In the following treatment only a 1D Gaussian beam lattice is
regarded, as this is also the only geometry used in this thesis’ experiment, although
most of the results can be easily transferred to higher dimensions.

The 1D lattice is best analysed using cylindrical coordinates. Along the beam
direction the atoms are captured in deep potential wells of periodicity λ/2. The
red-detuned laser light leads to an attractive interaction with the atoms, limiting the
atomic movement to the centre of the trap. In contrast the radial direction is much
more spread out, since the individual trapping regions (pancakes) have basically the
same size as the retro-reflected beam, typically 103 times the extension along the
beam axis. Therefore the atoms are much less constrained to move along the radial
lattice direction. Inserting a retro-reflected Gaussian beam (standing wave) into the
dipole-potential, equation 1.15, leads to a trapping potential of the following form
(cylindrical coordinates):

Udip =U0 ·cos2(kz)

[
1−2

(
r

w0

)2

−
(

z
zR

)2
]

(1.23)

, with U0 the peak-potential and wave vector k.

This potential can fairly well be approximated as harmonic in the z- as well as
the r-direction:

Udip(r,z) =U0 ·(1− k2z2)

[
1−2

(
r

w0

)2
]

(1.24)
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The focusing of the beam along the z-axis has been omitted, since it is usually
a very small effect. The radial and axial directions of the problem are completely
decoupled and consequently treated independently. The atomic motion along the
strong-confinement direction(s) is governed by the laws of quantum-mechanics,
since the atomic deBroglie wavelength at a few µK is on the same order of magnitude
as the size of the trapping region (λ/2) [57]. The external degrees of freedom of
an atom inside such a potential are therefore described by eigenstates and -energies
similar to the quantum-mechanical harmonic oscillator:

Evib =U0 + h̄ωvib

(
n+

1
2

)
(1.25)

with ωvib = k
√

2U0
m along the strong confinement axis (z-axis) and ωvib = ωr =

2
w0

√
U0
m in the radial direction. In the following the discussion revolves about the

strong confinement axis, unless otherwise noted.

1.3.1 Lamb-Dicke and Resolved-Sideband Regime

A sufficiently deep trapping potential along the lattice direction(s) allows for the
atoms to reach the “Lamb-Dicke regime” [37, 74]. In the Lamb-Dicke regime the
atomic movement is confined to within one eigenstate of the potential, because the
momentum kick from a single photon-atom collision is not sufficient to excite a
transition of the atom’s vibrational level. Therefore the spectroscopy of the clock
transition is (fairly) free of any motional effects, especially the first order Doppler
shift. The Energy Er transferred during one recoil event can simply be expressed in
terms of a corresponding frequency ωrec, with ωrec = Er/h̄. The Lamb-Dicke regime
is consequently characterised by the Lamb-Dicke parameter η =

√
ωrec/ωvib, and if

η ≪ 1 is true, then an atom inside the lattice remains within its initial vibrational
state.

Another desired attribute of an optical lattice is the resolved-sideband regime.
This simply means that excitations of the clock transition that lower or increase the
vibrational state of the atom (red/blue detuned by h̄ωvib) are well resolved in the
spectroscopy signal from the main “carrier” π-transition(s), so that the probe light
driving the clock transition does not change the vibrational state of the atoms. This
is also called recoil free spectroscopy. These vibrational sidebands are sometimes
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Fig. 1.3 Top: A 1D optical lattice is formed by the standing wave of a self-reflected Gaussian
beam (red), the probe beam (yellow) is co-axial oriented.
Bottom: Harmonic potential vibrational states, partially filled with Spin-1/2 atoms. Main
transition (yellow) and sidebands (red/blue), which change the vibrational level by one
quanta. Tunnelling between neighbouring sites symbolised in green and the Lamb-Dicke
regime in purple (the recoil energy from a lattice photon is not sufficient for vibrational level
excitation)
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used to control the temperature of the atoms inside the lattice. In the case of optical
clocks this means that the red-detuned sideband is used to transfer all atoms to the
vibrational ground-state of the trap, reducing the spatial and velocity-spread of the
atomic sample [75].

1.3.2 Lattice AC Stark Shift

Unfortunately the interaction of the lattice light is not confined to the external states
of the atoms. Indeed, as can be seen in the light-force equations (1.14, 1.15), it is
solely based upon the connection between the electromagnetic wave and the atomic
electronic states. The resulting potential-change is in general not equal for ground-
and excited states. The transition suffers an AC-Stark shift, dependent upon the
frequency, intensity and possibly also polarisation of the lattice beam. The solution
to this problem is to design the perturbation to act equally on ground- and excited
state, thus realising the unperturbed transition.

For maximum precision the atom-lattice interaction-operator V̂ includes not only
the usual dipole-, but also quadrupole- and magnetic-field-interaction [76]:

V̂ = V̂E1cos(kx)+
(
V̂E2 +V̂M1

)
sin(kx) (1.26)

The magic wavelength results from a linearisation and is therefore also called
the “E1 magic wavelength”. In contrast to the higher-order contributions, which
depend also upon the lattice geometry and polarisation, the magic wavelength is a
property of the atomic electronic states and should not depend on the experimental
realisation. Therefore the clock transition of a lattice clock is carefully chosen to
involve minimum polarisation- and high-order dependencies in order for the magic
wavelength to resemble a constant. With lattices far detuned from resonance the
polarisabilities of the ground- and excited states need to be calculated including
several transitions, weighting by the oscillator strength of each of them [42]. The
polarisability α of an atom in state a perturbed by an optical lattice of frequency
ν and polarisation vector −→ε can be expressed explicitly using the electric dipole
matrix elements

−→
D and transition frequencies νab between states a and b as:
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αa(ω) = ∑
b

2| ⟨a|−→D−→
ε |b⟩ |2

h
νab

ν2
ab −ν2 (1.27)

This equation can be expanded into complicated scalar, vector and tensor terms,
as given in [77]. The vector term depends strongly upon the polarisation of the
laser. For elliptical and circular polarisation this term gives rise to an interaction
that behaves exactly as an artificial magnetic field, whereas in the case of linear
polarisation the effect vanishes. The tensor correction depends upon the lattice
polarisation, but most of all upon the hyperfine structure / the total angular momentum
of the trapped atom. Important in the perspective of this thesis is that for a linear
polarised lattice the vector contribution vanishes and the tensor shift disappears for
spin-1/2 systems (such as 199Hg or 171Yb).

As optical lattice clocks have progressed, attention has also been given to subtle
effects such as hyperpolarisability caused by two-photon resonances near the lattice
wavelength [78]. These transitions introduce not only a shift, but also a polarisation-
dependence into the lattice interaction with the internal atomic states, even in the
case of spin-1/2 systems. Taking into consideration all these effects leads to an
energy of a ground-state (g) or excited-state(e) atom in the n-th vibrational eigenstate
of the lattice of [76]:

Eg(e)(I,n,αg(e),βg(e)) =U0g(e)+ h̄Ω(I,αg(e),βg(e))·(n+ 1
2
)

−Eanh(αg(e),βg(e), I)·(n2 +n+
1
2
)

(1.28)

with I the single travelling wave intensity, α the polarisability , β the hyperpo-
larisability , Ω the vibrational frequency and Eanh the anharmonic corrections in
a spatial Taylor-expansion of the lattice potential around one intensity maximum.
For real lattices this is a small correction to the harmonic potential. In practice
the trap-depth is directly accessible via spectroscopy of the sideband frequencies
applying eq. 1.25. Trap depths are usually given in units of recoil energies Ue/Er,
with Ue being the effective trap depth (the atoms see due to their radial motion
moving them away from the centre of the beam a lower trapping potential). After a
lengthy calculation the AC Stark-shift of the clock-transition can be given as follows
[79, 76, 28]:
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∆ f =
[

a∆ν +
3
4

d(2n2 +2n+1)
]

Ue

Er
−d

(
Ue

Er

)2

+(a∆ν −b)
(

n+
1
2

)(
Ue

Er

)1/2

+d(2n+1)
(

Ue

Er

)3/2 (1.29)

where a is coming from the ground and excited-state E1 dipole-interaction
(eq. 1.26), while b represents the multipolar (E2, M1) corrections and d the hy-
perpolarisability. Furthermore, ∆ν is the detuning from the frequency where the
dipole-interaction for ground- and excited-state is equal (this is called the “magic
wavelength”). It can be extracted by setting b = d = 0. The E1-dipole interaction
is the dominant interaction and it is linear in wavelength and trap depths (inten-
sity), whereas the multipolar-corrections as well as the hyperpolarisability introduce
non-linear terms and polarisation-dependence to the transition’s Stark-shift.

As atomic clocks are pushing the accuracy limitations further down in the 10−18

region, realising the unperturbed transition becomes more complex as the contribu-
tions of the non-linear term demand careful attention. But there is also one advantage
coming with these interactions: The linear- multipolar- and hyperpolarisability-shifts
can be used to work against each other by a careful choice of lattice frequency
and polarisation, in order to design the Stark-shift of the spectroscopic line to be
less sensitive to intensity fluctuations [79], giving a better knowledge of the offset
introduced in the experiment to the unperturbed transition than by trying to realise
exactly the shift-free spectroscopic line. In this case one speaks of an “operational
magic wavelength”.

1.3.3 Tunnelling

The periodic lattice potential 1.23 has yet another attribute to be considered: Since
the potential walls and their separation is finite tunnelling between adjacent lattice-
sites can occur. The tunnelling strength depends on the geometry and depth of
the lattice and one might expect it to be very small. But for atomic clocks even
these small effects play a role, because tunnelling does lead to the formation of
band-structures of the vibrational levels, broadening the clock-transition (see figure
1.3) [80].
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Starting again from the dipole-potential 1.23 the interaction-Hamiltonian trapping
the atom is:

Hext =
h̄2k2

2M
+

U0

2
[1− cos(2kẑ)] (1.30)

The eigenstates |n,q > are Bloch-states and therefore periodic in q with period
2k. They are characterised by quantum numbers n and q for band-number and
quasimomentum. Calculation of the Bloch-states according to [80] is performed
numerically, using the periodicity of the Bloch states. One obtains the eigenenergies
and -states. The eigenenergy of any single state varies with quasimomentum q. The
variation of the states energy within the first Brillouin-zone q ∈]− k,k] gives the
bandwidth of the atom’s vibrational levels.

The tunnelling effect can be effectively suppressed by introducing a site-dependent
potential over the optical lattice lifting the degeneracy of neighbouring sites, leading
to so-called Wannier-Stark states [81]. A convenient way (not excluding alternatives)
is to align the lattice with an angle between 0 and 90° against the gravitational field of
the earth. Even a small angle can be sufficient to make the band structure a negligible
contribution to the performance of contemporary optical lattice clocks [82].

1.3.4 Parametric Heating

Fluctuations in the lattice intensity or phase, produced by laser noise, but also
mechanical noise on optical components along the optical path, cause parametric
excitations of vibrational levels. These lead to a heating of the atomic sample and,
together with atom-atom collisions, limit the lifetime of the trap [83]. The exact
photon-atom scattering rate caused by these effects depends on the power spectral
density (PSD) of the intensity- or phase-noise. A detailed treatment of parametric
heating can be found in [84, 85].

Applying an amplitude-modulation of the lattice laser power at the transition
frequency of the vibrational lattice modes causes the atoms to transfer to higher
lattice states until they are leaving the lattice. The prime resonance occurs at a
frequency of 2ωvib, just like in classic parametric harmonic oscillator theory [86].
Additional resonances are also found at values of 2ωvib/n with n ∈ N, as mechanical
theory predicts. Another resonance appealing at 4ωvib is not predicted from harmonic
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theory, but is a result of the sinusoidal potential shape. The harmonic approximation
of the lattice potential in equation 1.24 becomes less accurate for high mode numbers
and in fact the sinusoidal lattice potential (equation 1.23) leads to slightly smaller
energy spacing than the harmonic oscillator for atoms further away from the trap
centre. As a consequence the maximum loss of atoms inside the lattice occurs at
slightly lower modulation frequencies than 2ωvib. This effect is taken into account
by using the effective trap depth Ue.

Following the calculations in [84], the heating of an atomic sample due to laser
intensity noise out of a 200Er deep lattice at 759nm is calculated in the following:
The energy (temperature) of the atoms increases exponentially with the rate constant
Γε :

Γε = π
2
ω

2
vibSε(2ωvib) (1.31)

After a time tph of about tph =
2

Γε
an atomic sample with an initial temperature

of 5µK is heated out of a 38µK lattice.

Taking a realistic fractional intensity noise power spectrum of Se(ω)= 10−121/Hz
at twice the trap-frequency (2ωvib = 2×57kHz) and inserting into equation 1.31,
the atomic lifetime results as tph = 62s. In many cases this effect is rather small
compared to losses by background-gas collisions (see section 1.4.2).

Effective suppression of parametric heating is achieved through power-stabilisation
and phase-locking of the lattice beam. Alternatively it may also be used to investigate
the characteristics and dynamics of the optical lattice [85] or to selectively heat atoms
of certain vibrational frequencies out of the lattice [87].

1.4 Further Perturbations Of The Clock Transition

As optical lattice clocks are advancing towards new frontiers in accuracy and stability
of atomic frequency standards, more and more details of perturbations resulting from
environmental or technical sources around the atoms need to be considered. Here the
perturbations evaluated with the INRIM Yb lattice clock in chapter 2 are discussed.
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1.4.1 Cold Atoms Collisions

As previously shown the atomic motion inside the lattice is described by quantum-
mechanics/electrodynamics. The 171Yb isotope is a fermion, therefore the Pauli-
exclusion principle holds true and one does expect less cold-atom collisions to
happen than in the case of bosonic isotopes. Nevertheless significant shifts from
cold atomic collisions were reported in lattice clocks probing the fermionic 87Sr and
171Yb isotopes [88, 4].

Aside from being an obstacle in lattice clocks, the control and measurement
of cold-atom collisions in optical lattices has been proposed as an integral part of
quantum logic [89, 90] and quantum simulation [91–93] experiments. In these cases
the collisional dynamics represent an adjustable interaction between the atoms in the
same or neighbouring (mediated by tunnelling) lattice sites.

In lattice clocks the atomic ensemble is spin-polarised to one mF state before
probing. Thus the electronic states of the fermions are degenerate and therefore
susceptible to the Pauli-principle, forbidding s-wave collisions. P-wave scattering
on the other hand needs higher energies and consequently is largely suppressed at
low temperatures. Nevertheless a non negligible s-wave scattering was observed
in a 1D lattice capturing 87Sr [70]. This was explained by the radial spread of the
atoms, leading to an excitation inhomogeneity lifting the degeneracy of the trapped
fermions [94]. Using lattice clocks based on 171Yb the collision processes have been
found to be dominated by p-wave scattering [69].

The p-wave interaction is bound to collisions between ground- and excited states,
needing an angular momentum between the involved atoms. The collisional shift
depends upon the density of the atomic ensemble, namely the number of atoms per
lattice site, and the Rabi-pulse area. In the case of spin-polarised 171Yb the resulting
shift changes direction when the state-occupation is changed from the ground-
to the excited state and has a zero-passing around 0.5 excited-state occupation.
The exact position of the zero-passing is shifted from this value by the residual
s-wave scattering introduced by the excitation inhomogeneity mentioned before.
Furthermore, the slope around the zero-passing is well approximated by a linear
slope [95, 96]. With 171Yb a spin-polarisation of 99% is accessible [4], but reducing
this ratio leads to significant s-wave scattering appearing due to hyperfine-substates
of the clock ground- and excited state colliding. In practice this means a shift of the
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excitation-fraction corresponding to a vanishing density shift [95]. The magnitude
and uncertainty of the cold collision shift in a contemporary fermionic lattice clock
based on Yb or Sr can be as small as a few parts in 1018 [96, 48].

1.4.2 Background Gas Collisions

Only a small fraction of hot Yb atoms exiting the oven are cooled and captured during
a clock cycle. Therefore collisions between captured cold and free hot atoms can
occur. These collisions usually kick the cold atom out of the trap and thereby limit
the lifetime of the atomic ensemble inside the lattice. The lifetime of atoms inside
the lattice is often on the order of a few seconds [50, 38]. In addition, by calculating
the interference between the unperturbed and the perturbed atomic matter-wave
stemming from those collision events, one finds that the atomic resonance is shifted
approximately by [97]:

− ∆ν

ν
=

∆A
13.8πνTR

∆C6

C6
(1.32)

with the amplitude-loss ∆A during the interrogation time TR and C6 the Van-der-
Waals coefficient of Yb. The magnitude of this shift can be as low as a few parts in
1018 [98] in optical lattice clocks.

1.4.3 Black-Body-Radiation

The Black-Body radiation (BBR) induces a systematic Stark-shift on the atomic
energy levels, which can be calculated using the spectral density distribution of the
BBR. The spectrum of the BBR at room-temperature is largely concentrated in the far-
infrared and above wavelengths. Therefore in 171Yb the Stark Shift induced is largely
given by the static polarisabilities of the clock states, with the 6s6p3P0 → 5d6s3D1

resonance giving rise to a dynamic correction factor, η . Other resonances are in
practice irrelevant, because their frequency is too far away from the BBR spectrum.

The polarisability of the ground- and excited-state against frequency is given in
figure 1.4. The static polarisability can be measured directly by applying strong DC
electric fields to the vacuum system as in [99] and the dynamic polarisability from
the lifetime of the resonances affected by the BBR [100].
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Fig. 1.4 Calculated static and dynamic polarisability of the ground (blue) and excited (green)
clock state in 171Yb. The red curve is the BBR spectral density at room temperature. The
only relevant transition leading to hyperpolarisability shifts in the range of the BBR emission
is marked with an arrow and a yellow star points out the magic lattice frequency.
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The BBR shift is finally given by [101, 99]:

− 1
2

(
α

DC
excited −α

DC
ground

)
< E2 >T (1+ηclock(T )) (1.33)

With the averaged field intensity < E2 >T evaluated at the point of the atoms,
usually through modelling of the atom’s BBR environment assisted by measurements
of the room- and vacuum chamber temperatures.

The uncertainty on the knowledge of the BBR shift as in eq. 1.33 is governed by
two contributions: The uncertainty on the value of the polarisability (both static and
dynamic) and the environmental field. The first problem is addressed by improved
measurements of α [102], while the later needs a combined approach of providing
an environment featuring uniform temperature distributions in materials resembling
more closely a black-body radiator [103] and/or lower (cryogenic) temperatures [104,
5]. Both of these approaches have successfully reduced the BBR shift uncertainty in
an optical lattice clock to no more than 1 part in 1018 [103, 5].

1.4.4 Zeeman Contributions

In atomic clocks the hyperfine structure sublevels are often split up by magnetic fields
according to the Zeeman-effect. The unperturbed line is then taken as the average
value between two +mF and −mF states [4]. Magnetic field inhomogeneities or
fast temporal variations thereof lead to an uncertainty in knowledge of the mean
value, resulting in an effective shift of the measured value from the unperturbed
line. Another effect is the second order Zeeman shift. The applied magnetic field
mixes the transition’s atomic states with nearby ones, introducing a quadratic shift
in magnetic field [105, 106]. Assume a three-state system |1⟩, |2⟩ and |3⟩. With the
clock-transition being |1⟩ → |2⟩ and E2 −E3 ≪ E2 −E1 an external magnetic fields
introduces a coupling h̄ΩB = ⟨2| µ̂−→B |3⟩, leading to a shift of level |2⟩ of:

∆B =−Ω2
B

∆32
= β

−→
B 2 (1.34)

Using small magnetic fields this uncertainty contribution can effectively be sup-
pressed. An evaluation of the Zeeman effect in a lattice clock reaching uncertainties
well within the 10−19 region has been conducted [48].
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1.4.5 Probe Light Stark Shift

The (ultra-stable) radiation probing the clock-transition, for this work the 1S0 → 3P0

line of 171Yb, is usually low in saturation intensity to realise a narrow linewidth,
but the polarisability of those states is not equal (see figure 1.1). Therefore the AC
Stark shift due to the probe light is a concern. Given the small interrogation intensity
stabilising the probe beam power with an active control is usually sufficient to keep
the shift-uncertainty low. The shift and uncertainty of this effect can even surpass
the 10−19 region in highly stable lattice clocks [48].

1.4.6 Line Pulling

Nearby transitions such as hyperfine transitions or lattice sidebands shift the res-
onance frequency by a quantum interference between the near- and far-detuned
transitions. The resulting shift of resonance |a⟩ → |b⟩ through the line pulling of
nearby transition |a⟩ → |c⟩ for interaction times small compared to the state lifetime
(as it is in general the case in contemporary optical lattice clocks) is given by:

S0 =
ΓbΓc + |Ωc|2

4ωbc
(1.35)

with h̄ωbc the energy difference between the states |b⟩ and|c⟩ ; Γb,c the respective

natural lifetime and Ωc the Rabi-Frequency given by
√

Ω2
b +ω2

bc. The absolute
magnitude of this effect is negligible in many optical lattice clocks and its uncertainty
well within the 10−18 region [38] or below [48].

1.4.7 Residual Doppler Effect

The linear Doppler effect is cancelled almost completely inside an optical lattice due
to the probing direction being the same as the one featuring the strong confinement
of the atoms. However, some contribution to the linear Doppler effect can result
if the phase between the lattice- and probe-lasers is not fixed. By transferring into
the rest frame of the probe laser this becomes equivalent to the atoms experiencing
acceleration and deceleration, leading to a linear Doppler shift contribution. This
effect is eliminated by establishing a common phase-reference for both lasers. The
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lattice is often very sensitive to the mirror reflecting the laser after it has passed
through the trapping region, thereby forming the standing wave. Using this mirror
as the reference of the Doppler-noise cancellation of the probe laser can reduce the
residual Doppler contribution significantly [27].

The confinement in the radial direction is much smaller than in the longitudinal
one. Therefore the second-order Doppler effect needs to be considered for atomic
motion orthogonal to the strong confinement axis. The transverse relativistic Doppler
effect, with the receiver-frame having primed observables, is given by:

f ′ = f

√
1− v2

c2 (1.36)

The second order Doppler effect is usually negligible, while the first order
contribution can reach a few parts in 1017 [38].

1.4.8 Fibre Links

For practically all lasers of an optical atomic clock fibre links are the tool of choice
to transport light over long distances, preserving good mode-quality and polarisation.
But this convenience of optical fibres over free-space paths has one important
drawback: The fibres transfer mechanical noise (seismic/acoustic noise etc.) from
the environment into optical frequency noise [107]. Changes of environmental
conditions, especially the temperature, also alter the optical pathlength of a fibre,
leading to slow phase drifts. The same effects appear also for free-space optical
paths, but are often less pronounced in laboratory environments. This noise can be
relevant to the stability of the laser probing the 1S0 → 3P0 transition and therefore the
fibres connecting this laser to the ultrastable cavity, the science chamber or any other
stability-demanding part are commonly actively phase-stabilised. A widespread
stabilisation-technique also used in this work is described in [108]. The fibre-path to
be stabilised is used as an interferometer by reflecting a part of the light at its end
back through the same path to the input, where it is overlapped with a sample of the
input light, generating a phase-error-signal. This is then used to correct (feedback
or feed-forward) the laser light arriving at the output of the fibre by steering the
laser-frequency, often by acting on the frequency of an acousto-optic modulator
(AOM). Such optical fibre links are able to maintain the spectral purity of an optical
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Fig. 1.5 An observer O at rest (right) with atom A inside the accelerated frame of earth’s
gravitational pull sees light coming from atom B red-shifted with regard to radiation reaching
him from atom A

frequency even across continental distances [109–112] and are often contributing
with uncertainties below 1×10−18 to the measurement.

1.4.9 Gravitational Redshift

Consider two atoms, A and B, located somewhere on the earth’s surface suffering
the gravitational pull of the planet, just as in figure 1.5. An observer O is at rest with
atom A. Atom B on the other hand is located directly below the observer and atom A
at a vertical distance h. The Einstein equivalence principle [113] declares that the
gravitational pull is locally equivalent to an acceleration in the opposite direction
with equal magnitude. Therefore one can think of the atoms and the observer also
as travelling inside a spaceship far from earth in outer space, accelerating with
−→a =−−→g in the opposite direction to the earth’s gravitational field.

A photon emitted by atom A with frequency νA retains its original frequency
and reaches the nearby observer almost instantly. A photon originating at atom B
and of frequency νB, reaching for the observer, however, needs at least a flight time
t = h/c. During this time the flight velocity of the accelerated frame, vt , changes as
∆vt = at = ah/c. The linear Doppler effect of at the position of the observer follows
as νB = νA(1−ah/c2).
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The gravitational redshift of a frequency emitted with frequency ν0 in the inertial
system of the emitting atom directed against the gravitational pull and detected at
height h above, results as:

ν = ν0

(
1− gh

c2

)
(1.37)

This means that the frequency is red-shifted as the electromagnetic wave moves
away from the earth’s centre of mass. The unperturbed frequency of the transition
is the one emitted in the resting frame of the atomic clock itself. Therefore, when
comparing optical clock frequencies, this effect needs to be subtracted from the
results. On earth the shift is about 1×10−16m−1. It is therefore necessary to know
the gravitational potential potential difference when comparing remote optical atomic
clocks. The common way is to perform geodetic measurements at the sites of the
clocks.

Another approach is to turn this situation around and use optical atomic clocks
with their outstanding stability and accuracy to determine differences in gravitational
potentials [110]. Such experiments have already been performed connecting mostly
stationary clocks [114, 110], but a recent measurement involving a transportable
optical lattice clock has been demonstrated within this thesis’ work and is described
in chapter 3 [115].

1.5 Ultra-Stable Lasers and Cavities

1.5.1 Stabilising Lasers

When interrogating a narrow line such as the 1S0 →3 P0 transition in 171Yb with a
natural linewidth well below 1Hz, the limiting factor for the spectroscopic linewidth
and stability is currently the interrogating laser and not the QPN limit of the atomic
ensemble, but there are great efforts underway towards reaching that boundary
[32, 49].

Current commercial stable laser sources feature linewidths of a few tens of
kHz. In order to reduce this to a Hz- or even sub-Hz-level, the laser needs to be
stabilised to a reference with outstanding stability especially on short time scales
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such as the interrogation time with the atoms. On longer timescales the laser drift in
clock-operation is then compensated by a reference to the atomic transition itself.

There are various approaches to provide such a reference for the laser, for example
spectral hole-burning [116, 117], ultra-stable cavities [118, 21] and transition lines
of hot atomic beams [38]. For the most demanding applications optical cavities are
still the common choice due to their overwhelming performance. The short-term
reference needs - aside from high stability - to give out a steep-slope and good
signal-to-noise ratio error-signal. The generation of a proper error signal is usually
achieved by the Pound-Drever-Hall (PDH) method [119], while the stabilisation
is often taken care of by a two-stage PID-control acting with one high-bandwidth
stage upon the laser’s current (e.g. Diode laser) or an AOM/EOM (fibre, solid-state
lasers) and the second stage with lower bandwidth acting upon a laser piezo voltage
or temperature. The following is a brief summary of the PDH method. The PDH
error signal is generated by modulating the phase of the incident beam with a RF
frequency, typical in the MHz-region, giving rise to corresponding sidebands of
the carrier in the Fourier-analysis. The reflected beam from the cavity changes
its phase by π across one cavity resonance. Looking at the reflected beam with a
photodiode the interference between carrier and sidebands gives rise to a signal at
the phase modulation frequency, which does resemble a linear error-signal around
the resonance. This signal is then extracted by demodulation/mixing and filtering
from the photodiode-signal.

1.5.2 Cavities - General Approach

Ultra-stable cavities are an important tool within contemporary metrology and
science. From gravimetry and gravitational wave detection [120, 121] to laser
stabilisation [122] ultra-stable cavities are a mean to the provision and measurement
of ultra-precise frequencies. A cavity in its simplest manner consists out of two
plan-parallel and opposing mirrors. A coherent light beam entering the gap between
them parallel to their surface normals would bounce back and forth between them,
giving rise to a standing wave, which stores up energy. The wave intensity depends
upon the mirrors reflectances, while the cavity-geometry restrains the possible light-
frequencies.
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There are also other cavity-configurations possible and part of current scientific
development. Most notably are whispering gallery microresonators that utilise a
running wave moving in a circle through a tiny (µ-scale) disk-shaped medium
[123, 124]. But for high performance laser stabilisation two-mirror cavities are the
asset of choice, therefore all other cavity-geometries are disregarded in this thesis.

In the following a cavity is examined consisting out of a horizontally (z-direction)
aligned circular spacer of length d and two opposing mirrors with radii R1 and R2.
The origin of the coordinate system shall be in the centre of mirror 1. This shall also
be the mirror through which the light enters the system.

An arbitrary monochromatic standing wave inside this cavity has the form U(z) =
A·sin(k ·z) (disregard time evolution due to fast timescales averaging) with wave-
vector k.

In the following the electric field inside the cavity is taken into account, while
the magnetic part is neglected. This is justified by the fact that electric- and magnetic
field are behaving exactly similar as waves out of phase by π/2 and with the same
amount of energy stored within them. The wave-vector needs to fulfil the equation
k = qπ/d, with q ∈ N, thus restricting the possible light frequencies to multiples of:

νF =
c

2d
(1.38)

, where νF is also called the free spectral range. The light impinging on the
cavity is reflected, unless it obeys the above condition of the cavity modes. In a
real resonator the overlapping beams do not match as perfect as presumed here.
Instead the amplitude decreases on each round-trip by a factor r. In the presence
of no other loss-channel but the mirrors themselves, it remains: r =

√
r1 ·r2, with

mirror-reflectivities r1and r2 (reflectivity is defined via intensities). The phase after
one round-trip is: ϕ = 2kd +2π +δ

With δ resulting from mirror-imperfections, the intersection medium or occurring
from the light frequency having a slight deviation from eq.(1.38). So with each
round trip the wavefunction of the beam changes with respect to the incident beam
by a factor a = r ·e−iϕ . The standing wave is the result of the superposition of all
part-waves. Its amplitude Ai is therefore given by (|a|< 1 gives geometric series and
A0 signifies the amplitude of the incident beam):
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Ai = ∑
n

An = ∑
n

A0 ·an =
A0

1−a
(1.39)

Here the dimension-less Finesse F is introduced that is defined as the quotient
of FSR over the linewidth of a single cavity resonance. It is also an indicator of
how many times an incident light beam bounces back-and-forth between the cavity
mirrors. It depends only on the mirrors reflectivities and cavity losses, which can
also be viewed as a reduced mirror reflectance.

F =
νF

∆ν
=

πr
1− r2 (1.40)

1.5.3 Finesse And Ring-Down-Time

A high Finesse accounts for high cavity-mirror reflectances and low losses, resulting
in a narrow mode-bandwidth. The electric field inside the cavity interferes on every
round trip with itself and also with the incoming laser light. Only if the cavity-
length is a multiple integer of the half wavelength of the incident beam do all beams
interfere constructively with each other after one round trip and so the light power
inside the cavity rises. If this condition does not hold true, destructive interference
hinders light from entering the cavity. Therefore the cavity acts as a frequency-filter.

An excellent laser stabilisation restrains the laser to a small fraction of the cavity-
linewidth. In our case the goal for laser-linewidth is 5Hz. This kind of laser-locking,
usually achieved with the PDH method, requires a stable and narrow linewidth
reference, which also delivers a strong error signal. The sources of (in)-stability will
be addressed later. A narrow linewidth in a cavity of fixed length is equivalent to a
high Finesse and also results in a steep slope error signal. Therefore a high Finesse
is an important attribute of ultra-stable cavities. Typical values for 10cm ultra-stable
cavities with a target laser linewidth in the Hz-range are between F = 100 000
and F = 300 000. This corresponds to cavity mode linewidths of a few kHz. A
stabilisation to one per mille of such a resonance is often achievable with low optical
powers circulating inside the cavity.

The Finesse of a cavity is normally assessed using the cavity-ring-down method.
The Finesse is determined by a measurement of the decay time of the transmitted
light power out of the cavity after the initial beam has been shut down.
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First, consider the time-evolution an initial electric field intensity I0 inside a
cavity with the incident beam shut off at time t = 0.

Since the laser-light fulfils the resonance condition, the intensity after n round
trips is:

I(t = n· 2d
c
) = I0 ·(r2)n = I0 ·exp

[t ·c
2d · log

(
r2)] cont.n

= I0 ·exp
[
− t

τp

]
(1.41)

, where τp =−2d
c

1
log(r2)

= 2d
c·log(1/r2)

with 1/r2 ≥ 1 is called the photon lifetime
(decay time).

The special case after one round-trip gives:

I(t =
2d
c
) = I0 ·r2 = I0 ·exp

[
− 2d

c·τp

]
⇐⇒ r2 = exp

[
− 2d

c·τp

]
(1.42)

Combining (1.40) together with (1.42) results in:

F =

π

√
exp

(
− d

c·τp

)
1− exp

(
− d

c·τp

) ≈ πcτp

d
(1.43)

The Finesse therefore only depends upon the photon lifetime τp.

1.5.4 Spherical Cavities

The defining feature of spherical cavities are spherical mirrors. In order for the light
inside the cavity to bounce back-and forth between the mirrors and not to escape the
cavity, the beam needs to reproduce itself after a finite times of round-trips. This is
the case, if the transfermatrix of mirror-spacer-mirror-spacer is the identity after a
certain number of roundtrips. After some algebra, calculated in [125], one finds the
stability condition as:

0 ≤
(

1− d
R1

)(
1− d

R2

)
≤ 1 (1.44)
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Modes of the Cavity

The laser light inside the cavity is restricted not only by eq.(1.38) in the z-direction,
but also in the transverse directions by the shape and size of the mirrors. The incident
laser light can be written as:

ψ(x,y,z) = ψ
′(x,y)·exp(−ikz) (1.45)

Insertion of eq. (1.45) into the scalar wave equation ∇2ψ + k2ψ = 0 yields:

∂
2
ψ

∂x2 +
∂

2
ψ

∂y2 −2ik
∂ψ

∂ z
= 0 (1.46)

The solutions to this equation form a complete and orthogonal set of modes.
These solutions are the Hermite-Gaussian- and Laguerre-Gaussian-modes, the first
having rectangular and the later cylindrical symmetry. The fundamental mode in
both cases is the Gaussian beam. Optical cavities have usually (and also in this work)
cylindrical symmetry, featuring circular mirrors.

Yet in real systems only Hermite-Gaussian modes do play a role. This is due to
the fact, that the Laguerre-modes are very restricted concerning the radial component
of the field (transversal direction), while for Hermite-Gaussian modes the two
transversal axes (x, y in eq. (1.45)) are almost independent [125]. Therefore the
Laguerre-Gauss modes are disregarded in the following.

A Gaussian beam is at every point along the propagation axis totally determined
by its 1/e field amplitude radius w(z), distance from the beam-waist z, radius of
curvature of the phase-front R(z) and the phase φ (z) itself. The parameter beam size,
as used all throughout this thesis, means the 1/e drop of the field amplitude. The
variable w0 is defined as the radius at the beam-waist and z0 the distance z along the
beam-axis, at which w(z0)

w0
=
√

2 holds true.

The high-order modes are also characterised by R(z) and w(z) with the difference
of a larger total spread of the wavefunction and the appearance of transversal nodes.
A significant difference appears in the phase velocity that varies for the high-order
modes.
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φ(z) = kz− (m+n+1)arctan
(

z
z0

)
(1.47)

With m and n being whole numbers determined by the order of the Hermite-
Gaussian mode.

Remark: m and n give the number of the mode’s nodes in x- and y-direction with
the special case of m = 0, n = 0 being the Gaussian beam.

The mode shape of the Gaussian beam inside the resonator follows out of the
self-consistency of the resonator’s transfer matrix after several round-trips and the
fact that the phase-fronts R(z) at the positions of the mirrors need to match the
curvature of the mirrors.

Finally resonance occurs when the phase shift in equation (1.47) of the light from
one mirror to the other is a multiple integer of π .

△φ = φ(z2)−φ(z1) = kd−(m+n+1)
[

arctan
(

z2

z0

)
−arctan

(
z1

z0

)]
= π (q+1)

(1.48)

Converting from phase to frequency finally gives [125]:

ν = (q+1)υF +
υF

π
(m+n+1)arccos

√
(1− d/R1)(1− d/R2) (1.49)

So far the cavity had an infinitely large aperture, meaning the mirrors were
infinitely large, therefore no loss of the electromagnetic field at the mirror edges
appeared. This assumption is obviously not accurate. In real systems there is always
a small fraction of the light field passing over the mirror edges and exiting the
cavity. This loss is characterised by the Fresnel-number N = a2/(λd) ;with a the
characteristic size of the aperture (here the mirror’s radius). Calculations of these
losses for certain cavity-geometries can be found in [125].
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1.5.5 Thermal Noise Limit

The stability of an ultra-stable cavity is the stability of the optical pathlength between
its mirrors. This distance is perturbed by vibrations and temperature changes of
the mirrors and the connecting spacer as well as changes of the optical density of
the medium inside, impinging laser power fluctuations and ageing of the material.
Fortunately nowadays all of the above effects can be controlled very well with multi-
stage temperature- and power-controls, active vibration cancellation and ultra-high
vacuum systems. Therefore the performance of contemporary ultra-high cavities
is basically given by brownian motion within the spacer and the mirror-substrates
and coatings [126, 127]. Especially the later is exceptionally challenging, since the
substrates need to combine superb mechanical and optical performance at the same
time.

Using the fluctuation-dissipation theorem a direct approach to calculate the effect
of Brownian thermal noise [128] was developed and then first used by Numata et al.
[129] to estimate its effect on the length stability of an optical cavity. This was later
refined in [130]. In the following only the basic idea and results are given.

The dissipated power by thermal fluctuations is represented by an external force,
F0, working on the cavity comprised out of the spacer (sp), the mirror-substrates
(sb) and -coatings (ct). These have maximum elastic strain energies Usp,sb,ct and loss
angles Φsp,sb,ct , which are calculated from material and geometrical constants. For
precise estimates and optimised geometry, a finite element analysis is used. The
spectral density of length-fluctuations of a cavity with length L at a given temperature
T is given by [130]:

Sl( f ) =
4kBT
πF2

0

(UspΦsp +2UsbΦsb +2UctΦct)

f
(1.50)

,where the maximum elastic strain energies are:

Usp =
LF2

0
2πEAsp

, Usb =
(1−σ2)F2

0
2
√

πEw
, Uct =

2√
π

1−2σ

1−σ

dct

w
Usb (1.51)
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,with Asp being the spacer cross-area, σ Poisson’s ratio of the substrate material,
E Young’s modulus, dct the thickness of the coating and w the 1/e2 beam radius of
the cavity mode.

The length-fluctuations convert directly into frequency-fluctuations via equation
1.38. The power spectral density of fractional frequency fluctuations follows directly
as: Sy( f ) = Sl( f )/L2. This is a 1/ f flicker frequency noise process and leads to a
constant Allan deviation of the frequency noise:

σy =
√

2ln(2)Sy( f ) f (1.52)

Contemporary optical cavities reach theoretical thermal noise limits in the 10−17

region [20, 21]. Looking at equation 1.50 and 1.52 there are three strategies to reach-
ing lower Brownian noise limits in cavities: Using materials with lower UΦ (less
Brownian motion), longer spacers (less sensitivity to thermal motion) or cryogenic
temperatures [131].

The spacer and mirror substrates are chosen out of materials such as ultra-low
expansion glass (ULE), Zerodur and silica due to their low thermal sensitivity.
Optical coatings in modern cavities are made from dielectric coatings, which do not
offer the best thermal attributes, but have been without alternative until the recent
appearance of optical crystalline mirrors. Most common nowadays are ULE spacers
due to the fact that this material’s thermal expansion coefficient (CTE) vanishes
around room-temperature. The mirror substrates are either also ULE or fused
silica, because of the lower thermal noise in fused silica at room temperature. This
lower Brownian noise comes at the expense of a different and higher linear thermal
expansion coefficient than ULE. Therefore these mirrors are completed with ULE
compensation rings on the outside to counter-act the expansion of the silica material
[131]. The best stability results achieved so far with a room-temperature cavity
consisting out of a ULE spacer with silica mirror-substrates and ULE compensation
rings were just stepping into the 10−17 region [20].

Another approach successfully applied is taking single-crystal silica spacer and
mirror substrates, proposed already more than 20 years ago [132], but first realised
more recently [122]. This has the advantage of much lower Brownian noise in the
spacer. On the other hand silica’s freezing zero CTE point of 124 K means that these
cavities are necessarily cryogenic. Performance of this kind of ultra-stable cavity
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has reached similar values to the best aforementioned ULE/silica room-temperature
cavities [21].

In current state-of-the-art cavities the main contribution to the total Brownian
noise comes from the dielectric coatings. To overcome this limitation coatings out of
single crystals have been developed and are now coming close to a stage of providing
the first ultra-stable cavities with projected thermal noise limits well within the 10−17

[133, 22].

1.5.6 Seismic Noise

In order to reach the thermal noise limit the residual vibrational noise acting on
the cavity needs to have a negligible effect. Therefore Ultra-stable cavities feature
vibration-optimised designs [122, 134] to detach the cavity mechanically from its
environment. Careful finite-elements analysis is conducted to find optimum support-
geometries. The support is often located around the Airy-points of the cavity, since
this configuration by definition is the one in which the cavity ends, where also
the mirrors are located, is not bent by outside forces. Contemporary acceleration-
sensitivities reach the 10−12 m

s2 region [21].

1.6 Frequency Combs

One of the main challenges of optical clocks in their early days was finding a way to
reference the optical frequencies of these clocks to the current microwave SI-standard
and standard time-keeping electronics as well as other optical frequencies. What
was needed was a frequency “ruler” capable of connecting radio frequencies and the
whole optical spectrum, whose noise characteristics would cancel out in the bridging
process, allowing for the superb optical clock’s performance to be used.

The first access to frequency measurements in the optical region were cascade
laser-systems. These used chains of multiple-frequency generation and injection
locked lasers, starting from microwaves up to optical wavelengths. These chains
were very complicated to operate, filled whole buildings and needed to be physically
adjusted, depending on the target frequency [135–137].
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Fig. 1.6 Schematic output of a femtosecond frequency comb, showing the connection between
the time- (top) and frequency-picture (bottom).

The use of mode-locked femtosecond lasers finally brought a breakthrough in
optical frequency measurements and the Nobel-prize in 2005 was awarded for the
development of the optical frequency comb to J. Hall and T.W. Hänsch. [138–141].

The pulsed operation of a mode-locked laser is achieved by introducing some
Kerr-lens [142] or nonlinear polarisation-rotating medium [143] into the laser cavity
and combining it with an aperture or polariser, leading to pulsed operation suffering
less attenuation than cw-light and consequently “winning” the mode-competition. A
Fourier transformation reveals the spectrum of such pulsed laser, as it is depicted in
figure 1.6. The width of the comb-emission is given by the Fourier-limit of the width
of each single pulse. The delay between two subsequent pulses divides the spectrum
into evenly spaced peaks. Cross-phase modulation in microstructured fibres is a very
common tool to broaden the emission of a frequency comb from a few nm in the
near-infrared to the as much as one octave, potentially covering the whole visible
spectrum [144].

The frequency of each of these spectral modes can be written in terms of two
radio-frequencies and one mode-number [145, 146]:

f = fCEO +m· frep (1.53)
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The carrier envelope offset (CEO) frequency is, as in figure 1.6, given by the
offset between the carrier-and envelope-phase introduced between two consecutive
pulses and the repetition rate frequency by the laser pulse rate. Here it is sufficient
to see that through self-referencing of the mode-locked laser one can control fCEO

and frep [147], enabling absolute frequency measurements and also frequency ratios
in the optical domain with high accuracy. The frequency comb itself is working
as a flywheel, meaning that in the final results, whether it be microwave/optical
or optical/optical frequency ratios, the mode-locked laser noise is rejected - well
below the accuracy limits of modern atomic clocks [148]. A further treatment
of the frequency comb and how to exactly cancel out the mode-locked laser in
measurements will continue in chapter 5 together with an introduction of a relatively
novel application of the femtosecond comb laser.



Chapter 2

171Yb Lattice Clock At INRIM
Absolute Frequency Measurement

2.1 Introduction

In this work an optical lattice clock based on 171Yb in operation at the “Istituto
Nazionale di Ricerca Metrologica” (INRIM) in Turin is presented. The principle
of operation of this frequency standard is explained in this chapter, followed by a
presentation of its physical realisation and, finally, the uncertainty evaluation of the
clock-transition undertaken during this work. Much of the key results of this chapter
have been published in [38].

171
70 Yb is a fermionic isotope of the lanthanide element ytterbium. The interest of

time metrologists in Yb is caused by its earth-alkali like electronic structure, high
atomic mass and transitions in the optical region which are suitable for fast, yet
effective, laser cooling. It as well features a spin- and orbital-momentum forbid-
den 1S0 → 3P0 transition, guaranteeing a narrow linewidth with an AC-Stark shift
cancelling magic wavelength in the near-infrared at 759 nm, which is fairly well in-
dependent of lattice polarisation. Yb has seven stable isotopes, out of which only the
171Yb, 173Yb and 174Yb have been used for metrological applications. The bosonic
174Yb is the most abundant (32%) one, whereas the other two are less common
(171Yb abundance 14%, 173Yb abundance 16%).

In the fermionic isotopes 171Yb (I = 1/2) and 173Yb (I = 5/2) the non-zero nuclear
spin I leads to a small hyperfine-mixing amplitude of the 3P1 and 1P1 states with
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electronic angular momentum J = 1 into the 3P0 state. As a result the 1S0 →
3P0 transition becomes weakly allowed, with a natural linewidth estimated around
10 mHz [42]. In the bosonic isotope 174Yb a finite transition probability can be
enforced by the same mechanism if an external magnetic field is applied [43].

Of all these isotopes the choice at INRIM fell on 171Yb. Among the fermionic
isotopes it has a simpler electronic structure than 173Yb. Using the bosonic isotope
on the other hand introduces further complexity to the experimental control, since
the transition strength depends upon the magnetic field and the nature of bosons
leads to higher atomic collision rates than in the case of fermions, where s-wave
scattering is forbidden by the Pauli-exclusion principle.

All relevant atomic levels and transitions for clock operation are shown in figure
2.1.

An optical lattice clock is always run in a pulsed operation, consisting out of
cooling and capture of an atomic ensemble, a subsequent transfer into an optical
lattice and finally the clock-transition state preparation and read-out.

During one cycle the atomic sample is prepared and interrogated in an ultra-high
vacuum science chamber. With a melting point of 824°C for Yb sufficient vapour
pressure is generated by evaporation in a diffusion-oven. The travelling hot atomic
sample is decelerated by a slower beam using the light-pressure-force. Some designs
use a Zeeman-slower to augment the process efficiency [149]. At INRIM this feature
was omitted in favour of a short path from the oven to the science chamber, leading to
a less divergent atomic beam. The slower beam enables a two-stage Magneto-Optical-
Trap (MOT) to capture and cool an atomic ensemble. The first-stage (in the following
called the blue stage) uses the strong 1S0 → 1P1 (linewidth 29MHz) transition at
399nm to cool down the atoms to about 1 mK. A second (green) MOT stage acts
upon the weaker 1S0 → 3P1 transition (linewidth 182kHz). The Doppler-limit of this
transition is 4.4 µK.

The atomic ensemble is subsequently transferred into the standing-wave of an
optical lattice, operated at the magic wavelength 759nm. The trap-depth is often
given in units of the recoil-energy (of a single lattice photon) Er or the maximum
temperature of trapped atoms. Typical lattice depths amount to a few hundred Er or
micro-kelvin in temperature units.
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Fig. 2.1 The relevant atomic transitions in 171Yb. Blue and green arrows show the two stages
of Magneto-Optical Traps, reaching a Doppler-limited temperature around 15 µK in the 2nd
green stage. The brown repumper-transition decays via the 3P1 state to the ground-state,
but has a loss channel towards the long-lived 3P2, which is included in state-occupation
calculations.
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Inside the lattice a few thousand to a hundred thousand atoms are captured. The
temperature of the atoms can be further decreased, if necessary, by sub-Doppler
cooling mechanisms. There are many different ways towards this goal, such as evap-
orative cooling (decreasing lattice depth to evaporate hot atoms) [150] or Sisyphus
cooling [62, 63]. But for atomic clocks sideband-cooling of the captured atoms
inside the lattice is a reasonable choice, since it it easy to implement and leads only
to low losses. Sideband cooling is executed by a laser resonant to the red-detuned
sideband of the clock transition, followed by repumping. As the atoms fall back to
the ground state, their vibrational level is decreased. Eventually nearly all atoms are
found in the vibrational ground state of the lattice [151, 70].

The ground-state as well as the excited-state of the clock-transition have two
hyperfine Zeeman-substates. Increasing spectroscopic contrast and decreasing col-
lisions as well as line-pulling, the ground-state is spin-polarised by a short pulse
driving the 1S0,mF = ∓1/2 → 3P1,mF = ±1/2 transition.

The 1S0 → 3P0 clock-transition spectroscopy is performed by a laser stabilised
to an ultra-stable cavity. Due to the long excited-state lifetime a repumper laser at
1389nm is used to transfer the atoms back into the ground-state. The atoms in the
3P0 state are excited into the 6s6d 3D1 or 6s7s 3S1 state, from which they relax to the
ground state via the 6s6p 3P1 state, with a small loss channel leading to the 3P2 state.
The magnitude of losses to 3P2 can either be estimated from the oscillator strengths
(dipole-matrix elements ⟨1|D |2⟩), resulting in calculated 3% losses [152], or a 2nd
repumper be installed [153]. The read-out of the ground-and excited state population
can simply be performed on the strong 399nm transition.

2.2 Physics Package

In figure 2.2 and 2.3 the physical apparatus of the Yb lattice clock at INRIM is
displayed. The atoms are emitted in a collimated beam by an effusion oven at a
temperature of around 400°C. The distance between the atomic oven and the trapping
region, called the science chamber, where the atoms are captured and interrogated, is
kept minimal (21 cm) in order to increase the flux of atoms, allowing to dispense of
a Zeeman-slower for the slower-beam described below. All lasers are delivered to
the vicinity of the science chamber by polarisation-maintaining fibres. Mechanical
shutters and RF switches acting on the AOM-controls are controlled via software
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Fig. 2.2 Physical Setup scheme with the science chamber on one breadboard and all lasers,
except for the repumper, guided by optical fibres to the experiment. Beam samplers and
splitters provide reference points for fibre phase-noise cancellations (link ref.) and power
stabilisations. The MOT uses a 3D beam arrangement (here vertical direction omitted for
clarity).

and shut the slower, MOT and probe beams on and off. A normalised atomic state
readout is performed by fluorescence-detection on the 1S0 → 1P1 transition via a
photo-multiplier tube.

Figure 2.3 shows the science chamber and its surrounding. An ultra-high vacuum
of less than 10−9mbar is maintained by two ion pumps situated below the science
chamber and one non-evaporable getter pump. Stainless steel fittings connect the
oven through a vacuum differential tube with the science chamber and the slower-
beam entrance as well as all ion-pumps. The science chamber itself consists out of
an aluminium frame with large, dielectrically coated silica windows (eight in total)
for optimised access and indium-sealing. Ten platinum resistance thermometers are
distributed over the outer surface of the chamber to enable a precise evaluation of
the black-body-radiation. A pair of magnetic coils is arrayed vertically (z-direction)
on the chamber and is working in an anti-Helmholtz configuration, providing the
magnetic gradients for the MOT. Water cooling serves to keep the temperature of the
coils as well as the chamber constant during operation. Three pairs of Helmholtz
coils compensate the stray magnetic field at the position of the captured atomic cloud
in all three dimensions.
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Fig. 2.3 View of the physical apparatus. In the centre there is the science chamber; the
water-cooled anti-Helmholtz MOT coils are arrayed vertically on the chamber. One pair of
Helmholtz-coils is placed in each room-direction, around the windows of the chamber (x,
y-direction) and above/below the MOT coils (z-direction). In the forefront are optics to probe
and detect the atomic state. The direction the atoms are exiting the effusion oven is indicated
by a white arrow. The directions of the laser beams for cooling, trapping, spin-polarisation,
probing and detection of the atoms are indicated.
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2.3 The Blue MOT

Before capture and cooling in the blue MOT the atoms are faced with a high-power
red-detuned (at 399nm) beam, which enters the vacuum-apparatus by a side-window.
For the very first measurements obtained during this work the slower-beam was not
redirected over an intra-vacuum mirror, but entered by a heated window facing the
oven. The black-body radiation emitted by this window bathed the captured atoms
inside the lattice through a direct line of sight connection, leading to some excess
BBR shift uncertainty, and was therefore replaced with the aforementioned mirror.

The blue MOT traps the atoms from the slower-beam. The 399nm radiation is
obtained through second-harmonic generation (SHG) of a 798nm amplified external-
cavity diode laser with an output power of up to 3W. The SHG utilises a lithium-
triborate (LBO) crystal as nonlinear-medium inside an enhancement cavity [154].
This cavity is locked to the laser by regulation of the cavity length via a piezo behind
one of four cavity-mirrors. The error signal for stabilisation is generated applying the
Hänsch-Couillaud technique, where a polarising element inside the cavity enables
the measurement of the polarisation-change of the reflected light over a resonance
[155]. In this way a total power of 400mW at 399nm is gained from an input power
of 1.2W of infrared light and subsequently distributed among the slower beam, the
MOT beams and the state detection.

In order to achieve a stable operation the laser linewidth should be significantly
below the (power-broadened) linewidth of the engaged transition. In this case the
diode laser itself has a sufficient linewidth of about 300kHz. Therefore only a
drift-compensation needs to be implemented. The laser is stabilised at the correct
wavelength through side-of-fringe locking to the transverse spectroscopy signal of
an auxiliary hot atomic beam of 171Yb.

The slower beam punches the atoms with about 35mW of light power at a
detuning of −360MHz from resonance. A fraction of the magnetic field generated by
the MOT coils leaks outside of the science chamber and is supporting the deceleration
similar to a Zeeman-slower.

The power in all six MOT beams adds up to about 30mW, with an 1/e2 radius of
1cm and a detuning from resonance of −20 MHz.The magnetic field gradient along
the z-axis (as in figure 2.3) is 0.35T/m
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The slower prepares an ensemble of up to 4× 107 cold atoms, depending on
the cycle time. Out of this an estimated maximum of 2×105 atoms are cooled and
then trapped by the blue MOT at a temperature of 1mK. In a typical clock cycle the
slower beam and the blue MOT are operated simultaneously for 50ms and then shut
down mechanically.

2.4 The Green MOT

The second stage MOT at 556nm uses laser light generated from SHG of an am-
plified Yb-doped fibre laser creating 1W at 1112nm. After single-pass through a
periodically-poled potassium titanyl phosphate (PPKTP) crystal about 10mW of
usable radiation is obtained. A stable operation throughout one day of measurement
requires a drift below 100kHz and places a similar constraint on the linewidth. The
actual linewidth of the unstabilised laser is around 20kHz and the drift as fast as few
MHz in a minute.

The frequency-stabilisation of this radiation is obtained by a Pound-Drever-Hall
(PDH) lock to an ultra-stable 10cm cavity made (both, spacer and mirrors) out
of Corning ultra-low expansion glass (ULE). The stabilisation acts upon the RF
frequency supply of an AOM and the fibre-laser’s piezo voltage for fast and slow
locking, respectively. The cavity is operated a few degrees away from the point
of vanishing CTE due to technical limitations. However, the resulting drift of the
stabilised laser is at least a factor 10 below the above mentioned requirements. The
short-term stability limit of this cavity has been evaluated before in [156], being a
few parts in 10−15 at 1s, well below the requirements set here.

The green MOT beams carry a total power of 2mW with a 1/e2 radius of 0.5cm.
These beams are simultaneously turned on with the blue MOT and kept on until the
atomic transfer to the lattice is completed. The green stage of the MOT lasts for
60ms and is divided into three sub-stages with varying laser frequency and intensity,
as well as different magnetic field gradients in order to maximise the fraction of
atoms transferred to the optical lattice.

The first substage (30ms) of the 556nm MOT is loaded from the blue MOT with
an efficiency of 70% once the blue beams are shut off. This substage is designed
to transfer the maximum amount of atoms from the blue MOT and uses a field
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gradient of 0.13T/m combined with full beam intensity. The 2nd substage lasts
20ms and reduces the temperature of the captured atomic ensemble to 10µK moving
the frequency closer to resonance, while decreasing the intensity by tenfold and
raising the magnetic field gradient to 0.2T/m. The temperature measurement is
performed by a measurement of the size of the atomic cloud after a short free-fall
time once the magnetic fields are shut off. The size measurement uses another
focused 399nm beam horizontally displaced from the MOT position, allowing the
determination of the cloud extension as it passes through. The 3rd substage features
a higher magnetic field gradient of 0.23T/m and a slight deviation in intensity and
frequency from the 2nd one in order to enhance the transfer-efficiency of the atoms
into the optical lattice. The efficiency of the transfer from the 2nd green MOT stage
to the lattice, mediated by the 3rd stage, is typically around 7%.

2.5 The Lattice

The lattice is formed by a retro-reflected, horizontal beam at the magic wavelength
(759nm). The radiation is generated by a commercial diode-pumped Ti:Sa Laser.
The maximum optical output power at 759nm is around 2W. To assert the uncer-
tainty on the absolute frequency of the clock transition related to the lattice Stark
shift at a level below 1× 10−18, the laser frequency needs to be stable during the
time of one measurement (typically 10 h) to 120kHz (for our typical trap depth of
200 Er and the optical power to within a few percent.

The laser has a spectral width of 20kHz at 1s, but drifts over several MHz in
few minutes. The frequency of the lattice is constantly recorded with a Er-fibre
frequency comb, whose repetition-rate and carrier-envelope-offset are stabilised to
a 10MHz H-maser signal. Therefore a slow digital lock uses the beatnote-signal
between the comb and the lattice laser to compensate the lattice laser drift, acting on
the length of the internal laser-reference cavity. An AOM between the laser output
and the fibre to the science chamber is used for an active power-control. The laser
itself is situated on the same optical table as the science chamber, at a distance of
around 2m. The radiation is directed to the experimental apparatus by high-power
polarisation-maintaining fibre.

At the output of the PM-fibre, as in figure 2.2, typically 1W of light power is
available. The radiation is subsequently overlapped with the clock laser and then
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Fig. 2.4 Spin-polarisation with efficiency 98%. The plot is composed out of two scans over
the Zeeman-split resonance with spin-polarisation to either mF state.

the polarisation of both lasers cleaned and parallel aligned along the z-axis by a
Glan-Thompson polariser. The lattice is focused at the position of the green MOT
with an 1/e2 waist radius of 45µm and retro-reflected by a curved mirror. The beam
is tilted from the horizontal axis by 60mrad.

The operating lattice-depth is around 200 Er, where Er signifies the energy
associated with a single photon-atom collision inside the lattice (recoil-energy):
Er =

h̄2k2

2m . The exact number of atoms trapped is regulated in clock operation (e.g. to
measure the cold atomic collisions shift) by adjustment of the slower beam duration
between 40ms and 150ms. In this way up to 104 atoms are stored inside the lattice
at a temperature of 7(3)µK. The lifetime of an atom inside the lattice is 2.7s. The
main limitation to the trapping lifetime is related to background-gas collisions [157],
kicking atoms out of the lattice.
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Fig. 2.5 Picture of the ultra-stable 10cm cavity on its supports.

2.6 Spin-Polarisation

The spin-polarisation is performed by optical pumping on the Zeeman-sublevels of
the same transition as the one used for the green MOT. A linearly polarised 1ms pulse
and a magnetic field of 0.4mT are applied along the vertical (z-) axis as in figure
2.3. The efficiency of the spin-polarisation has been confirmed by spectroscopy on
the Zeeman-split clock transition to reach 98% with either mF-substate, as shown in
figure 2.4. Prior to the polarisation-pulse the magnetic field is building up during a
15ms waiting time.

2.7 Ultra-Stable Clock Laser

The radiation probing the 1S0 → 3P0 clock-transition is generated via sum-frequency
generation (SFG) of a 1319nm neodymium-doped yttrium aluminium garnet (Nd:YAG)
laser with an erbium fibre laser at 1030nm in a waveguide periodically-poled lithium
niobate (PPLN) crystal [156]. Up to 7mW of light power are available after the
crystal. The laser is actively stabilised to an ultra-stable cavity using the PDH
method.
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The cavity consists out of a 10cm ULE spacer with fused silica mirrors (One flat,
one concave, with radius −0.5m), featuring ULE compensation rings and dielectric
coatings at 578nm.

The resonator is suspended horizontally on 4 receptors in a vibration-insensitive
configuration. Based on a finite-element analysis the vibrational sensitivity should be
expected in the 10−11s2m−1 to 10−10s2m−1 region. The vacuum chamber is placed
inside an anti-acoustic chamber and on top of a passive vibration-isolation system.

The cavity is situated inside an aluminium chamber under an ultra-fine vacuum
maintained by an ion pump. The chamber features two shells around the cavity, one
inner- and one outer-shell, both temperature-stabilised to enhance the uniformity of
the temperature distribution around the cavity. The temperature control uses 4-wire
resistance measurements of platinum Pt1000 sensors to measure the temperature
of each shell individually. The temperature-control is a low bandwidth (< 1Hz)
digital realisation of the Active Disturbance Rejection Control (ADRC), using Peltier-
elements to regulate the temperature of the shells. The ADRC, described in [158],
uses an estimate of the temperature fluctuations sensitivity to actively counteract
the thermal fluctuations. The temperature control keeps the inner-shell of the cavity
around the zero-CTE point of 301.15K with an in-loop temperature error of 0.1mK.
Taking the linear thermal expansion coefficient of ULE around room temperature as
10−8K−1 and the FSR of 1.5GHz, a frequency uncertainty of the TEM00 modes of
1.5mHz follows. At 578nm this is equivalent to few parts in 10−17. This estimate
is, of course, based on an in-loop signal and does not take into account the actual
low-pass filtered transfer of the inner-shell temperature to the cavity. But it shows
that the temperature control does not pose a limitation to the envisioned stability of
the cavity (10−15 at 1s).

The expected ultimate limitation of any ultra-stable cavity is Brownian motion
of the mirror coatings and, to a lesser degree, of the spacer and the mirror substrates.
Using equation 1.50 we calculated a thermal noise limit of around 1×10−15τ−1/2.
From measurements with similar cavities [156] we expected the resulting flicker-floor
limitation of the laser to be somewhat below 3×10−15 at 1s.

Since there is no other laser at the INRIM laboratories with a stability at or below
this value, the ultimate measure of stability is the atomic spectroscopy.

The laser power impinging on the cavity is stabilised at an optimised level, where
the sum of shot-noise in the error signal detection and thermal noise due to heating
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of the cavity mirrors is minimised. Shot noise is associated to the photon-number
fluctuation of an electromagnetic field in the presence of the vacuum states. Taking
an upper limit for the cavity sensitivity of 70Hz/µW, the input power fluctuations
were found to be compatible with a stability better than 3×10−17 at 1s.

Clock Laser Finesse Measurement

One important aspect of ultra-stable cavities is highly-reflective mirrors, leading
to high quality factors of the cavity modes. This is necessary in order to obtain a
high spectral resolution that allows to transfer the stability of the cavity to the clock
spectroscopy laser. The Finesse as measure of the quality-factor was determined
via the cavity ring-down method. In order to measure the cavity ring-down-time
the laser was first stabilised via PDH-locking unto one cavity-resonance. The AOM
stabilising the light (fast lock) on the resonance had a TTL (Time to live) trigger in
the signal loop of the driving RF-input, which was switched electronically to extinct
the RF power to the AOM and thereby stopping any laser light from entering the
cavity. A photo-diode behind the cavity sensed the transmitted power, which was
recorded on an oscilloscope triggered by the same TTL mentioned before. A series
of 9 lifetime-measurements was taken, and the resulting ring-down-time is 15.816µs
with an associated uncertainty of (take student-t-distribution):

µ(τp) =

(
n−1
n−3

) 1
2 s√

n
= 0.067µs (2.1)

Since the decay-time is the only input-quantity for the Finesse, one needs to look
at possible uncertainties contributing to this time. These uncertainties cannot be
measured directly with this experimental setup, but need to be taken into account
from a theoretical perspective.

The resonance condition is altered by temperature and impinging light power as
well as mechanical vibrations, but these do not influence the mirror-reflectance or
losses. On the other hand care has to be given to include the photodiode, trigger and
oscilloscope bandwidths as well as the RF extinction out of the AOM. Most of the
data can be taken from specification sheets. The TTL is home-built and therefore
its shut-down time, which artificially expands the measured photon-lifetime, was
measured: Shutdown-time was assessed at 0.4±0.25 µs (rectangular uncertainty).
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Fig. 2.6 Exemplary photon lifetime measurement as normalised transmitted power against
time (red). The black vertical line marks the triggering event (applied voltage to trigger) and
the green curve is an exponential fit with a lifetime of 15.59µs.
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Taking the other mentioned shifts and their uncertainties the Finesse finally follows
as:

F = 144×103 ±2×103 (2.2)

This value corresponds to a mode linewidth of about 10kHz and is well within
the range of contemporary ultra-stable cavities. According to experience this result
is compatible with the targeted Hz-level laser linewidth.

Zero Coefficient Of Thermal Expansion Point

ULE glass has a zero CTE temperature around 300K, which can be designed to be
within a convenient target range of a few K. But silica has an even higher mechanical
quality factor than ULE, meaning a low loss angle, reducing the thermal noise limit in
equation 1.52. The problem with silica is that its most prominent zero CTE crossing
is found at 124K, demanding cryogenic temperatures. Therefore the mirrors of the
clock laser cavity are made out of silica, while the spacer is fabricated from ULE
glass. Small rings of ULE glass are attached to the silica mirror-substrates and at the
same time optically contacted to the spacer in order to compensate for the thermal
expansion of the silica material, as shown in figure 2.5. This solution combines
the low thermal noise of the silica with the zero CTE of the ULE glass at a more
convenient temperature.

The zero CTE point measurement was conducted as follows: The laser was
stabilised to the ultra-stable cavity and the laser’s frequency measured by an Er-fibre
frequency comb, while the temperature of the inner-shell of the vacuum chamber
(and thereby also the cavity temperature itself) was linearly increased with time
across the presumed zero CTE temperature and then again decreased. The frequency
vs. inner-shell temperature plot is shown in figure 2.7. These data show a hysteresis
curve due to the slow temperature transfer to the cavity. The intermediate value of the
two zero CTE crossings recorded is taken as the actual, static zero CTE temperature.
The zero CTE temperature results as 301.15(5)K.

Despite of the vanishing CTE at the operational temperature, a constant drift
below 0.1Hz/s of the cavity frequency is observed. A residual drift of this order of
magnitude is common for ULE glass cavities and is attributed to ageing processes
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Fig. 2.7 The cavity stabilised laser frequency measured by the frequency comb as a function
of the inner vacuum shell temperature
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[159]. This constant drift is automatically corrected in a feed-forward scheme by a
synthesizer steering an AOM.

Fibre Network

The 578nm radiation is sent to the ultra-stable cavity for stabilisation, but simulta-
neously also to the science chamber for spectroscopy and to a frequency comb to
compare it to INRIM’s primary frequency standard, the ITCsF2 cryogenic fountain
clock. The distribution of the radiation is done by polarisation-maintaining fibres
of 20m length each. This kind of fibre is engineered in the panda style, meaning
that the fibre birefringence preventing crosstalk between the polarisation axis is
obtained through stress rods pulling on the core. In this configuration the polarisation
fluctuations induced by mechanical noise acting on the fibre are greatly reduced in
comparison to single-mode fibres. But this also means that the polarisation of the
output radiation is sensitive to thermal fluctuations of the fibre environment [160].
About 2m of uncompensated free-space optical path lays between the 3 fibres inside
an acrylic enclosure. The optical pathlength inside this enclosure is quite stable,
whereas the optical fibres suffer mechanical acoustic and seismic noise as well as
small cyclic temperature variations induced by the AC conditioning of the labora-
tories. In order to assure the phase and frequency stability of the laser everywhere,
the phase noise along the fibre paths needs to be actively cancelled. The optical
setup and the electronic feedback-loop as well as a throughout characterisation of the
phase noise cancellation are discussed in chapter 4.4. Here it shall only be mentioned
that the stability of the fibre links was better than either the 578nm laser or the Yb
lattice clock for all timescales and the accuracy of the link was limited solely by
statistics to 1×10−18 after 1000s of integration time.

2.8 Frequency Comb

The frequency comb used to link the optical frequency of the Yb clock to the
microwave generated SI-second and to stabilise the lattice laser on an H-maser,
is a commercial Er-doped fibre laser, featuring separate amplifiers and non-linear
broadening for the f-2f CEO offset frequency detection interferometer and the Yb
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frequency detection. The CEO-frequency fCEO and the repetition-rate frep are locked
to the universal 10MHz frequency reference in the laboratory taken from a H-maser.

In order to assess the comb’s contribution to the absolute frequency measurement,
the same laser frequency was measured simultaneously by this comb and a second
one with a similar set-up. The difference was taken as the uncertainty on the laser
frequency. The comb contributes with 1× 10−16 to the measurement uncertainty.
This result is limited by the comb’s electronic noise level after an averaging time of
10 000s.

2.9 Repumper Laser

The repumper laser is a commercial pigtail distributed feedback laser with a centre
wavelength of 1389nm, acting on the 3P0 → 3D1 transition. 10mW of radiation
broaden the transition to about 300MHz. Consequently, active frequency stabili-
sation is not required. The 6ms repumper pulse has a transfer efficiency of 90%.
The loss channel to the long-lived 3P2 is included in the calculation of the excitation
fraction by considering the relative transition strengths from the 3D1 level [152] with
3% as well as heating losses (see section 2.5) with another 2.2%.

2.10 Spectroscopy Of The 1S0 −→3 P0 Transition

A single spectroscopic sequence consists out of state preparation, interrogation and
read-out. The state preparation starts with the 50ms blue MOT, followed by the
green MOT in three sub-stages and a total duration of 60ms, transferring about 104

atoms into the lattice. A bias magnetic field lifts the degeneracy of the mF spin-states
and the spin-polarisation beam transfers 98% of all atoms into one of them within
a total duration of 16ms. After spin-polarisation we wait 30ms for the magnetic
field transients to decay and the field to stabilise at the value used for spectroscopy,
typically 0.14mT, leading to a Zeeman shift of the two π-transitions of 290Hz.
Spectroscopy across the Zeeman-split transition is depicted in figure 2.8.

The interrogation of the 1S0 −→3 P0 transition is executed by the 578nm clock
laser. The clock laser is collinear to the lattice laser with an 1/e2 waist radius of
200µm, assuring flat phase-curvature at the position of the lattice, and an incident
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Fig. 2.8 Top: Spectroscopy across the Zeeman-split (shift of 290Hz) clock transition. The
full picture consists of two scans, each spin-polarising the transition to one mF =±1/2 state.
Blue and green dots are measurement points, the lines Lorentzian fits.
Bottom: Zoom-in on one Zeeman-split transition with an FWHM of the central line (green)
of 18Hz
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power of 70nW. The power impinging on the atoms is actively stabilised. The
polarisation is linear and cleaned by the same Glan-Thompson polariser (extinction
ratio 100000 : 1) as the lattice radiation, thereby aligning lattice and clock-laser
polarisation among themselves. The applied vertical magnetic field is lifting the
mF -states degeneracy in order to to suppress the linear Zeeman-effect and residual
vector-shifts [4, 42]. For our usual trap depth of 200 Er the residual vector light shift
can be as low as 3mHz when assuming perfect alignment. During our measurements
of the AC Stark shift we detected a residual vector light shift of 0.16(0.29) Hz. The
degree of circular polarisation - as defined in [42] - follows as A = 3.5×10−4 for the
mean value. Such a circular component could be introduced either by a misalignment
of the lattice polarisation vector or some birefringence in the windows of the science
chamber. But it has to be emphasized that the measurement is also consistent with a
zero shift. The lattice back-reflector is anti-reflection coated at 578nm, revealing a
residual reflectivity < 1% at this wavelength.

The clock-laser pulsed operation is achieved by switching the frequency of the
light impinging on the atoms with an AOM. The laser is detuned about 1MHz from
resonance during its dead-time, assuring that it does not interact with the atoms,
and turned to resonance after the spin-polarisation for the duration of a π-pulse.
Mechanical shutters block all radiation except from the lattice- and clock-laser
during the 60ms of interrogation.

The excitation fraction is destructively detected and normalised by three 2.5mW
399nm pulses with a waist of 0.5mm resonant to the 1S0 → 1P1 transition. The
atomic fluorescence of the strongly saturated transition is caught by a photo-multiplier
tube (PMT), whereupon the incoming signal is integrated for 2ms.

A total of 26ms is needed in order to read-out the normalised excitation fraction
and the total number of atoms. The first pulse measures the excitation in the ground
state, the second pulse the fluorescence coming from the hot background gas and the
third pulse the excited state population, after a short pulse from the repumper laser
has transferred the atoms back into the ground-state. The number of atoms and the
excitation fraction are recorded and given out in a live-display by a home-written
programme. The total time of one spectroscopic sequence is 242ms with 60ms
(about 1/4) of it being spectroscopy.

The clock-transition is typically observed with a linewidth of about 20Hz. This
is larger than the expected 5Hz and attributed to excess seismic noise acting on the
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Fig. 2.9 High-power spectroscopy across the vibrational sidebands of the unperturbed
transition (centre). Blue dots = measured values, red line = fit

ultra-stable cavity, which is not cancelled by the passive vibration isolation platform
and the intra-vacuum cavity supports.

To investigate the state of the trapped atoms, high power (broadening the clock
transition to more than 1kHz) spectroscopy was conducted, observing the sideband-
spectrum (figure 2.9) consisting out of the 1S0 → 3P0 clock transition and one blue-
and red-detuned sideband, raising or lowering the vibrational level of the interrogated
atom, respectively.

These data allow one to determine the longitudinal trap-depth from the frequency
of the sidebands relative to the carrier clock-transition through equation 1.25 and
the atomic temperature by the ratio of their integrated sideband absorption cross
sections, bbr. We shall approximate the vibrational level occupation by a Maxwell
distribution (quantum effects are not yet relevant at the temperatures here), using the
following equation from [70, 161]:
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kBT = hνz/ln(bbr) (2.3)

The usual operating trap depth was U0 = 200Er (νz = 57.6kHz) with an atomic
temperature inside the lattice of 7(3)µK. The shape of the sidebands is smeared
out towards the carrier due to the reduced lattice intensity seen by atoms at a radial
displacement from the axis. The radial trap-frequency was calculated as 218(10)Hz,
little more than 10% of the 2kHz recoil-frequency.

From the trap-depth and temperature the mean-vibrational state is easily accessi-
ble by fitting a Gaussian distribution. We calculated that 70% of all atoms occupy the
lowest three vibrational levels. From the spread of the longitudinal trap-frequency in
figure 2.9 we assessed that the atoms see an effective trap depth (meaning an average
value) of Ue = ξ ·U0 with ξ = 0.8(1). Tunnelling broadens the discrete levels of
the harmonic oscillator forming band-structures with increasing width by raising
quantum number. We estimated the width of the third band, solving equation 1.30
numerically, as 2mHz for usual lattice conditions.

2.11 Clock Operation

The frequency standard is running in a pulsed operation. One full clock cycle consists
out of four single spectroscopic sequences. We alternatively interrogate the two sides
of each Zeeman-transition (mF =±1/2) to derive an error-signal for each transition
separately. The clock-laser frequency is controlled by a software implementing a
digital lock steering the clock AOM (figure 2.2). The excitation fraction of all four
measurements is recorded to deduct the frequency of both transitions during one
clock cycle, allowing the tracking of the Zeeman-splitting. Averaging between the
two π-transitions in post-processing then gives the frequency of the unshifted (no
magnetic field) transition, suppressing the first-order Zeeman-effect and the residual
vector light shift stemming from an imperfect lattice polarisation.
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Fig. 2.10 This measurement served to estimate the lattice light shift. The blue dots are the
stability of the frequency difference between two virtual clocks with low and high lattice
intensity.

2.12 Uncertainty Evaluation

In order to evaluate systematic shifts we interleave two independent clock sequences,
giving not two, but four independent locks. The data is then post-processed to
extract the difference between the two “virtual clocks”, interpolating at common
time tags. The exemplary stability of the difference-signal between these two clocks
during one measurement is shown in figure 2.10. The Allan deviation here runs
as 2.3×10−14τ−1/2 for a total measurement time of 22.5h. This white frequency
noise level is compatible with the 20Hz linewidth observed. This stability is a full
order of magnitude worse than expected and we were not able to improve it during
our absolute frequency measurement campaign, resulting in averaging times more
than three times the expected value, ultimately limiting the uncertainty evaluation of
the AC Stark- and density-shift. The difference between the expected and observed
stability is most likely explained by an insufficient vibrational noise elimination by
the passive vibration isolation platform and the cavity’s posts.

The uncertainty budget of INRIM’s 171Yb optical lattice clock is shown in
table 2.1. The frequency of the 1S0 → 3P0 transition is associated with a fractional
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uncertainty of 1.6×10−16. In the following the individual contributions are discussed
in detail.

2.12.1 AC Stark Shift

Let us recall the lattice light shift from equation 1.29:

∆ f =
[

a∆ν +
3
4

d(2n2 +2n+1)
]

Ue

Er
−d

(
Ue

Er

)2

+(a∆ν −b)
(

n+
1
2

)(
Ue

Er

)1/2

+d(2n+1)
(

Ue

Er

) 3
2

(2.4)

, with ∆ν the detuning from the E1 magic wavelength, Ue the effective trap
depth, a the linear E1 slope of the polarisability, while b and d give multipolar
and hyper-polar corrections, respectively. The quantum number n is the average
vibrational lattice state occupied by the atoms.

We first measured the linear part of the AC Stark shift and the corresponding
magic wavelength by measuring the frequency difference of the clock transition
between interleaved clock cycles with high (U0 = UH) and low (U0 = UL) lattice
intensity. From the difference we extracted the total shift in the case of low intensity,
assuming only a linear shift in intensity. The total shift was then corrected by
accounting for the multipolar effects and hyperpolarisability, inserting the known
values of b = −0.68(71)mHz and d = −1.9(8)µHz for Yb in a linear polarised
lattice [28, 78] in equation 2.4.

The lattice intensity is steered by changing the RF power driving the AOM
at the output of the Ti:Sa laser, altering its diffraction efficiency. Thereby the
spectral characteristics of the lattice laser remain independent of the intensity. No
spectral filtering of the laser-output was conducted during our absolute frequency
measurement campaign. An optical grating was introduced at a later point in time
(see chapter 5). The power of the lattice is actively controlled and stabilised by a
PID steering the AOM diffraction efficiency and the error signal generated from a
photodiode observing the lattice light leaking through the back-reflection mirror,
as shown in figure 2.2. In order to exclude additional shifts (e.g collisions) to
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Table 2.1 Table of the 171Yb clock-transition uncertainty estimation stemming from the
individual effects discussed in this chapter.

Effect Shift / Hz Unc. / Hz Rel. Shift / 10−17 Rel. Unc. / 10−17

Linear AC Stark −0.02 0.04 −4 8

Nonlinear AC Stark −0.07 0.05 −12 10

Zeeman −0.14 0.02 −27 4

BBR room −1.219 0.013 −235.3 2.5

BBR oven −0.011 0.004 −2.1 0.8

Density −0.01 0.03 −2 6

Background gas −− 0.008 −− 1.5

Probe light 0.005 0.018 1 3.5

DC Stark −− 0.005 −− 1

Line pulling −− 0.002 −− 0.4

Doppler −− 0.03 −− 5

Tunnelling −− 0.002 −− 0.4

Servo −− 0.005 −− 1

AOM switching −− 0.002 −− 0.4

Fibre links −− 0.0005 −− 0.1

Total −1.465 0.08 −281.4 16



70 171Yb Lattice Clock At INRIM Absolute Frequency Measurement

compromise the measurement of the lattice light shift, the atoms are always loaded
at low lattice power UL. In order to measure the shift with high trap depth, the lattice
power is abruptly raised to high intensity UH (using the RF input power of the AOM)
within 0.1ms just before the spectroscopy laser turns into resonance with the clock
transition.

For our absolute frequency measurement we ran the lattice not exactly at the
magic wavelength, but at our working point of ν = 394 798.238GHz. Therefore
we measured the shift between UL and UH with this specific lattice frequency and
subsequently assessed a linear shift at UL of −0.02(4)Hz.

From sideband spectroscopy we obtained the values of UH , UL, ξ and n. They
resulted as UH = 348(5)Er, UL = 196(4)Er, ξ = 0.8(1), and n = 2.1(10) at UL and
n = 1.5(8) at UH .

With these results we corrected the shift at the working point with the hyperpolar
and multipolar corrections in equation 2.4. The hyperpolar and multipolar shifts
resulted as −0.13(6)Hz and 64(32)mHz, respectively. The nonlinear lattice shifts
then sum up to a total of −0.07(5)Hz, the single largest contribution in the uncer-
tainty evaluation (see table 2.1). This uncertainty mainly stems from the uncertainties
of the coefficients b and d, which are contributing stronger to the result as the lattice
depth increases.

The calculated AC Stark shift at a lattice depth of 200Er , assessed by interleav-
ing tow virtual clock cycles between high and low lattice depth and changing the
lattice frequency, is shown in figure 2.11. For this measurement we used lattice
depths of UL = 208(2)Er and UH = 333(4)Er. The shift was corrected for higher-
order contributions and subsequently we fitted the curve with a second-order Taylor
expansion around the magic wavelength:

∆ f = a∆ν(
Ue

Er
)+ c∆ν

2(
Ue

Er
) (2.5)

The fit gave a=−27(3) mHz GHz−1 and the quadratic coefficient c=−0.16(3) mHz GHz−2.
The uncertainty stated is limited by the knowledge of ξ , not the statistics.

Combining the measured shift at the working point with the linear coefficient
and subtracting the nonlinear corrections, we determine the E1 magic frequency
as 394 798.205(17)GHz. This value, as well as previously reported ones [4, 162–
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Fig. 2.11 Total AC Stark shift against lattice frequency at U0 = 200Er, extracted from
interleaved measurements between lattice depths of UL = 208(2)Er and UH = 333(4)Er
and with the application of multipolar and hyperpolarisability corrections. Blue points are
measured data points and the green line a quadratic fit. Bottom panel shows fit residuals.
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Fig. 2.12 The magic wavelength of 171Yb (circles) with respective uncertainties (red bars)
as measured in this work (INRIM2016) [38] compared to other recent and previous values
by NIST [4, 165], NMIJ [162], RIKEN [5, 28] and KRISS [163, 166]. It is noteworthy that
the most precise values (RIKEN2016, KRISS2017, NIST2017) are in agreement with each
other and that for these measurements the ASE spectrum of the lattice laser was suppressed
through optical filtering with Bragg-gratings or enhancement cavities.

164, 5, 28, 165, 166], are not consistent with each other, see figure 2.12 (The value
of [164] has no stated uncertainty and is therefore neglected here). This is probably
due to the unique details of the laser emission spectrum - precisely the amplified
spontaneous emission (ASE) - of each laser system used introducing an additional
AC Stark shift of the clock transition. The magic wavelength is thereby offset with
respect to a pure monochromatic wave if this spectrum is not filtered out (e.g. by a
grating or a cavity) [167].
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2.12.2 Zeeman Shift

During each spectroscopic cycle we apply an external, vertical magnetic field (direc-
tions as in figure 2.3) and spin-polarise the atoms to one of the mF = ±1/2 states. The
frequency difference between the two split states, evaluated in two spectroscopic
cycles, gives directly the Zeeman-shift and thereby the applied magnetic field. Dur-
ing clock operation the Zeeman shift was chosen to be 290.1(3)Hz (relative to the
center), corresponding to a magnetic field of B = 138(1)µT, taking first- and second-
order Zeeman-coefficients from [4]. The drift of the magnetic field was evaluated
to be lower than 0.1 µT/h. Averaging over the two hyperfine-states removes the
first-order Zeeman contribution. The 2nd order Zeeman shift was evaluated using
the quadratic Zeeman coefficient for Yb in [4], 7(1)Hz/mT. The resulting shift is
−0.14(2)Hz.

2.12.3 BBR Shift

Recalling the black-body radiation shift in equation 1.33:

− 1
2

(
α

DC
excited −α

DC
ground

)
< E2 >T (1+ηclock(T )) . (2.6)

For 171Yb we have ∆αDC = αDC
excited −αDC

ground = 36.2612(7)kHz(KVcm)−2 and
ηclock(T = 300K) = 0.0179(5) [99, 103]. The BBR impinging on the atoms can be
separated according to origin: The vacuum system, consisting out of the science
chamber and connection tubes, and the Yb oven.

The science chamber itself, shown in figure 2.3, consists out of an Al body with
large silica viewports, AR-coated at the wavelengths used for the Yb frequency
standard operation. In the wavelength-region of the BBR these windows are opaque.
Therefore the shift calculation needs to take into account only the BBR from sources
inside the vacuum system. The vacuum system temperature is constantly monitored
at ten different positions by Pt1000 platinum resistance thermometers. Eight of those
thermometers are spread across the Al science chamber, another one close to the
Yb oven and the last piece at a maximum distance far away from it. Gradients in
temperature stem from the Yb oven, dissipated power within the MOT coils and
their water-cooling system. The Pt1000 have a calibration uncertainty of 0.2K and
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Fig. 2.13 Temperature readings of the ten Pt1000 thermometers across the vacuum chamber
during a single measurement. Solid coloured lines are the temperature readings around the
science chamber, while the black dashed and dotted lines are the values recorded close to the
atomic oven and far away, respectively.

are read-out by 4-wire resistance measurements with an additional uncertainty of
0.06K.

With the temperature inside the lab controlled at the 0.5K level by an AC system
typically a spread between the thermometer readings of up to 2K across the vacuum
chamber was observed. This gradient would usually be increased when starting the
experiment due to rising temperatures inside the oven or the MOT coils. During our
measurements we would often wait for the temperature to reach its equilibrium before
taking data. A typical data set of thermometer readings is shown in figure 2.13. For
each individual measurement the read-out temperature distribution across the vacuum
system was approximated as a rectangular probability distribution with an average
value of T = (Tmax +Tmin)/2 and associated uncertainty µT = (Tmax −Tmin)

√
12,

where Tmax and Tmin signify the maximum and minimum temperature recorded
during one single measurement. The temperature uncertainty of the data shown in
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figure 2.13 is µT = 0.8K. After many measurements the BBR shift associated to the
vacuum system resulted as −1.219(13)Hz.

The Yb evaporation oven temperature is monitored by a thermocouple. During
clock operation the oven reaches a temperature of 400(10) °C . The rather large
uncertainty results as the accuracy of the thermocouple and the temperature spread
between the oven tip and the sensor position are taken into account. The BBR
emitted by the oven reaches the position of the atomic cloud through a copper
vacuum differential tube with a length of 15cm (total distance oven-atoms: 20cm)
and an inner diameter of 0.5cm. Therefore a BBR estimation needs to take into
account, that also radiation undergoing reflections inside the tube can reach the
atoms. With the emissivity of copper as :εCu = 0.4(2) a ray tracing analysis can
be performed to calculate the effective solid angle under which direct and reflected
radiation impinges on the atoms. It turns out that up to two reflections are relevant
to the calculation. The BBR shift contribution due to the Yb oven has been thus
evaluated as −0.011(4)Hz.

During the very first absolute frequency measurements the slower beam was not
sent unto an intra-vacuum mirror, but faced the hot atomic beam directly through a
heated window (to reduce Yb condensation and coating). This window’s temperature
was at 230(5) °C. The effective solid angle for its BBR was modelled with 5 reflec-
tions from the stainless steel surface of the tube connecting it to the science chamber
and one from inside the Al chamber itself. The emissivities here are εsteel = 0.5(3)
and εAl = 0.13(10). The calculated BBR shift was −0.12(15)Hz. After a few mea-
surements the hot window was replaced with the aforementioned cold intra-vacuum
mirror, removing this shift-contribution entirely. While the highest contribution to the
clock’s uncertainty evaluation therefore stems from the environmental temperature
distribution as 2.5×10−17, for our absolute frequency measurement campaign we
were averaging data with and without the hot window, resulting in a final contribution
of the BBR shift as 5×10−17.

2.12.4 Collisions

The shift arising from atomic collisions is separated into two distinct regimes of cold
and hot atoms with associated density and background-gas shifts, respectively.
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Background Gas Shift

The hot background gas consists out of the hot atomic beam of Yb atoms, passing
right through the lattice position, and residual atmospheric gases (especially hydro-
gen). The collisions appearing here kick the cold atoms out of the lattice and are
therefore related to the lattice lifetime by equation 1.32. We observed a lifetime (of
the cold atoms inside the trap) of 2.7s. Taking the C6 Van-der-Waals coefficients for
Yb dimers [168] we calculate a shift of 8mHz. We inflate the error bars to the same
value to account for the uncertainty of the background gas composition.

Density Shift

The captured 171Yb atoms are fermions, therefore the density shift is dominated by
p-wave cold collisions, while small s-wave contributions arise from inhomogeneities
during the Rabi excitation. Therefore the shift depends on the exact details of the
Rabi interrogation pulse and the efficiency of spin-polarisation. The density shift is
evaluated similarly to the AC Stark shift, exchanging the lattice depth modulation
with a variable atomic density inside the lattice.

We measure the density related shift between interleaved clock cycles with two
distinct numbers of atoms loaded into the trap. The lattice frequency and intensity
is maintained constant throughout all measurements. The atomic density can be
varied over a wide range by alternation of the duration of the slower beam during
the first stage MOT. This way the trapping conditions remain unchanged for high-
and low-densities alike, justifying also the assumption that the number of atoms is
proportional to the density.

The trap region’s dimensions are set by a projection of the cold atomic cloud of
the second/third stage MOT unto the lattice. The trap radius is given by the lattice
radius as 45µm and its length by the cloud-extension of 0.5mm.

We assessed an atomic density of ρ0 = 4× 1014 m−3, corresponding to ca. 1
atom per lattice site (per “pancake”, figure 1.3). The estimated number of atoms
is always associated with a fractional uncertainty of 20%, but the relative density
uncertainty during each measurement was only 1%.

Assuming only a linear shift, we measured the density shift against the relative
density difference between the high-density and low-density clock cycles, using
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Fig. 2.14 Frequency shift between interleaved clock cycles with high and low number of
atoms in the lattice and an average excitation fraction of 0.39(2) at the side-of-fringe locking
positions against the difference in atomic density at high and low atom number. Blue dots
are experimental data with their uncertainty. Green line is linear fit and shaded region its
uncertainty.
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density pairs in the range between ρ ≃ 0.1ρ0 and ρ ≃ 3ρ0. The resulting density
shift measured as a function of the atomic density difference is shown in figure 2.14.
Here the sample is always spin-polarised and the excitation fraction of each clock
sequence, measured after the Rabi pulse, is 0.39(2). This fraction is fixed by our
choice of the locking point on the side of the resonances, but a minimal density
shift can be expected around 0.5 [95]. Applying a linear fit with no offset at zero
density gives a density shift related slope of −0.01(4)Hz/ρ0. We measured the
density shift also at a slightly different excitation fraction (achieved by changing
the locking point) of 0.34(2) in the same way, measuring a slope of −0.4(2)Hz/ρ0.
This dependence of the density shift on excitation fraction agrees with the theoretical
predictions of p-wave scattering [95].

Our normal working conditions for the lattice clock lead to an atomic density
ρ ≃ 0.7ρ0 and an excitation fraction of 0.39(2) with an associated density shift of
−0.01(3)Hz. The uncertainty is larger than the shift itself due to statistics.

2.12.5 Probe Light Shift

The probe laser interrogating the 1S0 → 3P0 transition at 578nm causes an AC Stark
shift, despite its low power of ca. 70nW, as it is far from the magic wavelength
(759nm). We calculated the corresponding shift from the value published in [4].
This is possible, since in both cases the atoms were interrogated with with a π

Rabi-pulse. The Rabi area is proportional to the Rabi time and the square root oft
the laser intensity. Therefore in comparing our situation with the aforementioned
publication we apply that for a π-pulse the laser intensity is proportional to the
inverse square of the pulse time. From this reflection we deduce a probe laser Stark
shift of 0.005(18)Hz.

2.12.6 DC Stark Shift

An external static electric field (field-strength E =V/d, Voltage V on electrodes of
separation d) induces a dipole in the cold atoms, leading to a shift of the atomic
levels. This shift is given by:

∆ν =−1
2

∆αE2 (2.7)
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, with ∆α the difference in static polarisability between ground- and excited state,
taken from [99].

The science chamber consists out of an aluminium body with silica windows.
Therefore the body acts as a Faraday cage shielding external fields, but significant
charges can build up on the window surfaces inside the vacuum environment [169].

There are two windows relatively close to the atomic cloud (25mm). They have
radii of 38mm and are 12mm thick. Assuming these to be the plates of a simple
capacitor a capacitance of 0.6pF is assigned to the windows. Taking the resistivity of
fused silica of 1018Ωm a time constant for charges on the inner surface of a window
to travel to the surface outside the vacuum system is estimated as ca. 50d [169].
We assume that outside the vacuum system the time for surface-charges to decay is
negligible compared to this timescale.

Having operated the vacuum system of our frequency standard for several years,
charges initially present should have decayed by now, giving a Stark shift < 1×10−17.
Consequently we estimate the associated uncertainty as 1×10−17.

2.12.7 Line Pulling

The light driving the clock transition is linearly polarised (Glan-Thompson polariser,
extinction ratio 100k : 1), effectively cancelling the σ transitions. The mF state spin
polarisation then effectively cancels out the line pulling from any nearby hyperfine
Zeeman-split resonance (98% state polarisation). The only relevant line pulling is
imposed by the vibrational lattice sidebands (peak value about 50kHz away from
the carrier). The resulting line pulling is estimated at 2mHz that we take also as the
uncertainty.

2.12.8 Doppler Shifts

The uncertainty attributed to the actively noise cancelled fibre links of the 578nm is
taken as the measured 1×10−18 from section 2.7. But looking back at figure 2.2 it
becomes clear that the reference mirror for the fibre noise cancellation is not identical
with the lattice back-reflector. Instead they are about 30cm apart, giving rise to
(linear) Doppler noise between the optical lattice and the clock laser. We discovered
some phase-noise through an optical beatnote of the 578nm radiation from these
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two references. This noise was partially synchronous with the clock cycle, most
probably due to MOT coils switching. We measured a Doppler noise contributing
some 5×10−17 to the frequency-standard’s uncertainty. The second-order Doppler
contribution at 7µK is below the 10−20 level and was therefore neglected.

2.12.9 Tunnelling

With 70% of all atoms in the lowest three vibrational levels we assess the uncer-
tainty of the transition frequency by taking the width of the third band, 2mHz (see
paragraph 2.10) as uncertainty.

2.12.10 Servo and AOM switching

The stabilisation of the 578nm laser to the frequency standard of the atomic transition
is a digital side-of-fringe lock. Taking the average of the error signal recorded over
several weeks of our absolute frequency measurement campaign we investigated a
possible systematic locking offset against the actual transition frequency caused by
the digital electronics. We observed a zero shift with an uncertainty of 1×10−17.

The clock laser light is switched during one spectroscopic cycle to resonance
for the interrogation, while being detuned 1MHz otherwise. This switching might
introduce a phase-shift, but is still preferable over a change of the AOM RF-power,
since the latter introduces thermal effects, changing the Gaussian beam characteris-
tics. No shift introduced by the AOM was observed with an uncertainty of 2mHz in
the measurement, evaluated through heterodyne interferometry.

We further investigated the reaction of the phase-noise cancellation to the sudden
switch of the AOM frequency. Following the argument of [170] we estimate a
phase-jump to appear with an amplitude of 0.5mHz that we take as uncertainty.

2.12.11 Gravitational Redshift

The gravitational redshift is not driving the frequency of the atomic transition away
from the unperturbed state, but is rather a result of the relativistic time dilation
between two accelerated reference frames. The knowledge of the difference in
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gravitational pull between the location of two frequency standards is necessarily
impinging the accuracy of any frequency ratio measurement between them.

The gravitational potential at INRIM’s labs was measured in 2013 relative to
the geoid as part of a joint effort towards timescales with optical clocks within the
European project “International Timescales with Optical Clocks” (ITOC) [171, 172].
The measurement was conducted in tow ways: By geodetic levelling and GNSS
(Global Navigation Satellite System) measurements [173].

The gravitational potential at the position of the Yb atoms resulted as C(Y b)lev =

2336.25(35) m2s−2 from the levelling approach and was assessed as C(Y b)GNSS/geoid =

2336.48(27) m2s−2 by the GNSS system [174]. Geometric levelling offers a higher
accuracy over short distances, but accumulates greater systematic shifts over dis-
tances above 1000km [175]. This means that for comparisons of optical clocks in
separate laboratories across Europe by means of satellite- or fibre-links, the GNSS
measurements provide a lower uncertainty. Using equation 1.37 the GNSS potential
at the position of the Yb atoms results in a gravitational redshift relative to the geoid
of 13.474(3)Hz and a fractional uncertainty of 6×10−18, limited by the uncertainty
of the model geoid potential W0. The reference potential for both measurements
was the International earth Rotation and Reference System Service (IERS) 2010
conventional reference potential W0 = 62636856.0(5) m2s−2 [176, 177].

2.13 Absolute Frequency Measurement

The absolute frequency of the 1S0 → 3P0 transition in 171Yb was measured relative to
the primary frequency standard at INRIM, the cryogenic caesium fountain ITCsF2.
The measurement campaign lasted from January until May of 2016. A scheme of the
setup is shown in figure 2.15. The gap between the 518 296GHz of the Yb optical
frequency standard and the 9.2GHz transition frequency of the primary frequency
standard was bridged by an Er-fibre comb from Menlo Systems with a repetition
rate of 250MHz and the CEO-frequency at 20MHz, both stabilised to a hydrogen
maser. A detailed treatment of how to bridge optical to microwave frequencies with
a frequency comb acting as flywheel oscillator is found in chapter 5. The SI-standard
fountain clock continuously tracks the maser frequency relating it to the atomic
transition between the ground-state hyperfine-split 62S1/2 F = 3 and F = 4 levels.
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Fig. 2.15 Schematic of the absolute frequency measurement. The grey connections are RF
signals or data channels. The lock of the ultra-stable laser on the 171Yb clock transition and
the frequency measurement against the ITFCsF2 primary frequency standard are done with
the support of software signal processing.

A part of the 578nm radiation stabilised to the ultra-stable cavity is sent to the
frequency comb by fibre and another one to the atoms for interrogation with an AOM
bridging the frequency difference between the cavity mode and the atoms. All these
fibre links are phase-noise cancelled with the same relative uncertainty evaluated
after 1000s of integration time: 1×10−18.

Consequently the comb did not measure the frequency of the atoms, but of the
cavity. Two different computers synchronised to INRIM’s Network Time Protocol
(NTP) server recorded the frequency of the beatnote with the frequency comb and
the Yb atoms of the optical frequency standard. The comb and the Yb clock recorded
the data at different rates . Therefore the data points were averaged and interpolated
to common timestamps. The server synchronisation had an uncertainty of 3ms.
Together with the maximum observed frequency drift of the cavity of 0.1Hzs-1 we
calculated an uncertainty contribution related to synchronisation of 6×10−19.

The comb measuring the frequency ratio between the microwave reference from
the maser and the optical radiation has a related uncertainty that is assessed by a syn-
chronous measurement of this ratio (equivalent to the input optical laser’s frequency)
with two identical combs. The uncertainty results as 1×10−16 and is limited by the
comb’s electronic noise after an averaging time of 10 000s. The beatnote between
the cavity-stabilised laser and the frequency comb was measured redundantly in
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order to detect cycle slips in the counter. Data points with a disagreement of the
two counter-readings worse than 0.2Hz were discarded in the absolute frequency
evaluation.

2.13.1 ITCsF2

The cryogenic caesium fountain ITCsF2 had been characterised previously [178].
During our measurement campaign the clock ran in two different atomic density
regimes. The low density regime comes with an uncertainty of 3.0×10−16 and a
stability of 3.6×10−13τ−1/2 (τ as always in seconds). The high density regime on
the other hand offers an improved stability of 2.5× 10−13τ−1/2 at the price of an
increased uncertainty of 4.8×10−16. We considered the tracking of the hydrogen
maser by the fountain only during the time of the operation of the Yb secondary
frequency standard.

The gravitational potential of the atoms inside the fountain was determined
in the same ITOC campaign as mentioned before. The results of the levelling
and GNSS aspproach were: C(Cs)lev = 2334.8(10)m2s−2 and C(Cs)GNSS/geoid =

2335.0(10)m2s−2. Using the GNSS value for the gravitational redshift gives a
relative shift of 2.599(1)×10−14.

The height difference between the Yb atomic cloud and the average integrated
height of the Cs atoms along their ballistic flight trajectory is h(Y b−Cs) = 0.15(2)m
with an associated relative gravitational redshift of 1.6(2)×10−17.

2.13.2 Measurement

During our measurement campaign we took a total of 31 measurements during which
both frequency standards (Cs and Yb) were running continuously, resulting in a total
227h of measurement time.

Table 2.2 shows the individual contributions to the uncertainty of the absolute fre-
quency measurement. The absolute frequency results as f171Y b = 518 295 836 590 863.59(31)Hz.

The different measurements and their respective uncertainties are shown in
figure 2.16 as a function of the modified Julian date (MJD). During each individual
measurement the uncertainty is limited by the fountain instability. The various
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Table 2.2 Table of the individual uncertainty contributions to the absolute frequency mea-
surement

Contribution Uncertainty / Hz Rel. Uncertainty / 10−17

ITCsF2 0.21 40

Statistics 0.20 39

Yb 0.08 16

Comb 0.05 10

Gravitational redshift 0.001 0.2

Fibre link 0.0005 0.1

Synchronisation 0.0003 0.06

Total 0.31 59
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Fig. 2.16 The individual measurements between January 2016 and May 2016 on the absolute
frequency of the 171Yb clock transition against ITCsF2. Blue thin bars mark combined
statistical and systematic uncertainty of the respective measurement and green thick bars the
combined systematic uncertainty of the two atomic clocks. Violet bar and shaded region
denote the resulting mean and its uncertainty σ .
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systematic uncertainties associated to individual measurements are related to the
density regimes of the fountain and the Yb clock as well as the reduced BBR shift
uncertainty on the Yb system after the removal of the hot window after the first 10
measurements.

The individual measurements with their varying uncertainties were evaluated in
a statistical analysis based on the Gauss-Markov theorem [179, 180] that considers
correlations between data-sets (measurements) with different systematic shifts [181].
The reduced χ2 with 30 degrees of freedom for the average, calculated from the
complete correlation matrix of the measurements [181], is χ2

red = 1.36 with a p-value
of 10%. The statistical uncertainty resulted as 3.4×10−16, but accounting for the
χ2

red > 1 gave a total contribution of 3.9×10−16.

The fountain gave an uncertainty contribution of 4.0×10−16, taking into account
the two different density regimes, while the Yb clock uncertainty remained as low as
1.6×10−16.

The relative uncertainty associated with the absolute frequency measurement
finally resulted as 5.9×10−16.

A comparison of our measurement with the CIPM recommended frequency
of the 1S0 → 3P0 transition in 171Yb is shown in figure 2.17. The recommended
value by the CIPM for the acknowledged secondary frequency standard 171Yb is
f171Y b = 518 295 836 590 864.0(10)Hz [47].

The other, previous measurements shown are referring the Yb frequency to
absolute frequency standards (Cs fountain clocks) [4, 163, 162, 182] and to val-
ues deduced from frequency ratio measurements against 87Sr secondary frequency
standards [28, 164, 5]. In the later case we scaled the frequency ratios with the recom-
mended frequency for the 1S0 → 3P0 transition of f87Sr = 429 228 004 229 873.2(2)Hz
with its uncertainty of 5×10−16 [47].

2.14 Conclusion

We measured the absolute frequency of the unperturbed 6s2 1S0 → 6s6p 3P0 transition
in 171Yb with a fractional uncertainty of 5.9×10−16. The measurement uncertainty
was mainly limited by the systematic shifts of the primary frequency standard
and not the optical lattice atomic frequency standard or statistics. The transition
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Fig. 2.17 Comparison of our result to previous absolute frequency measurements of the
clock transition in 171Yb against Cs-fountain clocks (circles) and such measurements that
were mediated by microwave clocks referenced to the international atomic time (TAI) (full
squares) as well as to deduced values from 171Yb/87Sr ratio measurements (open squares)
with their respective uncertainties of measurement (blue) and of the 87Sr recommended
frequency (orange). Green line and shaded area mark the recommended frequency of 171Yb
as a secondary representation of the second by the CIPM (2015). The measurements are
taken from: NIST [4], NMIJ [164, 162, 182], KRISS [163, 166] and RIKEN [28, 5]
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frequency results as f171Y b = 518 295 836 590 863.59(31)Hz, in agreement with
the recommended value of the secondary frequency standard published by the
“International Committee for Weights and Measures” (CIPM). The uncertainty of
this absolute frequency measurement is the lowest achieved so far for this particular
transition. Our measurement is independent from previous approaches and the first
one of this transition in Europe after all precessing ones were conducted in east Asia
and North America. Obtaining agreements between several measurements from
different groups is important, especially under the light of a possible redefinition of
the SI-unit the second.

The uncertainty of the Yb optical frequency standard was evaluated as 1.6×
10−16. The stated limitation is mostly due to the poor short-term stability of the clock
transition laser referenced to an ultra-stable cavity hindering a better assessment
of the individual shifts, especially density- and Stark-shift, through interleaved
measurements. We expect that this uncertainty can be reduced to the low 10−17

level once the stability of the laser is improved. The improvement of the ultra-stable
laser was conducted as soon as the measurement campaign ended. The means of
improvement was, most of all, a replacement of the ultra-stable cavity. Further
details on this improvement as well as a partial implementation of those mentioned
below are reported and discussed in chapter 4.

The nonlinear components of the AC Stark shift can be reduced if smaller lattice
depths are used and by improved measurements of multipolar and hyperpolarisability
contributions. The multipolar effects are estimated from the non-linearity of the
AC Stark shift against the lattice intensity [28] and the hyperpolarisability from the
lattice shift at wavelengths around two-photon transitions [78]. Another approach
would be to reduce these contributions using a “magical ellipticity” [79] to cancel out
the hyperpolarisability and to introduce sideband-cooling on the red lattice sideband
of the clock-transition to reduce the multipolar effects.

The residual (2nd order) Zeeman effect is diminished when applying smaller
magnetic fields. The Doppler uncertainty is effectively dealt with by using the lattice
back-reflector mirror as reference for the fibre noise cancellation of the interrogating
laser, keeping lattice and laser in phase. Much of the BBR shift stemming from
the Yb oven as well as a great deal of the background gas collisions vanish when
implementing an automated mechanical shutter in the path of the atomic beam and
steering it in phase with the clock spectroscopy.
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The DC Stark shift can be evaluated more precisely applying a high voltage to
electrodes placed on the vacuum chamber windows, following the approach of [99].

The environmental BBR shift is very likely to be the ultimate limitation to the
uncertainty budget of this frequency standard. The current contribution is estimated
at 2.5× 10−17. Improving the thermal isolation of the vacuum system from its
surrounding heat-sources, especially the MOT coils and the atomic oven and waiting
for thermal transients to decay before recording a measurement might help to reduce
this contribution towards 1×10−17.

A further reduction of the uncertainty estimation (a clock with an accuracy in
the 10−18s) will necessarily need an improved BBR intra-vacuum environment. So
far two different approaches have been exploited to reach such levels of BBR shift
uncertainty: Reducing the environmental temperature to cryogenic levels [104, 1] or
designing intra-vacuum chambers with special coatings to improve the knowledge of
the BBR environment of the atoms at room temperature [103, 48].



Chapter 3

First Measurement Campaign With
A Transportable 87Sr Clock

3.1 Geodesy, Metrology And The Need For Optical
Clock Comparisons

The work presented in this chapter has been published in [115]. With optical lattice
clocks reaching accuracies in the low 10−18 region after few hours of measurement
[48, 49], the way to novel approaches for tests of physical theories [183, 184] and a
revision of the international system of units (SI) [7, 185] has been opened. Absolute
frequency measurements of optical clocks are nowadays limited by the current
realisation of the SI-standard the second with Cs-fountain clocks [28].

Direct optical comparisons[5, 28] offer a way out of this dilemma. The frequency
ratio gained by such measurements is independent of the SI-standard, allowing to
investigate systematic uncertainties and clock stabilities when comparing two clocks
utilising the same atomic transition [1, 50, 186]. Ratio measurements of optical
atomic clocks based on different elements are performed bridging the frequency
difference with optical frequency combs [187–189]. Such frequency ratio measure-
ments offer a way to create a “frequency matrix” of optical transitions as secondary
frequency standards with higher precision than absolute frequency measurements
based on the SI-second [181, 190]. Reaching consistency of these matrix values
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across laboratories around the world would be an important milestone towards a
redefinition of the SI-unit the second in terms of an optical transition.

Another important application for optical clock comparisons is found in the
search for physics beyond the standard model. Some unifying theories predict that the
fine-structure constant, α = e2/h̄c, and the proton-electron mass-ratio, µ = mp/me,
may be subject to temporal change [191]. Looking at the frequency ratio between
several clock transitions over time, the differential sensitivity of the atomic levels
to changes in α or µ , already places a constraint on the possible variation of the
fine-structure constant and proton/electron mass-ratio [184, 183].

When comparing two optical atomic clocks in two distant locations connected
through fibre links, general relativity predicts a frequency shift related to their rel-
ative heights in the geoid potential, allowing to probe the gravitational potential
by means of optical clock comparisons (chronomatic relativistic geodesy) [192].
Classical (mechanical) and satellite-based geodetic height systems show discrepan-
cies at the decimetre level [175]. In terms of the gravitational redshift of an optical
transition 10cm correspond to an accuracy level of 1×10−17. Optical atomic clocks,
when connected with high performance frequency dissemination [109, 111, 193],
promise to surpass these values uniting high spectral resolution with a small error
accumulation over large distances [110].

3.2 Relativistic Gravimetry Campaign at INRIM

The “Physikalisch-Technische Bundesanstalt” (PTB), the “National Physical Labora-
tory” (NPL) and the “Istituto Nazionale di Ricerca Metrologica” (INRIM) joined
together for a proof-of-principle geodetic measurement utilising a transportable 87Sr
optical lattice clock from PTB [194] and the atomic clock ensemble at INRIM, com-
prised out of Italy’s primary frequency standard, the cryogenic Cs-fountain ITCsF2
[178], and an 171Yb optical lattice clock [38], which has already been discussed
in chapter 2. Furthermore, a local optical frequency ratio measurement between
the two optical lattice clocks provided an important check on the consistency of
independently developed optical clocks. The gravitational redshift in equation 1.37
can be used to determine the gravitational potential difference experienced by the
same atomic transition of frequency ν0 in two locations:
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∆ν = ν0
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=
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c2 ν0 (3.1)

, with ∆U = g(h2 −h1) the gravitational potential difference for locations close
to the geoid surface.

It is important to note, that, in order to resolve the gravitational frequency shift,
a side-by-side measurement of the frequency ratio needs to be conducted. Taking
the published uncertainty budgets of optical atomic clocks for certain might result in
fatal errors, since only few of them have been verified in optical-optical comparisons
to the low 10−17 region or better [1, 186, 109, 195]. Using a transportable clock is
therefore not only increasing the flexibility of the setup, but also reducing the risk of
systematic errors to go undetected by enabling a local calibration with the INRIM
clock ensemble.

The first chronometric levelling measurements were already taken decades ago. A
proof-of-principle measurement conducted by the “Istituto Elettrotecnico Nazionale
Galileo Ferraris” in 1977 used two microwave Cs beam clocks. They were syn-
chronised in Turin and then one of them was transported to an elevated location
(height 3.5km above sea level) in the Alps. A radio link between the two clocks was
established to measure the frequency difference between both clocks. The resulting
accumulated time-delay between both locations over 66 days of actual measurement
time agreed with the prediction to within the measurement uncertainty [196].

A few measurements resolving the gravitational potential difference between
the locations of a pair of optical atomic clocks have been conducted prior to the
measurement campaign demonstrated here within the recent years. A local mea-
surement [114] used two Al+ ion clocks in the same building, connected by a short
fibre link. One of the two clocks was mounted on an elevation platform. An optical
frequency ratio measurement between the two clocks was conducted. The clock
situated on the elevation platform was then lifted by 30cm and the measurement
repeated. The relativistic frequency shift was resolved at a low 10−17 level. More
recently a chronometric geodesy measurement involving optical lattice clocks has
been demonstrated. Some 15m of height difference between the cryogenic 87Sr
lattice clocks at RIKEN and the University of Tokyo were resolved with an accuracy
of 5cm or, in terms of the relative frequency shift, several parts in 10−18 [110].
Another remote comparison between Sr optical lattice clocks located at PTB and
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Fig. 3.1 Scheme of the geodetic measurement campaign. A transportable Sr lattice clock
is operated inside the facilities of the LSM laboratories, deep inside the mountains. The
Sr clock is connected to the INRIM atomic clock ensemble (one cryogenic Cs fountain
and a Yb lattice clock) by a Doppler-noise cancelled fibre link operating in the infra-red
region. Femtosecond frequency combs from NPL and INRIM employ the transfer oscillator
technique [146] to bridge the frequency gaps between the atomic clock oscillators and the
fibre link laser, facilitating a virtual beat between the atomic clocks. The Sr clock is then
transported to INRIM and the measurements repeated, revealing the gravitational redshift by
the difference between those two measurements and furthermore expanding the database on
the Yb/Sr frequency ratio and Sr absolute frequency.

Syrte laboratories in Paris and Braunschweig connected via a 1415km fibre link
resolved the gravitational redshift with a precision of 3 parts in 10−17 [109].

While these experiments demonstrated the potential of optical (lattice) clocks
for geodetic measurements, they were not yet resembling the conditions geodetic
measurements face when operated outside of designated laboratories, as is the
common modus operandi in geodesy. The novelty in the experiment presented here
with respect to the previous ones is that for the first time chronomatic relativistic
geodesy has been conducted under realistic experimental conditions.

The location to demonstrate chronometric levelling with the transportable lattice
clock was chosen to be the facilities of the “Laboratoire Souterrain de Modane”
(LSM) in France, with INRIM in Italy serving as the reference site. The LSM
was selected due to its particular position: The site is located in the middle of
the 13km long Fréjus tunnel, deep inside a mountain (rock coverage 1700m) in
an area exhibiting long-term land uplift (Alpine orogeny) together with a secular
gravitational potential variation of high potential geodetic interest. The transportable
clock was operated in a storage area without air-conditioning (except for the one
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provided by the transportable setup itself) that offered none of the amenities (stable
temperature, low seismic noise, full equipment) of a typical atomic clock laboratory.
Daily traffic and mining works in the vicinity meant an unprecedented stress test for
the reliability of the transportable optical lattice clock.

The clock ensemble at INRIM is connected to LSM by a 150km noise-compensated
optical fibre link. On both ends the oscillators driving the clock transitions (lasers
at 698nm and 578nm for Sr and Yb lattice clocks, respectively, and a 9.2GHz
microwave oscillator for the Cs fountain) were connected to a femtosecond fibre
comb measuring the frequency ratio with regard to the 1.5µm ultra-stable link laser
transmitted from INRIM. At LSM a transportable frequency comb provided by the
“National Physical Laboratory” enabled the transfer between the atomic clocks and
the link laser and at INRIM a similar commercial system was used. In this way the
atomic clocks were first related to the link laser individually and the frequency-ratios
calculated a posteriori, eliminating the link as common-mode. The technique applied
is called the “transfer oscillator”, introduced first in [146] and described in detail
for the transportable frequency comb from NPL in chapter 5 of this work. The
reference comb NPL-FC3 (section 5.2.8) there is the transportable comb used during
the geodesy campaign described here. The fibre link was also used to disseminate
a 100MHz reference frequency from INRIM to synchronise the frequency combs,
frequency counters and AOMs used at LSM and INRIM.

In case of the transportable Sr clock all laser systems involved in the cooling, trap-
ping and state preparation of the atoms were operated in a dedicated air-conditioned
car trailer from PTB, which also housed the vacuum system and control electronics.
The NPL frequency comb was operated next to the trailer at LSM. The ultrastable
clock laser interrogating the narrow 1S0 → 3P0 transition in 87Sr was placed outside
the trailer in the underground laboratory, since the vibrations induced by the trailer’s
air-conditioning might otherwise compromise its performance.

For the subsequent local comparison of the clock conducted in Turin, the Sr
clock was compared to INRIM’s clock ensemble by ratio measurements mitigated
by an INRIM frequency comb without the need for a dedicated link laser. The PTB
trailer was placed in a parking spot close to the atomic clock laboratories and the
ultra-stable laser placed inside the ITCsF2 laboratory, connected to the Sr vacuum
system and the frequency comb by Doppler-cancelled fibre links.
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The height difference of approximately 1000m between LSM and INRIM corre-
sponds to a fractional relativistic redshift of 1×10−13. The transportable clock was
operated in both locations, LSM and INRIM, and each time an absolute frequency
measurement with the cryogenic Cs fountain ITCsF2 conducted. The frequency
difference between those two measurements yielded the gravitational redshift.

3.2.1 Sr lattice clock

The transportable 87Sr (I = 9/2) lattice clock represents in principal a very similar
setup as the 171Yb (I = 1/2) frequency standard and it is presented in detail in [194].
The electronic structure of Sr is very similar to Yb with 2 valence electrons in the
outer shell. This means that the concepts used for cooling, trapping and interrogation
of Yb atoms can be applied just the same in a Sr lattice clock. A beam of hot Sr
atoms is generated in an evaporation oven (natural abundance of the fermionic 87Sr
is 7%) inside a vacuum chamber. During one clock cycle the atoms are cooled and
captured in a MOT and then loaded into an optical lattice operated at the magic
wavelength, where the clock transition is interrogated and subsequently the state
occupation measured. A Zeeman slower supports the MOT in capturing atoms.
The MOT is sub-divided into two stages with the first one acting on the strong
1S0 → 1P1 transition at 461nm (linewdith 32MHz) and the second stage exploiting
the much weaker 1S0 → 3P1 transition at 689nm (linewdith 7.5kHz). The optical
lattice, generated by a Ti:Sa laser and operated around the magic wavelength of
813nm, is tilted with respect to the gravitational field by circa 50°. The typical lattice
depth during this measurement campaign was 100 Er and the atomic temperature
reached about 3.5µK, as it was measured by clock-transition sideband spectroscopy.
The lattice and MOT lasers are frequency stabilised to dedicated Fabry-Perot cavities.

The atoms inside the lattice are spin-polarised in alternating cycles to either one
of the two |mF |= 9/2 states and the residual population of the Zeeman-split sublevels
expelled form the lattice with a powerful 461nm pulse. The actual 1S0 → 3P0 clock
transition at 698nm (natural linewdith 1mHz) is driven by a laser referenced to an
ultra-stable vibration-insensitive cavity. The fraction of the atoms excited to the
3P0 state after the application of a π-pulse is read out in the same way as in the
case of the INRIM Yb lattice clock by destructive fluorescence spectroscopy on
the (5s2)1S0 → (5s5p)1P1 transition. The only difference is that the repumping of
the excited atoms to the 3P1 state traverses the (5s6s)3S1 state and includes the loss
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Table 3.1 Table of the individual uncertainty contributions to the absolute frequency mea-
surement of the 87Sr clock transition

87Sr at LSM 87Sr at INRIM

Systematic Effect Correction Rel. Unc. Correction Rel. Unc.
/ 10−17 / 10−17 / 10−17 / 10−17]

AC Stark shift 0 24 0 17

Nonlinear lattice shifts −1.0 0.7 −0.5 0.7

Density shift −1.2 3.0 −2.2 5.3

2nd order Zeeman shift 34.2 0.5 11.7 0.2

BBR 500.3 3.4 515.3 1.8

Probe light shift 0.2 0.2 0.3 0.3

DC Stark shift 0 0.1 0 0.1

Servo error 0 9.4 0 3.7

Line pulling 0 4.1 0 1.1

Optical path length 0 0.8 0 1.3

Total 532 27 524 18

channel to the 3P2 state by using two repumper lasers, one acting on the 3P0 → 3S1

transition at 679nm and the other one on the 3P2 → 3S1 line at 707nm.

Evaluation of the uncertainty budget for this clock was performed, just as in the
case of the INRIM Yb lattice clock, with a mixture of self-referenced measurements
(e.g. lattice AC Stark shift, density shift), theoretical calculations (e.g. higher order
lattice shifts) and combinations of theoretical modelling and measurements (e.g.
black-body radiation).

The uncertainty budget of the transportable 87Sr clock from PTB is given in
table 3.1. After the clock was moved from LSM to INRIM in April 2016, small
changes to the cooling lasers and the air conditioning of the car trailer were adapted,



96 First Measurement Campaign With A Transportable 87Sr Clock

Fig. 3.2 Scheme of the fibre link between LSM and INRIM. The Yb lattice clock is not
depicted, but is implemented analogue to the Cs-fountain. The 1.5µm fibre laser is connected
to both clocks simultaneously through a virtual beat with a femtosecond laser. A part of the
laser light originating at INRIM is extracted before entering the link fibre to form a phase
reference. The light entering the fibre is then offset by an AOM and partially reflected at
the other end of the fibre at LSM. This reflected light is then overlapped with the reference
radiation on a photodiode (PD). The PD signal is used to perform a phase-lock of the reflected
light on the reference radiation by fine-adjusting the AOM frequency.

improving the reliability of the clock. With these changes a renewed evaluation of
some systematic effects was conducted and served resulting in a reduction of the
uncertainty on some systematic effects.

3.2.2 Fibre link

The remote clock comparison between the INRIM atomic clock ensemble to the
transportable 87Sr lattice clock at LSM was conducted utilising a 150km Doppler-
cancelled fibre link set up by INRIM between the two locations [197]. The link
itself features a 1542.14nm ultra-stable laser with frequency combs on both ends
relating the link laser to the probe lasers of the optical atomic clocks at 578nm and
698nm and the Cs microwave oscillator at 9.2GHz. The loss along one round-trip
is 120dB and is compensated, although not fully, by 5 bi-directional erbium-doped
fibre amplifiers. Both combs emit primarily in the infrared region (Er-fibre combs)
and bridge the spectral gap between the link and the optical clock lasers in a multi-
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branch configuration (see also chapter 5). The femtosecond comb laser noise was
inherently extracted from the comparison by implementation of the transfer oscillator
technique [146], described in more detail in chapter 5.

The link laser is stabilised to an ultra-stable cavity resulting in a short-term
stability of 2×10−14 at 10s (Allan deviation). The long-term drift is removed by a
low-bandwidth phase-lock to a H-maser with a frequency comb, reducing the drift
of the beatnotes with the clock lasers and augmenting reliability of the frequency
counters during measurements.

The setup of the fibre link is depicted in figure 3.2. After passing through the
bidirectional fibre, a part of the light is reflected back and compared to the radiation
in front of the fibre. An AOM is steered by a phase-locked loop to counteract the
noise imprinted on the laser in the fibre. A second identical fibre running parallel
to the link one has been used to characterise the performance of the Doppler noise
cancellation and the results are shown in figure 3.3. The stability of the link was
found to be below the expected stability of the optical lattice clocks for all timescales.
The total contribution of the fibre link to the fractional uncertainty of any frequency
measurement was identified to be 3×10−19. At LSM a laser phase-locked to the
link was used to ensure a high sinal-to-noise ratio (> 30dB with 100kHz bandwidth)
avoiding cycle-slips.

The location at LSM did not feature a common stable reference for electronics
and the frequency comb. Since GNSS-disseminated signals were also no option due
to the fact that there would be no way of receiving them in an underground laboratory,
a 100MHz signal referenced to a H-maser was delivered by amplitude modulation
of a second infrared laser running through a parallel optical fibre. The phase noise
introduced by this unstabilised fibre was low enough to deliver the RF signal with
an uncertainty and instability below the 10−13 level, even for long timescales. The
resulting uncertainty imprinted on the link laser to Sr clock laser frequency ratio was
below 1×10−19.

3.2.3 H-maser as flywheel oscillator

A H-maser represents a very reliable and stable oscillator and thus can be used
to bridge down-times in the comparison between a less reliable, but very stable
system, such as the transportable PTB Sr clock at LSM, and a Cs primary frequency
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Fig. 3.3 Performance of the 150km fibre link between INRIM and LSM. The Doppler-
compensated fibre link superseded the requirements set by the estimated thermal noise floor
of the optical lattice clock laser cavities for all timescales, whether at night (red) or during
the evening rush hour (black) when the nearby highway was most active.

standard with lower stability [198]. The Sr clock acted as a frequency reference
to the free-running H-maser, enabling us to calculate the frequency ratio νSr/νCs

from the νSr/νH and νH/νCs using datasets of quite different lengths. The H-maser
does exhibit its own noise and a slow drift. Therefore the datasets between the
Cs fountain and the H-maser had different average frequencies than the shorter
H-Sr ones. Luckily, this additional uncertainty can be calculated [198] for well
characterised oscillators, such as H-masers. The H-maser noise was modelled by a
superposition of flicker phase noise 6×10−14τ−1 (1×10−13τ−1), white frequency
noise 5×10−14τ−1/2 (4.5×10−14τ−1/2) and flicker noise at 1.7×10−15 (1×10−15)
in during our measurement campaigns with the transportable Sr clock at LSM
(INRIM), respectively.

3.2.4 Gravitational potential detection

Prior to this experiment a geodetic campaign determining the gravitational potential
at INRIM and LSM was conducted by the university of Hannover. This campaign
aimed at a refinement of the model of the gravitational potential around the clock
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sites, improving the reliability of the derived geoid model [175]. Two absolute
(one at LSM and one at INRIM) and a host of relative gravity measurements were
conducted, leading to a total of 36 new gravity reference points established at INRIM
and 123 at LSM. The methods used included state-of-the-art gravimeters determining
the gravitational acceleration g in free-fall Michelson-Moorely interferometers,
spirit levelling and ellipsoidal height determinations with global navigation satellite
systems (GNSS).

As a result the gravitational potential difference between the positions of the
Sr clock at LSM and at INRIM was assessed as ∆U = 10 032.1(16) m2/s2. The
value for the nearby markers from the geodetic campaign at both locations is ∆U =

10 029.7(6) m2/s2. These uncertainties are given by the geoid model in the Alpine
region, the GNSS system results and the levelling measurements. The increase of
uncertainty for the clock positions with regard to the markers is due to the method
used to determine the local height of the clock position with regard to the markers.

3.2.5 Measurement Results

Due to the harsh environmental conditions inside the Frejus tunnel (temperature
fluctuations and mining works in the vicinity), the laser system providing the 461nm
radiation worked less reliable than previously encountered. Therefore the uncertainty
evaluation of the clock consumed more time than planned and with the transportable
clock operating only for a total of 2.8h over two days at the end of the LSM campaign
in March 2016, simultaneous operation was only achieved with the ITCsF2 fountain
clock, but not the Yb lattice clock.

The uncertainty budget of the INRIM clock ensemble has already been given in
table 2.1 and 2.2. During the measurement campaign presented here the cryogenic
Cs-fountain was running in a low density regime (reduced density-shift) with an
associated uncertainty budget of 3×10−16. The Yb clock total uncertainty remained
at 1.6× 10−16. The uncertainty contribution stemming from the fibre link and
the NPL femtosecond frequency comb [148] were both below 1 part in 10−19. The
INRIM frequency comb accuracy was characterised by measuring the same frequency
ratio with a second comb and looking for discrepancies. Due to a short measurement
time the associated uncertainty was limited by statistics to 2 parts in 10−17 for this
measurement campaign.
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The low stability of the Cs-fountain (3×10−13τ−1/2) in regard to both, the Sr
and the Yb optical lattice clocks meant that the gravitational redshift uncertainty was
dominated by statistics. Bridging down-times with a H-maser as flywheel oscillator,
as decribed in paragraph 3.2.3, allowed to extend the measurement time to 48h,
leading to a statistical uncertainty of the 87Sr frequency measurement of 17×10−16

and an estimated uncertainty of the absolute frequency evaluated by the Cs-fountain
of 18×10−16.

After the end of the LSM campaign the Sr clock was transported to INRIM
and the trailer set up outside the same building that the INRIM clock ensemble and
the frequency comb was situated. The Sr clock laser was placed inside the same
laboratory as the Cs fountain. Small upgrades to the cooling laser distribution and
the thermal management in the car trailer resulted in a significant improvement of
the clock reliability.

In order to resolve the gravitational redshift the frequency measurement against
the fountain clock was repeated. The systematic uncertainties of the Sr lattice clock
(1.8×10−16) were slightly improved in comparison to the LSM measurements. The
absolute frequency measurement uncertainty improved by a factor of two to 9×
10−16. In consequence the relativistic redshift was resolved at a level of 19×10−16

or 47.92(83)Hz.

Taking equation 3.1, a potential difference of 10034(174)m2/s2 was calculated,
in excellent agreement with the value of 10032.1(16)m2/s2 determined from the
geodetic measurement campaign by the university of Hannover, described in para-
graph 3.2.4.

The chronometric levelling at LSM and INRIM compared an 87Sr lattice clock
to a primary frequency standard, the ITCsF2 cryogenic Cs fountain. Therefore the
results can also be used to increase the dataset on absolute frequency measurements
of the 87Sr 1S0 → 3P0 clock transition. Taking the results of the conventional geodetic
measurement campaign at LSM and INRIM, a correction to the Sr frequencies at
both locations - recorded by the Cs fountain - is applied in order to account for
the different gravitational redshifts. The average frequency of the Sr lattice clock
results as 429 228 004 229 873.13(40)Hz. The obtained value at LSM and INRIM
is shown in comparison to several recent measurements of the same clock transition
in figure 3.4. The accuracy and mean value obtained during the PTB-NPL-INRIM
campaign with a transportable clock are in agreement with other measurements.



3.2 Relativistic Gravimetry Campaign at INRIM 101

Fig. 3.4 Absolute frequency measurements of the 87Sr clock transition. The data obtained
during the chronometric geodesy campaign are corrected for the gravitational redshift derived
from geodetic measurements. The vertical line indicates the recommended value of the
CIPM and its uncertainty (dashed line) [47]. Other values are taken from [199–205, 82, 206–
210, 198, 211–213].
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Fig. 3.5 (a) Data of the fractional optical frequency ratio R/R0 as a function of the modified
Julian date (MJD) with R0 chosen as R0 = 1.207507039343338122 (b) Fractional Allan
deviation of R/R0 from the combined datasets in (a). The red line is a fit of a 2 ·10−14τ−1/2

stability.

3.3 171Yb / 87Sr Frequency Ratio Measurement

With the transportable Sr lattice clock working reliably at INRIM, a total of 31 000s
of common operation with the stationary Yb lattice clock were reached over a period
of 7 days. With both atomic clocks linked together by a frequency comb, an optical
frequency ratio measurement was conducted between the 1S0 → 3P0 transitions in
171Yb and 87Sr, which are found at 578nm and 698nm, respectively. Due to the
higher stabilities of these optical clocks with respect to the microwave Cs fountain,
the result was limited by the systematic uncertainties of the clocks and not statistics.
The fractional optical frequency ratio recorded over these 7 days is shown in figure
3.5. The stability of the ratio measurement shown there agrees with the individual
stabilities of the two clocks when running interleaved measurements to determine
the uncertainty contribution of some of the systematic effects.
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A total of eight different frequency ratio measurements were conducted. The data
recorded on different days had varying statistical and systematic uncertainties due to
the length and experimental conditions of each measurement. A statistical analysis
was used to merge these datasets together, considering the correlations stemming
from the individual measurements with different systematic shifts and uncertainties.
Calculating the covariance matrix of all 8 datasets, a generalised least square fit
was used to determine the average [180, 181]. The systematic uncertainties of the
clocks were regarded as fully correlated and the statistics (depending mainly upon
the measurement time) as uncorrelated.

The 171Yb / 87Sr frequency ratios measured on the individual days of the PTB-
NPL-INRIM campaign as well as a comparison to previous results are depicted
in figure 3.6. The averaged frequency ratio from our campaign was assessed as
R = νY b/νSr = 1.207 507 039 343 338 41(34). This value is within two standard
deviations of the most accurate previous measurement (RIKEN 2016, figure 3.6) [28].
The “Yb & Sr abs. Freq.” value was calculated from the average of the 87Sr frequen-
cies in figure 3.4 (429 228 004 229 873.05(05)Hz) and the 171Yb clock transition
frequency taken from [4, 182, 38, 162, 163, 166] as 518 295 836 590 863.75(25)Hz.

3.4 Discussion

This measurement campaign was an important proof-of-principle of geodesy and
metrology with transportable optical lattice clocks. For the first time has an optical
lattice clock been used outside of a laboratory environment and obtained results
for the gravitational redshift as well as a local frequency ratio with another lattice
clock in agreement with the recommended values for secondary frequency standards
by the “Committee of weights and measures” (CIPM) [47]. Thus mapping of the
gravitational potential by means of transportable optical lattice clocks has proven
applicable. The use of a transportable lattice clock for high-precision metrology was
likewise demonstrated for the first time. The results of the chronometric levelling did
not yet compete with the conventional approach regarding uncertainty, but prove the
excellent agreement obtainable with these two approaches, raising confidence in the
usefulness of this method. With the reliability of the Sr lattice clock improved during
the local comparison at INRIM, chronometric levelling using the optical frequency
ratio νY b/νSr would have the potential for a much improved stability, leading to a
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Fig. 3.6 (a) The Frequency ratio 171Yb/87Sr as measured on different days and their average
(line) with its uncertainty (coloured bar). Diamonds (circles) signify operation of the Sr
lattice clock with a shallow (deep) lattice. (b) Optical frequency ratio 171Yb/87Sr as measured
by this work and [28, 5, 164]. The lowest point was calculated from published absolute
frequency values for 171Yb and 87Sr.
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better resolution in just few hours. The current limitations of the clock uncertainty
budgets have been identified and careful improvements to the experimental setups
are being undertaken. Both optical clocks are expected to ultimately reach an
uncertainty in the low 10−17 region with the implementation of some known setup
improvements. This would allow to resolve altitudes with 10cm uncertainty, a region
hard to reach with conventional gravimeters. The absolute frequency of the 87Sr
clock transition assessed here agreed with previous results. Including this campaign,
the Yb-Sr frequency ratio has been measured by three independent groups worldwide.
Establishing a larger database, such measurements raise confidence in the consistency
of optical clocks and open the way for a redefinition of the SI-unit the second.



Chapter 4

Improvements of the INRIM Yb
lattice clock

4.1 Multi-wavelengths Cavity

4.1.1 Introduction

The Yb clock at INRIM uses a wide range of wavelengths across the whole visible
spectrum for laser cooling and trapping of the atoms. These lasers demand a stabil-
isation in the kHz to MHz range. Precisely a laser linewidth of less than 100kHz
(1MHz) at 556nm (399nm) has been found to be optimal for an efficient excita-
tion of the respective 1S0 → 3P1 and 1S0 → 1P1 MOT transitions. The maximum
allowed drift for the MOT lasers follows at about the width of the 556nm transition
as 180kHz during a typical day-long measurement (≈ 10h). The stabilisation of
the 759nm lattice laser on the other hand is challenged by the requirement that
the AC Stark shift must add less than 1×10−18 in relative uncertainty due to laser
frequency drift within the same measurement time. Applying the previously mea-
sured first-order clock transition sensitivity of 21.6mHz/(GHz Er) [38] an upper
limit of 12kHz/h for the drift of the reference emerges. Combining these demands,
the requirements for the linewidth and drift of the laser and thereby also for the
short-term stability and drift of the laser’s reference result as 100kHz at 556nm
(1.9×10−10) and 3.3Hz/s at 759nm (8.4×10−15 s−1), respectively.
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During the absolute frequency measurement campaign (chapter 2) and the Yb/Sr
frequency ratio measurement (chapter 3) these laser-stabilisations used various
techniques, as shown in figure 2.2. They included stabilisation to an ultra-stable
cavity in case of the 556nm radiation and side-of-fringe locking to a transversal hot
Yb beam for 399nm light, as well as a stabilisation to a maser referenced frequency
comb of the 759nm lattice laser.

In order to simplify the setup and increase robustness, a common reference for
all three radiations was introduced. The short-term stability of the three lasers used
is already sufficient for their task. Therefore this new reference has the primary
requirement to exert a low and constant drift. The choice fell on a stable ULE
glass cavity, operated at the temperature of zero CTE. The work presented here was
published in [214].

The mismatch between the cavity modes and the frequency actually needed
for the experiment is often compensated by one or more AOMs or EOMs. In the
latter case frequency modulation (FM) [215] or serrodyne phase manipulation [216]
bridges the frequency gap. For the simultaneous locking of three wavelengths to
the same cavity we implemented the offset sideband locking technique [217]. This
technique involves the use of only one (broadband) EOM driven by an RF frequency
(Ωgap) to bridge the frequency gap. The RF signal is phase-modulated (PM) by a
(typically smaller) modulation frequency (ΩPDH), leading to the rise of first order
sidebands at Ωgap with additional phase-modulated sidebands around them spaced
by ΩPDH. This signal (carrier angular frequency ωc and modulation depths β1,2) has
the following form:

E = E0exp(iωct)·exp[iβ1sin(Ωgapt +β2sinΩPDHt)] (4.1)

Such a modulation allows the generation of an error signal for the Pound-Drever-
Hall (PDH) [218] locking method in the usual manner with the exception that not the
carrier, but one sideband is stabilised to the cavity. The PDH error signal is generated
using a demodulation frequency at ΩPDH, resulting in a dispersive signal at the
position of the Ωgap sidebands. This also clarifies the principal advantage the offset
sideband locking technique has over single- or double-sideband locking approaches:
It is the lack of a spurious error signal (and affiliated PM sidebands) generated at the
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Fig. 4.1 Sketch of the multi-wavelengths cavity: black lines are electrical signals , dashed
lines the electrical signal path for the 798nm laser stabilisation and coloured paths mark
free-space laser light. Purple connections are polarisation maintaining fibres. The reference
cavity and the frequency comb (right) are used to characterise the setup.

carrier frequency. The use of the PDH method makes the stabilisation less sensitive
to power fluctuations, increasing further the robustness of the system.

The sideband locking technology allows greater flexibility in a smaller package
in comparison to combined AOM and EOM setups which lock the carrier to a cavity
mode, since the FM modulation of EOMs is often adjustable over a large range
without any influence on the optical path. The light power inside the cavity is not
altered in a sideband locking approach as compared to conventional ones as long as
Ωgap ≫ δν holds true. Here δν is the FWHM of one cavity mode. No deterioration
in performance of such single EOM sideband-locking setups in comparison to
combined EOM/AOM setups was observed, as a similar previous approach reported
[219], where different lasers were stabilised to three optical cavities in a single ULE
block using the sideband locking technique.

4.1.2 Setup

A sketch of the overall system is given in figure 4.1 and a picture of the physical
system in figure 4.2. The whole setup is located on a single Aluminium breadboard
(60cm×90cm×10cm) to ensure transportability, including the cavity, the EOMs
and fibre output couplers, as well as the optical mode-matching and coupling com-
ponents and three PDH photodiodes. No custom manufactured elements were used.
The multi-wavelength cavity is a commercial 10cm (FSR = 1.5GHz) hemispherical
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Fig. 4.2 The multi-wavelengths stabilisation breadboard with the cavity on top covered by
Mylar foil and all optics below. On this picture the system is used to stabilise the 798nm,
the 759nm and the 556nm light simultaneously. Beam paths are indicated.
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optical resonator by Advanced Thin Films with a cylindrical ULE spacer and silica
mirrors with ULE compensation rings. The cavity is suspended horizontally inside a
vacuum housing temperature stabilised at the point of vanishing thermal expansion
coefficient (zero CTE).

The entry mirror is flat and the opposing one has a radius of curvature of −0.5m.
Both of them feature triple-v coating designed for 399nm, 556nm and 759nm. The
manufacturer declared a Finesse of more than 15000 at 556nm and between 1000
and 3000 at 399nm and 759nm evaluated on coating design.

The cavity is suspended on four points in a vibration insensitive configuration
inside the stainless steel vacuum chamber. The chamber is sustained at an ultra high
vacuum by one ion pump. An outside thermistor reads out the temperature, which is
actively stabilised using the “Active Disturbance Rejection Control” (ADRC) method
[158] by acting on a heater placed on its outside bottom.

The vacuum chamber is thermally isolated by a thick layer of insulating foam
and Mylar foil. Inside the chamber ten layers of crumpled Mylar foils support the
thermalisation of the cavity.

The 556nm radiation is produced by single pass SHG in a non linear crystal of an
amplified 1112nm fibre laser. The 759nm lattice light on the other hand is directly
provided by a commercial Ti:Sa laser. SHG is again used to provide radiation at
399nm from a tapered amplified diode laser at 798nm [154]. Initially the 399nm
radiation was stabilised to the cavity, but later an additional path stabilising the direct
output of the laser at 798nm to the cavity was added, allowing to stabilise the laser
either way.

All wavelengths reach the breadboard of the cavity through polarisation main-
taining fibres of a few metres length. At 556nm, 759nm and 798nm, fibre based
broadband EOMs (bandwidth ≈ 1GHz) are used, driven by commercial synthesizers
allowing phase modulations with an RF power of up to 50mW. The 399nm channel
features a free-space QBIG EOM with two resonance frequencies tunable in the
range of 0.6−1 GHz and 1−1.6 GHz (11 MHz PM bandwidth). This modulator
is driven by a synthesizer from QUBIG GmbH delivering up to 4W of RF power.
Three optical paths for the 759nm, 556nm and 399nm radiations are laid out across
the breadboard, featuring individual mode-matching telescopes, polarisation control
and photodiodes. The 798nm radiation is overlapped with the 759nm one on a 50/50
beamsplitter.
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Table 4.1 Initial parameters used in laser stabilisation. The bridge frequency for the 759nm
laser is adjusted according to experimental needs around the magic wavelength.

λ/nm Pin /µW Ωgap/MHz ΩPDH/MHz

399 60.5 850.4 8.1

556 6.3 327.0 10.7

759 13.0 / 11.5

798 6.5 174.1 5.9

All beams are overlapped on two dichroic mirrors before entering the cavity
through the flat mirror side. A camera and photodiode observe the transmission
through the cavity. All beams are coupled into the cavity with high efficiency and
the light power at each wavelength impinging on the cavity is reported in table
4.1. Three PDH photodiodes (PDPDH) detect the light reflected by the cavity. The
phase modulation frequencies needed to generate the PDH error signal are set far
away from each other for the individual wavelengths and the electrical signals of the
photodiodes filtered with narrow bandwidths to avoid crosstalk between wavelengths.
The 759nm and 798nm beams impinge on the same PDH photodiode (PD1PDH).
Therefore the electrical signal output is subsequently splitted and separately filtered.
All photodiode outputs are amplified and down converted, generating independent
error signals. The 399nm, 798nm and 556nm FM frequencies (Ωgap) are set using
the MOT signal as reference. The initial parameters used in the stabilisation of each
wavelengths are given in table 4.1.

The 556nm radiation is stabilised to the cavity by a fast lock (bandwidth 90kHz)
acting on an AOM and a slow lock steering the fibre laser’s (sub-harmonic 1112nm)
piezo (bandwidth (3kHz) using a PID combined with a voltage controlled oscillator
(VCO) driving the AOM. All the other wavelengths use low-bandwidth (3kHz) PIDs
acting on the respective laser’s piezo. The lasers are locked on a first order FM
sideband generated by the EOM. Figure 4.4 shows exemplary the signals of PD1PDH

and PDtrans using the 798nm laser, where the carrier is depleted in favour of the
sidebands. The RF power sent to the EOM (table 4.1) is adjusted maximising the
error signal.
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Fig. 4.3 PDH error signal (red) and transmission spectrum (blue) at 556nm. The depleted
carrier is separated from the first order sidebands by Ωgap and the second order PM sidebands
are spaced by ΩPDH. The carrier is not PM modulated. Smaller peaks arise from high order
cavity modes.

4.1.3 Measurements

We measured the cavity’s finesse with the cavity ring-down method described in
chapter 1. The ring-down was initiated by shutting the EOM power while the laser
was locked on a cavity resonance. The high bandwidth PDtrans recorded the the
extinction of the transmitted light through the cavity. The shut-down time of the
EOM RF power supplies and rise time of the photodiode were taken into account to
obtain a conservative estimate of the photon lifetime and thereby the Finesse, using
equation 1.43.

The results obtained for all four wavelengths used are shown in table 4.2, together
with the ratio of the output to the input light power at each wavelength. We always
coupled solely into the TEM00 mode for all measurements at all wavelengths. The
Finesse at 798nm resulted as 1200±150 with a measured throughput of 69%. The
cavity was not requested to be coated at this wavelength. Therefore these results are
quite satisfactory. At 759nm the Finesse is 1670±150 and thereby inside the range
declared by the manufacturer, while the throughput is 65%. The measured Finesse of
13900±600 at 556nm is slightly below the specifications (15k) and the throughput
was assessed as 20%. At 399nm the Finesse measurement was performed comparing
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Table 4.2 Table of the Finesse and throughput (relation of outgoing to incoming optical
power) measured for the TEM00 modes of the respective wavelengths. Note that the mirror
coatings were designed only for 399nm, 556nm and 759nm.

λ / nm Finesse Throughput / %
declared measured

399 1000−3000 550±60 3

556 15000 13900±600 20

759 1000−3000 1660±150 65

798 / 1200±150 69

the linewidth of a TEM00 cavity resonance to the FSR due to the low ring-down
time of the cavity. We assessed a Finesse of only 550±60 and a throughput of 3%,
indicating an unexpected high optical absorption at this wavelength.

The 399nm laser radiation is usually available for continuous periods of six
hours, limited by the doubling cavity lock. Therefore also the stabilisation at this
wavelength is limited to this timescale. The 556nm, 759nm and 798nm radiation on
the other hand can be stabilised to the multi colours cavity for days without unlocks.
This lock also remains stable when the carrier frequency is changed. We altered the
sideband gap frequencies as fast as 1MHz/s for a total span of 500MHz without the
lasers unlocking.

The temperature where the ULE cavity’s thermal expansion coefficient vanishes
(zero CTE) was assessed using an ultra-stable cavity, characterised in [156], as
reference. An independent PDH (bandwidth 100kHz) stabilisation of the 556nm
laser to the reference cavity was set up, acting upon a separate AOM (see figure 4.1)
in a dedicated branch of the 556nm radiation previously already stabilised to the
multi colours cavity. The frequency difference between the reference and the multi
colours cavity can therefore be assumed as being equal to the frequency correction
sent to AOM2. The signal sent to AOM2 was therefore taken as a virtual beatnote
between two lasers stabilised to the two cavities. The zero CTE measurement data
is shown in figure 4.4. Over the course of one week the temperature of the multi
colours cavity was changed in steps and the virtual beatnote with the reference
cavity recorded. The drift of the reference cavity during this time was a negligible
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Fig. 4.4 Frequency difference between the two cavities (black dots) and quadratic fit to
determine the zero CTE point.

contribution to the measurement uncertainty. The temperature of vanishing CTE was
taken as the minimum of the parabolic fit to the beatnote versus temperature plot and
the result is 30.4±0.3 ◦C.

The virtual beatnote between the two cavities was monitored by a spectrum
analyser and a phasemeter, demonstrating a linewidth of less than 300Hz (sweep
time 80ms and 100Hz resolution), as seen in figure 4.5. The noise of this beatnote
(and therefore also the linewidth) was attributed solely to the multi wavelengths
cavity, since the reference cavity had been characterised at a much superior level.

The phasemeter recorded the power spectral density (PSD) of the same sig-
nal (figure 4.6), revealing a white noise floor of 25Hz2/Hz and a flicker noise of
225Hz2/f, with f being the frequency. Noise peaks between 10Hz and 130Hz are
accounted to acoustic perturbations. The fractional frequency stability at 1s was
evaluated as 3×10−14 (normal Allan deviation).

In order to measure the drift of the multi colours cavity, an optical fibre link was
set up from the 759nm laser to a hydrogen maser referenced frequency comb in our
laboratories. In this link the laser light resonant with the cavity is sent to the comb
and the beatnote with one comb tooth recorded by a fast photodiode. The signal
is then filtered, amplified and counted with an electronic frequency counter (K+K).
We measured the drift of the 759nm radiation, sequentially stabilising the other two
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Fig. 4.5 Beatnote at 556nm between the two cavities taken at 80ms sweeping time and
100Hz resolution (black) with 300Hz FWHM Lorentzian fit (red).

Fig. 4.6 Frequency noise spectral density of the beatnote at 556nm between the branch
locked to the multi colours cavity and the reference cavity.
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Fig. 4.7 Beatnote frequency between the 759nm laser and the frequency comb stabilised
to a H-maser. Red: 798nm, 759nm and 556nm lasers simultaneously locked to the multi
colours cavity. Blue: 759nm and 399nm lasers sequentially stabilised.

lasers (556nm and 399nm or 798nm) to the cavity to observe any optical effects
stemming from the simultaneous presence of all the lasers inside the cavity.

The results are shown in figure 4.7. When the 759nm, 556nm and 798nm lasers
are simultaneously locked to the multi colours cavity, the observed drift is less than
2kHz/h. But when the stabilisation of the 798nm light was swapped for the 399nm
radiation (759nm and 556nm locked all the time), a fast drift of about 50kHz in
4 minutes was measured (seen at the beginning of the trace), followed by a linear
drift of 22kHz/h. This significant alteration of the behaviour at this wavelength
compared to all the other ones can be explained by the higher absorption of the mirror
coatings at 399nm (see table 4.2) heating the mirrors up, leading to a rapid shift at
first, followed by an augmented drift rate. In the long term this thermal effect could
damage the cavity optics. The drift rate in this case is higher than the requirements
(12kHz/h set by the lattice light shift uncertainty). Therefore the 399nm light is
always stabilised via its sub-harmonic at 798nm.

4.1.4 Conclusion

The objective of the multi colours cavity was to substitute individual laser stabil-
isations for the MOT and lattice lasers with a compact, transportable and robust
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solution. Our setup supersedes all requirements set by the operation of the Yb lattice
clock. Three different lasers (399nm and 798nm as two harmonics of the same laser)
are locked to one stable ULE cavity operated at the temperature of vanishing CTE
through the offset sideband locking technique. This method allows to bridge the
frequency gap between the cavity and the demanded frequency of the Yb lattice clock
for all wavelengths simultaneously. The laser with the highest stability requirement
in this setup, the 2nd stage MOT laser at 556nm, was characterised with a linewidth
of 300Hz and a stability (Allan deviation) as good as 3 parts in 1014 at 1s. This
result is quite encouraging, especially since no efforts were undertaken to reduce
acoustic and seismic noise impinging on the cavity.

The 399nm radiation proved problematic, causing unacceptable high drifts of
the cavity, attributed to excess absorption of the mirror coatings at this wavelength.
Therefore a stabilisation of the sub-harmonic at 798nm was implemented and demon-
strated a good performance, compatible with a lattice light shift uncertainty below
1×10−18.

We tested the multi colours cavity setup locking simultaneously the 556nm,
759nm and 798nm/399nm lasers and operating the MOT for about 10h without
observing a change in the number of atoms trapped in the lattice.

We demonstrated a compact and robust solution for the simultaneous stabilisation
of the MOT and lattice lasers in an Yb lattice clock, which in principle could also be
used for spectroscopic applications. This system is planned to be further improved
by implementing an automatic drift compensation.

4.2 Optical Lattice Improvements

The magic wavelength of the 1S0 → 3P0 transition determined during our absolute
frequency measurement campaign (chapter 2) does not agree with the results obtained
by other groups [5, 28, 165, 166]. The spontaneous emission background of the
lattice laser spectrum has been identified as a possible source of this discrepancy
[167]. This background radiation in the laser light has the consequence that the
measured magic wavelength is shifted to an effective value where the spontaneous
emission effect is cancelled, too.
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We use a diode-pumped Ti:Sa laser to generate the lattice, because this laser type
is known for its robustness and high achievable output power. This kind of laser also
features a wide spontaneous emission spectrum, typically supporting radiation across
tens of nm. It is therefore also used to generate frequency combs. The amplified
spontaneous emission background of each laser is unique in terms of its amplitude
below the carrier, asymmetry and temporal stability.

In order to extinguish the spontaneous background radiation, the laser output
radiation needs to be filtered. Common techniques are the use of Fabry-Perot cavities
and optical gratings.

We included an optical grating (Optigrate “BragGrate” bandpass filter, 759nm)
in the path of the lattice laser, precisely in front of the coupling to the high power
PM fibre, as sketched in figure 2.2. The grating filtering bandwidth is 20GHz. This
allows adjusting the lattice frequency by ±10GHz around the magic wavelength
while running the experiment. We expect this element to suppress most of the
spontaneous emission background of the Ti:Sa laser. In order to support a more
precise assessment of the AC Stark shift, the implementation of an enhancement
cavity using mirrors outside of the vacuum chamber is underway. This cavity will
allow the use of deeper lattices, reaching conditions where the influence of the
an-harmonic terms of the lattice light shift (equation 1.29) is clearly visible. Through
an extensive mapping of the lattice shift across frequency and intensity these terms
can be measured with higher precision than the literature values we used before and
thus the accuracy of the lattice light shift estimation will increase.

A renewed measurement of the magic wavelength and improved statistics on
the AC Stark shift should enable us to operate the Yb clock with a lattice light shift
uncertainty in the low 10−18 region.

4.3 Spectroscopy Laser and Other Upgrades

The uncertainty budget (table 2.1) is currently dominated by the AC Stark shift
contributions and to a lesser degree, by cold atom collisions and the Zeeman effect.
The uncertainties given for these systematic effects are mainly limited by statistics.
An improved stability of the clock transition probe laser will enable a more precise
evaluation in a shorter time. Since the probe laser stability did not display the
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expected performance, a number of changes to its setup were applied. In a first
step the acoustic isolation chamber of the cavity was placed in a different lab and
on the floor at a position where a measurement showed less seismic noise than
in the initial position close to the Yb clock. Subsequently the vibration isolation
platform was exchanged for an active vibration isolation (Optosigma OSDVIT-
45A). The ultra-stable cavity was exchanged for a different model that had been
characterised previously in [156] with a short-term stability in the low 10−15 region
and a linewdith below 3Hz. This cavity consists out of an ULE spacer supported in a
vibration-insensitive configuration and combined with ULE mirrors coated at 578nm.
Meanwhile the original cavity was sent back to the manufacturer to exchange the
mirrors, as they had featured a disturbing high order mode always present in the
background. Generation of the 578nm laser radiation was also changed, replacing
the fibre and solid-state lasers with a single diode laser at 1156nm, followed by
second harmonic generation in a PPLN crystal. The stabilisation of the laser to one
cavity mode was also changed. The fast lock is now acting on the current control of
the laser diode. This allowed us to remove the AOM used for this task so far and
furthermore to engage a higher bandwidth in the PDH control (300 kHz). The drift
compensation (bandwidth 3kHz) is now acting upon the internal cavity length of the
diode laser by steering a piezo voltage.

First spectroscopic results in May 2017 resolved a linewidth of 7Hz for the
1S0 → 3P0 transition, shown in figure 4.8, and a stability of 4 parts in 10−15 at 1s ,
shown in figure4.9. This result agrees with the performance of this cavity (see also
chapter 2). With these changes an evaluation of the AC Stark shift (stemming from
the lattice and the probe laser) and the density shift at an equally low 10−18 level
will be undertaken in the near future.

4.4 Optical fibre network

The fibre noise cancellation systems reported in section 2.7 used orthogonal po-
larisations in the reference and back-reflected beams. This gave the advantage of
an easy adjustment of optical power levels with half-wave plates and polarising
beam splitters. On the other hand we recognised a noise floor in the Allan deviation
at 6× 10−19 after about 2000s of measurement time and we suspected this being
the result of polarisation to amplitude noise conversion. Therefore the setup was
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Fig. 4.8 Spectroscopy of the 1S0 → 3P0 transition with a FWHM of 7Hz in 2017 after
improvements to the ultra-stable laser system

changed to incorporate the same polarisation throughout the phase noise detection
interferometer, thereby reducing the sensitivity to polarisation noise. In the following
the optical and electronic setup is described and characterised.

4.4.1 Setup

The dissemination of the 578nm laser to the ultra-stable cavity, the frequency comb
and the atomic spectroscopy using PM fibres is depicted in figure 4.10. The diode
laser is situated in a neighbouring laboratory of the Yb lattice clock and connected to
the dissemination breadboard via optical fibre. After passing through the SHG crystal
some 7mW of optical power at 578nm are distributed among the three branches.
About 80% of this power are sent to the frequency comb in order to achieve high
SNR in the beatnote with the comb light. The atomic spectroscopy and the ultra-
stable cavity on the other hand use only some nW to µW of light power. Therefore
the fibre noise cancellation systems, which are identical in all three branches, are
set up to function even with optical powers of about 100µW circulating inside the
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Fig. 4.9 Stability of interleaved clock cycles in comparison before (blue) and after (2017)
the recent upgrades to the 171Yb lattice clock. This improvement in stability allows a faster
and more precise measurement of systematic effects on the clock transition as well as faster
optical frequency comparisons.

Fig. 4.10 Dissemination of the 578nm clock laser. The laser light is distributed to the
ultra-stable cavity, the frequency comb and the atomic spectroscopy by phase-noise cancelled
(PNC) fibre links (called branches, inside red dotted boxes). SHG = second harmonic
generation, M = mirror, PBS = polarising beam splitter, λ/2 = half-wavelength retardation
plate, blue lines follow the free-space optical path. The black dotted line denotes DC signals
of the laser stabilisation to the ultra-stable cavity.
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two interferometer arms. Only a small fraction thereof is actually available for the
generation of the phase noise error signal. In order to obtain sideband spectra of
the clock transition (see figure 2.9), the power of the 578nm radiation impinging
on the atoms is raised by a factor of about 100 (re-routing some light from the
frequency comb branch), in order to improve the contrast of the blue/red sidebands.
This power broadens the 1S0 → 3P0 line beyond an FWHM of 100Hz and into a
regime where a fibre noise cancellation is no longer necessary. Therefore sideband
spectra are obtained without the engagement of active fibre noise cancellation. The
distribution of the laser light between the branches and the optics of the pathlength
noise cancellation systems are placed on the same stainless steel breadboard and
enclosed by an acrylic cover shielding the free-space paths from any airflow.

The laboratories containing the whole Yb lattice clock experiment are tem-
perature stabilised by an air conditioning system. Nevertheless, a residual quasi-
sinusoidal oscillation with an amplitude of 0.2K and a period of 15min remains.
The airflow changes accordingly in intensity. As a result the temperature inside
the laboratories experiences temperature excursions with an amplitude of up to
0.5mKs−1 (maximum at half-period time). As for the unstabilised PM fibres these
oscillations of temperature introduce phase noise through changes of the fibre length
and index of refraction (applying the corresponding sensitivities of pure silica [220])
with relative magnitudes of about 1×10−17 and 1×10−16 at 450s, respectively.

Within the free-space path of the laser light on the dissemination breadboard
there remain up to 2m thereof that are not shared between two adjacent branches and
are also located outside of the phase-noise cancellation interferometer. The acrylic
glass enclosure shields efficiently airflow and acoustic noise. But the breadboard
itself experiences temperature fluctuations (albeit damped by its mass) caused by
the air conditioning oscillations. The periodicity of these fluctuations is the same
as of the surrounding air, but the amplitude is much smaller, namely 4mK. This
transforms into a Doppler shift of the free-space optical path of estimated 1×10−18

at 450s. This shift is also present when the phase noise cancellation is engaged.

A sketch of one fibre noise stabilisation branch is depicted in figure 4.11. Upon
entry the laser frequency is first shifted by a double-pass AOM (AOMgap) in cat-eye
configuration [221], bridging the gap between the nearest fundamental mode of the
ultra-stable cavity and the atomic resonance. Then a power beamsplitter extracts a
small reference beam (30% of the incoming beam reflected) as the short arm of an
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Fig. 4.11 Sketch of the fibre noise cancellation setup and its assessment. The laser light enters
the branch coming from the SHG crystal. The double-pass AOM in cat-eye configuration is
marked with green dots. The laser light is signalled with blue arrows, but the retro-reflected
beam path with orange arrows. PD = photodiode, VCO = voltage controlled oscillator, LPF
= low-pass filter, AMP = amplifier, BPF = band-pass filter, L = lens, PRM = partial reflecting
mirror, PI = proportional-integral controller, BS = power beam splitter
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imbalanced optical interferometer. The remaining part, the long interferometer arm,
is subsequently shifted by 80MHz in an AOM (AOMpnc) and then enters the 20m
PM fibre. A half-wave plate aligns the polarisation of the incoming light to the slow
axis of the PM fibre, thereby minimising polarisation noise.

After passing the fibre the laser polarisation is cleaned using a λ/2 plate and a
PBS (polarisation extinction ratio at least 1000 : 1) and then about 40% of the light
power are retro-reflected with a partial reflecting mirror. On the comb branch the
reflected ratio is actually smaller (≈ 15%) due to the higher optical power in the
beam exiting the fibre. The polarisation cleaning ensures that the retro-reflected
beam is also aligned on the slow axis of the fibre. This suppresses amplitude noise
in the optical interferometer due to the fibre birefringence, which is sensitive to
temperature changes in panda-style PM fibres [160] and therefore of concern.

Approximately 20µW in optical power are delivered after the partial reflecting
mirror in case of the ultra-stable cavity and a few hundred nW with the atomic
spectroscopy branches, whereas in the comb-branch these are some 1.5mW.

The retro-reflected light passes once again the AOMpnc, experiencing a total shift
of 160MHz and then interferes with the reference beam. The beatnote of these two
beams, which is carrying the information on the phase noise error accumulated along
the optical path, is recorded on a photodiode (bandwidth 400MHz) and subsequently
the interference part at 160MHz filtered out (bandwidth 14MHz) and amplified.

All our fibres use angle flat connectors (a variation of angle polished connectors
manufactured by OZ optics) to reduce back-reflection from the fibre tip. We found
that this back-reflection gives rise to a signal 30dB smaller than the one from the
retro-reflector. The beatnote signal is tracked by a voltage-controlled oscillator
(VCO), which has a bandwidth of 3MHz. Using a tracking VCO has the advantage
of providing the fibre noise cancellation electronics with a high SNR input signal
of constant amplitude, even when the SNR and amplitude of the actual signal is
small or fluctuating. This improves the robustness of the system, especially when
working with low optical powers. The output signal of the VCO is divided by 16 and
this signal directly mixed with a 10MHz H-maser reference signal. A subsequent
low-pass filter (bandwidth 500kHz) selects the DC part of this signal.

The result is a DC error signal, directly proportional to the accumulated phase
noise in the long interferometer arm. A proportional-integral (PI) control, set to
an optimised bandwidth of around 20kHz for each branch separately, finishes the
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feedback-loop by controlling the voltage-controlled oscillator driving the AOMpnc,
adding the opposite phase to the laser light of the instantaneous interferometer phase
error, thus realising an unperturbed laser signal at the output of each branch.

4.4.2 Results

The performance of the fibre noise cancellation on all three branches has been evalu-
ated forming pairwise beatnotes between the outputs of the phase noise cancelled
branches, as shown in figure 4.11. The laser light after the partial reflecting mirror
is beat against the output of a 2nd identical setup in a short free-space optical path
covered by a separate acrylic enclosure. The beatnote is recorded with a phasemeter
or frequency counter to assess the residual phase noise.

If the input signal of the tracking VCO becomes very small, the electronics fail
to properly follow the phase evolution of the signal and cycle slips (phase jumps by
an integer number of 2π) occur.

We determined the minimum input light power within the interferometer of
one branch (in figure 4.10 after the PBS whereupon the light enters directly from
the SHG) after which cycle slips compromise the performance of the phase noise
cancellation as 90µW.

The possibility of cycle slips appearing on long term measurements using normal
input powers was investigated recording the beatnote between the two branches with
low input light power for a total of 20 hours. A histogram of this measurement is
shown in figure 4.12. All data points were within 0.05Hz (1 part in 1016 or 1

10π),
proving the absence of cycle slips.

We investigated the influence of turbulent air inside the free-space parts of the
laser branches on the phase noise cancellation. For this measurement we compared
the phase noise between two stabilised branches with and without the lid of the
acrylic enclosure attached to the system. As shown in figure 4.13, the turbulent
air increases the phase noise between 0.1Hz and 10Hz. This means that relevant
noise levels act at the same timescale as a single clock cycle (0.1s to 0.5s). Such
noise could lead to systematic errors. The acrylic enclosure suppresses this effect
efficiently.
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Fig. 4.12 Histogram of a 20 hours measurement looking for cycle slips in the beatnote. No
points were recorded outside of the scale used for the abscissa.

The power spectral density of a typical phase noise measurement between two
laser branches is shown in figure 4.14. At low frequencies (0.1mHz to 0.1Hz
white frequency noise dominates ( f−2 behaviour). A variety of noise peaks around
10Hz and between 300Hz and 500Hz follow, stemming mostly from acoustic noise.
Electronic noise is obviously present with the power line at 50Hz and its harmonics
represented. Subsequently a white phased noise pedestal is visible between 4kHz
and 20kHz. The later value is also equal to the control bandwidth of the phase noise
cancellation. The phase noise level (≈ 90dBc/Hz) agrees with the detection noise
of the beatnote on the photodiode (SNR 42dB in 100kHz). At higher frequencies
than 20kHz only electronic noise of low amplitude is detected.

The corresponding Allan-deviation of this measurement is shown in figure 4.15
(blue line), together with a measurement of the unstabilised phase noise (green), a
long term measurement (red) and reference stabilities of ultra-stable cavities (orange)
and an ensemble of optical atomic clocks (light green). We measured the phase noise
with a bandwidth of 500Hz and a gate time of 1ms, with the notable exception of
the 4 days measurement that was obtained using a high resolution K+K FXE counter
(Λ-variance) and a gate time of 1s (bandwidth 0.5Hz).
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Fig. 4.13 Power spectral density (PSD) of the beatnote between two branches with (green)
and without (red) the lid of the acrylic enclosure attached. The slightly higher phase noise
level compared to fig. 4.14 is due to different optical and electronic power levels during this
measurement. The results are nonetheless transferable to the current setup.
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Fig. 4.14 Power spectral density of the beatnote between the output laser radiation of two
phase-noise cancelled fibre links, measured with a Microsemi 5125A phasemeter
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Fig. 4.15 Allan-deviation of the same measurement as in fig. 4.14 (blue), compared with
measurements of the unstabilised link performance (dark green) and a 4 days long assess-
ment of the fibre link performance (red). The best reported stabilities of an optical cavity
[21] (orange) and of an ensemble of optical lattice clocks [49] (light green) are shown as
benchmarks.
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It is clearly visible that the unstabilised optical fibre link is not compatible with
the performance requirements set by state-of-the-art ultra-stable lasers and optical
lattice clocks.

The phase noise cancelled link averages down as white phase noise (1/τ) at short
integration times (τ < 1s). For τ > 4s the slope changes towards a τ−1/2 slope,
matching white frequency noise. The long-term measurement (red curve) gives
some deeper insight into the cause of this white frequency noise. The noise level at
timescales τ ≥ 450s is in agreement with the calculated periodic noise induced by
the periodic temperature changes inside the laboratory.

The Allan deviation measured with the frequency counter is a bit lower than the
corresponding values obtained with the phasemeter, because the Λ-variance of the
high resolution counter used has a reduced sensitivity to white phase noise (here the
dominating noise at short timescales) in comparison to a phasemeter [222, 223]. For
integration times τ larger than 10s the noise behaviour resembles white frequency
noise and at long timescales the blue and red line agree well.

We assessed the stability of two phase noise cancelled laser branches as 2×10−17

at 1s, following a 7×10−18τ−1/2 slope for long timescales (τ ≥ 1000s), as shown
in figure 4.15. The measured uncertainty of 5 parts in 1020 was only limited by
statistics. No offset in the frequency of the beatnote between a pair of phase noise
cancelled fibre links was detected. This performance supersedes the best so far
published stabilities and accuracies of ultra-stable lasers [21] and an optical clock
ensemble [49].

4.4.3 Discussion

We have developed and characterised an optical fibre noise cancellation working on
all three branches of the ultra-stable 578nm laser of the Yb lattice clock at INRIM.
The phase noise cancellation systems are working even with very low optical powers
available (90µW per laser branch). The pairwise evaluation of the phase noise
cancellation demonstrated a (statistical) uncertainty of 5×10−20 and a long-term
stability following a 7×10−18τ−1/2 evolution, surpassing the best published results
for lasers stabilised to an ultra-stable cavity [21], as well as the stability and accuracy
limits of all contemporary optical clocks [224, 49].
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Fig. 4.16 Left: Contribution of the Dick effect due to fibre noise to the clock stability. Right:
The sensitivity function g(t)

With the power spectral density in figure 4.14, the Dick-effect contribution of
the fibre noise to the clock stability can be calculated. Inserting an interrogation
time tp of 120ms, a total clock cycle time of Tc = 320ms and the power spectral
density shown in figure 4.14 in equations 1.7, 1.8, 1.9, 1.10, 1.12, the Dick-limit
follows as: σDick(τ) = 5.9×10−17τ−1/2, almost 2 orders of magnitude smaller than
the stability of the INRIM Yb lattice clock. The sensitivity function g(t) and the
Dick-effect limited stability are displayed in figure 4.16

The main limitation to our system are periodic temperature changes inside the
laboratory acting on the length of the optical path inside each branch that is situated
outside of the feedback loop. The amplitude of these oscillations (occurring at a
period of 450s) agree with our predictions. These temperature oscillations show an
almost sinusoidal behaviour and therefore average down in the Allan deviation as
white frequency noise (τ−1/2) for τ ≫ 450s. The assessed stability and accuracy
of our system is consistent with the delivery of spectrally pure laser radiation in
state-of-the-art optical clocks. An even higher performance could be achieved by
either eliminating the optical path between the dissemination branches (figure 4.10)
using the same reference mirror for all fibre links (this would need an advanced
electronic setup), or by a thermal insulation of the steel breadboard supporting all
the free-space optics of the laser branches and fibre noise cancellation systems.
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4.5 Perspectives

With these improvements implemented and the other augmentations and measure-
ments discussed at the end of chapter 2 in preparation, the uncertainty budget of the
171 Yb lattice clock is likely to be re-evaluated at a low 10−17 level in the near future.



Chapter 5

Multi-Branch Universal Synthesizer
At NPL

5.1 Introduction

Recent progress made in the field of optical atomic clocks is closely connected to
the invention of the frequency comb linking the microwave- and optical-domain,
thus providing a connection between the primary standard of the SI unit the second
with the F = 3 → F = 4 hyperfine ground-state transition in 133Cs and realisations
of secondary optical frequency standards in optical transitions [225].

At the very heart of any such atomic clock is an ultra-stable oscillator interrogat-
ing the narrow clock-transition. The stability of optical lattice clocks, as for example
the one demonstrated in this work, is usually limited by the reference stabilising
the ultra-stable oscillator, as already discussed in chapter 1. The most stable laser
sources nowadays depend upon thermal-noise limited optical cavities and projected
performance improvements rely upon complex (such as cryogenic temperatures
[226]) and often wavelength-dependent (like crystalline mirror coatings [22, 133])
solutions.

In order to fully exploit the benefits of these novel technologies and to profit
from the superb performance of single ultra-stable cavities, transfer of the spectral
purity from the wavelength of one ultra-stable oscillator to multiple others becomes
necessary.
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More recently optical frequency combs have begun emerging from their initial
role as extended frequency rulers into even being a part of the atomic spectroscopy
itself by transferring spectral purity between optical/optical or optical/microwave
oscillators [227, 228].

The transfer oscillator technique allows to cancel out the noise of the femtosecond
laser itself in any optical/microwave or optical/optical measurement making it a
valuable toolbox for spectral purity transfer from one ultra-stable cavity to any other
wavelength in the emission-range of the comb (typ. VIS or NIR) or the microwave
domain [229].

A good spectral purity transfer requires that the noise introduced by the stability
transfer is negligible compared to the noise of the ultra-stable cavity. The transfer
oscillator technique starts with the general description of an arbitrary comb tooth m
(m ∈ N), whose frequency can be written in the following form [146]:

fm = f0 +m· frep (5.1)

The repetition rate f rep originates from the delay between subsequent fem-
tosecond laser pulses, whereas f0 results from a delay between the carrier- and
envelope-phase (laser cavity dispersion) of subsequent pulses with the total output
bandwidth determined by the pulse duration.

But actual femtosecond combs often feature fibre-amplifiers, 4 wave-mixing
in non-linear fibres and frequency doubling in order to reach sufficient comb light
power at the desired wavelength. These elements and additional fibre/free-space
paths add further noise to the frequency ratio measurement. Therefore a careful
evaluation of the limits of the stability transfer is necessary.

One way to reduce the noise from these sources is to use the same amplifier and
mixing fibre for all wavelengths, cancelling their noise as common-mode (Single
branch comb [230]). But this approach has the disadvantage that sufficient (typ. 30
dB in 100kHz bandwidth) signal-to-noise ratio (SNR) across several wavelengths is
difficult to reach. This again can be aided by tight locking of the comb’s repetition
rate to an ultra-stable reference (e.g. cavity) combined with low-bandwidth tracking
oscillators and counters [228].
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But since even this approach faces limitations with an increasing number of
wavelengths involved in this work a multi-branch comb was set up and characterised.
A multi-branch optical femtosecond comb means that every frequency measured
features its own fibre amplifier and non-linear fibre, resulting in strong beatnotes
and avoiding the need for tight locking of the femtosecond laser. The most ad-
vanced atomic clocks today reach their estimated accuracy of few parts in 1018

after about 10 000s of integration time τ (averaging down with a stability of about
1×10−16τ−1/2) [49, 1, 48, 6, 50], while the most advanced cavities reach a stability
of 5×10−17 on a timescale between 1 and 10 seconds [21, 20].

Therefore the frequency comb needs to surpass these values with a margin in
order to be ready for further improvements to be expected in the near future.

State-of-the-art transfer evaluations showed frequency stability limits of about
3×10−16 at τ = 10s for multi-branch [231, 227, 232] and 4×10−18 at τ = 10s for
single-branch [228] frequency combs.

In this work a multi-branch femtosecond frequency comb with an ultimate
spectral-purity transfer limitation of inter-branch noise as low as 1.5× 10−17 at
τ = 1s in stability, averaging down slightly faster than τ−1/2 and 2×10−19 of residual
uncertainty is presented. The comb is operated at the “National Physical Laboratory”
in Teddington, UK. I was seconded to this institution in late 2016 and early 2017
in order to assess and improve the frequency transfer of the universal synthesizer,
which had already successfully been employed in the operation of the optical clocks
ensemble at NPL. In this chapter the results obtained during my secondment are
presented.

This chapter is organised as follows: A complete description of the universal
synthesizer consisting of an ultra-stable-cavity and a frequency comb is given in
section 2. The laser spectral purity transfer scheme and the reference comb as well
as the counter synchronisation and beatnote detection are also described. The 3rd
section unfolds the results of the frequency ratio measurement performance of the
individual combs, the counter measurement limitations and finally the full spectral
purity transfer stability and accuracy of our system. The last section classifies these
results in the light of other contemporary results and gives an outlook to future
developments.
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5.2 Universal Synthesizer

The universal synthesizer, comprised of a commercially available Menlo Systems
Er-doped-fibre comb (NPL-FC4) with six individual amplification and broaden-
ing branches for different wavelengths and an ultra-stable cavity, is located in a
temperature-controlled (±0.5K) laboratory. In order to measure the performance
of the system we use a single-branch reference comb (NPL-FC3), that had been
evaluated before [148].

This reference comb, another Menlo Systems product, is located in another
laboratory featuring a refined temperature control (±100mK) with noise-cancelled
fibre-links and RF cables connecting the labs. All relevant RF signals from both
systems are referenced to the same H-maser. Both combs are equipped with high-
resolution overlapped-Λ counters from K + K (named C3 for NPL-FC3 and C4 for
NPL-FC4). For synchronous measurements all signals from both combs relevant
for optical-to-optical frequency ratios are counted on the individual counters, with
software synchronisation of gate times to the UTC (NPL) time signal keeping the
difference between the 1s gate times of the combs below a few milliseconds.

Both comb-systems are enclosed within acrylic glass and metal boxes to reduce
air currents and acoustic noise on free-space and uncompensated fibre-paths. The
universal synthesizer setup is sketched in figure 5.1 and the reference comb measuring
its performance in figure 5.6. In the following primed and un-primed variables refer
to attributes of NPL-FC3 and NPL-FC4, respectively.

5.2.1 Universal Synthesizer NPL-FC4

NPL-FC4 is a commercially available (Menlo Systems FC1500) optical frequency
comb based on a mode-locked Er-doped fibre laser (pumped by a 980nm diode laser)
exploiting the nonlinear-polarisation-rotation mechanism [233, 234].

The principle of operation of these lasers is similar to the Kerr-lens and self-phase-
modulation of Ti:Sa-Combs, where the gain-medium’s non-linearity in connection
with some aperture inside the laser cavity leads to a favoured operation in the pulsed
laser regime. Here the fibre birefringence and cross-phase modulation induced by
the Kerr nonlinearity cause an intensity dependent rotation of elliptically polarised
light. As a consequence placing a polarising element inside the laser cavity can lead
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Fig. 5.1 Schematic of the comb used within the universal synthesizer. At the top is a
simplified drawing of the locking of the fCEO and frep frequencies to the H-maser. Note that
the "branches" for the beatnote-generation at 1542nm , 871nm and 934nm differ from the
other three in that the 1542nm has no EDFA and HNLF while the other two feature free-
space beatnote detection. EDFA = Erbium doped fibre amplifier, HNLF = highly non-linear
fibre, SHG = second harmonic generation, FBG = fibre Bragg grating, OF = optical filter,
Orange (blue) lines mark fibres with (without) fibre noise compensation. Green = free-space
paths.
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to higher intensities suffering less loss, thus sparking pulsed operation. A simple
Fourier-transform then leads to the well-known comb spectrum of equation 5.1.

The femtosecond laser output is centred around 1550nm, spanning 80nm Full-
Width-Half-Maximum (FWHM). The comb light is split into 7 different branches,
with the comb being directly heterodyned with the 1542nm light of the laser used
for the NPL-SYRTE fibre link in one arm and each of the other 6 branches featuring
separate erbium-doped fibre amplifiers (EDFAs) and 4-wave mixing in highly non-
linear fibres (HNLFs) to enable high SNRs in the beatnote detection. These 6
branches are all individually optimised by adjusting the amplifiers pump currents.
This frequency comb features all polarisation-maintaining (PM) fibres. This leads to
a more stable SNR in the beatnote-detection with external cw lasers as compared to
just single mode fibres.

The 4-wave mixing process is similar to the Kerr-lens- or nonlinear polarisation-
rotation-effect at the basis of the mode-locked laser, resulting from a third-order
susceptibility. The HNLFs used in this work exploit self-phase modulation [235]
or the soliton self frequency shift [236] to accomplish broadband cascaded 4-wave
mixing. In the process two initial photons of different frequencies ν1 and ν2 are
combined to form 2 new photons at frequencies ν3 = 2ν1 −ν2 and ν4 = 2ν2 −ν1 .
In the case of a frequency comb entering the HNLF thousands or even millions of
waves mix to form an even broader comb. The mixing process can be adjusted by
acting upon the fibre to favour a different main frequency in amplitude as opposed to
the output of the mode-locked laser, enabling simultaneously a broadening and also
a shift of the frequency comb emission [237].

Stabilisation of the carrier-envelope offset (CEO) frequency (and the repetition
rate) is an important part of any frequency comb operation, since the spectra of
free-running mode-locked lasers can drift several MHz in short timescales. The
repetition-rate can easily be detected by direct observation of the comb-emission
with a photo-diode, whereas the CEO frequency is a bit more demanding.

The top branch in figure 5.1 is the f −2 f interferometer, which is broadening the
comb to span one octave and thereby enabling the detection of the CEO frequency f0

with the built-in Menlo Systems f −2 f common-path interferometer scheme. This
detection allows to stabilise the comb-spectrum (see e.g. [238–240]).

The second branch is optimised for the detection of the beatnote with the 1064nm
ultra-stable reference laser and the 3rd to 6th branch, utilising in addition to the
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aforementioned EDFA and HNLF also frequency-doubling through a single-pass
periodically-poled lithium-niobate (PPLN) crystal, enhance the signal for the respec-
tive optical atomic clock lasers at 934nm, 871nm, 698nm and 674nm, as shown
in figure 5.1. Thanks to this multi-branch approach all beatnotes between the cw
lasers and their nearest femtosecond comb teeth surpass 30 dB (in 100kHz) easily,
typically ranging from 35 dB to 40 dB, remaining stable for periods of several weeks.

All the wavelengths are sent to the NPL-FC4 reference comb by noise-compensated
PM fibres. The femtosecond-laser cannot use the same path-noise cancellation tech-
nique as the cw light and is therefore not noise-cancelled along the whole way from
the output of the femtosecond laser to the beat-detection PD. Along this path are
EDFA, HNLF (except for 1542nm ), a free-space SHG stage (except for 1064nm
and 1542nm ) and additionally the pathways towards the beatnote detection, giving
phase noise contributions to all branches .

To reduce their noise all EDFA, HNLF and SHG units are shielded inside metal
boxes on the optical table of the comb and inside an acrylic enclosure protecting the
whole setup from air currents. The universal-synthesizer branches dedicated to the
optical atomic clock lasers are pairwise (934nm and 871nm , 698nm and 674nm
) located in two separate metallic enclosures. The 1542nm , 1064nm , 698nm and
674nm beatnote detections use completely in-fibre beat-detection units providing
ease-of-use, but with the disadvantage of about 2m of uncompensated not common
fibre in the paths of comb and cw light for each wavelength, whereas the 934nm and
871nm beatnote detection features full noise-compensation on all fibre-paths with
only the cost of about 1m uncompensated free-space path not common to comb- and
cw-radiation, but shielded inside the acrylic enclosure.

The 1064nm reference laser with the ultra-stable master oscillator cavity in place
(see figure 5.4) is at the centre of this experiment with all other wavelengths (except
for the femtosecond laser) stabilised to it.

Not a part of this work, but for completeness, it should be noticed that also the
primary frequency (133Cs) standard’s microwave oscillator is linked to this laser by
an optical-to-microwave spectral purity transfer.
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5.2.2 Counting Of f rep , f 0 And fbeat

With the frequency of one comb tooth displayed as in equation 5.1 we are left with
three frequencies to detect for each beatnote between comb and cw laser to measure
exact frequency ratios (or absolute frequencies, but that is not the scope of this work):
The repetition rate f rep , the carrier-envelope offset f 0 and the beatnote with the
nearest comb tooth fbeat . In order for the removal of the femtosecond laser noise
in the transfer oscillator scheme to function, it is important that these beatnotes are
detected with high enough resolution, meaning that the counter noise must be well
below the requirements for the targeted stability at all relevant timescales.

The repetition rate f rep is first detected by sending a part of the femtosecond-laser
output to a fast photo-diode (PD) measuring the 4th harmonic of f rep around 1GHz.
This signal is then mixed down with H-maser referenced synthesizers (980MHz
and ≈ 20MHz) to provide the error signal to the Menlo Systems electronics for the
locking of the repetition rate.

The CEO frequency f 0 is detected in the f −2 f interferometer arm of the comb
by recording the beatnote between several modes in the high frequency part of the
octave-spanning broadened comb spectrum with the frequency doubled spectrum
of the corresponding first sub-harmonics. Using eq. 5.1 it directly follows that the
beatnote is equal to f 0 .

The beatnotes at 1542nm , 1064nm , 698nm and 674nm are detected by fully in-
fibre beatnote detection units from Menlo Systems, whereas the 871nm and 934nm
wavelengths feature free space optics and Thorlabs APD 430A avalanche PDs in
order to reduce the effect of uncommon unstabilised fibre paths. The f 0 and the
various fbeat from the cw lasers are used for the generation of the transfer beats
(see section 5.2.5) and at the same time counted on C4, enabling software-based
post-processing to determine all possible frequency-ratios.

5.2.3 Stabilisation Of f rep And f 0

Some published stability transfer schemes, such as [228], involve tight phase locking
of one comb-mode (and hence all modes) to an ultra-stable reference oscillator to
allow small-bandwidth beatnote detection with low-power signals resulting from
a single-branch approach , cancelling residual noise as common-mode. In this
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Fig. 5.2 Schematic of synchronous counting of all relevant beatnotes during one measurement
by using only one counter (equivalent to using two synchronised counters)

work a multi-branch comb is used, giving the advantage of high SNRs by only
loosely locking both, f rep at 250MHz and f 0 at 20MHz, to the NPL maser HM3.
The 4th harmonic of the repetition rate at around 1GHz is taken and mixed down
to about 20MHz thus providing the error-signal for the phase-locked-loop (PLL)
electronics of the Menlo comb system stabilising it to a (H-maser referenced) 20MHz
synthesizer. The maser-reference itself is a 10MHz signal coming from the maser
laboratory sent via RF cables (Andrew FSJ1-50A) and distributed by a low-noise
10MHz amplifier. The repetition rate can be fine-tuned by changing the synthesizer
frequency.

The error signal for the CEO-frequency locking is similarly generated by forming
the difference between the detected f 0 and a H-maser referenced 20MHz signal.
The locking schemes are shown in figure 5.1. Locking of f rep is achieved by acting
upon a piezo actuator attached to one of the cavity mirrors and adjusting the cavity
length. The stabilisation of f 0 on the other hand controls the pump laser power
thereby changing the cavity dispersion.

5.2.4 Optical-To-Microwave Link

The transfer oscillator scheme as in [146, 148] combined with synchronous counting
is used to eliminate the noise of the femtosecond lasers from all frequency ratio
measurements, which generate the error signal for the universal synthesizer. The
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Fig. 5.3 Transfer beat generation scheme for optical-to-micrwave (top) and optical-to-optical
(bottom) spectral purity transfer. The transfer uses a scheme similar to [146]. The microwave
transfer beat is used to steer a dielectric resonator oscillator (DRO), whereas the slave-laser
transfer beats provide an error signal to lock the optical lasers to the master oscillator.
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transfer oscillator scheme works for both microwave-to-optical and optical-optical
ratio measurements.

The optical-microwave link is not a part of this work, but for completeness is
shortly described in the following:

The microwave-optical link is used to improve the Cs-fountain’s microwave
LO (local oscillator) by referencing it to the 1064nm universal synthesizer laser. A
sketch of the transfer-beat- and subsequent microwave-generation is given in figure
5.3.

At the start the mode number of the comb tooth, m, is separated into three
factors mi, with i ∈ {1,2,3} and m = m1m2m3. The notations used here are the
same as in figure 5.3. Starting from the detection of frep, f 0 and fbeat of the
1064nm master oscillator laser first the CEO-frequency-fluctuations-free signal f 0

+ fb1064 is generated using a double-balanced mixer and then added to an H-maser
referenced fS1 = 1.03GHz. The resulting 1.1GHz signal is divided with a direct
digital synthesizer by a factor (m3) of around 1760 to less than 1 MHz:

fa =
1

m3
( f0 + fb1064 + fS1) (5.2)

Meanwhile the 32nd (m1) harmonic of the repetition rate f rep (250MHz) at
8GHz is detected by sending a part of the laser output to a dedicated fast PD. This
signal is subsequently mixed down to about 10 MHz with the 8 GHz fDRO signal of
the dielectric resonator oscillator (DRO), an adjustable microwave oscillator, and
again multiplied by a factor (m2) of 20.

fb = m2(m1 frep − fDRO) (5.3)

In a separate channel the mixing with the DRO leads to a ∼2.8MHz difference-
signal that is counted on C4, serving as monitor signal for the repetition-rate.

Adding fa and fb one obtains the microwave transfer frequency:

ftmw = m2m1 frep +
1

m3
( f0 + fb1064)+

fS1

m3
−m2 fDRO (5.4)
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But this again, from equation 5.1 and with f1064 the frequency of the master
oscillator laser, is:

ftmw =
f1064

m3
+

fS1

m3
−m2 fDRO (5.5)

Looking at equation 5.5 the femtosecond laser noise does no longer appear in
ftmw. Since the DRO is supposed to steer the Cs-microwave generation the added
maser signal fS1 in equation 5.2 does potentially degrade the signal stability, but its
effect is reduced through the transfer beat by a factor of about m3/m2 ≈ 100. With
the Cs-fountain having Quantum Projection noise (QPN) limited stability of around
10−13 1/

√
τ this does not pose a serious issue.

But the question remains why the mi are such "odd" values. In short this choice
is not completely arbitrary, but governed by technical demands. The value m1 is
limited by the rise time of contemporary fast PDs (few hundred ps) and the choice of
the DRO. The subsequent multiplication with m2 is less of a concern, but led by the
available low-noise electronics and narrow filtering. The m3 value is then fixed by
the previous choices.

Afterwards the problem arrives that with a convenient choice of m1 = 32 and m2 =
20 it follows that m3 needs to be ≈ 1760. Dividing the incoming f0+ fbeat ≈ 70MHz
by this value would leave one with a very small RF frequency for fa. But after the
mixing to generate the transfer-beat ftmw we have not only the sum of fa and fb, but
also their difference which we then need to filter out. This filtering then also limits
the bandwidth of our transfer-scheme (should be ≈ 1MHz). Therefore in order to
raise the frequency to a reasonable value the 1.03GHz maser referenced signal is
added before the input of the direct digital synthesizer (DDS).

In principle the optical-to-microwave link allows tracing of optical frequencies to
the SI standard second, which might come in handy for future clock characterisations
at NPL.

5.2.5 Optical Spectral Purity Transfer

The main purpose of the universal synthesizer is to transfer the superior spectral
purity of the 1064nm laser to a range of 4 different optical clock lasers and the
NPL-SYRTE fibre-link laser. The transfer beat between the 1064nm and any of the
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other wavelengths can be considered as the beatnote between these lasers projected
to the frequency of the 1064nm laser, providing an easy to process error signal for
the stability transfer.

The transfer-beat generation for all wavelengths (consider again 5.3) runs anal-
ogously, with the only exception being that the 1542nm branch does not have a
second harmonic generation (SHG) stage and therefore no divide-by-two unit in the
signal path of the comb-cw-beatnote. The f 0 frequency is mixed with the beatnote
of the 1064nm laser and subsequently divided by 8 (for a more convenient scaling
by the DDS of the other f 0 -free signals) , generating the f 0 -free fMO frequency.

fMO =
1
8
( fb1064 + f0) =

1
8
( f1064 −m1064 · frep) (5.6)

,with m1064 the comb’s mode-number of the universal synthesizer laser frequency
f1064.

Meanwhile the fb of the other wavelengths is divided by two since their branches
feature a SHG stage and therefore twice the carrier-envelope-offset appears in their
fb (exception: 1542nm ).

fb = flaser − (mlaser frep −2 f0) (5.7)
1
2

fb + f0 =
1
2
( flaser −mlaser frep) (5.8)

This signal is then scaled by the mode numbers of 1064nm and flaser by a DDS
an multiplied by a factor of 4 to correct for the signal divisions in the path. The
difference of these frequencies and fMO is then formed pairwise on individual mixers,
giving the respective transfer beats:
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ft = fMO − plaser(
1
2

fbeat + f0) (5.9)

ft =
1
8
( f1064 −

m1064

mlaser
flaser) (5.10)

Again the contribution of the femtosecond laser is cancelled in the transfer beat,
provided the f 0 and fbeat detection has sufficient bandwidth. The multiplication
by the laser mode numbers is equivalent to forming a virtual beat between the two
lasers with the same femtosecond comb mode number. The individual transfer beats
are then sent to the optical clock / link -laser laboratories and there the lasers are
feedback-stabilised on this signal.

The stability of laser 1 with respect to laser 2 is given by the ratio f1/ f2 of their
frequencies:

f1

f2
=

m1

m2

(
1+

8 ft
f2

)
(5.11)

5.2.6 Master Oscillator Cavity

The 1064nm laser is locked to an ultra-stable cavity (see figure 5.4) by the well-
known Pound-Drever-Hall (PDH) [119] method. The resonator consists out of a
28cm square-shaped ULE spacer with silica mirrors and optically contacted ULE
compensation rings. The dielectric coating is optimised for 1064nm leading to a
Finesse F = 210000. The cavity is suspended on four points inside a temperature-
stabilised vacuum housing placed on an active-vibration-isolation platform.

The stability of the universal synthesizer laser locked to this cavity is about
5×10−16 at 1s, determined by a three-cornered-hat measurement.

5.2.7 Feedback System

A quick calculation shows that already a fractional stability of the frequency f2 (and
therefore also of the repetition rate) of 10−12 is enough to supersede a stability of
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Fig. 5.4 The master oscillator reference cavity

10−19 in frequency-ratio measurements, since the second term in brackets in equation
5.11 is below 10−7 for our experiments.

All optical clock lasers have stabilisation systems of their own with inferior
performance as compared to the 1064nm cavity pre-stabilising the lasers to some
parts in 1015 at 1s, while also serving as back-up solutions in case of universal-
synthesizer down-time. This given amount of pre-stabilisation is not necessary for
the spectral purity transfer to work (the actual maximum bandwidth and thereby
stability transfer limitation is given by the feedback-delay), but allows low-bandwidth
feedback systems to be used.

The feedback error signals steering the clock / link- lasers are generated in their
respective labs by mixing down to DC the individual transfer beats generated by
the universal synthesizer with a H-maser referenced synthesizer frequency. Each
signal is then fed to a PI(D) control of an AOM steering the laser’s frequency, which
has already been pre-stabilised by the respective stable cavity of the experiment. A
sketch of the feedback system is given in figure 5.5.

5.2.8 Reference Comb NPL-FC3

The reference comb NPL-FC3 is an Er-doped fibre comb (as is the NPL-FC4) from
Menlo Systems (FC-1500), with the difference that this comb features 3 separate
branches as opposed to the full 7 branches of the universal synthesizer and it has
been designed with a focus on transportability. Another important distinction is that
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Fig. 5.5 The feedback system and the measurement scheme as in operation for the spectral
purity transfer evaluation in this work. The slave laser is one of the atomic clock lasers (or
the 1542nm laser) and in a different laboratory than any of the two combs. The transfer
beat ft and the beatnote fbRe f are counted synchronously and the in-loop transfer, the comb
agreement and the stability transfer performance calculated from these.
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Fig. 5.6 Reference comb schematic. Note that the optical lasers are combined in the same
optical fibre before sharing the same branch of the comb which, in combination with free-
space beatnote detection, leads to rejection of the branch/pathlength noise as common-mode.
FBG = fibre Bragg Grating, FR = Faraday-Rotator, OG= Optical Grating. Orange (blue)
lines mark fibres with (without) fibre noise compensation. Green are free-space paths.
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NPL-FC3 uses single mode fibres (SM), not PM as NPL-FC4. As a consequence the
polarisation of the output spectrum is less stable, leading to a faster deterioration of
beatnote-powers. Therefore during a measurement more care needs to be given to
keeping the SNR of the comb and cw laser beatnote stable. The reference comb has
already been described and evaluated in detail elsewhere, see [148], therefore the
description here will centre on only the relevant attributes for our measurements.

The fundamental comb spectrum is centred around 1550nm with 80nm FWHM
and a repetition rate of f ′rep ≃ 100MHz and CEO frequency f ′0 ≃ 20MHz. A sketch
of the comb setup is given in figure 5.6. Similar to NPL-FC4 a small fraction of
the femtosecond laser output is used to detect the 10th and 80th harmonic of the
repetition rate, f ′rep , by fast PDs. Again the 1GHz signal is processed in order to to
lock the repetition rate to the H-maser and the other one for counting of f ′rep on the
NPL-FC3 counter C3.

All three output branches of the laser feature their own EDFA and HNLF with
the first branch broadening the comb output to span one octave, realising the Menlo
Systems f-2f interferometer for detection of f ′0 . The second branch (from top) is
dedicated for measurements in the near-infrared region (1 to 2 µm) and the third
one, having in addition to the 2nd branch also a SHG element (PPLN crystal) inside,
for detection of 500 to 1000nm wavelengths. This means that all frequency ratios
between the optical atomic clock lasers can be performed with the optical stage in a
single-branch configuration where they are ultimately limited by the electronic noise
floor at around 1.5×10−17 τ−1, assessed in a previous measurement campaign.

Frequency ratios to the 2 infrared wavelengths, especially any ratio measurement
including the master oscillator laser itself is in addition affected by pathlength
(comb-branch) noise (e.g. fibre noise inside EDFA and HNLF) and therefore most
likely dominated by it. Locking of f ′rep and f ′0 is done analogously to NPL-FC4 by
referencing the detected beatnotes to H-maser stabilised microwave signals (locking
the 10th harmonic of f ′rep at 1GHz and referencing f ′0 to about 20MHz), exploiting
the same 10MHz H-maser signal as with the universal synthesizer.

For ratio or absolute frequency measurements f ′rep , f ′0 and f ′beat are recorded
with the C3 K+K FXE counter referenced to the same H-maser as C4. Due to the
single-branch setup the SNR of the optical beatnotes are smaller (here always given
within a bandwidth of 100kHz), around 30dB, than in the case of NPL-FC4 (ca.
40dB). In order to improve the reliability of the counting we use tracking oscillators
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with high bandwidth (500kHz) locking unto the beatnotes and subsequent division
and counting of the tracking oscillators’ outputs.

As in the case of the universal synthesizer noise introduced to any frequency ratio
measurement by uncompensated pathlength fluctuations not common to the comb-
and cw-laser-light poses a main performance limitation. The 1542nm radiation is
directly heterodyned with the output of the femtosecond laser, whereas the 1064nm
laser is routed through the infrared branch (see figure 5.6) and all the other wave-
lengths taking the route of the visible branch. The fibres inside the EDFA, HNLF
and the free-space SHG stage are here common to all wavelengths of the optical
atomic clocks, cancelling as common-mode, but so present a limitation for frequency
ratios with the 1064nm laser, since the fibres of the 2 branches are uncommon; the
same is true for 1542nm .

The pathways of the beatnote detection are again individually discerned in the
following. The 1064nm , 1542nm , 934nm , 934nm , 698nm and 674nm lasers
are sent to the reference comb via noise-cancelled fibre-links. The fibre noise
cancellation for the in-fibre 1542nm cw-light at NPL-FC3 is until the beat-detection
unit, leaving only a few cm of uncompensated fibre inside the BDU not common to
cw- and comb-light. The 1064nm laser on the other hand exploits the back-reflection
of the detection photodiode (again a fibre-based BDU), leaving only a few cm of
uncommon comb-path.

All other optical wavelengths are sent to a fibre noise compensation stage situated
outside the comb’s enclosure and subsequently routed through a common fibre
(≈ 1m) and another 1m of free-space path inside an acrylic enclosure before being
overlapped with the comb-light and detected on free-space PDs. Therefore in
any frequency-ratio between the 934nm , 934nm , 698nm and 674nm lasers the
path-noise (almost) completely cancels out, whereas for ratios with the 1064nm or
1542nm laser the aforementioned not-compensated path is added to the optical (and
infrared) branch noise.

Much of the environmental noise is connected to Doppler noise and therefore
scales with the frequency of the light. This can directly be seen from the formula
of the linear or relativistic Doppler effect (equation 1.36). The noise is always the
same in fractional units, regardless of the carrier frequency. Therefore it cancels out
in the ratio between two frequencies, but not in their sum or difference. A small
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residual optical path noise might origin from dispersion effects within the fibre (and
to a much lesser degree in the free-space region).

In consequence frequency ratios between the optical atomic clock lasers are done
in a single-branch configuration, whereas all other measurements are performed
in a multi-branch way, meaning that only in the first case can one be sure that
the NPL-FC3 comb is not limiting the evaluation of the spectral purity transfer in
NPL-FC4.

5.2.9 Comb Synchronisation

The scope of this work is a stability transfer between optical wavelengths using
the frequency comb as a transfer oscillator. The way to measure the accuracy of
the comb is by looking for any offset between frequency ratios measured with the
NPL-FC3 and NPL-FC4 comb. This difference between the two combs, described
as "comb agreement" gives then the combined limit of frequency-ratio measurement
stability and accuracy of the two combs.

The actual accuracy of the optical frequency ratios, hidden in the transfer-beat,
is not central to achieving a good stability transfer, but nevertheless needs to be
examined in order to give a complete characterization of the universal synthesizer
and to avoid systematic errors going unnoticed.

In order to exclude from this measurement the optical clock lasers and to see only
offsets that originate from the comb itself it is of vital importance to synchronise all
measurements. This is ensured by synchronising the two counters in the two labs to
the UTC (NPL). Alternatively it is possible to count all beatnotes, f 0 , f rep , fbeat ,
f ′0 , f ′rep , and f ′beat on the same frequency counter C4 (the counter of the reference
comb). The long signal route (ca. 50m) from the universal synthesizer lab to C4
does not pose a limitation, since the counter gate time is around 1s. No significant
difference in the results between these two approaches was observed.

5.3 Spectral Purity Transfer

With the stability transfer at all wavelengths in place the performance of the universal
synthesizer’s spectral purity transfer can be evaluated. There are three relevant
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Fig. 5.7 Schematic of the comb branches (EDFA and HNLF) as well as optical/electronic
paths introducing noise into the stability transfer evaluation. The red box signifies the
reference comb, connections are: blue = uncompensated fibre, brown = compensated fibre,
green = free-space

attributes to look at, which are a) electronic noise, b) systematic locking errors and c)
the (optical pathlength and amplifier) noise introduced by the branch of the stabilised
and the 1064nm laser.

As a first estimate of the stability transfer a direct comparison between the
1064nm and each slave laser as a virtual beat on the reference comb gives the
inter-comb noise (meaning that the noise of both multi-branch combs, NPL-FC3
and NPL-FC4 is added). A scheme of the measurement setup is given in figure
5.7, showing how the noise of the reference-comb-branches and uncompensated
fibre-paths is introduced into the spectral purity transfer evaluation.

For these measurements the reference comb detects a virtual beat between the
1064nm laser and the slave lasers, revealing the phase-lock stability, which we take
as the stability of the frequency ratios between the 1064nm and the slave lasers.
Since the reference comb and the universal synthesizer are in different laboratories
with quite disparate temperature control systems, minimal correlated noise can be
expected.

The next step then follows as an evaluation of the inter-branch noise of the
universal synthesizer comb, which is the ultimate limitation to the spectral purity
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transfer. This is done through a series of optical frequency ratio measurements of
the stabilised slave lasers. The phase-difference is again measured on the reference
comb, but with the branch-noise of NPL-FC3 common to both wavelengths (and
thereby cancelled)

On the reference comb NPL-FC3 the 1542nm and 1064nm radiation is always
available and its beatnote with the comb recorded, whereas for the clock lasers we
can only evaluate two at the same time, since the EDFA and HNLF in their branch
is shared between them, reducing the available light power. The stability of the
transfer is the stability of the frequency ratio between 1064nm and the wavelength
under investigation. We choose to calculate the normal Allan deviation for all the
measurements that follow, since it allows to compare the results directly to optical
clock stabilities.

This assessment of the spectral purity transfer suffers from one slight complica-
tion: The reference comb has multi-branch noise introduced in every comparison of
the 1064nm laser to any of the other wavelengths, meaning that we are not able to
separate this (potentially dominating) noise from the residual inter-branch noise intro-
duced into the stability transfer by NPL-FC4 (the latter is likely the main limitation
of the stability transfer).

But thankfully this problem does not exist for the inter-branch noise measure-
ments. We take the atomic clock lasers and compare them pairwise (in a single-
branch configuration) on the optical branch (see figure 5.7, inter-branch) of NPL-FC3.
By measuring the frequency ratios between two optical slave lasers we can therefore
determine the ultimate stability limit of the spectral purity transfer with the noise
of the reference comb and its uncompensated fibre paths in common-mode and the
reference comb’s ratio stability limit being essentially electronic noise.

Confidence in the assumption of the absence of common noise introduced in
both slave lasers is generated by a sequence of measurements, taking the frequency
ratios of the lasers as an "unbroken chain" starting with the 674nm to the 698nm ,
the 698nm to the 871nm and finally the 871nm to the 934nm ratio. Since the laser
feedback system for each laser is uniquely set up and the branches of NPL-FC4 for
674nm and 698nm in a common enclosure and for 871nm and 934nm in a second
one, noise due to environmental changes should be detected.
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Fig. 5.8 Left: Comparison of the counted dummy-signal 1s Allan-deviation (RF signal
scaled to optical frequencies) in high-resolution counting mode (black) to theoretical low-
bandwidth (100Hz, Λ-mode) white phase noise counting (red) and Π-mode (bandwidth 100
kHz) counting of the same signals (green) Right: Sensitivity function of different counter
operation modes

5.3.1 Electronic Noise Floor and Frequency Ratio Measurement

When evaluating the ratio-measurement limitations in section one would like to
assume that the electronic noise of the beatnote measurement itself is not a limiting
factor. Electronic noise appears as white phase noise in frequency measurements.
A certain SNR therefore corresponds to one level of white phase noise. Conse-
quently the higher the SNR the lower the phase-noise limit of the beatnote detection
(counting) process.

In order to determine the white-phase noise contribution we compare the beat-
notes of the individual cw lasers with the combs to calculated stabilities from the
white phase noise levels of dummy signals. As a preparation step we first measure
the stability limit of the counter C3 (C4 is an identical model) for different SNRs
and compare it to the corresponding calculated white-phase noise limited stabilities.
Results are given in figure 5.8.

The counting process for the dummy signals is dominated by white phase noise
for short and medium integration times as can be seen by the 1/τ behaviour of the
Allan deviation and with the levels in agreement to the calculations.

With fH the detection bandwidth, the white phase noise floor Pnoise of a signal
(with signal strength Psignal) is given by:
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10log(Pnoise) = 10log(Psignal)−10log(SNR)−10log( fH) (5.12)

And the stability in terms of the Allan-variance follows as:

σ
2(τ) = Pnoise

3 fH

4π2τ2 (5.13)

The observed SNRs of the beatnotes on the combs (27 dB to 40 dB in 100kHz)
correspond to white phase noise floors of −81 dBc

Hz and −93 dBc
Hz and measured elec-

tronic noise limited stabilities (bandwidth 100Hz) are 4×10−18τ−1 to 1×10−18τ−1,
well below the actual measured inter-branch and inter-comb stabilities (see section
5.3.3).

The stability assessed by the counter is showing a noise floor, caused by its
resolution limit, of 4×10−19 and therefore deviates from the calculated white phase
noise stabilities for SNRs of more than 35 dB.

The counter used here features a high-resolution counting mode in which multiple
averages are arrayed to form a Λ-shaped weighting function (the bandwidth is 100Hz,
gate time 1s). The differences between the Π- and Λ-weighting functions and their
relation to the Allan variance are dealt with in detail in [241] and [223]. During one
single gate time, τ , many such measurements are overlapped to again approximate
the normal Allan-deviation as in Π-counting. This has the effect of suppressing noise
at Fourier frequencies of harmonics of the reciprocal gate time while giving out the
normal Allan variance just like a Π-counter (same τ−2 behaviour for white phase
noise instead of τ−3 as in [241]).

5.3.2 Frequency Ratio Measurement Limit

In this part at first the frequency-ratios between the 1064nm and the slave lasers on
the universal synthesizer comb itself (figure 5.9) are examined. These values here,
however, do not represent the actual stability transfer, since the stabilisation does
not see the inter-branch noise added to the individual lasers before they interfere.
Therefore they represent “in-loop” measurements.

The observed SNRs of the beatnotes on the universal synthesizer comb (typ. 30 to
35 dB for the slave lasers and 40 dB for the 1064nm master oscillator) correspond to
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Fig. 5.9 Universal synthesizer in-loop residual instabilities. The slopes follow a 1
τ

behaviour,
as expected for white phase noise.
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Fig. 5.10 Left: accuracy histogram and Right: stability of the same comb agreement mea-
surement,the stability equals that of the 674/698 frequency ratio by NPL-FC3

white phase noise floors between −83dBc/Hz and −93dBc/Hz and corresponding
electronic counter-stability limits from about 3× 10−18τ−1 to 1× 10−18τ−1 (see
section 5.3.1). The residual instability of the virtual beatnote between a pair of
locked lasers is around about 7×10−18τ−1 (precise value depending on the SNRs).
The exact values for each ratio-measurement are given in figure 5.9.

One can therefore see that the residual difference between the lasers on the
universal synthesizer is only limited by the white phase noise of the beatnotes as the
lasers are locked to the master oscillator and the femtosecond laser noise perfectly
cancelled. A long term drift appears between the lasers starting at about 1000s as a
change of slope in the stability curves due to changes of SNR caused by unstable
cw laser power (especially in the case of 698nm ), but also, albeit to a much smaller
margin, by slight errors in the femtosecond laser cancellation caused by the finite
DDS resolution (see also[148]).

In order to assess the accuracy of all ratio measurements, the same frequency ratio
is measured pairwise between the various wavelengths on both combs simultaneously
(using the same counter, C4, or synchronised counters, with 1s gate time). The
difference between the frequency ratios gives an ultimate accuracy limitation to any
measurement with these two combs.

The calculated difference between the comb measurement of the ratios of the
698nm and 674nm lasers is shown in figure 5.10 as an example. The comb agree-
ment accuracy for all measurements is given in table 5.1.
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Table 5.1 The agreement between the two combs for all measured frequency ratios. The
residual agreement uncertainty is only limited by statistics due to measurement time.

ratio accuracy ratio accuracy
f 1542
f 1064 3.1×10−18 f 934

f 871 5.7×10−19

f 934
f 1064 9.7×10−19 f 871

f 698 8.7×10−19

f 871
f 1064 9.7×10−19 f 698

f 674 3.9×10−19

f 698
f 1064 1.1×10−18 f 674

f 1064 3.8×10−18

The observed SNRs of the beatnotes on the reference comb (27 dB to 35 dB) show
white phase noise floors of −81 dBc

Hz and −88 dBc
Hz , respectively, and corresponding

stabilities are 4× 10−18τ−1 and 2× 10−18τ−1, well below the observed residual
stability. This means the frequency ratios are not limited by electronic noise but
rather from stability transfer errors resulting from inter-comb or inter-branch noise
between the 1064nm and the slave lasers, since the measured transfer-stabilities all
lie above these values. The mismatch between SNR and phase-noise floor scaling is
caused by the counter resolution.

5.3.3 Spectral Purity Transfer Evaluation

Figure 5.11 shows the inter-comb frequency instability between the 1064nm master
oscillator and the slave lasers as obtained by the reference comb. The stabilities of the
spectral purity transfer achieved across all wavelengths used exceed the performance
of the master oscillator cavity by factors of 5 to 10, showing that the comb poses no
limitation to the stability transfer at present.

The stabilities achieved for the 871nm and 934nm radiation are approximately
5×10−17 for 1s to 3s, reaching 8×10−19 after about 2000s. Possible limitations for
the measured stability here are inter-branch noise between the 1064nm and 871nm
and 934nm branches on the two combs as well as uncompensated fibre noise. In both
labs all wavelengths use phase-noise cancelled fibres for radiation dissemination
until close before the beat-note detection apparatus (see figure 5.7), leaving about
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2 meters of uncompensated fibre in each lab for each wavelength in addition to the
fibre noise within the various comb-branches and the beat-detection units.

The electronic noise issue is addressed in section 5.3.1 and ,as demonstrated
there, is irrelevant for the SNR levels of all beats (between 27 dB and 40 dB on either
comb).

The 698nm and 674nm display a noise starting at 8× 10−17 and 1× 10−16

respectively. The higher values in comparison to the 871nm and 934nm are attributed
to:

1. higher residual fibre noise along these cw laser paths in the laboratory of the
reference comb, since the inter-branch measurements using these two wavelengths
show better results (see 5.12), as far as the difference between 698nm and 674nm is
concerned.

2. different scaling of the branch noise in the transfer-beat generation of the
combs. In the transfer-beat (or software frequency-ratio calculation) the noise on the
1064nm laser beatnote is scaled by a factor mslave/m1064 to match the femtosecond-
laser noise at the slave-laser’s frequency. But the same happens to the branch-noise
of the master oscillator, leading to an inflation of the inter-branch noise (including
residual uncompensated fibre-noise, especially relevant on NPL-FC3). This mul-
tiplication factor is about 1.3 in regard to a 698nm / 1064nm ratio measurement
versus a 871nm / 1064nm ratio measurement, agreeing with the short-term stability
difference seen between those two frequency ratios.

The 1542nm laser spectral purity transfer differs from the other slave lasers in
so far that on the side of the universal synthesizer as well as the reference comb the
output of the mode-locked laser is directly heterodyned with the 1542nm radiation,
avoiding any noise introduced by an EDFA or HNLF, but with the limitation of
the 1064nm branch noise still present. The residual stability limit of 1.5× 10−16

at 1s followed by a noise bump until about 10s is most probably due to uncom-
pensated fibre noise on the side of the 1542nm laser laboratory at the time of these
measurements.

As next step the inter branch noise is assessed by pairwise comparisons of slave
lasers locked (virtual beatnotes, in software processing) to the master oscillator
by the universal synthesizer comb. With regard to the inter-comb comparison the
slave-slave laser stability evaluation here has the advantage of common-mode branch-
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and fibre-noise on the side of the reference comb (single branch configuration). The
stability transfer evaluated by these measurements therefore represents the actual
inter-branch noise on NPL-FC4 and thereby also the stability transfer from the master
oscillator more closely. The stabilities of these ratios are depicted in figure 5.12.

At 1s the value is now in the 3− 4× 10−17 range, reaching below 1× 10−18

after about 500s. For averaging times τ between 10s and 300s the noise behaviour
resembles a 7×10−17τ−1/2 slope. But at long timescales (beyond 500s) the noise
averages down faster than a τ−1/2 slope, reaching 3.6×10−19 after 2000s. This
indicates excessive noise at short timescales.

With the branch and fibre noise at the side of the reference comb common to
both slaves, the residual noise levels are traced to remaining uncompensated fibre
noise and branch noise of the universal synthesizer. For these measurements the
871nm and 934nm beatnote detection- and branch-setups were still identical to the
698nm and 674nm ones.

The slave laser beatnote detection on the universal synthesizer described above
is provided by commercial Menlo Systems beat-detection units featuring all-fibre
paths to the photodiode. Despite of careful engineering these, just as the EDFA and
HNLF, introduce fibre noise. In order to determine the origin of the remaining noise
and to improve upon the spectral purity transfer, the 871nm and 934nm branches
were both changed by eliminating the residual uncompensated fibre path and using
free-space beatnote detection.

Thus not only is the fibre noise of the fibre beatnote detection systems avoided,
but also became it possible to move the fibre noise compensation retro-reflector
inside the comb’s acrylic enclosure, leaving no more uncompensated fibres other
than of the EDFAs and HNLFs in the path of the comb and cw laser light (see
also figure 5.1). the exact laser paths are shown in figure 5.13. SNRs of 30 dB to
35 dB (bandwidth as usual 100kHz) were achieved with the universal synthesizer
in the free-space configuration. The fractional frequency stability transfer limit is
now as low as 1.5×10−17 at 1s. For timescales between 10s and 500s it follows
a 3.5× 10−17τ−1/2 curve, averaging down steeper than τ−1/2 for τ ≥ 1000s and
reaching 2.7 parts in 1019 after 2000s. This is demonstrating significant improvement
over the previous values.

This improvement is attributed to the reduced inter-branch noise, leaving no
uncompensated fibre-paths and only short uncompensated uncommon free space
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Fig. 5.11 The inter-comb stability transfer evaluation for all slave lasers. The differences
in short-time (< 10s) stabilities can be attributed to scaling effects (see text), whereas the
long-term shape (> 10s) appears to be governed by residual fibre noise.

pathlengths between the individual cw lasers and comb light. With the perspective of
implementing free-space beatnote detection on all other branches (mixing each slave-
laser with the 1064nm branch) this represents the best estimate of the performance
limitations to NPL’s universal synthesizer system.

The residual noise level originating from uncompensated fibre paths and the fibre
amplifier is uncommon between the slave lasers and the master oscillator. Therefore
it is also uncorrelated. Consequently a scaling of the noise and stability with the
slave-to-master laser frequency ratio can be expected (reversing the argumentation for
Doppler noise in section 5.2.8). Taking the f 871/ f 934 ratio as norm, the maximum
factor appearing in the stability transfer would be the f 674/ f 1064 one, giving an
estimated relative stability scaling of 1.47.
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Fig. 5.12 The inter-branch noise measured by pairwise comparison of slave lasers, note
the improvement in the stability by changing the beatnote detection from in-fibre to the
free-space system.
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Fig. 5.13 The free space beatnote detection system. The laser paths are colourised. The
overlapped cw lasers are depicted brown, the overlapped combs orange and all beams
together white.
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5.4 Discussion

One enormous obstacle to improving modern atomic clocks is the stability of the
spectroscopy laser. The universal synthesizer concept could be a key part in overcom-
ing this limitation. The key question therefore is whether the universal synthesizer
can support a transfer of the spectral purity from the master oscillator to the slave
lasers at a level excelling even the best current optical cavities. Optical cavities
usually maintain their best stability (currently about 5×10−17) only for timescales
up to a few seconds. For longer timescales the stability is compromised by a linear
drift. Therefore the stability transfer performance between 1 s and 100 s is of most
interest here.

Figure 5.11 displays that all measurements show a pronounced instability bulge,
typical of uncompensated fibre noise, reaching from a few seconds to about 10s for
the 698nm/1064nm and 100s in case of the 1542nm/1064nm measurement. The
long-term behaviour resembles a τ−1 slope for the 871nm , 934nm and 698nm lasers
and a slightly gentler slope for the other wavelengths. This resembles electronic
noise, indicating that the limitation to these measurements is really given by the
initial noise bulge. The short term stability of all inter-comb measurements is close
to or below the best available optical oscillators. The presence of excess noise on the
side of the reference comb compromising some of these measurements is upheld by
the contrast of the inter-branch results.

Also the inter-branch noise evaluations, meaning optical slave lasers frequency-
ratio-stabilities, feature a deterioration due to a cove in case of the 674nm/698nm
and the 871nm/934nm measurements (with the later being the one with in-fibre
beatnote detection), which is now really small in amplitude, but extended in time. In
case of the 698nm/871nm ratio only a plateau from 1s to 2s can be seen, whereas
the free-space 871nm/934nm ratio-measurement features a much less pronounced
stability deterioration up to 4s. The long-term slope is right between a τ−1/2

of white-frequency(e.g. optical pathlength noise) and τ−1 (e.g. electronic noise)
type of behaviour. The inter-branch noise presented here exceeds by far even the
best current stable laser systems based on ultra-stable cavities for all wavelengths
under investigation and is also able to support optical frequency ratio measurements
including state-of-the-art optical lattice clocks .
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Fig. 5.14 Comparison to multi-branch (yellow diamonds) and single-branch (green cubes)
results in [228]. The blue circles and red triangles are the stability evaluations of the inter-
branch noise between the 871nm and 934nm branch with in-fibre and freespace beatnote
detection, respectively. The stability of the current master oscillator cavity is shown (purple)
and also the state-of-the-art performance of ultra-stable cavities [21] (black) and of an
ensemble of optical lattice clocks [49] (brown) as future demands.

The residual noise can mostly be attributed to uncompensated fibre paths, as the
improvement with the 871nm/934nm free-space beatnote detection shows, which
also included the elimination of the remaining 1 m uncompensated fibre between the
fibre noise cancellation back reflector and the frequency comb.

All DDS used for this setup support a 48-bit frequency tuning word, resulting in
a systematic error at the 10−21 level [148], posing no limitation at the current level.

The comparison to previous published values on multi-branch [231, 227, 232]
and single-branch [228] combs shows that a multi-branch universal synthesizer is
able to achieve performances approaching a single-branch comb if care is taken to
reduce uncompensated pathlength-noise.
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5.4.1 Prospects

We have evaluated the spectral purity transfer of NPL’s universal synthesizer comb
from the ultra-stable master oscillator cavity to as many as five slave lasers. Our
method of evaluation for frequency ratio measurements with a 2nd comb suffered
from multi branch noise on the side of the reference comb introduced in the case
of measurements involving the 1542nm or 1064nm lasers. Since the NPL-FC4
and NPL-FC3 combs are not identical in the way their branches are set up (most
importantly the amount of residual out-of-loop fibre in the cw light path is generally
not equal), the stability transfer assessments involving these wavelengths cannot be
equally attributed to both combs and therefore overestimates the instability level.

This is not the case for the inter-branch noise evaluation conducted as a chain
of measurements involving only the slave lasers. No noise correlation was found
between the optical slave lasers situated in the same metallic enclosures (934nm and
871nm , 698nm and 674nm ), affirming the assumption that the relative stability
between those slave lasers is equal to their individual stability against the master
oscillator.

A more complete picture and a further affirmation of the achievable stability
transfer would be obtained by completing the chain with a measurement of the
934nm/1064nm inter-branch noise. This measurement would need to be conducted
in a single-branch fashion on the infrared branch of the reference comb, demanding
some changes to the current setup that uses in-fibre beatnote detection on this branch.
The layout would need to be improved including a free-space detection scheme.

The reduced inter-branch noise for the 871nm/934nm-freespace measurement
calls for a change of the other remaining beatnote detection units to free-space
systems and including the elimination of the 1 m uncompensated fibre in the path of
the cw light. Further improvements might include reducing the environmental noise
on the comb-branches by improving acoustic/vibrational and thermal shielding or
actively cancelling these perturbations.

Nevertheless in this work it has been demonstrated that a multi-branch comb
in connection with the transfer-oscillator scheme is able to transfer the fractional
stability of even the most advanced contemporary cavities to a wide range of slave
lasers on multiple comb-branches simultaneously without deterioration of the spectral
purity transfer.
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